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The study reports practically important and interesting results on designing dispersive mirrors (DMs) operating in
the mid-infrared spectral range from 3 to 18 µm. The admissible domains of the most important design specifica-
tions, the mirror bandwidth and group delay variation, were constructed. Estimations of the required total coating
thickness, thickness of the thickest layer, and expected number of layers are obtained. The results are confirmed by
an analysis of several hundreds of DM design solutions. ©2023Optica PublishingGroup
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1. INTRODUCTION

Modern laser applications are dependent on broadband disper-
sive mirrors (DMs) exhibiting a high reflectance and a desired
phase shape, which control the phase of ultrafast pulses. In
the mid-infrared (MIR) laser systems, short pulses propagate
through various windows/crystals [for example, ZnSe, Ge, ZGP
(ZnGeP2), LGS (LiGaS2), and GaSe] and accumulate highly
dispersive group delay GD(λ). This leads to deformation and
broadening of pulse shapes (Fig. 1). The DMs enable one to
compensate accumulated GD(λ), compressing temporally the
broadened pulses and restoring their shapes.

Generally, the DMs for ultrafast laser applications operating
in the MIR spectral ranges from 3 to 18 µm exhibit optical and
non-optical properties essentially different from the DMs oper-
ating in the visible near-infrared (NIR) spectral ranges, namely,
they should (1) compose layers from MIR thin-film materials
(for example, Ge, ZnS, YbF3, YF3, and Si); (2) contain much
thicker layers; (3) deal with adhesion problems due to high
stresses; (4) deal with regions of the O-H absorption in the MIR
range; (5) often exhibit GD(λ), increasing with the wavelength;
and (6) be broadband (>0.6 octaves) to support ultrafast pulses.

(i) An overview of widely used MIR materials can be found,
for example, in Ref. [1]. In the literature, various types of
coatings based on well-established combinations of infrared
materials have been reported: for example, Ge/ZnS/YF3

anti-reflection coatings were developed in [2,3], and
ZnS/YF3 anti-reflection coatings were reported in [4,5].
Beam splitters, and anti-reflection and Fabry–Perot filters
based on Ge/ZnS were recently reported [6,7]. Optical
coatings composing ZnSe, BaF2, CdTe, and PbTe for
MIR astronomical applications were developed in [8–10].
Fabry–Perot multilayers composed of ZnSe/BaF2 with SiO

Fig. 1. Simplified pulse compensation scheme: (a), (b) short pulse
propagates through a (d) set of dispersive media exhibiting (c) GD(λ)
dispersion and (e), (f ) broadens the pulse shapes. The pulse is (i),
(j) compensated using (h) DMs providing (g) (−GD(λ)) dispersion.
Designation: λ. wavelength; t , time; I (t) and E (t), intensity and
electric field of the pulse, respectively; I0, peak intensity.

interlayers were reported in Ref. [11]. Studying and har-
nessing new materials and their combinations has started
recently [12–16].

(ii) Typical thicknesses of layers in the MIR range are depen-
dent on the central wavelength of the range and on the
refractive index of the low-index material. For central wave-
lengths between 5 and 10µm, the average layer thicknesses
is expected to be between 0.8 and 1.7 µm, which is about
10 times larger than typical thicknesses in the visible NIR
ranges.

(iii) Adhesion on MIR substrates requires development of
the corresponding deposition techniques and optimizing
process parameters. Due to large thicknesses, mechanical
stresses can lead to deformation of optical components, or
even to delamination/peeling off the coatings. The layer
thicknesses can be reduced via the application of some
design algorithms, but not significantly.
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Fig. 2. GD of various typical MIR substrates/crystals used in this
study calculated for 1 mm of the corresponding materials; LGS crystal
was taken with a 0.1 mm thickness due to very high dispersion. The
GD is plotted in spectral ranges of transparency.

(iv) The absorption of optical components in O-H absorption
ranges can be reduced via optimizing of the deposition
process, as well as introducing protective layers.

(v) The substrates/crystals typical for the visible NIR ranges
(fused silica, glasses, Al2O3, BaB2O4, LiNbO3, etc.)
exhibit so-called negative GD dispersion, i.e., GD(λ)
decreases if the wavelength increases. In contrast, most
MIR windows/crystals exhibit GD(λ) increasing with
the wavelength (Fig. 2). This affects the patterns of the
structure of the designed MIR DMs.

(vi) The MIR DMs are to be broadband (>0.6 octaves), or even
ultra-broadband (up to 2 octaves), to deal with MIR laser
spectral ranges and provide pulse compression.

The authors are aware of only three previous publications
reporting on MIR DMs: in Ref. [17], a DM provides group
delay dispersion of 1500 fs2 in the range 9–11.5 µm; in
Ref. [13]; a DM with GD(λ) corresponding to 4 mm ZnSe
in the range 6–11.5 µm was presented. Both DMs were imple-
mented in a field-resolved spectroscopy laser setup [12,18].
Recently, a Si/SiO2 MIR DM operating in the range 3–6 µm
and compensating for a GD of 0.5 mm GaAs crystal was
produced using the ion-beam sputtering (IBS) deposition
technique [15].

The key specifications of DMs in the MIR range are the
spectral bandwidth defined by its lower and upper boundaries
[λd ; λu] (or in terms of optical octave 1λ= log2(λu/λd )and
GD-variation1GD [Fig. 1(g)]. Typical MIR broadband ranges
exceed 0.6 octaves [12,13]. The required GD-variations can
take values from several femtoseconds up to 1000 fs or even
2000 fs. In a series of laser applications, the DM specifications
(bandwidth and GD-variations) are formulated on the limits
of the achievability. Therefore, the first question during MIR
DM development is whether or not it is possible to design a
MIR DM for a given combination {1λ,1GD}. Until now,
the corresponding admissible/forbidden combinations of the
bandwidth 1λ and GD-variation 1GD for MIR applications
have not been studied. If a MIR DM for a given combination
{1λ,1GD} can be designed, the second question that arises
is what is the expected design thickness, number of layers, and
maximum thickness of layers. An empirical study on DMs

operating in the visible range [19] presents achievable combi-
nations of group delay dispersion and visible spectral range.
The results from Ref. [19] are not relevant in the MIR ranges
where GD dispersion rather than constant group delay dis-
persion is important, since the target spectral regions are very
broad.

The primary goal of this study is to obtain admis-
sible/forbidden domains of the combinations {1λ,1GD}.
The secondary goal is to obtain practically important estima-
tions of expected (1) 6—the design total physical thickness
of the DM, (2) dmax—the thickness of the thickest layer, and
(3) m—the number of layers. The admissible domain, as well
as estimations (1)–(3), was obtained empirically based on the
analysis of several hundreds of MIR DM design solutions. The
analysis was performed for two pairs of thin-film materials,
namely, Ge/YbF3 and Ge/ZnS. Both pairs have already been
used for design and production of MIR DMs [13,17].

The issues (i), (iii), and (iv) listed above concern experiments
and are outside the subject of this study. The present study
is theoretical and therefore concentrates on investigations of
issues (ii), (v), and (vi). However, the authors have experimen-
tal experience in producing MIR coatings, including DMs
[6,7,13,14,16,20], and they are convinced that the obtained
results are very helpful for optical coating engineers working in
the rapidly developing field of MIR DMs for laser applications.

2. METHODOLOGY

In the study, DMs for various typical MIR substrates/crystals
(Fig. 2) and various spectral ranges between 3 and 18 µm were
designed in the following way:

(1) DMs were designed in the ranges of transparency of the
substrates to compensate the GD accumulated in 1 mm of
the substrates (Fig. 2): Si [21], ZnS [22], GaSe [23], CaF2

[24], BaF2 [22], ZGP [25], KBr [24], IRG [26], LGS [27],
MgF2 [24], and Ge, ZnSe [20]. The only exception is the
LGS crystal which, due to its very high GD-variation, was
considered with a 0.1 mm thickness.

(2) For every substrate, the DM spectral range [λd ; λu],
1λ> 0.6, was chosen one by one with a 1 µm step. For
example, BaF2 is transparent in the range of 3–12 µm,
then the DM ranges 3–5, 3–6, 3–10, 4–6.5, 4–7, 4–10,
5−8 µm, . . ., 5−11, 6–10, 6–10, 6–12 µm were con-
sidered. The ranges correspond to 1λ= 0.74, 1, 1.74,
0.7, 0.8, 1.32, 0.68, 1.74, 0.74, 0.87, 1, respectively.
The corresponding central wavelengths of the ranges
λ0 = 2λdλu/(λd + λu) are 3.75, 4, 4.6, 4.9, 5.1, 5.7, 6.1,
6.9, 7.5, 7.7, and 8µm, respectively.

(3) For every substrate and every spectral range, the
GD-variation was calculated as

ϕ(ω)=
ωn(ω)d

c
, GD(ω)=−

dϕ
dω
,

1GD=GD(λd )−GD(λu), λ=
2πc
ω
, (1)

where d is the substrate thickness, n(ω)—is the substrate
refractive index, {λ j } are evenly distributed wavelength
points with a 10 nm step in the DM spectral range, and
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c is light velocity. In the above BaF2 example, the GD-
variations are 31, 60, 350, 67, 89, 337, 129, 461, 290, 432,
and 620 fs.

(4) For every substrate and every spectral range, DMs were
designed. In the design process, gradual evolution with a
deep search method of OptiLayer Thin Film Software was
used [28,29]. The calculated GD with the opposite sign
was taken as the target a ĜD. The target reflectance was
taken to be equal to 100%. As the deviation of the current
GD from the target ĜD by an arbitrary constant C simply
corresponds to the time-axis shift and does not affect the
pulse shape, it is possible to relax target requirements by
introducing a so-called floating constant approach [30].
The design algorithm is based on the minimization of the
merit function, estimating the closeness between current
and target characteristics:

MF(X )2 =
L∑

j=1

[
R(X ; λ j )− 100%

0.001

]2

+

L∑
j=1

[
GD(X ; λ j )− ĜD(λ)+C

]2
→min,

(2)

where X = {d1, . . . , dm} is the vector of layer thicknesses,
and the floating constant C is automatically adjusted in the
course of the optimization.

(5) For the study, two thin-film material pairs were chosen:
a newly developed [13] and prospective Ge/YbF3 com-
bination providing a high refractive index ratio of about
2.73 and a well-established Ge/ZnS combination with a
moderate refractive index ratio of 1.83. The dispersion of
the refractive indices was neglected. The refractive indices
of Ge, YbF3, and ZnS were taken to be equal to 4.1, 1.5,
and 2.24, respectively.

(6) A synthesis process was launched with different start-
ing designs, including single layers, chirped mirrors,
and random designs. The design reflectance can deviate
from a 100% level, and the design GD exhibits inevitable
oscillations around the target GD [Fig. 4(a)]. A gradual
evolution algorithm with deep search [28] increases the
total physical thickness and the number of layers to achieve
better approximation of the target values by the DMs.
From a practical point of view (issues (iii) and (iv) in the
Introduction), a DM design with a minimum number
of layers m, minimum total thickness 6, and minimum
thickness dmax should be chosen.

After the design process, a simulation of the interaction of
the pulses with DMs was performed in the following way. The
electric fields of the simulated pulse E and intensity I in time
and spectral domains were calculated [31]:

E in(t)= exp

[
−2 ln(2)

t2

τ 2
0

]
· exp[iω0t], Iin(t)= |E in(t)|2,

(3)

Fig. 3. Illustrating example. (a) Initial pulse and GD in a spec-
tral domain; (b) initial and compensated pulses in the time domain.
(a) GD is to be compensated with a DM.

E in(ω)=
E0τ0

2
√

ln 2
exp

[
−

τ0

8 ln 2
(ω−ω0)

2
]
, Iin(ω)= |E (ω)|2

ω=
2πc
λ
, ω0 =

2πc
λ0

, E0 = 1,

(4)

where τ0 is the pulse duration; the intensity of the input pulse
was normalized at 100%.

We denote the amplitude transmittance coefficient, phase,
and transmittance of the substrate as ts (ω), ϕs (ω), and Ts ,
respectively. Additionally, we denote the amplitude reflectance,
phase, and reflectance of the DMs as r (ω), ϕ(ω), and R . After
propagation through the substrate and interaction with a com-
pensating DM, the electric field of the pulse in the time domain
can be calculated:

Eout(ω)= E in(ω) r (ω) ts (ω), r (ω)= R(ω) exp[−iϕ(ω)]

ts (ω)= Ts (ω) exp[−iϕs (ω)].
(5)

The electric field and intensity of the propagated pulse can
be calculated using Fourier transform, providing a relationship
between the spectral and the temporal representation of the laser
pulse [29]. An example of the simulated pulses in the spectral
and time domains is demonstrated in Fig. 3. The peak intensity
of the output pulse is denoted as I0. Due to deviations of the
reflectance from a 100% level, as well as inevitable oscillations
in the GD curves of the DMs, the peak intensity I0 is lower than
100%. In addition, very large oscillations in the GD of the DMs
can lead to so-called satellite pulses.

Figure 4(a) shows spectral performances of two DMs com-
posed of Ge/YbF3 and Ge/ZnS layers designed for the ZnS
substrate in a 7–12 µm spectral range. It is seen that the
reflectance curves deviate from a 100% level, and the GD
curves exhibit oscillations around the target GD. The Ge/ZnS
DM shows larger oscillations than Ge/YbF3 DM. At the same
time, the pulse intensity after propagation through 1 mm ZnS
and interaction with the DMs is almost unchanged [Fig. 4(b)].
The peak intensities of the output pulses are 99.9% (Ge/YbF3)
and 98.7% (Ge/ZnS).

In the present study, a DM design was considered as a suc-
cessful one if the peak intensity achieves more than 95%, and
the output pulse does not exhibit satellites. The corresponding
{1λ,1GD} combination is therefore considered as an admis-
sible one. Examples of two successful designs are shown in Fig. 4.
If the two conditions mentioned above cannot be fulfilled for
a given {1λ,1GD} combination, i.e., if all DM designs do
not provide high peak intensity values and/or exhibit satellites
despite complicating the structures through a growing thickness
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Fig. 4. Properties of two DM designs for the range of a 7–12 µm
compensating GD in 1 mm ZnS: (a) reflectance and GD; (b) initial
pulse and pulses propagated through DMs composed from Ge/YbF3

and Ge/ZnS; (c) and (d) refractive index profiles of Ge/YbF3 and
Ge/ZnS DMs, respectively.

Fig. 5. Example of a DM design corresponding to a forbidden com-
bination. Spectral range of 6–17 µm (1.5 octaves) and a GD-variation
800 fs of 1 mm ZnS: (a) reflectance and GD of a 52-layer Ge/YbF3

solution; (b) input and output simulated pulses; the peak intensity
after interaction with the substrate and DM decreases down to 81%.

and the number of layers, this combination is called forbidden.
An example of a forbidden combination is shown in Fig. 5. A
52-layer DM design of about a 31 µm total thickness provides
high reflectance values in the target spectral range of 6–17 µm
and a GD oscillating near the GD target curve [Fig. 5(a)]. The
intensity and peak intensity after the propagation through 1 mm
ZnS and the interaction with the DM are too low [Fig. 5(b)].
The reasons for this are reflectance dips around 7–8 and 16 µm
and deviation of the GD pattern from the target GD pattern.
Further increasing the design thickness and complicating the
design structure do not lead to better results. The considered
design problem is too challenging, since the bandwidth is 1.5
octaves, and the GD-variation is about 800 fs.

7. In the course of the study, it was observed that the obtained
design solutions do not depend on the starting design and
have stable structural pattern. Typical DM design solutions
consist of “quasi-chirped” layers and “phase” layers. Very
roughly, quasi-chirped layers are responsible for the high
reflectance in the broadband range, and phase layers are
responsible for the phase properties. Examples of DM
refractive index profiles are shown in Figs. 4(c) and 4(d).
In Fig. 4(c), the first 12 layers represent a quasi-chirp, and
the last eight layers present a phase part. In Fig. 4(b), the
first 20 layers form the quasi-chirp, and the last two layers
are phase layers. The structures of the DM profiles, as well

as an estimation of the expected number of layers, will be
considered in more detail in Subsection 3.4.

Analyzing several hundreds of MIR DM design structures
confirmed that the most essential target characteristics are
the spectral bandwidth 1λ and GD-variation 1GD. This
allows one to attribute every pair (1λ, 1GD), whether it is
admissible or forbidden and to plot these attributes graphi-
cally. Additionally, this enables recording and plotting the
corresponding total thickness6, number of layers m, and thick-
ness of the thickest layer dmax. The plots can be analyzed, and
empirical estimations can be derived.

3. NUMERICAL RESULTS

A. Achievable GD-Variation/DM Bandwidth
Combinations

Admissible {1λ,1GD} combinations were plotted on two
graphs corresponding to Ge/YbF3 (Fig. 6) and Ge/ZnS (Fig. 7).
The horizontal axis represents the bandwidth1λ in octave, and
the vertical axis shows the GD-variation normalized by a charac-
teristic 1GD= 100 fs. The points of different colors on these
graphs correspond to different substrates shown in the legends.
It was noticed that the admissible points form a domain marked
by a gray color. Qualitatively, the admissible domain in Fig. 6
can be divided into three subdomains. The first domain, which
is a rectangle with1λ from 0.6 to≈1.25 and1GD/100 up to
≈9, represents admissible combinations that can be achieved
with a reasonable physical thickness 6 (up to 20–25 µm) and
number of layers (up to 40) that is not too large.

The second subdomain, the rectangle with 1λ between 0.6
and 1.25 and 1GD/100> 9 (separated from the first domain
by a dashed line in Fig. 6), represents 1λ and 1GD combina-
tions, which are admissible, but the DM designs are difficult for
production due to very large thicknesses. The realization of such
designs with the total physical thickness larger than 25 µm is
very challenging due to a potentially limiting factor of increase
of stresses in thick layers. The question of the design production
is dependent on deposition technology, including deposition
techniques, process parameters, and monitoring accuracy, and
therefore may vary from facility to facility. The current study
provides theoretical estimations only.

Fig. 6. Admissible domain of1GDand the DM bandwidth1λ in
the case of Ge/YbF3 thin-film materials (gray area). The red rectangles
indicate additional combinations for verification (see the text for
details).
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Fig. 7. Admissible domain 1GD and the DM bandwidth 1λ in
the case of Ge/ZnS thin-film materials (gray area). The red rectan-
gles indicate additional combinations for verification (see the text of
Subsection 3.1 for details).

The third subdomain is limited from the right side by1λ of
approximately 1.85–1.9 octaves that can be considered as the
maximum achievable MIR DM bandwidth for the Ge/YbF3

combination. From the top, the third domain is limited by a
curve that can be empirically represented as an inverse propor-
tionality of 1λ. In this picture, 1GD/100= 0.2

1λ−1.23 + 3.3.
This limiting curve predicts that it is not possible to increase
both the bandwidth and GD-variation simultaneously. A prod-
uct1λ ·1GD is therefore an important parameter. An increase
of the DM up to a 1.9 octave bandwidth is possible, but the
GD-variations must be not large.

The third subdomain is limited from the bottom by a func-
tion that can be empirically represented as 1.72 ·1λ− 1.89.
This is a very interesting result that predicts that it is not possible
to increase the DM bandwidth and simultaneously specify very
low GD-variations.

It should be noted here that ultra-low GD-variations
(1GD< 8−10 fs) were not considered in the present study.
Designing DMs with a zero or quasi-zero GD is extremely
difficult and requires additional consideration. This empirical
fact can be observed not only in the MIR range, but also in the
NIR and visible ranges. This phenomenon is known to some
designers of multilayers for ultrafast applications, but has not
been published yet, to the best of our knowledge.

After construction and qualitative explanation of the admis-
sible area, many verification designs were calculated. Their
(1λ, 1GD) combinations were plotted in Fig. 6 by red squares
(admissible) and black crosses (forbidden). As GD targets, GDs
of different substrate thicknesses and different bandwidths
were considered, for example, 0.5 mm ZnS (1GD= 214 fs)
in the 7–13 µm range (1λ= 0.89). A verification with BaF2

shows that the (1λ, 1GD) combination of a BaF2, 1.5 mm
thickness (1GD= 506 fs) in 4–10 µm (1λ= 1.32 octaves)
is admissible. At the same time, the (1λ, 1GD) combi-
nations of a BaF2, 2 mm thickness (1GD= 674 fs) in
4–10 µm (1λ= 1.32 octaves) and BaF2, 0.1 mm thickness
(1GD= 34 fs) in 4–10 µm (1λ= 1.32 octaves) are for-
bidden: the corresponding points (1λ, 1GD) lie above
and below the admissible domain. All other verifications
demonstrated consistency of the obtained results.

In a full analogy with a Ge/YbF3 combination, DMs were
designed and analyzed for the Ge/ZnS combination. The
admissible domain is shown in Fig. 7. A comparison of the
admissible domains for Ge/YbF3 and Ge/ZnS combinations
shows that the Ge/ZnS admissible domain is much smaller; the
scales in two figures were chosen intentionally to be the same.
The maximum achieved DM bandwidth is 1 octave. The forbid-
den domain on the bottom is larger: it starts at1λ= 0.8 octaves
and at 1λ= 1 octaves achieves 1GD of 200 fs, which is not
a small GD-variation value. Obviously, Ge/ZnS exhibits less
potential in designing MIR DMs, mainly because of a lower
refractive index ratio. Nevertheless, this combination can be
used with up to one-octave MIR DMs, which can compensate
up to a 1500 fs GD-variation. The dashed line in Fig. 7 shows
a boundary of reasonable (1λ, 1GD) combinations: the
thicknesses of the corresponding DM designs do not exceed
20µm.

B. Estimation of Total Physical Thickness

During the analysis of hundreds of obtained DM solutions,
it was noticed that the total thickness 6 normalized by the
central wavelength λ0 is dependent on a parameter β, which is
the product of the normalized GD-variation 1GD/100, and
the bandwidth 1λ. Total thickness values normalized by the
central wavelength 6/λ0 via β are plotted in Figs. 8 and 9 for
Ge/YbF3 and Ge/ZnS combinations, respectively. In the first
approximation, the points are close to a linear function (dashed
lines in Figs. 8 and 9):

β[a.u.] =
1GD [fs]

100 [fs]
·1λ [octave],

6[µm] ≈ (0.28 · β[a.u.] + 1.3) · λ0 [µm], (6)

in the case of Ge/YbF3, and

6[µm] ≈ (0.2 · β[a.u.] + 1.6) · λ0 [µm], (7)

in the case of Ge/ZnS.
The same design parameters1λand1GDas in the case with

the admissible domain (Subsection 3.1) were used to verify
Eqs. (6) and (7). The corresponding points (red squares in Fig. 8
and 9) are close to the linear functions [Eqs. (6) and (7)].

Fig. 8. Total thicknesses of DM Ge/YbF3 designs normalized by
the central wavelength versus the parameter β. The dashed line plots
approximation by a linear function [Eq. (6)].
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Fig. 9. Total thicknesses of DM Ge/ZnS designs versus the param-
eter β. The dashed line plots approximation by a linear function
[Eq. (7)].

Fig. 10. Thickness of DM thickest layer dmax normalized by the
central wavelength versus the parameter β. The dashed line plots
approximation by a linear function [Eq. (8)].

C. Estimation of the Maximum Layer Thickness

The thickness of the thickest layer dmax is a very important
parameter, since a very large layer thickness can be a limiting
factor for the production process. The thicknesses of the thickest
layers of the DM designs were recorded and analyzed. The thick-
est layer in the DM case is always a low-index layer. Its thickness
dmax is dependent on the parameter β introduced above. The
values dmaxnormalized by λ0 were plotted via the βparameter
in Figs. 10 and 11, for Ge/YbF3 and Ge/ZnS combinations,
respectively. It is seen that the points can be approximated by a
linear function as well. The best approximation can be provided
by (dashed lines in Figs. 10 and 11):

dmax[µm] ≈ 0.007 · (β[a.u.] + 38) · λ0 [µm], (8)

in the case of Ge/YbF3 and

dmax[µm] ≈ 0.007 · (β[a.u.] + 23) · λ0 [µm], (9)

in the case of Ge/ZnS.
The empirical formulas Eqs. (8) and (9) were verified addi-

tionally using the same design problems as in the case of the
verification of the admissible domain. It is seen from Fig. 8 and 9
that the corresponding points (red squares) are close to the linear
functions defined by Eqs. (8) and (9).

Fig. 11. Thickness of DM thickest layer dmax normalized by the
central wavelength versus the parameter β. The dashed line plots
approximation by a linear function [Eq. (9)].

D. Estimation of the Number of Layers

The number of DM design layers is dependent on the num-
ber of quasi-chirped and phase layers composing a typical DM
design structure. (The discussion has been started in Section 2.)
The purpose of the first quasi-chirped part is to provide a high
reflectance in a broadband spectral range. A chirped structure
in the current study is a quarter-wave mirror (QWM) with
“smeared” quarter-wave optical thicknesses:{

nHdH

nL dL

}
k
=
λ0

4
− ε+

2 (k − 1) ε

m − 1
, k = 1, . . .m, (10)

where ε is a chirp parameter nH, nL are the high and low refrac-
tive indices; and dH, dL are the thicknesses of the high- and
low-index layers, respectively; k is the index of a layer; and
m is the number of layers. The curly brackets designate the
alternative choice of high or low refractive index layer cases.
A QWM corresponds to ε= 0. If ε > 0, the high reflectance
zone is broadening. At the same time, the reflectance decreases
in comparison to the reflectance of the corresponding QWM
having the same number of layers. An illustration with the help
of 16-layer Ge/YbF3 chirped mirrors is shown in Fig. 12(a).
The high reflection zone cannot be broadened without a limit:
the number of side dips, as well as their deepness, increases
due to the growing number of resonances in the structure. The
maximum reasonable ε values should not exceed 0.5–0.6. If
the chirp parameter εis fixed and the number of layers grows,
the bandwidth of the high reflection zone broadens until a
limit exhibiting a saturation effect. After this limit, it is not
reasonable to increase the number of layers, since it will lead
to an incremental increase of the reflectance on the one hand
and, on the other hand, to a very large coating thickness. The
process is illustrated in Fig. 12(b), where the calculations are
performed for ε= 0.3. A reasonable number of layers providing
a high reflectance in a broadband spectral range is dependent
on the chirp parameter ε: this number is larger for larger ε. The
reasonable number of chirp layers is 10 for ε < 0.2, 10–12 for
ε≈ 0.2, 12–14 for ε≈ 0.3, 14–16 for ε≈ 0.4, and 16–20 for
ε≈ 0.5.

An empirical estimation of the width of high reflection zone
of a chirped mirror with a chirp parameter εwas obtained:

1λ[µm] ≈1λQWM[µm] + ε · λ0[µm], (11)
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Fig. 12. (a) Reflectance curve of a 16-layer chirped mirror calcu-
lated for different chirp parameters ε; reflectance curves of chirped
mirrors specified with ε= 0.3 and calculated for different number of
layers. Thin-film combination Ge/YbF3.

Fig. 13. (a) Refractive index profile of a 32-layer design DM solu-
tion obtained to compensate a GD of 1 mm ZnSe in the spectral range
of 5–18 µm; (b) refractive index profile of a 12-layer chirped mirror
designed with ε= 0.5.

where1λQWM is the bandwidth of the high reflectance zone of
a QWM [32]:

1λQWM = λ0 ·

(
π

π − arccos(−ξ)
−

π

π + arccos(−ξ)

)

ξ =
n2

H + n2
L − 2nHnL

(nH + nL)
2 .

(12)

The formula Eq. (11) can be used to estimate a required chirp
parameter ε. Together with the empirical estimation above, it
allows one to obtain a reasonable number of chirped layers.

The chirp parameter ε= 0.6 allows one to estimate the
maximum achievable DM bandwidth as about 1.8 octaves.
This is in good agreement with the numerical result:1λ= 1.85
(5–18 µm) was achieved for 1GD= 313 fs corresponding
to 1 mm ZnSe (Fig. 6). Figure 13(a) shows the DM profile of
this design solution: it is seen that the first design layers form a
12-layer quasi-chirp corresponding to ε≈ 0.5. For comparison,
a 12-layer chirp profile corresponding to ε≈ 0.5 is plotted in
Fig. 13(b); the patterns are in good agreement.

The number of phase layers is strongly dependent on1GD,
as well as on 1λ. Some empirical estimations based on the
analysis of many hundreds of DM designs enabled us to estimate
the number of phase layers, namely, 4–6 layers for 1GD up
to 200 fs and 1λ between 0.6 and 1.3 octaves; seven to eight
layers for 1GD up to 400 fs and 0.6<1λ< 1.3 octaves;
12–20 layers for 1GD> 400 fs and 0.6<1λ< 1.3 octaves;
and 10–20 layers for 1λ> 1.3. For the sake of convenience,
the number of phase layers was plotted on the admissible dia-
gram (Fig. 14). The number of phase layers grows either for
ultra-broadband DMs or for DMs exhibiting very large GD-
variations. In the example presented above, more than 14 phase

Fig. 14. Number of phase layers in Ge/YbF3 DM structures.

Fig. 15. Refractive index profiles (left pane) and spectral perform-
ance (right pane) of three DMs designed for compensation of a GD of
0.5 mm Ge in the spectral ranges of 4–10, 4–11, and 4–12µm.

layers expected, since the DM must provide the bandwidth of
about 1.85 octaves. The obtained DM design includes 20 phase
layers [Fig. 13(a)].

Figure 15 (left pane) demonstrates DM profiles for com-
pensating 0.5 mm of Ge in the spectral ranges of 4–10,
4–11, and 4–12 µm. With broadening of the DM band-
width (1λ= 1.32, 1.45, and 1.58) and slightly increasing
1GD(108, 112, 115 fs), the number of phase layers is 5, 5,
and 8, respectively. The numbers of the first chirp layers are
10, 11, and 13, respectively. The chirp parameters are approx-
imately 0.3, 0.4, and 0.5, respectively. The total number of
layers are 15 (10+ 5), 16 (11+ 5), and 20 (13+ 7). The spec-
tral characteristics of the design are shown in the right pane of
Fig. 15: it is seen that the number of GD oscillations is larger for
broader ranges, and the oscillations for broader ranges are more
pronounced.

The estimation of the number of layers and analysis of the
expected DM structures in the case of Ge/ZnS materials can
be performed in a similar way. The maximum bandwidth
[Eq. (11)] is very limited, since the main contribution is the
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width of the QWM high reflection zone that is strongly depen-
dent on the refractive index ratio [Eq. (12)]. The bandwidth of
the high-reflection zone in the case of Ge/YbF3 the combina-
tion is 0.91 octaves, while the high-reflection zone in the case
of Ge/ZnS is only 0.59 octaves. With the chirp parameter ε of
about 0.5, it is possible to achieve a maximum bandwidth of
1.1 octaves, which is in good agreement with the admissible
domain (Fig. 7). This consideration explains why the thin-film
combination Ge/ZnS cannot be used for designing broadband
DMs. An analysis of multiple Ge/ZnS DM designs shows that
the expected number of chirp layer is 14–16, and the expected
number of phase layers is 4–8. The total number of layers lies
between 18 and 24. Figure 4(d) demonstrates a typical DM
refractive index profile in the case of Ge/ZnS: a DM designed for
1 mm ZnS in the range of 7–12 µm consists of 14 chirp layers
and eight phase layers; the chirp parameter ε is about 0.2.

E. Some Practical Issues

In practice, DMs should be designed not just for one MIR sub-
strate, but for a sequence of different MIR substrates and crystals
involved in a laser system (Fig. 1). In this case, the total GD to be
compensated can be calculated as follows:

ϕsum(ω)=
ω

c

K∑
i=1

ni (ω)di , GDsum(ω)=−
dϕsum

dω
, (13)

where K is the number of substrates, and ni and di are the refrac-
tive index and thickness of the i th substrate, respectively.

It is also possible that1GD values are very high and cannot
be achieved, i.e., the given combination (1λ;1GD) belongs to
the forbidden zone in Figs. 6 and 7. In many cases, the problem
can be solved with the help of a DM compressor, including
several DMs, which allows 2, 4, 6, or 8 pulse reflections (Fig. 1).
The target GD must be divided by 2, 4, 6, or 8, respectively. The
GD and reflectance of the pulse compressor in the case of N
bounces (N DMs) can be calculated as

GDsum(λ)= N ·GD(λ), Rsum(λ)= R N(λ). (14)

A growing number of bounces N leads inevitably to losses
of pulse energy at each bounce. A compromise between the
number of bounces and feasibility issues related to a designed
DM should be found by optical coating and laser engineers.

4. EXAMPLES

Some examples demonstrate the practical usage of the theoreti-
cal estimations presented above. In examples, various sets of sub-
strates/crystals were considered; the corresponding GD(λ) and
spectral ranges are plotted in Fig. 16.

E xample1. Pulse optical path, including 1 mm LGS, 3 mm
ZnSe, 5 mm Ge, 2 mm ZnS, and 1 mm GaSe operates in the range
of 7–12µm (0.78 octaves) exhibiting1GD= 3430 fs.

According to Fig. 6, the combination is outside the admis-
sible domain. Assuming four bounces (N = 4, 1GD/100=
8.6, β = 6.7) and applying estimations Eqs. (6) and (7), a DM
with6 = 28 µm, dmax = 2.7 µm,m ≈ 24−30 can be expected.
Numerically, a good solution consisting of 29 layers having a
30.6 µm thickness and 2.7 µm thickest layer was found. In the

Fig. 16. Target GD used in DM design examples.

case of Ge/ZnS materials, Eqs. (7) and (9) predict solutions
with 6 = 26 µm, dmax = 1.8 µm,m ≈ 18−24. Numerically,
a 32-layer solution with a total thickness of 28.7 µm and the
thickest low-index layer of 1.9µm was obtained.

E xample2. Pulse optical path, including 1 mm Si, 2 mm
BaF2, and 1 mm ZGP operates in the range of 3–6µm (1.0 octave)
and exhibits1GD= 100 fs. According to the diagram in Fig. 6,
the combination is admissible. Equations (6) and (8) predict
that the target specifications can be achieved with a DM design
with 6 = 7.2 µm, dmax = 1.1 µm,m ≈ 14−16. A 16-layer
solution having a total thickness of 6.9 and 0.9µm thickest layer
was found. According to the diagram in Fig. 7, the combination
1GD/100= 1, β = 1 is in the forbidden domain and cannot
be achieved with Ge/ZnS materials.

E xample3. Pulse optical path, including 2 mm KBr, 2 mm
ZnS, and 0.5 mm GaSe operates in the range 5–13 µm (1.38
octaves) exhibiting 1GD= 1117 fs. The combination is
outside the admissible domain (Fig. 6). This means that it
is not achievable with a single DM. Increasing the num-
ber of bounces (Fig. 6), the 1GD value for one DM will be
decreased. Assuming, for example, four bounces (N= 4,
1GD= 280 fs), one obtains 1GD= 280 fs, which belongs
already to the admissible domain. A DM design having 6 =
17.1 µm, dmax = 2.1 µm,m ≈ 24−28 is expected according
to the empirical estimations. A good solution consist-
ing of 20 layers, having a 17.1 µm thickness and 2.1 µm
thickest layer was found numerically. The combination
1GD/100= 2.8, β = 3.85 is outside the admissible domain
of Ge/ZnS materials (Fig. 7).

E xample4. Pulse optical path, including 4 mm CaF2,
1 mm KBr, and 2 mm Ge operates in the range of 5–11.5 µm
(1.2 octaves) exhibiting 1GD= 1921 fs. According to Fig. 6,
the combination is forbidden. At the same time, assuming
four bounces (N = 4, 1GD/100= 4.8, β = 5.77), a DM
solution with 6 = 19.2 µm, dmax = 1.5 µm,m ≈ 30−32 is
expected. Numerically, a 36-layer DM solution having a total
physical thickness of 17.1 and 2.1 µm thickest layer was calcu-
lated. According to Fig. 7, the combination does not belong to
the admissible domain of Ge/ZnS materials since the spectral
range is too broad.

E xample5. Pulse optical path, including 0.5 mm GaSe,
2 mm KBr, and 1 mm Ge operates in the spectral range of 9.5–
17.5 µm (0.88 octaves) exhibiting 1GD= 258 fs. According to
Figs. 6 and 7, the combination is admissible with Ge/YbF3 and
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Ge/ZnS materials. The expected Ge/YbF3 DM design for the
combination 1GD/100= 2.58, β = 2.27 has 6 = 23.8 µm,
dmax = 3.4 µm, and m ≈ 14−16. Numerically, a good 15-layer
DM design having a 20.5 µm thickness and a 3.1 µm thickest
layer was found. In the case of Ge/ZnS materials, Eqs. (7) and
(9) predict 6 = 25.3 µm, dmax = 2.1 µm,m ≈ 18−24. A
24-layer DM solution with a total thickness of 27.4µm and the
thickest low-index layer of 2.3µm was designed.

E xample6. Pulse optical path, including 1 mm ZGP, 0.5 mm
ZnS, and 4 mm Ge operates in the range of 6.5–12 µm (0.88
octaves) exhibiting 1GD= 124 fs. According to Fig. 6,
the combination is admissible. The expected parame-
ters for the combination 1GD/100= 1.24, β = 1.1 are
6 = 15.3 µm, dmax = 2.3 µm. A 16-layer DM design having a
16.2 µm thickness and 2.6 µm thickest layer was found. In the
case of Ge/ZnS materials, the combination lies very close to the
forbidden domain (Fig. 7), and target specifications cannot be
achieved.

E xample7. Pulse optical path, including 4 mm ZnSe,
2 mm Ge, 1 mm KBr, and 0.5 mm GaSe operates in the
range of 4–12 µm (1.58 octaves) exhibiting 1GD= 349 fs.
Although the combination is admissible (Fig. 6), the point
1GD/100= 3.49, 1λ= 1.58 lies very close to the boundary
of the admissible domain. At the same time, a combination
assuming two bounces (N = 2, 1GD/100= 17.5, β = 2.76)
is admissible; the expected parameters are 6 = 12 µm, dmax =

1.7 µm,m ≈ 26−28. A 22-layer DM design having a 15.6 µm
thickness and 1.95 µm thickest layer was found. In the case of
Ge/ZnS materials, the combination lies outside the admissible
domain (Fig. 7).

Multiple examples demonstrate excellent correspondence
with theoretical predictions obtained in Section 3.

5. APPLICATION LIMITS

The theoretical estimations from Section 3 can be applied
not only to thin-film combinations Ge/YbF3 and Ge/ZnS.
The formulas can be applied for DM design problems if
other material pairs with close refractive indices are involved.
Instead of a Ge/YbF3 pair, combinations Ge/YF3, Ge/MgO,
Ge/DyF3, Ge/LaF3, Ge/MgF2, or Ge/SiO can be used. Instead
of Ge/ZnS, a combination Ge/ZnSe or PbTe/CdTe can be
exploited. Additionally, the formulas can be applied in cases
where the refractive index ratio is a little bit lower or higher
than those considered in the present study. Larger admis-
sible domains can be expected for combinations providing
higher refractive index ratios such as PbTe/YbF3, PbTe/DyF3,
PbTe/YF3, PbTe/MgF2, PbTe/SiO, and PbTe/Al2O3. The
important questions concerning the practical realization of
the DMs, including safety issues for toxic materials, as well as
compatibility of these pairs in a multilayer stack, are out of scope
of the present study.

Recently, an interesting combination of Si/SiO2 materials
was used to design and produce a DM compensating GD in
0.5 mm GaAs crystal [33] (1GD= 70 fs)in the one-octave
spectral range of 3–6 µm [15]. Although the combination
Si/SiO2 exhibits a smaller refractive index ratio than Ge/YbF3

(2.54 instead of 2.73), Eqs. (6) and (8) can be used to estimate
the total thickness, thickness of the thickest layer, and number

Fig. 17. (a) Refractive index profile and (b) and spectral perform-
ance of a 16-layer Si/SiO2 DM calculated for the spectral range of
3–6µm and compensating for a GD of 0.5 mm GaAs.

of layers. The DM design obtained in [15], consists of 21 layers
and has a total thickness of 9.7 µm; the thickest layer was about
1.2 µm. Equations (6) and (8) predict the total thickness of
6.1µm and the thickest layer of 1.1µm. Additionally, the band-
width of one octave corresponds to the chirp parameter ε= 0.1,
and therefore the number of chirp layers is expected to be 10–12.
The expected number of phase layers is 4–6 (Fig. 14). The total
number of layers, 16–18, should be enough. Numerically, a
16-layer DM design solution was obtained in the present study
(Fig. 17): the design is a typical structure consisting of 10 chirp
layers and six phase layers; the pattern of the solution is similar to
that in [12]. The first layers of the DM from [12] could be easily
removed using advanced numerical algorithms; the total thick-
ness could be reduced as well. The thickness of the thickest layer
was 1.0 µm, which is in remarkable agreement with theoretical
predictions. The total thickness of 7.9 µm is slightly larger than
the predicted 6.1µm: the difference can be attributed to slightly
different ratio in the case of Ge/YbF3 and Si/SiO2 thin-film
materials.

6. CONCLUSION

In the present study, several hundreds of MIR DM design
structures were calculated and analyzed. Based on the analysis,
practically important estimations of a design total thickness,
the thickness of the thickest layer, and the expected number
of layers were obtained. As input parameters, the estima-
tions require the bandwidth of the DM and GD-variation
to be compensated. Additionally, admissible domains of the
bandwidth/GD-variation parameters were constructed for
Ge/YbF3 and Ge/ZnS thin-film combinations. The obtained
formulas provide good estimations of the main DM design
parameters not only for Ge/YbF3 and Ge/ZnS pairs, but also
for a large variety of thin-film combinations. The results of the
study can be used by optical coating and laser engineers dealing
with optical components for MIR laser applications.
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