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Using simple, intuitive arguments, we discuss the expected accuracy with which astrophysical
parameters can be extracted from an observed gravitational wave signal. The observation of a chirp
like signal in the data allows for measurement of the component masses and aligned spins, while
measurement in three or more detectors enables good localization. The ability to measure additional
features in the observed signal — the existence or absence of power in i) the second gravitational
wave polarization, ii) higher gravitational wave multipoles or iii) spin-induced orbital precession
— provide new information which can be used to significantly improve the accuracy of parameter
measurement. We introduce the simple-pe algorithm which uses these methods to generate rapid
parameter estimation results for binary mergers. We present results from a set of simulations, to
illustrate the method, and compare results from simple-pe with measurements from full parameter
estimation routines. The simple-pe routine is able to provide initial parameter estimates in a
matter of CPU minutes, which could be used in real-time alerts and also as input to significantly
accelerate detailed parameter estimation routines.

I. INTRODUCTION

Gravitational wave astronomy has quickly evolved
from the first observation in 2015 [1] to now regular ob-
servations of black hole binary mergers [2–7]. Future im-
provements to the existing ground-based gravitational-
wave detectors [8, 9] are expected to increase the fre-
quency of observations further, with mergers being ob-
served daily, or even more frequently, in the coming
years [10]. With a large number of observed signals,
we can expect that many of them are not unique, and
mostly serve to improve the sampling of the underlying
astrophysical populations. However, there will be a small
number of signals which probe new areas of the param-
eter space, for example due to having particularly large
or small masses and spins (see e.g. [11]); significant mass
ratios (see e.g. [11, 12]); clear evidence of neutron star
structure; eccentricity (see e.g. [13]) and, most tantaliz-
ingly, evidence for physics beyond Einstein’s relativity.
There is, then, a desire to be able to, quickly and easily,
determine which signals are likely to provide interesting
results so that energy can be focused on them.

Detailed parameter estimation routines have already
been developed [14–30], and are routinely used to re-
cover the parameters of observed signals. Furthermore,
increasingly accurate gravitational waveforms have been
developed, which incorporate ever more physical effects –
higher multipoles, accurate treatment of black hole spins,
inclusion of accurate neutron star equation of state, use
of numerical relativity results, eccentricity, beyond GR,
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etc. [31–51]. Thus, we can infer the parameters of the
system using ever more sophisticated methods. How-
ever, there are two issues. First, as more physical effects
are added to the waveforms, the time taken to generate
these waveforms, and to sample the expanding parame-
ter space, increases; although there has been recent effort
to reduce this computational cost through bespoke opti-
misations [52–54], and by harnessing machine learning
techniques [55, 56]. Second, the parameter estimation
routines provide estimates and uncertainties, but typi-
cally do not identify the features in the waveform that
enable the measurement of given parameters with the
stated accuracy.

There is a long history of work aimed at understand-
ing, at a more basic level, how parameters can be ex-
tracted from the observed gravitational waveform and
providing some idea of the expected accuracy of measure-
ments. For example, Refs. [57–61] give early examples
of investigations into measurements of masses and the
degeneracy of mass and spin. With increased interest
in multi-messenger astronomy, various methods to un-
derstand gravitational wave localization have also been
developed [62–67]. The impact of higher gravitational
wave multipoles were also examined in Refs. [68, 69] and
the impact of spin-induced orbital precession in detail in
Refs. [70–74]. All along, warnings of using approximation
techniques to investigate the full, high-dimensional pa-
rameter space in a single analysis have been given [64, 66].

In this paper, we synthesize the physical insights men-
tioned above to provide a hierarchical understanding of
parameter recovery from gravitational wave observations.
To do so, we begin with the basic information — the ob-
servation of a gravitational wave chirp in one detector.
In this case, the shape of the waveform can be used to
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infer some details of the masses and spins. For lower
mass binaries, where the merger doesn’t contribute too
significantly to the signal power, the chirp mass is mea-
sured with good accuracy, while for higher masses the
total mass determines the waveform during merger and
ringdown. Additional information about the phasing of
the system allows for inference of the mass-ratio and the
components of black hole spin aligned with the orbital
angular momentum. A single detector provides essen-
tially no information about sky location, other than what
can be inferred probabilistically (the signal is more likely
to come from a sky location where the detector is more
sensitive). We can infer a maximum distance for the
source. However, for most cases, an accurate distance
measurement is not possible as it is degenerate with the
orientation and sky location.

As more features are observed, it is possible to extract
additional astrophysical parameters from the signal. Ex-
tra measurements arise from either the observation of the
signal in additional detectors, or from the observation of
additional waveform features in a detector or network
of detectors. If the signal is observed in more than one
detector, this enables localization of the source and mea-
surement, in principle, of both gravitational-wave polar-
izations. The relative amplitude and phase of the second
polarization provide addition constraints on the distance
to and orientation of the binary. Additional waveform
features include higher gravitational-wave multipoles and
spin-induced orbital precession. In both cases, these fea-
tures can be considered as adding additional components
to the gravitational wave signal which are, to a good
approximation, orthogonal to the dominant chirp wave-
form. The significance of higher multipoles is typically
more pronounced for systems with more unequal masses.
The relative amplitudes of the higher modes also depend
upon the orientation, with many higher multipoles van-
ishing for face-on systems. Thus observation of higher
modes can allow for improved measurement of mass ra-
tio and orientation of the binary. The observation of pre-
cession requires non-zero in plane spin components and
allows inferences about the in-plane spins as well as the
orientation of the binary. In this paper, we consider the
impact of adding each of the above features, and how it
can improve the parameter recovery.

The paper is laid out as follows. In Section II we de-
scribe the observable features of the waveform, in Section
III we describe how the observable features of the wave-
form can be used to infer the system parameters. In
Section IV we provide details of an implementation with
results in Section V. In Section VI we provide a summary
and discussion of future work. The paper has two ap-
pendices, with Appendix A providing additional details
of the waveform decomposition and Appendix B giving a
comparison between our results and those obtained with
Bilby [16].

II. THE OBSERVABLE FEATURES IN A
GRAVITATIONAL WAVEFORM

The gravitational waveform observed at a detector is
given by

hX(t) = Re
[
FXh

]
(1)

where

FX = FX+ + iFX× (2)

and FX+,× are the detector response functions for the de-
tector X which depend upon the location of the source
relative to the detector, and

h := h+ − ih× (3)

where h+,× are the two polarizations of the gravitational
wave, which depend upon the details of the source. In
this paper, we restrict attention to black hole binary
mergers for which the signal is relatively short-lived, so
that we can treat F+,× as constant over the duration of
the signal.1

The gravitational waveform emitted during a binary
merger can naturally be decomposed into a set of spin-
weighted spherical harmonics as [76, 77]

h(t) =
∑
`≥2

∑̀
m=−`

h`,m(t, ~λ)−2Y`,m(θ, φ) (4)

where θ and φ give the orientation of the observer relative
to a co-ordinate system used to identify the spherical har-
monics, ~λ encodes the physical parameters of the system
(masses, spins, etc) and t is the time. Here, and through-
out this section, we follow the notation used in [42, 78].
The frequency evolution of the harmonics depends upon
the orbital frequency of the binary, with the dominant
harmonic being the (`,m) = (2, 2) having a frequency
which is double the orbital frequency during the inspi-
ral phase. Various models for the gravitational waveform
emitted during the merger of quasi-circular black hole
binary mergers have been developed in recent years, see
e.g. [32, 39, 43, 47].

For binaries where the spins are misaligned with the or-
bital angular momentum, neither the orientation of the
spins nor the magnitude and orientation of orbital an-
gular momentum remain fixed and both precess around
the direction of the total angular momentum, which does
remain approximately constant [79]. This orbital pre-
cession leads to amplitude and phase modulations in
the observed gravitational wave signal, on the preces-
sion timescale which is typically slower than the orbital

1 This approximation is appropriate for binary mergers in the ad-
vanced detector network, but breaks down for low-mass mergers
in next-generation detectors [75].
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period. These modulations can be interpreted as the
beating of different harmonics whose frequencies differ
by multiples of the precession frequency [70, 80]. Thus,
for a binary with misaligned spins, precession will cause
a splitting of each (`,m) multipole in Eq. (4) into multi-
ple harmonics whose frequencies differ by the precession
frequency.

In many cases, the multipoles for a precessing system
are approximated by “twisting up” [40, 81] the multipoles
of the non-precessing counterpart based upon the evolu-
tion of the orientation of the orbital angular momentum.
The direction of the orbital angular momentum L̂, rel-
ative to the total angular momentum Ĵ is given by two
angles: the opening angle β (cosβ = L̂ · Ĵ) and the pre-
cession phase, α relative to a fixed orientation, αo (also
denoted φJL). Then, the precession frequency is given
by

Ωp = α̇ (5)

To fully describe a co-precessing co-ordinate system, we
require a third Euler angle ε, defined via

ε̇ = α̇ cosβ , (6)

which determines the rate of rotation of the co-precessing
frame.

The multipoles for a precessing system are given by

h`,m(t) =
∑̀
n=−`

hNP
`,n(t)D`

n,m(α(t), β(t), ε(t)) (7)

where hNP
`,n denotes the waveform for the equivalent non-

precessing system or, equivalently, the waveform ob-
served in a frame that is co-precessing with the binary,
D`
n,m denotes the Wigner D-matrix,

D`
n,m(α, β, ε) = eimαd`n,m(−β)e−inε , (8)

and d`n,m the Wigner d-matrix given, for example, in [78].
It is straightforward to insert the expression for the pre-
cessing multipoles, Eq. (7), into the multipole expansion
of the waveform, Eq. (4), to obtain the waveform for a
precessing binary. To do so, we first note that the co-
ordinate system (θ, φ) is naturally aligned with the total
orbital angular momentum Ĵ. Therefore, if the system is
viewed in a direction N̂, the angle θ = θJN is the angle
between Ĵ and N̂. In addition, the orientation of the x-
axis is specified relative to the (initial) precession phase
so that φ = −αo. Therefore,

h(t) =
∑
`,m,n

−2Y`,m(θJN ,−αo)D`
n,m(α, β, ε)hNP

`,n(t, ~λ) .

(9)
Waveform models have been developed to generate ac-

curate representations of the leading multipoles in the
gravitational waveform [32, 39, 43, 47]. For example, nu-
merous models provide the (2,2), (3,3), (4,4) multipoles
and in addition the (2,1) and (3,2) multipoles.

A. Waveform components

The gravitational waveform, h(t), as given in Eq. (9),
is expressed as an infinite sum of waveform components.
However, only a small number of these make a signifi-
cant contribution to the waveform. By identifying the
most significant waveform components, and restricting
attention to them, we can simplify the waveform with
little loss of accuracy. In previous works [69], we have
shown that, for non-precessing waveforms, it is the (2, 2)
and (3, 3) multipoles which are most significant across
the majority of the parameter space, with the (4, 4) also
contributing significantly for systems with high, compa-
rable masses. Similarly in [70, 72], we have shown that
the two leading precession harmonics of the (2, 2) mode
provide the dominant contribution, although see [82] for
examples of highly precessing systems where the third
precession harmonic also contributes significantly. Here,
we present the expansion in terms of precession harmon-
ics and higher multipoles simultaneously.

In [70], we demonstrated that the leading (2,2) wave-
form could be decomposed into five precession harmon-
ics and, furthermore, that these precession harmonics
formed a natural hierarchy, with each subsequent mode
suppressed by an additional power of

b = tan(β/2) . (10)

For the majority of systems, the opening angle is signif-
icantly smaller than 45◦, so that b <∼ 0.4 (see Figure 3
of [70] for details). The opening angle only approaches
45◦ for systems with unequal masses and a large spin
on the more massive black hole — in this case, the spin
can be comparable to the orbital angular momentum.
Consequently, for the majority of the binary black hole
parameter space, b can be used as a small expansion
parameter, and terms of higher order in b can be ne-
glected. In Appendix A, we perform a decomposition for
a generic waveform, comprising several multipoles and
demonstrate that each multipole can be written in terms
of precession harmonics with increasing powers of b.

Let us restrict attention to the most significant wave-
form component and the leading sub-dominant contri-
butions. The leading waveform component, which we
denote h22,0 arises as the dominant precession contribu-
tion to the (2, 2) multipole. The two most significant
sub-leading contributions are h22,1, the leading preces-
sion correction to the (2, 2) multipole, and h33,0 and the
leading contribution the (3, 3) multipole. The waveform
can be written as:

h ≈ do
dL

(e2iφoh22,0 + τ4e−2iφoh∗22,0)

(1 + τ2)2

+
do
dL

4τ(e2iφoh22,1 − τ2e−2iφoh∗22,1)

(1 + τ2)2

+
do
dL

τ(e3iφoh33,0 + τ4e−3iφoh∗33,0)

(1 + τ2)3
, (11)
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where dL is the luminosity distance, do is a fiducial dis-
tance, φo is the reference phase and

τ = tan(θJN/2) (12)

describes the orientation of the binary.2
The detailed expression for the waveform in terms of

the co-precessing harmonics are given in Equations (A11)
and (A16). Most notably, the sub-dominant precession
harmonic is reduced in amplitude by a factor b and offset
in frequency from the dominant harmonic by the preces-
sion frequency Ωp, so that

h22,1 = be−i(α−αo)h22,0 (13)

In addition, the (3,3) multipole has a frequency which is
1.5 times the (2,2) multipole.

We are interested in the relative amplitudes of the dif-
ferent waveform components. This is most usefully given
in terms of the expected signal-to-noise ratio (SNR) for
each component in a gravitational wave detector. Given
a detector with a sensitivity given by the power spectral
density (PSD) S(f), the expected SNR of a waveform h
is

ρh := |h| =
√

(h|h) (14)

where the inner product, (a|b), between two time-series
a(t) and b(t) is defined as

(a|b) = 4 Re

∫
df
ã(f)b̃∗(f)

S(f)
(15)

and ã(f), b̃(f) are the Fourier transforms of a(t) and b(t),
respectively.

We denote the amplitude of the h22,0 component as
σ (consistent with e.g. [83]), and define the amplitudes
of the other components relative to this. Therefore, we
have

|hk| =: σαk (16)

where, by definition α22,0 = 1,

α22,1 = b̄ and α33,0 = α33 . (17)

The quantity b̄ is the average value of the b = tan(β/2)
over the observed waveform, and this gives the relative
amplitude of the precession harmonic. The amplitude of
the higher multipole is used to define α33. As discussed
in detail in [69, 70], both of these quantities are generally
significantly less than unity. In obtaining the waveform
as given in Equation (11), we have neglected terms which

2 In Appendix A, we have not explicitly extracted the dL or φo
factors from the waveform. It is straightforward to do this by re-
defining the waveform components to be those associated with a
binary at distance do and coalescence phase φo = 0.

are of order b2 or b α33. In addition, we have neglected
terms of order α`m for (`,m) 6= (3, 3). In some regions of
parameter space, the (4, 4) multipole can be more signif-
icant than the (3, 3). While we don’t consider that case
in this paper, the results in the following sections could
easily be re-derived for an alternative higher-multipole.

In Figure 1 we show the contribution of the different
waveform components to the full waveform. It is clear
that the (2, 2, 0) waveform is dominant, while the (2, 2,
1) and (3, 3, 0) waveforms have similar amplitudes which
are significantly smaller than the (2, 2, 0). Furthermore,
these three components provide an excellent approxima-
tion to the full waveform. The overall network SNR of
the signal is set to 25 which givens SNRs of 14.5, 18.6
and 8.3 in H1, L1 and V1 respectively. This signal has
a network SNR of 4.4 in both the (3, 3, 0) and (2, 2,
1) waveform components. Finally, we can calculate the
overlap between the full waveform and the approximate
waveform,

O =
(h|h′)
|h||h′|

(18)

[Note that in the above, we do not maximize the over-
lap over phase or time but require them to be identical in
the full waveform and the approximate one]. The overlap
between the full waveform and the (2, 2, 0) component
is 0.965, while the overlap with the 3-component wave-
form is 0.997. Thus, our approximate waveform is only
distinguishable from the full waveform at a SNR of over
30, which is larger than any observed binary black hole
SNR observed in O1-O3 [4] (see e.g. [59, 85] and Section
III for details of the distinguishability criteria).

B. Orthogonalization of Waveform Components

In Section III, we argue that identifying power in the
leading precession or higher multipole waveform compo-
nents can play a crucial role in improving parameter es-
timates, as only a subset of the parameter space will be
consistent with the observation of additional features. In
addition, non-observation allows us to exclude regions of
parameter space which predict the presence of an ob-
servable feature. So far, we have made the simplify-
ing assumption that the different waveform components,
specifically the precession harmonics and higher multi-
pole waveforms, are orthogonal to the leading (2, 2, 0)
waveform. In many cases, the assumption of orthogo-
nality between waveform components is reasonable, par-
ticularly between the (2, 2, 0) waveform and the higher
multipoles [69]. However, this does break down in cer-
tain regions of parameter space, most notably at higher
masses where there are fewer waveform cycles in the ob-
servable band of the detector [70].

To obtain SNR in higher harmonics or precession which
is orthogonal to the leading waveform component, we
must project the waveform component for the mode k
onto the space orthogonal to the leading mode. Since
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Figure 1. The gravitational waveform emitted by a 40− 10M� black hole binary, with aligned spin of 0.5 and in-plane spin of
0.4 on the larger black hole and zero spin on the smaller, oriented at an angle θJN = 0.6. In the plot we show the full waveform
and, in addition, the leading contributions to the waveform: the (2, 2, 0) component which is the leading contribution to the
(2, 2) multipole, the (2, 2, 1) component which is the leading -order precession correction to the (2, 2) multipole and the (3, 3,
0) component which is the leading contribution to the (3, 3) multipole. The (2, 2) multipole is the most significant and the (3,
3) is the next largest. In addition, we show the expected detector sensitivities for the advanced LIGO and Virgo observatories
for the fourth gravitational-wave observing run (O4) [84].

the relative phase between the waveform components de-
pends upon the physical parameters of the system it is a
free parameter. Hence the projection of mode k which is
orthogonal to the leading component (with an arbitrary
phase) is

hk,⊥ = hk −
(ho|hk)

|ho|2
ho −

(eiπ/2ho|hk)

|ho|2
eiπ/2ho , (19)

where the waveform eiπ/2ho is simply ho rotated through
90◦. Let us define the complex overlap between the wave-
form mode k and the dominant mode as

ok =
(ho|hk)

|ho||hk|
+ i

(eiπ/2ho|hk)

|ho||hk|
(20)

then the orthogonal SNR in the mode k is reduced by a
factor

√
1− |o(k)|2,

ρk,⊥ = ρk
√

1− |ok|2 . (21)

In addition, the total SNR in the signal is

ρ2 = ρ2
o +

∑
k 6=o

{
ρ2
k + 2 Re[ok]ρoρk

}
. (22)

The overlap between the two modes will always lead to
a reduction in the perpendicular SNR of the mode k.
However, the total SNR can be increased or decreased
depending upon the phase of the overlap between the
two signal components. See [70] for a discussion of this
in the context of precession.

C. The two gravitational-wave polarizations

We have, in Equation (11), presented an expression for
the gravitational waveform emitted by a precessing bi-
nary, restricting to the leading-order precession effects as
well as the most significant signal multipoles. We observe
a hierarchical decomposition of the signal in terms of the
precession parameter b̄ and higher-multipole amplitude
α33. It is tempting to identify the viewing angle, encoded
in τ = tan(θJN/2), as an additional expansion parame-
ter, and separate terms in Equation (11) which appear
with higher powers of τ . However, for a single detector, it
is not possible to distinguish the two gravitational-wave
polarizations encoded in hk and h∗k. When we generalize
to a network of detectors, τ does become an appropriate
expansion parameter.
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In Equation (1) we gave the observed signal in a
gravitational-wave detector, as a function of both the
gravitational-wave signal h and the detector’s antenna
response F . In many cases, including here, it is more
natural to work with the left and right circular polariza-
tions of the gravitational wave. The detector response to
the circular polarizations is F and F ∗, respectively, and
the observed waveform can be expressed as

hX(t) = Re

[ ∑
k∈modes

hk
[
FXARk + (FX)∗ALk

]]
. (23)

where, for our purposes, the sum over modes is restricted
to (2, 2, 0), (2, 2, 1) and (3, 3, 0). The amplitudes of
these modes can be read off from Equation (11) as

AR22,0 =
do
dL

e2iφo

(1 + τ2)2
, AL22,0 =

do
dL

τ4e2iφo

(1 + τ2)2
,

AR22,1 =
do
dL

4τe2iφo

(1 + τ2)2
, AL22,1 =

do
dL

−4τ3e2iφo

(1 + τ2)2
,

AR33,0 =
do
dL

4τe3iφo

(1 + τ2)3
, AL33,0 =

do
dL

4τ5e3iφo

(1 + τ2)3
. (24)

When expressing the waveform amplitudes in terms of
left and right circular polarizations, they separate in pow-
ers of τ = tan(θJN/2), so that the waveform is right cir-
cularly polarized at τ = 0 (a face-on signal), and ALk = 0.
It is therefore tempting to introduce τ as an expansion
parameter, in a similar way to b and α33. However, the
analogy is not exact. The astrophysical population of
binaries is expected to be randomly oriented, so that
cos θJN is uniformly distributed between−1 and 1. Thus,
there will be systems taking all possible values of τ , in-
cluding edge-on systems for which τ ≈ 1 and face-off
systems for which τ → ∞. For a face-away signal, it is
natural to change to a coordinate

γ := cot

(
θJN

2

)
= tan

(
π − θJN

2

)
(25)

so that γ = 1/τ , and γ = 0 corresponds to a left circularly
polarized waveform. Therefore, we can always perform
an expansion in the smaller of τ and γ.3 Next, we note
that the amplitude of gravitational wave emission in the
(2, 2, 0) component is strongest for τ ≈ 0 (and γ ≈ 0) .
Consequently, there will be an observation bias towards
sources which are close to face-on or face-away [86], and
indeed the majority of signals are expected to be observed
with θJN < 60◦, for which τ = 1/

√
3 — in which case the

amplitude of the second circular polarization is reduced
by a factor of 9. Thus, it is reasonable to include the

3 In what follows, we will restrict to τ ≤ 1, with the understanding
that the calculation can be easily repeated for τ > 1 by switching
to the variable γ.

orientation angle as our third expansion parameter, and
keep only leading terms in τ .

It is not possible to distinguish the polarization content
of a gravitational wave signal from a single detector, for
that we require a network. Therefore, we extend our
analysis to a gravitational wave detector network. To do
so, we define the multi-detector inner product as the sum
over individual detector contributions

(a|b) :=
∑

X∈dets

(aX |bX)X , (26)

where the subscript X on the inner product denotes the
fact that the PSD varies between detectors. The ex-
pected network SNR is simply the quadrature sum over
detectors of the individual detector SNRs. The expected
SNR of each polarization and each waveform component
in the network of detectors is

(ρR,Lk )2 = σ2|F |2α2
k|A

R,L
k |2 , (27)

where σ2 and F2 denote vector dot products over the
space of detectors. Thus, the network SNR depends upon
the detector sensitivities, σ, the network response F, the
relative significance of the waveform component, αk, and
its overall amplitude, AR,Lk .

To measure the left circular polarization, we are in-
terested in the power orthogonal to the right circular
polarization. Therefore, we need to calculate the over-
lap between the two circular polarizations. To do so, it
is convenient to introduce the concept of the dominant
polarization frame [87, 88]. The detector response func-
tions F depend upon the unknown polarization angle of
the source. In many cases, it is more convenient to fix
a preferred polarization frame when considering the net-
work response and then include the polarization angle
ψ in the description of the waveform. To this end, we
introduce the weighted network response

w = σFe−2iψ , (28)

where ψ is the polarization angle. Then w is simply
a vector describing the sensitivity of each detector to
the gravitational wave signal, as encoded by the prod-
uct of the detector’s sensitivity, σ and the response to
the gravitational wave, F. We fix the polarization angle
by working in the dominant polarization frame for which
the network is maximally sensitive to the + polarization
and, consequently, minimally sensitive to the × polar-
ization [87, 88]. In the dominant polarization frame, w
satisfies

w+ ·w× = 0 ⇔ w ·w = w∗ ·w∗ (29)

We characterize the network by its overall sensitivity to
the dominant polarization, which is given by |w+|. The
sensitivity to the second polarization is |w×|. Following
[89], we define the relative sensitivity between to + and
× linear polarizations which is given by

αnet =
|w×|
|w+|

. (30)
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In many cases, the detector network is significantly
more sensitive to a single polarization of gravitational
waves. For example [87, 89], the typical sensitivity to the
second polarization for the advanced LIGO-Virgo net-
work is 0.3. As additional detectors are added to the
network, both the overall sky coverage and sensitivity to
the second polarization improves.

In general, the two circular polarizations are not or-
thogonal. The complex overlap between the left and right
circular polarizations is

oL =
(Fhk|F∗hk)

|Fhk|2
+
i(Fhke

iπ/2|F∗hk)

|Fhk|2

=

[
1− α2

net

1 + α2
net

]
(cos 4ψ + i sin 4ψ) , (31)

where, to obtain the result, we have used the form of w
given in Equation (28) as well as the definition of αnet

from Equation (30). For a single detector or network
sensitive to only one polarization (αnet = 0), the two po-
larizations are completely degenerate, as expected. For
a network with equal sensitivity to the two polarizations
(αnet = 1), the two circular polarizations are orthogonal.
For a typical signal in the advanced LIGO-Virgo network,
αnet ≈ 0.3 and the overlap between the two circular po-
larizations is oL ≈ 0.9. This places us in a very different
situation than for precession and higher multipoles where
the overlap is typically small.

When attempting to identify the presence of the second
circular polarization, we must identify the power that is
orthogonal to the leading polarization. This is obtained
by projecting a left-circular signal onto the space orthog-
onal to that spanned by right-circular signals, in the same
way as we did in Equation (19) to obtain hk,⊥. The fact
that there is significant overlap between the polarizations
has two major impacts. First, the observable power in
the second polarization is significantly reduced,

ρL,⊥ = ρL
√

1− |oL|2

=

[
2αnet

1 + α2
net

]
ρL . (32)

Second, the fact that the overlap is large means that
the overall power in the signal can vary considerably as
the polarization angle changes. Specifically, the network
SNR is

ρ2
net = (h|h) = σ2|F|2

∑
k

α2
k

{
(ALk )2 + (ARk )2 (33)

+ 2ALkARk
[

1− α2
net

1 + α2
net

]
cos 4ψ

}
.

As before, we have made the approximation that αk is
the same for each detector in the network. This is a rea-
sonable approximation — the overall sensitivity of the
detectors is captured by σ. Provided the shape of the
PSD is similar between detectors, then the relative im-
portance of the different waveform components will also
be similar.

D. The observed waveform

We have now identified three expansion parameters
which enable us to identify the dominant contribution to
the waveform, and the leading sub-dominant contribu-
tions. In particular, we parametrize the precession con-
tribution through b = tan(β/2), the higher multipoles
through α`m, their amplitude relative to the (2, 2) mode,
and the second polarization through the binary orienta-
tion τ = tan

(
θJN/2

)
.

Keeping only the leading terms and the most signifi-
cant sub-leading terms in each of these parameters, we
obtain the waveform as

h ≈ do
dL

[
e2i(φo+ψ)

(1 + τ2)2
h22,0 +

τ4e2i(φo−ψ)

(1 + τ2)2
h∗22,0

+
4τe2i(φo+ψ)

(1 + τ2)2
h22,1 +

4τe3iφo+2iψ

(1 + τ2)3
h33,0

]
. (34)

Here, we have chosen to absorb the (unknown) polar-
ization angle into the expression for the waveform, and
subsequently work in a fixed polarization frame. The
waveform is comprised of four terms. The first is the
dominant contribution — it is the right circularly polar-
ized waveform for the leading contribution of the (2,2)
mode. The other contributions are all sub-dominant in
different ways. The second term is the left-circularly
polarized contribution. This is down-weighted by the
fourth power of τ = tan(θ/2) ≤ 1 and, additionally,
the observable power is reduced due to the significant
overlap between the left and right circular polarized sig-
nals. The third term is the leading precession correc-
tion which is down-weighted by the precession amplitude
b = tan(β/2) as well as τ . The final term is the most-
significant higher multipole contribution to the wave-
form, which is down-weighted by the reduced amplitude
of the higher multipole, encoded in α33. We note that
the formalism is equally applicable to predominantly left-
circularly polarized signals, for which we simply convert
to γ = cot(θJN/2) and cases where a different multipole,
for example (4,4), is the second most significant.

The expected SNR in the leading mode is given by

ρo =
do
dL

|σF|
(1 + τ2)2

. (35)

The expected SNR in the different sub-dominant wave-
form components are

ρL = ρo

[
2αnetτ

4

1 + α2
net

]
(36)

ρ33 = ρo

[
2α33τ

1 + τ2

]
(37)

ρprec = ρo
[
4b̄τ
]

(38)

The values of b, α33 and αnet are given, for different bi-
nary parameters and network configurations in [70], [69]
and [89] respectively. In the expressions above, we have
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explicitly included the overlap between the two polar-
izations, which gives rise to the 2αnet/(1 + α2

net) factor,
but neglected the overlaps with the precession and higher
mode signals as these are typically smaller. Additionally,
we have not included the impact of the additional wave-
form components on the recovered SNR consistent with
the leading mode.

III. EXTRACTING ASTROPHYSICAL
PARAMETERS FROM AN OBSERVED SIGNAL

Once a gravitational wave signal has been observed,
the challenge is to extract the astrophysical parameters
of the source. Over the years, numerous methods have
been developed to obtain parameter estimates, typically
using Bayesian methods and densely sampling the param-
eter space [14–27, 90]. Here, we take a different approach
and attempt to identify the primary feature that enables
the measurement of one, or a combination of, the astro-
physical parameters of a source. By doing so, we build
up an intuitive understanding of how the parameters can
be extracted from the observed waveform. We consider a
quasi-circular (non-eccentric) binary described by fifteen
parameters: the masses, m1 and m2, of the black holes,
their spins, denoted by the vectors S1 and S2, the ori-
entation of the binary given by the phase φo, inclination
angle θJN and source polarization ψ, and the location of
the system relative to the earth, given by the sky location
(α, δ), distance dL and arrival time to of the signal.

In Section II, we demonstrated that the waveform can
be expressed as a dominant component, with three sub-
dominant contributions which are the leading order cor-
rections. The signal can be decomposed in terms of three
expansion parameters: τ = tan θJN/2, where θJN is the
angle between the binary’s total angular momentum and
the line of sight; b = tanβ/2, where β is the opening
angle between the orbital and total angular momentum
and governs the observability of precession effects; α`,m,
the sensitivity of the network to the leading subdominant
multipole, (`,m), relative to the (2, 2) multipole. By ex-
pressing the waveform in this way, we are able to identify
the impact that the observability (or otherwise) of these
three features has upon the parameter recovery. In some
cases, the next-order corrections will be observable but,
as we argue later, they are unlikely to dramatically im-
pact the parameter recovery. Each of the features above
enables us to break a degeneracy between parameters.
Identification of the next-order terms merely allows us to
refine the measurements, but doesn’t lead to an ability
to measure entirely new features.

Throughout this section, we provide examples using
signal shown in Figure 1: the gravitational waveform
emitted during the merger of a 40M� – 10M� black hole
binary with aligned spins of 0.5 on the larger black hole
and 0 on the smaller black hole. The system is placed
at a distance to provide a total SNR in the LIGO-Virgo
network of 25. We vary the distance, viewing angle and

in-plane spins of the system to investigate the impact
of observability of precession, higher multipoles and the
second circular polarization on parameter recovery.

A. Parameter measurement accuracy

Given an observed signal s in a gravitational wave de-
tector, the likelihood ratio for the data to contain a signal
h, rather than just Gaussian noise n, is given by

Λ(~λ, s) =
exp
[
− 1

2 (s− h(~λ)|s− h(~λ))
]

exp
[
− 1

2 (s|s)
] , (39)

where the inner product (a|b) was previously introduced
in Equation (15). For a network of detectors, the like-
lihood is the product of likelihoods for individual detec-
tors. In order to calculate the posterior distribution for
the parameters ~λ, we use Bayes formula

p(~λ|s) ∝ Λ(~λ, s)π(~λ) , (40)

where π(~λ) is the prior distribution on the parameters ~λ.
Let us return to Eq. (39) and consider the case where

the data s is well approximated by a signal with parame-
ters λ̂, so that s ≈ h(λ̂). In this case, the peak likelihood
is related to the expected SNR, defined in Equation (14),
through

Λ(λ̂, s) ≈ exp
[
ρ2
h/2
]
. (41)

We can also explore the features of the likelihood as the
parameters ~λ are varied. Substituting into Equation (39),
we see that the likelihood depends upon the difference
between the waveforms

Λ(~λ|λ̂) ∝ exp
[
− 1

2 |h(λ̂)− h(~λ)|2
]

(42)

Next, following [59], we relate this to the similarity be-
tween waveforms, as characterized by the match, M , de-
fined as

M(h1, h2) = max
dt,dφ

(h1|h2)

|h1||h2|
, (43)

where dt and dφ denote the time and phase offset between
the two waveforms, respectively. In particular, we can re-
express the likelihood as

Λ(~λ|λ̂) ∝ exp

[
−ρ

2
h

2

(
1−M2

)]
. (44)

As a final approximation, we assume that the match
varies quadratically with the difference in parameters δ~λ.
This is true at leading order, but at low SNR and for large
dimensional parameter spaces, this approximation breaks
down [66]. Nonetheless, the quadratic approximation can
be useful in investigating the properties of the signal. To
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use it, we construct the waveform metric, gab, defined
through

M(δ~λ) ≈ 1− gabδλaδλb where δ~λ = λ̂− ~λ . (45)

Then, the likelihood is approximated as

Λ(~λ|λ̂) ∝ exp
[
−ρ2

h(gabδλ
aδλb)

]
. (46)

The eigenvectors and eigenvalues of the matrix gab pro-
vide, respectively, the principal directions and the mea-
surement accuracy in these directions. Specifically, the
approximate contour containing a fraction p of the pos-
terior distribution, for a signal with SNR ρh is given by

gabδλ
aδλb =

χ2
k(1− p)

2ρ2
h

(47)

where k is the dimension of the parameter space under
consideration and χ2

k(1−p) is the chi-square value with k
degrees of freedom for which there is a (1−p) probability
of obtaining that value or larger. We will typically be in-
terested in generating 90% contours, and will be working
in 2, 3 or 4 dimensions, in which case the thresholds are
gabδλ

aδλb ≤ 2.3, 3.1, 3.9 ρ−2
h for k = 2, 3, 4 respectively.

B. The chirp waveform

We begin by restricting attention to the dominant com-
ponent of the waveform, arising from the right circularly
polarized,4 leading contribution to the (2, 2) harmonic
and neglect sub-dominant contributions from the second
polarization, higher multipoles and precession. As is well
known, the amplitude and phase evolution of the wave-
form can be used to extract the masses and (aligned-
)spins of the black holes [91, 92].

The amplitude and phase evolution of the binary
merger waveform is given, at large separations, by the
post-Newtonian expansion [93] of Einstein’s equations
and, close to and at merger, from numerical simulations
of binary systems which are combined to provide full
models of the gravitational wave signal [31–51]. In the
inspiral stage, the leading order evolution of the wave-
form is given by the chirp mass

M =
(m1m2)3/5

(m1 +m2)1/5
= Mη3/5 , (48)

where m1 and m2 are the masses of the two components,
M is the total mass and η the symmetric mass ratio given
by

M = m1 +m2; η =
m1m2

M2
. (49)

4 As before we assume τ < 1 so that the waveform is preferentially
right-circular polarized. The calculation is equally applicable to
left-circular waveforms under the replacement τ → γ.

Figure 2. The posterior distribution for chirp mass and mass
ratio. The contours show the posterior pdf, while the ellipse
shows the approximate 90% region. In this, and all following
plots, the pdf is plotted so that the value at the peak is unity.

Corrections to the phasing arise at subsequent post-
Newtonian orders (powers of v/c), with the first correc-
tion at 1PN depending upon the mass ratio, η, and the
coefficient at 1.5PN order depending also upon the com-
ponents of the black hole spins which are aligned with
the orbital angular momentum. Consequently, the chirp
mass is the best-measured mass parameter, while the
mass ratio and binary spins are typically less well con-
strained.

In Figure 2, we show the posterior probability distribu-
tion for our fiducial source (m1 = 40M� andm2 = 10M�
with SNR 25) when varying only the masses. The pos-
terior distribution is generated by calculating the match
across the mass space and substituting into Equation (46)
to obtain the likelihood. The ellipse represents the ap-
proximate 90% confidence interval obtained from calcu-
lating the metric over the two-dimensional mass space.
The metric provides a good approximation to the likeli-
hood, although the fact that the lower probability con-
tours are curved (rather than elliptical) shows that the
simple quadratic approximation is beginning to break
down.

In Figure 3, we show the posterior probability distri-
bution for the components of the black hole spins aligned
with the orbital angular momentum. We denote the
aligned spin components as

χ1z =
S1 · L̂
m2

1

and χ2z =
S2 · L̂
m2

2

. (50)

We keep the other parameters of the signal fixed while
allowing the aligned spins to vary. As expected, there is
a clear degeneracy between the inferred spins. And, as
with the mass space, the metric approximation provides
a good description of the likelihood distribution. On the
figure, we have also plotted lines of constant effective
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Figure 3. The posterior distribution for the aligned spins,
with other parameters kept fixed. The contours show the pdf,
while the ellipse shows the approximate 90% region. Lines of
constant χeff , χhu and χalign are plotted as grey dotted lines,
grey dash-dotted lines and black dashed lines respectively.

spin,

χeff =
m1χ1z +m2χ2z

m1 +m2
, (51)

which is typically used to describe a binary’s in-plane
spin. Since our fiducial system has aligned spin only on
the larger black hole, χeff doesn’t accurately describe the
spin degeneracy, as can be seen in Figure 3.

We therefore use an alternative effective spin parame-
ter throughout the remainder of this paper, which accu-
rately describes the spin-degeneracy shown in Figure 3,
and attribute this spin to both black holes equally (i.e.
χ1z = χ2z = χalign).5 We use,

χalign =
mα

1χ1z +mα
2χ2z

mα
1 +mα

2

, (52)

where α = 4
3 . This was chosen since it accurately de-

scribes the spin-degeneracy for low mass systems (includ-
ing the one considered here), it is similar to χhu which
describes the number of orbits before merger [94], as can
be seen in Figure 3, and it has the nice property that it
is equal to χ1z when χ1z = χ2z.

Having restricted to a single aligned spin parameter,
we can calculate the posterior distribution across the
remaining three-dimensional parameter space of masses
and (aligned-)spins. Figure 4 shows the likelihood on
two-dimensional slices through the parameter space. The
likelihood distribution at each point in the M–η space
is obtained both by maximizing the match over the

5 We do not make this restriction on the simulated signals, only
on our parameter recovery.

aligned spin values and evaluating the likelihood using
the maximized match. The distribution for other pairs
of parameters is calculated similarly. In addition, we
plot ellipses corresponding to the 90% contours using ei-
ther the two-dimensional metric (fixing the third param-
eter) or a three-dimensional metric projected into the
two-dimensional space under consideration. The three-
dimensional metric accurately reproduces the likelihood
distribution. The two-dimensional metric significantly
underestimates the parameter uncertainties due to cor-
relations between the parameters, particularly mass ratio
and spin [40]. For example, in Figure 2, the symmetric
mass ratio is bounded between η ∈ [0.145, 0.175] (mass
ratio between 3.5 and 4.5 to 1) while allowing the spin
to vary increases the range to η ∈ [0.125, 0.195] (a mass
ratio between 3:1 and 6:1).

In all cases, we observe that the quadratic approxi-
mation given by the metric provides a good fit to the
posterior distribution. In particular, the principal direc-
tions of the metric match those of the distribution and
the surfaces of constant probability are reasonably well-
described by ellipses. However, there are some discrep-
ancies, most notably the shape of contours in theM−χ
space and the asymmetry of contours in the η−χ space.

The overall amplitude, phase and time of arrival of the
signal also carry physical information. The amplitude of
the observed gravitational wave scales with the mass of
the system and is inversely proportional to the distance.
Furthermore, the signal amplitude varies with the orien-
tation of the binary relative to the line of sight, and the
binary’s location relative to the detector network. These
facts are encoded in our expression for the SNR in the
leading mode, Eq. (35), which we restate here:

ρo =
do
dL

|Fσ|
(1 + τ2)2

,

where, as before |Fσ| denotes a sum over the detectors in
the network. The variation of masses and spins impacts
σ, the location of the source impacts F , while the orien-
tation is encoded in τ . All of these combine to limit the
accuracy with which the distance to the source can be
measured. The phase of the SNR also provides informa-
tion about the signal. In particular, looking at Equation
(34), we see that the phase of the waveform is given by
2(φ+ ψ). Thus, the measurement of the SNR phase en-
ables us to determine a combination of coalescence phase
and polarization angle.

Finally, we note that the observed gravitational wave
signal is redshifted as it travels to the detector. This re-
duces the frequency of the waveform by an overall factor
of (1 + z). For black hole binary systems, the frequency
content of the observed waveform also scales with the
total mass of the binary. Consequently, when the dis-
tance/redshift to the system is not known, we are only
able to infer the redshifted mass M = Msource(1 + z),
and not the source mass. In the remainder of the paper,
all results are shown in terms of the redshifted chirp mass
M.
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Figure 4. The posterior distribution for the chirp mass, symmetric mass ratio and effective spin. Each plot shows a two-
dimensional slice through the parameter space, where the value of the third parameter is chosen to maximize the value of the
likelihood. The orange ellipse shows the approximate 90% region based on calculating the parameter space metric, as discussed
in detail in Section III, while the black ellipse shows the region based on fixing the third parameter to equal the simulated
value.

C. Observation in a Network of Detectors

In a network of detectors, we independently measure
SNR, signal phase and time of arrival in each of the de-
tectors. In addition to improving the accuracy of mass
and spin measurements by increasing the observed SNR,
this also enables measurement of the sky location of the
source and the second gravitational-wave polarization.

1. Source localization

Localization of a transient gravitational-wave source
in a network of detectors is primarily achieved through
timing: the relative time delays between the observed
signal at the different detectors can be inverted to provide
a sky region from which the source originates [62, 95].
The timing accuracy in a single detector is given by σt =
(2πρσf )−1 where σf is the frequency bandwidth of the
system and ρ is the SNR. With two detectors, timing
alone can restrict the source to a ring on the sky, although
it is often possible to identify a most likely region on the
ring based upon the relative amplitude and phase of the
signal in the two detectors [96, 97]. With three detectors,
the source can be localized by timing to two regions of the
sky, one above and the other below the plane formed by
the three detectors. Observation in three detectors also
affords three measurements of the signal amplitude and
phase. In many cases, consistency with a gravitational-
wave signal comprised of two polarizations enables the
identification of a preferred sky region [96, 98].

For the purposes of this paper, we are not interested in
a detailed discussion of source localization. Nonetheless,
uncertainty in the sky location of the source will impact
the inference of other parameters. Most notably, an ac-
curate estimate of the detector response F in Equation
(35) enables an accurate measurement of the distance to

the source dL. Similarly, the sensitivity of the network
to the second polarization, encoded in αnet determines
the expected SNR in the left circular polarization or, in-
verting the problem, measurement of αnet and the SNR
in the left circular polarization enables inference of the
binary orientation from Eq. (36), as we discuss in detail
below.

Figure 5 shows the inferred localization for a simu-
lated signal. The signal has a total SNR of 25 in the
LIGO-Virgo network, using the expected sensitivity of
the fourth observing run [10]. For the given sky location
and detector sensitivity, that translates to a SNR of 14.7
in H1, 18.5 in L1 and 8.3 in V1. Using only timing infor-
mation, the event is localizes to an area of 135 deg2. By
requiring a consistent amplitude and phase across the de-
tectors, the localization area improved to 80 deg2. This
localization is poorer than achieved for some high SNR
events, such as GW170817 [99] and GW190814 [11] due
to the selected sky location, close to the plane of the de-
tectors. For this event, large changes in sky position led
to relatively small impact on the time of arrival of the
source.

2. Binary orientation and distance

Observation of a signal in a network of detectors en-
ables the measurement of the second gravitational-wave
polarization. In Section IIC we obtained expressions for
the expected SNR in the left and right circular polariza-
tions, with the ratio between them, which depends upon
αnet and τ , given in Equation (36), and repeated below:

ρL = ρo

[
2αnetτ

4

1 + α2
net

]
.

For our example signal, the sensitivity to the second po-
larization is αnet = 0.35, which varies between 0.3 and



12

Figure 5. The 90% source localization ellipse for our simu-
lated signal. The localization is obtained using time of arrival
and consistency in amplitude and phase of the gravitational
wave signal in the detectors [98]. The orange × shows location
of the simulated signal, the green + shows the “mirror” loca-
tion (reflection in the plane of the detectors). The top panel
shows the localization ellipse overlaid on the network sensi-
tivity while the bottom shows the sensitivity to the second
polarization, αnet.

0.65 over the localization region (as shown in Figure 5).
Thus, sensitivity to the second polarization is reduced by
a factor of 2αnet/(1 + α2

net) ≈ 0.6 relative to the leading
polarization. Then, measurement of ρo and ρL, coupled
with a knowledge of αnet provide an estimate of the bi-
nary orientation, encoded in τ .

In Figure 6, we show how the binary orientation can
be restricted based upon the measurement of the SNR
in the two polarizations. As is clear from the equation
above, the masses, spins and overall network sensitivity
will not impact the estimation of τ . Nonetheless, they
do impact the inferred distance. Consequently, for sim-
plicity of presentation, we consider the case where the
masses, spins and sky location of the source are fixed.
Then the measured SNR in the right circular polariza-

tion provides a measurement of (1 + cos θJN )2d−1
L . Sim-

ilarly, measurement of the SNR in the left circular po-
larization provides a measurement of (1− cos θJN )2d−1

L .
In the figure, we show two example signals, with bina-
ries inclined at 35◦ and 67◦ respectively. For each, we
show the region in distance–θJN space consistent with
the observed SNRs. For an expected SNR ρ̂ the mea-
sured squared SNR will be non-centrally χ2 distributed
with a non-centrality parameter ρ̂2 and two degrees of
freedom[69, 83]. Thus, for any measured SNR, we can
infer region in the distance-inclination space that would
give an expected SNR consistent with the observation.
The fractional uncertainty in SNR is proportional to ρ−1

and, consequently, the observation of the (lower SNR)
left-circular polarization provides a significantly weaker
constraint than the right-circular polarization.

For the binary at 35◦, there is negligible power observ-
able in the second polarization and the binary is consis-
tent with being face-on. However, the binary orientation
cannot be accurately measured and can only be restricted
to lie in the range θJN <∼ 50◦. The system inclined at 67◦,
has an SNR of 3 in the left-circular polarization so that
the system is no longer consistent with a circular polar-
ized gravitational wave. The binary orientation can now
be restricted to lie in the range 40◦ <∼ θJN <∼ 70◦. In
these examples, the likelihood is shown as a function of
distance and binary orientation. As discussed in [89], it is
more appropriate to use a distance prior which is uniform
in (comoving-)volume and an orientation distribution flat
in cos θJN . These distributions will add further weight
to large distances and face-on systems making it more
difficult to identify inclined sources.

Finally, we note that the phase of the second polar-
ization has a different dependence on the polarization
angle ψ, as can be seen in Eq. (34). Thus, observation
of both polarizations enables measurement of both the
coalescence phase φ and the polarization ψ.

D. Higher order multipoles

As discussed in detail in Section II, all gravitational
wave signals will contain contributions from multipole
moments other than the (2, 2). For the majority of sig-
nals, we do not expect to observe these multipoles, as
their amplitude will be too small. However, if it is possi-
ble to observe additional harmonics or place limits on the
power contained in them, then we can further constrain
the range of parameters consistent with an observed sig-
nal. The SNR in the (3, 3, 0) waveform component, rel-
ative to the (2, 2, 0) component is given in Eq. (37). It
scales linearly with 2τ(1 + τ2)−1 = sin θJN and α33, the
relative significance of the (3, 3, 0) harmonic. The value
of α33 increases with the mass of the binary and is higher
for binaries with more unequal components (see figure 2
in [69] for details). Therefore, the (3, 3, 0) component
is most significant in unequal mass binaries viewed away
from face-on (or face-off).
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Figure 6. Inference of the distance to and orientation of the binary based upon the observed SNR in the two circular polar-
izations. The blue contours show the probability density from the observed SNR in the right polarization, the green contours
show the pdf from SNR in the left polarization and the red regions show the combined pdf. For both examples, the SNR of
the source is 25. For the left figure, the binary is inclined at 35◦, giving an SNR of 0.15 in the left circular polarization. For
the right figure, the binary is inclined at 67◦ giving an SNR of 3 in the second polarization.

Figure 7. The restriction of the distance to and inclination of
the binary based upon the observed SNR in the two circular
polarizations and the (3, 3, 0) harmonic. The blue contours
show the probability density from the observed SNR in the
right polarization, the green from power orthogonal to the
right polarization, the orange from the (3, 3, 0) harmonic and
the red show the combined distribution. In calculating the (3,
3, 0) harmonic contours, we have kept the mass ratio fixed to
the true value, allowing it to vary will broaden this distribu-
tion. The SNR of the source is 25, and it is inclined at an
angle of 35◦, giving an SNR of 0.15 in the second polarization
and 4.3 in the (3, 3, 0) harmonic.

Given an observed SNR in the (3, 3, 0) waveform,
we can obtain a region in the distance-inclination plane
which is consistent with the observed signal, overlaid on
the constraints from the two polarizations of the (2, 2, 0)

waveform. For concreteness, we use the same system as
before, a binary with masses of 40M� and 10M�, which
is inclined at θJN = 35◦. This gives a SNR of 4.4 in the
(3, 3, 0) waveform. In Fig. 7, we show how measurement
of the SNR in the (3, 3, 0) waveform can be used to re-
strict the distance and orientation of the binary. Since
this is a binary with a significant mass ratio, the (3, 3,
0) waveform plays a much more significant role in de-
termining the orientation of the binary than the second
polarization, which has negligible SNR. The observation
of the (3, 3, 0) waveform clearly shows that the binary is
not face-on, with θJN >∼ 15◦. For the events GW109412
and GW190814, it was observation of power in the (3, 3,
0) waveform which enabled measurement of the binary
orientation.

In Fig. 8, we show the region in mass-ratio and bi-
nary orientation that is consistent with a given observed
value of ρ33. The range of θJN at q = 4 corresponds
to that in Figure 7. However, when we allow mass ratio
to vary, the allowed region encompasses close-to-equal-
mass systems which are significantly inclined or unequal
mass systems which are close-to face on. Since the mass-
ratio is already restricted by the observed leading-order
waveform, as discussed in Section III B, the measurement
of the higher multipole SNR can be used to restrict the
binary orientation, as shown on the figure. It is straight-
forward to add additional multipoles to this analysis, and
the relative power will typically have a different depen-
dence on θJN . However, additional multipoles will likely
refine the measurements but probably not significantly
improve them.

The measurement of the phase of the (3, 3, 0) wave-
form can be used to extract measurements of both the
signal’s polarization and phase angle. Looking at Equa-
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Figure 8. The restriction of the mass ratio to and inclination
of the binary based upon the observed SNR in the (3, 3, 0)
multipole. The orange band gives the posterior based only
on measurement of the (3, 3, 0) multipole, the grey band
is the region of mass-ratio space consistent with the (2, 2, 0)
waveform and the red contours give the region consistent with
both measurements.

tion (34), we see that the phase of the (3, 3, 0) waveform
differs from the (2, 2, 0) by the coalescence phase φ.
Thus, observation of both waveform components allows
for measurement of the phase and, consequently, also the
polarization.

E. Precession

Black hole spins which are mis-aligned with the orbit
leads to precession of the orbital plane [79] which mani-
fests as amplitude and phase modulations of the signal.
As discussed in Section IIA, precession leads to a split-
ting of the gravitational-wave multipoles. In particular,
the (2, 2) multipole is split into five, where the (2, 2, 0)
harmonic is the leading term and the (2, 2, 1) harmonic
is the first-order precession correction. The SNR in the
(2, 2, 1) precession harmonic, relative to the leading (2,
2, 0) harmonic, is given in Equation (38) as 4τ b̄, where b̄
is the average value of b = tan(β/2) and β is the opening
angle between the total and orbital angular momenta. To
leading order during the inspiral phase,

tanβ =
S⊥

L+ S‖
. (53)

where S⊥ and S‖ are the perpendicular and parallel com-
ponents of the spins and L is the orbital angular momen-
tum. The effective precession spin parameter, χp, is ob-
tained by averaging the in-plane spins of the system over
a precession cycle, so that S⊥ ≈ m2

1χp. Thus, measure-
ment of precession SNR allows us to infer a combination
of the precession spin and binary orientation.

Figure 9. The restriction of the in-plane spin and the binary
orientation besed upon the observed SNR in precession, ρp.
The purple contours show the probability density from a sys-
tem with χp = 0.4 inclined at 35◦, giving an observed SNR in
precession of 4.0. Since the precessing spin is otherwise un-
constrained, measurement of ρp provides minimal restriction
to the binary orientation – the inclination is restricted to be
above 15◦. However, if the orientation is already constrained,
e.g. from the observation of higher modes, as indicated by
the grey band, then the range of permitted values of χp can
be significantly reduced, as indicated by the red region.

In Figure 9 we show the region of χp–θJN parameter
space which is consistent with a precession SNR of 4.6
In this case, the signal can clearly be identified as pre-
cessing and, therefore, both the in-plane spin and binary
orientation are bounded away from zero. Nonetheless,
there remains a broad range of parameter space consis-
tent with the observation, ranging from maximal in-plane
spins for binaries inclined at 15◦ to edge-on binaries with
χp ≈ 0.1.

In contrast to the left-circular polarization and higher
multipoles, the observation of precession is unlikely to
lead to a significant improvement in the measurement of
the binary orientation, distance or phase. The reason
for this is that the amplitude and phase of the precession
SNR depend upon the in-plane spins, encoded in the pre-
cession spin χp and the precession phase αo. Thus, mea-
surement of the precession SNR enables a measurement
of χp while measurement of the phase of the precession
SNR enables us to extract the precession phase αo, as can
be seen from Equation (34).7 Of course, if the binary ori-

6 In the figure, the simulated value is slightly offset from the centre
of the inferred region. This is due to the fact that there is a small
amount of power in the left-circular polarization in the (2, 2, 1)
harmonic which we do not account for when inferring χp and
θJN from ρp

7 See [100] for a discussion of the measured precession SNR in
existing gravitational-wave events and [101] for a discussion of
the measurability of the precession phase.



15

Figure 10. The posterior distribution for the precessing and
aligned spins of the system, keeping other parameters fixed.
The contours are generated by calculating the match, the
black contour is generated in the χ2

p–χalign space, but plotted
against χp.

entation has already been restricted through observation
of a second gravitational wave polarization or higher har-
monics, then this can lead to significant restrictions on
χp, as is shown in Figure 9. As an example, the event
GW190814 [11] was observed to SNR ≈ 6 in the (3, 3)
multipole but minimal SNR in precession, enabling the
inference of a very low spin for the primary.

In plane spins will impact the phase evolution of
the (2, 2, 0) waveform component. This can be seen
in Eq. (A11), where the waveform acquires an addi-
tional phase of exp[2i(α− αo − ε)] relative to the non-
precessing signal. Under the approximation that the
opening angle β is small and approximately constant, we
can simplify Equation (6) to obtain

ε ≈ α(1− β2/2) + const . (54)

Therefore, the phase is approximately quadratic in β.
Furthermore, for small values, the opening angle is lin-
early dependent upon χp. Thus, the phasing due to pre-
cession will, to leading order, scale with χ2

p. To inves-
tigate the impact of this, we should re-examine the ac-
curacy with which the masses and aligned spins can be
measured when we also allow for precession.

In Figure 10, we show the posterior distributions for
the precessing and aligned spin components, keeping the
masses fixed. In addition, we construct the metric in the
two-dimensional χalign–χ2

p space. The metric accurately
reconstructs the posterior, whereas working in χalign–χp

co-ordinates does not accurately capture the degeneracy.
From Figure 10, it is clear that the value of χp is essen-
tially undetermined from the phasing of the leading wave-
form component (the reason that the contour doesn’t ex-
tend to χp = 1 is that the total spin

√
χ2

p + χ2
align is re-

quired to be less than 1). Nonetheless, we must include

the degeneracy between χp and the other mass and spin
parameters when calculating posterior distributions for
the parameters.

F. Summary

In the preceding sections, we have laid out how the
gravitational-wave parameters are encoded into the grav-
itational wave signal and how, upon observing the signal
and various specific features, we are able to extract es-
timates of the different parameters. Here, we provide a
brief summary of the above discussions.

The amplitude and phase evolution of the (leading har-
monic of) the gravitational waveform enables us to mea-
sure:

1. The redshifted chirp mass,M(1 + z) of the signal.

2. The symmetric mass ratio η.

3. A combination χalign of the aligned spins χ1z and
χ2z. The individual spins are typically unmeasur-
able.

4. The time of coalescence of the system, as measured
at the detector.

There is significant degeneracy between these parame-
ters, most notably the mass ratio and aligned spins.

When the system is observed in a network of detectors

5. The right ascension of the source.

6. The declination of the source.

When the system is observed in at least three observa-
tories, we typically localize to a region with an area of
a few square degrees. Signals observed in two detectors
are only localized to (a fraction of) a ring in the sky with
areas of hundreds of square degrees.

Using the detector antenna response, we are able to
identify

7. The amplitude of the gravitational wave signal,
which enables inference of a combination of dis-
tance to the source and its orientation, (1 ±
cos θJN )2/dL.

8. The phase of the dominant circular gravitational-
wave polarization (φ± ψ).

If we are able to identify either the second polarization
or power in higher harmonics, or both, this enables mea-
surement of

9. The binary orientation, and consequently a more
accurate distance measurement.

10. A second phase measurement, which enables the
separate inference of the coalescence phase φo and
polarization ψ.
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We note that for an aligned-spin system, this comprises
all of the parameters when we simplify to a single, ef-
fective spin parameter: two masses, one spin parameter,
four extrinsic parameters, sky location and time of ar-
rival. Thus, in principle, with a network of detectors,
all of the parameters can be measured. Those which are
observed with the least accuracy tend to be the second
combination of effective spin and mass ratio, and those
which require an observation of the second polarization
or higher multipoles.

With measurement of power in precession we can mea-
sure

11. The precession spin χp, provided the orientation is
already constrained and, if not, then a combination
of χp and θJN .

12. The precession phase, αo (also denoted φJL).

IV. SIMPLE PE IMPLEMENTATION

The intuitive understanding of how the binary param-
eters are encoded in the observed gravitational-wave sig-
nal, given in Section III F, can be used to develop a
simple, computationally cheap parameter estimation rou-
tine. Here, we introduce the simple-pe [102, 103] algo-
rithm that has been developed for this purpose.

The outline of the method is as follows. First, we iden-
tify the peak of the likelihood in the mass and spin space
in the network of detectors, maximizing the time of ar-
rival, amplitude and phase of the signal independently
in each detector. The values of masses and spins at the
peak are used as central values for those parameters. The
arrival times, relative amplitudes and phases of the sig-
nal in each observatory are used to obtain an estimate for
the sky location of the source. Around this peak, we con-
struct posterior distributions for the masses and spins of
the binary, using the expected accuracies and known de-
generacies presented in Section III B. We matched filter
the data at the peak of the likelihood to identify the SNR
in the second polarization, higher multipole and preces-
sion waveforms. Then, based upon the expected SNR in
each of these features as a function of the masses, spins
and binary orientation, we identify regions of parameter
space that are consistent with the observed SNRs. In
particular, the SNR in the second polarization can be
used to restrict the orientation, both mass ratio and ori-
entation are constrained by the SNR in higher multipoles
and in-plane spins restricted using the SNR in the leading
precession correction to the waveform. Finally, we infer
the distance distribution based on the masses, network
sensitivity and binary orientation.

Figure 11. The SNR distribution for across the mass space
for the L1 detector for the modes (2, 2, 0), (2, 2, 1) and (3, 3,
0). The system masses are marked with a ×. The system has
a precessing spin χp of 0.4. The peak of the matched-filter
SNR for each mode is marked with a + (the peak for the (2,
2, 1) component is off the plot). The SNR of the (2, 2, 0)
waveform peaks away from the simulated mass values due to
the presence of power in precession. The combined SNR of the
(2, 2, 0), (2, 2, 1) and (3, 3, 0) components peaks closer to the
simulated value. The remaining discrepancy arises from using
χp and χalign, rather than the full spin vectors, to describe
the binary spins.

A. Find the maximum likelihood in mass-spin
space

The first step is to identify the peak of the likelihood,
or equivalently the maximum SNR, across the mass and
spin space. In Section III B, we have shown that the
masses and aligned spin can be inferred from the phas-
ing of the dominant waveform component. In Section II
we have argued that the higher harmonics and precession
waveform components could contribute a non-negligible
amount of SNR to the overall signal. Thus, when find-
ing the peak of the SNR or likelihood, we must consider
whether it is necessary to incorporate the power in either
of these features.

Figure 11 shows the SNR of the (2, 2, 0), (2, 2, 1) and
(3, 3, 0) waveform components when matched-filtered
against the same simulated signal which we have consid-
ered previously — masses of 40 and 10M� with aligned
spin components of 0.5 and 0, respectively, and χp = 0.5.
We compute the SNR for the L1 detector, across a range
of masses, keeping the values of χalign and χp fixed. The
simulated signal has an SNR of 18.5. As expected, from
Section IID, the SNR in the (2, 2, 0) component is the
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largest and has a value of almost 18 by itself. Interest-
ingly, though, the peak of the SNR, occurs at masses
offset from the simulated values. The offset in the peak
SNR is largely caused by precession. For this signal, the
overlap between the two precession harmonics (2, 2, 0)
and (2, 2, 1) is ≈ 0.2 and, therefore, one obtains a higher
SNR in the (2, 2, 0) harmonic at values of the masses
where it picks up some of the power in the (2, 2, 1) har-
monic. This can be clearly seen from the SNR distribu-
tion for the (2, 2, 1) harmonic, which decreases signifi-
cantly from ρp = 4 at the simulated values to ρp = 3 at
the (2, 2, 0) peak. The structure of the SNR in the (3, 3,
0) waveform is very similar to the leading mode, varying
between ρ33 ≈ 2.6 to 2.9 across the region of interest.
It will therefore have a limited contribution to the off-
set of the peak. When combining the SNRs in the three
waveform components, we find that the peak is approxi-
mately in the correct location. Interestingly, it is not in
the exact location, and this arises because we are using
χalign and χp to describe the signal and these parameters
do not perfectly describe the simulated waveform. The
simulated signal has spin on only the larger black hole
while we assign the same (aligned)-spin value χalign to
both components when identifying the signal. While this
has limited impact for non-precessing systems, the dif-
ference can be greater in precessing systems as the final
black hole spin and spin orientation will be impacted by
the component spins.

In performing parameter estimation on the signal, we
identify the location of the peak SNR as follows. First,
we find the peak SNR of the (2, 2, 0) waveform across
the mass and aligned spin space, using a fixed value of
χp. To do so, we filter the data from each detector in-
dependently and sum the maximum in quadrature (over
time and phase) of the SNR in each detector. We use the
scipy.optimize routine [104] with an initial guess offset
from the peak — in this example, we offsetM = 16.6M�,
η = 0.15 and χalign = 0.4, although we have varied the
starting point to demonstrate that it has minimal im-
pact on the optimization result. For our example sig-
nal, we obtain values of M = 16.87M�, η = 0.180 and
χalign = 0.44 for the peak of the (2, 2, 0) SNR, which is
consistent with the peak shown in Figure 4. For a real sig-
nal, we would use the parameters returned by the search
and, indeed, gravitational wave searches have now imple-
mented a similar maximization procedure to obtain mass
and spin measurements more accurately, see e.g. [105].

Based on the discussion above, and the plots in Figure
11, it is clear that we can obtain an improved estimate of
the peak location using the two-harmonic SNR [70] which
incorporates the power in the (2, 2, 1) harmonic. To do
so, we perform a second optimization step, again over the
chirp mass, mass ratio and aligned spin space, to identify
the peak of the two-harmonic waveform. We use the pre-
viously identified peak to seed the second maximization.
Although we have included the precession correction, we
do not vary the precession spin χp at this stage, as we
find that it is not helpful in identifying the peak. This is

to be expected, given the significant degeneracy between
the precession and aligned spins shown in in Figure 10.
The precession spin is better constrained by the ampli-
tude of the (2, 2, 1) harmonic, which we consider later.
At present, the optimization routine is not able to accu-
rately identify the peak of the two-harmonic SNR. We
are continuing to investigate the reason for this. Con-
sequently to obtain an accurate peak, we currently con-
struct a dense grid of points around the (2, 2, 0) peak and
filter them against the two precession harmonics to find
the peak SNR. We make use of the parameter-space met-
ric to identify the eigen-directions and generate a grid of
points which covers the 3σ uncertainty region around the
(2, 2, 0) peak. This method identifies the peak with good
accuracy, but does slow down our analysis, as filtering
the grid is computationally intensive. The peak of two-
harmonic SNR is identified to occur at M = 16.69M�,
η = 0.171 and χalign = 0.421.

B. Obtain the sky location

There are several rapid sky localization analyses, most
notably BAYESTAR [96], that can return the sky posi-
tion of the signal quickly and accurately. Our goal here is
not to present a new localization method, as that prob-
lem is already well addressed [62, 95]. Nonetheless, we
do require an estimate of the sky location of the source,
and its uncertainty, for several purposes. Most notably,
knowing the sky position enables us to estimate the net-
work sensitivity, and this is critical to obtaining a good
estimate of the distance to the source, from Equation
(35). In addition, the sky location is used to calculate
sensitivity to the second polarization, αnet, and the ob-
served power in the second polarization.

To estimate the sky location, we use a simple chi-
squared minimization, as described in the Appendix of
[62], to identify the preferred location. For the simulated
signals discussed in this paper, the signal is observed in
the LIGO-Virgo network, so that timing alone provides
two locations (above and below the plane of the detec-
tors). We generate a localization for each, as described in
Section III C 1 — in this case they overlap, so we obtain
a single sky patch. Across the sky patch, we calculate the
network sensitivity |Fσ| and the sensitivity to the sec-
ond polarization αnet. For the analysis presented here,
we use the mean and variance of the network sensitivity
and the mean value of αnet in reconstructing the source
parameters.

C. Generate samples in the mass and spin space

Starting from the maximum likelihood point, we cal-
culate the approximate uncertainties in the masses and
spins using the parameter space metric, introduced in
Section IIIA. As has been discussed in detail [59, 91,
106, 107], the choice of parameters used in the metric
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expansion can have a significant impact on the domain
of validity of the quadratic approximation in Equation
(46),

M(δ~λ) ≈ 1− gabδλaδλb where δ~λ = λ̂− ~λ .

We use the chirp mass M, symmetric mass ratio η,
aligned χalign and in-plane spins, parameterized by χ2

p

— the reason for using χ2
p is discussed in Section III E.

These provide a good basis for estimating the parameter
accuracy.

In many cases, the metric is calculated by taking
derivatives of the waveform in various parameters [108,
109], to obtain the leading order variation. Here, we in-
stead choose to take finite differences when evaluating the
metric. This means that any higher order terms, which
are of interest for the scale of variations being considered,
will be appropriately included in the metric. Since we are
particularly interested in identifying the high-likelihood
region, e.g. the 90% confidence interval for the physical
parameters, this provides a natural scale at which to eval-
uate the metric. (A similar method has previously been
introduced in [110]). For the four dimensional parameter
space under consideration, the 90% region is given by

gabδλ
aδλb =

3.9

ρ2
h

(55)

To generate the metric, we begin with the four basis
vectors in the directions (M, η, χalign, χ

2
p). We scale each

basis vector to obtain the mismatch required for the ob-
served SNR of the system, as given in Equation (55). In
principle, the mismatch will be symmetric in steps ±δλa
but, as can be seen in Figure 4 this is not exactly true
for finite steps. Therefore, we take the average mismatch
between positive and negative variations. These immedi-
ately provide the diagonal elements of the metric gab. To
obtain the off-diagonal elements, we calculate the mis-
match for steps in directions ±δλa ± δλb, where a and b
run over the four parameters. We average over the mis-
matches to obtain an estimate of the off-diagonal terms
in gab. Thus, by calculating a small number of matches,
we obtain an expression for the metric gab.

Typically the co-ordinate directions are not a good
choice of basis for calculating the metric, since the degen-
erate directions do not lie along the physical parameters,
as can be seen in Figure 4. Thus, while the uncertain-
ties in individual parameters will be well approximated
by calculating the metric along the physical parameters,
the correlations will typically be less well estimated. To
improve the accuracy of the metric, we iteratively update
it to use co-ordinates which lie along the eigen-directions
in the parameter space. Specifically, we first calculate
the metric using variations δλa along each physical pa-
rameter. We then generate the eigen-directions of the
initial metric and test whether they do, indeed, describe
the principal axes of the parameter degeneracy ellipse.
If not, then we re-normalize them to have the desired
mismatch (given in Equation (55)), and re-calculate the

Figure 12. Degeneracy between mass ratios and spins for a
signal with SNR of 10. The black ellipse shows the predicted
degeneracy obtained from a metric calculated with variations
along η and χalign. The orange ellipse shows the final result
after with variations taken along the eigen-directions of the
degeneracy. The final metric matches the degeneracy well, as
shown in the pdf, while the initial metric significantly under-
estimates it.

metric in these new coordinates. We stop when the met-
ric is no longer changing significantly, specifically, we
test whether the eigen-directions of the old metric re-
main eigen-directions of the updated metric (within a
given tolerance, i.e. that the vectors reproduce the de-
sired mismatch and are orthogonal). Figure 12 shows
the importance of this iterative process for a low SNR
system. For higher SNRs, the effect is less significant.

The metric provides an approximate likelihood over
the mass and spin parameter space, using Equation (46).
Since the likelihood is approximated as a multi-variate
Gaussian, we can very quickly generate large numbers of
samples across the mass and spin parameter space. To
do so, we generate the requested number of points drawn
from four normal distributions, and then use the metric
to project these to the physical parameter space.

D. Generate samples in distance and orientation

We assume that sources are distributed uniformly in
volume and that their orientations are uniformly dis-
tributed. While the latter assumption should be gener-
ically valid, at small or large distances sources will not
be uniformly distributed – they will either follow the lo-
cal density of galaxies or cosmological effects, including
a redshift dependence on the merger rate, become im-
portant. Nonetheless, it is standard to generate parame-
ter estimates using uniform volume distribution and then
re-weight for astrophysical or cosmological distributions
later [4, 111].

A uniform in volume distribution of sources leads to a
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preference for the observation of face-on (or face-away)
sources due to their greater gravitational wave amplitude
(see, e.g. Equation (35)) [86]. In Section III C 2, we have
argued that the majority of observed sources will have
significantly greater SNR in one of the two circular po-
larizations. Therefore, we wish to obtain the distribution
for cos θJN for a signal observed with a fixed SNR in the
right or left circular polarization. This is given as

p(cos θJN ) ∝
∫
d2
LddL d cos θJN

δ

(
ρo − |σF|

do
dL

(
1± cos θJN

2

)2
)

(56)

where δ denotes the Dirac delta function. It is straight-
forward to marginalize over the distance distribution and
identify that the (originally flat in cos θJN ) distribution
becomes

p(cos θJN ) ∝ (1± cos θJN )6 (57)

where the positive/negative corresponds to right/left po-
larization respectively. We use this distribution to gen-
erate samples in θJN corresponding to left and right cir-
cularly polarized signals.

Given the sky location of the source and the (complex)
SNR observed in each detector, it is straightforward to
obtain the SNR in the right and left circular polariza-
tions, ρR,L. As described in [98], we achieve this by first
rotating to the dominant polarization frame, and calcu-
lating the network’s sensitivity to the + and × polariza-
tions, w+ and w× respectively. We then use the given
sky location and project the (complex) SNR observed in
each detector onto the space of circularly polarized sig-
nals using,

P ijcirc =

[
(wi+ ± iwi×)(wj+ ± iw

j
×)

|w+|2 + |w×|2

]
, (58)

where i and j run over the detectors in the network and
the +/− gives the SNR in the left and right polariza-
tions respectively. The relative SNR in each of the cir-
cular polarizations can be used to appropriately weight
the probability that the signal is predominantly either
left or right circularly polarized. Since the likelihood is
proportional to exp

[
ρ2
R,L/2

]
, this provides the appropri-

ate normalization factor to weight the number of samples
drawn from the left and right circular polarization dis-
tributions for θJN . In many cases, the signal will be
preferentially right (or left) circularly polarized, in which
case the majority of samples will correspond to face-on
(or face-away) orientation. If αnet is small, it is often
impossible to distinguish between left and right circular
polarizations. In this case, there will be large numbers
of samples for both face-on and face-away signals, with a
minimum at edge on since these systems emit the weakest
gravitational wave signal.

Given the binary orientation θJN , we can obtain the
distance from Equation (35), which we repeat below,

ρo =
do
dL

|σF|
(1 + τ2)2

.

The inferred distance depends upon the network response
|σF | through the detector response encoded in F and the
masses and spins through the detector sensitivity to the
signal encoded in σ. We incorporate both of these effects
when estimating the distance. For the network sensitiv-
ity, we simply draw samples from a Gaussian, based upon
the previously measured mean and variance. To incor-
porate variations in the mass and spin space, we must
re-calculate σ for each sample, given the values of mass
and spin. Since σ is a slowly varying function across mass
and spin (it will typically vary by at most tens of percent
over the mass-spin posterior), we first interpolate across
the space and then use the interpolation function to eval-
uate σ at each of the samples. Finally, the observed SNR
has measurement uncertainty, which is well modelled by
a non-central χ2 distribution with two degrees of free-
dom and a non-centrality parameter ρR,L. Thus, given a
value of θJN and σ for each sample, we randomly sample
ρo and |F | from the appropriate distributions and use
Equation (35) to calculate the distance.

E. Restrict the parameters using additional
waveform components

In the previous subsections, we have described a
method to obtain samples in masses, spins, distance and
binary orientation. This provides a good initial estimate
of the binary parameters but we have additional infor-
mation which can still be used to improve the parameter
estimates. In particular, we have not yet used the mea-
sured SNRs in the second polarization, higher multipoles
or precession.

The measured SNR in the second polarization, preces-
sion and higher multipoles can be used to improve mea-
surement of the binary parameters, as discussed in detail
in Sections III C 2, IIID and III E. For each of the sam-
ples, we calculate the expected SNR in the each of these
features, using the given masses, spins, distance and ori-
entation. In particular, the SNR in the second polar-
ization is given by Equation (36) and depends upon the
orientation θJN and αnet. The expected SNR in higher
multipoles is given in Equation (37) and depends upon
the orientation and relative significance of the higher mul-
tipoles, encoded in α`m, which is primarily determined
by the mass ratio [69]. The expected SNR in preces-
sion is given in Equation (38) and depends upon the
binary orientation and the opening angle between the
orbital and total angular momenta. The opening an-
gle is largely determined by the in-plane spins, χp, but
also varies with mass ratio and aligned spin. Those sam-
ples where the expected SNR in these waveform features
matches the observed SNR are given a higher weighting
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than those where the expected and observed SNRs differ
significantly.

We calculate the observed SNR in the second polar-
ization, precession and higher multipoles by matched fil-
tering the waveform components, evaluated at the maxi-
mum likelihood point identified in Section IVA, against
the data. In detail, the precession and higher multipole
SNRs are obtained by matched filtering the h22,1 and
h33,0 waveforms against the data from the network of de-
tectors and evaluating the SNR in each detector at the
time where the SNR for h22,0 is maximum. To obtain the
SNR in the second polarization, we project the SNR in
the (2, 2, 0) component into the space orthogonal to the
right/left circular polarization, as described in Section
IIC. For each sample, we calculate the likelihood of ob-
taining the observed SNR in these waveform components
— it is given by a non-central chi-squared distribution
with two degrees of freedom, where the non-centrality
parameter is the expected SNR at the parameter values
of the sample and the distribution is evaluated at the ob-
served SNR. Thus, points in the parameter space which
accurately predict the observed SNR in the second polar-
ization, higher harmonics and precession are preferred to
those which predict either too much or too little SNR in
these features. We assign weights to each of the samples,
based upon the product of the probabilities for obtaining
the given SNR in each of the three features, and then use
these weights to importance sample the points to produce
our final result.

In the above, we have used only the SNRs calculated
at the maximum likelihood point. This has the ben-
efit of significantly reducing computational cost, as we
do not need to re-compute the likelihood at every sam-
ple. From Figure 11, we see that the distribution of the
higher multipole SNR has a similar structure to the lead-
ing waveform component, although in the example show
the peak is somewhat offset. Furthermore, in the region
of mass and spin space consistent with the (2, 2, 0) wave-
form (shown, e.g., in Figure 4) the SNR in the (3, 3, 0)
waveform component varies by around 10%. Therefore,
it is a reasonable approximation to take this to be con-
stant. For the second polarization, the variation of SNR
with an incorrect estimate of θJN (which will lead to an
over/under-estimation of the SNR in the second polar-
ization) should be independent of the masses and spins.
For precession, the SNR distribution in mass and spin
space is significantly different than the (2, 2, 0) wave-
form. Nonetheless, the variation in precession SNR over
the mass and spin space of interest is ≈ 30% and so we
can reasonably treat this as constant. Finally, for speed,
we pre-compute slowly varying quantities such as b̄ and
α33 coarsely over the parameter space and then inter-
polate them when calculating the expected SNR in each
waveform component.

F. Summary

The simple-pe algorithm generates a set of dis-
crete samples that approximate the mass, spin, distance
and orientation posterior distribution for the observed
gravitational-wave signal. The mass and spin distribu-
tions are approximated as multi-dimensional Gaussian
distributions centred around the point with the max-
imum SNR in the (2,2) multipole (incorporating two
precession harmonics). While the sky location is in-
ferred from the SNRs in the network, the information
is only used in estimating the overall network sensi-
tivity to the two gravitational wave polarizations, and
their variation over the localization region. The distance
and orientation are generated assuming uniformly dis-
tributed events in both volume and binary orientation,
and weighting for observability. Correlations between the
inferred distance/orientation and mass/spin parameters
arise through the requirement that the binary parame-
ters accurately predict the observed power in the second
polarization, higher multipoles and precession.

Finally, we must discuss priors. So far, we have been
evaluating the likelihood, either through the metric ex-
pansion or via observed SNRs in different waveform com-
ponents. We have explicitly considered priors on distance
and orientation, where we chose a distribution uniform
in volume and in cos θJN . This means that, over the
mass and spin space, we have effectively imposed flat
priors in the parameters that we are using to generate
samples, namely M,η, χalign and χ2

p. In the majority
of analyses, priors are chosen to be uniform in compo-
nent masses, spin magnitudes, and orientations, see e.g.
Refs. [2, 4, 112, 113]. For the masses and aligned spins,
the range of the posterior is typically small and priors
don’t vary significantly. However, for the precessing spin,
the prior of p(χp) ∝ χp, which arises from our uniform
prior on χ2

p, differs significantly from the typical prior.
Consequently, when presenting results, we reweight the
samples by 1− χp so that our effective prior is

p(χp) ∝ χp(1− χp) (59)

This choice is motivated by the desire for the distribu-
tion to tend to zero at both zero and maximal spins. The
simple prior distributions used to obtain the simple-pe
results can then be mapped to more physically motivated
priors on our parameters through a simple re-weighting
procedure, see e.g. Appendix C in Ref. [18]. For the
simulated events investigated in this paper, the proce-
dure works well. However, we note that if we wish to
re-weight to a physically motivated prior on the compo-
nent masses, this process becomes challenging for close
to equal mass systems since the Jacobian for the trans-
formation becomes singular at m1 = m2 [14].

The entire analysis presented above runs in a few min-
utes on a single CPU.8 It can be neatly separated into two

8 In the current implementation, filtering the two-harmonic SNR
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Source frame primary mass, [M�] 40.0
Source frame secondary mass, [M�] 10.0
Source frame chirp mass,M [M�] 16.65
symmetric mass ratio, η 0.16
yth component of the primary spin 0
zth component of the primary spin 0.5
Secondary spin magnitude 0
Effective spin, χeff 0.4
Aligned spin, χalign 0.42
Right ascension, α [rad] 1.2
Declination, δ [rad] 0.3
Polarization, ψ [rad] 0.5
Network alignment factor, αnet 0.364
GPS merger time, [s] 1677672000.0

Table I. Common parameters of the simulated signals

parts: in the first, we matched-filter the data to identify
the maximum SNR point, the sky location and power
in each of the waveform components: second polariza-
tion, higher multipoles and precession. For the estima-
tion of the binary parameters, we make use of these values
and then calculate distributions in masses, spins, orien-
tation and distance. This second step requires the PSD
of the detector data to obtain the metric, but not the
data themselves.

V. SIMPLE PE RESULTS

We use four simulated signals to demonstrate an appli-
cation of the simple-pe algorithm described in Section
IV. The goal of the examples is to demonstrate the accu-
racy of the parameter estimation across the mass, spin,
distance and orientation space. In particular, we are in-
terested in seeing that the quadratic approximation from
the metric is appropriate for generating samples in the
mass and spin space. Furthermore, we would like to in-
vestigate how the observed SNR in the additional wave-
form components can impact parameter recovery. To do
so, we choose signals with many parameters in common,
and vary only those which will impact the SNR in the sec-
ond polarization, higher multipoles and precession. The
common parameters of the systems are provided in Ta-
ble I. In all cases, the signals have masses of 40M� and
10M�, with aligned spin components of 0.5 on the more
massive black hole and zero on the smaller system. The
binaries are located at a fixed sky location (the same as
shown in Figure 5).

over a grid to find the peak takes around 15 minutes and domi-
nates the computational time. Other techniques, such as relative
binning [28], may reduce this computational cost, and we leave
an investigation future work.

Signal (1) (2) (3) (4)
- HM prec HM-prec

Effective precession spin, χp 0.01 0.1 0.7 0.4
Opening angle, β 0.003 0.06 0.4 0.2
Angle between L and N , ι 0.005 0.6 0.1 0.6
Angle between J and N , θJN 0.006 0.6 0.4 0.6
Luminosity distance, dL[Mpc] 982 825 859 814
SNR in (3, 3) multipole, ρ33 <0.1 4.3 2.8 4.2
SNR in precession, ρp <0.1 1.02 4.4 4.4
SNR in second polarization <0.1 0.1 <0.1 0.2

Table II. Parameters that vary for the simulated signals

The binary orientation and in-plane spins are varied to
give examples with negligible or significant power in both
the higher harmonics and precession. The power in the
second polarization also varies but, in none of the cases
we have considered is it sufficient to enable confident ob-
servation of the second polarization. We fix the distance
to the signals to ensure a SNR of 25 in the LIGO-Virgo
network with expected O4 sensitivity. The set of varying
parameters for each signal are given in Table II, along
with the SNR in each of the waveform components.

In Figure 13, we show the simple-pe posterior ob-
tained for signal (4), with negligible power in the sec-
ond polarization, but significant power in both higher
multipoles and precession. The posteriors obtained are
in good agreement with the simulated values, with both
the θJN and χp distributions clearly peaked away from
zero. In addition, we see clear correlations between sev-
eral pairs of parameters. As expected, the mass ratio and
aligned spin are (anti-)correlated due to their impact on
the phase evolution of the waveform. The distance and
binary orientation are also anti-correlated based upon the
measured SNR in the (2, 2, 0) waveform component —
to achieve a given SNR an inclined signal must be at
a smaller distance. Finally, the binary orientation and
precessing spin are (anti-)correlated as larger values of
either leads to a larger SNR in precession. We also ob-
serve a slight correlation between orientation and mass
ratio. This arises from the necessity to obtain the correct
SNR in higher multipoles — the SNR increases with θJN
but decreases for increasing η (more equal mass binaries).

Next, we consider how the parameter recovery varies
for the three other systems listed in Table II. While the
distributions of all parameters do change somewhat, we
focus on the binary orientation, θJN , and precessing spin,
χp. These parameters have the greatest impact on the
observed SNR in precession and higher multipoles and
we therefore expect them to be most impacted by the
changes. Of course, the distance will also vary (as is
clear from Table II), but this is primarily due to our
requirement of a fixed SNR in the signal. Although the
mass ratio remains fixed, one might expect its recovery to
vary when higher multipoles and precession are observed
(as was the case for GW190412, [12]). However, since
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Figure 13. The posterior distribution for masses (chirp mass M and symmetric mass ration η) spins (aligned χalign and
precessing χp), distance dL and binary orientation θJN . The shaded regions in the two-dimensional figures show the 1, 2 and 3
σ regions for the parameters and the one-dimensional distributions show the median and 90% symmetric confidence interval.
The simulated values are shown as red lines. For all of the parameters, the inferred values are in good agreement with the
simulation. The binary was deliberately generated to have negligible power in the second polarization, and significant power
in both higher multipoles and precession, signal (4) in Table. II.

the signal is already identified as unequal mass from the
(2, 2, 0) waveform, they have little impact on the mass
ratio distribution. For all 3 signals: one with negligible
power in both higher multipoles and precession, one with
significant power in higher multipoles, and another with

significant power in precession, we see that the recovered
θJN and χp are in good agreement with the simulated
values. For all 3 cases, the simulated values lie within the
1σ confidence interval. Furthermore, the inferred ranges
of θJN and χp can be explained by the SNR in higher-
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Figure 14. The posterior distribution for the binary’s orientation θJN and precessing spin χp for 3 simulated signals; Left : a
binary with insignificant power in precession and higher-order multipoles, signal (1). Middle: a binary with significant power
in higher-order multipoles, signal (2), and Right : a binary with significant power in precession and some power in higher-order
multipoles, signal (3). The blue shaded regions in the two-dimensional figures show the 1, 2 and 3 σ regions for the parameters.
The black dash-dotted lines show lines of constant ρp, and the orange shaded regions show lines of constant ρ33: the darker
region encompasses the injected value. The one-dimensional distributions show the median and 90% symmetric confidence
interval. The simulated values are shown as red lines. We note that the priors on θJN and χp vanish at zero leading to zero
posterior support there, and consequently posteriors peaked away from the injected values, as shown in the left hand panel.

order multipoles and precession. In each case, the binary
orientation is restricted by the measured (3, 3, 0) SNR.
The precession SNR increases with both χp and θJN as,
to a good approximation is scales with χp · θJN . Thus,
the measured precession SNR limits the permitted range
in the two-dimensional space. As expected a higher ob-
served (3, 3) multipole SNR leads to a larger inferred
θJN while a larger precession SNR leads to larger values
of both θJN and χp.

VI. DISCUSSION

In this paper, we have presented a detailed discus-
sion of the primary way in which different physical pa-
rameters impact the observed gravitational-wave signal
emitted during a black hole binary coalescence. Using
these insights, we have developed a parameter estima-
tion method, simple-pe, that uses this information to
provide estimates of the physical parameters of the sys-
tem. By restricting focus to the observable impact on
the gravitational waveform, we are able to obtain rapid
parameter estimates which naturally incorporate degen-
eracies between physical parameters. We have presented
parameter estimation results for a small set of signals
and, in Appendix B, shown that our results are in good
agreement with those obtained by the bilby [16] sampler
which is used in interpreting gravitational wave obser-
vations [4]. The simple-pe results are obtained in a
fraction of the time and recover broadly the same re-
sults as the more intensive samplers. There have been
numerous other analyses developed which provide rapid
parameter estimation for gravitational wave observations
[17, 20–26, 29, 30, 90, 96]. However, many of these use

waveforms that exclude either precession or higher mul-
tipoles or both. Thus, while they are able to provide
reasonable estimates of masses, aligned spins and sky lo-
cations, they are unable to probe some of the interesting
astrophysics that will only be uncovered through higher
multipoles (which are one of the best ways to clearly
identify unequal mass systems) or precession (which is
the only way to probe in-plane spins). Furthermore, the
simple-pe analysis has the advantage of providing clear
interpretation as to why and how the various parameters
are measured and the accuracy achieved. For example,
in Figure 14, we can understand the inferred orientation
and in-plane spins based upon the higher multipole and
precession SNRs.

In future observing runs, the rate of observed bi-
nary mergers will increase as instrumental sensitivity
improves. For example, in the O4 run [10], several
events per week are expected and in O5 and beyond
we could regularly be observing multiple events per day.
Thus, it becomes ever more important to obtain de-
tailed estimates of the binary properties in a short time-
frame — comparable to the time between events. The
simple-pe analysis provides a tool that can become part
of the process for quickly understanding the observa-
tions. We are able to provide good parameter estimates
in a matter of minutes. The analysis, inevitably, intro-
duces some approximations, for example by considering
only the most significant higher multipole and preces-
sion harmonic. In addition, in the current implementa-
tion, we do not extract the phase, polarization or pre-
cession phase angles, although we have briefly discussed
how this could be done. Finally, the simple-pe analy-
sis does not, currently, include calibration uncertainties
which can broaden the recovered parameter widths [114].
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Thus, in its current implementation, simple-pe will not
provide the most accurate estimate of the binary param-
eters. Nonetheless, a fast and reasonably accurate esti-
mate of the binary parameters is useful to rapidly iden-
tify interesting events for prioritized analysis and pro-
vide parameter estimates to guide follow-up electromag-
netic observations, where knowledge of masses, mass ra-
tio and binary orientation can impact the expected signal
[115]. Furthermore, there may be applications, for exam-
ple, studies of the black hole population [111] or searches
for lensed events [116], where the accuracy provided by
simple-pe is sufficient to obtain the results. Finally,
where full parameter estimation is required, the initial
parameter estimates provided by simple-pe can be used
to inform the detailed parameter estimation routines. For
example, the posteriors obtained by simple-pe could be
importance sampled by bilby to produce a final set of
posterior samples, as has been done previously to ob-
tain faster results for higher multipoles and eccentricity
[13, 117].

There are a number of additional features which can
lead to an observable effect in the emitted gravita-
tional waveform, including matter effects, eccentricity
and mode asymmetries. For binaries containing one or
two neutron stars, the waveform will carry information
about the structure of the star, this arises as additional
post-Newtonian corrections during the inspiral and also
a difference in the merger and post-merger signal from
that of a black hole binary [118, 119]. For binaries on
non-circular orbits, the emitted gravitational-wave signal
carries an imprint of the orbital eccentricity [120]. For
several of the binaries observed in O3, there is tantalis-
ing evidence of eccentricity[13, 121]. Finally, for binaries
where the orbit precesses, there are asymmetries between
the gravitational wave signal emitted above and below
the orbital plane. These correspond to the “bobbing” of
the binary and the final kicks given to the system follow-
ing merger [122, 123]. Detailed studies of these additional
features, and their impact on parameter measurements,
have been pursued by several groups. Studies of neutron
star structure include [124, 125]; eccentricity had been
studied in [13, 126] and mode asymmetries are discussed
in Refs. [123, 127].

All three of these features are amenable to the ap-
proach presented in this paper. The presence of neutron-
star structure will impact the overall frequency and phase
evolution of the system, and is likely to be primarily
measured from the leading waveform component. Mode
asymmetries lead to a difference between, e.g. the (2, 2)
and (2, -2) multipoles. By separating into the leading
(symmetric) and sub-dominant (anti-symmetric) com-
ponents, we obtain an additional waveform component
whose amplitude will help constrain the in-plane spins.
Eccentricity impacts the overall evolution of the wave-
form, and it is well known that the eccentricity is de-
generate with mass (both higher eccentricity and higher
mass lead to a faster merger). However, eccentricity also
leads to additional harmonics in the waveform, at mul-

tiples of the orbital frequency [128]. Therefore, it seems
likely that a combination of techniques will be required
to incorporate eccentricity. Finally, we note that most
waveform models include only a subset of the physical
effects we have discussed, as each additional effect ex-
pands the dimensionality of the parameter space to be
simulated. Our approach of identifying the leading ef-
fect on the waveform of each new (astro-)physical phe-
nomenon has the potential to help guide development of
future waveform models. Additionally, even if complete
models are not available, we could incorporate all of their
leading order effects into the simple-pe analysis to ob-
tain a more complete picture of each observed binary.
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simple-pe is programmed in Python and implements

modules from numpy [129], scipy [104], pycbc [130]
and pesummary [131]. Plots were prepared with
matplotlib [132], and pesummary [131]. As part of this
paper, the parallel-bilby parameter estimation soft-
ware [20], which made use of the dynesty nesting sam-
pling package [133], was used for comparisons.

Appendix A: Multipole decomposition of the
gravitational waveform

In the body of the text, we derived the expression for
the gravitational waveform as a sum over multipole mo-
ments (`,m) with an additional “splitting” of the harmon-
ics due to precession, given in Eq. (9), which we repeat
here:

h =
∑
`,m,n

−2Y`,m(θ, φ)D`
n,m(α, β, ε)hNP

`,n(t, ~λ) . (A1)

Our aim is to explicitly extract the waveform dependence
upon the opening angle β and to show that we can de-
compose the waveform into components with a natural
hierarchy in the parameter b = tan(β/2).
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We begin by expanding the spherical harmonics using

−2Y`,m(θJN ,−αo) =

√
2`+ 1

4π
d`m,2(θJN )e−imαo (A2)

and

D`
n,m(α, β, ε) = eimαd`n,m(−β)e−inε , (A3)

to obtain

h =
∑
`

∑̀
m,n=−`

√
2`+ 1

4π
(A4)

hNP
ln d

`
m,2(θJN )d`n,m(−β)e−inεeim(α−αo) .

Next, we impose the restriction that the gravitational
wave emission is symmetric above and below the plane
of the binary so that h`,n = (−1)`h∗`,−n.

9 This allows
us to express the waveform in terms of multipoles with
n ≥ 0 as

h =
∑
`

∑̀
n=0

∑̀
m=−`

√
2`+ 1

4π
d`m,2(θJN )eim(α−αo) (A5)

[
hNP
ln d

`
n,m(−β)e−inε + (−1)`(hNP

ln )∗d`−n,m(−β)einε
]

Next, we collect together the β terms as we want to
obtain an expansion in terms of the parameter b =
tan(β/2). To do so, we use the discrete symmetries of
the Wigner d-matrices, d`n,m(−β),

d`n,m = (−1)m−nd`m,n = (−1)m−nd`−n,−m (A6)

and a re-labelling of m → −m in the second term of
Eq. (A5) to extract the factor d`n,m(−β) from both terms.
In addition, for consistency with previous work, we re-
label the indices by switching n and m. This enables
us to use (`,m) to label the multipole moments of the
waveform in the frame aligned with the orbital angu-
lar momentum and n (∈ [−`, `]) to denote the preces-
sion harmonics.10 Combining these steps leads to a final
expression for the waveform in terms of non-precessing
multipoles as

h =
∑
`

∑̀
m=0

∑̀
n=−`

√
2`+ 1

4π
d`m,n(−β)×[

d`n,2(θJN )
(
hNP
lm e

−imεein(α−αo)
)

+

(−1)`−md`n,−2(θJN )
(
hNP
lm e

−imεein(α−αo)
)∗]

.

(A7)

9 This is a reasonable approximation but, particularly for large
in-plane spins, there is an asymmetry in the emitted radiation
[43]. The formalism presented here can be extended to that more
general case, but we leave that to future work.

10 Following [70], we will later introduce k ∈ [0, 2`+ 1] as the har-
monic labelling precession, and show that the harmonics have a
power-law structure with index k.

In the following sub-sections, we examine the structure
of the waveform in equation A7 by considering the (2,
2) and (3, 3) multipoles explicitly, as well as the general
case of the (`, `) and (`, `− 1) multipoles.

1. The (2, 2) two-harmonic waveform

The two-harmonic waveform introduced in [70] can be
recovered by restricting to the (2, 2) multipole in Eq. (A7)
and then further restricting to the two leading order
terms in b. We briefly summarize the calculation below.

The Wigner d-matrices for ` = m = 2 are given by

d2
2,n(−β) := C2,n cos2+n(−β/2) sin2−n(β/2)

= C2,n
(−b)2−n

(1 + b2)2
(A8)

where C2,±2 = 1, C2,±1 = 2, C2,0 =
√

6 and b =
tan(β/2). This enables us to express the waveform am-
plitudes as a power series in b. Similarly, it is convenient
to express the Wigner d-matrices for θJN appearing in
Eq. (A7) in terms of

τ := tan(θJN/2) . (A9)

Restricting to ` = m = 2 in Equation (A7) and sub-
stituting the explicit form of the Wigner d-matrices for
both −β and θJN gives

h22 =

2∑
n=−2

√
5

4π

(C2,n)2b2−n

(1 + b2)2
× (A10)[

τ2−n

(1 + τ2)2

(
hNP

22 (t)e−2iεein(α−αo)
)

+

(−τ)2+n

(1 + τ2)2

(
hNP

22 (t)e−2iεein(α−αo)
)∗]

.

This shows the desired structure, with each of the preces-
sion harmonics appearing with a factor of b2−n. Using
the fact that b < 1, we can restrict to the two leading
precession harmonics (b0 and b1). Specifically, we intro-
duce

h22,0 =

√
5

4π

1

(1 + b2)2
hNP

22 (t)e−2iεe2i(α−αo) ,

h22,1 =

√
5

4π

b

(1 + b2)2
hNP

22 (t)e−2iεei(α−αo) . (A11)

Both waveforms accumulate a secular phase of 2iε rel-
ative to the non-precessing waveform, as first noted in
[79]. The amplitude of the second precession harmonic is
reduced by a factor of b relative to the first and the fre-
quency is reduced by the precession frequency Ωp, where
Ω̇p = α.

The two-harmonic waveform is given as

h22 ≈
(h22,0 + τ4h∗22,0)

(1 + τ2)2
+

4τ(h22,1 − τ2h∗22,1)

(1 + τ2)2
. (A12)

reproducing the expression provided in [70].
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2. The (3, 3) waveform

Let us now obtain a similar expression for the (3, 3)
multipole, following a similar procedure as in the previous
section. As before, we wish to evaluate the multipole
amplitude explicitly in terms of b and τ . The required
Wigner d-matrices are

d3
3,n(−β) := C3,n cos3+n(β/2) sin3−n(−β/2)

= C3,n
(−b)3−n

(1 + b2)3
(A13)

where C3,±3 = 1 and C3,±2 =
√

6 and, as before, b =
tan(β/2). This gives

h33 =

3∑
n=−3

√
7

4π
C3,n

(−b)3−n

(1 + b2)3
×[

d3
n,2(θJN )

(
hNP

33 e
−3iεein(α−αo)

)
+

d3
n,−2(θJN )

(
hNP

33 e
−3iεein(α−αo)

)∗]
. (A14)

Thus, we see that the terms appear with an amplitude
factor b3−n. For the (2, 2) harmonic, we restricted to
the two most significant precession contributions (b0 and
b1). We will do the same for the (3, 3) multipole. For the
leading-order precession contribution b0, we can evaluate
the d3

3,±2(θJN ) terms Eq. (A13). For the first order pre-
cession correction, we need to evaluate d3

2,±2 which are
given by

d3
2,2(θ) =

1− 5τ2

(1 + τ2)3

d3
2,−2(θ) =

5τ4 − τ6

(1 + τ2)3
(A15)

where τ = tan(θ/2).
We introduce the precession contributions to the (3, 3)

multipole as11

h33,k =
1

4

√
21

2π

bk

(1 + b2)3

(
hNP

33 e
−3iεe(3−k)i(α−αo)

)
.

(A16)
We can then express the (3, 3) multipole, to first order
in b as

h33 ≈
4τ(h33,0 + τ4h∗33,0)

(1 + τ2)3
+ (A17)

−4τ(1− 5τ2)h33,1 + 4τ(τ2 − 5)h∗33,1

(1 + τ2)3

11 We have chosen the normalization of the (3, 3) waveform to
match the one used in [69]. This differs from the more “natu-
ral” normalization where the pre-factor would be

√
7/4π. This

choice of normalization has no impact on the results in the paper.

We are also interested in isolating the h33,0 and h33,1

waveform harmonics. To do so, we follow [70] and gen-
erate a waveform at different orientations and combine
them to produce a waveform containing only the leading
precession harmonic for the (3, 3) multipole. For the (2,
2) multipole, only the 0 and 4 precession harmonics are
non-zero for face-on systems so the simplest way to gener-
ate the leading precession harmonic is simply to generate
a face-on system — this will be correct up to O(b4), and
even that contribution can be easily removed by subtract-
ing two waveforms with different phase and polarization
(see [70] for details). For the (3, 3) multipole, the leading
precession harmonic vanishes for a face-on system. In-
deed, it is often stated that the (3, 3) multipole vanishes
for face-on systems, actually this is not true if the sys-
tem is precessing as the b1 and b5 precession harmonics
are non-zero. Thus, to O(b4) the face on (3, 3) multipole
gives the b1 precession harmonic. Specifically:

h33,1 ≈ h33(θJN = 0, αo = 0, φ = 0, ψ = 0) . (A18)

This will be correct to O(b4). The contribution from the
k = 5 harmonic can be removed by taking the average
of the above waveform and one generated with αo = π

4 ,
φ = −π6 .

To generate the leading precession harmonic for the
(3, 3) multipole, we require the waveform for θJN = π

2
(τ = 1). In this case, the amplitude of the left and right
circular polarizations, given by the τ and τ5 terms in
Equation (A17), are equal and the signal is linearly po-
larized, with power only in the + polarization. The same
is true for the b2, b4 and b6 harmonics, while the b1 and b5
harmonics have power only in the × polarization and the
b3 harmonic vanishes. Thus, the + polarized waveform
at θJN = π

2 provides the leading precession harmonic,
accurate to b2. We can further improve the accuracy by
noting that the precession phase αo appears with a differ-
ent factor for the different modes. In particular, generat-
ing the waveform at α0 = 0, π2 leads to the a phase shift
of π in the leading harmonic and 2π in the b2 harmonic.
Therefore, to accuracy of b4 we can write

h33,0 ≈
1

2

[
h33+(θJN = π

2 , αo = 0, φ = 0) (A19)

+h33+(θJN = π
2 , αo = π

2 , φ = π
6 )
]
.

Again, it is not difficult to obtain the waveform accurate
to all powers in b by generating waveforms with αo =
±π4 and appropriately combining them to remove the b4
contribution.

3. The waveform for ` = m harmonics

Here, we briefly sketch the derivation for a generic (`, `)
multipole. The calculation is essentially identical to the
one above for the (3, 3) multipole. In particular, we first
evaluate the d``,n(−β) term using the explicit form of the
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Wigner d-matrices

d``,n(−β) := C`,n cos`+n(β/2) sin`−n(−β/2)

= C`,n
b`−n

(1 + b2)`
(A20)

where C`,n is a real number (we give the value where
necessary). Thus we can write

h`` =
∑̀
n=−`

√
2`+ 1

4π
C`,n

(−b)`−n

(1 + b2)`
× (A21)[

d`n,2(θJN )
(
hNP
`` e

−i`εein(α−αo)
)

+d`n,−2(θJN )
(
hNP
`` e

−i`εein(α−αo)
)∗]

.

As before, we immediately see that the (`, `) multipole
has the same decomposition in terms of b, with a clearly
identified leading order term when n = `. Restrict-
ing to this leading precession contribution we note that
C`,±` = 1. In addition, we can evaluate the d`2,±`(θJN ) =

d``,±2(θJN ) term using Eq. (A20), where we note the val-
ues C22 = 1, C32 =

√
6, C42 = 2

√
7.

Then, to leading order in the precession parameter b,

h`` ≈
2(2τ)`−2(h``,0 + τ4h∗``,0)

(1 + τ2)`
(A22)

with the normalization again chosen to match that intro-
duced in [69] and

h``,0 ∝
1

(1 + b2)`

(
hNP
`` e

−i`εei`(α−αo)
)
. (A23)

The proportionality constant is determined through the
desired normalization for h``.

As with the (2, 2) multipole, if we were to keep sub-
dominant precession harmonics, their amplitudes would
be suppressed by powers of b while their frequencies
would be reduced by multiples of the precession fre-
quency.

4. The waveform for m = `− 1 harmonics

The other multipoles which can contribute significantly
to the observed gravitational wave signal are the (2,1)
and (3,2) harmonics [42], so we also look briefly at the
multipoles with m = ` − 1. Now, the Wigner d-matrix
can be written as

d``−1,n(−β) =
A`,n(−b)`−n+1 +B`,n(−b)`−n−1

(1 + b2)`

where A`n and B`n are real numbers and, since the power
of b must be non-negative, A`,−` = B`,` = 0.

As for the other harmonics, we see that the form of
the h`,(`−1) waveform can be factorized into terms with
a prefactor of bk. Since the (3, 2) and (2, 1) multipoles
are sub-dominant [69], we restrict to the leading order,
b0, contributions. These arise from the |n| = m = ` − 1
terms, for which A`,−(`−1) = B`,(`−1) = 1. Therefore, we
obtain

h`(`−1) =

√
2`+ 1

4π

1

(1 + b2)`
(A24)[

d``−1,2(θJN )
(
hNP
`(`−1)e

i(`−1)(α−αo−ε)
)

−d``−1,−2(θJN )
(
hNP
l(`−1)e

i(`−1)(α−αo−ε)
)∗]

.

(A25)

Finally, we note that for the (`, `−1) multipoles the sub-
dominant precession term would include two additional
harmonics — one at a frequency Ωp above the dominant
harmonic and one a frequency Ωp below.

Appendix B: Comparison with other samplers

In Fig. 13, we show the posterior distribution obtained
using simple-pe for a signal with power in the second po-
larization, and significant power in higher multipoles and
precession. In Fig. 15, we compare the posterior distri-
bution obtained with dynesty [133] (generated through
the bilby infrastructure [16, 18, 20]) and the posterior
obtained in this work. dynesty was chosen as it is com-
monly used for gravitational-wave follow-up analyses (see
e.g. Refs. [4, 7]). We see that in general, there is good
agreement between the two sampling techniques, with
the simple-pe results algorithm presented here consis-
tent with dynesty for all parameters. The simple-pe
posteriors are typically somewhat broader than those ob-
tained with the full Bayesian parameter estimation rou-
tine. Most notably, the distance and precession spin
posteriors are significantly broader. The distance un-
certainty arises from three effects: a degeneracy between
distance and orientation, a degeneracy between distance
and mass, and a variation of distance over the sky re-
gion. For this signal, it is the variation of detector sen-
sitivity over the sky patch that gives the greatest contri-
bution to the distance uncertainty. While our localiza-
tion routine returns a reasonable approximation to the
sky patch, it does give a significantly larger region than
dynesty and this explains the difference in distance in-
ference. The precessing spin is also less well measured by
the simple-pe result,. Importantly, dynesty took ∼ 20
hours to complete when parallelised over 400 CPUs while
the work presented here took ∼ 20 minutes on a single
CPU.
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Figure 15. Same as Fig. 13 but with the posteriors obtained with dynesty (generated through the bilby infrastructure [16,
18, 20]) overlaid in black. dynesty took ∼ 20 hours to complete when parallelised over 400 CPUs while simple-pe took ∼ 20
minutes on a single CPU.
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