
Nonlinear magnetohydrodynamic modeling of current-drive-induced sawtooth-like
crashes in the W7-X stellarator

Yao Zhou,1 K. Aleynikova,2, 3 and N. M. Ferraro4

1School of Physics and Astronomy, Institute of Natural Sciences,
and MOE-LSC, Shanghai Jiao Tong University, Shanghai 200240, China∗

2Max-Planck-Institut für Plasmaphysik, 17491 Greifswald, Germany
3Max Planck/Princeton Research Center for Plasma Physics

4Princeton Plasma Physics Laboratory, Princeton, New Jersey 08543, USA
(Dated: November 9, 2022)

Sawtooth-like core electron temperature crashes have been observed in W7-X experiments with
electron cyclotron current drive. We present nonlinear magnetohydrodynamic simulations of this
phenomenon using the newly developed stellarator modeling capability of the M3D-C1 code. The
near-axis current drive gives rise to two ι = 1 resonances in the rotational transform profile so that
two consecutive (1, 1) internal kink modes are seen in the simulations. A small-amplitude crash at
the inner resonance occurs first, which may correspond to the sawtooth precursors observed in the
experiments. A bigger crash at the outer resonance then follows, which shows semi-quantitative
agreements with experimental measurements on metrics such as the crash amplitude and the in-
version radius of the temperature change. These results illustrate the mechanism of the current-
drive-induced sawtooth-like crashes in W7-X and validate the stellarator modeling capability of
M3D-C1.

I. INTRODUCTION

Magnetohydrodynamic (MHD) stability is essential for
magnetic fusion devices including tokamaks and stellara-
tors. Stellarators do not require strong plasma currents
to generate the confining magnetic fields and hence are
generally less susceptible to current-driven MHD instabil-
ities than tokamaks [1]. That said, sometimes even small
amounts of plasma currents can induce MHD events in
stellarators. For example, the advanced W7-X stellarator
is designed to minimize the plasma current, and electron
cyclotron current drive (ECCD) is adopted as one of the
tools for controlling the strikeline of the island divertor
by compensating the bootstrap current [2]. However, pe-
riodic crashes of the core electron temperature are con-
sistently observed in W7-X experiments with ECCD [3].
These crashes appear similar to the well-known sawtooth
oscillations widely seen in tokamaks and are usually be-
nign, but in limited occasions can be so strong as to pre-
maturely terminate the plasma [4]. Understanding the
nature of such sawtooth-like crashes in W7-X could help
in avoiding them and improving confinement.

There have been extensive studies of sawtooth oscilla-
tions in tokamaks [5]. A leading theory is the Kadomtsev
model of magnetic reconnection driven by the (m,n) =
(1, 1) internal kink mode due to the central safety factor
q falling below unity [6] (here m and n are the poloidal
and toroidal mode numbers, respectively). Such repeti-
tive reconnection events are routinely seen in nonlinear
MHD simulations at low plasma beta [7–11] but seem elu-
sive at high beta, where the Wesson model based on the
pressure-driven interchange mode might be more appli-
cable [12, 13]. The sawtooth-like crashes in W7-X occur
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at low beta and ray-tracing modeling predicts near-axis
ECCD deposition, which sets up a ‘humped’ rotational
transform profile with two ι = 1 resonances. Therefore, a
Kadomtsev-type 1D model has been proposed to explain
the crashes [14]. With similar ι profiles, linear stability
studies have confirmed that 3D W7-X type equilibria can
be kink unstable due to non-ideal (resistive, two-fluid,
etc.) effects [15–17], and nonlinear simulations in simpli-
fied cylindrical geometry have shown that such internal
kink modes can indeed result in core temperature crashes
[18]. In contrast, nonlinear MHD simulations in W7-X
geometry using rather different ι profiles with mid-radius
ECCD have found that the nonlinear coupling of high-n
ballooning modes can induce low-n modes to trigger core
crashes by stochasticizing the magnetic field [19].

In this paper, we present nonlinear MHD simulations
of sawtooth-like crashes in W7-X geometry with near-
axis ECCD according to ray-tracing modeling. The two
ι = 1 resonances lead to two consecutive (1, 1) internal
kink modes in the simulations. Magnetic reconnection
at the inner resonance causes a small-amplitude crash
first, which may correspond to the sawtooth precursors
observed in the experiments. A bigger crash at the outer
resonance then follows, which shows semi-quantitative
agreements with experimental measurements on metrics
such as the crash amplitude and the inversion radius of
the temperature change. These results suggest that the
mechanism of the sawtooth-like crashes in W7-X is likely
Kadomtsev-type. They also validate the newly devel-
oped stellarator modeling capability of the M3D-C1 code
[20], which enables nonlinear MHD modeling of stellara-
tor plasmas at transport timescales.

This paper is organized as follows. In Section II we
describe the numerical model used in the simulation. In
Section III we prepare the equilibrium we initialize the
simulation with. In Section IV we present the simulation
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results and compare with experimental measurements.
Summary and discussion follow in Section V.

II. NUMERICAL MODEL

M3D-C1 is a sophisticated nonlinear MHD code that
has mainly been used to model the macroscopic dynam-
ics of tokamak plasmas [7]. For time advance, M3D-C1

implements a split-implicit scheme that allows for time
steps larger than Alfvénic [21], which realizes stable and
efficient transport-timescale simulations. For spatial dis-
cretization, M3D-C1 uses high-order finite elements with
C1 continuity in all three dimensions and has recently
been extended to treat non-axisymmetric stellarator ge-
ometry [20]. While two-fluid and many other effects are
available in M3D-C1, they are not yet functional in stel-
larator geometry. So in this work, we solve the single-
fluid extended MHD equations, including the momentum
equation for the fluid velocity v (in SI units)

ρ(∂tv + v · ∇v) = j×B−∇p−∇ ·Π, (1)

the energy equation for the fluid pressure p

∂tp+ v · ∇p+ Γp∇ · v =

(Γ− 1)(ηj2 −∇ · q−Π : ∇v +Q), (2)

and the induction equation for the magnetic field B

∂tB = ∇× [v ×B− η(j− j0)], (3)

where the current density j is given by Ampere’s law,
µ0j = ∇ × B. The stress tensor is given by Π =
−µ(∇v + ∇vT) − 2(µc − µ)(∇ · v)I and the heat flux
q = −κ⊥∇T − κ‖bb · ∇T , with b = B/B and the tem-
perature T = Mp/ρ, where M is the ion mass. Transport
coefficients include resistivity η, isotropic and compress-
ible viscosities µ and µc, and perpendicular and parallel
thermal conductivities κ⊥ and κ‖, and Γ = 5/3 is the
adiabatic index. In addition, Q is the heat source and
the ECCD current density j0 = jCDϕ effectively acts as
a current source in the toroidal direction ϕ in cylindrical
coordinates (R,ϕ,Z). The bootstrap current is relatively
small in the experiments and hence not considered in the
simulation.

Note that here we do not solve the continuity equation
but hold the mass density ρ constant such that (2) is
essentially a temperature equation. This is a reasonable
approximation since the core density profile stays flat and
relatively unchanged in the experiments that we model,
while we find such a profile difficult to maintain when we
actually solve the continuity equation.

III. EQUILIBRIUM PREPARATION

It is convenient to initialize a fixed-boundary stellara-
tor simulation in M3D-C1 using the output of the widely

FIG. 1. The ECCD profile obtained from ray-tracing model-
ing and used in our simulations, which peaks at r/a ≈ 0.15.
Note that we plot all profiles with respect to the normalized
minor radius r/a =

√
s.

used 3D equilibrium code VMEC [22], including the ge-
ometry of the flux surfaces as well as the magnetic field
and the pressure. The former is given in terms of a co-
ordinate mapping, R(s, θ, ϕ) and Z(s, θ, ϕ) with s being
the normalized toroidal flux and θ the poloidal angle in
VMEC, which is utilized to set up the non-axisymmetric
computational domain (this mapping does not evolve in
M3D-C1 so that s and θ are fixed regardless of the actual
dynamics of the flux surfaces). The latter then provide
the initial conditions in the M3D-C1 simulation. Since
VMEC is an ideal code assuming nested flux surfaces
while M3D-C1 includes dissipation and sources, for self-
consistency, it is important to ensure that the VMEC
equilibrium can be approximately sustained in M3D-C1

at transport timescale. The procedure to prepare such
an equilibrium is as follows.

First, we set up a W7-X type VMEC equilibrium with
the best guesses for the rotational transform and pres-
sure profiles. The pressure profile is constructed directly
from experimental data, but there is no measurement of
rotational transform available yet on W7-X. Instead, a
rotational transform profile can be obtained by solving a
reduced 1D current diffusion equation as in [14] using the
ECCD profile jCD given by the ray-tracing code TRAVIS
[23], which is shown in Figure 1.

Next, we use this VMEC equilibrium to initialize M3D-
C1 simulations in a single field period, i.e., one fifth of the
full torus in W7-X. The simulations are run for sufficient
time to reach saturated states. Even though we use the
same jCD as in Figure 1, the rotational transform pro-
file would still evolve slightly since the M3D-C1 model is
different from the 1D current diffusion equation. Mean-
while, we need to find by trial and error a combination
of heat source Q and thermal conductivities κ⊥ and κ‖
that can roughly maintain the initial pressure profile.

Finally, we use the rotational transform and pressure
profiles from the saturated state to create a new VMEC
equilibrium, with which we initialize another one-field-
period M3D-C1 simulation to check whether it can be
consistently sustained with the same sources and trans-
port coefficients. Indeed, this is demonstrated by the
results presented in Figure 2. It can be seen that the ro-
tational transform and electron temperature Te profiles
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FIG. 2. Results from the final one-field-period M3D-C1 sim-
ulation. Snapshots of (a) the rotational transform obtained
from field-line tracing and (b) the electron temperature at
θ = 0 and ϕ = 0 show that the profiles barely evolve. The
Poincaré plots at ϕ = π and (c) t = 0 ms and (d) t = 1.145
ms show limited change in field-line topology.

barely evolve, and that the change in field-line topology
is limited to the formation of some small island chains,
in particular an (m,n) = (5, 5) one at the outer ι = 1
resonance.

The parameters used in this simulation are specified as
follows. We use uniform viscosities µ = µc = 3.65× 10−5

kg/(m · s), resistivity η = 2.74 × 10−6 Ω ·m, and par-
allel thermal conductivity κ‖ = 2.18 × 1026 (m · s)−1.
The perpendicular thermal conductivity κ⊥ depends lin-

early on T
−1/2
e and the equilibrium value varies from

4.03×1019 (m · s)−1 at the center to 1.12×1020 (m · s)−1
at the boundary. These transport coefficients are gener-
ally enhanced from realistic values to make the simula-
tion stable and practical. The heat source is given by

Q = w/(2πσ2) e−s/(2σ
2) with strength w = 9.73 × 106

FIG. 3. The core electron temperature at a fixed point (s =
0, ϕ = 0) versus time in the full-torus M3D-C1 simulation.
Two crashes can be seen: a smaller one beginning at t ≈ 1.2
ms, and a bigger one beginning at t ≈ 2 ms. The vertical
dashed lines mark the instants shown in Figures 5 and 6.

Pa/s and width σ = 0.15. To mimic the experiments,
we consider a hydrogen plasma with a number density of
2 × 1019 m−3 and set the energy partition Te/T = 5/6.
We have tried varying the parameters and the results re-
main qualitatively similar, and what is presented here is
the most representative. We use 3807 reduced quintic ele-
ments in the (R,Z) plane and 16 Hermite cubic elements
in the toroidal direction, and the size of the time step
is 0.573 µs. Note that the relatively high toroidal reso-
lution (for a single field period) is needed to accurately
treat the strongly anisotropic heat transport.

IV. SIMULATION RESULTS

Now, to simulate a sawtooth-like crash in W7-X, we
initialize a full-torus M3D-C1 simulation from the final
state of the one-field-period simulation shown in Figure
2 (t = 1.145 ms). All the simulation settings are kept
the same except that the toroidal resolution is increased
by five-fold (80 Hermite cubic elements) and that a small
(m,n) = (1, 1) perturbation is applied to the velocity to
speed up the onset of the crash. Simulations without the
(1, 1) velocity perturbation (not shown) produce essen-
tially the same crash features.

The time trace of the core electron temperature T c
e is

shown in Figure 3. At first, T c
e remains almost constant

till t ≈ 1.2 ms. Then, from t ≈ 1.2 ms to t ≈ 2 ms,
T c
e decreases slightly from 5 keV to about 4.8 keV. We

shall refer to this phase as the “inner” crash because of
the evolution of the magnetic field configuration shown
in Figure 4. Clearly, this crash is due to the growth of
a (1, 1) island at the inner ι = 1 resonance, which expels
and eventually overtakes the original core. These features
are signatures of Kadomtsev’s sawtooth model based on
magnetic reconnection driven by the (1, 1) internal kink
mode. However, this mode here only impacts a limited
region of r/a . 0.1 and hence only causes a small core
temperature drop. We speculate that the inner crash
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FIG. 4. Snapshots of Poincaré plots at ϕ = π during the
inner crash show ‘upward’ core displacement and magnetic
reconnection at the inner ι = 1 resonance.

may correspond to the sawtooth precursors sometimes
observed to precede the “type-A” crashes [3].

Subsequently, from t ≈ 2 ms to t ≈ 3 ms, T c
e drops

significantly to less than 2.5 keV, after which T c
e starts

to slowly increase. The evolution of the magnetic field
configuration during this phase, which we refer to as the
“outer” crash, is shown in Figure 5. We can see that
the newly formed core moves in the downward direction

FIG. 5. Snapshots of Poincaré plots at ϕ = π during the
outer crash show ‘downward’ core displacement and magnetic
reconnection at the outer ι = 1 resonance.

(in this particular plane), which is opposite to the up-
ward displacement of the original core, and is eventually
eliminated as a (1, 1) island at the outer ι = 1 resonance
grows significantly. This internal kink mode displaces a
much bigger fraction of the plasma and hence is able to
cause a substantial core temperature crash. These fea-
tures suggest that the “type-A” sawtooth-like crashes in
W7-X are likely Kadomtsev-type.
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FIG. 6. Snapshots of the electron temperature profile at Z =
0 and ϕ = 0.1 before, during, and after the outer crash. The
equilibrium profile is also shown for comparison. The vertical
dashed lines mark the inversion radius of the temperature
change, rinv/a ≈ 0.4.

FIG. 7. A snapshot of the Poincaré plot at ϕ = π in the
reheating phase shows a saturated (1,1) structure in the core.

The evolution of the temperature profile is shown in
Figure 6 and can be compared against experimental re-
sults. The amplitude of the outer temperature crash is
similar to typical values of the medium, “type-A” crashes
in the experiments, which is & 50% [3] (these crashes
are ‘medium’ by contrast to the major, shot-terminating
crashes discussed in [4]). Another key metric here is the
inversion radius rinv of the temperature change, which
is positive at r > rinv and negative at r < rinv. It can
be seen that rinv/a ≈ 0.4 in this simulation, which is
also consistent with typical experimental measurements
[3]. These semi-quantitative agreements validate the stel-
larator modeling capability of M3D-C1.

There are aspects in which the simulation does not
agree quite well with the experiments, most notably the
timescale of the crash. In the simulation the outer crash
takes & 1 ms whereas typical experimental values are

FIG. 8. Results from a different full-torus simulation with
temperature-dependent resistivity: (a) core electron tempera-
ture versus time, similar to Figure 3; (b) snapshots of the elec-
tron temperature profile before, during, and after the outer
crash, similar to Figure 6. The vertical dashed lines in (a)
mark the instants shown in (b). The vertical dashed lines in
(b) mark the inversion radius, rinv/a ≈ 0.45

. 100 µs. This is not surprising since it is well docu-
mented that purely resistive reconnection cannot account
for the fast sawtooth crash [7–10], and here the relatively
large viscosity likely slows it down further. To repro-
duce the experimentally measured timescale, some sort
of fast-reconnection mechanism may be needed, such as
two-fluid effects [24] or the plasmoid instability [25].

Another subtlety is that after the crash, the plasma
does not tend to restore the initial equilibrium as one
would expect in a sawtooth cycle. Instead, a saturated
(1,1) structure forms in the core as shown in Figure 7.
This phenomenon is fairly common in tokamak simula-
tions and related to the so-called “magnetic flux pump-
ing” mechanism [8]. The formation or not of such struc-
tures can be sensitive to the transport parameters [9–11],
and of particular importance here is the resistivity, to
which the strength of the ECCD is proportional. How-
ever, we still obtain a similar saturated (1,1) structure
in another full-torus simulation with closer-to-realistic,
temperature-dependent resistivity, which is presented in

Figure 8. Specifically, η depends linearly on T
−3/2
e and

the equilibrium value varies from 7 × 10−7 Ω ·m at the
center to 7.5 × 10−5 Ω ·m at the boundary. In addi-
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tion, the current and heat sources are slightly different
such that the equilibrium ι profile has a smaller hump
(ιmax ≈ 1.18) and temperature profile is more peaked.
Here, the smaller core resistivity furthers slow down the
crash and hence the crash amplitude is reduced, and the
inversion radius rinv/a ≈ 0.45 is still reasonably close to
experimental values. We do find that the (1,1) structure
does not form if the ECCD is turned off during the crash
(not shown). This raises the possibility that a more ac-
curate ECCD model, for example one evolving with the
dynamical magnetic field rather than fixed in space, could
help in reproducing the cyclic behavior.

A related issue is the accessibility of the unstable equi-
librium we initialize the simulation with. While we ob-
tain the equilibrium using one-field-period simulations, in
a full torus instabilities could kick in before the equilib-
rium is reached and redistribute the current and pressure.
In fact, there are small, “type-B” crashes that frequently
occur between the medium, “type-A” crashes in the ex-
periments [3]. In [14] the authors suggest that the small
crashes are associated with another resonance, ι = 5/6.
The results of their model, based on simulating resis-
tive current diffusion including Kadomtsev-like crashes,
show reasonable agreement with the experimental obser-
vations. Modeling these crashes with M3D-C1 would be
more challenging because it needs full-torus simulations
run for much longer time. We can only remark that in
simulations like the one presented here, the inner crash
is always immediately followed by an outer crash, which
feature does not appear consistent with the “type-B”
crashes observed.

V. SUMMARY AND DISCUSSION

In this paper, we present nonlinear MHD simulations
of sawtooth-like crashes in the W7-X stellarator. The
simulations are initialized from equilibria consistent with
near-axis ECCD as predicted by ray-tracing modeling.
The two ι = 1 resonances in the rotational transform pro-
file give rise to two consecutive (1, 1) internal kink modes

in the simulations. Magnetic reconnection at the in-
ner resonance causes a small-amplitude crash first, which
may correspond to the sawtooth precursors observed in
the experiments. A bigger crash at the outer resonance
then follows, which shows semi-quantitative agreements
with experimental measurements on metrics such as the
crash amplitude and the inversion radius of the tempera-
ture change. These results suggest that the mechanism of
the medium, “type-A” sawtooth-like crashes seen in W7-
X is likely Kadomtsev-type, consistent with [14], which
provides direct comparison between the experimental ob-
servations and the Kadomtsev model.

This work also validates the newly developed stellara-
tor modeling capability of M3D-C1 [20], and demon-
strates its readiness to undertake meaningful physical
studies. This capability, along with similar developments
in JOREK [26] and NIMROD [27], enables studies of non-
linear, transport-timescale MHD physics in stellarators,
which were previously infeasible. One notable opportu-
nity is to investigate the nonlinear stability of stellarator
plasmas. Stellarator designs are usually constrained by
linear MHD stability, but the plasmas are often experi-
mentally found to be more robust than what linear theory
predicts [28]. Utilizing this feature could expand opera-
tion windows for present stellarators and improve designs
for future ones.
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