Ann. Inst. H. Poincaré D © 2023 Association Publications de I'Institut Henri Poincaré
Comb. Phys. Interact. 11 (2024), 1-146 Published by EMS Press
DOI 10.4171/AIHPD/168 This work is licensed under a CC BY 4.0 license

Higher Airy structures and topological recursion for singular
spectral curves

Gaétan Borot, Reinier Kramer, and Yannik Schiiler

Abstract. We give elements towards the classification of quantum Airy structures based on the
W(gl, )-algebras at self-dual level based on twisted modules of the Heisenberg VOA of gl,. for
twists by arbitrary elements of the Weyl group &,. In particular, we construct a large class of
such quantum Airy structures. We show that the system of linear ODEs forming the quantum
Airy structure and determining uniquely its partition function is equivalent to a topological
recursion a la Chekhov—Eynard—Orantin on singular spectral curves. In particular, our work
extends the definition of the Bouchard—Eynard topological recursion (valid for smooth curves)
to a large class of singular curves and indicates impossibilities to extend naively the definition
to other types of singularities. We also discuss relations to intersection theory on moduli spaces
of curves, giving a general ELSV-type representation for the topological recursion amplitudes
on smooth curves, and formulate precise conjectures for application in open r-spin intersection
theory.
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1. Introduction

Introduced by Kontsevich and Soibelman in [44], Airy structures consist of a system
of linear PDEs depending on a parameter % and satisfying a compatibility condition,
so that they admit a simultaneous solution which is unique when properly normalised.
This solution is called “partition function” and is encoded in Taylor coefficients Fy ,
indexed by integers n > 1 and (half-)integers g > 0, which are determined by a topo-
logical recursion, i.e., a recursion on 2g — 2 + n. The interest in Airy structures comes
from the numerous applications of the topological recursion in enumerative geometry,
see, e.g., [34].

The purpose of Part I of this work is to construct new Airy structures from repres-
entations of the W(gl,)-algebra. The latter is realised as a sub-VOA of the Heisenberg
VOA Fcr. Twisting the free field representation of F¢r by an arbitrary element of the
Weyl group o € &, gives rise to an (untwisted) representation of ‘W(gl,). Applying
a “dilaton shift”, [9] constructed all the Airy structures that can arise when o is an
r-cycle or an (r — 1)-cycle. Our work explores the possibility of constructing Airy
structures from arbitrary o € &,: we will obtain in Theorem 2.11 conditions on o and
the dilaton shifts that are sufficient for the success of this construction. This gives rise
to many new Airy structures and thus partition functions, for which it would be desir-
able to find enumerative interpretations. If one contents oneself with the existence of
a partition function only solving the PDEs to leading order in % (i.e., existence of
Fg—o0,n), we give less restrictive conditions for this in Theorem 2.13. Our approach
and the results are presented in Section 2 while Section 3 is devoted to the proof of
the main Theorem 2.11.

In Part II, we show that the topological recursion for all these Airy structures
can be equivalently formulated via residue (hence, period) computations on possibly
singular spectral curves. Roughly speaking, a spectral curve is a branched cover of
complex curves x: C — Cyp equipped with a meromorphic function y and a bid-
ifferential wg » on C2. The original formulation of the topological recursion, with
a spectral curve as input, was developed by Chekhov, Eynard and Orantin [36,37] in
the case of smooth curves with simple ramifications. The output of this CEO recursion
is a family of multidifferentials wg , on C” that have poles at ramification points of x,
are symmetric under permutation of the n copies of C, and are obtained recursively
by residue computations on C. As observed already in [37] and revisited in [4,44],
the corresponding Airy structure is based on the Virasoro algebra and related to the
‘W(gl,)-algebra; for each g and n, Fg , and wg , contain the same information pack-
aged in a different way. The definition of the CEO topological recursion was extended
in [14, 16] to smooth curves with higher-order ramification points, and its corres-
pondence with 'W(gl,)-Airy structures when o is an r-cycle was established in [9].
An important application of this correspondence is a conceptual proof of symmetry of
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the w, , based on the representation theory of ‘W-algebras. This led to the discovery
of a non-trivial criterion on the order of y at ramification points for the symmetry to
hold. From [16], it is easy to propose a definition of the CEO recursion that is also
valid for singular spectral curves (see equation (5.7)), i.e., if C has several irreducible
components intersecting at ramification points of arbitrary order. It is however unclear
(and in fact not always true) that this definition leads to symmetric wg 5.

In Proposition 5.18 and Theorem 5.23, we show that this definition naturally arises
from the ‘W(gl,)-Airy structures with arbitrary permutation o encoded the ramifica-
tion profile over a branchpoint in a normalisation of C, and dilaton shifts specifying
the order of y at the ramification points. Smooth spectral curves correspond to o
having a single cycle. Besides, the basic properties of Airy structures guarantee that
the corresponding wg ,, are symmetric. The results of Part I therefore give sufficient
conditions on the ramification type and the order of y at ramification points for the
symmetry to hold, see Definitions 5.19-5.22 and 5.25. The central result of Part II is
then Theorem 5.23 giving the correspondence between those Airy structures and our
extension of the CEO topological recursion.

In terms of spectral curves, the CEO-like topological recursion provides the (uni-
que when properly normalised) solution to the so-called “abstract loop equations”.
The latter express that certain polynomial combinations of the wg , are holomorphic
at the ramification points. This in fact provides tools that have been used to estab-
lish applications of the topological recursion, e.g., in matrix models [10], in Hurwitz
theory [12,29], and for the reconstruction of WKB expansions [6,7,41]. The setup
of abstract loop equations was developed in [10, 13] for smooth curves with simple
ramifications and extended in [45, Section 7.6] to higher-order ramifications. In Sec-
tion 5.3, we define a notion of abstract loop equations for arbitrary spectral curves
(Definition 5.12) and prove they admit at most one normalised solution (Proposi-
tion 5.15), which must then be given by our extension of the CEO recursion, see (5.7).
The question of existence of a solution is then reduced to proving that this formula
yields symmetric wg ,. As we establish the equivalence of the abstract loop equations
with the differential constraints built from W(gl,)-algebra representations (Proposi-
tion 5.18), it is sufficient to check that the latter form an Airy structure to establish
symmetry. If the associated PDEs admit a partition function solving them to leading
order in #, this is sufficient to prove symmetry of the wg , (Theorem 5.26).

Our results give a definition of topological recursion for many spectral curves that
could not be treated before, for instance,

yx—=y"H) =0, r=>1,
(1 —xy3) =0,
x2— y2 =0,
(1—-xy)(x—y+1) =0, (1.1)
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(I—xyH)x =y +Dx—y+1)=0, 1eC\{l},
(I—xy)x—y+D(y—-1)=0, teC,
A=xy)(x—y+Dx—ty) =0, teC\{1}.
In general, nodal points such that y tends to distinct non-zero values on both sides are
admissible. If C;: P; (x, y) = 0 are admissible for i € {1,2} and do not intersect in C?>
at zeroes of dx or singular points of C;, then C: P1(x, y) P2(x,y) = 0 is admissible.
The complete list of conditions defining admissible spectral curves according to our
work can be found in Section 5.4, and they only regulate the behavior of x and y at
the points where the cardinality of the fibers of x jump (zeroes of dx and singular
points). Examples of non-admissible curves are:
1—x? y5 =0,
(x =y (1 =xy?) =0,
(x=y)x=y)=0 rez,
x?—y? =0 p,gcoprimeand p > 1, g > 0,
(x—y*)? =0,
(x =) (x —y*) =0.

In general, the following cases are not admissible for us: non-reduced curves, curves

(1.2)

where dy and dx have a common zero, reducible curves where there is a point at
which at least two irreducible components C; and C, meet and where dx has a zero
and y is regular on C; and y is not identically zero on C,. It would be desirable to
understand if the admissibility conditions can be weakened even more with a suitable
modification of the topological recursion residue formula.

We expect all the partition functions of the Airy structures present in this article
to admit an enumerative interpretation, i.e., that w, , or Fg , can be computed via
intersection theory on a certain moduli space of curves. This was achieved by Eynard
in [32, 33] in the case of simple ramification points on smooth curves and y holo-
morphic, in a form that has a structure similar to the ELSV formula [31], and found
applications in Gromov—Witten theory [38] and Hurwitz theory [46, 55]. The case
of y having a simple pole was later treated by Chekhov and Norbury [24,49]. Part III
explores the generalisations of this link to other spectral curves that can directly be
reached by combining known results with the results of Parts I and II. This stresses
the role of Laplace-type integrals on the spectral curve. Although it is not essen-
tial in the theory, in the case of global spectral curves the Laplace transform of wo >
enjoys a factorisation property reminiscent of the use of R-matrices in the theory of
Frobenius manifolds. This was known by [33, Appendix B] for smooth spectral curves
with simple ramifications, and we show in Corollary 7.12 that it extends to singular
spectral curves in a slightly different form.
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In Sections 7.2.3-7.5.4, building on [9] and Theorem 5.23 we generalise Eynard’s
formula from [32, 33] to all smooth spectral curves with arbitrary ramification and y
of order 1 at the ramification points — this involves Witten spin classes. In the case of
global smooth spectral curves (i.e., obeying the precise conditions Definition 7.27),
it leads in Corollary 7.29 to an intersection-theoretic formula for decomposition of
the wg,» on the descendants of the primary differentials. We deduce in Corollary 7.32
that the coefficients of expansion of wg , near simple poles of dx are given by an
ELSV-like formula and displaying a quasi-polynomiality property. This answers a
question of Shadrin to the first-named author. In Section 8, we apply our general
results to the ‘W(gl;)-constraints of Alexandrov [1] for the open intersection theory
developed in [18,21,51,56]. The open intersection numbers can be packaged in a gen-
erating series wgy, . As Alexandrov’s W(gl)-constraints have been identified with
an Airy structure in [9] for 0 = (12)(3), we deduce from the results of Part II that
wgm satisfies our extension of the CEO topological recursion applied to the curve
y(y? — 2x) = 0 (Corollary 8.8). Using modified ‘W-constraints, Safnuk had derived
in [53] a residue formula associated to this curve, but its structure is different and not
easily generalisable. On the other hand, we can easily conjecture a residue formula for
the open r-spin theory. This conjecture is equivalent to the 'W(gl,) constraints first
mentioned in [9, Section 6.3]: we expose it in more detail, in particular specifying the
normalisations necessary for the comparison, and give some support in its favor by
comparison with [20].

Remark 1.1. At the time of writing, there are several foundational conjectures in
open intersection theory. In Sections 8.1 and 8.5, we formulate the ones that are dir-
ectly relevant for us and explain the logical dependence of our statements on these
conjectures.

In fact, one of the initial motivations of our work was to generalise the structure of
Safnuk’s residue formula [53] to higher r and seek along this line for a definition of
topological recursion for curves with many irreducible components. Our conclusion
is that, although we do not know how to generalise the structure of Safnuk’s recur-
sion, there is a simpler and general definition of the recursion, which retrieves open
intersection theory when applied to the reducible curve y(y? — 2x) = 0.

The W(gl,)-representations that we consider have an explicit though lengthy
expression. We extract from them a few concrete calculations:

* General formulas for Fy 3, F 12 and F 1, and partial computations for Fy 4 in the
undeformed case. Their symmetry gives necessary constraints for the twist o and
the dilaton shifts. Remarkably, the symmetry conditions governing Fp 3 and Fp 4
exactly match those found in Theorem 2.13 which are sufficient for all (Fo,)n>0
to be symmetric. Taking the additional symmetry conditions of F 12 for a generic
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choice of F; ; into account, we find that these are only slightly weaker than the
sufficient conditions under which we have an Airy structure according to The-
orem 2.11. Hence, we are inclined to think that also this result is generically
optimal. This could be implied by the analysis of the symmetry of F' 1 for higher
n>3.

e Ifo=(0---r—1)(r)or(l---r), wederive in Section 2.4 from the ‘W-constraints
a homogeneity property, the dilaton equation, and the string equation when it
applies.

While this work was in the final writing stage, we learned that results similar to
our Theorem 2.11 but restricted to the case of cycles of equal lengths (perhaps with
a fixed point) are obtained in an independent work of Bouchard and Mastel [17]. The
question of defining a Chekhov-Eynard—Orantin topological recursion on singular
curves mentioned in their work is solved by Part IT of our work.

Notation

As usual, N is the set of nonnegative integers and N* = N \ {0}. Forn € N, we denote
[n] = {1,...,n}, and in particular [0] = @. More generally, if a < b are integers, we
denote by [a, b], [a, b), (a, b], (a, b) the integer segments, where the bracket (resp.
parenthesis) means we include (resp. exclude) the corresponding endpoint. If a > b,
we set [a, b] = @. Furthermore, z[,] = {z1,...,Zx}.

A partition of r € N, denoted A - r, is A = (A1,...,A¢) such that Ay + --- +
A¢ = r. We will sometimes (but not always) require A; > A;1, in which case we
say that A is a descending partition. Often it is convenient to express equal blocks
Aj = Aj+1 =+ = Aj4n as A]. Moreover, to any descending partition A one can
associate a Young diagram Y in a bijective way. For example, all notations

k=(4,3,3,1)<—>k=(4,32,1)<—>YA =

characterise the same descending partition A |- 11. The size of A is |A| = ) _; A; and its

length is £(A) = max{i | A; > 0}. Given partitions A!, ... A" of integers ry, ..., 7y,
we will write (A!,...,A") = (A}, ..., AE(AI)’ )L%, e, )LZ‘(M)) for their concatenation,

which we see as a partition of Z;-’zl rj.

If A is a finite set, we write L - A to say that L is a partition of A, that is, an
unordered tuple of pairwise disjoint non-empty subsets of 4 whose union is A. We
denote by ||L| the number of sets in the partition L.

All of our vector spaces or algebraic spaces are over C. We denote by C(y) a one-
dimensional complex vector space equipped with a non-zero linear form y.
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Part I
Classification of ‘W (gl ,)-Airy structures

2. Constructing Airy structures

In this section, we recall the definition of Airy structures and their partition function
and its adaptation to the infinite-dimensional setting for which it will be used. We
present the main results of Part I, i.e., we exhibit the new Airy structures that can be
constructed from W(gl,)-algebra modules, while the proofs are carried out in Sec-
tion 3.

2.1. Preliminaries on Airy structures

2.1.1. Finite dimension. We first present the definition when E is a finite-dimen-
sional C-vector space. For convenience, let us fix a basis (e4)4e4 Of E and (x;)zec4 be
the dual basis of E*. We consider the graded algebra of differential operators SD;’E, also
called Weyl algebra. 1t is the quotient of the free algebra generated by h%, (Xa)aeca
and (h0x, )qe4, modulo the relations generated by

(70, xp] =1 8ap, [Xa,xp] = [AOx,,h0x,] =0, a,bel, hcentral,
and equipped with the grading
degx, = deghdy, = degh% =1.

We will write P = Q + O(n) for two elements P, Q € O‘T)g if they agree up to at
least degree n — 1 and use the notation

P=0Q+o(") ifP—-Qech"DL.

Definition 2.1. A family (H;);es of elements of ‘D;ls is an Airy structure on E in
normal form with respect to the basis (x;)ze4 if I = A and it satisfies the following
conditions:

*  The degree 1 condition: for all i € I, we have
H; = hoy; + 0(2). 2.1)

*  The subalgebra condition: there exist flk] € :D;’; such that forall i, j € [

[H;, Hj] = h Z £ He. (2.2)
keA
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A family (H;);er of elements of 50,"5 is an Airy structure if there exist two matrices
N e CA and M e CT*4 such that

Ya,b € A, Zd\/a,id%i,b = 8ap>
iel

Vi,jel, ZeMi,aeNa,j = 68i;

acA

(2.3)

and the family H, = Y icr Na,i Hi indexed by a € A is an Airy structure in normal
form.

Being an Airy structure does not depend on a choice of basis, but being an Airy
structure in normal form does. Airy structures in Definition 2.1 would be called in [9]
“crosscapped higher quantum Airy structure”. “Crosscapped” refers to the presence
of half-integer powers of #, and we comment on it in Section 2.3.5. “Higher” means
that, compared to the definition in [4,44], it can contain terms of degree higher than 2.
“Quantum” is used to distinguish it in [4,44] from the classical Airy structures where
the Weyl algebra is replaced by the Poisson algebra of polynomial functions on T*E.
We simplified the terminology as the restriction to maximum degree 2 and the clas-
sical Airy structures will not play any role in this article and handling half-integer
powers of # does not lead to any complication in the theory.

The essential property of an Airy structure is that it specifies uniquely a formal
function on E.

Theorem 2.2 ([44, Theorem 2.4.2], [9, Proposition 2.20]). If (H;)iey is an Airy struc-
ture on E, then the system of linear differential equations

YVaeA, Z 'H,Z-1=0 (2.4)

admits a unique solution Z of the form Z = exp(F) with

h&~1
F= ) ——Fon,  Fgn € Sym"(E7). (2.5)
gedZg ’
neZl=o
2g+2—n>0

The function Z (resp. Fy ,) is called the partition function (resp. free energies).
Equation (2.4) implies a recursive formula for Fg , on 2g —2 + n > 0. We will typ-
ically be interested in the coefficients of decomposition of the free energies on a given
basis (x4)ge4 of linear coordinates of £, for which we use the notation

Fopn= Z Fgnlay,...,anlxq, - Xq,. (2.6)

ai,....,an€A
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When the Airy structure has normal form with respect to this basis, the explicit recur-
sion to obtain the Fg ,[ay,...,a,] appears in [9, Sections 2.2 and 2.3]. We reproduce
it in equation (2.32) at the only place where it is used in the article. We will be led to
work with Airy structures that are not given in normal form (cf. Section 3.1), but for
which there is an equivalent formulation of the recursion in terms of spectral curves
(Part II), that is often more efficient for calculations (cf. Section 6).

2.1.2. Infinite dimension. In this article, we need to handle Airy structures for cer-
tain infinite-dimensional vector spaces. This requires some amendments to the previ-
ous definitions which we now explain.

A filtered vector space is a vector space E together with a collection of subspaces

0OCFHECHEC---CE,

called the filtration. Throughout this paper, we will assume that for any filtered vector
space E, the F,, E are finite-dimensional, and that £ = |, ¥ E. Two filtrations
F, ¥’ on a vector space E are equivalent if for any p > 0 there exists p’ > 0 such
that ¥, E C pr’,E and for any ¢’ > 0O there exists ¢ > 0 such that 37‘1/,E C ¥,4E.
In particular, all filtrations on a given vector space satisfying our extra assumptions
are equivalent.

A filtered set is a set A together with a collection of subsets

DC fAC LAC---CA.

Again, we assume all fj A are finite and A = |, fpA. A filtered basis of a filtered
vector space (E, ) is the data of a filtered set (A, f) and a family (e;)qe4 Of ele-
ments of E such that (es)ae £, 4 is a basis of F, E.

Let (E, ¥) be a filtered vector space, and for convenience choose a filtered basis
(eqa)aca and the corresponding linear coordinates (x;)qec4. We consider the com-
pleted Weyl algebra with respect to this filtration, 552 It consists of elements of the
form

i ;
> Y ——=CYV0ay.....am:ar.....an)xa, - Xa, hdx, hix,, . (2.7)

MN€ZL>( Al,...dn€A
jG%Zzo aj,...,am€A

where for any p > 0, the coefficients C(j)[ﬁl, ...,dm;ay, ..., a,] vanish for all but
finitely many ai,...,a, € fpA and j,ay,...,am. One can check this does form
a (graded) algebra.

If (1, f') is a filtered set (which is unrelated to (A, f)), we say that a family
(Dj)iey of elements of c‘Dg is filtered if for any p > 0, the coefficients

Ci(])[al,...,ﬁm;al, . .,a,,]
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in decomposition (2.7) of Dj vanish for all but finitely many a;,...,a, € f,A and
i,j,dy,...,an.

Definition 2.3. A filtered family (H;);es of elements of 0‘52 is an Airy structure on £
in normal form with respect to (x4)qe4 if (I, ') = (A, f), and

» the degree one condition holds;

e the Eubalgebra condition holds for some filtered family ( flk]), j.ker of elements
of .,‘Dg.

A filtered family (H;);ey of elements of ﬁz is an Airy structure on E if there exist

N e C and M e CT*4 such that

o foreachi € I, N;; vanish for all but finitely many a € A;
» foreacha € A, M;, vanish for all but finitely many i € /;

e N and M are inverse to each other in the sense of (2.3), where the sums are finite
due to the previous two points;

* the family H, = Y ics MNa,i Hi indexed by a € A (which is a filtered family of
elements of O‘D% by the first point) is an Airy structure on E in normal form with
respect to (X4 )gea-

The notion of Airy structure does not depend on the choice of filtered basis,
and only depends on the equivalence class of the filtration of E. We will sometimes
omit to specify the filtration when it is evident. The existence and uniqueness of the
partition function (Theorem 2.2) extends to this infinite-dimensional setting, and for
each g, m the summation of (2.6) with a; restricted to f, A is finite, that is,
Fg¢n € Sym"(E™).

2.2. Preliminaries on the ‘W (gl,)-algebra and its twisted modules

The Airy structures constructed in this paper are obtained by considering twisted
modules of Heisenberg vertex operator algebras (VOAS), taking subalgebras of the
associated algebras of modes, and using a dilaton shift to break homogeneity. The
idea of this construction dates back to [48]. It was developed more systematically
in [9, Sections 3 and 4], and we refer to that paper for details. Here we summarise the
main points of the construction.

2.2.1. The Heisenberg vertex operator algebra and ‘W (g, )-algebra.

Definition 2.4. Let [) be a finite-dimensional vector space with non-degenerate inner
product (-, -). The Heisenberg Lie algebra associated to §) is given by

b=t ®CK)®Ch. [& +aK.nm + bK] = H{E. )8 4moK.
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where we write & = £ ® ¢/, and Cp, := (C[h%]. The associated Weyl algebra is
defined as a quotient of its universal enveloping algebra: #y = 11(5) /(K —1). The
Fock space ¥y is the representation of J{p generated by a vector |0) and relations
£10) =0 for £ € b, ! > 0. The Heisenberg VOA is the vertex operator algebra with
underlying vector space Fy equipped with vacuum |0), state-field correspondence
Y: Fy — End F[¥*!] given by

Y(0).%) = idg,.
Y(E-a]0).7) = Y &F

leZ
1 dkl_l (2.8)
Y(EL,, -7 10).7) = : R Y(£1,]0), %) -
L
Y(Efl 0}, X):,

X
(kn — 1)! dxkn—1
and conformal vector w = % > Xi 1 Xi ,10) for an orthonormal basis (x”); of b.

The W-algebra associated to the general linear Lie algebra gl, at the self-dual
level is denoted by W(gl,). It can be constructed as a sub-VOA of the Heisenberg
VOA ¥y attached to its Cartan subalgebra h == C” C gl,. We identify b with its
dual using the Killing form and take y/ € § to correspond to the roots under this
identification. Note that they are orthonormal.

Theorem 2.5 ([5,47]). 'W(gl,) is the sub-VOA of ¥y freely and strongly generated
by the elements

wi =ei(xLy,. ., (L) 10), i€lr], (2.9)
where e; is the i -th elementary symmetric polynomial in r variables.

We introduce the modes W; x and their (i-form valued) generating series W;(X)
with the formulas

Wi(X) =) ﬂ = Y(w;, )(dX)". (2.10)

Xitk
keZ

Remark 2.6. Contrarily to [9], we do not include a factor of ri~1 in the definition
of w;. Our convention is that W, x is the coefficient of X~ &+ This coincides with
the convention taken in [9, Section 3.3.4] but differs from the convention ¥~ *+1
used in the rest of [9]. We also find it convenient to consider the generating series
of modes of conformal weight i to be i-differential forms. The variable X is often
denoted by z in the VOA literature. However, in Part II, we will see that this variable
can be interpreted as the pullback under the normalisation morphism of a function
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usually denoted x for a spectral curve. For consistency, we therefore chose to use the
letter X, and use the letter z for local coordinates on (the normalisation of) the spectral
curve.

2.2.2. The mode algebra and its subalgebras. Let A be the associative algebra
of modes of W(gl,), see [40, Section 4.3]. Furthermore, let L(+4) denote the set of
possibly infinite sums of ordered monomials in #4 whose degree and conformal weight
is bounded; we equip it with the bracket #7[-, -], making it a Lie algebra.

Definition 2.7. We say that a subset S C [r] x Z of modes generates a Lie subalgebra
of L(+) if the left A-ideal generated by ®; xyes Wik is a Lie subalgebra of L ().
An equivalent condition is the existence of f(gjl,ci)(i’ k) € L (4) such that

Vi.k). G k) €S, Wi Wil =h Y [0 0o Wi
(.Dely

More precisely, it is first required that the right-hand side defines an element of L(#4),
and then that it coincides with the left-hand side.

Given a partition A - r, we set

A@) = min{m >0 le > i},

Jj=1

and we define the index set
I, ={@G,k)e[r] xZ | A(i) + k > 0}. (2.11)

Theorem 2.8 ([9, Theorem 3.16]). For any descending partition A - r, I, generates
a Lie subalgebra of L(A).

2.2.3. Twisted modules. Let 0 € &, be an arbitrary element of the Weyl group
of gl,. It is a permutation of the elements x* and can thus be decomposed into d > 1
cycles o = o1 ---04 with each cycle oy, of length r,, > 1 suchthatr; +---+rg =7.
If d = 1, then o is a transitive element. After relabelling of the elements of the basis
of the Cartan, we can assume that o, acts as

oyl ru— 24rpu—1 rTutriu—1 1+ri—1
ou: X [ ]_)X [ ]_)“._)XM [ ]_)X =11,

while keeping all other y’ fixed, where we introduced the notation r,) :== > 4_, r,

It is then easy to check that

Tu
=Y e, peld) a el by, = e
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is an eigenvector of the action of o on b with eigenvalue 97 . We define the currents
via the state field-correspondence

- o dx
JHAE) =Y (v 0), %) dX = > Jf;kW (2.12)

ke%+Z

with fractional mode expansion on these eigenvectors, after introducing the differen-
tial operators
hax;; ifk >0,
i =1h20, ifk=0, (2.13)
—k,x", ifk <0

with Q,, € C, acting on the space
T = C, y (<) eta) axol-

Note that the formal variables X and x{‘ are unrelated. The state-field correspond-
ence 7Y can be extended to the whole space Fy by using formula (2.8). This turns
(7,9Y) into a twisted representation of ¥y, whose restriction to ‘W(gl,) becomes
an (untwisted) representation of ‘W(gl, ). For details see [9, 28]. We define the rwist
modes ° W, ;. by

CWi(X) =°Y(w:. X d~i_ W, (dg)l
H(®) =T (i, ®) @R = Y Wik
keZ

where w; are the strong generators of W(gl,) from (2.9). They are differential oper-
ators acting on 7~

Lemma 2.9 ([9, Proposition 4.5 and Lemma 4.15]). For an automorphism o with d
cycles of respective lengths r,,, the o-twisted modes read

Wik= D>, > D H,M_l e (2.14)

Mcldlipelr ], neM kezM peM Tn
pin=i Y ku=k

where the Wl‘: K, are defined by

Lip/2] . i
_ MX: - lu!h]““
lu,ku P 2J“ju!(iu —2ju)!
Gw) .
X Y WG P P ]—[ T (@15)
pgju—&-l""’p;LEZ 1=2j,+1 !

2 P;L=’Mku
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with coefficients \Ililjj‘ )

roots of unity

(--+) € Q admitting a representation in terms of sums over r-th

\pf,j)(azj+1, N ,a,-)
1 r-1 J Moy —1+mays i ”
— —mja;
l! ( H (ﬁmzl/ _ 19"121/71)2 l—[ 29 )’ (2'16)
my,...m;=0 ~]’'=1 1=2j+1
myFEmy

where © = e27/T.

In terms of generating series, this lemma can be restated as

WH (%)
wmE= Y Y [

Mcldliy€lryl, neM peM it

win=i
Li/2] g ~ 5
- 1 i'h/ dx\2j
VV;'M(X) =— Z ﬁ(?) 2.17)
s 27710 =25\ X
ru—1 i
X( Z ng)(aﬂ-i-lw--,ai): l_[ J”“’a’(f)i)-
A2 41 5eees a; =0 1=2j+1

If we also take a generating series in i by defining

WH(F, 1) = &

Tu i .
+ YW@,

B
H i=1

;
WEu) = u" + Y W@
i=1
this can be written compactly as

d
WEu) =[] raWHE w).
n=1

Introducing the filtered vector space

d d
E=PPcy). E,=PPCci. (2.18)

k>0 u=1 k<pu=1

we see from the condition of summations in (2.14)—(2.15) that each W; ; belongs to
the completed Weyl algebra i)g according to the definitions in Section 2.1.2. Even
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more, any family (W, ) x)er for which miny kK > —oo is a filtered family of ele-
ments of 5‘55’5 Our goal is to construct Airy structures from these operators. The
degree one condition requires the operators to have the form #d 4+ @ (2). Unfortu-
nately, © W, . does not have this form as it is homogeneous of degree deg® W, =i
in view of (2.14). Thus in order to construct an Airy structure, we first have to break
this homogeneity.

2.3. Airy structures from twisted ‘W (g, ) modules

We can now summarise the main findings of Part I. Before presenting the new basic
Airy structures we have found in Section 2.3.2, we review in Section 2.3.1 the ones
known from [9]. Section 2.3.3 gives the general form of the Airy structures that can be
obtained by deformation of those basic ones through conjugation in the Weyl algebra,
which will be important for the correspondence with spectral curves in Part II. This
provides so far sufficient conditions on the parameters of our construction so that
it does produce Airy structures. It is natural to wonder if these conditions are also
necessary (classification problem). In Section 2.3.4, we summarise the conditions we
have found necessary to get Airy structures.

2.3.1. From a twist with a transitive element. First, let o be a transitive element,
i.e.,d = 1. Then
o k= rl—l VVi,lk’

and to simplify the notation we can omit the superscript 1. One can break up the
homogeneity of the differential operators ° W, i by performing a dilaton shift

Jog— Jog—1 (2.19)

for a fixed s > 0 while keeping all other J, for @ # —s unchanged. Formally, one
defines

. A J
Hig =T Wy T, T:= exp(—ﬁ).

It follows from the Baker—Campbell-Hausdorff formula that conjugating with T
means shifting the Js as in (2.19). The action on the completed Weyl algebra i)g is
then well-defined. Then, certain subsets of the modes “H; j yield Airy structures.

Theorem 2.10 ([9, Theorem 4.9]). Let 0 € &, be transitive and s € [r + 1] with
r = x1 mod s and Jo = 0. Let us define A™* &= r to be the descending partition

(r) ifs =1,
AT =2 (17 ifs=r+1, (2.20)
(" + D7 ()) ifr =rs 4" withr” € {1,s — 1}
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Then, the family of operators
ri_l UHi’k, I € [r], k>1 —lr’s(i) + 5,',1

forms an Airy structure in normal form on E = @;.., C(xx), seen as a filtered vector
space when equipped with the filtration Ej, = ;< » C (xke)-

The partition A™* chosen in (2.20) to define the mode set determines the sub-
algebra associated to this Airy structure by using Theorem 2.8. The corresponding
Young diagrams are depicted in Table 1.

r,s s=1 r=r's+1 r=r's+s—-1 s=r+1
r boxes (r’+1) columns (r"+1) columns

Table 1. The partitions A™>® associated to different values s.

2.3.2. A generalisation to arbitrary twists. Let 0 € ©, be a permutation with d
cycles of respective lengths ry, ..., 74, so thatry + -+ + rgz = r. Then the differential
operators ° W; . act on the space

Ch% [(xg)/LE[d],a>O]-

Again, we will break up the homogeneity of W,y by performing a dilaton shift.
There are d independent families of variables (x4 ),>¢ labelled by u € [d] in which
we can perform the shift. Two types of shifts will in fact lead to Airy structures:

» simultaneous shifts in each of the d sets of variables;

* simultaneous shifts in all but one set of variables, and the label p of the unshifted
set of variables corresponds to a fixed point r;, = 1.
Let us thus choose s, € N* U {co} and, for each p such that s, # oo, ¢, € C*, for
each u € [d] and define
~ A~ A J
Hiyp=T-Wy - T, T:= ] exp(—rutuh—“). 2.21)
weld]: sy #oo S
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We chose to include a normalisation factor r, to simplify later computations. Remem-
ber that conjugating with 7" means nothing but shifting

Vueldl, keZ, JY —JY —rutubis,

and its action on the completed Weyl algebra 0‘52 is well-defined. It turns out that,
with the right choice of parameters, certain subsets of these operators °H; ; indeed
form an Airy structure.

Theorem 2.11. Letd > 2, ry,...,rg > landsy,...,sq € N* U {oo} be such that
n.n, ..M (2.22)
S1 S2 Sd

Let Q1,...,04€C, t1,...,tg_1 € C* and ty; € C* if s # oo. Assume that

d
Z Q. =0, t/ #tl" whenever i # v and (ry,s,) = (rv,Sy).
n=1

Define r = Zﬁ:l ry and let o € ©, be a permutation made of disjoint cycles of
respective lengths (rq,...,74). Assume that

e ry =—1mod s;;
o sy =1foranyp ¢{1,d};
¢ rg = 1 mod Sd,

and define A &= r to be the descending partition

. {((r; + 1 ra s a0 ifra # 1 023

((ri+1)S‘,r2,r3,...,rd_1) ifrg =1,

/e r .
where we set r), = Lﬁj Then, the family

Hip, i€lr], k>1-=240)+6i
is an Airy structure (not necessarily in normal form) on the filtered vector space E
given in (2.18).

We call the case s; = oo the exceptional case and the other case the standard
case. The proof of the theorem will be presented in Section 3. The exceptional case
d = 2 was already obtained in [9, Theorem 4.16].

Remark 2.12. Note that the conditions imply that s; € [r; + 1] and if 77 > 1, then
Sq € [rqg —1].
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The partition A in (2.23) can be depicted as

rp+1

~

Sd =

A =r;+1
Az =r+1
— ’
As =r+1
)a\'|+1 =7y
Asl+2 =7r3
Asivd—2  =Tg-1
Asi+d—1 =r)
Asitd =rg

p— !
Asi+sa+d—2 =Tg

18

(2.24)

In the case ry = 1, the last block r(’ls 4 is simply absent. Going through all cases,
one thus finds that every descending partition A - r is either of the form depicted
in Table 1 or of the form (2.24). This implies that all the subalgebras mentioned in
Theorem 2.8 support two Airy structures: one standard and one exceptional.

Theorem 2.11 guarantees us the existence of a partition function Z solving the
system of differential equations (2.4) associated to the operators “H; ; but especially
the conditions on the choice of the integers (7, Su)ﬁ=1 are rather restrictive. It turns

out that if we content ourselves with the existence of a partition function that solves

. . . L .
the differential equations (2.4) only up to corrections in 72, we can relax the condi-

tions on the input data drastically.

Theorem 2.13. Suppose that (tu)ﬁ=1 satisfy the conditions stated in Theorem 2.11

while (1, SM)fi=1 are subject to
L]

ry = 1 mod s, forall p € [d].

§,, = oo for at most one | € [d] and in this case r,, = 1.

* Forall py # o with sy,; > 2 such that either

Ty, = 1 mod sy,
or
Fu, = —1mod sy,

one has L;’j—:J + L:I‘j—ij

and 1y, =1mod s,

and 1y, = —1 mod s,
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e Ifthere are pairwise distinct Ly, (L2, L3 € [d] with L:Z—l] = L:‘;—;J = L:Z—zj, then
there is anm € {1,2, 3} for which s, = 1.

Then the family
°Hix, i1€]r],k

%

1= AG) + 8ia

satisfies the degree one condition of an Airy structure and there is a unique solution
Z =exph™1Fyto

Vielr] k>1-AG)+ 681, Z 'Hi Z-1=o(h?) (2.25)

with Fo = Y, -5 - Fo.n, where Fy, € Sym™ (E*).

n=3 p!

Here, the partition A specifying the mode set is obtained from the concatenation
(ATSt o ATd-Sa) | which is built from the partitions A™#5# specified in Table 1,
by shifting a box from the first row of A"u+1-5u+1 to the last row of A"+« for each
i € [d — 1]. In this construction, we are assuming that we chose a labelling satisfy-
ing (2.22). See also equation (3.21) for an explicit description of this partition. The
proof of Theorem 2.13 can be found in Section 3.4.

2.3.3. Arbitrary dilaton shifts and changes of polarisation. In order to connect
with the theory of the Chekhov—Eynard—Orantin topological recursion, we ought to
be able to conjugate the ® W, ; with more general operators, inducing dilaton shifts
in several of the variables and also making a change in polarisation. This section is
completely parallel to [9, Section 4.1.5].
First, let us consider a general dilaton shift
T = exp( Z (h_lF() 1[ K ] +h_%F1 [ ® ])J_Ig)
L —k 5,1L—k A

neld]
k>0

su=min{k > 0| Fo1[ /] # 0}

with arbitrary scalars Fh,l[ » k] for h € {0, %}. The seemingly complicated way to
denote these scalars will become natural in Part I, see, e.g., equation (5.14). Effect-
ively, this shifts
1
T = T+ Foa[ L ] +1n2 Fy ([ 5]

and by construction of the completed Weyl algebra, its action on iA)g is well-defined.
It should be interpreted as a deformation of the case where there is a single non-zero
shift

F()’l[ i ] = —Tuly. (2.26)

—Su

The F 11 give an extra possible deformation as we have allowed half-integer powers
of #.
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Another deformation we would like to consider is the change of polarisation,
given by conjugation with the operator

s 1 W JET)
k’,l>0

where Fo [ %, ) | are arbitrary scalars. Effectively, it shifts

Jl)
JE = TR+ Z Fool * l . (2.27)
veld]
>0

Once again, the action on f)g is well-defined. We want to consider the conjugated
operators
"Hip = ®T - "Wy - T ' (2.28)

Theorem 2.14. Defining t,, by formula (2.26) and with the same conditions for d,
(Fes Sus tu, QM);"l=1 and the same range for (i, k) as in Theorem 2.11, the operators

9H; i in equation (2.28) form an Airy structure on E.

Remark 2.15. In the same vein, the result of Theorem 2.13 with the exact same
conditions on (7, Sy, tu)ﬁ=1 holds for the operators (2.28) as well.

These results are proved in Section 3 and will be reformulated in terms of spectral
curves in Section 5.

2.3.4. Necessary conditions. It turns out that for a family of differential operators
(°H; x;) of the type considered in Section 2.3.2, i.e., Fo.1[% | = —rutubk,—s,, the
implication in Theorem 2.13 can be reversed.

Proposition 2.16. For a family (°H; x)k>—a)+s;, of differential operators as de-
fined in formula (2.21), there exists a solution Z to equation (2.25) if and only if
(s Su,s tu)ﬁ=1 satisfy the conditions in Theorem 2.13.

To prove this proposition, we will exploit a reinterpretation of the results of this
section in terms of spectral curves which will be presented in Section 5. The proof of
this proposition can be found in Section 6.3.

Motivated by Proposition 2.16, it is natural to ask whether the sufficient conditions
stated in Theorem 2.11 for the family of differential operators to be an Airy structure
are also necessary to impose in order to guarantee an all order solution to the asso-
ciated system of differential equations. We will investigate the analogous question
phrased in the setting of spectral curves in Section 6 by analysing the symmetry of the
multidifferentials wp 3, wp 4, and @1, which are the counterparts of the free energles
Fo,3, Fo,4 and F1 - Doing so we can prove that for generic values of (7, Qu)
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most of the conditions stated in Theorem 2.11 are also necessary, and we believe that
a more thorough analysis would actually lead to the conclusion that they are all indeed
necessary.

Proposition 2.17. Letd > 2, r1,...,rg > 1 and s1,...,54 € N* U {oo} be such
that ;—i > 0> :—Z and choose A as in (2.23). Assume that for all Q1,...,Q4 € C,
1,....t5-1 € C* andty € C* if s4 # oo such that

d
Z 0, =0, and t; #1tl" whenever u # vand (ry,sy) = (rv,sv),
n=1

the operators (°H; )k>—a(i)+6;,, defined in formula (2.21) form an Airy structure.
Then necessarily

¢ = —1 mod S1,

o sy e{l,2}forallp ¢ {1,d};
e rg =1modsy.

Moreover, for d > 2, if (r;, su) = (rv, Sv) for i # v, then necessarily s, = s, = 1.

Again we need to postpone the proof of this proposition to Section 6.3 since we
first have to establish the required tools. Besides that, in the course of the proof of The-
orem 2.11 in Section 3, we will see that coprimality of r,, and s, and non-resonance
condition for the #,’s (Remark 3.4), as well as non-vanishing of all but maybe one
dilaton shift (Remark 3.16) are obvious necessary conditions to obtain Airy struc-
tures with our method. The assumption ZZ=1 0, = 0 may not always be necessary,
and we obtain finer information on this in Proposition 6.7, but we adopted it here to
simplify the statement of Proposition 2.17.

2.3.5. Half-integer or integer powers of %#? There are several reasons to allow
half-integer powers of # in Airy structures instead of just integer power. Our con-
struction admits natural extra degrees of freedom when o has at least two cycles,
namely the parameters Q in Theorem 2.11. This is relevant for applications to open
intersection theory, where we have to allow indices g to be both integer or half-
integer, see Section 8.1 and Theorem 8.7. As it does not lead to any complications,
we write the whole article allowing g € %Zzo. The possibility of half-integer genus
was already addressed in [9], which called such Airy structures crosscapped. If all
monomials in H; only feature integer powers of # then Fy , in (2.5) vanishes for
half-integers g. It is therefore straightforward to specialise our results to allow only
integer g, as is more common in topological recursions. Let us however note that
half-integer g already made their appearance in certain other applications of the topo-
logical recursion, such as non-hermitian matrix models [22], enumeration of non-
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orientable discretised surfaces [23], Chern—Simons theory with gauge groups SO(N)
or Sp(2N) [11], etc.

2.4. String, dilaton and homogeneity equations

In this section, we give more explicit forms of some of the lowest order constraints of
the Airy structures found in Theorems 2.10 and 2.11. In the particular case of a trans-
itive twist or its exceptional analogue, we obtain the dilaton equation. With a transitive
twist and s; = r; 4 1 or its exceptional analogue (i.e., for the Airy structures already
known from [9]), we also get a string equation. The string equation does not occur in
any of the other (new) Airy structures.

Lemma 2.18. Let us consider one of the Airy structures from Theorem 2.10 or Theo-
rem 2.11. For any g,n > 0 such that2g — 2+ (n + 1) > 0, any i, 1, ..., n € [d]
and pi, ..., pn > 0, we have

[ S R )
Z IMFg,n+1|:Su P1 - DPn ]

2
Pm [l =1 0
ij— gn ]+8g 15,1()( 24 +E> (2.29)
Proof. We express the constraint °H;— x—o - Z = 0, as it is always part of the Airy
structure. From (2.14)—(2.15) and taking into account Jéj’ = h2 0O, and the evalu-

ations

1
g1, 92) = 5 *8r1418r10> = 78r1a1442),

(2.30)
2_1)
v (g =_r(r ’
W@y =222
we obtain
Wiz k= o—Z quo‘f'z va‘i‘ZWleo
=1 T ey n<v
k>0
d
:Z(Zru rulk — _]M JM (M_I)Qﬁh_(ri_l)h)
=1 k=0 Tu 2ry, 24ry,
hQMQv
n (ZJ W+ ) 2.31)

n#v k>0
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To get °H;—5 x=0¢, we have to apply the dilaton shifts Jf“su — Ji‘su — ruty, which
simply results in adding a term ZZ:I tud. s’; to (2.31). Expressing the constraint

d
Vk >0, °Himyx-Z = (ij;k)-z =0,
n=1

and using the assumption Zﬁ=1 0, =0, we see that °H;—5 y—¢ - Z = 0 implies
that Z is annihilated by the operator

d 2 2
1 ro—1 0
no_ I 0 1 1 1
Z {t“JSu Z Ik h( 24r + 2r )}
=1 “ w

F
k>0 M

By the representation (2.13) of the Js, this yields (2.29) for the coefficients (2.5) of
the partition function. |

The partition functions of these Airy structures foroc = (1---r)or (1---r — 1)(r)
(already constructed in [9]) enjoy an extra property of homogeneity, which turn (2.29)
into an analogue of the dilaton equation.

Corollary 2.19. Assume d = 1 and (r1,s1) = (r,s) with r = 1 mod s. Then, the
coefficients (2.5) of the partition function of the Airy structure from Theorem 2.10
satisfy Fgn[p1, ..., pn]l = 0 whenever > n_ pm # s(2g — 2 + n), and the dilaton
equation

r2—1
Fg,n-‘rl[S,plw--’pn] = S(zg_2+n) Fg,n[plv---apn] + 12—48g,18n,0-

Corollary 2.20. Assume d = 2, r; = —1 mod sy, (r2,52) = (1,00) and t; = ﬁ

Then, the coefficients of the partition function of the Airy structure described in The-
orem 2.11 (also appearing in [9, Theorem 4.16]) satisfy

1 17—
Fenl pi 2 pu]=0
whenever Y . _1 Pm # $1(2g — 2 + n), and the dilaton equation
Fenvilsi 7 pu ] = 5128 =24m) Fenl p, 7 p, ]

2 2
ri—1 (rn+1)03
+( YR 2 )85”15”’0‘

The proof of these two corollaries goes by induction on 2g — 2 + n > 0, analysing
the Airy structure constraints.
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Proof of Corollary 2.19. In this case, we only need to consider g € Zx¢. The Airy
structure is in normal form up to an overall normalisation, and we can decompose for
ie(rlandk > 1—A(),

. hi N
P = g~ Y G 2o COMERgr . qed gy T

Lj€Zy  qe(Z*)t
2<l+2j<r

where T1(i, k) := rk + s(i — 1). Setting Fo2[p1, p2] := |p1|8p,+ps,0, [9, Corol-
lary 2.16] gives the following formula for the coefficients of the partition function:

COpilg1.....qd
Fg,n[plvu-,pn]z Z Z

|
i€l ¢ =Ty
2<l+2j<r
qe(z*)*
1
> [T Fnolot+isoi@o. iy (2.32)
ko (n] pPEP
h:p—>Z>0

]+ pep(hp—D)=g

Here, p F [¢] means that p is a set of non-empty subsets of [{] which are pairwise dis-
joint and whose union is £, and for p € p we denote q, := (¢m)mep- Then, p =, (1]
is a family of (possibly empty) pairwise disjoint subsets j, of (1] indexed by p € p,
whose union is (n]. The double prime over the summation means that the terms
involving Fo 1[gm] or Fo 2[qm,gm’] are excluded from the sum. We note that the sum-
mation condition is equivalent to

20 —24n+(1-€=2j) =Y Qhy—2+]p| + 1))
pEP

Since £ + 2j > 2, this is indeed a recursion on 2g —2 + n > 0 to compute Fg ,
starting from the value of Fy».

The coefficient Fy, obviously satisfies the homogeneity property. Assume the
Fgr v for0<2g"—2+n' <2g — 2 + n satisfy homogeneity. So, the summands that
can contribute to (2.32) are such that

sQg—=24n+(1—L=2/) =) shy =2+ |p| + |1,])
pPEP

Y/ n
=> "0+ > Pm (2.33)
=1 m=2

Writing p; = I1(7, k) and applying the dilaton shift J_g — J_; — 1 to (2.15), we know
that C )[p,|q] is a linear combination of terms inside which Zle q; — st =rk,
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where £ + ¢/ =i — 2j. Hence

L
> qr=p1+s(1-2j-0). (2.34)
=1

Together with (2.33), this proves homogeneity of F ,. By induction, homogeneity is
established for all g, n.
We then apply Lemma 2.18. In our case, there is a single u, t;, = i and 9, = 0.
Using homogeneity to simplify the right-hand side of (2.29), we obtain
r2—1

Fg,n-}—l[sa ply---,pn] = S(2g—2+n)Fg,n[p1,---,Pn] +5g,08n,17~ u

Proof of Corollary 2.20. The argument is similar and we only point the minor differ-
ences that must be taken into consideration. Although half-integer g and j are now
allowed, this does not spoil the sum constraints appearing in the recursive formula
for Fy , and which were used in the argument. According to (2.14) and (2.21), we
have fori € (r; + 1]

—(@i-1) 1 1 2
THix =1 (VVi,k + > erVi—l,k’Jk—l—k’)
k'eZ

, (2.35)

Jlsl—>Jlsl—1

where by convention erl flk = 0. The analysis of the previous proof applies to the
term Wilk. Due to the equation °H; - Z = (Jrllk + sz) = 0, we can obtain a recur-

sion in normal form involving only Fj , [ i i }k ] by substituting

0 if ky < 0,
J2 > —h2Q1 ifk, =0, (2.36)
—Jh e ik >0

in (2.35). This converts W_il—l,k/sz—k’ into —MLI,k,Jrll (k—k") OF 0, and makes it con-
tribute to a coefficient C)[py|q1, ..., q¢] where now g = r(k — k') and

-1
(qu) — 51 =k
=1

with ({ — 1)+ ¢ =i —1—2j. Hence

¢
qu =rik—sil' = p1 +s1(1—-2j — 1),

=1

which is the same as (2.34), and this is all what we need to repeat the previous proof
and establish homogeneity.
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We then specialise Lemma 2.18 to our case, that is, t; = % and t, = 0, while

Qo =—Q;. Setting u; = 1 foralli € [n]in (2.29) and using homogeneity to simplify
the right-hand side, we deduce

Fenti[sy p 5 py | =51Q8 =24 ) Feu p, 7 p, |

n <r12—1 (rn+1)0%
24 2

)sg,lfs,,,l. =

For the two above cases, we also have a string equation when s; = ry + 1.

Lemma 2.21. Assume d = 1 and (r1,s1) = (r,r + 1). Then, the coefficients of the
partition function of the Airy structure described in Theorem 2.10 satisfy

n
Fg,1+n[1’pl7-~~’pn] = Z meg,n[pl’--wpm—l’pm _r,pm+17~~~apn]
m=1

+ 8g,05n,28p1+p2,r-

Lemma 2.22. Assumed =2, 51 =r1 + 1 and (r2,52) = (1,00). Then, the coefficients
of the partition function of the Airy structure described in Theorem 2.11 satisfy

n
1 1 - 1 _ 1 .or 1 1 1 ees 1
Fg,1+"[1 D1 - Pn] = E :PmFg,n[m “* Dm—1 Pm—T Pm+1 " Pn]
m=1
+ 8¢,00n,20p, 4+ po.r + Sg,%(gn,ISPl;r Q1.

Proof. The string equation corresponds to the operator H;—5 x—_1, which is only

present in the Airy structure ford = 1 whens =r + 1, and ford =2ifs; =r; + 1.
The proof of the above relations is then similar to the one in Lemma 2.18. |

3. Proof of Theorems 2.11, 2.14, and 2.13

The first part of this section is devoted to the proof of Theorems 2.11 and 2.14.
These theorems state that certain collections of operators (°H; ) k)esr defined in
equations (2.21) and (2.28) are Airy structures. In fact, we only prove the second the-
orem, and note that the first is a special case. We first prove this in the standard case,
proceeding as follows:

) The operators of an Airy structure must be of the form J2* + @ (2). It is
thus necessary to first identify the degree zero and degree one term of “ H;
in order to check this condition.
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(II)  In general, one will find that

aHi,k =Cik+ E M(i,k),(p,,a) J# 4+ 0(2) 3.1
neld]
acZ

for some matrix M and constants ¢; . This means that for generic i, k, we
may expect terms proportional to J*, = a x%. We will thus construct an

index set I C [r] x Z such that for all (i, k) € I, we have
ik =0 and Mgk (uae =0 ifa <0.

(IIT)  Nevertheless, even restricted to I the degree one term (3.1) is in general
a linear combination of many J/}'s for @ > 0. In order to bring the operators
into the normal form of an Airy structure J/* 4+ @(2) where each (i, a)
appears in a unique operator, we will show that the matrix M restricted
to [ is invertible under certain constraints on the dilaton shifts. One can
then obtain the operators

HY = Y (M) ua) o Hike = hd e + 0(2),
(el

which are of the desired form.

(IV) The modes (Hif“ )(11€[d], a>0) satisfy the subalgebra condition if and only if
the (°W, k) (i,k)er do. The latter is satisfied when / is induced by a des-
cending partition of r as specified in Theorem 2.8. This criterion thus
allows for an easy check of whether the mode set constructed in (III) satis-
fies the subalgebra condition (2.2) of a higher quantum Airy structure.

Together the results of (III) and (IV) will directly imply Theorem 2.14 and hence
Theorem 2.11 in the standard case. The steps (I) to (III) will be carried out in Sec-
tion 3.1, and step (IV) is performed in Section 3.2. In Section 3.3, we treat in less
detail the exceptional case, as it resembles the standard case in many ways.

The purpose of Section 3.4 is to prove Theorem 2.13 that addresses the question
in which case the operators °H; ; admit a partition function solving the associated
system of differential equations to leading order in A2 . We will start in Section 3.4.1
by deriving sufficient conditions for this question to have a positive answer for general
families of differential operators satisfying the degree one condition. Then we apply
this result to our case at hand and finally prove Theorem 2.13 in Section 3.4.2.

First, let us recall some notation. Let 0 € &, be a permutation with d cycles of
respective length r,, such that r = ry + --- 4 rg. We can then define the dilaton shifted
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modes
~ ~ ~ J!
“Hi =T Wi T Ti=exp () 0" Foa[ 4]5).
ueld]
k>0

Syt m1n{k>0|F01[ ]750}

which in the following are the central objects of study. Here © W, i are the o-twisted
modes from Lemma 2.9. Compared to equation (2.28), we do not introduce the coef-
ficients F 11 and Fy» here yet, as it turns out these are not important for most of the
proof. As in equation (2.10), it will be useful to gather these in a generating function,

~ ng di i ~ ~ ~_
H® =) (%) =T m@- T
keZ

We will also recall from equation (2.12)

dx
a3y . n
JEAF) = Z Jmk;gk+1
ke +Z

and define J*Y(X) = Zr“ e 4(X). To treat these currents more uniformly, we
introduce C = | | =1 C «» the union of d copies of a formal neighbourhood C of
the origin in the complex plane. We use the notation (% ) for the coordinate in the C -
We define a function X: C — C by X(#) = z"+. See Part II for more on this viewpoint.
We then define a unified current

JH(E(2) dx

wy - Iz

J(2) = u Z Tk I xk/ru-i-l Z k zk+1
keZ keZ

The factor of r;, in the denominator is a convention making (3.2) simpler. We some-
times omit w from the notation and simply denote z € C. With these notations, we
see that the dilaton shift induces

J(z) = J(2) + wo,1(2), wo,1(%) —ZFOI ZF 14z
k>0
We also use the shorthand notation 7, = ——- F() 1[_s ] for the leading coefficient.

3.1. The degree one condition

In this subsection and the next one, we assume that all s, are finite. Let us begin by
identifying the degree one component of “H;. Let 1 be the projection to degree one.
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Lemma 3.1. Foranyi € [r],

mCHi (€)= Y Yo J@ [ woa(@). 3.2)
zeX1(§) ZCx L (O)\{z} 4
1Z|=i=1
So we have
mCHig) = Y Mgy Ti (3.3)
neld]
a€’l

with a matrix M k), u,a) having the property that, for each (j, a), there exists K 4
such that for any i € [r] and k > K, ,, we have M k),(u,a) = O.

Note that the right-hand side is a symmetric function in the elements of X~ 1(§),
and therefore it contains only integral powers of &.

Proof. From equation (2.17), we see that © W; (§) is a linear combination of currents

N E ﬁ JHar gy,

WEM 1=2j,+1

After the dilaton shift, these will only contribute to the degree one component of
°H;(§)if j, = Oforall u € M. We have

1
new@=n( Y Y [T ¥ wekhed
Mcldlipelrul, neM neM T Nkt gl eo,r,)
Y in=i H

<: [TT1 JHal (&) )) (3.4)
neM =1

and therefore on the right-hand side we need to take the contribution of the shifts in
all factors but one. Definition (2.16) of the WO jg nothing but a sum over subsets of
Galois conjugates of the function X, so we obtain

S w0y o= Y T1()-
=1

€lo,r) 29’|z—|1 @NCy 7'€Z
Z\|=iy,

alf,...all
The sum over M C [d] in (3.4) “globalises” this sum of subsets from one compon-
ent C « to all of C. As stated before, the degree one projection extracts the dilaton
shifts of all but one (the choice of z) of these factors, which proves (3.2). We obtain
the matrix M by expanding this equation in § and collecting the contributions of
JJ'. The vanishing property comes from the fact that wg; contains only nonnegative
powers of z. |
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We will restrict the range of indices on both sides and show that the matrix M
is invertible in order to bring the differential operators into the normal form of an
Airy structure. But first, we would like to see that this matrix is invertible without
restricting it to any subspace yet. Define

r

TH(Ew) =Y Hi )

i=1

Then

mCHEW) =Y Y > I [] @eau

i=1zex=1(§) Zcx 1 (E)\{z} z'ezZ
|Z|=i—1
= Z J(2) 1_[ (u + wo,1(2")). (3.5

zex~1(§) X~ 1(H)\{z}

We are looking for the inverse to this operation. Remember from (2.26) that for any
w € [d] we write 1,, := —% Foal 2. |-

Lemma 3.2. Assume gcd(ry,,s,) = 1 for all p € [d] and t;f‘ # 1, for any distinct

WU, v such that :—Z = % Then the currents can be recovered from 71 (°H (€, u)) as
Sfollows:

w1 (CH(X(2),u))du

J(z) = Res . (3.6)
u=-wo,1(z) Hzfeg—l(sg(z))(u + wo,1(2"))
Proof. 1f we plug equation (3.5) back in equation (3.6), we get
Res Yo J© ]I @@
u=-wo,1(z) __T7 e
tex—1(%(2)) grex—1(X(2\{¢}
_ J(¢)du

X u+wo1(z")) 'du = Res —_—

Il « 01(z)) u=—wg,1(2) 2 U + 0,1(%)

2/ex—1(%(2)) tex—1(X(2)

Because we took z in a small neighbourhood of zero (but of course not zero itself), the
conditions of the lemma ensure that all wg,1(¢) for ¢ in the same fiber have different
values. Therefore, the only contribution to the residue comes from ¢ = z. |

Remark 3.3. The other inverse relationship,

mCHEW) = Y [] @+waE)
zex~1(§) z/ex~1(O\{z}
T (CHEX(z),u')) du’
x  Res ; e
u'=—w,1(2) Hz’e}c'*l(k'(z))(u + @o,1(2"))

follows immediately from Lagrange interpolation since 71 (°H (X(z), u)) is polyno-
mial in u.
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Remark 3.4. For Lemma 3.2 and Remark 3.3 to work, all we really need is that wg ;
takes distinct values on all elements of the fiber of X near the ramification point £ = 0,
i.e., the map (X, wo,1): C — T*P! is an embedding into a punctured neighbourhood
of the ramification point. The conditions ged(ry,s,) = 1 and tlrf # 1" for pu # v
such that ;—Z = ;—“j ensure this. Though in general not necessary at this point, it will
become crucial to impose these stricter conditions in Lemma 3.11. See Remark 3.12
for this.

In the undeformed case, i.e., if wp,; is monomial, this is in fact necessary as well
as sufficient. Indeed, suppose we are in the setting of Theorem 2.11 and there is a
for which ged(ry, s,) = d,, > 1,letz € Cy., and let ¥ be a primitive ry-th root of
unity. Then

x(z) = X(ﬁrﬂ/dﬂz) and Q)O,I(Z) — a)o,l(ﬁr”’/d"’z)_
So in equation (3.5), the dependence on J1' is given by

piz)
2 exH—l(s)(u el ))Z u +wo 1(15"2)

= I1 @+ ())mféuZ Horrsturos)
B " @o,112 u —+ a)o,l(ﬁiz)

z/eX~1(§)

Performing the sum over j, we see that 71 ("H (£, u)) only depends on J/} for d,, | a.
Therefore, it is impossible to retrieve all J4* from 7y (°H).

In the case u # v such that :—ﬁ = ;—: and t;f: = 1,,”, the situation is similar. First
note that by redefining the local coordinate on C,,, we can actually assume ¢, = ¢,.
Writing the local coordinates as z € éu and z’ € C,, we then have a)o,l(lﬁ‘i z) =
wo,1(¥'z') for all i € [r,]. By the same argument as above, 71 (H) then depends
on J} and Jy, only in the combination Ji' + J2, so again we can never retrieve the
individual J;' and J.

Since the wg,; are power series with exponents bounded below (by s, on com-
ponent C 1), we can see that for any 7, the set of k such that °Hj; ; gets a contribution
from J}* witha <0in equation (3.2) is bounded from above. Therefore, the following
definition makes sense.

Definition 3.5. For i € [r], we define k. (i) to be the smallest K such that for all
k > K, m1(°H; ;) given by equation (3.2) lies in the linear span of J;" with y € [d]
and a > 0 solely.

Analogously, for i € [r] we choose kmm(l) to be the lowest bound for which

m1(°H, ) with k > k=, (i) only features J;* with € [d] and @ > 0.
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It turns out that K~

in (i) can be approximated as follows.
Lemma3.6. If{l > - > :—Z and ged(ry, s,) = 1 forall p € [d], we have k. (i) <

b (i), where

_LSI(::I_I)J+8i51’ lfl <r,
IEIETE) YR S no<i<rg,
b:s(l) — r ‘ 1 r ' (37)

_Lsd(i_r[d—l]—l)
ra

I =S@a—1+8i14r 1y, Fa-1<i=r,
where for a subset M C [d] we denoted xpr := ) cpg T and sy = 3 cpr Su-
Proof. Recall that k is the exponent in

m(‘;li,k) (c;_é)"'

As we also get i factors of dg—g on the right-hand side of equation (3.2) (one from J

(3.8)

and i — 1 from the wy,;), we will concentrate on the remaining powers of &.

From Lemma 3.1, we see that in order to determine an upper bound k,.x € Q for
the exponents k in (3.8) for which we get a non-vanishing contribution from J4 with
a < 0 it suffices to inspect @ = 0 and to take only the leading order of all wy ;s into
account. More specifically, to make k in (3.8) as large as possible, we need to choose
the wo,1s efficiently: an wp,; on branch v has leading order (z")*” dz—z,/ = E% %. So, to
minimise the power of £, we need to take f—z minimal, i.e., :—5 maximal, i.e., v minimal.
From this it follows that the maximal k such that J a*, a < 0 can contribute is found
by first taking all r; factors wp,; with arguments on component v = 1, then the , on
component v = 2, up until we get to i — 1 factors.

Ifi € [r1], we get —kmax = %(i — 1) from this, while for i € (rp,—1y, ryyl, we
similarly get

kmax = (0 — F l)su—{—lilsvr
max [n—1] i L r V.
Of course, it might still happen that the coefficient of the power £ ¥ vanishes due
to cancelling contributions of different combinations of wo,1s. However, in any case
kmax € Q is an upper bound for k € Q for which JJ with a < 0 can still contribute.
Therefore,

kia($) < min{K €7 ‘ K > =(sgu- + G = rgen - 1)%)}, (3.9)
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where i € (r[,—1], r[y]. Finally, let us argue that the right-hand side of the above
equation is nothing but d7 (i) as defined in (3.7). If i € (ryu—1y + 1, ry), this is
clearly true, as then (i — r[M_l])i—Z ¢ 7, and taking the integral part implies strict
inequality. If i = rp,_1) + 1, we need to add 1 to obtain strict inequality, explaining
the Kronecker delta in (3.7). ]

Remark 3.7. For generic wy,1, i.e., generic values for dilaton shifts, we even have
kpin(@) = D7 (i) for all i. Indeed, it should be clear from the proceeding discussion
that the case k(i) < d (i) can only occur if the leading order inspected in the proof
of Lemma 3.6 vanishes. This can only happen if £ %m gets contributions from several
combinations of wo, 18, which however is only possible if in the case i € (r[,—1]. F[]
we have a v # pu with ;—5 = :—Z This can be compared in Part II to the results of

Lemma 5.4 and Proposition 5.13.

The lower bound k=

—in can be approximated in the same way.

Lemma 3.8. If :—i > > oand ged(ry, s) = 1 for all € [d], then we have

d
kriin(i) < dZ(i), where

Sull = rp-1—1

Tu

brz’s(i) = —L J — S[M_l], i€ (I‘[M_l], r[M]]. (3.10)

Proof. By the same arguments as in the proof of Lemma 3.6, we have
, . , § .
kiin(l) < mln{K e’z ) K > —<S[M—1] + (0 =rp—1— l)r—M)}, i€ (rp—117ul-
"

The right-hand side of this equation is of course nothing but (3.10). |

From now on, we will always assume that g—i >0 > :—Z if not stated otherwise.
The modes selected with the help of b7 (i) via

Hij. i €[r]l. k= b @)

shall be shown to be an Airy structure for certain (r, Su);‘i=1' For future reference,
let us therefore define the following index set.

Definition 3.9. We define the index set /. to be
I7={G. k) e[r] xZ |k = b (i)} (3.11)

with b (i) as in (3.7). Analogously, we set 1% = {(i,k) € [r] X Z | k = dZ(i)}.

With the fact that k7 (i) < d7(7) and equation (3.7), we have two different char-
acterisations of /,7. The first property tells us that for (i, k) € I the degree one
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projection of °H; j is a linear combination of J;° with a > 0 only while the charac-
terisation in (3.7) will be important later in order to check whether the modes satisfy
the subalgebra condition. In the following, we will need yet another characterisation
of I7.

Lemma 3.10. For (i, k) € [r] X Z, we have (i, k) & 1. if and only if for all u € [d],
ru(k 4+ sp—17) + s (i —rpp—13—1) <0. (3.12)

Proof. First, letus take (i, k) € [r] x Z for which equation (3.12) holds for all i € [d].
Then especially it holds for A € [d] chosen so thati € (r3—1], F[a]]. In this case, (3.12)
can be rewritten as s

= —é(z’ —rpeg — 1) = sp. (3.13)

which in comparison with (3.9) means nothing but k < b7 (i) and thus (i, k) ¢ I ..

For the other direction, suppose (i, k) ¢ I,”;. Then again if we choose A so that i €
(ra—11, r (2], the statement that k < d.((i) translates into (3.13). Hence, for arbitrary
W € [d] we can use the inequality in order to obtain

rulk +sp-11) + 500 = rye— —1)

FuSa .
< (su - ﬁx )(l —rp—1] — D) + s, (rp—1) — rjp—11) — rp(Sp-11 — Su—11)-

Now suppose i < A. Then by assumption, s, — % < 0 and therefore
I’M(k + S[M_l]) + SM(l' —Flu—1] — 1) < Sk [u,A) — TS = 0,

where the last inequality follows from our assumption that :—Z > :—E forall v > u. The

case (4 > A can be treated similarly. Note that in this case s, — r’;i" > 0 and thus

. TusSa
ru(k + spu—11) + 5,0 —rpp-—11—1) < (SM - “A )”A + ruSpa — Suf o =0,

where the last inequality follows from our assumption that ;—“ <D forallv<pu. =m
n Sv

Remember that we defined the matrix M ; k) (u.q) to be the collection of coeffi-

cients
mCH) = Y, Mik.wall
uneldl,acZ

of the projection to degree one. It is given abstractly in Lemma 3.1. So far we found
out that M admits a two-sided inverse, and moreover we characterised those modes
featuring only derivatives in degree one. The next step is now to combine both res-
ults in order to bring the operators (°H; ) k)e 17, into the normal form of an Airy
structure.
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Lemma 3.11. Assume gcd(ry,,s,) = 1 forall p € [d] and t,rj‘ # 1" for any distinct
W, v with :—Z = 2. Then, there exist matrices Nu,a),(i,k) and M k),(u.a) indexed by
(n,a) € [d] X Z=o and (i, k) € I (see (3.11)) obeying the vanishing properties in
Definition 2.3, that are inverse to each other, and such that

Hia= D, Nuanib Hik. (.a)eld]xZx
(. h)elz,

satisfy the degree one condition.

Proof. From Lemma 3.2 and Remark 3.3, we know that the matrix M encoding the
coefficients of the degree one projection of the modes °H; ; admits a two-sided in-
verse if we keep the full range of indices (i, k) € [r] x Z and (u, a) € [d] x Z.
However, we actually need such a relation between the semi-infinite column vectors

H_ = (miCHix))ipyerz, and  J- = (J[)(u.a)eldIxZ=o-
For this, let us also introduce the semi-infinite column vectors
Hy = (miCHi ) Go¢rz, and Ty = (J)) (uayeldxZ <o»

and the infinite column vectors

= (1) e 3= (1)

We can then write equation (3.5) symbolically as H = M - J. The vanishing properties
of the matrix M guarantee that this product is well-defined (i.e., the evaluation of each
entry involves only finite sums). By definition of I, this splits as

()= ) ()

Writing N for the inverse of M, the relation M - N = id implies that M__ - N__ =
id— (with obvious notation). As these are semi-infinite matrices, we cannot conclude
yet that N__ - M__ =id_. However, using the same arguments as above to prove this,
it is sufficient to show that N;_ = 0. For this let us inspect N further. According to
Lemma 3.2, seen N as a linear operator we have

T(X(z),u)d
N:Y(E,u)—~ Res (X(2), u) du —.
u=—0010) [[re5-1G(2) ¥ + @0,1(2"))

(3.14)

By a straightforward calculation, we see that if z € C w and 7' e 5\,, thenas z — O,

O(z*+~dz), V>,
O(z A

wo,1(z") — wo,1(2) = { _le) v <t
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More precisely, a thorough analysis analogous to the one in Lemma 5.4 shows that
[ (cw01(2) +wou(z)) =tz (dz) " + O+ (dz)" ") (3.15)
z/ex~1(F(2)\{z}
for some non-vanishing t,,, where

uy, = —r—su+Zrusv+ersu+l.

v=p V>

Thus, considering the term related to °H; i, we see after some elementary addition of
exponents that

JV(u 3 (d;) ) € ( —ru(k+spu—1)=sui—r 11— 1)(de))

Since by Lemma 3.10, for (i, k) ¢ I we have
ru(k +sp—11) + 5,0 —rpp—y—1) <0,

this transformation maps the vector H;. to J+ and therefore indeed N4 _ = 0 implying
the sought-after relation N__ - M__ = id_.

From (3.14), one can check the desired vanishing property for the entries of N__
and therefore applying the matrix N__ to the semi-infinite column vector with entries

mCHi) = Y Map.gahdpm. (0.k) €17,

ueld]
a>0

is well-defined and gives the semi-infinite column vector J_.

To completely prove the degree one property, we need to check that for any
(i.k)el
of Lemma 3.1, one finds that the projection to degree zero of °H; j for arbitrary i
and k is

rs» the degree zero component of “H; x is vanishing. Following the proof

moCHi(§) = Y [] @i (3.16)
Z\gzﬁ_:l‘(é)zez

Similarly to Lemma 3.6, we then see that in order to get a non-vanishing contribution
to wo(°H; k), we need

) s
k < _(s[u,—l] + (0 — r[u—l])—u),
n

where the difference with that lemma is the substitution of i — 1 by i. By the proof of
that lemma,

> /. . N
b (i) > (s[,, g+ —=rp-g-1 “) <S[M_1] + - r[u—l])ﬁ)- (3.17)

Hence 7o(°H; ;) = 0 for (i, k) € I, and this concludes the proof. ]

r,s’
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Remark 3.12. In comparison with Lemma 5.4, we can see that the assumptions
ged(ry, s,) = 1 for all u € [d] and t,i“ # 1,V for any distinct u, v with ;—Z = :—:
are crucial for the vanishing of N _ as they ensure that (3.15) starts with the correct
order in z. So, in the case these conditions are not satisfied, we cannot expect the dif-
ferential operators to be an Airy structure in general. A case in which this is indeed

failing is provided by the example

22

(%) =7 y(1) = % y(2) = é +z
with wg,1 = ydx presented in the same way as in Section 6. If we tried to com-
pute the free energies associated to this input data recursively, we would find a non-
symmetric Fy 3. Indeed, using a correspondence which will be established in Sec-
tion 4, we can associate a multidifferential wg 3 to Fp 3 which can be computed
explicitly and shown to be non-symmetric as

lededZ3

C‘)0,3(221 212 213) =0 ?é _W = w0=3(213 212 221 )

Hence, the differential operators associated with the above input data cannot form an
Airy structure.

3.2. The subalgebra condition

Having proven the degree one condition for the modes

Hig, (i.k) el

with index set 1

as defined in (3.11), we need to check whether these modes form
a graded Lie subalgebra as required for Airy structures. In order to do so, we use
Theorem 2.8 stating that if I is induced by a descending partition, then (°H; i) kel
generate a graded Lie subalgebra. By this we mean that there exist Ay > --- > A, with

Zle Aj = rsuchthat / = I, where
Iy ={(i,k) e[r] xZ | Vi €[r], A(i) + k > 0},

and we set

A(i) := min {m

ik,-zi}.

j=1

In the case at hand, we want to check whether 7, U {(1,0)} is induced by a descend-
ing partition. We will later then exclude H o from the associated mode set by setting
this mode to zero. Explicitly, this means that we want to classify the cases in which

there exists a descending partition A = 7 such that A(i) = 1 — d7 (i) + J;,1. Writing
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i =i+ rp_q fori’ € [r,] again assuming ;—1 >0 > ;—;’, we can write out b:s(i)
using Lemma 3.6 and obtain
) s,(i"—1
AG) = 1+-Liijf——zJ-+s@_H-—5y45v>L (3.18)

v

The case d = 1 was (up to a small addition we will need later) studied in [9], resulting
in the following correspondence.

Lemma 3.13. Let r,s > 1 be coprime. Then there exists a descending partition A =
(A1, ..., Ap) such that
AUU=1+Lﬂ%;2} i’ e [r] (3.19)
if and only if r = +1 mod s. In this case, A is given by
M=-=Aw=r'"+1, Apgy=-=lg=r", L=5—85,41, (3.20)

writing r = r's + r" withr” € {1, s — 1}. In particular, we have > = (1) forr =1,
A=)fors=1,and A = (") fors =r + 1.

Proof. Inthe case r = 1, the statement trivially holds and is independent of the choice
of 5. So let r > 1 now. The case where s € [r + 1] was already discussed in [9,
Proposition B.1] and leads to the above classification of cases in which we can find
a descending partition satisfying (3.19).

So what is left to prove is that in the case s > r + 1, there is no partition A for
which (3.19) holds. Suppose the opposite is true. Then since A(i’ + 1) — A (i) € {0, 1},

it follows that
si’ s’ =1)
- =
r r -

foralli’ € [r — 1]. Now writing s = s'r + s” for some s” € [0, r — 1], we see that the
above is equivalent to

SR

r r

This inequality can only be satisfied if s’ = 1, and

7))

for all i’ € [r — 1]. Remember that we assumed s > r 4+ 1 which implies s” > 1. How-

. 17l
ever, in this case we can always find an i’ € [r — 1] for which L%J - ij =1,
which is a contradiction. |
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For later reference, if r and s satisfy the properties of Lemma 3.13, let us write
A" for the associated partition A and £™° := s — §; 4+ for its length.

To extend the statement of the last lemma to the case d > 1, we need to make
a few observations. First, notice that for a partition A F r we have

m
Ai+1)—=A@)=1 ifandonlyif i=) 4
j=1
for some m > 0 and A(i + 1) — A(i) = 0 otherwise. Therefore, a descending parti-
tion A satisfying (3.18) encodes the length of the intervals for which the right-hand
side of the equation stays constant. Now notice that fori € (r[,_1j + 1, ry]] the right-
hand side of (3.18) is exactly of the form as in (3.19) up to a constant shift, i.e.,

AG) = A (l'/) + S[w-1]

fori =i’ + ry—1] with i’ € (1, ry]. Hence for A to be descending, r, and s, need to
satisfy the properties from Lemma 3.13. Moreover, if we analyse the jumping beha-
viour of A(7) at the transition i € [r[,_1], ¥[v—1] + 2], we obtain a full description
of A. For this observe that because of the Kronecker delta

A(r[v—l] + 1) - /\(r[v—l]) =0,
Arp—11+2) —Alrp-yy+ 1) =1

assuming r, > 1 in the second line. Therefore, a partition A describing the right-hand
side of (3.18) must be of the form

r1,81 1,51 1,81 1,81
A D S PP YA M|
2,52 2,52 r2,852 r2,52
Al — 1 AZ e AK”ZSSZ—I Aerz,sz + 1
— 73,83 73,83 73,83 73,83
A=A o A A A+ 1], (3.21)
rdsSd rdsSd rdSd rd,Sd
S I Y R Y A FEPR V)

where in the case s, = 1 the u-th line

(L TR QS AT TSk

s Agrpsp 1 Mprusu

must be replaced by just (..., 7, ...). This partition is almost just the concatenation
(ATS1 L ATd»Sd) but it has one box moved from the first row of A7#+1-5u+1 to the
last row of A"« for each u € [d — 1]. A classification of the cases in which A is
descending is now given as follows.

Lemma 3.14. Letd > 2. Given ;—: >..0> :—Z with ry, and s, coprime for all u, there
exists a descending partition . = (A, ..., Ag) of r = ry + -+ + rg such that (3.18)
is satisfied if and only if the following holds:
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(i) ry =—1mod sy,
(i) sy =1forallp e (1,d);
(iii)) rg = +1 mod s4.

In this case, A is given by

- {((r{ + Do rs g ), rg # 1,

1 S _ (3.22)
((71+1) ,rz,rg,...,rd_l), rg =1,

where r), = 1, /su].

Proof. Suppose properties (i)—(iii) are satisfied. Then inserting the explicit expres-
sions for the partitions A”#-*« into formula (3.21) immediately tells us that A is of the
form (3.22) which is a descending partition as claimed.

Conversely, in order to argue that (i)—(iii) are necessary for A to be a descending
partition, first note that every row in (3.21) has to be descending individually which
forces A"#-1 to be descending for all w. Hence, Lemma 3.13 tells us that necessarily
ry = £1 mod s,. To further constrain the choice for r,, and s, note that in the case
sy > 3 the requirement that A1**** — 1 > AJ*** implies that r, = 1 mod s,, and
Ay, = Mgt + 1 forces r,y = —1 mod s,,. This explains (i) and (iii) and tells
us that s, <2 for u € (1,d). Suppose now s, = 2 for some u € (1, d). Then since we
assume A to be descending, we find that [%“1 —1= )Lg“’z —1> /X?"z +1= L%J +1
which is a contradiction. Thus, the only possibility we are left with is indeed s, = 1
forall u € (1,d). ]

We now have everything at hand to prove the standard case of Theorem 2.14.

Proof of Theorem 2.14 (standard case). Recall that the situation of the theorem is as

follows:
Hi,k = (/IST -UVVi,k T_IEI\)_I,
~ JE ~ A~
T :exp( Z(h_lFoJ[Mk]—l-h jF%’l[_’“}c])fk)=T2T1’
neld]l k>0
~ 1 w !
T _exp(£ Z Z Fou[ ]7)
weld] k=sy
A 1 o7}
T —EXP(T Z ZF%,l[—k]T)’
h2 k>0
o 1 JETY
) :exp(ﬁ Z Foo[ % Y] kkll )



Higher Airy structures and topological recursion for singular spectral curves 41

Up to now, we have only considered the conjugation with Ty, so let us finish the
argument for that case first.
The selected modes

Hij=T1-"Wix-Tr' i€l k=i—A0)+8 (3.23)
with the partition

3= ((r; + 1)”,7’2,’3,---,rd—l,résd), rq # 1,
(1 + D a3, ra—1), rg =1

exactly correspond to the modes (“H; k) k)e1z,» Where 17 is the index set defined
in (3.11) by performing the identification of index sets via Lemma 3.14. Thus, Lem-
ma 3.11 tells us that after a change of basis, modes (3.23) satisfy the degree one
condition. Since by assumption

Hig="Wio=Jl+ -+ J¢ — 72 (01 4+ 04) =0,

modes (3.23) satisfy the subalgebra condition if the modes (°H; x)(; k)er, do. Here I}
is defined as in (2.11). Now using that “H; ;. is obtained from ? W,  via conjugation,
the claim immediately follows from Theorem 2.8.

For the general case, conjugating also with fz and ®, note first of all that conjug-
ation preserves commutation relations, so the subalgebra condition still holds. For the
degree one condition, note that conjugation by 7> gives the shifts

w w 1 “w
T = T+ 12 Fy [ 5],
which preserves degrees, and only acts on J,f“ with k£ < 0, which do not occur in
m1(Ty - "W g - T; 1) by the previous parts of the computation. Likewise, conjugation

by @ acts as in equation (2.27), which again preserves degrees and only affects J]f
with k < 0, so it also preserves the degree one condition. |

3.3. The exceptional case
Contrary to the case considered before, let us now allow s, = oo for u € [d]. Let us

64_ = |_| 6#«’
peld), sy oo

write

and C_ for the collection of all components C « on which s, = oo.

Lemma 3.15. Foranyi € [r],

mCH(§) = ) > J@) [ woaz).  (3:24)

zex~1(®) zcx~ ' (®)\(zInCy z'eZ
|Z|=i—1
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Proof. The proof of this lemma is verbatim to the one of Lemma 3.1 taking into
account that wg 1 (%) = 0 forall u € [d] with s, = oo. ]

Remark 3.16. Let us make two important observations. First notice that if we write
r.|._ = ZME[d],SM#OO ru, then

mCHey 1 E) = Y. JE@) [] @),

zex—1(E)NC- z7eCy

and moreover that for alli > r4 + 1, we have
71(°H;(§)) = 0.

Especially, from the last identity we deduce that, in order to end up with an Airy
structure, it is necessary to have at most one u € [d] for which s, = oo. Moreover,
necessarily for this u we need r, = 1. Otherwise, there is no hope to obtain an Airy
structure.

Motivated by Remark 3.16 in the following, we will assume that only (r4, s47) =
(1, 00) while for all other u € [d — 1] we have s, # oo, what we call the exceptional
case in Theorem 2.11. Moreover, let us assume that as before r—‘ > > rd i Rather
than working with expression (3.24), we will mainly use that by (2. 14) we have

“Higp=Hl, + Y °H/_ , ,J&. i€l ke,

acZ

where "Hi/’ & 1s obtained from ?H; x by formally setting J,fl equal to zero. Of course,
UHi/,k may be computed via (3.2) replacing d by d — 1, i.e., these are modes of the
standard case. Therefore, as the modes °H; ;. are build up from modes considered in
equation (3.2) and an additional factor J¢, we can use the analysis of the standard
case from the previous section in order to prove the degree one condition for these
operators.

Let us select the following modes. For i < r, we define b (/) exactly as in (3.7)
and set d7((r) := 1 — s[4—1]. Again, we define /~ as in (3.11) to be the index set
associated to this choice of d_.

Lemma 3.17. Assume ged(ry, s,) =1 for all p € [d — 1] and t[j‘ # 1," for any

distinct u, v with ;—Z = :—: Then there exists an invertible matrix N such that

UH~;L,a = Z N(u,a),(i,k) UHi,k» (,U,,Cl) € [d] X Z>O,
G.k)elz

satisfy the degree one condition.
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Proof. First, let us argue that
11 (CHig) = mi(CH{ ) + D moCH]_y )i (3.25)
a€’Z

for k > b ((7) is a linear combination of J;'s with @ > 0 only. Since for i < r
we defined b (i) exactly as in (3.7), it follows from Lemma 3.6 that the first term
m1(°H/ ) is a linear combination of J¥s with a > 0 only. That the second term

Z ‘T[O(JHil—l,k—a)Jad

acZ

is a linear combination of (J f )a>o only follows from the fact that wo("H/_, ,_,) =0
unless k —a < b:s(i) as observed in (3.17). Hence,

m(CHi) =mCH )+ Y moCH_y_)IE. i elr] k=b7,0)
a>k—bz,@)

indeed lies in the linear span of (J4°)(.1.a)e[d]xZ-o-
In order to bring the operators into normal form, let us make use of our observation
made earlier in Remark 3.16 that

mCHy) = Y. moCH_ ;. )TE.
a>k—bd7(r)

This can be rephrased in the sense that

T CHr k) = Y Akobznt1.als

a>0

where # is an upper triangular matrix whose diagonal entries

d—1
Aaa = 10CH]_y 5z n-1) = DT [T Foa[ 5, D™ #0
n=1

can be read off from (3.16) by taking only the leading order contributions of the wg,1s
into account. Thus, one can find a two-sided inverse of #, and applying it to the
semi-infinite vector ("Hy x)k>bz,(r)» We get (“Hyk)k>p>,(r) for which

01 Hep) = T oy

By taking again suitable linear combinations, we can use the above modes in order to
eliminate all Jad from 71 (°H; i) for i <, i.e., get operators (H; ) k)erz,i<r that
satisfy

Vi € [r), k > bis(l), ﬂl(UHi,k) = nl(UHl‘/,k)-
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This expression is exactly the degree one projection of the operators considered in
Lemma 3.1, where we shifted in all cycles. From Lemma 3.11, we know that they
can be brought in normal form, provided that we can argue at last that the degree zero
projection of these modes is vanishing. This is indeed the case: since mo(°H; x) =
o ("Hl.” ) and we know by (3.17) that the degree zero projection of Hl.’, « vanishes as
long as k > b (i), we see the same holds for “H; . ]

This provides us with everything we need to prove Theorem 2.11 in the excep-
tional case.

Proof of Theorem 2.14 (exceptional case). As in the standard case, we know that con-
jugation with
- 1 JU
T ::exp(—l Z F%’l[_uk]fk),
h2 k=0

A - 1 nov ‘]IéLle
@.:exp(ﬁ Z F0=2[—k—l] il )
w,veld]
k,[>0

preserves the Airy structure conditions. It is hence sufficient to prove that

Hip =T - "W - T, ielr], k>1=A@{)+ 61,

~ 1 J@
Tl = exp (£ Z Z FO,I[_Mk]Tk)’
neld] k=su
Sy F00
where we chose the partition
A= ((}"i + 1)51 , I, 13, ..., rd_l),
form an Airy structure. Indeed, as we have

“Hio=h2(Q1+ -+ Q4) =0,

which vanishes by assumption, the selected modes already satisfy the subalgebra con-
dition using Theorem 2.8. On the other hand, since A is chosen so that

1= A() + 8.1 = b(0)

for all i € [r], the selected modes also satisfy the degree one condition by (3.17) as
required. ]
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3.4. Approximate solution to the partial differential equations

Having analysed the cases in which (“H; )i k)e 17 is an Airy structure and hence
giving rise to a partition function Z solving the associated system of differential equa-
tions to all orders in %, we now turn our attention to the question in which case the
associated differential equations are solved at leading order in the % expansion. For
this we will use a technical lemma that holds for arbitrary families of differential
operators satisfying the degree one condition.

3.4.1. The existence of a partition function. Suppose we are in the setting of Sec-
tion 2.1.1, i.e., E is a finite-dimensional vector space over C with (x;)se4 a basis
of E*. Moreover, let 73 denote the projection to the k-graded piece of O‘D;’;. This sec-
tion is devoted to the following question: In which case does a family (H;)zeq of
differential operators satisfying the degree one condition admits a solution to

Vae A, e 'Fop,eh " Fo. 1 = o(h2) (3.26)

of the form Fop =), 4 ni,Fo,n, where Fy, € Sym” (E*)? We remark that, due to
the degree one condition, such an Fj is unique if it exists, and the free energies obey
a recursion in n. Regarding the question of existence, we have the following lemma.

Lemma 3.18. Suppose there is a family (Hg)qeca of elements in JD;’; that (after nor-
malisation) satisfies the degree one condition (2.1) of an Airy structure and there is
a second family (Hj)jecy whose elements satisfy

7o(Hj) =0, mi(H)) € C(hdx, . h?)

so that the combined family (H;)ieauys satisfies the subalgebra condition (2.2) up to

3 . . ..
order h2, i.e., there exist il]3i2 € J)g so that foralliy,i € AU J

i 3
[Hi,. Hip)—h Y fi2 Hiy = o(h?).

i3€AUJ

Then (Hy)qea admits a solution Fy to the associated system of differential equa-
tions (3.26).

Proof. After a change of basis, we can assume that the family (H,),e4 is normalised,
which means the operators take the form

Hy = hdy, + x22 + xZ (10)Z! + (10)Z2 + 0(h2), a € A,

Hj =Y Miphds, +x32 + 2= (10)Z + (h)=2 +o(h?), jeJ
beA
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for some matrix M. Here we used the same notation as in [44, Section 2.4] to represent
terms in which certain symbols may appear with a fixed order. In the following, we
will construct free energies Fy , inductively in n > 3 so that

e™H! Zitms Fou ;o™ Xems Fok (1) = 3= 4 pZ 2520 (3.27)

foralli € AU J. Then taking F := limy— 00 Y __3 Fo k. We obtain a free energy that
satisfies (3.26) as claimed.

Note that since H; - 1 = x22 + h=2x2°, the first non-trivial case is 7 = 3. For
this let us write H; = (h9)=! — Hi.gp + x=3 + xZ1(h0)=! + (h0)Z2 + o(h2), i.e.,
we write — H;o » for the terms #%x=2(70)=°. Then for a;,a, € A, we have

[Hal > Haz] = h(aazHal;O,Z - 8a1 Ha2;0,2 + x=2 + xZO(ha)Zl + O(h%))

and since by assumption the commutator has to lie in the left ideal generated by
{H;}icaus, we get 0g, Hy,:02 — 0q, Hay:0,2 = 0. As the last equality holds for all
ai,az € A, then there exists a unique homogeneous polynomial Fy 3 of degree three
in x4 such that 9, Fo,3 = Hg;0,2. With this choice, (3.27) is indeed satisfied for all
i € A with n = 3. So far we only used the exact same arguments as in [44, The-
orem 2.4.2]. Now we need to prove the compatibility of our choice for Fp 3 with
(Hj)jes. For this, notice that from

[Hy. Hal = 1(8aHjso2 = Y Mypds Hao + 322 + x=°(hi)=" + o(h?))
beA

which holds for all j € J and a € A, we can deduce that

0a <Hj;0,2 - Z Mj,babFo,s) =0,
beA

which in turn implies that Hj.0» = Y ,c4 M;»9p Fo,3 since the term in brackets is
a homogeneous polynomial of order two. Therefore, we see that for n = 3 equa-
tion (3.27) is indeed satisfied for all i € J as well.

Now for the induction step, suppose we have already constructed ZZ=3 Fo x solv-
ing (3.27) for all i € A U J. Then after conjugation

H = e~ h ' Xk=3Fox Hieh_l Yk=3 Fox

the operators take the form

Hy = hdy, — Haiop + 2" + xZ1(10)Z) + (80)Z2 + 0(h2), a € A,

= Miphd, — Hion + 32" 4+ x2 1) + (h0)2> + o(h?),  j e J,
beA
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where we wrote —H;.o , for the piece A%x="(/9)=° in H;. We use the exact same
argument as for the base case and deduce from

[Ha1 ) Haz] = h(aazHal;O,n - 8a1 Hys0n + x=2 + XEO(ha)Zl + O(h%))

that 04, Ha,;0,n — 0a; Has:0,» = 0. Hence, there is a homogeneous polynomial Fo 41

of degree n + 1 satisfying 0, F,+1 = Hag:0,» as required. The compatibility with the
operators (H i)jeJs similarly follows from inspecting

[Hj. Ha) = h(8aHyzom = D Mipdy Hason + 372 + x=(h)=" + 0(h?))
beA

with j € J, a € A, from which we deduce that

0a (Hj;O,n - Z eMj,babFo,nH) =0.
beA

For this to be satisfied, Hj.0,n — D _peu M p0p Fo,n+1 must itself vanish. So we see
that with our choice for Fy 41, we indeed have

_p—1yntl —1 yn+1 a1 — a1
e Xilz Fox Hieh Yi=3Fok .1 = o FO‘"+1Hi€h Fon+1,q

1
— xzn-i-l 4 hzijO

foralli € A U J which proves the induction step. ]

Remark 3.19. For expositional reasons, we chose to prove Lemma 3.18 in the set-
ting of finite-dimensional vector spaces but we stress that the statement of the lemma
carries over to the case where E is a filtered vector space and (Hy)ge4 is a filtered
family of elements in ﬁ% We leave it to the reader to check the details.

Remark 3.20. In the language of [9,44], Lemma 3.18 is only a statement about the
classical limit of the family (H;)ae4 since all higher-order terms in h3 essentially
play no role. We chose to present the statement in the quantum setting neverthe-
less since all differential operators considered in this paper come with a natural 7-
refinement.

3.4.2. The proof of Theorem 2.13. Let us now apply Lemma 3.18 to the family
of modes (°H; k)i k)e1z, from Section 2.3.3 in order to work out sufficient condi-
tions under which the ogperators admit a solution to their associated system of dif-
ferential equations up to corrections in 2. In Lemmas 3.11 and 3.17, we already
analysed the cases in which this family satisfies the degree one condition. So in
order to apply Lemma 3.18, we need to find a set J C [r] x Z so that the com-
bined family (“H; k). k)e 17,uJ satisfies the subalgebra condition and the operators
(°H; k) (i,k)es feature no terms involving x} in degree one. As shown in Lemma 3.8,
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the latter requirement forces that we choose J C 15 \ /7. Therefore, again by mak-
ing use of Theorem 2.8, the question of when the operators (“H; k)i k)erz, admit
a solution to the associated system of differential equations to leading order in A2 is
reduced to the question whether we can find a descending partition A |- r for which
175 € I C 17 because if such a partition exists, we can simply take J = I, \ I
and apply Lemma 3.18. A characterisation when this is possible is presented in the
following.

Lemma 3.21. Given % > > % with r,, and s,, coprime integers for all i, there
exists a descending partition A such that

I S LS I (3.28)
if the following points are satisfied:
(i) ry ==x1mods, forall n e [d]
(ii)  Forall puy # pop with s,; > 2 such that either

ru, =1mods,, and ry, =1mods,,
or
ru, =—1mods,, and ry, =—1mods,,,
er er
one has | — =21
|20) |52

(iii) Ifthere are pairwise distinct Ly, (L2, j13 € [d] with L:’:—;J = L;’;—;J = L;‘j—zj,
then there is an m € {1, 2, 3} for which s, = 1.

Proof. First, let us describe what a possibly non-descending partition A’ looks like
that satisfies 1, = IES. On the intervals i =i’ 4 r[,—1] € (Fry—13. 1], we have

1- br,s(i) = A" (i/) + S[w-1].

where A% is the partition described in Lemma 3.13. To analyse the transitions
between these intervals, let us for a moment assume that r, > 1 and s, < r,, for all
v € d. These special cases will be treated separately later. Under these assumptions,

(I =0Z(rp + D) — (1 = 0Z(rp—11) = (L +spp) —spy = 1,

and thus the partition A" = (A"1°1, ..., A74-%¢) satisfies [;; = 1. Since by assump-
tion (i) each block A™-*v in A’ is descending, we only need to check whether it is
descending at the transitions, i.e., whether A;;°}, > Aq”“’sv“ forallv e [d —1],
and if not, whether we can modify A’ into a descending partition A satisfying (3.28).
For this note that A7%;%y, > A7"*"*"*! holds if and only if

r r
e !
Sy Sv+1
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This means that in the case L;—]‘jj > L::%J for all v € [d — 1], the partition A’ is indeed
descending and so we can choose A = A’. If however there is a i € [d] for which
|_ J = |_r‘“rl |, we need to be more careful. The case where at least one of s, or
S;H—l equals 1 is unproblematic since then L J > fr‘“” 1 is automatically satisfied.
However, if 5,,, 5,+1 > 1, we have | “J < |'r":1'| The lack of A being descending at
this transition can be cured as follows First, notice that (ii) forces that r, = —1 mod

sy and ry 41 = 1 mod s,41. One should remark here that the second case r,, = 1 mod
sy and ry 11 = —1 mod s;,+1 allowed by (ii) can only occur if s, = s,,+1 = 2 and is
hence contained in the first case. Pictorially, we are in the following setting:

= /\"M’Su,

2
Il

(3.29)

= ATu+1Su+1

We will now make use of the fact that there is a certain ambiguity in choosing A,
so that 7, lies between I and /5. So far we focused on the partition A" satisfying
I» = 17, Now notice that deletmg an element

(rpg + L=spp) € IS5\ I

affects the partition describing the index set in the sense that one box from the first
row of A"u+1-Su+1 gets shifted to the last row of A"#*1  i.e., the index sets associated
to the partitions

r_ 71,51 TS TS Tu+1sSu+1 3 Tu+1Su+1 rd Sd
- (A’l 9. A’Z’MJM—PA’ZWLJM’A’I ,/\2 ) f’d Sd)
" o_ 71,51 TwsSu TwsSu Tru+1-Su+1 Tru+1-Su+1 rd,Sd
)’ - (A’l ). A’ZV,LLVS;I__l’A'eV/_L,SM + I?A’l _15)’2 ) )'[rd Sd)

are related by Iy» = I/ \ {(ru + 1, —s[u))}- The index set I~ then still satisfies
I:s C L CI; 3 as required. We notice now that if we perform such a box shift in
the case displayed in (3.29), we indeed obtain a partition A” that is descending at
the transition between the u-th and (u 4 1)-th blocks. This solves the problem of
having two subsequent blocks with LrZJ = LrZ]:' |. However, if there is a sequence
LS |=...= Lr‘“““J with @ > 1, then by (iii) we must already have s, 4o = -+ =

Su+a = 1.
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This means that if also 5,41 = 1, there is nothing to worry about, and in the case
Su+1 > 1 we have

— A’MJM,

A/

_ ,8
L = ATu+DSutl

fry )Lru+2=su+2 N

[0 _ Awrasuta

and so we can perform a box shift in order to construct a descending partition A
from A’. This finishes the construction of a partition A satisfying (3.28) if s, < r,, and
ry > lforallv € [d].

Hence, we are left with the cases in which possibly r,, = 1 or s, = r; + 1 for
w € [d]. So suppose there is a u with s, = r;, = 1 and assume that ;1 € [d] is minimal
with this property. Then from our assumption that % > ;‘)’—; for v} < v;, we deduce
that necessarily s, < r,, and r, > 1 for all v < u. Hence, we know from our previous
analysis that we can find a partition A - r[,_;] whose associated index set [ satisfies

12,04 0) 1§ < ren}h € DS 120G K |7 < rpu).
Now let § > p be maximal with r, = s, = 1 for all v € [u, §]. Then we compute
(1 =0Z(rp—yy+ 1) — (A = d5(rp—1)) = 1
for all v € [u, 8] and thus
170G k) i < ey C Iy SIE0{G k) [0 < rpsp)

if we choose A’ = (A, 137#+1) which is descending. Since we have chosen § maximal,
we must have s, > r, for all v > § which however implies that § € {d —2,d — 1}
by (iii). First, let us assume 6 = d — 1. Then

=05 (rg—y+ D+ 05(rg—1p =1,

and thus
> >
Ir,s - I()V,lrd) - Ir?s'
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Now suppose § = d — 2. In this case, we need to be more careful. First, let us assume
rg—1 > 1 which due to (i) forces s4_; = r4—1 + 1 and thus also r; = 1 due to (ii).
We find that between the two transition points

—0Z(rla—a + 1) + 05(rg—z) = 1.
—0Z(rg—y+ 1+ d5(rg—n) = 2.

The fact that bZ; jumps by two between rg—1] — rig—1] + 1 = r is only a mild
problem that can be cured by not including (r[4], —S[4—1]) into our index set. Indeed,
if we choose A” = (1’, 17¢—1, 1), then the associated index set indeed has the desired
property that 17, C Ii» C I3,

Lastly, let us assume that r;_; = 1. In this case, (i) and (ii) only leave us with
sq—1 = 2 and rgy = 1. Recall here that we treated the case s;_; = 1 earlier. This time
we find

—0Z(ra—ay+ 1) + 05(rg—2p) = 1.
b (rg-n + 1) + dy(rg-ny) = 2.

Again we remedy the jump of 2 in b7 by deleting (r 4], —S[4—1]) from the index set
and finally as in the case before we find that (A', 1, 1) satisfies the desired property
Ir?s < I(A’,l,l) - Ir?s' u

Remark 3.22. The statement of Lemma 3.21 can easily be extended to the excep-

>

tional case. If ry = 1, then b and dZ actually do not depend on the choice of 54 for

finite s4. Therefore, we can extend the definition of b: s and bﬁs to the case 54 = o0
by choosing d_(r) = bEs(r) + 1 = —s[g_1) + 1 as in the finite setting. Thus, all the
results of Lemma 3.21 easily translate to the exceptional case if we adopt the con-
vention that we say r; = 1 mod sy if (r4, s7) = (1, 00) and interpret :—Z as being
Zero.

As motivated in the introduction of this subsection, we can now easily use Lem-
ma 3.21 to prove Theorem 2.13.

Proof of Theorem 2.13. The partition A in the statement of the theorem is chosen
so that 1 — A(i) + 8;,1 = d. (i) for all i € [r]. Thus, we already know from Lem-
mas 3.11 and 3.17 that the selected modes satisfy the degree one condition. Moreover,
Lemma 3.21 tells us that we can choose a partition A’ so that the modes (°H; k)i k)es
associated to the index set J = I/ \ I satisfy the properties required in Lemma 3.18.
Therefore, the lemma ensures the sought-after existence of a leading order solution to
the system of differential equations associated to (°H; k) k)er, - [
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Part I1
Spectral curve descriptions

In this part, we translate the differential constraints coming from the W-algebra rep-
resentations from Section 2 into constraints on the order of poles of certain combin-
ations of multidifferentials wg , on a spectral curve built from the coefficients Fg ;.
The latter constraints are called “abstract loop equations”. In a second step, we show
that the unique solution to the abstract loop equations is provided by an adapta-
tion of Bouchard-Eynard topological recursion to the setting of singular spectral
curves. In fact, this provides us with the right definition of the topological recur-
sion a la Chekhov—Eynard—Orantin in this setting, together with the proof that it is
well-defined.

4. From Airy structures to local spectral curves

4.1. Fields for a single cycle

We will start by reconsidering Section 2.2.3 in the case of o consisting of a single
cycle of length r. In this case, we can omit all p-indices, and consider

hoy,  ifk >0,
Je=3#h20Q ifk=0,
—kx_p ifk <0

the standard representation of the Heisenberg algebra of gl,. It is useful to write
X = z". We split the current as follows:

Jidz dz
16 = g+ et 2
z z
keZ
J+(2) = Z J_k K1z,
k>0
Jir dz
J-(2) = k1
k>0

Choose a primitive r-th root of unity ¢ and let f(z) = {z,®z,..., 9" "'z}. Set

dz;dz
std 1422
B =

We can rewrite (2.17) as
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- 1 A/
Wi(x) = - > > mnwoz(zzl 1> Z21)

Z:[i]—>f(2) 0<j<li/2]
AgUAUA_=[2j+1,i]

< T 25 T 7v20 TT - @.1)

leAg l€A+ leA_

As in Section 2.3.3, let us apply a general dilaton shift and change of polarisation to
these operators. We take

~ 1 J
T =exp (Y (h™" Foal-k] +h™2 Fy [-kD ).
k>0

. 1 Jlikz
® = exp (ﬁ Z Fol—k1, —k2]——= )
ki,ko>0

in which we can always assume that Fy »[—k;, —k2] = Fo2[—k2,—k], and introduce
H; (%) = ®T - W;(X)- T~ L.

The effect of the dilaton shift 7' in formula (4.1) is to replace J4(z) by J+(z) +
h%(w%’l(z) — Qdf) + wo,1(2), where

_ dz _
wo,1(2) == Z Fo,1[—k] zk 14z, a)%,l(z) = Q7 + Z F%’l[—k]zk ldz.
k>0 k>0

Using the Baker—Campbell-Hausdorff formula, it is easy to see that the net effect of
the change of polarisation d is to replace a)“d by

dzydz _ _
wo2(21,22) == ﬁ Z Fo,z[—kl,—kz]zfl 1252 Ydzydz,
1= 22 k1 .k2>0
and to replace J_(z) by'
() = D Jedsi(2), 4.2)
k>0

where for k > 0,

7

Foal—k, ] z dz’
o+ PR e = gy ([ enaten)) i

>0

d
A1) =

'"More precisely, the conjugation by ® leaves J_(z) invariant and adds extra terms with
positive Js in J4(z). We collect all terms with negative (resp. positive) Js in $4 (resp. —),
thus leading to (4.2).
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For uniformity, we also define for k& > 0,
dér(z) == K14z,
So, we can rewrite

w0,1(2) = Y Foal—k] d&(2),

k>0
wy,(2) = Qdéo(2) + ) Fy \[—k]dék(2).
k>0
wos(172) = L2 S Rk, —ha] g, (21)dy (22),
(21— 22) ki, k>0

so that we have

F+(2) = T4 (2) = ) ko dée (2).

k>0
We then obtain
h]+ \A1| j
rH;(X) = Z P T e l_[wo 2(Z21-1.Z21)
. 2770 =27,
Z:[i]—>f(2)
0<j<li/2]

AoUA | UALUA_=[2j+1,i]
2

x [Twoaz) [T ey,@n [T 9+ [T 9-¢). @3

lEA() ZGAL Z/GAJ,_ z/€eA_
2

We prefer to convert this expression into a sum over subsets Z C {(z) of cardinality i.
Then, we have to sum over partitions By U ---U B; U Ag U A1 UAL UA_=Z,
where |B;| = 2 for any [ € [j], and it can arise in exactly 2/ (i — 2])' terms in (4.3)
corresponding to the choice of an order within each pair B;, and the choice of a la-
belling by [2j + 1,i] for the elements in Ay LI A% U A4 U A—. So only the factor 1/;!
remains. It can also be erased by forgetting the ordering of By, ..., B;. More pre-
cisely, introducing the set & (f(z)) whose elements are sets of disjoint pairs in f(z),
and writing UP == | |pcp P if P € P(f(z)), we obtain

- IPl+1144]
rHi() = ) > et [T weate )
Z<i(2) (I_IP)LJAOLJA1 UALUA_=Z {z’,z"}€P
\Zl=i PEP(1(2))

x [T @a@) [T @, [T ¢+ [ #-).

z/€Ag z’eA% /€Ay z/€eA—
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4.2. Fields for an arbitrary twist

We now return to the general situation of Section 2.2.3. Let o be a permutation of [r]
with cycles of lengths r;, labelled by € [d]. For each u € [d], we have generators J ]f
of the Heisenberg algebra of gI,M

hdge  ifk >0,
JP=1 n1Q, ifk=0,
—kxfk ifk <0,

whose currents we split as J "(z) and J*(z) in the same way as in Section 4.1.
We obtain modes W“ 1ndexed by i, € [r,] and k,, € Z for a representation of
the 'W(qgl,) algebra glven by (2.15). To match Section 4.1, we introduce for each
W € [d] formal variables z such that X = z"#. These z thus depend on , but they will
appear in generating series with superscript p so that one can infer directly from the
formula which power r,, one should use to relate it to the global variable X.

At this stage, we are naturally led to introduce a curve which is the union of copies
of a formal disk for each u € [d]:

d
C = |_| Cu. C, = SpecC|z].
n=1
When necessary to avoid confusion, points in C will be denoted by (#) to indicate in
which copy of the formal disk we consider them. One can consider X as a branched

cover
C — V := Spec C[X]

given by z +> z"# on the u-th copy of the z-formal disk. The smooth (but reducible)
curve C is in fact the normalisation 7: C — C of the singular curve

d
C = Spec(C[[x,z]]/( H(x—z’“)).
n=1

The branched cover X: C — V factors through x: C — V. This is the local picture
we will globalise later in Section 5 by considering more general branched covers

~ T X ~
C—C—YV, X=xom,

where V, C are regular curves and C is a possibly singular curve whose normalisation
is C. For the moment, we stick to the local setting.
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Let us again consider a general dilaton shift and change of polarisation

ueld]
k>0
~ JETy
® = exp (_h Z Fo,z[_ﬂk _vl] kkll )
w,veld]
k,[>0

and the conjugated operator

A A PSP H i (dX)'
H(FX) =0T WX -T7'd 1=Z},€T.
keZ

To express H;(X), we introduce the basis of meromorphic 1-forms dé¢ ,‘: on C, indexed
by u € [d] and k € Z. 1t is defined by

k> 0: dE(Y) =825 dz, (4.4)

Foz
k> 0: dg" (%) = 8 kﬂ — Y ek g 4.5)
>0

We also introduce the meromorphic forms wo,1, @ 11 and bidifferential wp > on C:

wo,1 = Z Foal fi 1dg,
ueld]
k>0
— u w
wyp, = Y Qudéy + Y Fy [ L ]dg
weld] k>0
d M %3
wop = wg+ Y. Foo[ 5 12, ]dEf dg?
1,p2€ld]
k1,ko>0
where
std (v] v2\ __ 8111,112 dZIdZZ
o2 B)=—""—"

(z1 — 22)2 .
For k € 7, we introduce the 1-form on C
dgg () = dg/(%).

We recall that the index € [d] of the component to which a point z’ € C belongs is
implicit in the data of z’.
Similarly to Section 4.1, the effect of the dilaton shift is to replace J f (z) by

1 dz
TEE@) +hE (04, (5) = 0, ) + w0 (4).
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while the effect of the change of polarisation is to replace a)(s,tg (z1,22) by a)o,z( ‘Z’“1‘ ‘;22 )

and J#(z) by
G ()= Tl dER ().
k>0
For uniformity, we also set

Fo(B) = TE) =Y kxy dE(4).

k>0
We can repeat the argument of Section 4.1 with several us, defining the fiber over X
in C
d
fz) =] | fu@

n=1
and getting
~ IPl+5[A |
H; (%) = Z Z R 1_[ wo(z',2")

ZCF(2) (UP)UAQUA | UA L UA_=Z {z/,z""}eP
=i 2

Z1=i PeP(F(2))

x [T @i [ @1.,@) [T #+¢) ] -G
z’€Ag Z/EA% Z/EAJ,_ z/eA_

4.3. Action of the fields on the partition function

Given a formal function

he~1 1 “ .
— w
Pe XX SrmaTEITH o
£20,n>1 py,.,upeldl i=1
2g—2+n>0 K1y kn>0
let us compute
Gi(X) = e T H;(X)el - 1.

The partition function e’ is annihilated by the differential operators above a certain

index in the W if and only if the G; satisfy certain bounds on their pole orders as
X — 0. Because F' is a function (i.e., it does not contain a differential part), it com-
mutes with wg 2, w1, ® INE and 4. The only non-trivial computation is

e Fg_()er = g_(z) +[9-(2). Fl.

where each term g_(z’) obtained like this has to act on a later [_(z"), F], as it
annihilates 1. The §_ commute among each other, so we get a partition of A_ into
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sets of operators acting on a single copy of F. We obtain

Gi(%) = Z Z fllPH_%‘A%l 1—[ wo(z',2")

ZSH(2) (UPUAGUA | UA L UA-=Z {2/,2"}eP
Z1=i PeP(F(2))
/ !/
x [T o) TT @, [T (X Fexp? ez )
z/€Ag z’€eA z EA+ k ,>1
2
fhE&L—1+IL]
D SR § (D D i
LHA_ LeL vy :[my]—[d]
grL.mp >0, L€EL Ly :[m;]>N*
2g1—2+mp+|L|>0 kp:L—N*
RiL VL.l VL.mp VL.l
X FgL=|L|+mL[ kp Lp.q -~ EL,mL] l_[ Yer l_[ ds—k (z )) S
le[my ] z’el

where w: Ay U A— — [d] associates to z’ the index u,s € [d] such that z’ € f,_, (2),
and we identify g7, and kz, with the tuples (z')z7er and (k) rer, respectively.

We decompose G; in homogeneous terms with respect to the exponent of # and
the number of x,’: :

~ h& ~
G,‘(X) = Z FGi;g,n(x)-
g.n>0

In order to completely rephrase this in terms of spectral curves, we need to get rid
of the x,’: rind replace them with d&s. For every n, prepare a tuple wi,; = (w; )=y of
points on C and define

n
85}1 (f’ w[n]) = 1_[ adg_(wj) Gi;g,n (f)
j=1

To compute it, we introduce the multidifferential forms for g > 0 and n > 1 such that
2¢ —2+4+n >0,

n

wen(1onz) = Y Fea[kl D] [] A% Go. (4.8)
15 €[] Jj=1
ki,....,kn>0
Besides, under this action, we get
adg_(w) (ka;; dg;j(z)) = 5" kde, (w) g (2),

k>0 k>0

which is the series expansion of wg 2 (4, %) with |z] < |w].
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We then notice that the sums over gz/, kr,vr and £, in (4.7) recombine into

EFowp) = Y > > >

Z<f(z) (UP)UAQUA j UALUA—=Z 1:Ay—>[n] LHA_
2

|Z|=i PP (D) My [n]\e(A4)
Z l_[ wo,2(z',2") l_[ wo,1(z")
g71.>0, LeL {z’,z"}eP z/€Ag

2g7—2+|L|+|My |>0
%lA%\+\P|+|A_|+ZL(gL—1)=g

< T1 wy 1(2) [T @o2wizn.2) [] @eurising, (L. war,).

z/’€eA z/€Ay LeL
2

‘We now observe that the factors wg,1, @ 1,10 @o,2 €an be treated uniformly by summing
over partitions L - Z and allowing (g, |L| 4+ mg) = (0, 1), (%, 1), (0,2), which were
exactly the terms for which 2g; — 2 + |L| + mp < 0. We get

D= T P Tenmn b om)

Z<f(z) LFZ g1.>0,Lel. LeL
|Z|=i NFvrln]l g=i+>,(gL—1)

4.4. From partial differential equations to abstract loop equations

Theorem 2.14 gives sufficient conditions on the values of (ru)d

u=1> of positive integers
(Su)i=1’ of scalars (t,L)flL=1 and (Q,L)fi=1 to get a unique F of the form (4.6) such

that for any i € [r] and k > b, 5(i),
e FHef -1=0.
The translation of these differential constraints in terms of the correlators
@ = (wg,n)g,n

defined in (4.8) is called “abstract loop equations”. It says that for any n > 0, we have

. L dRN
&1 (X wpy) € o(F 0D (%) , X—0.

In other words, 8;’3, (X, wpy)) is meromorphic and has a pole of order strictly less

than d,4(7) + i at the point ¥ = 0 in V. If we let & é(,i,)n (z, wpy) be its pullback to
a meromorphic 7 -differential on C, this is tantamount to requiring that for any u € [d],

. (92
ED) (15 wyy) € o(z771Prs®) (—Z) . 20
, V4
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5. Topological recursion on global spectral curves

We are going to formalise what we have found in the context of global, possibly
singular spectral curves. This will lead us to define the appropriate notion of abstract
loop equations in Section 5.2, and to show in Section 5.4 that its unique solution is
given by an appropriate topological recursion a la Chekhov—Eynard—Orantin, that is,
by computing residues on the normalisation of the singular curve.

5.1. Spectral curves

Definition 5.1. A spectral curve is a triple € = (C, x, y), where C is a reduced
analytic curve over C, and x, y are meromorphic functions on C such that all fibers
of x are finite and wy,; := y dx has no poles at ramifications of x.

Note that C is not necessarily connected, compact, or irreducible. We will work
with its normalisation 7r: C — C, which is a smooth curve. We have meromorphic
functions ¥ = x o and § = y o 7 defined on C. Let b C C be the set of points b
that have a neighbourhood U such that the cardinality of the fiber of x is constant
on Up \ {b} and strictly smaller at b itself. It is the collection of branchpoints of X
and images of locally reducible points away from co. We also denote a = x~!(b) and
@ = X~ 1(b). We assume that b is finite. As a result, @ and a are also finite. Note that,
since we assumed that all fibers of x are finite, the same is true of X and there cannot
be an irreducible component of C where ¥ is constant.

If ¢ € a, we let U, C C be a small neighbourhood of « that is invariant under
local Galois transformations and

Uy =7 Uy, U, =Uy\7 @), Vo=xUy). V.=Vy\ix())
Without loss of generality, we can assume that V,, C C.Ifz € Uy, we define
fa(2) = T @) N o Tod) = fa@ \ {2} Ga=7""(@).

Note that @, is in bijection with the set of branches in C above o, and we denote
dy = |ay|. For each u € ay, we introduce a small neighbourhood C,, of i in C such
that 7(Cy,) = Uy, as well as C, = C, \ {u}. We have of course

b= || G
MEAy

By taking a smaller neighbourhood, we can always assume that the (éu) eq are pair-
wise disjoint. As anticipated in Section 4.2, if we want to insist that a point z € Uy
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belongs to C w» we will denote it by (4 ). The fibers can be decomposed

fo(z) = || fu(@. (@) =Ta(2) N Cp.

JEAy

We denote |f,(z)|, which is independent of z € C 1> by 7y, and [fo(z)], which is
independent of z € 170’[ by ry. In particular,

T = E i

HETy

If y is a small loop in V,, around x (&), it induces a Galois transformation in the
cover 55| 77, - that is, a permutation o of fo (z) for each z € Uy, that on f,,(2) restricts to
a cyclic transformation of order r,. This integer represents the order of ramification
at u € ay Ofxlfu‘

Remark 5.2. If |a,| = 1, C is irreducible locally at &, hence smooth at . We can
then use the same symbol to denote the point « € C and the unique point above it
in C. If |§,| > 1, C is reducible locally at «, hence singular at o. If |§o| = 2, o is
a node. For ;1 € a, we have r,, = 1 if and only if j is not a ramification point of X.
We say that the spectral curve is smooth if all ramification points in C are smooth.

For each @ € a and i € @, there exists a local coordinate ¢ on C ' such that
X(7) =x(a) +5(2)™.

As in Section 4.2, when working with local coordinates, it should be clear from the
context which C,, is involved. Specifying such coordinates requires the choice of
a ry-th root of unity for X — x (). We assume such a choice is fixed. We also choose
a primitive r,,-th root of unity, denoted by ¥,. If z € C,, the set of coordinates of the
points in {4 (z) is

(B¢ | v € @q, j €[]}

Let us write locally at i € a the Laurent series expansion of the function y
~ 1 k—
Fy~ Y " Fou[ 5 ]¢" ™
k>0
and define
su=minl{k € Z | Fop[ /] # 0} € Z U {+o0}.
In particular, s, = +o0 if y vanishes identically in the connected component of w
in C. If 5, is finite, we introduce
1

I, = —r— F()’l[_lfu ]
w



G. Borot, R. Kramer, and Y. Schiiler 62

We equip @y with a total order < satisfying

r r
pxv=-*t>=

S Sy

and denote by < the corresponding strict order (such orders exist). Note that the
inequality still makes sense for us such that s, = +o00. Then, in agreement with
Section 3, for A, u € ay we let

U] ={veay|v=<pu}
W) ={veay|v=<u}
Apli={vea [A=v=u

and likewise for the open segments [A, i), (A, i), etc. For instance, [1) = [min@ag, ).

If M C a,, welet
ry = Z 'w, SM = Z S
neM nemM

For i € a,, we define
Ay =TS — ST
Definition 5.3. For ¢ € a, we define a function of z € ﬁa by

Yo(z) = ] GE)-7@).

z/€fg(2)
In the next subsection, we will need to study the order of vanishing of these func-
tions at a. This is given by the following lemma.
Lemma 5.4. If one of the following conditions is satisfied:
(i) there exist distinct L,V € Qg such that s, = s, = 400, or
(ii) there exists at least one | € g such that s, = +00 and r;, > 1,

then Y (z) vanishes identically on C w for the p involved in these conditions. Other-
wise, for any |1 € Oy, we have Y, (z) € O(§°*) when z € C,, approaches i, where

vy = (S —rp)(ra — 1) — Ay 5.D

If furthermore either

(iii) there exist distinct u,v € Qy such that s, s, are finite, ;—z = ;—: and z,’;’ =
Y or
(iv) there exists |L € Qg such that s, is finite and gcd(ry, s,) > 1,

then Yy (z) € O(L°#1Y). If none of the above conditions are satisfied, then there exists
a non-zero scalar toy, such that Yo (z) — t,, L% € O(£P»T1).
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Proof. If s, = 400, ¥ is identically zero for z € éu- Conditions (i) and (ii) both
imply there is a z’ € f/,(z) such that y(z’) = 0 as well, so one of the factors in Yy (2)
vanishes identically.

We now assume that (i) and (ii) are not satisfied. Let us add for the moment the
assumption that all 5, are finite. We compute

ru—1 )
1_[ () =¥(@2) = ( 1_[ (ﬁlsﬁj - 1)) (—l‘,u)m_l g(s“_rﬂ)(ru—l)
z'efu(z) j=1
+ O+ 5.2)

and observe that the scalar prefactor in the first term is non-zero if and only if r,,
. . oy s —1 ~ . L.

and s, are coprime — in that case it is equal to th,rf . For v € a, distinct from p,

we have

ry—1

1_[ G = 5(z)) = 1_[ (—t, 0] grulsv=ro)/r 1,087 )
2’efu(2) Jj=0
=1, vg‘mi“(ruswrvsu)—mrv 4 (9(é-min(rusl),rnsu)—ruru—}-l)’ (5.3)

where - - - are higher-order terms, and

—ty" if rysy < rusy,
fuy = 1 if rysy > rysy,

) — by ifrus, =resy.

We have ¢, , = 01if and only if (1, v) obeys condition (iii). Multiplying (5.2) with the
product of (5.3) over all v # p, we deduce that Yy (z) = tq,, % + O({°#+!) and
te,, = 0 if and only if conditions (iii) and (iv) are satisfied, with the exponent

v, = (s, —rp)ry—1) + Z(min(rus,,, TySu) — Tulv)
v#EL

=ry—Su+ Z (min(rusv, FoSp) — Fuly)
VEAy

=—ru(rg —1) — s, + Z TSy + Z FoSu

v=<pu VER
=0y —rp)ra—1)—Ay, 5.4)

as claimed. This concludes the proof in absence of an infinite s.

Now let us assume there exists a unique u—_ € @y such that s, = +00. As we
assume that (i) and (ii) are not satisfied, we must have r,_ = 1. If u # p_ and
we take z € C;;u we only need to pay attention to factor (5.3) for v = u—, and in
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fact equation (5.3) remains valid, hence Y (z) = tq,, %% + O(°# 1) with the same
expression for v, and the same discussion for the (non-)vanishing of t, ,. Notice
that by definition of the order, we must have ;— = max(ay), so ;t— does not appear
inA,. Ifz e (~?M_, factor (5.2) is absent in Y, (z) and the other factors for v # u_ are
as in (5.3). But, as u— only appears in v, via the first term of the first line of (5.4),
which can be consistently set to O since r,_ = 1, the formula for v, remains valid. =

Remark 5.5. Notice that if (iv) does not hold, i.e., any finite s, is coprime to r,,, the
condition :—Z = ;—z is equivalent to (r,s,) = (r,,sy). In that case, condition (iii) can
be replaced by a more symmetric one:
(iii") there exist distinct i, v € @y such that s,,, s, are finite, (r,,s,) = (ry, sv)
and 1, = 1,".

5.2. Correlators, master loop equations and topological recursion
Let € = (C, x, y) be a spectral curve with normalisation 7: C —C.

Definition 5.6. A fundamental bidifferential of the second kind on € is an element
B e HO(C x C: kB2 (20))*

with biresidue 1 on the diagonal A C C x 5, where K é is the sheaf of differentials
onC.
A crosscap differential on € is the data of a (possibly empty) divisor D on C \a
and
g€ H(C;Kz(D + 7))

such that
Veea, Y Resq(z) = 0.

HETy

Definition 5.7. A family of correlators is a family of multidifferentials
w = (a)g,n)ge%N,n>0

on C such that wo,1 = Y dX, w2 is a fundamental bidifferential of the second kind
on €, w 11 is a crosscap differential, and for 2g —2 +n > 0,

wen € HY(C™; (Ka(x&)2")®".

It satisfies the projection property if for 2g —2 4+ n > 0,

z
wgn(21.22,n]) = 2553 (/ wo,z(',Zl))wg,n(Z,Z[z,n])- (5.5

HEQ K
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Note that (5.5) is automatically satisfied for (g,n) = (0,2). Differentials satisfying
the projection property cannot have residues, and if they are holomorphic, they must
vanish. We can always assume by taking smaller neighbourhoods that the divisor D

of the crosscap differential is supported outside | |, U.

Definition 5.8. Let @ be a family of correlators, andi > 1, g € %N and n > 0. The
genus g, i-disconnected, n-connected correlator is defined by

We in (2011 Win)) = > [ @eriisivg G wy,).
LH[i] Lel
UreL No=[n]

i+ (gL—1)=¢g

We define 'W;, in by the same formula, but omitting any summand containing

some wo,1.

Ifi € [rg], weletx;: ﬁofi) — V, be the smooth curve obtained by taking the fibered
product of i copies of X: (702 — C, deleting the big diagonal A(i), and quotienting by
the (free) action of &;. Points in (7(5") are exactly subsets of cardinality i of f(z) for
some z € ﬁg[ We have natural holomorphic maps

T\ AG) S TO v

where q; forgets the order of elements of an i-tuple and

xi({z1,....zn}) = X(21) = --- = X(z;).
Let;: (7(; \ A® — C be the natural inclusion. We introduce
e, = (X’q’)*l H(Wein) € HO(Vy x C" K& B K (+0)2") "
e = ~*8(g e

where all operations do not concern the last n variables. More concretely,

832 (%03 Z[n]) = Z We.in(Z: z 1),
zZc _I(XO)ﬂUa
1= (5.6)
8(32 n(ZO;Z[n]) = Z Wg,i,n(Z;Z[n])-
Z<Fa(zo)
|Z|=i

The symmetry factor i! disappeared since Wy ; , is symmetric in its i first vari-
ables. Note that reading (5.6) in the local coordinate ¢ of zg € U ;/L each term may
be multivalued (i.e., fractional powers of {(z¢) could appear), however the sum is
single-valued as it is the pullback along X of a 1-form on V.
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Definition 5.9. We say that a family of correlators satisfies the master loop equations
if for any g € %N and n > 0 such that 2g —2 + (n + 1) > 0, for any o € a and
i €[rq], any u € @y, when zg € C,, approaches i, we have

Ty
38D (zo: zpy) (—wo,1 (20)) @ = O HORHCRTDCD gy,
i=1

The relevance of this notion comes from the fact that the master loop equation can
be solved by the topological recursion.

Proposition 5.10. Assume that none of conditions (i), (ii), (iii), and (iv) appearing
in Lemma 5.4 are satisfied. Then, if @ is a family of correlators satisfying the master
loop equation (Definition 5.9) and the projection property (Definition 5.7), we must
have for any g € %N andn > 0 such that2g —2 4+ (n + 1) > 0,

Wg .n+1 (2o, Z[n])

Z . .
=> > 553( > Kk “(zO,z,z>w;,,1+z,,,,(z,z,z[n])), (5.7)

aEa pedy ZCTy(2)
where fori > 2 we have introduced the i-th recursion kernel for |Z| =i — 1

f: wo,2(, Z0)
[1,ez((F(2) = F(2))dX(z))
Proof. The proof is similar to [45, Theorem 7.6.5], the only difference being the order

of the pole in the master loop equation. For completeness, we include the argument
here. By definition,

KD (z;2,2) = — (5.8)

’
wg,l,n = Wg,n+1-

By the projection property and Definition 5.3,

zZ
Wgn+1(20, Z[n])) = Z Z B:ez (/ 600,2(',Zo))wé,l,n(Z;Z[n])
“w

a€a eqy

= —Z Z Bzeg Kg“)(zo;fa(Z))W;,l,n(zo;z[n])

aca Meaa
x Yo(2) - (d%(2)) 77, (5.9)
where we noticed that

f,f @o,2(", Z0)
Yo (2)(dX (2))ra=D

KU (z0: f4(2)) = —
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always considering z € f4(z) as the first element of the set. Let « € a, and use the
combinatorial identity [45, Lemma 7.6.4], which states that

o Wiz [] (GE) - F(2)dE)

{z}SZcFa(2) Z’efa(2\Z

Ty
=Y 68 () (—wo (2)

i=1

Isolating the term Z = {z} and substituting in (5.9), we obtain
Wg n+1 (2o, Z[n])

=22 Res Ky (201 fa(2)) (_ Y €9 iz (—woa(2)

aeEa Meaa i=1
+ Y W@z [ (GE) —y~(2))d5c'(2)))
(z}CZCTa(2) et (\Z
-y 553( 3 ngl>(zo;Z)w;,,m,n(z;z[,,])). (5.10)
a€a yeay {z}CZ<Fa(2)

By Lemma 5.4 and the assumption, we know that for z € C ;,A approaching u
th (Z) (di(Z))ra_l ~ ta’ué-v,u-f-(ru—l)(ra—l) (dé-)ra—l

for some non-zero scalar t, ;. Since the numerator of the recursion kernel vanishes at
order 1 at z = u, the master loop equation implies that the first term inside the bracket
of (5.10) is O (d¢) hence does not contribute to the residue. Besides, the contribution
of the second sum can be simplified by observing that

KIP0(z0;2) = K{Porfa) ]  ((FE) = F(2)dR(2)).
Z’efa(2)\Z

Redefining Z by removing z from it, we obtain the desired formulas. |

Remark 5.11. From the proof, we see that if one of conditions (i) and (ii) appearing
in Lemma 5.4 is satisfied, the recursion kernel is ill-defined as the denominator van-
ishes identically in the neighbourhood of some . Besides, if one of conditions (iii)
or (iv) is satisfied, the same thing could occur or at least the order of vanishing of the
denominator is finite but higher than the one specified by Definition 5.9. In the latter
case, one can still ask for the analogue of Proposition 5.10 simply by modifying the
master loop equation to require that the first sum in (5.10) is @ (d¢).
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We note that the right-hand side of (5.7) involves only wg’ s with 2g" — 2 +
n’ <2g—2+4 (n+1).Forafixed o™ = (wp,1, a)%,l,a)o,z), there exists at most one
way to complete it into a system of correlators satisfying the master loop equation
and the projection property: the wg , are then determined by (5.7) inductively on
2g —2 + n > 0. However, such a system of correlators may actually fail to exist at
all. Indeed, (5.7) gives a non-symmetric role to zo compared to zy, . .., z,, therefore
the wg »+1(Z0, . .., zp) that (5.7) compute may fail to be symmetric, and so would not
respect Definition 5.7.

5.3. Abstract loop equations

We now address the aforementioned problem of existence of the solution to the master
loop equations, thanks to the results obtained in Section 4. We first introduce a seem-
ingly different notion of “abstract loop equations” valid in the setting of Section 5.1.
It will turn out that they give the right generalisation of “abstract loop equations”
proposed in [13] for smooth spectral curves. We will show that, under admissibility
conditions on the spectral curves that pertain to our constructions of Airy structures in
Section 2, the abstract loop equations have a solution satisfying the projection prop-
erties, and imply the master loop equation. Therefore, this solution must be given by
the topological recursion formula (5.7), and this proves a posteriori that this definition
is well-posed, i.e., it produces inductively only multidifferentials that are symmet-
ric under permutations of all their variables. A direct proof of symmetry by residue
computations on C seems rather elusive.

Let € be a spectral curve as in Section 5.1. We introduce integers b, (i) for each
a € aand i € [ry], matching Lemma 3.6. If i € [ry], we first decompose it into i =
r[y) + i’ for the unique A € @, such that rpyy < i < rp;). Then, i’ € [r1] and we have

s, i —1)
T

ba(i) = —| | =y + 801 (5.11)
Definition 5.12. We say that a family of correlators satisfies the abstract loop equa-
tions if for any g € %N and n > O such that 2g —2 4+ (n + 1) > 0, for any @ € a and
i € [ry] when xo — x (o), we have
i — (b (1)—1-6; dxo\?

60 (roi2p) = O T (2] ). (5.12)
This condition is equivalent to the property that, for any u € a,, we have when zq €
C,, approaches u

go(cl?zn (z0:21m) = O (g;r“(ba(i)_l_‘si-l) (d;_?)i).
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Proposition 5.13. Assume that none of conditions (1), (1), (iii), (iv) appearing in
Lemma 5.4 are satisfied. Then, the abstract loop equations imply the master loop
equations.

Proof. We treat the case where s, is finite for all i € a. The case where there could
exist [lq,— € Oy (Which is then unique) such that s, _ = 400 is left as exercise to
the reader.

Foreacha € a and i € [ry], the abstract loop equations imply that for any u € @y,
we have when zg € U p/c approaches u

I3Q) (ZO;Z[n])(_wO,l(Z))ra_i — O(C_ru.(ba(i)—l—(si,l)—i+(su,_1)(ra—i)(dé')rot).

o g,n

Comparing with Definition 5.9, the result will be proved after we justify that

pu(i) = _ru(ba(i) -1 _81',1) —i+ (SM —D(rog —1)
—(=l+v, 4+ (rp—1Dra — 1))

is always nonnegative. We recall the definition of v, in (5.1):
vy = (S — 1) (e — 1) = FuySu + [T

We decompose i = r[y) + i’ with the unique A € @, such that rpy) < i < rp) and
i’ € [ry], and we denote A, := min @g. Inserting the definition of Dy (i) from (5.11),
we obtain

S,’\(i/ — ])
r

pu(@) =5, (1 =i +rpy) + ru(l + L J +Sp) — S[) — 5A>Aa5i’,l)-

We are going to use often the inequality
lx] >x—1. (5.13)

Checking nonnegativity of p, (i) is done by a case discussion.

o If u = A, this becomes

) i s,(@ —1
pu() = 5, (1 ="y + (1 + L%)J — S a i ).
"
Fori’=1land u > Aq, we get p, (i) =0.Fori’ = 1and u = Ao, we get p, (i) =
ra, > 0.Fori’ > 2, using (5.13) yields directly p, (i) > 0.

o Ifu < A, wehave

s =1)

S — 8 )
Py J+ [,A) i’,1

pu(i) = s (L—rpn) —i') + rﬂ(l + L
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For i’ = 1, this simplifies into
Pu(i) = =Suliu0) + TuSiu,n)-

By definition of the order, for all v € [, 1), we have :—Z > ;—:’ therefore p,, (i) > 0.
For i’ > 2, we can use % > i—‘; and (5.13) and obtain p, (i) > 0.

o If u > A, we rather have

s =1)

J — S — 51>Aa5i/,1).
I

Puli) = su1 + ¥~ )+ (14 |
Fori’ = 1 and A = A4, this simplifies to

Pu(l) = SuTpu) — ruSiuy + Tus

and thanks to the inequality :—: > :—Z for all v € [u), we deduce p, (i) > ry, > 0.
Fori’ = 1and A > Ay, we have

P (i) = SuXiam) = TuSTap)-
Due to the inequality ;—“j > ;—Z for all v € [A, ), we have again p, (i) > 0. For
i’ > 2, we use inequality (5.13) to write

(@'—1
<S)L lm

pu@) > s (M 4rp 0 —i) + 71y - S[A,u«))

) sy S
> ru (i’ = 1)(— - —M) + T[S — S s
A Tu
and due to the ordering we find again p, (i) > 0. ]

Remark 5.14. In the proof we see that for any o € a, if |ay| > 1, there exists u € @,
and i € [ry] such that p, (i) = 0. Therefore, we do use all the vanishing provided by
the abstract loop equations to derive the master loop equations.

Combining with Proposition 5.10, we obtain the following result.

Proposition 5.15. Assume that none of conditions (1), (i), (iii), (iv) appearing in
Lemma 5.4 are satisfied. For a fixed (w1, 0,2, “)1,%)’ the topological recursion (5.7)
gives the unique — if it exists, i.e., if the result is symmetric in all variables — solution
to the abstract loop equations.

The notion of abstract loop equation was first introduced [10, 13] for smooth
curves with simple ramifications and was shown therein to be a mechanism implying
directly the topological recursion. This was extended to higher-order ramifications on
smooth curves having y holomorphic near a in [9,15,45], and to the more general case
where ydx is holomorphic near a in [9]. The novelty of Propositions 5.10 and 5.13
here is the treatment of possibly singular curves.
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5.4. Topological recursion for admissible spectral curves

In this subsection, we express the abstract loop equations in a more algebraic way,
which will make the bridge to Airy structures. The converse route was anticipated in
Section 4.

Let € be a spectral curve. We can attach to it a local spectral curve matching the
definitions in Section 4.2. Namely, we let

C* = |_| q]fc, G}L"C := Spec C[¢].
HET

We recall for each o € a and ramification point u € a, above «, we have a local
coordinate ¢ such that

X(7) =x(@+5@)™.
For each u € @, define C L"Cl := Spec C((¢)) and let

£ = HO(CY Kaper) = C(9)d¢

be a copy of the space of formal Laurent series, and

£=HC" Kew) = P £

HEQ

We denote by Loc,: H 0((7 ; K (xa)) — £, the linear map associating to a mero-
morphic differential its all-order Laurent series expansion near p using the local
coordinate ¢ in 17“, and Loc = @, c; Loc,,. We define elements dé,’: € £, indexed
byueaandk >0

HEQ

&l (%) = 8uw O 2.

We introduce the standard bidifferential of the second kind on U , that is

std (4] M2\ . SMI,Mz d¢(z1)d¢(z2)
625 2) = ey —tGr

Let now @ be a family of correlators on €. We can encode the correlators wg ,
with 2g — 2 4+ n > 0 by the following Laurent series expansion:

Loc(wo,1) = Y Foa[ /5 ] déf.

HLET
k>0
_ Iz "
Loc(w%,l) = Z(Qudfo +ZF%,1[—Mk]d‘§k>’ (5.14)
JR k>0
0C®2(a)0 2 w(g)‘dz Z FO,Z[ —Mkl] —Mkzz ] déll:ll déll:zz
1,2 €Q

k1,k>>0
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Using the fundamental bidifferential of the second kind, we introduce another family
of differentials d&" «» how globally defined on C and indexed by j+ € @and k > 0

i d(z')
dg”, (z) = 21332 ( /M @o,2(-, Z))W' (5.15)

Notice that it is such that for any u, v € a,

) ,vdé‘ FO,Z[_Mk _vl] v
Locu(08”) = iy + 3 = ag).
>0

Assuming that  satisfies the projection property, by symmetry we can apply this
property to each variable to obtain the existence of a finite decomposition for 2g —
24+n>0

n

wy - :
Wz z) = D Feall D 1]1dE% G, (5.16)
1 5eens by €A i=1
kiseskn>0
where Fg [ % ] are scalars.

Definition 5.16. The partition function Z associated to @ and satisfying the projec-
tion property is defined as

g1 n
z= F= Y Y TR [T
gE%N,nZl/‘Lla-"aunea ) i=1
26=2+n>0 kiseskn>0
We now would like to translate the abstract loop equations on @ into constraints

for its partition function. For this purpose, we introduce for each & € a a copy W.; k
of the differential operators in equation (2.14) indexed by i € [ry] and k € Z forming
a representation of the 'W(gl, )-VOA using as twists permutations o, which is a
product of disjoint cycles of respective orders () ez, - They are described in terms
of the Heisenberg generators indexed by n € @ and k € Z

hdge  ifk >0,
JP=1 n1Q, ifk=0,
—kx", ifk <0,

where we use

Ou

= “)%,1(2)
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coming from the crosscap differential. Then, we construct the dilaton shift and the
change of polarisation

T = exp (Z (h_lFO,l[_Mk] + h_%F%J[—Mk])Tk)’
HEea
k>0
. 1 e Iy
® = exp (E Z Foa[ % ] kkll )
LVEX
k,1>0

Definition 5.17. To a spectral curve € equipped with a crosscap differential w 11
and a fundamental bidifferential of the second kind wy >, we associate the system of
differential operators indexed by @ € a,i € [rq] and k € Z

Ha;i,k = &) T . Oa VV,-’k . f_l 3)‘1,

where W is as in equation (2.14), and o, is the monodromy permutation at a.
We also introduce the set

I={(a,i,k)|a€a,ié€lrgl, k> Dyg(i)—8i1).

Proposition 5.18. Assume that none of conditions (1), (i), (iii), (iv) appearing in
Lemma 5.4 are satisfied, and let w be a system of correlators satisfying the projec-
tion property. Then, the abstract loop equations for @ are equivalent to the following
system of differential equations for its partition function:

V(a,i,k)e I, e FHyzef -1=0. (5.17)

Proof. If |a|] = 1, this is the computation done in Section 4.4. Given the formalism
that we introduced, it is straightforward to adapt it to handle several as, where Hy:; x
now form a representation of the direct sum over o € a of the W(gl, )-VOAs. [

It is now easy to combine the construction of Airy structures in Theorem 2.11 with
Propositions 5.10 and 5.13 to obtain our second main result. We recall that we have

defined :
Ip = __FOJ[—/SLM ]
T

Definition 5.19. We say o € a is regularly admissible if
* ( isirreducible locally at «, that is, |ag| = 1.
* ¥ is holomorphic near « and dy(«) # 0.
In that case, in all the previous definitions and constructions in the neighbour-

hood Uy, we replace 7(z) by 7(z) — ¥(a). In particular, we take sy = ro + 1, and
the value of ¥(«) plays absolutely no role in all the results we have mentioned.
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Definition 5.20. We say o € a is irregularly admissible if

» for any u € a, such that r, > 1, y has a pole at p but ydX is regular at .
In particular, this imposes s, € [1,r,);

« for any distinct i, v € @y such that (r,,s,) = (ry, sy), we have £,/ # £,";
* if |ag| > 1, there exist distinct 11, u— € @y such that r,,, = F1 mod s, and

Try Tu— 5 — Ty Tu— .
ey e and forany pu € aq \ {—, 4}, wehave s, = 1 and Sar Tt

* if |ag| =1, thenr, = +1 mod s, for u € Aq.

These conditions always imply that for any p, we have ged(ry, s,,) = 1; in other
words, the plane curve (5 ,X,y) is locally irreducible at w. Here, the second condition
avoids pathology (iii) in Lemma 5.4 and the next results. The third condition is then
equivalent to avoiding pathology (iv) in Lemma 5.4, because % = ;—E and (7, Sy)
coprime, (ry, sy) coprime imply that (r,, s,) = (ry, s,). The third and fourth con-
ditions match those in Theorem 2.11 if d > 1, and the case d = 1 corresponds to
Theorem 2.10.

Definition 5.21. We say o € a is exceptionally admissible if

 there exists a unique p— € @y such that Su_ = +oo,andithasr, = 1;

» the three first properties in Definition 5.20 that do not involve p_ are satisfied;
* there exists 4+ € Gy \ {—} suchthatr, = —1mods,_;

» forany u € g \ {it—, 4}, we have s, = 1 and :Z—I > ry.

Allowing infinite s, the first condition guarantees that we avoid pathologies (i)
and (i1) in Lemma 5.4, which make the denominator of the recursion kernel be identic-
ally zero in some open set. The last two conditions match those in Theorem 2.11.

Definition 5.22. A spectral curve € = (C, x, y) is admissible if all « € a are either
regularly, or irregularly, or exceptionally admissible. The tuple (7, 5,.) uea, is called
the type of the ramification point & € a.

Theorem 5.23. Let € be an admissible spectral curve equipped with a fundamental
bidifferential of the second kind wo, and with a crosscap differential w e Then
there exists a unique way to complete (wg,1, ® L wo,2) into a system of correlators
® satisfying the projection property and the abstract loop equations (or the master
loop equations). Moreover, wg ,, is computed by the topological recursion (5.7) by
induction on 2g — 2 + n > 0, and the result of this formula is symmetric in all its
variables. The coefficients Fg , determined by its decomposition are the coefficients of
expansion of the partition function of the Airy structure introduced in Definition 5.17.
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For smooth curves with simple ramifications — i.e., C=cC, |ag| = land ry =2
for all @ € a — the symmetry is proved in [36, Theorem 4.6]. For admissible smooth
curves, Theorem 5.23 is proved in [9, Theorem 5.32]. For singular curves, the admiss-
ibility condition we have adopted is not far from being optimal for this formulation
of the abstract loop equation/formulas like (5.7). It may not be impossible to define
a topological recursion for more general spectral curves, but either formula (5.7)
will have to be different or the exponents in the master loop equations/abstract loop
equations should be increased, in a consistent way so that there still exist a unique
symmetric solution.

We obtained Theorem 5.23 by exploiting the dictionary established in Section 4
and using Theorem 2.14. It is therefore natural to ask what the analogous statement
of Theorem 2.13 (with the addition of Theorem 2.15) in the setting of spectral curves
should be. For this we make the following observation.

Proposition 5.24. Again assume that none of conditions (1), (ii), (iii), (iv) appearing
in Lemma 5.4 are satisfied, and let ® be a system of correlators satisfying the projec-
tion property. Then,  satisfies the abstract loop equations for g = 0> if and only if
the associated partition function satisfies

V(i k)e I, e FHyirer -1=o0(h?). (5.18)
From this it becomes clear how to translate Theorem 2.13.

Definition 5.25. We say o € a is admissible in genus 0 if

* there is at most one u_ € a, for which s, = +o0. If such a p_ exists, then
ru_ =1;

 for any distinct ., v € aq such that (r,,s,) = (1, 5,), we have t[j‘ £,

* 1y ==xlmods, forall u € ay;

» forall uy # o with s, > 2 such that either

Fu, =1mods,, and r,, =1mods,,

or
ry, = —1mods,, and ry, =—1mods,,
U Tua .
one has LSulJ %+ LSuZJ’

e if there are pairwise distinct i1, i, 43 € Qg With LZZ_H = L:Z—;J = L;‘;—zj, then

there is an m € {1, 2, 3} for which s,,,, = 1.

A spectral curve € = (C, x, y) is admissible in genus 0 if all @ € a are.

2With this we mean that for any n > 2, @ € a and i € [ry], equation (5.12) is satisfied for
g =0asxg — x().
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Theorem 5.26. If € is a spectral curve admissible in genus 0, equipped with a fun-
damental bidifferential of the second kind wy 2, then there exists a unique way to
complete (wo,1, wo2) into a system of correlators (wo n)n>1 satisfying the projection
property and the abstract loop equations (or the master loop equations) for g = 0.
Moreover, wy 5, is computed by the topological recursion (5.7) by induction on n > 0,
and the result of this formula is symmetric in all its variables. The Fy ; determined by
its decomposition are the free energies solving (5.18).

Clearly, not every curve admissible in genus 0 is admissible, and there is indeed
a good reason for this definition. Suppose we are in the setting of Theorem 5.26. Then
given a crosscap differential @ 1,15 One could ask whether one can extend the family
(@0,1, wo,2, w03, ..., w 1 ,1) to a system of correlators @ satisfying the abstract loop
equations for all g > 0. Doing explicit calculations, we will observe in Section 6.1.3
that this is not always possible without at least imposing certain conditions on the
choice of @1

5.5. Decoupling of exceptional components

If we erase some or all of the components of an exceptionally admissible local spectral
curve € indexed by the u_ € a such thats,,_ = oo, we still obtain an admissible local
spectral curve €’. We prove below a decoupling result if wg » has no cross-terms with
these components and w 1 vanishes on these components. This decoupling means
that the computing wg , on € and restricting to €’ gives the same result as restricting
(@0,1, 0,2, @ 1 o €’ and then computing wg , by the topological recursion on €’.

Proposition 5.27. Let (C, x, y) be an exceptionally admissible spectral curve equip-
ped with a fundamental bidifferential of the second kind wy > and with a crosscap
differential CIe

Let o’ be a non-empty subset of exceptionally admissible ramification points, and
denote @' the set of L € @ such that i € Gy for some a € a’ and s,,_ = 00. Assume
that for any u— € @ andv € a \ @, we have

(Locy,_ ® Locy)(we,2) =0, Locy,_ (")%,1) =0.

Then, if we denote by  the outcome of topological recursion and

’_
Loc = |_| Locy,
nea\a’

the Loc'-projection of the system of correlators @ obtained from (C,x,y, wo 2, ®; 1 )
by the topological recursion (5.7), satisfies the topological recursion on the local
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spectral curve
(CIOC)/ — |_| C,u,

nea\a’
equipped with the restriction of x, y, wg 2, @ 1,4 onto (5 locyr,

Proof. We detail the proof in the case of a single ramification point with s, = oo.
The general case follows because topological recursion is local. It suffices to work
from the start with the normalised local spectral curve attached to (C, x, y). We write
C'¢ for the connected component of C'* associated to H— and ch for all other
components.

First, let us prove all w, , with exactly one argument in C¢ are zero. We will
prove this by induction on the Euler characteristic. The base cases hold, as wyp,; and
w14 vanish on C°¢ and wo,2 does not have cross-terms. For the induction step, let us
recall the topological recursion formula (5.7):

VA . .
SN Re( X K W),
0Ea [LETy {z}CZ<Fu(2)
Sz @0,2(-, 20)

(G = FE))dR ()

In this case, a = {0}, and @y = {0 € C’_lfc, 0 € Cloey,
Let us analyse this formula with zo € C'° and all z; € Cfc for i € [n]. First,
because the wg » does not contain cross-terms, we musthave z € C_,soalsou =0 €

wg,n-i—l(ZOv Z[n])

Kp(bm)(zo; Z[m]) =

Cloc. Because ¥ |G 18 injective, fo(z) contains no other point in Cloc. Hence for all

terms in the sum, Z N C ¢

= {z}, and by the induction hypothesis, all W'(Z; z[,,]) are
zero (they contain a factor wg/ , with 2g’ —2 + n’ < 2g —2 + n and one argument
in Cloo),

Now, we will prove the proposition using a similar induction. The base cases, w1
and wy > (and the trivial @ 1 ’1), do indeed not mix several components.

For the induction step, we again look at the topological recursion formula. Let us
look at the terms contributing in the case zo and all z, are in C fc. As before, z € C Jlfc.
Furthermore, fo(z) contains exactly one element, say ¢, in C¢, 50 any Z contains at
most one such element. Any term in the sum not containing ¢ also contributes to
the topological recursion on C°, and all terms including ¢ must vanish by the first
part of this proof, as they have a factor wg/ ,» with exactly one argument, namely ¢,
in Cloe. n
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6. Calculations for low 2g —2 + n

In this section, we calculate some of the first correlators in the unique way of The-
orem 5.23, but for not necessarily admissible spectral curves. In this generality, there
is no guarantee for the correlators to be symmetric, and we will find that indeed they
are not for certain choices of parameters. As correlators coming from Airy struc-
tures are symmetric by construction, these calculations give necessary conditions for
our collections of differential operators to form Airy structures. These conditions are
summarised in Section 2.3.4.

6.1. The standard case

Let us consider the spectral curve with a unique ramification point o at which d
irreducible components labelled by @, = @ intersect, and defined for u € @ and z on
the p-th component of the normalisation by the formulas

x(B)y=z", y(B)= -1,z 6.1)

We equip it with the bidifferential and the crosscap differential

d21d22
n1 p — _c =
Q)O,Z( Zl] 222) - 5“15#2 (Zl _ 22)2 ’ 602’ >

We assume that ged(ry, s,) = 1, and that for :—ﬁ = ;—E and p # v, we must have

t,i“ # 1. The correlators for y =2 —2g —n = —1 are
wo,3(21,22,23) = Zfzes Z K,u(z1,2,2)
e z’'ef’(2)

X (0,2(2, 22) w0 2(2', 23) + w0,2(2, 23) w0 2(2', 22)),
— /
0)%,2(21,22) = ZBZGE Z K, (z1,2,2")
wea z/ef/(2) (6.2)
X (wo,2(z, 22) w%’l(z/) + wo (2, 22) w%,l(z)),
— I
oLiGE) = ) Res D Ku(z1,2,2)
nea z’ef/(z)
X (wo,2(2,2) + a)%,l(z) w%,l(zl))’
where Z
fu wo,z(', Z1)
(y(2) = y(2")dx(2)
In this section, we compute these correlators and show that the symmetry of wo,3
and 1, Poses constraints on the parameters (ry, Sy, f;, Qu)pues. We also obtain

Ku(z1,z,2') =



Higher Airy structures and topological recursion for singular spectral curves 79

similar constraints from partial calculation of wg 4. In the light of Proposition 5.24
and Theorem 5.26, the symmetry of wg 3 and wg 4 is necessary so that the family
of differential operators admits a partition function solving the associated system of
differential equations to leading order in #2. In the same way, Proposition 5.18 and
Theorem 5.23 tell us that additionally we need to take into account the symmetry
conditions for @ 12 which are necessary constraints to obtain Airy structures from the
construction presented in Section 2. These ideas will be used in Section 6.3 to prove
Propositions 2.16 and 2.17.

6.1.1. Genus zero. In this section, we calculate wp 3 and obtain constraints on the
parameters of the spectral curve (6.1) that are necessary for the symmetry of the cor-
relators wg 3 and wo 4.

Proposition 6.1. Assume r,, and s, are coprime for all . € a. Then w3 is symmetric
if and only if the following holds:

(i) ry==x1mods,forall nca.

(ii)  Forall puy # po with s, > 2 such that either

ru, = 1modsy,, and r,, =1modsy,
or
ry, =—lmodsy,, and ry, =—1mods,,,
one has | 2L | £ |22 |
Suq Spo ="

When these conditions are satisfied, then wg 3 is given by

(1)0,3(1;11 ’zLQZ l;33)
-y Cubuy oz ) k1kaks dz1dzpdzs 6.3)
- (o ki1 _kot1 _kat1 Okitkatks.su: .
Iz s kikak3>0 21 227 Z3
where

o —
e = T Fu ="r,su+ 1L, 6.4)
rpt L e =rsy+s, =L

Proposition 6.2. Assume conditions (i) and (ii) of Proposition 6.1 hold. Then wg 4
can only be symmetric if

Tup

(iii) For any distinct Ly, L2, j13 With L;’j—‘] = |5,
1 2

{1,2,3} for which s, = 1.

| = L;Z—*J, there is an m €
3

Notice that the conditions from Propositions 6.1 and 6.2 are exactly the defining
properties of a curve admissible in genus 0, i.e., those curves for which we already
know that all (wo,,)n>1 computed by the topological recursion will be symmetric.
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Corollary 6.3. Let € be a spectral curve of type (6.1) equipped with the standard
bidifferential. Then the topological recursion formula applied to (wo,1, wo,2) yields
a family of symmetric multidifferentials (wo,n)n>1 if and only if € is admissible in
genus 0.

Before we prove Propositions 6.1 and 6.2, we first give some more general con-
siderations for calculating the genus zero correlators.

Recalling equations (5.7) and (5.8), we see that the recursion kernel can be split
into factors coming from different irreducible components of the spectral curve. First,
note that in K(z1;z, Z), we always need z; and z to lie in the same irreducible com-

z zdz
/ Cl)(),z("Zl) = !

w Zl(Zl_Z).

ponent, and then we have

Because wy > in our current situation does not mix irreducible components, this shows
immediately that to get symmetric correlators, we need

woﬁ(l“l S le3) =0
unless 4 = v = A: if one (say w) is different from the other two, we can use the
recursion with respect to its variable and get z € C , S0 both terms in (6.2) would
involve an wg > between two different irreducible components.

This vanishing can then be used to calculate wg 4 with arguments in exactly three
different irreducible components. All terms involving K ® would also involve a van-
ishing wp,3, while the same argument as for wg 3 above shows that the contribution
of K@ to such .4 should vanish — it also involves only wy ». In fact, this same argu-
ment could be applied to wo 4( £ 7, 7, 2, ) (We only need one irreducible component
to be different from all others), but this turns out not to give a new constraint, so we

omit it here.

Remark 6.4. This argument can be used inductively to show that all g, with exactly
one argument on a given irreducible component must vanish. This is analogous to the
proof of Proposition 5.27, but also uses that all arguments of the recursion kernel must
couple to a different correlator, as we restrict to genus zero. However, in general the
recursive computation of these correlators does require K™ of order m up to the
degree of X, and therefore becomes quite complicated.

For the remainder of this section, we restrict to recursion kernels coupled to g 2’s,
which is sufficient for our calculations. We also assume z; € C . From the shape of
the recursion kernel, we obtain several possible contributions (combining factors from
the kernel and the correlators):
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(1) There will always be one term

zdzy dzdz,,

z1(z1 = 2) (2 — zm)?

with z,, € éu-
(2) For any other z,, € C > We get a contribution

a
,&Mm d Zm

rﬂtu(ﬁZmSu _ I)ZSM_I (ﬁﬁmz _ Zm)z ’

where ¥, is a primitive r;,-th root of unity and we need to sum over all subsets
{am} C [r; — 1] of size determined by the number of z,,, € Cy,.

(3) Forany v # pand z,, € C,, we get a contribution

ozl o

rv(lvﬁfmsvzr“s"/r”_l _ IMZS/-‘_I) (ﬁf’”zru/rv _ Zm)2

and we need to sum over all subsets {b,,} C [ry] of size determined by the
number of z,, € C,,.

We need to take the series expansion of each of these near z = 0. For (1), this is

zdz; dzdz,,

21(z21 = 2) (2 — zm)?

= dzdz;dzp, Z kzl_é_lz,;k_lz“k_l.
L,k>1

The summations for cases (2) and (3) get quite complicated for general sizes of the
subset, but for size one, they are computable. For case (2), we get

—1
PO
Futp (@0 — 1)zsu=1 (982 — 2p)?

a=1
d ru—1lry—1
_ Ym asyt ak —k—1_k—s;,
= D 2 W ) kdEa
B g=1 =0 k>1
dz uTl
_ 9Zm —k—1 _k—s
=2, Z Z C(rubry sy e+ — Dkz, 2878
B E>1 £=0

dzm rp—1 —k—1 _k—
= (k) — k Su
rutM,;( w(k) 2 ) mE '

where £, (k) is the unique £ € [0,r,) such thatr;, | s, ¢ + k.
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For case (3), there are three different subcases, depending on the sign of :—Z — :—::

(3a) If;—z = £, we get

rv

>

Pl (tvﬁfmstr“s”/r”_l _ Z‘MZSM_I) (ﬁfmzru-/rv _ Zm)2

"u._eu.(k)_lteu(k)
v

=dz,, Z £

k>1

ﬁgmzru/r\,—l dz,,

k2 k1 ks

r r
B =l

(3b) If:—ﬁ > ;—:, we get

Ty

2

1 rv(lvﬁll)?msU ZrMs,)/rU—l _ IMZSM_I) (ﬁf’”zru/"v _ Zm)z

ﬂgmzru/ru—l Az,

-1
__ (’_v) k Z;lk—lz(su((—l)-i-k);—l‘f—(su.
I ki>1 fu
rylsy (€—=1)+k
'w 1y
(Bc) If s < Sz,we get

v

; Py (b Oy 2SIt — g 25 (BN Tl T — 2,)2
1 :
_ dzm Z (Zﬁ) kZ';k—lz(k—ésl,)'r—’]f+(€—1)s,,_.

t
Vo k1 v
rylsyl—k

ﬁfmzru/r.,—l dz,

Proof of Proposition 6.1. We have already argued that in the symmetric case wg,3
vanishes unless all arguments are on the same component. Let us therefore first cal-
culate the value of wg 3 in exactly this case. If all arguments lie on C,, we get
a contribution from case (1) and the one-argument version of case (2). Then taking
the residue, we obtain

[T
W03\ z1 z5 z —lr—1_—kr—1 —
( 122 3) es(dz Z kpzy 215k Slatka—1
z=0

dzdz,dz
17523 lo k=1
1 r, — 1 A _
x— (ZMUQ)_ 3 )k323k3 B
rul‘u Kozl
£3,k3>1

X — Z (E,L(kz) - %)kzz;kz_lzkrsu)

r
wh ka>1
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1
= R dzekz Kok (£ (k) + £ (k) — o + 1)
ko k3>1

< Zl—Z—lzz—kz—lZ;k3—lzﬁ+k2+k3—su—l

=Y ekt + k)~ + 1)

rut
B ki ko ka1
—k1—1_—ko—1_—k3—1
Xz : ) 2 Z3 ’ 8k1+k2+k3,su'

For r;, = 1, this expression vanishes and hence is symmetric. In the case r;, > 1, we
know from [9, Proposition B.2] that for s,, € [r,, + 1], this is symmetric if and only
if r, = £1 mod s,. If however, r, > 1 and s, > r,, + 1, it is easy to see that the
correlators can never be symmetric. Let us assume wo,3 is symmetric. Then for all
ki,ka, k3 > 0 satisfying ki + ko + k3 = s, we must have

kaks (€ (ko) + €y (k3) —rp + 1) = kiks (b (ky) + €4 (k3) —ry + 1).

After plugging k1 = 1, ko = ry, and k3 = 5, — r, — 1 into the above equation, the
right-hand side vanishes and we obtain

Fulu(sy —ry—1)—ry,+1)=0.

From this we deduce that £, (s, —r, — 1) = r,, — 1. This means that there must
exist such m that mr,, = s, —r;, — 1 + 5, (r,, — 1). This in turn implies that r,, = 1
which contradicts our starting assumption. We therefore conclude that the symmetry
condition for wo 3( 41 % %) is exactly captured by (i).

To show equation (6.3), recall that £, (k) is the unique £ € [0, r,) such that
ru | s€ + k. In other words, there is an m such that m(r/ s, + &) = sy (k) + k.
Viewing this formula modulo s, shows that for k < s,

k ife, =1,
n=| z

suy—k ife, =s,—1.

From this, it follows easily that (£,,(k2) + £, (k3) —r, + 1) = cy as ko, k3 < 5.

Now let us turn our attention to the case where the arguments wq 3 lie on two
different components. We will see that in this case the symmetry is controlled by con-
dition (ii). Let us first show that this condition is indeed necessary for the symmetry
of wg 3. So suppose there are (v and v violating (ii), i.e., S, 8y > 2, L:—ZJ = L;—EJ and
either r, = 1 mod s, and r, = 1 mod s, or r, = —1 mod s, and r, = —1 mod s,.
After relabelling, we may also assume that :—Z > ;—E In the following, we will show
by explicit computation that in this case wo (% % ;) # 0. This however means
that wo 3 cannot be symmetric since wo 3( 7, £, £, ) is always vanishing.
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In the case :—Z =1, wo3( 4 % 7,) gets a contribution from case (1) and the

one-argument version of case (3a). Then taking the residue gives

JURTRRY
wo,3\ z1 z5 z —k1—1_—kr—1 —
( 1 22 3) — Resdz Z k2k321 1 z, 2 Zk1+k2 1

dzidz,dz =0
1522553 : k1.k2,k3>1
tru_zu(k)—lteu(k) . .
Il v —k3—1_k3—s
X ru r'u Zm 3 z 3 “
=t
tru—eu(ks)—l/u(h)
= K d kok38
- Z [r” —[rM 2R/30k +koy+k3,sy,
ki,k2,k3>1 v K

—k1—1_—kr—1_—k3—1
X Zq Zy Zg .

This is clearly non-vanishing since we assumed that s,,, s, > 2.
If now :—Z > ;—E the correlator gets a contribution from (1) and (3b) leading to

w oo
wo,3 1 —ki—1 —ko— 1/t \ 1
(41 % 23) — _ — Resdz Z koks z7K1 7 ke ki 1( v)
dzidz,dzs t), z=0 Ky skt 1 Im

rylsy (€=1)+k3
% Z;k3—lz(sv(€—1)+k3)%—£su

1 1y 1 —ki1—1_—ko—1_—k3—1
= —— —) koksz; "'z 2T 2

t 3
Bk ko k=1 P
ryvlsy (E—1)+k3

x 8k1+k2+(sv(e—1)+k3)’—”“—esu,o

v

1 t )4v(k3)+’v€/ k=1 ka1 _—k3—1

= —— — kokszi "1V Tz 2T 203

I E § (tu 1 2 3
k1.k2,k3>14'>0

X 5k1+k2—au,u(k3)+€/(rusv—rvsu,),0, (65)

where we set
(k) = —(syly (k) + k):—“ + (L (k) + 1)s,. (6.6)

The key observation to make now is that a, (1) > 1 under our assumptions on j
and v. Indeed, in the case r,, = 1 mod s, and r, = 1 mod s,,, we find that

apy()=—=rp +(p—14s,) =s,—-1>1, 6.7)

where we used that £,(1) =[] = [;—ZJ. Similarly, if r, = —1 mod s;, and r, =
—1 mod sy, an analogous calculation gives a,,,,(1) = s, — 1 > 1. Hence, we find that
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the residue

Res Res Res zl‘“( - Z2Z3W0 3(zM1 2 z;)
z1=022=02z3=0

1 o\ )+rp 1 /t,\&v (D)
= Z (_v) 86/(";1.5\1—7'1)5“)30 = __(_v)
T rzo e In My

is non-vanishing, telling us that wg 3( Z“l 75 23) = 0. This shows that condition (ii) is
indeed necessary to ensure the symmetry of wg 3.

Let us now finally argue why (i) and (ii) are also sufficient to ensure symmetry.
Indeed, our spectral curve is admissible in genus O if additionally condition (iii) of
Proposition 6.2 is satisfied. In this case, wo,3 computed by the topological recursion
must be symmetric by Theorem 5.26. Note now that condition (iii) is trivially satisfied
in the case d <2.Inthe case d > 2, since wo 3( £; # %) can as well be computed after
restricting x, y, and wg > to the component C 1 (a one-component spectral curve for
which (iii) is trivially satisfied), the correlator must be symmetric under permutation
of the arguments. Similarly, for 1 # v we can compute wo 3( £ 7, £ ). wo,3( % £ 7).
etc. after restricting the input data to the two-component curve C w C, for which (iii)
holds as well. Finally, if all arguments lie on different components ju, v, A, we always
have a)o,3( povoA ) = 0 which of course is symmetric. Thus, although we are not

Z1 Zp Z3
imposing condition (iii) of Proposition 6.2 the correlator wy 3 is already symmetric
given that (ii) and (ii) hold. [

Proof of Proposition 6.2. Suppose wg 4 is symmetric and there are distinct u, v, A
with L:—ZJ = Lg—l‘jj = L;—ij and s, sy, 55 > 1. After relabelling, we can assume that
:—“ > v > IA As argued before,

“w v A

004(f 2, 4 2) =0

because  # v. So it suffices to show that wg 4 ( LB zﬁ ) = 0 in order to get a con-
tradiction.

T'n Ty 15N nopn
In the case s s 2 the correlator wo_4( nE L 4) gets a contribution

from (1) and twice from (3b) giving us

004 (4 £ 21 2,)

lededZ3dZ4
1 —k1—1 —ko— _
=——Resdz Z kzk3k4zlk1 122k2 1 kitka—1
z=0
“ ki1,k2,k3,kq,83,84>1

rylsy (¢3—1)+k3
ralsa(a—1)+kq

£3—1 :
« (f_v) Tkl (e F s
¢
"
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b1 _ w_
% <_/1) S ka IZ(SA(54 D+ka) 7 —Lasy

1y 4
/ / 4
Sl Y akaka () () RS TT
1 tu tu m
Ko ky ko ks ka>1 m=1
£5,8,>0

X 8y ey —ays v (k3)+05 (5o —rv 50—y 5 (ka)+ (rusa =735, 00

where we defined a,,,(k3) and a, 1 (k4) as in (6.6). Again, the key observation to
make is that a,, (1) > 0. We have already shown this in (6.7) for two cases. In the
other two remaining cases, a straightforward calculation shows that a,, (1) = 1 in
case ry, = —1 mod s, and r, = 1 mod sy, and a; (1) = (s, — 1)(sy, — 1) if ry =
1 mod s, and r, = —1 mod s, confirming that indeed a, (1) is a strictly positive
integer. Thus, the residue

auv(1)_ay.a(1) wopmov oA
Zl?gso---zl}iso Z Zy Z3Z4 w0,4(z1 z3 73 24)

a, (1) Z (t,, )fv(1)+f'3rv(tk )5/\(1)+5er
— At i = )

P > > Lo (rpsv—rysp) L (rusy—rysu), 0
w

£5,6,>0
_aua(l) (t_v)fv(n(zi)h(l)

th o ty

is non-vanishing and hence w4 ( nE L 2’14 ) # 0 giving us the desired contradiction.
Now if :—“ = Z—" > ;—;, we can proceed similarly. This time the correlator receives
v

contributions from (1), (3a), and (3b) leading to
ru_zu(k.?)—lteu.(]%)
v

A
coilfibini) 1y (f_k)“"“"”ﬁ”
- T T
dzy1dzpdzadzy tu Ky Ko a1 ty — 1ty tu

£,>0
4
—kn—1
X ( l_[ Zm " )8k1+k2+k3_5u_au../l(k4)+e£;(”u5)~_r)t5u),0'
m=1

. . ),
Therefore, also in this case we find that w0,4(2“1 g ) #0as

spu—1 aM,)l(l) v A
Z]Tgsozligsozl Z, Z3Z4 w0,4(z‘*1 Z’Lz 73 24)
—€u(D-1,£,(1
Caua() gl n D fu ) ([i)“(l) #0
I l:“ - l‘;,:“ m
Similarly, if :—Z = % = :—’A‘, an analogous calculation gives
Su—1_s,u—1
Res --- Res 21" z," " z3zqwoa( L 1 2 Z’:) # 0. n

z1=0 z4=0
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6.1.2. The Bouchard-Eynard formula for (0, 3) does not hold in general. Let us
compare wp,3 With

(1112 83 w0,2(2, 21)w0,2(2, 22) w0 2(2, 23)

Res
6003 zZ1 z2 23 ZZ 0" dx(z)dy(z)

. 28 Z k1k2k3 dzydz,dzs 5k1+k2+k3,su
= 152535 L ki+1_ko+1_k3+1 ¢ p —r.)
k1 ds K30 2,27 z3 Ll (S — T'u)

According to [14, Proposition 11], @9 3 = wo,3 for regularly admissible spectral cur-
ves. More generally, if the spectral curve is admissible, comparing with Proposi-
tion 6.1, we see that wo, 3 = iy,3 if and only if ¢, = M; ors, < 2foreach u €a.
The condition ¢, = 1mphes that s, = r,, + 1, which by property (ii) of Pro-
position 6.1 can only hold for one p. Comparing with Theorem 2.11, we see that,
e.g., (r1,s1,r2,52) = (5,3,3,2) gives an Airy structure for which wg 3 # @9 3. We
conclude that [14, Proposition 11] does not always hold in our general setup.

6.13. (g,n) = (%, 2). In Section 5.4, we already asked the question whether topo-
logical recursion applied to any curve admissible in genus 0, which in this section
we will continue to assume to be of the form (6.1), together with a choice of wo,»
and w1 will yield symmetric wg , not just for g = 0 but also for g > 0. By studying
the symmetry of W1 5, We will see that this is not always possible unless the paramet-
ers O in @y 1(") = Q“ satisfy certain compatibility conditions. Let us first look
at two examples

Example 6.5. Let us consider the two-component curve of type (r1,51) = (r2,52) =

(3,2) and choose 11 = —t, = 1. Then the topological recursion gives us
Ly (2 &)dzldzz
a’%,z(m n)= ( 3 + 2 ) 22
2 2= (L4 &)t
a)%,Z(Zl 22) < 2 + 3 2%25 ’

which are always symmetric under the exchange of arguments, while for arguments
lying on different components, we find that

a)l ( 1 2 ) _ 0Q1dz1dz; w1 (2 1 ) _ 0> dz1dz;
28z122) = 5T 2 2 32\z122) T T 5 T 2 2
Lo 2 ziz3 2251 %2 2 ziz3

which means that @ 1 can only be symmetric if Q1 + Q» = 0.

Example 6.6. Let us look at the two-component curve with (r1, s7) = (8, 3) and
(r2,52) = (5, 3). Furthermore, we choose t; = t; = 1. In this case, @ 12 vanishes for
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arguments lying on different components and

5Q1 +8Q2 d21d22 Q1 —|—4Q2 dZ]de

11
w1, (L 1) =- -
5,2\ Z1 22 2.3 3,2
2 4 2725 4 2725
. ( 2 2 ) o _6Q2 d21d22 _ Q2 lede
5,2\Z21 22 ) — 2.3 3,2 °
2 S ziz 5 zyz3

For the above to be symmetric under the exchange of z; and z,, weneed Q1 = Q> =0
which means in this case there is no ambiguity in choosing the Q.

These two examples are special instances of the following classification.

Proposition 6.7. Assume (., s.) e are integers satisfying condition (i) and (ii)
from Proposition 6.1. Then @ 12 is symmetric if and only if

(iv) Ifsy, >2andr, =1mod s, for u € a, then

Z 0,=0 and VIlel[s,—3] Z Qvt‘f”e -0

V£ VL
:”*M>'\*U S\J=13LZ*MJ="V
Su” Sy S
(v) Ifsy>2andr, = —1mod s, for u € a, then
Qu+ Y, 0v=0 and VLe€ls, -3, Yoo ot =0
r:#/}; v#u
m>ﬁ 1|' ] =ry
(vi) For all u # v with L:—ZJ = L;—:J, ry, = —1mods,, r, =1mods, and

Su. sy > 1, we have
Qu = _Qv-

If these conditions are satisfied, we have if r;, = ”;/LSM + 1,

m l/«) . Z k kdelez (_ Qﬂrl/,t,
k1+1 k2+1 tar
k1,k2>0 %1 min

ki +kousp

r,,,—l

+ Z rM ",u. Qv8k1+k2asu85,u,2

Q to\Tv(sp—2)
- Z _v(t_v) 5k1+k2,28su>2

t
vEU 133 133

+ Z ?v(tutv) 8k1+k2,25su>2>, (6-8)
V#Hf sy=2, w
| )=t
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; — !
and if ry, = ry sy + s, — 1 and s, > 2, we have

howy kikydzydzy ¢ Qulry, +1)
w%,z(zl 22) - Z k141 _ko+1 o7 ki+ka.sp
k1ky>0 21 %2 Hip
Qv tM ry (s —2)
+ ,_(Z_) 8ty +k2.285,>2
V#EU g

- > &(t—v)rv Sk +k2.2 8su>2)- (6.9)

t t
- V#M:iv=2, ® ®
w . r W\ r
m>ﬁ,LmJ—LﬁJ

Moreover, for @ # v we have
n v
w%,z( z1 22 )

_dzydzp [om 1y r;,L . ; 1 T Iy
e (tu) if (ru, ), (rv,sv) satisfy (vi) and s
4 ’
T ry
= dzqdzo Quty ty . _ _ _
— B3 ifry, =ryands, =s, =2,
142 Y22 v

(6.10)
0 otherwise.

Before proving Proposition 6.7, we need the following technical fact.

Lemma 6.8. Let rq, 12, 81,52 > 0 with ry, and s, coprime and :—1 > ;—; Further
assume the integers satisfy all constraints from Proposition 6.1. Then

A =r152 — s

takes the following values:

e A=1lifs1=1,r = L;—;J + 1, and r, = —1 mod s, or we have s, = 1, rp, =
L;—:J and r; = 1 mod s;.

e A =max{sy, s} —2if 51 =2 L%J = L:—;J, and r, = 1 mod s, or we have
S» =2, L;—:J = L;—;J and r; = —1 mod s;.

e Otherwise A > max{sy, sz} — 1.

S+ 1, with ;€ [0,5,). Then due to (i), we know that

ry, € {1, s, — 1}. We can thus rewrite

Proof. Letus write r, :=r

A = s152(r] — r5) +r{sa —rys1. (6.11)

By simply plugging in the indicated values for r,,, s, it is easy to see that they indeed
produce A € {1, max{sy, s2} — 2}. For instance, setting s; = 1, r; = r, + 1, and
ry = s, — 1, we directly obtain A = 1 as was claimed.
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It is therefore only left to prove that in all other cases A > max{sy, s>} — 1. To do
so, let us first assume ri = ré, in which case (6.11) reduces to

S1— 82 ifrf =s1—1, r) =s—-1,
” " s152 —s1—s2 ifr{ =s1—-1, rf =1,
A=r1s2—r2s1= Iy ”
s1+ s —s18p ifrf =1, ry =s3—1,
Sy — 81 ifr{ =1, r) =1

Let us go through the cases separately. First assume r{ = sy — 1 and r) = s, — 1.
In this case, (i1) forbids s, s, > 2. Notice now that since we assume that ;—: > ;—i
necessarily A > 0 and therefore the only allowed cases are s, = 1 with s; > 1 or
so = 2 with 57 > 2. While s, = 1 and s; > 1 gives A = s — 1 = max{sy,s2} — 1,
considering the second case yielded A = s, — 2 = max{s;, s2} — 2.

For our further analysis of the case r{ = ré, we can assume that 51, s» > 2. Then
if r{ =51 —1andr) =1, one has

A=s1(s0—1)—852>3(s2—1)—52 =285, —3 > 57,

and similarly also A > s;. Now assume r{ = 1 and rj = s, — 1. Then due to 51,52 > 2,
one has
A :S2—S1(S2—1) <S2—2(Sz— 1) = 2—S2 <0,

which contradicts the assumption that ;—; > :—; Finally, notice that the case r{ = 1
and ry = 1 for 51, s, > 2 is forbidden by (ii).

Now assume that | # r5. Due to ;—i > :—;, we know that r; > r}, which taking
into account (6.11) implies that

14 1 14 V4 V4
A > 51850+ risa—rysy =s1(52 — 1) + ris2 > 51+ risa,

which is always larger than max{sy, s} — 1 unless | = 0. However, if r{' = 0, then
necessarily s; = 1. Then either r; = r) + 1 implying that

1 if rll =5, — 1
_ " _ 2 2 ’
A=sy—r, = e
so—1 ifry =1

r -
or we have r; > r; + 1 yielding
A > 255 —ry) > 55 > max{sy,s2} — 1.

Note that the cases above, in which A = 1, are exactly those considered in the begin-
ning of the proof. ]
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Proof of Proposition 6.77. Let us start by computing w3 2(2"; 22) Inspecting equa-
tion (6.2), it should be clear that one may proceed as 1n the computation of wg .
While the second term in the bracket in (6.2) gives a contribution

a)%,Z(ZHi %)

ru—1

d l?a d d
=---+Resz sl asuﬂ — Z2 2Quz
z=0 = z1(z1 —2) rutu(é‘u — 1)zu (ﬂH«Z —Z3) z
dz1dz; 20 (k) —ry + 1
=t ) k1+1 S ka O Sk, +hyusy — > N (A 0))
kika>0 © whp

the first one gets a contribution of type (1) and additionally a factor

1 0,dz

rv(tvﬁfwzrusv/rv—l _ IMZS'“_I) z

where one sums over b € [r,] if v # p and over b € [r,, — 1] if v = pu. This gives

w%,z(zlﬁ %)

ru—8u,v
_ zdz; dzdz, 0, dz
=Resd D —+

z1(z1 — 2) (z — 22)? Vv(tvﬁ\l,’s”zr“%_l— {251y 2

vea b=1
dzidz, Ly(ks) —ry + 1
= k2 0k ko
k1+1 k2+1 WEk1+k2.5u ot
k1 k2>0 Ko
trM 1
+ k2 Z [ —trM Qv5k1+k2,su
vEL Y K
Tw_ry
su T sv
—ka Y Z rv£'+1 Qv8k1+k2+l (rusv—rvsi)ssu
>0l
r:#u >0
S Sy
s
;L
+k2 Z Z rvt’ Q 8k1+k2 Z’(rusv—rvsu,)su} (613)
v />0 "V
i
122 Sv

where in the second line we also included the contribution from (6.12). Let us further
on use the notation

w1 (Ml Mz)_ Z dzidz; F [,ul Mz]
3,2\ %1 22 ) k1+12k2+1 ki ka1
k1,kp>0



G. Borot, R. Kramer, and Y. Schiiler 92

Inspecting (6.13), we notice that for s, < 2 the components F 1 ’2[ ,fl ,52 ] are always
symmetric under the exchange of arguments. To be more precise, for s, = 1 the
components all vanish and for s,, = 2 they get a contribution from the first and second
line of (6.13) solely. Hence, using that £, (1) = ";/A for 5, = 2, we see that in this case
Fy 5[, &, ] is indeed given by (6.8).

Now let us assume that s, > 2. Then due to property (ii) of Proposition 6.1, the

r\)

contribution : = 22 in (6.13) has to vanish and one ends up with

o Qulry —1—-£u(kz)) 0,
Frali k2]=‘5k1+kwk2( T Vi
vFEW
wry
s~ sy
rod’
+ Z( Z ( ) Qv(gkl+k2+€,(rusu—rvsu)asu
“£’>0 V#M
T
SM>SU
t rol’
+ Z (f) Qv8k1+k2—€/(ru_sv—rvsu),su)- (614)
VEL
Tw rv
S Ssv

Since sy — rysy 7 0 for ;—Z #* ;—“j, we can analyse the symmetry constraints coming
from the first and second line of (6.14) individually.
First, assume r;, = r,&su + 1. Thenif k; + k» = s5,,, we can use that

ry—1—=Lyu(ky) =r,—1— r;Lkz = r;Lkl

to find that 0ur
1 Qv
Fiole k] = —kika m ko ) S o (6.15)
r:#u
s Sy

This expression is symmetric under the exchange of k; and k» if and only if

> 0.=0. (6.16)
e
sy
Let us proceed by analysing the symmetry constraints coming from coefficients with
ki + ka < sy, i.e., we consider the second line of (6.14). Clearly, the case s, = 3
is symmetric. Therefore, now assume that s, > 3. In this case, we can only expect
a non-vanishing F%,z[lgl iy | if [rusy — rysul € [s — 3] for some v # p. Due to
Lemma 6.8, we know that for all v either |r, s, —rys,| = 1or |r sy —rysu| > 5, —2,
which limits the cases where F ! 2[,5“1 ,f“z ] # 0 for ki + kp < s, severely. To be more



Higher Airy structures and topological recursion for singular spectral curves 93

precise, Lemma 6.8 tells us that |r;s, —rys,| = lifand only if s, = 1 and r, = L:—ZJ.
Therefore, for 2 < k; + k2 < s,,, we have

k t rve/
F%,z[liﬁ IéLz] = _t_z Z Z (—U) O 8y +ho+0/ 5,

L)) vEUL T
szl,rvzl.%]
ko ty \TvGu—k1—k2)
__Kk2 b 17
=Y () 0.. (6.17)
w VL 1
Sv=1:rv=|_%J

»
511:1,"1)=L$J

Together with (6.16) this explains symmetry condition (iv). Regarding the formula for
F%,z [ ,f; ,f“z ] stated in (6.8) notice that for 5, = 2, we have

nop Qury, ’;:M_l
Fiolin ] =- v Skithrz + Y o Qv6ic, +hea .0
2ag% VEL v M
w_ry
Su sy
while for s, > 2 one has
/ —
F [/LM]__Q”’FMS B Z &[_vru(su 2)3
%>2 ki1 kr] — 1 k1+ko,su P P k1+k2,2
why v w Ny

-
Sl)zlal_ﬁjzrv

ry
+ Z %(%) Ok | +ko,2-
vEU Sy =2, s v
Se<frlgrl=L5r)

In order to obtain the first two terms in the above expression, one applies the symmetry
constraint (iv) on (6.15) and (6.17). The third term is due to contributions v # u
in (6.14), for which |r;s, — rys,| = s, — 2. Lemma 6.8 tells us that this is the case
for exactly those v # u with s, = 2, :—Z < % and L:—ZJ = L;—ZJ This now explains
the origin of all terms occurring in (6.8), which closes the analysis of the case r;, =
S+ 1.

Now assume that r, = r/;s,, + s, — 1 and s, > 2. First, let us inspect F%,z[ 151 ,é; ]
given by (6.14) for k1 + k, = s;,. In this case, we can use that

ru—1—=Lu(ka) =y —ki(ry, + 1)
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in order to find that

Qu(r/ +1) Q Qv
120 S (3 7 2)

whi ) m
Wy
s~ Sy

for ki + ko = s,. This is symmetric if and only if
Qu+ Y, 0v=0. (6.18)
VEL
wry
S~ Sy

Now let us turn to the case k1 + k> < s,. Again, we may only expect a contribution
from v # w in the second line of (6.14) possibly leading to a non-symmetric term if
|rysv —rvsy,| = 1. Now Lemma 6.8 says that |r,s, —rys,| = 1 if and only if 5, =1
and r, = (:—Z—| Thus, for 2 < k1 + k» < s, we find that

k2 t\Tvu—ki—k2)
7N |2
F%,2[k1 kz] = Z (Z) Qv,

»
Sl)zlarv=[£]

for all £ € [s;,, — 3]. This condition together with (6.18) are of course nothing but (v).
Since the derivation of formula (6.9) is in line with the one of (6.8), we omit a further
discussion.

Now let us consider F' 1 ,2[ ,fl kvz] for v # . First, assume :—Z = :—: Note that in
this case, property (ii) of Proposition 6.1 forces s,, = s, < 2. Using the same approach
as in the derivation of (6.13), one finds that

0 fLlutkn) Ly ka)

wovy_ wly v

F%aZ[kl kz] = —k2 PUT Oky +ka.sy0- (6.19)
" v

For s, = s, =1, this expression is always vanishing and hence symmetric. Con-

versely, for s, = s, = 2, we have

F%,Z[/ﬁi kvz]zF%’z[];;]gl] ifandonlyif Quz—Qv,

which is captured in condition (vi).
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Now let us consider the case ;—Z #* % Without loss of generality, we can assume
that 2 > ™ [n this case, we have
Su Sy
4Ly (k)
wov Q,LL ty\"Tv v
Fy 2[k1 kz] = —kz P Z (Z_)
1% >0 M

) (6.20)

k1+(ka+svly (kZ))%_suév (k2)+z/(ru,sv—7'vsu)asu '

Let us first simplify this expression before turning to F il ,2[ kvz ,gl ] Comparing for-
mula (6.20) with (6.5), we can deduce that property (ii) of Proposition 6.1 ensures
that F%,Z[,f“l kvz] = O unless k1 = 1. And moreover, also F%,z[,f“l kvz] = 0 unless

1+ (ks + svﬁv(kz)):—” — s,y (k2) = 5. 6.21)

This relation cannot be satisfied for k5 > s,,. Indeed, if r, = 1 mod s,, then

r , kor!,
(ks + 500 k) - = 5,00 (62) = Ko = rysi) = | = | sy = rosio)
=S 4 (B -
T o

S
> Lk, > 5,
v

for all k, > s, where we used that

kr — |_kr—r‘/’Jrv ifr, =rlsy, + 1,
ev(k) = ' ,
—k(r) + 1)+ (—k(r;’v+1)—|r,, ifry, =rlsy +s,—1
and that L%J < skT The case r, = —1 mod s,, can be covered using similar argu-

ments. On the other hand, for 1 < k, < s,, plugging in the explicit expression for
£,(k3), we find that (6.21) is equivalent to

ko(r, —s,r! ifr, =r’s, +1,
su—1= 2 = 5ur) ST (6.22)
S+ (v —ko)(ry —spry) ifry =r)s, +5,— 1
Let us first analyse the case r, = r}s, + 1. Since
Iﬁ—%d=ﬂﬁ+%ng—tﬁj+&ﬂ) (6.23)
Su Sp

equation (6.22) can only be satisfied if s, > 1 and L;—ZJ = L:—EJ Suppose the latter

. . r
is true, then since we assumed that S—“ > ;—‘ we have svrlf{
" v

had rl;’ = 1 and s, > 2, this would violate property (ii) of Proposition 6.1, as in this

> s,. Therefore, if we
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case sy, s, > 2. Hence, we can assume that rl/j = s, — 1. Using (6.23), this means
that (6.22) is satisfied if and only if k, = 1.

The case where r, = r}s, + s, — | can be treated similarly. We can assume that
sy > 2 since s, < 2 is a special case of the one considered before. Now since r;, —
sury, > 0, we always have

S+ (sv — ko) (rp — Surn/;) = Sus

implying that (6.22) cannot be satisfied for any k, > 0. Thus, F 1 2[ 151 kv2 ] = 0 for all
ki > 0if s, >2and r, = r}s, + s, — 1. To sum up, assuming that (i) and (ii) from
Proposition 6.1 hold, we have
O v
—Gu (L) ithy =ko = 1,5, > 1, [{] = 2],

F) 2[151 kvz] = ry =—1mods,, r, =1mods,, (6.24)

0 otherwise.

One can obtain a similar expression for F ,[ o b |- First, one finds that
2> 2 K1

14

L v
F%,Z[kz k1 ] - kl Z 041 stru|k1—(€+1)5u8k2+(kl—(lf-i-l)su)%-i-(sv,O‘
>0 "MK

Then comparing the above expression with (6.5), one can simplify the expression for
v ou . . JTRY)
F%,z[kz ky ] as we did with F%,z[kl kz] before. One finds that

Qu (o) ® gy mhy = 1,5, > 1, 2] = |22,

ty \1,,
F 2[kvz /gl ] = ry =—1modsy,, r, =1mods,, (6.25)

0 otherwise.

Now comparing (6.24) with (6.25), it is clear that
wov vop
Fiole o] = Fioles i ]
if and only if
&(Z_”)e”“) -1 (l_”)’“_e"(l) 6.26)

th \t, ty \ty
in the case ry, = rysyu + s, — 1, v = rysy + 1, sy > 1, and r), = r,. Notice now
that due to £,(1) = r, and £, (1) = ry, —r), — 1, equation (6.26) is equivalent to
Q. = —Q,, which is nothing but condition (vi). Finally, notice that equations (6.19)
and (6.24) directly imply the formula for w 1 ,2( A 2”2) stated in (6.10). This finishes

the proof of Proposition 6.7. |
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6.1.4. (g,n) = (1,1). We study separately the two types of terms in (6.2):
o (8) = (5) + ol (5),

where o]  is the contribution from wy », and w{'; is the one from w; | - w

1 1 .
21 73l

Lemma 6.9. Let u € a. Then

2 _
ol (M):rﬂ 1 dz
L1tz 24r 1y, 250t

Proof. We have

—_

U (dz)?
ol () =Res 3 Ku( 4 ’ia’gz)(l ,:;a)2 - 6.27)

where the presence of wp 2(z, z’) forces the three variables in the recursion kernel to
belong to the same component C,, of C. To handle the sum, we use the following
identity for a not divisible by r,:

94 ru—1

H —
a0 = X

m=0

MU =) am, 6.28)
2ry

The contribution of each term of the right-hand side of (6.28) to (6.27) can be com-
puted similarly to (3a). After computation of the residue, we find

ru—1
m(ry, —m)(ry, —1—2£,(m)) dz;
o, (B)=-> —* 15 = R (6.29)
m=0 NS -

and it is enough to sum over m € [r, — 1]. Recall that £,,(m) is defined as the unique
integer in [0, r,) such that £, (m) = —mc;, mod r,, where ¢, is given by equa-
tion (6.4).

In the case r;, = r;;s,, + 1, we can decompose m = m'’s;, + m” with m” € [s;,].
It puts m € [r,, — 1] into bijection with (m’,m") € [0,7,) x [s,], and we get £,,(m) =
rym—rym’ =r,m" —m'. Then, we have

“w
ru—1 ru—1 su
Z m(r, — ) (r, —1—=2€,(m)) = Z Z (m'sy, +m")(ry, —m's, —m"
m=1 m'=0m’"=1
r,(r? —1
X (ry—1=2r,m" +2m') = _“(MT),

whence
2 -1 le

T
24thM ZSW"
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In the case ry, = 1,5, + s, — 1, we decompose m = m'sy, +m” withm” € [0,5,).
It puts m € [r,] into bijection with (m’,m"”) € [0,r,] x [0,5,,) and gives
Lu(m) = —(r), + Dm + (m' 4+ Dry = ry—m' — (r), + Dm".
Then, we have

’
Tu T Spu—1

"
Z m(ry, —D(r,—1-2¢,) = Z Z (m's, +m"y(r, —m's, —m"”
m=0 m'=0m’"=1
r,(r:—1
x 2m'+2(r;, + m" =1y — 1) = _%.
So, we obtain the same formula for a){,l in both cases. n

Remark 6.10. This computation can also be done directly from the Airy structure, as

dz
oy (%) = Z Fl,l[k]|Q=OZk+1
k>0

and Fp [k] is the constant term of order # in the unique operator of the Airy structure
of the form 710y, + O(2). In fact, as (6.27) coincides with the topological recursion on
the sole component C 1 of the spectral curve, the value of Fi 1[k]|p=¢ must coincide
atf, = % with the one computed in [9, Lemma B.3]. This is indeed the case, but we
note the calculation by this other method involves the sum

el m(r, —m) ru(ry = 1)
\Ij(l)(ﬂ) - __ 2 14 - _ 1% ,
2 2ry 24
m=0

which is much simpler than (6.29), although it leads to the same result.

To obtain w{ll, we can split the contribution of the various v as we did in the
derivation of equation (6.13). The details are omitted and we only give the outcome:

—( ) r 1 trM ! Q
1l sl w— w v
wq, 1(£) =dz Qu{ - - Z TR sl

Tu
21’“[“ v —t, z]
w_rv
su sy

/
Z Z rv£+1 k1+15k1+”svru—su’v)su
7

v#Eu k>0 IM
'worv (>0
S sv

-1
1y
[L
+ Z Z rvé’ k1+18k1+[ (Suru_svru_) SM}

v#EL k1>0 Ly
'w _rv (>0
S Sv
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6.2. The exceptional case

We proceed considering a spectral curve with only one branchpoint. Let us only
slightly change the setting and add a component — the exceptional component — in-
dexed by u— € @ on which

x("7) =z, y('7)=0,
ie.,r,_ = lands,_ = oo.On all other components u € a \ {u—} we still take
x() =z, y(f) =—t 27",

and we equip the curve with the standard bidifferential and the crosscap differential

0,dz
oy, () = FE

As before, we only require that gcd(r,,, s,) = 1, and that for :—Z = ;—E and u # v
we must have t[j’“ # ¢,V In the following, we will consider and partially compute the
correlators wp 3, wp,4 and @ 12 and characterise the cases in which they are symmet-
ric. These correlators are still given by formula (6.2), and we will learn that in the
exceptional case they mostly behave as in the standard case which was discussed in

the preceding sections.

Lemma 6.11. The correlators (wo,,)n>1 are symmetric if and only if conditions (i),
(i1) of Proposition 6.1 and condition (iii) of Proposition 6.2 are satisfied. Assuming the
above conditions, ® 12 is symmetric if and only if (iv), (v), and (vi) of Proposition 6.7
hold. In this case, the correlators w3 and @ 1 are still given by the formulas stated
in Propositions 6.1 and 6.7, where any Kronecker delta involving s,,_ = oo evaluates
to 0.

Remark 6.12. One should remark that all expressions occurring in (i) to (vi) make
sense even with s, = oo for a single u_ € a if we understand r;,_ = 1 mod s,_
and interpret :Z—— as being zero.

Proof of Lemma 6.11. Let us first focus on the correlators (wo,,)»>1. Regarding those,
Theorem 5.26 already tells us that (i), (ii), and (iii) are sufficient conditions for these
correlators to be symmetric. Conversely, we can argue that these conditions are also
necessary for the symmetry by looking at wg 3 and wg 4.

First of all, we notice that in the case 1, U2, (43 satisfy u; # p—, the correlator
wo,3(’%1 %2 43) is computed as in the standard case considered in Proposition 6.1
since the bidifferential does not mix the components. So first, we can deduce that
restriction of wg 3 to the non-exceptional components is symmetric if and only if

(rus ) s satisfy (i) and (ii) and second, we know that in this case wp,3 is given
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by (6.3). The same argument applied to wp 4 tells us that (r,, s,),,_ have to sat-
isfy (iii) for the correlator to be symmetric.

Hence, we only need to argue that (i)—(iii) involving the component C u_ are
necessary to impose. However, condition (i) is satisfied by our convention that r,,_ =
1 mod s,,_. Regarding property (ii), suppose there is a i # pu—_ for which s, > 2,
ry = 1 mod s, and L:—ZJ = 0. Then of course we must already have r;,, = 1. In this
case, the correlator

-
—w0’3(zl 2 %3 ) = —1 Res K (“ et “_) E kzk32k2+k3_22_kz_1Z_k3_1(dz)2
- z z Zz
dz;dzpdzs dzy z=p M2 2 3

ko,k3>1

1 —k1—1_—ko—1_—k3—1
:_t_ Z kaksz, ! ) 2 Z3 } 5kl+k2+k3asl4’ (6.30)
Bk ko k3=1

where we used that

This is clearly non-zero, unlike wo 3( % %23 %) = 0, and therefore we see that (ii)
must indeed be satisfied for all (r,,, s,)ea for wo, 3 to be symmetric.

Regarding (iii) we proceed similarly. Suppose there are u # v distinct from p_
with s,,, s, > 1 and |_ J = |_r"J = 0. Then (i) and (ii) only leave us with r,, = r, =1
and s, = s, = 2. We compute

nop v p—
6()0,4(212223 24)_ 1 Res K, (1 # VK~
= —Res K, (£ 52'7)
lededZ3dZ4 dZ] Z=n
% Z k2k3k42k2+k3+k4_322_k2_1Z;k3_12;k4_1(dZ)3
ko.k3,ks>1
1 1
- 2,2,2°

tuty —ty) 23232222

which is non-vanishing, where

Kulf8205) = s Y i
(tp — 1)1 (d2)? o~

M—

Using that always wo4( £ 2, £ %2

impose.

) = 0, this shows that (ii) is indeed necessary to
Now let us turn to W1 5 In the following, set a)l L =L, i.e., by a)l
we denote the restriction of @1, to the non- exceptlonal components Then for distinct
w,v € a\{u—_}, we have

w%,Z(Zpi n) =0, 2(;i )
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as the bidifferential is not mixing the components. Thus, from the analysis done in
Proposition 6.7, we deduce that the condition ensuring the symmetry of this correlator
is (vi) and in the symmetric case it can be evaluated using formula (6.10). However,
if the arguments lie on the same component i # (—, we obtain an additional contri-

bution
a)%,Z(ZMl %)
—_ ) (KM W ky—2 _—ka—1 2
= w%,z(m 22) +ruQu_ §=GEKM(21 S Zm) Z kyz*27%z, (dz)“dz,
ka>1
- (.U«M)_ Z dzydz, kQ“_S
R PACIES) kil _ko+1 27, — Ckithka.sy
ki1,k2>1 2 ) w

coming from the first term in the bracket in (6.2). This is symmetric for s, < 2, while
for s, > 3 we can use that (4, £, ) is computed via (6.14) in order to get
2

dzidz; Qulry —1—4,(k2)) 0y
= ¥ | Sk PR 5 B
kika=1%1 %2 wor ved\{u} M
T Ty
su” Sy

kz ty rot’
+ l_ - Z (l_) Qv5k1+k2+€’(rusu—rusu),su
K u>o vea\{u,u—}
T rv

S Sy

o\
+ Z (%) Qv‘gkl+k2—€’(rusv—rvsu),su)}-
vea\{u.u-y

wo_ry

S S
Comparing formula (6.14) with the above equation and following the characterisation
of the symmetry of (6.14), it should be clear that the condition for the symmetry of
a)%jz(z“] £) above is encoded in (iv) and (v).

Now let us turn to the computation of correlators with arguments lying on the

exceptional component. It is a straightforward calculation to find that

dzidz 0
o) =15 > T 6.31)
1% o 2

n—
(rv,5v)=(1,2)

which is always symmetric. Notice at this point that this is in accordance with (iv)
and (v) as the two conditions do not imply any constraints for ;. Now let us briefly

argue that formula (6.8) exactly produces the result for w 1 ’2(%1_ ‘;2 ) we obtained

above. Since rLL_ = L:Z_J = 0, the first term in (6.8) vanishes. The two terms after
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are empty sums, hence vanishing. Thus the last term in (6.8) is the only one potentially
leading to a non-zero contribution, and indeed one finds that the sum condition in this
sum coincides with the one in (6.31). We therefore deduce that formula (6.8) even
applies for the exceptional case.

It is also straightforward to compute

K- — s QM d21d22
w%,z(m z2 ) = " 9ru+lsu / 52,2’
oo (6.32)
moH—) g QI/«— dz;dz,
Cl)%’z(zl V-4 ) — Ory+1l,sy [M Z%Z%

for u # p—. We therefore deduce the symmetry condition that for all u # u— with
sy = ry + 1 necessarily Q, = —Q,_. This condition is however covered in (vi).
Notice moreover that (6.10) applied to the case at hand indeed produces (6.32).

At last, let us show that the statement of Proposition 6.2 is true in the excep-
tional case as well. For this notice that if we choose p, v, A € @ pairwise distinct with
:—ﬁ = % = % then already s, < oc. Thus, wg_4( LR Zﬁ) gets the same contribu-
tions as in the standard case which means that the further discussion of the symmetry
of this correlator must be in line with the proof of Proposition 6.2. |

6.3. Necessary conditions for symmetry

In Corollary 6.3, we showed that the topological recursion formula outputs symmetric
(@o,n)n>1 if and only if the considered spectral curve is admissible in genus 0. Using
Proposition 5.24, this means that the associated differential operators Hy.; x, which
we introduced in Definition 5.17, admit a partition function solving the associated
system of differential equations to leading order in 47 in the sense of equation (2.25).
This, on the other hand, implies that for the differential operators of the type con-
sidered in Section 2.3.2 — which are exactly those corresponding to spectral curves
of the form (6.1) — the reverse direction of Theorem 2.13 is true as well. This is
exactly the statement of Proposition 2.16 which we have hereby proven. Note that by
Lemma 6.11 the statement of Corollary 6.3 holds in the exceptional case too.

The next natural step is to investigate the necessary conditions for the operators
H,.; x to be an Airy structure. Suppose they are, then we know from Theorem 5.23
that all wg , have to be symmetric. So especially the symmetry conditions for w 12
will impose further necessary conditions on the Hy; x to be an Airy structure. We will
analyse how they restrict the choice of (r,5,)euez in case we ask @ 12 to be sym-
metric for all O, € C, u € @ only being subject to the constraint

> 0ou=0. (6.33)

HET
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Before we begin our analysis, let us remark that during our calculation in Sections 6.1
and 6.2 we were always assuming that gcd(ry,,s,) = 1,

t[j‘ # t,  whenever (r,,s,) = (ry,sy) and it # v, (6.34)

and that s, = oo for at most one € a. However, we already argued in Remarks 3.4
and 3.16 that these assumptions are indeed necessary so that the differential operators
are an Airy structure. In order to be closer to the notation of Section 2.3.2, let us
choose a lexicographic ordering u: [d] — @ satisfying u; < fj41.

Proof of Proposition 2.17. Due to (i) of Proposition 6.1, we know that necessarily
ry ==+1 mod s, forallv €@.If s,,, > 2, then (ii) tells us that we must have :Z—: > :’;—j
Therefore,

> QV—ZQM,

,v#m
23|
Sul >Su

and hence — since we assume ® 110 be symmetric for all choices of Q, satisfy-
ing (6.33) — condition (iv) of Proposition 6.7 forbids that 7,,;, = 1 mod s, and s, > 2
as we can always choose the Qs such that

> Ou #0.

je(d]

Thus, we are left with r;,, = —1 mod s, .

Now let us see which values the symmetry conditions allow (ry;, s, ) to take in
the case j ¢ {1,d } FlI‘St 1et us assume = = L . Then by (ii), necessarily s,,; €
{1,2}. If however =L > — then COIldlthIlS (1v§ and (v) also force s,,; € {1,2},
using that we can choose the Qs arbitrary except that they must satisfy (6.33).

As one can use similar arguments in order to show that alsor;,, = 1 mod s, ,, we
omit the further discussion of this case.

Now let us analyse the implications coming from condition (vi) in the case of
generic 0s. If d = 2, condition (vi) is always satisfied since the requirement that
Q. = —0, for i # v is nothing but property (6.33). Therefore, let us assume that
d > 2. In this case, (vi) exactly forbids that r, = r,, and s, = 5, = 2 for u # v. Hence,
taking into account the other constraints we have already derived for (r,s,),c5 We
deduce that for d > 2 necessarily s, = s, = 1 whenever (r,,s,) = (ry, s,) for some
W F v

Note that due to Lemma 6.11, the above discussion covers both the standard and
the exceptional case. |
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Part I1T
Applications to intersection theory

We expect that the coefficients Fg , of the partition function for all basic Airy struc-
tures (those of Sections 2.3.1 and 2.3.2) and the wg , of the corresponding topolo-
gical recursion can be represented as integrals of distinguished cohomology classes
on Mg,n or its relatives. As soon as such a representation is known for one spec-
tral curve admitting a single ramification point and whose type belongs to a certain
set, it is relatively easy to extend it to any spectral curve having ramification points
whose type belong to this set. The reason is that the corresponding Airy structure is
built from the basic Airy structures by direct sums, change of polarisations and fur-
ther dilaton shifts, cf. Section 2.3.3. In terms of partition functions, this is sometimes
called “Givental decomposition”.
We develop this idea for two types for which the link to M 2.n 18 already known:

» the type (r,s5) = (r,r + 1) is related to Witten r-spin theory. The r = 2 subcase
is Eynard’s formula [32,33], and by generalising it to any r, we answer a question
of Shadrin to the first-named author;

» the type (r1, 51,72, 82) = (r,r + 1,1, 00) is related to open r-spin intersection
theory as discussed in Section 8.

The type (7, s) for other s is discussed in Section 7.5.4 assuming the existence of a spe-
cial class on M ¢,» Which has only been constructed for (r,s) = (2, 1) so far [24,49].
It turns out that Laplace-type integrals play an important role in such representations,
and we first study them in the preliminary Section 7.1. The method is general: if in
the future an enumerative interpretation is found for a larger set of types, it is rather
automatic to follow the strategy at work in these two examples and extend our rep-
resentations to any spectral curve having ramifications whose types belong to this
larger set.

7. Representation of correlators via intersection theory

7.1. The Laplace isomorphisms

Let r > 1. If m > 1 — r is an integer, we introduce the r-fold factorial either by
induction

1 ifl—r <m<0,
m\ ") = { - (7.1

m-(m—r)N® ifm>0
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or equivalently in terms of the Gamma function
rr D2 4 1)
rUAT ()

where we have defined (d'ri) = Tifd € Zanda € [r].

m!®) =

Definition 7.1. We introduce two isomorphisms:

et C[e]dc - urClur].
kek=1de e KOy

£ C[E7Y¢2de — erCler],
KIO=k+Dgr s eF

Abusing notation slightly, we also write £* for the maps extended to the domain
C((¢)d¢ by defining them to be zero on any monomial not in the original domain of
definition.

The first map can be realised by integrating over paths from O to oo in the x-plane.

Lemma 7.2. We have

ZV
z :: /2171] e ur,

+

where the constants are )
r _ 2imja
1= 7 (1.2)
j - Q—a. .
rr I'(;)

a=1

Proof. Let B; be from 0 to oo in the angular dlrectlon e . Consider integration
along a formal combination of paths g = > ":_ =0 03 jBj for some 1; € C. For k =
dr + a withd > 0 and a € [r], we compute

2intja k k ~k
e~ F kék Y4 = die r (ur)r—/ e Xxrlax
/ >3, 8

with the change of variable X = ¢" /ur and the discrete Fourier transform for a € Z

r—1
[~ 1 M:
a= — E e r
r“ J
Jj=0
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Figure 1. Left panel: contours in the {-plane for r = 6. The striped regions correspond to
Re x > M. Right panel: Hankel contour in the x plane.

We get
[t ke ag = 2
o

provided we choose

3 1
@™ aiay”
rrr(g)
This entails the result by inverse discrete Fourier transform. ]

The second map can be realised by contour integration. To this end, let y be the
Hankel contour giving the Gamma function representation (Figure 1)

1

e*x %dx, aeC,
T(a) /y

that is, y goes from —oco — i0 to —i0, then round the origin to 4i0 and ends in
—o0 + i0. Under the branched covering ¢ +— x({) = ¢”, this contour has r differ-
ent lifts (y;)7_,, which we label so that y; comes from the asymptotic direction
—rei +1)(+oo + i0), approaches the origin and then ends in the asymptotic dir-
ection e~ 7 3/~D (400 — i0). These contours belong to the lattice of rank (r — 1) of
Lefschetz thimbles
V= H(C,Sy:7Z),

where Sy, = {z € C | Rex < —M} for some large M > 0. The homology class
Z]r‘=1 yj is trivial, and omitting one y; we get a basis of V.

,

_ Z DJ' / 244

= N e r
i 2imr v

with the constants already appearing in (7.2).

Lemma 7.3. We have
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Proof. Lete > 0, j € [r]. Consider the integral
1 <
Ii(a) = — e {*d¢ (7.3)
2im v

for complex a € C. Here, ¢ + (¢ is defined in the usual way as the analytic function
on C \ R_ such that for ¢ € R*, we have lim__, o+ ( & i€)® = et17¢|¢|,

Let us first consider Re o > 0. In this case, as the integrand is regular, we can
_imwk+1)

squeeze the Hankel contour to the half-axes of angles e r for k € [r]. After
a change of variable X = —%, we find
e\~ i+ Da+1) in@j—D@+n, 1 RS
I(@) = (_) " (—e” G +e” v ) - —/ e %+ ldx
r r Ry
_ (E)_afl - Ailatl) 2i in (n(a + 1)>F(a + 1)’ (7.4)
r r r r

We note that by definition in (7.3), I;(«) is an entire function of o € C. This is
also true for the right-hand side of (7.4): the Gamma function has simple poles when
"‘ri € 27Z <o, which are compensated by a zero in the prefactor. Then, by analytic
continuation, identity (7.4) remains true for all « € C.

We apply it to @ = —(k + 1), where k is a positive integer that we decompose as

k =rd + a witha € [r]and d > 0. Then

1tk + 1) = (9)7 e 2 (2K (-5

r r r
&2i]'[ 2irja 1
= €r e r #
r 7 K
re(C+ 1)
k 2imja 2ir
—¢re 1

rrT(2)k!0”

Coming back to the definition (7.2) of 3;, we get
- ¥ ex K1dE k1) dg
2_2. / € :’Z_I: k+1 ] "
=1 inr Jy, ¢ ¢

7.2. Laplace transform on curves

7.2.1. Total Laplace transform. Let C be a curve with normalisation 7: C >C s
equipped with a meromorphic 1-form dx. We shall rely on the notations introduced
in Section 5.4. We do not require that C comes from a spectral curve in the sense
of Definition 5.1, neither that dX is the differential of a meromorphic function on C.
In particular, dX could have simple poles, in which case a local primitive X has logar-
ithmic singularities and would be multivalued on C.
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Recall that we write dX = 7*dx, that a is the set of zeroes of dx (including sin-
gular points) and @ = 7~ (a). Denote the order of a zero of dx at u € @ by r, — 1
(this could be zero if () is singular). Around each u € @, we have a local coordinate

such that )
/ dx = ¢,
"
We define the vector spaces

,
V=@PVi Vu= é@.em,
=1

=
and equip V with the pairing

Su,vgl-i-m,ru

neu ® evm) = (7.5)

L
Remark 7.4. The fact that e, ,, are null vectors for 1 is a convention: it simplifies
the formulas in Section 7.2.3 but has no effect elsewhere. The factor r;, is a choice
that will simplify formulas in Sections 7.2.3 and 7.5.4 but has no effect elsewhere.

When needed, we shall decompose integers k € 7Z as
k:];ru+1’c\, ]’C\G[ry,]

and the index w € @ that one should use will be clear from the context. In order to get
rid of fractional powers of the Laplace variable, we introduce the isomorphism

NS K T
Ej euCle™] — Vile], er e;,]gek,

where el’i ; is the dual basis with respect to the pairing 7. Importing Definition 7.1, for
each p € @, we consider the local Laplace map

£, = E, 0% oloc,: H°(C, K& (x)) — Vi [€]
and the total map

e = (@2;): HO(C. Ka(x@) — V*[e].
jea
We define in a similar way
E.:umi Clemn ] — Vu[ul.
&5 H(C. Kg(x@) — Vi [ul.
eh: HO(C, Kz (xq)) — V[ul,

where the role of e;, x 18 now played by e, k.
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Remark 7.5. From Lemmas 7.2 and 7.3, we see that the natural variables Laplace
dual to x = ¢” are not u and €1 but ru and re~1. Moreover, by a different choice of
constants (replacing multiple factorials by values of the I" function at rational num-
bers), the transforms could have been given by a single integral. We give the Laplace
transform in this way to conform to conventions in the literature using r-fold factorials
for the case of a smooth spectral curve and its relation to the Witten r-spin class.

7.2.2. Two generating series. Assume that we are given a holomorphic 1-form wy;
in a neighbourhood of & in C.

Definition 7.6. We introduce T(u) € V[u] given by the formula

T(u) == ZTu,ke,L,/Q“E = ( Z emguug“) + &5 [wo.1](u)

LEQ J

Sy F00
= Z (eu,guugﬂ + Z(k — ru)!(r“)Fo,l[_Mk]eMJ;uk).
HEa k>0
S 700

Assume that we are given a fundamental bidifferential of the second kind wg > on
the smooth curve C.

Definition 7.7. We introduce B(u, v) € V ®?[u, v] given by the formula
B(u,v) = (£5)%* (w02 — 0§

= > (k=r)! A=) Foo[ 5 e, p@e, jukdl, (7.6)
IR
k,[>0

where the second line follows from the decomposition in (5.14).

These definitions in particular apply to admissible spectral curves equipped with
a fundamental bidifferential of the second kind, but make sense in this greater gener-
ality. Their relevance will become clear in Section 7.5.

7.2.3. Factorisation property for B. We prove in this section a factorisation prop-
erty for B when C is smooth compact connected curve and dx is a meromorphic
1-form. Here we only need the data of a smooth compact curve C,ofa meromorphic
1-form that we denote dX, and of a fundamental bidifferential of the second kind
on C, which defines B(u, v) in Definition 7.7. We do not need the full data of a spec-
tral curve, nor C to be the normalisation of a curve. In light of Remark 7.5, and for this
section only, the “right” Laplace variables ru and rv (where r depends on the branch
point) will play a role, so that the result will be best formulated for the following
object.
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Definition 7.8. Let B, , (1, v) be the projection of B(u, v) into (V,, ® V;,)[u, v] and
define
B(u,v) == Z Buw(u/ryu,v/m).

L,VEQ

Proposition 7.9. Assume that C is a smooth compact connected curve, dX is a mero-
morphic 1-form, and wy is a fundamental bidifferential of the second kind on C.
Then

B(u,v) =

1 — — _ _
(uB(u,0) + vB(0,v) —u v B(u, 0) x B(0, v)), 7.7
v
where A x B = (id ® n ® id)(A ® B). Besides, we have the compatibility relation
B(u,0) — B(0, —u) + uB(u, 0) » B(0, —u) = 0. (7.8)

Remark 7.10. Such a property appeared in the case where C is smooth and dx has
simple zeroes in [33, Appendix B].

Proof. We have introduced in (5.15) the family of meromorphic 1-forms

() = Res [ w020 ) iy € HOC Kete i) 09)

u ¢(z)kH1

indexed by u € @ and k > 0. We have for v € @,

Locy (") = ikf +y Fool i 1] oy (7.10)

k
>0

The idea of the proof is to derive a recursion for these forms using the action of
d(gz), see equation (7.12) below. We will first prove it for the polar part near the
ramification points, and use that C is smooth and compact and dX meromorphic on C
to get an equality of globally defined meromorphic forms. This implies a recursion
for the regular part of expansion (7.10), i.e., the coefficients Fy >, and this will imply
the desired relation for B(u1, uz).

Since dX = r,¢"~1d¢ near the ramification point v, we have

ry—1

oc,[—a(Eok)] < Kt dundt S8 Foal ol & gy

d}g ry é‘k+rv+1 k Ty é‘rv—l“l'l

As dX is meromorphic, the 1-form

rv—l

dgt k 1
d( i:ek) + :rumdsﬂ(kﬂ y T Z Z ;. gy, (7.11)

vea /=1 v




Higher Airy structures and topological recursion for singular spectral curves 111

is holomorphic on C. Since C is compact and smooth, H; (C, C) is a finite-dimen-
sional symplectic space equipped with the intersection pairing, and

/ywo,z('yz) = 0}

is a Lagrangian subspace. From definition (7.9), we see that integrating any d&" a

K:= {yeHl(C',C)

for k > 0 and pu € a along a cycle in K gives zero. The same is true for the first
term in (7.11) since it is an exact form. As the period map induces a non-degenerate
pairing H 0(5 ,K&) ® K— C and (7.11) is sent to 0, we deduce the identity between
meromorphic forms

dg” k+ry Foa| ]ry—1
d( 5 ) ru dfu(kw )"‘Z Z 2 dg_,. =0. (7.12)

dx r
vea [=1 v

We now would like to apply the local Laplace transform £ [-](v) to this relation.
Recall that £ by definition kills the polar part. So, by direct computation on the basis
elements with Definition 7.1, we have

Vo e HOC, Ka(xd), £ [d((%)](v) = ri[v‘lﬁi[w](v)h,
o

where [--- ]+ keeps only the nonnegative powers of v. Expansion (7.10) implies for
any meromorphic form

e Fool 5 Y] / 1), T
LIl (0) = ) === (=)™ e, gl

>0
By comparison with (7.6), B, ,(u, v) can be obtained by the generating series

Bu,p(u,v) = Zk!(m)eu,lguk ® Sj[défk](v).
k>0

Applying 53+[ ](v) to (7.12), multiplying by k!¢ ,;u and summing over k > 0
then yields

(”pv)_l(Bu,p(” v) — Bu,p(”a 0)) + (’"/L”)_I(Bu,p(”a v) — BM,p(O, v))

ry—1
+ Z > (d® e} )[Buwu.0)](e), _; ®id)[By (0. v)] = 0.
vea v =1

Noticing that 1(ey; ® €yr,—m) = r; 81, for [,m € [r, — 1] and n(ey,r,.—) = 0,
this can be rewritten as
(rpu +1pv)By,p(u, v) = 1 uBy p(u, 0) = rpvBy (0, v)

+ rFpUv Z(id ® n®id)[B,,»(u,0) ® By ,(0,v)] = 0.

vea
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Replacing u and v by u/r, and v/r,, respectively, and summing over u, p € @, this
implies the desired formula (7.7). Since the left-hand side is a formal power series
in u, v, it can be specialised at v = —u. This is possible on the right-hand side if and
only if (7.8) is satisfied. ]

For each 1 € @, we have an orthogonal direct sum V, =~ 5V, @ °V,, with

ru—1

~ 0
Vi = @ C.epy, Vie="C.eur,,
=1

and we decompose V = °V @ SV with

V=P V.. V=PV

nea nea
Definition 7.11. We introduce two generating series
R(u) := nt —uB(u,0) € (V*)®?[u].
RE) = nt —uB(0,u) € (V*)®2[u],
where 1+ € (°V)®2 C V®2 is induced by the pairing 7, i.e.,

ru—1

=Y ( > ruens ® eu,m_l), (7.13)

uea ~ I=1

We write 9B, %°B, B, and **B for the projections of B on the adequate subspaces in
both arguments, and likewise for R.

Corollary 7.12. Under the assumptions of Proposition 7.9, we have
_ 1
SB(u,v) = —— (" = “R() * “RH(v)),
u+v
_ -1
B(u,v) = ——(°R(u) + “R(u) * *°R*(v)),
u+v
_ —1
OB, v) = —— ("RH©) + OR(w)  “RE@)),
u—+v
_ -1
B, v) = ("RG0 + "RT(v) + TR x ORE (W),

and the following compatibility relations hold:
SR(u) * R (u) =
SR(u) * 'R (—u) = —R(u),
OR(u) * “RH(—u) = "R (—u),
O5R(u) **0 Rt (—u) = —2°R(u) — 2Rt (—u).
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The structure of the first line is familiar from Givental formalism and from [33,
Appendix B], but the other three are new.

7.2.4. Primary differentials and their descendants.

Definition 7.13. We consider a new family of meromorphic differentials on C, in-
dexed by u € @and k > 0:

dg" = oF (dg"),  where D(p) 1= —d(p/d¥), (7.14)

For k € [r,], they are equal to d&" , while the k > r,, ones are called descendants.
Borrowing the language of Frobenius manifolds, we call (d&" ).k the canonical basis
and (d§", ), x the flat basis.

The aim of this section is to compute the change of basis, from the canonical
basis to the flat basis of differentials, when C is smooth compact connected as in the
previous section. This generalises computations done in [33] for simple ramifications.
As we shall see in Section 7.5.4, the correspondence between topological recursion
and intersection theory takes a particularly nice form in the § -basis.

By an easy recursion from (7.12), passing from & to g? is change of basis with trian-
gular structure. Thus, there exist scalars A[ i k _vl] indexed by u,p € aand k,m > 0,
such that ~

@, = Y A[ % 5)4Es, 7.15)
pET
m=>0

where the sum on the right-hand side is finite.

Definition 7.14. We introduce

Auv(u,v) = ( Z A[_’“Lk 5 ]k!(’“)eu,é ®evjuE 6 eV, ®Vy[u,v], p,vea,

k,[>0
A(u,v) = ( Z AM,,,(u/rM,v)) e V&2 [u,v],
L VEX
T
nY = Z Z ke ik ®eyk.
nea k=1

Note that in A we do not rescale the variable v, unlike for B. Due to the definition of
the primary differentials, we have A(0, v) = A(0,0) = n¥. We use the notation * for
the projection to (V*)®? as in Definition 7.11.

Proposition 7.15. Assume that C isa smooth compact connected curve, dX is a mero-
morphic 1-form on C and wy > is a fundamental bidifferential of the second kind on C.



G. Borot, R. Kramer, and Y. Schiiler 114

We have v _ v
— —uB(u,0
Aoy = T " (u,0) xn '
1—uv
In particular,
— R(u) » nV
R, v) = )X
1—uv

Proof. Inserting the change of basis (7.15) into relation (7.12) and identifying the
coefficient of d£°,, yields, for any u, p € @ and k,m > 0,

k+r m
wooop w o o
A[—k —m+rp] = . MAI:—(k-I—rM) —m] + F02[ —k m— rp]k_rpgm<rp’

where by convention A with nonnegative lower indices vanish. Multiplying this equal-

ity by k!(’u)eu :® ep’,;,uk v™ and summing over k, m > 0, we obtain

VAL (U, v) = (rpu) (Ao (i, v) — Ay p(0, )

rp—1 _

—1—2 Z Foz[ km Zr, ](k—r )'(m)—e Wk ®ep,muk

k>0m=1
= (rpu)” (AM p(”, v) — Au,p(0,v))
( Z Fool % 2 k= r )1 (1 —r )'(r")e i®e AukO)* n
k,1>0
= (rpu) " (AU, v) — Ay p(0,0)) + By p(u,0) x Y,

where we have used n(e, 1, evm) = r;18v,p81+m,p, the fact that (/ — rp)!(’p) =1
when / < r,, which are the only terms contributing to the sum, and recognised
By,p(u, 0) from Definition 7.7. We now make the substitution u > u/r;, sum over
W, p € @ and use A(0, v) = nV. This results in

VA, v) = u YA, v) — V) + B(u,0) * 1",

whose solution is _
nY — uB(u,0) » nV

A, v) = 1—uv

As the projection of 7V onto (V*)®2 coincides with 7 * ¥, we deduce

(nt — uB(u,0)) x "
1—wuv

SA(u,v) =

’

where we recognise R(u) from Definition 7.11. ]
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7.3. Review of Witten r-spin classes

For r > 2, we denote by w”pm(kl, ..., k,) the Witten r-spin class, first imagined
by [60] and constructed in [26, 52], cf. also [50]. For all integers g,n > 0 such that
2¢ —2+n>0andkq,...,k, € Z, this is a Chow class

Wit (k1. ... kn) € CH* (Mg p).

It is defined via the moduli space of r-spin structures ﬂ;?g?

pointed curves (C, p1, ..., pn) with a line bundle L — C together with an isomorph-
ism of L® to K lcog (= >"7_, ki pi). Denoting by € the universal curve and by £ the
universal line bundle, and considering the projection

kn parametrizing

T = rspin p =
L _>€—>Mg;k1 K — Mg n,

..... ’

the naive definition is
rSpm(k kn) = r ¢ p*cmp((le-[*:ﬁ)V),

This works in genus 0, but if ¢ > 0, then R'7,£ is not a vector bundle as R%m, £ is
non-zero, so the general construction is more involved. For positive k;, Witten’s class

vanishes if one of the k; is divisible by r. It is concentrated in codimension®

(r=2)(g—-D-—n+3i_k
r

D =

(7.16)

In particular, the class vanishes unless the right-hand side of (7.16) is an integer, and
its integration on M ¢,n vanishes unless D = dim M n=3g—-34+n.

We are primarily interested in indices ranging over [r], or [r — 1] since the class
vanishes for index equal to r, but the following property, conjectured by Jarvis—
Kimura—Vaintrob [42, Descent Axiom 1.9], explains the appearance of the r-fold
factorial in all our formulas, see also [27, Lemma 4.2.8].

Lemma 7.16 ([52, Proposition 5.1]). Let g, n,ky,...,k, > 0 be integers such that
2g —2 4+ n > 0, and decompose k; = dir + a; with a; € [r] and d; > 0. We have

rspm(k o kn) = wrspm . dn) l_[ ,(k _ r)|(r)¢ld: )

i=1

This formula is consistent with the case k € [r] due to the initial condition in
definition (7.1) of the r-fold factorial.

3The notion of codimension for Chow classes refers to homology. Therefore, when the
Chow class can be realised by a cohomology class, this codimension is twice the cohomological
degree.
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Remark 7.17. Witten’s class can be interpreted as a cohomological field theory in
the following way: its vector space V = V"*PI" has a basis (¢;)_] and we define for
ai,...,ay €r—1]

W ea, ® -+ ® €q,) = whh™(ay.....an) € CH*(Mg,n).
The vector space V"I is equipped with product and multiplication

Sa+b
(ea | eb) = %’ (ea1 ®Cy, | ea3) = W0,3(ea] X eq, @ ea3) = 5a1+a2+a3,r+1.

We included a factor r~! to align with (7.5). It could be removed by rescaling the
product without changing the class W, " and without effect on the formulas we are
going to write.

We define the partition function of the r-spin theory by

Z" P (x> o)
he! W T L4
spin —_
=exp( Z . Z (/_ . (kl,...,kn))l_[r r k,'xkl.)
2g’”2€fzoo " kienskn>0 g i=1
g—2+n>
hg_l rS in ‘ d
o 3 ([ e ool
g.n€l=g " oap,...an€lr—1] 8.n i=1
2g—2+n>0 di,...dn>0

n
< [ [wir + ai)!<’)xd,.r+a,.),

i=1

where we took into account the dimension constraint (7.16) to get the second line. Due
to the aforementioned vanishing, it is independent of the times with indices divisible
by r. The function Z"*P" was identified in [39] with the tau function for the r-KdV
hierarchy. It is also known that Z"*P™" satisfies ‘W(gl,)-constraints; see [9] for the
history of this result. From there, Milanov proved in [48] that Z"P™" is the partition
function of the Airy structure of Theorem 2.10 with (r,s) = (r,r + 1), as well as the
topological recursion a la Bouchard—Eynard [14] for the associated correlators

(A S o (/,M L”g’"(“"""“”)nl”’di)

ay,....an€lr—1] i=1
1seesdn>=0

@) q¢.
H(dr—l—a,)! d{,. (7.17)

drl- +a;+1
i=1
This result was apparently also obtained by Bouchard and Eynard in an unpublished
draft, and appeared in [30] in a form closer to the one we state here.
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Theorem 7.18. The correlators @™P™ are computed by the topological recursion for
the spectral curve (without crosscap)

R R I GRO R o A

Proof. We start from [30, Theorem 7.3], which shows that the topological recursion
for the spectral curve

dzydz
x@) =z y@) =z, woa(z1z) = ﬁ (7.19)
1— 22
yields
n
Z (—r)z_zg_"(/_ wpP(ay, ... an) l_[lﬁfi)
ap,....an€lr—1] Mg.n i=1
dyi,....dn>0
n
d: N 4z
Xl—[ (dir +a;) Zl' (7.20)

i=1 Z;i et
The spectral curve (7.18) can be obtained from (7.19) by multiplying y by —%. This
multiplies (7.20) by (—r)26~2%"_So the factors of r cancel, and we indeed obtain the

correlators wgh"(¢1, .. ., &n)- "

7.4. Deformations on Witten r-spin classes

We now recall well-known actions on family of classes, originating from the work of
Givental. As our focus is not on cohomological field theories, some of the actions we
allow may not preserve this property and do not belong stricto sensu to the Givental
group. See, e.g., [50, 54, 57] for more background.

7.4.1. Translations. Given a formal series T(x) € uV"*P"[u], we can define a new
family of Chow classes

[f X Wrspin]g,n: (Vrspin)®n — CH*(Mg,n)

We first decompose

T(u): Z Trd-‘raeaud
d>1
aclr—1]

and assume that T, # 1. Then we introduce

~ T(u)—T eiu T
T(u) — ()1 Tr+11 _ Z 1rd—i—a eaud
—Try1 = —Trt1
a€lr—1]

(d,a)#(1,1)
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and set

= i 1 rspin = =
[T- Wgr;fln](_) = Z %(ﬂ'm)* Wg’)f—‘,-m(_ R T(Yn+1) ® -+ @ T(Yntm)),

m=>0

where 70,,: M gntm = M ¢.n 18 the forgetful morphism. This definition is well-posed,

i.e., the sum has finitely many non-zero terms. Indeed, if we evaluate on ®l’-’=1 eq;
. . . m

the codimension (after pushforward) of the summand proportional to [ j=1Td;r+b;

withdjr +b; > r 4+ 2is

%((g— Dr=2)—(+m+ Y a +Z(djr+bj)) —m

i=1 j=1
1 " m
> — - D —-2)— ; —,
> r((g ) —2) "+i§=1a’) + =

which for fixed g, n,ay, ..., a, becomes larger than dim ﬂg,n =3g—3+4+nform
large enough, forcing this summand to vanish. The coefficient T,4; plays a special
role, which reflects the dilaton equation

rspin

(pl)*(w;,s,f:il(al, conln, 1) Ymgr) = 2g =2+ m)wg ", - . an).
The change from T to T reflects this.

7.4.2. Sums over stable graphs. Let now V' be a finite-dimensional vector space
and consider a family of classes

Qgn: VO — CH*(Mg,), g.n€ZLso, 28 —2+n>0.

Given a symmetric formal power series B(uy,u,) € V ®? [u1,u2], we can define a new
such family [B - Q¢ ,]q.» by sums over stable graphs.

Let Gg , be the set of stable graphs of type (g,n). For a vertex v in a stable graph,
we denote by /(v) the genus and by k(v) the valency. Then

B-Qen= ) |Aultp|’if(‘F)*[ [T oo ] B(we,w)]’
T'e

Gg.n veVert(T") {e,e’}€Edge(T")

where (r: ]_[ve\,m(r) M_h(v),k(v) — ﬂg,n is the natural inclusion of the boundary
stratum associated to I". To read this formula, half-edges label the punctures on the
curves whose moduli spaces sit at the vertices. So, we have ¥-classes e, ¥ asso-
ciated to an edge {e, €'}, and for each half-edge there is a copy of V* coming from
the vertex it starts from, and a copy of V' coming from the contribution of the edge
it belongs to. The symbol nr indicates that we pair them in the natural way. This
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definition is well-posed because the dimension of the moduli spaces at the vertices
is smaller than the one of My ,, so that only finitely many powers of y/-classes can
contribute in the sum.

Remark 7.19. This differs slightly from the so-called R-action in Givental form-
alism, by the fact that we do not decorate leaves of the stable graph, and we do not
assume that B has a factorisation property in terms of an R-matrix in the style of (7.7).

7.5. Intersection theory for regularly admissible spectral curves

LetS = (C,x,y,wo,2) be aregularly admissible spectral curve equipped with a funda-
mental bidifferential of the second kind. In particular, C must be smooth, and we can
write C and a instead of C and @, respectively. In this context, as in Definition 7.11,

we rather take
V= @ 4L spin'
oaEeEa

This amounts to set ey, = 0 in all subsequent formulas.
Following Definition 7.6, we have a generating series

T(u) = (Zea,lu) + L5 (w0,1)

aEa

= Z (e(x,lu + Z(k - ra)!(ra) FO,l[—ak] 60[’]’{\ ul;)

aca k>0

=3 > Tare, put. (7.21)

ac€a k>0
Equivalently, the definition of T means that we have the expansion
e k1e)T trg
Loca(y — y(@) = == + Y ——==H= ckqg
Ta k>0 Ta

when z — « in the local coordinate such that x = x(«) + {"*. Due to the regularly
admissible condition, we indeed have T(u) € O (u) and

Tayrg+1 = 1+ Fou[ —ga+n ] # 1.

S0 we can use it to act on Witten r,-spin class. Recall that we have a second generating
series B(u, v) from Definition 7.7.

Definition 7.20. We let these generating series act on the direct sum of Witten classes
to define

g.n

Qf, =[BT (@wrr)] Ve CH (Mg,
oeEa
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Theorem 7.21. If S = (C, x, y,wo2) is a regularly admissible spectral curve equip-
ped with a fundamental bidifferential of the second kind wo » and zero crosscap form,
then for2g —2 +n > 0,

Q3 ,
Mg n H?=1(1 —€iYi) ’

where €; is the variable in the i-th Laplace transform.

(2;)1) on (a)g,n) =

Proof. The spectral curve

80!1 ,adelez

(z1 — 22)?

o] a2

A
xo(§)=z", yo(%) = — wo2(3 B3) =

has T = 0and B = 0, hence Q5 = @, Wa%™". It is obtained by taking independent
copies of (7.18) indexed by « € a. So, its correlators are equal to (7.17), that is,

0 o]
C()g,n(zl ZZ) (/ ®eatsl>l_[w )
dy,...,dpn>0
li€lre;]

41@M+w%ma

direy; +1i+1 '
i=1 i

(7.22)

where W;’,n = Pyeq WM. Applying Q7_; £ to equation (7.22) cancels the
factorials and replaces z —(@ira; +i+1)q; with ea, 1, €%, The sum over d; can then be
performed, and this entails the claim in this speciéll case.

Applying Theorem 5.23 to the special case, let Z be the partition function of the

Airy structure corresponding to this special case. Its coefficients are

e ([, e @e, o) [T [T o

It corresponds to Fg) [ _(ra+1)] = —1.
Applying now Theorem 5.23 to a general regularly admissible spectral curve, the
partition function of the corresponding Airy structure is

Z—exp(zlh Z Foz[ akfl]-]k-; ).Z1,

a,BEa
k, >0

o

1 J
Zy = exp (5 > (Foal %1+ Sk,ra+1)7k> “Zo.
oxea
k>0
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The operation taking Z to Z; is the shift of times

Foal %1+6 T
0,1[ k] k,ro+1 = Xk + o,k ’
k k1(ra)

Xok = Xok T

taking into account (7.21). In terms of the coefficients F/ gl,n of Z, we get

1 o T,
1 o] On ] _ 0 ay - ap B Bm Bi,l;
Fg,n[kl kn] = Z ml Z Fg,n+m|:k1 o kp 1q lm:| 1_[ —l-l(’Bi)
m=0 """ By,....Bn€a i=1""
11,...,1,7;1>0

n

- (/Mg,n [T- Wﬂ]g,n(®eai’%) ﬁ wfi) li[ki!(’“i)

i=1 i=1 i=1

by using (7.23) and comparing with Section 7.4.1. Note the cancellation of the factori-
als that was the motivation for our definition of T in (7.21). Applying £, to the
corresponding correlators kills the remaining factorials, we would prove the desired
formula in the case B = 0.

For general B, we should still take Z; to Z, and this amounts at the level of
coefficients to summing over stable graphs. Comparing with Section 7.4.2, one can
check in a similar way that the factorials completely disappear, so that the sum over
d; becomes the geometric series in the Laplace variable ¢;. ]

7.5.1. The conjectural (r, s) classes. Consider the basic case of irregularly admiss-
ible smooth spectral curves with one ramification point:

z5T dzidz,
xX=z, Yy=-— ) w0,2(21,22)=—2,
r (z1 —22)

with r > 2, s € [r — 1] and r = +1 mod s. It corresponds to the Airy structures of
Theorem 2.10, already obtained in [9]. The coefficients of its partition function have
the following basic properties from Corollary 2.19 and Proposition 6.1:

(i)  Homogeneity: Fg 4[p1,..., pn] = O unless we have Y _| pm = s(2g —
2+ n).

(ii) Dilaton equation: Fg 1S, p1,.... pn] =528 =2+ n)Fg u[p1..... Pn)
for2g —2+n > 0.

(iii)) Special values:
r2—1
— Op.s
24 P
Fo3[p1. p2. p3]l = ¢ P1p2P38p +patpssse

Fi1lpl =

where c is as in equation (6.4).
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(iv) Ifs =1, then Fyp, = 0 for any n > 3. Indeed, as ¢ = 0 in this case, we
have F 3 = 0, and as it is the only initial data needed for topological recur-
sion (2.32) in genus 0, all the genus 0 sector vanishes.

(v)  Fgnulpi.....pn) = 0 whenever there exists i € [n] such that r|p;.

Remark 7.22. There is no string equation, as the operator H;—, x——_; is not part of
the Airy structure.

Mimicking Theorem 7.18 and taking into account these properties, we are led to
propose the following conjecture, in a slightly more precise form than [9, Section 6.2].

Conjecture 7.23. For each r > 2 and s € [r — 1] such that r = 1 mod s, there
exist cohomology classes wg,’ns) (ai,...,a,) € CH*(Mg ) indexed by a; € [r] and
g.n € L>p such that2g —2 4+ n > 0, so that

(0) foranyd; >0,

Fouldir +ay,....dyr + ay)

=fy¢r+mwﬂf

n
d;.
i a) [T @29
i=1 Me.n

i=1

@) wg”,f) (a) have pure Chow codimension

2(2?=1a,- —sQ2g—2+n)

+@g—3+m)
;

(i) denoting by m: M g+l —> M ¢.n the forgetful morphism, we have the dilaton
equation
* 0 (1,5) — ., (s5) . 7925
Wn+177 (wg’n (a)) wg,n+1(s7a)7 ( . )

(iii)) we have the special values

w(()”ES)(al’ a27a3) = 68a1+a2+a3’51 G HO(Q/V(O’:;,),
(r,s) r2 -1 2,7
Wil (a) = ba,s B Y1 € H (M1,1);
@iv) wg;lFl) = 0foralln;
(v) wg,’rf) (ai,...,an) = 0 whenever there exists i € [n] such that a; = r.

The conjecture is proved in the case (r,s) = (2, 1) by Norbury [49] and s = r — 1

for general r > 2 by Chidambaram, Garcia-Failde and Giacchetto [25]. They construct

wg,’,f_l) as a cohomology class obtained by pushforward from the moduli space of r-

Y > or simply by O 5, if r = 2.

spin curves; in their work, it is denoted by ® g
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Assuming Conjecture 7.23 holds, we will deform formula (7.24) to generalise
Theorem 7.21 for any smooth admissible spectral curve. Before this, we need to dis-
cuss action of translation and sums over stable graphs on the (r, s) class.

7.5.2. Deformation of the (r, s) classes. We introduce

Wg(,rﬁs): (Vrspin)®n N H*(Mg’n)’

n
7,8
®€a,~ — wé,,n)(al, s, dp).

i=1

If we have a formal series T(u) € V"P"[u], we will see that under certain conditions,
we can define analogously to Section 7.4.1 a new family of cohomology classes

[?W(r’s)]g,n: (Vrspin)®n = H*(qu,n)~
Assuming Ty # 1, this is done in terms of the modified generating series

~ T(u) — Tse T equt
R = T g Trdracall”
d=0 §
a€[r—1]
rd+a>s

via the formula

- 1 s ~ ~
[FW e () = 3 — tm) s Wiy (= @ T 1) ® -+ @ TWnim). (7:26)

m=>0

where 77,1 M gntm —> ,/\Zg,n is the forgetful morphism. As in (7.4.1), the handling
of Ty is tailored to be compatible with the dilaton equation (7.25).

Lemma 7.24. Assume that Ts # 1 and T, = 0 for a < s. Then equation (7.26) is well-
defined, i.e., for any evaluation on an element of (V"P™)®" the sum on the right-hand
side is finite.

Proof. The argument is similar to Section 7.4.1. If we evaluate on X);_, eg;, due
to (i) the complex codimension of the summand proportional to ]_[}":1 Ta;r+b; With
djir +bj > s+ 1is

1 n m 1 n
;(S(Zg—2+n +m)—Za,- —Z(djr +bj)) =< ;(s(2g—2+n)—2a,- —m),
i=1 j=1 i=1

which for fixed ay, . . ., a, is negative for m is large enough, forcing this summand to
vanish. u

On the other hand, the action of any B € V"*P"[y, v] via sums over stable graphs
is well-defined since it always involves finite sums.
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7.5.3. Intersection theory for admissible smooth local spectral curves. Let § =
(C,x,y,wp7) be an admissible smooth spectral curve equipped with a fundamental
bidifferential of the second kind. Recall from Section 7.2 the definition of the vector
space V' and the generating series T and B that can be associated to §.

Definition 7.25. We let them act on the direct sum of (r, s )-classes to define

Qgs” = [g?(@ W(r“’s"‘)>:|g n: V®" - CH*(‘AZng)‘
a€a ?

Here we suppose the (r, s) class is a Chow class to put them on the same footing as the
Witten r-spin classes, and denote W >"+1) .= W7sPin for uniformity. The admissibil-
ity condition for irregular ramification points matches the condition of Lemma 7.24,
so the definition is well-posed.

Theorem 7.26. Assume Conjecture 7.23 holds, and let § = (C, x,y, wo,2) be an
admissible smooth spectral curve equipped with a fundamental bidifferential of the
second kind wq » and zero crosscap form. Then, for2g —2 4+n >0

QS
(L) ®" (Wg.n) = £

Mon iz (1 =€)’
where €; is the variable of the i-th Laplace transform.

Proof. The proof, which relies on the correspondence of Theorem 5.23 — already
proved in [9] — is similar to that of Theorem 7.21, so we omit the details: the regular
ramification points are treated by Theorem 7.21 itself, and the irregular ramification
points using Section 7.5.2. |

7.5.4. Intersection numbers on the flat basis.

Definition 7.27. Let § = (C, x, y, w¢,2) be a spectral curve equipped with a funda-
mental bidifferential of the second kind. We say that § is nearly compact if there exists
a smooth compact connected curve C containing C such that d¥ admits an analytic
continuation to a meromorphic 1-form on C without zeroes on C \ C,and wo,2 admits
an analytic continuation as a fundamental bidifferential of the second kind on C.

This definition is tailored to allow X to be multivalued (for instance, due to log-
arithmic singularities) on C. Many examples of non-compact but nearly compact
spectral curves can be found in mirror symmetry and in Hurwitz theory. In the nearly
compact case, the results of Sections 7.2.3 and 7.2.4 apply to C: we have the factor-
isation property for B via the R-matrix (Corollary 7.12), and we can consider the basis
of primary differentials and their descendants on C (Proposition 7.15).
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Definition 7.28. We introduce the covector of primary differentials:

dE(z) = ( Y der () e;,a) e H(C.Kz(+d) ® V*.
HEX
a€lryl
Corollary 7.29. Consider the situation described in Theorem 7.21 or Theorem 7.26,
and assume that the spectral curve S is nearly compact. We have the following decom-
position on the basis of primary differentials and their descendants:

n

Wgn(Z1,...,2n) = /Mg,n Qg,n ® (éda(zi)) . (§ %)

Here, D; is the operator D: ¢ +— —d(¢/dX) acting from the right on the 1-forms in

dE(z;), and “-” means that the first tensor factor from the i-th factor on the right

S

e while the second

must be inserted by the i-th position in the multilinear map <2
tensor factor must be inserted in the linear form d8; (z;).

Proof. Under the assumptions, we already know that the coefficients of decomposi-
tion of the wg , on the £-basis are

n _
- i 3 K
Foal 7] = /ﬂ Q5 (e, o)) [[ Rty a27)
g.n i=1

We rather want to express them on the g—basis. With the change of basis (7.14) this
yields:

C()g,n(zlwn v Zn)

n —

$ .k

= LT ([ e pewe, ) [Tl
g.n

M1 5eees ot €A P1 5.0, 00 €A i=1
kiyeskn>0 I1,...,1,>0

< A[ 5 2] e ()

_ /ﬁg.n Qf, ® (édE(z,))

n — —
<@ (X ALY G Tt e, 1 @ e v D)

i=1  pj.pi€a
ki, l;>0

= /ﬂ Qg,n ® (édE(Zi)) 'éﬂ(l//i, D;),
g.n i=1 i=1

[3R2]

where “” is the contraction of multilinear maps with tensors in the order prescribed by

the statement of the claim, and £; acts from the right on the 1-forms in dE(z;). The
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situations of Theorem 7.21 or Theorem 7.26 correspond to smooth spectral curves,
for which (7.27) vanishes whenever one of the k; is divisible by r,; (see item (v) of
Section 7.5.1). Subsequently, we can replace A(V;, D;) by its projection SA(y;, D;).
We conclude by using the second formula of Proposition 7.15. |

7.5.5. TR-ELSV formula and quasi-polynomiality. In the situation of Corolla-
ry 7.29, let P C C be a set of points which are not zeroes of dX¥. Given p € P,
we introduce

dp = (—ord,dX) € Z>¢, ¢, = ResdX,
p

and we choose a local coordinate X near p such that X(p) = 0 and

& - o ifd, =1,
X~dX ifd, # 1.

Definition 7.30. We introduce for (p,{) € P x Z~¢ and u € @, k € [r,,] the quantities

dg”, (2) k wo2(z,z")
s[e » Re k — Res Res ——>—"" 7
[7 Z]=Res X(2)F  impoen X(2) ()

= Z S[7 % ler,

HEA
kelry]

They give the all-order series expansion (indicated with the symbol &) of the primary

o(Zs117)

and are closely related to the S-matrix in Givental formalism.

differentials near p:

Lemma 7.31. With the convention that D acts from the right on primary differentials,
we have for p € P

s|? ¢ )
| A(Semg ottt fd, =1,

d8
(Z)l—@wz_’l’ p _ dp—1y X° :
d( Zbos[e]Gd@ 1((dp 1) X%~1y)2-)  otherwise,
=

where in the second line we introduced

o Lot/x g 1/x7(1 — ,l
Ga(x) =Y (- 1)’”]‘[(1 + a)x™ /0 (fﬂ)a;t:e (xa ¢ ’“),

m>0

and T'(1 — a, x) is the incomplete Gamma function.
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Proof. Let us write for uniformity d¥ = «, X ~9dX withk, = ¢, # 0if d, = 1 and
kp = 1 otherwise. The operator & can be expressed in terms of X:

o0 =a( 7).
In particular, for £ > 0
DXaX) = dp -1+ X114y
Kp
and by induction for m > 0
D™(Xdx)
(=)™ /cp)" X 1dX ifd, =1,
- { (1™ (dy — D" Ty (f + o) X DH14X otherwise.
We then multiply by ¥ and sum over m > 0. |
Since p is not a zero of dx, for 2g¢ — 2 4+ n > 0 the form wg ,(z1. ..., zy) is

holomorphic at z; = p € P, and so we have an all-order series expansion of the form

)

n £
X!
wg,n(zl,---,zn)%dl"'dn( Z Hg,n[ill ZZ] l_[ Zl'
150l >0 i=1

Equivalently,

Wen(z1,...,2n)
Ho [PV 70" = Res --- Res —=2ttr2f
g,n[ b bn ] Z1=P1 Zn=2Dn 1_[?=1 X(Zi)ef

When we only expand near simple poles of dX, the formula for Hy , becomes partic-

ularly simple due to Lemma 7.31.

Corollary 7.32 (TR-ELSV formula). Under the assumptions of Corollary 7.29 and
assuming that P C C is a set of simple poles of dX, we have for 2g —2 +n > 0,
Pils---,Pn € Pandﬁl,...,ﬁn >0

nS[] "
H D1 Dn :/ QS ® # ( R . \Y ,
g,n[ﬁl [n] ﬂg!n ( g.n § 1 +C;[1€ilﬁi) § (1/fz) * 7 )
where c, = Res), dX.

Remark 7.33. Apart from the non-trivial dependence in ¢; contained in .S, the de-
pendence in the ¢; is polynomial, coming from the geometric series expansion of
1
L4y
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from which only finitely many terms contribute. This type of behavior is called “quasi-
polynomiality”. The assumptions of Corollary 7.32 in particular apply for spectral
curves of Hurwitz theory and Gromov—Witten theory, where the Hy , store the desired
enumerative invariants. Lemma 7.31 shows that, in the situation where enumerative
invariants are stored in the expansion of wg , near points which are not simple poles
of dX, the quasi-polynomiality is a priori destroyed and the structure is more complic-
ated: the coefficient of d(X % (z;)/¢;) will receive contributions from S [ f/' ] for all
¢/ < £; such that (d, — 1) divides (¢; — £}). '

8. Open intersection numbers

In this section, we shall propose precise conjectures about open r-spin intersection
numbers using the partition function of the Airy structure with twist o of cycle type
(r — 1, 1) with no dilaton shift attached to the fixed point, as obtained in Theorem 2.11.
Before this, we review the relation between this partition function for r = 2 and the
open intersection theory, and Safnuk’s topological recursion [53] for it. The latter has
peculiar features related to the reducibility of the spectral curve, our general approach
shines a new light on this. These relations depend on some foundational conjectures
in open intersection theory scattered in the literature and that we make explicit.

8.1. Review of open intersection theory

The enumerative geometry of open Riemann surfaces was developed by Pandhari-
pande—Solomon—Tessler in genus 0 in [51], and its extension to all genera was an-
nounced by Solomon and Tessler. The upshot is that for g, n, b,m > 0 such that

¥ =28-24+2n4+m>0, g=2g+b—1, (8.1)

there is a moduli space Mg ,,.p ,» parametrizing Riemann surfaces of genus g with b
(unlabelled) boundary components, n labelled interior marked points and m labelled
boundary marked points, equipped with spin structure and a “grading”. It is a real
orbifold of dimension

D:=6g—6+43b+2n+m,

and admits several connected components indexed by the distribution of the boundary
marked points on the boundary components. Note that g and y are respectively the
genus and the Euler characteristic of the surface doubled along its boundary. This
moduli space admits a compactification ﬂg,n;b,m, on which one can seek to define
and calculate intersection numbers. Denoting by LL; the cotangent line bundle at the
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i -th interior marked point, and according to the statement of [3, Theorem 1.1], whose
proof by Solomon and Tessler has not yet appeared, it is possible to define

Mg.n:b.m

n
o o _y_btm d;
(le ety (Tg)m)g,n;b,m — pl-g—7% e(ea]l_,fB ,s) € Q, (8.2)
et
whenever d1, ..., d, > 0 are such that

n
D =) 2d;.
i=1
Here, e is the Euler class relative to some boundary condition s, and [51, 56] give
suitable boundary conditions so that the number is unambiguously defined.

Remark 8.1. For b = k = 0, the moduli space Mg n:0,0 coincides with the mod-
uli space of spin structures, which is a Z,-orbifold cover of the Deligne—-Mumford
moduli space of pointed Riemann surfaces M «.n- Infact, M 2.,n;0,0 has two connected
components, distinguished by the parity of the corresponding spin structures. On the
component containing the even (resp. odd) spin structures, the degree of the cover is
287128 + 1) (resp. 28671(2¢ — 1)), and the virtual fundamental class (= the Witten
2-spin class) is the fundamental class of the even component minus the one of the
odd components. After pushforward, this yields a multiple of the fundamental class
of Mg, by a factor of

1
5(28—1(25’ +1)—2871@28 —1)) =287,

where the extra % comes from the Z,-orbifold structure of M ¢,n:0,0- S0, the conven-
tional factor of 2 in (8.2) is such that we retrieve for b = k = 0 the usual -class
intersection

n
o o d;
(tg, " 7q,)gmn00 = /,AZ l_[ Vit Y = ce(ILy).

g.n j=1

We thank Ran Tessler for a remark on this point, see also [58, Lemma 6.20 and
Remark 6.21].

It is expected that one can also define geometrically boundary descendants, which
we would like to denote

o o 0 9
<le T, Ty T gnbm € Q.
where now dy,...,dy. k1, ..., kp > 0 satisfy the dimension constraint

DziZd,«i—iZlﬁ, (8.3)
j=1

i=1
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or equivalently

32 —24n+m+b) =) Q2di+1)+ > (2k; +2). (8.4)
j=1

i=1
One could then consider the generating series

7open 't°'t3 _ hg—l—}—ng o o _0 9
[Q;17;t°] = exp E (le T, Ty "'Tkm)g,n;b,m
g,b,m,n>0
X<O0

n m
x [T@di + g Tk + 2)!!z,§j),
j=1

m!n!

i=1

where b is the number determined from g, n, m, d;, k; via (8.3).

A combinatorial model for the intersection numbers (8.2) —i.e., without boundary
descendants — has been proposed in [3], refining [58], where only their sum over
all possible bs was obtained. As a consequence, their generating series has a matrix
integral description. It turns out this matrix integral allows naturally for the insertion
of extra parameters, thus defining a generating series of the form

b
ZABT[ (). 0. ] — he-1t20b o 9 9 \ABT
[Q:17:1°] = exp Z W<Td1"'Tdnfkl"'fkm)g,n;b,m
g,b,m,n>0
X<O0

n m
< [ J@di + g Tk + zw,fj).

i=1 j=1
We will not need its precise definition, which can be found in [3, (3.14) and Lem-
ma 3.2].

The Kontsevich—Penner matrix model is another important character of the story.
It is defined by

ZKPN () = /

Hn CA,N,h

H3 H2A>}( det(A) )Q

P {h_%Tr(? ) det(A — H)

where Jn is the space of hermitian matrices of size N, and cp n is some normal-
izing constant. It determines a unique generating series of the form

b
hg—l-i‘ij
KP .40, .07 o o _0 0 \KP
ZNQu =exp | Y (T T T T D
g,b,m,n>0
x<0

n m
< [J@di + g Tk + 2)!!:,3j)

i=1 Jj=1
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such that for any N > 1,

h3TrA—2d+1) ) A3 TrA—2k+2)
—_— \tp = ———— .
2d +1 )dzo’(k 2k +2 )kzo]

Remark 8.2. In contrast with the aforementioned works, we have included in our

ZKP(A) = ZKP[Q; (t; -

definition of the generating series a variable # which is redundant because of the
dimension constraint (8.3), and we have not written separately the contribution of
the closed Riemann surfaces (b = 0). Our definition can be obtained from [3] by the
following substitutions:

N—>Q, H->hoH A—h6A,

tg > h5Qd + DS, s — h5T6 2k + 2N

0,ext

under which ty™ — Z48T and ty — Z¥P. Our definition can be obtained from [1]

by substituting there
=l o k_1 g
N —Q, Tay1—>h 3 1,5, T2 —>h37 51

Finally, note that the definition of the Kontsevich—Penner matrix model of [3] can be
obtained from the one in [1] by the substitution ® — A — H.

It is expected that these three collections of numbers coincide.

Conjecture 8.3. There exists a geometric definition of the open intersection numbers
with boundary descendants, and it is such that Z°°*" = Z ABT shat is

o o _0 il __ /.0 o _0 d \ABT
(‘L'dl .-.‘Ednrkl .-.‘L’km>g’n;b,m = (‘L’dl . .‘Cdn‘[kl .o .‘Ekm)g’n;b,m.
Conjecture 8.4. There exists a geometric definition of the open intersection numbers
with boundary descendants, and it is such that Z°P" = Z*? that is

o o _0 ad _ o o _0 d \KP
<le 1 Ta, Tk "'Tkm>g=n;b,m = (le T, U "’Tkm>g,n;b,m-

Conjecture 8.5. We have ZXP = ZABT,

Obviously, any two of the conjectures imply the third one. They are supported by
partial results:

* The specialisation of Conjecture 8.3 to t,? = 0 for k > 0 is proved in [3] condition-
ally to [3, Theorem 1.1], whose proof was announced by Solomon and Tessler but
has not appeared yet. The same specialisation in Conjecture 8.4 was anticipated
in [53] and proved there for g = 0, %, 1.

* The specialisation of Conjecture 8.5 to @ = 1 is proved in [1] via integrability
techniques, and the specialisation to Q = =1 in [3, Section 4.2] by matrix integral

techniques.
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 The string and dilaton equations satisfied by Z*BT and Z¥® are the same [3, Sec-
tion 4.3].

Alexandrov has proposed various collections of differential operators relevant to
the study of the Kontsevich—Penner model — and therefore to open intersection theory
in light of Conjecture 8.4. We summarise what is relevant for our exposition:

(a) In [1], Alexandrov used a representation of the gl,-Heisenberg algebra to
construct operators (EZ)kzO and (M;f)kz—z (see equations (7.4) and (7.14)
therein) annihilating the Q = 1 specialization of ZXP.

(b) In [53], Safnuk introduced a modification of these differential operators, de-
noted by (Lg)k>—1 and (Mg )r>—» (see equations (2.9) and (2.10) therein),
which still annihilate the Q = 1 specialization of ZXP.

(c) In [2], Alexandrov used a twisted representation of the Heisenberg algebra
of gl to construct a free field representation of the algebra W(sl[3) and oper-
ators (fkg)kz_l and (M kQ)kz—Z (see equation (72) therein) annihilating ZX?.

All those operators are related by taking (possibly infinite) linear combinations,

but it turns out that choosing one or the other set of operators affects the structure of
the recursion one deduces for (--- )XP. For sake of comparison and completeness, we
review in Section 8.2 the definition of the operators in (a) and (b) and the topological
recursion with strange features that Safnuk derived from the operators in (b). In Sec-
tion 8.3, we explain that the operators in (c) directly compare to Airy structures for
o = (12)(3) and thus provide a CEO-like topological recursion, whose structure is
more transparent and more general than [53].

8.2. Review of Safnuk’s recursion

Consider the following representation of the Heisenberg VOA for gl;:

] P ifk >0,

J@) =Y = Je=10 itk =0,
zZ

kez —ki_y ifk <0

and introduce the normal ordered products

1 L
L(z)= ()% =) z"%

2 keZ
1 M
M(z) = §:J(z)3: =) T
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These operators form a representation of the ‘W(sl3)-algebra. The collection of oper-
ators mentioned in (a) is

~ 1 3
LY = Log + (k +2)Jox — Jok43 + 5k,0(§ + 5)

My = My + 2(k + 3) Loy — 2L2k+3 —2(k + 3)Jak+3 + Jak+6

95
+ (12 + 6k + - kZ)JZk + —Sko

Then Alexandrov proved in [1] that (L k>0 and (M . )k>—2 annihilate the specializ-
ation of ZXP
LZ‘L’] =0, k>0,
Mt =0, k>-2.
The collection of modified operators mentioned in (b) reads

Ly =LY, My :=—M?+2(k+2)L3.

Let us sketch the strategy of Safnuk in [53] — for a better comparison, we set 4 = 1
till the end of this subsection. We first rewrite these operators. To this end, we change
the currents to include as zero-mode Q = 1 and a dilaton shift (Safnuk does this later
in the computation):

J(Z)—Z k+1’ Je =Tk — 8k—3 + Sk
keZ

Let us also define, following Safnuk, the differential operators

@(d2 3d+3)’

d 1
Dy =dz|—+—), D= —
! Z( dz+z) 2 2 \dz2 zdz z2

the 1-form 1 = —z2dz, and the projection operators
PD: C[zF']dz — C[z72]z7"dz, i €{2.3).
Then, taking only the parts of the generating series that annihilate ZXP|p—;, we get
9(z) = J(z)dz,
dz ~ 1 (dz)2
£(z) = Z S2k+4 Ly = =7)(2)(_7,(:&’2 D + ))

M) = T el = 7O (5 (8- 2a5 4 3Wﬂ))-
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The last term in the last two lines can be absorbed by defining

(dz)?
4z2 "

#2(2) = 9%(2): + #(2) = §(2)- *(2).

The square of ¢ (z) itself will not be defined due to infinite sums, and somehow defin-
ition (8.2) implements the right operator product expansion from the W (sl 3)-algebra,
cf. equation (2.17). We then get the following operators annihilating Z¥P|g_1:

L= 2O+ D). M= 2O (558 D),

Now, if we write Z¥P| 0=1= ef and commute this through these operators, this gives
the equations

0

Il
)

<2>(%e—F(;ﬁ + i)lgz)eF) = :P@)(%(U2 +D1U) - 1)’

1 1
— j)(?))(We F(g?}_@zg)eF) — ?(3)(W(U3 _O(OZU) ]),

where
U(z) = e T d(2)e" = 4(2) + [4(2). F]

is the operator appearing in [53]. In order to recover a spectral curve topological
recursion from this, one should define
dz
8; =4-(2) = sy 01 wgn(z1,...,2p) =085, -85, Fgn.
k>1

If we also introduce the unstable terms

dZ]d22 dz
— s a)
(z1 — 22)2

coming from the dilaton shift, the positive part of J(z) and the zero mode Jo = 1,

wo,1(2) = n(z), wo,2 = [01,%2] = 11 e

respectively, we see that

U(z) =6; + wo,1(z) + a)%’l(z) + S_Ia)o,z + Z O0Fg n.
2¢g—2+n>0

Reinterpreting the projection operators as residues with the recursion kernel results in
the following theorem.

Theorem 8.6 ([53, Theorem 5.3]). The wg , obey a modified topological recursion
on the spectral curve with crosscap form

22 dzidz dz
(Cy X(Z) = —, y(Z) = —Z, a)O,Z(ZlaZZ) = 1—227
2 (z1 —22)
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given by

wg,n-l—l(ZOa Z[n]) = II}Z% (K(Z)(ZO’ w)(wé,z,n (w, w; Z[n]) + J)lwg_%,n.;.l(wv Z[n]))
+ KO (20, w)(W, 5, (W, w, w3 Z[n)) + D2wg—1.041 (W, Z[a))).

where ‘W’ is as in Definition 5.8 and

KDz, w) = ((—1)f / T 0a(2.0) - / ’ wo,2<z,z)) :

£=0 - 2j(—w2dw)/ =1

This form of the topological recursion has some odd features. For one, it is a recur-
sion of order 3, even though the degree of x is only 2. This is also noted by Safnuk,
who computes the quantum curve in [53, Theorem 7.1] and obtains the semi-classical
limit y(y? — 2x) = 0. Moreover, the formula does not include summation over fibers
of x — rather, the variable w is inserted several times. Finally, the operators £; intro-
duce uncommon derivatives. Safnuk posits that these quirks come from the reducibil-
ity of the curve, but in the next section, we will see this relation is not straightforward.

8.3. Relation to topological recursion

In a previous work, it was shown that the operators in (c), i.e., in [2], coincide, up
to a change of variables, with the reduction to 'W(sl3) of an ‘W(gl;)-Airy structure,
leading to the following result.

Theorem 8.7 ([9, Proposition 6.3]). The function ZXY is the partition function of the
Airy structure of Theorem 2.11 with parameters (r1, s1,72,52) = (2,3,1,00), t; = %
and Q1 = —Q» = Q, specialised to

Xoqi1 =13 Xpgys = 19, Xj1 =0 (d=0). (8.5)

Thanks to Propositions 5.18 and 5.23, we can now convert this into a CEO-like
topological recursion on the reducible spectral curve consisting of the union of two
components intersecting at z = 0

(8.6)

_ .2 _
C=CUGC,. cl:{x(z) “ cz:{x(z) “

y(2) = -3 y(z) = 0.

Due to the constraint H;—j y—4+1 - Z = 0 in the Airy structure, the partition function
only depends on the variable xé d42 xdz +1- Accordingly, no information is lost after
the specialisation to (8.5). More precisely, each occurrence of le d+1

is associated with the insertion of (2d + 1)!!t;, each occurrence of x§ 41 Wwith the

in a monomial

insertion of (2d + 2)!!13, and each occurrence of le d4n With —(d + 1)!!13. Taking
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this into account and using (5.16), the suitable definition for the correlators in terms
of open intersection numbers is

KP 1 - 1 2 2
wp n+m(21 “tZn Zp41 v Zn+m)

Y 2% cre{[ls 14114
8,b€Z>0 NoUNy=[n] dy,....dn >0 ieNo ieNy j &:|Nol;b,m+|Ny|
g+%=h | T k>0

2d; + Hdz; (d; + 1D)!dz; (kj + D!dzyy
1_[ 2d +2 1_[ 2d +3 1_[ kj+2 ’
i€No i€Ny Zj j=1 Zn_:,_j

where the number of boundaries b is determined in terms of g, n, d, k, m via (8.3).

Corollary 8.8. For g € Z>0 andn > 1 suchthat2g —2+n >0, a) ., IS computed
by the topological recursion on the spectral curve (8.6) equipped wzth bldlﬁ‘erennal
and crosscap form

dz1dz, dz
N —r1 (z1 — 22)% w%,l(?) = (_I)M—HQ?

wo2 (% 53) =

for p, 1, 2 € {1,2}.

Several sanity checks of this corollary can be proposed. At Q = 0, the vari-
ables t? become irrelevant and ZXP specialises to the Witten—Kontsevich partition
function [43,59]

Z¥10 =0,1°,1% = (/ ]_[w )H(zd + DG . (8.7
g>0 n>1 g”i—l

i=1

2g—24n>0

This can also be checked on the topological recursion side. Indeed, Theorem 7.18 for
r = 2 states that the topological recursion for the spectral curve

d¢ydg,

¢
W= O =5 @8 =

(8.8)

produces the (g, n)-correlator for 2g —2 + n > 0:

2d; + HNd¢;
enttr b = > (/. [Tve )1‘[( ;fz &

dpn>0 g”l—l i=1

Note that this case was proved before with a slightly different normalisation by
Eynard—Orantin [36], see also [35].

At Q@ = 0, we are in position to apply Proposition 5.27, showing that the second
component decouples, i.e., wg, ( le - Zln )|Q=0 coincides with the correlators of (8.8).
So, the correlators of the spectral curve (8.6) at Q = 0 agree with the correlators

associated to (8.7), as predicted by the corollary.



Higher Airy structures and topological recursion for singular spectral curves 137

8.4. Review of open r-spin theory

It is expected that there exists an open analogue of Witten r-spin theory, related to a

space M;Sf;,rz ,» Which specialises to the open theory of Section 8.1 for r = 2. It would

give for each (g, n, b, m) such that —y > 0 a collection of numbers
9 9 \rspin
(g, (@1)--7q, @) T, T, ) g b € Q
indexed by d;, k; > 0 and a; € [r], which we can collect in a generating series

Zopenrspin[Q; to; za]

hg—l-l‘% Qb n o m 9 rspin
AU = S § T2 | A A
g,b,n.m>0 di,...dp>0 i=1 j=1
—x>0 ay,....an€lr]
kieenskin>0
n m
< [[@ir + a1 o [T0k; + r)!“%,?j). (8.9)
i=1 j=1
These numbers should vanish unless
n m
(r+1DQg—2+b+n+m) =Y (rdi+a)+ Y (rkj +r). (8.10)

i=1 j=1

Besides, form > 1, each insertion” of 7} (r) should amount to inserting (—1/r9 1)z,

There are several possible choices of conventions (in particular, for orientations)
that could affect these numbers by a prefactor depending only on the topology. We fix
them by the normalisation of the consistency relations with the intersection numbers
that are already defined. For r =2 and m > 1, we want to retrieve the open intersection
numbers of Section 8.1

n m 2spin n m
<]_[r;i(1)]_[r,§j> =<Hr§i ]—[r,fj> . (8.11)
j=1 j=1

i=1 g.n;b,m i=1 g.n;bm

Notice that the dimension constraint (8.4) forces b + m to be even, so this is indeed
an identity in Q. In absence of boundaries b = m = 0, we want to retrieve the Witten

4For d = 0, this matches the normalisation [20, Theorem 1.5 and Section 6.1], namely
5(r) < (=1/ r)rg . The rg correspond to boundary descendent insertion: as they have not
been defined geometrically yet, we do not have a natural normalisation to compare to. The factor
r4+1 is natural from the numerical perspective in combination with the identity (dr 4+ r)!?) =
rdTld + 1.
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r-spin class intersections of Section 7.3

n
o o i i d,'
(‘Cdl (ay)--- Td, (an));iil?o,o = /_ wgfﬁm(ab ceesn) l_[ vt
Mg.n i=1
For disks without boundary descendants — that is, (g,5) = (0, 1) and k; = 0 —the
open r-spin intersection numbers have been defined in [19] in the form

eW@nL@df,s, 8.12
(We PLs). @12

i=1

(25 (@) 75, (@)@ omim = /

D ig!spin
J ‘Mo,nzl,m

where P M is a partial compactification of the moduli space of r-spin disks and W
is a bundle which is the open analogue of Rl7,.£. We stress that a; in [19, 20] cor-
responds to our a; — 1. These numbers are computed explicitly for d; = 0 in [20,
Theorem 1.2], and in particular

(tg@)o,1:1,1 = Sar-

The dimension constraint (8.10) is the natural generalisation of [20, Section 6.2.1]
allowing boundary descendants, and coincides with (8.4) for r = 2.

Bertola and Yang have constructed in [8] a particular solution of the extended
r-KdV hierarchy, generalising the r = 2 construction from [18]. Up to a change of
normalisation, this solution is mentioned in [20] under the name ® and depends on
a redundant parameter & and times (7% )x>¢. We shall use the latter normalisation, and
for uniformity denote it by Z"8Y[e; (Tx)x>o]. It gives, for each (g, n, m) such that
X > 0 (see (8.1)), a collection of numbers

a 0 \rBY
(tg, (@) 7g (@n)Te, T, Vgmm

by writing down the following expansion:

1 d 1_3(dr+a)
ZrBY[S = (-rh)2; (Tdr+a =(-r) 270D ([;,d - Sa,rrd+ltda))ae[r]]

d=0
z—1
hT n 5 m N rBY
= &Xp Z ! Z 1_[ ACH) 1_[ Tk,
gam=0 " g Td,s0 Vi=l j=1 gin;m

Sh,m= 15--5@n= J
—x>0 ai,...,an€lr]

ki kin>0

n m
< [[di + a1, T]0k; + r)!<’)z,§j).

i=1 Jj=1

In absence of an extra variable in Z"BY playing the role that Q has in (8.9), one
cannot define numbers depending individually on (g, »), but only on the doubled
genus g =2¢g+ b —1.
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Conjecture 8.9. There exists a geometric definition of the open r-spin intersection
numbers, and it satisfies

ad ad BY
(25, @055, @, o, )
il d \Tspi
= E (‘[21 (ay)--- fdon (an)zkl T >g5,]:11;nb,m' (8.13)
g,b€Z=g
2g+b—1=%

This conjecture is formulated in the restricted case Zg = 0 for d > 0 in [20],
perhaps because no geometric construction of boundary descendants in the open r-
spin theory is available yet. Under this restriction, it is supported by the following
results:

e The r = 2 case was proved in [18], and in agreement with (8.11) we have

ZATQ = 15 (19) as0; (D) k0]

= ZPINQ = 1,(15 4 =13, 15 4 = 0)az0: (t)kzo0]-

* The conjecture is proved in [20] for g = 0 for general r. In that case, there is
a single term (g, ) = (0, 1) in the right-hand side of (8.13).

8.5. Conjectural relation to topological recursion

We now propose a direct generalisation of Section 8.3. We consider the Airy structure
of Theorem 2.11 with

1
d:27 (Vl,Sl;rz,Sz):(r,r+1;1,00), QlZ_QZZQo t1:;7

which is also given in [9, Theorem 4.16]. We denote by Z"* its partition function and
we decompose its coefficients as

r*[l---12-~-2]
hon+mldir+ay - dyr+an k141 -~ kp+1

= Y (=" Qbﬁ(d,-r—l—a,-)!(’)

g,beZ=¢ i=1
g+5=h
m
< [ [k + D5 (@) 75, (@) Tl -7 Voo (8.14)

Jj=1
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According to Section 5.4, the corresponding correlators should be defined as

r* 1 - 1 2 e 2
wh,n—l—m(Zl *Zn Zn+1 Zn+m)

2 2 ) e

g,b€Z=0 NoUNy=[n] a:No—[r—1]

b _ di,....dn>0
gt3=h kis.. ,kr':z>0
(T T4 T4

i€eNo ieN; j=1 &:|Nol;b,m+|Np|

d; Nz, di + Dz & (ki + Ddzpy
Xl_[(r+a) Zl_[( +)ZH(J+)Zn+J' (815)

dir+a;+1 Sdirtr+l kj+2
i€N, i ieN; Zi ji=1 Iyt
Note that we have converted all 7;(r) into —r_(d+1)‘63, which turned the r-fold
factorial (rd + r)!") = r@+1(d + 1)! into a usual factorial in the corresponding
factors. By Theorem 5.23, they satisfy the topological recursion on the reducible spec-
tral curve with two components intersecting at z = 0:

(8.16)

— 7 —
C=C UG, clz{x(z) = Cy: {x(z) z

(@) =-% y(@z)=0
equipped with
w1 10 dz1dz, dz

002(%1 ) = S S50 @3a(5) = =to—

For comparison, let us examine the basic properties of (---)"*. Firstly, due to
the constraint (J!, + J?)Z™ = 0 for k > 0 and definition (8.14), each insertion
of 73(r) amounts to the insertion of —r— +1)r3 while incrementing the number m
by 1. Secondly, the constraint H;—, y—oZ"* = 0 gives, by computations similar to
those of Section 2.4, the string equation

<‘L’0(1) l_[td (a;) 1_[ T, > Z<Td1 1(611)1_[‘Ed (a;) l_[ T, > \
g.n;b,m

i=1 g,1+nsb,m =1 i#l
+Zh~ﬂw@ﬂ%ﬁ
i=1 J#l g.n:b,m

+ Sg,b,mﬁ(snﬂ(gdl,d2,05a1+a2,r
+ 5g,m,05b,n,15d1 ,05a1,r
+ 8¢.,7,086,m.18k; .0 (8.17)
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with obvious vanishing conventions for insertion of negative indices. This last term
gives the special value

(o) ohay = 1. (8.18)

Note this is compatible with the computation of (6.32) with the specialisation ¢, = %
Indeed, the latter yields

L 2 dz; d22 dzy r1dz,
“)‘2(21 5)=-10— 2 22 T 2T 2
2 1 2

and thus after taking (8.15) into account, (8.18) describes the only non-vanishing
intersection number for (g, n; b, m) = (0, 1; 1, 1). Thirdly, we have from Corol-
lary 2.20 the dilaton equation

<rl(1)l_[rd (ai) ]‘[zk >
i=1 ; g,14+n;b,m
r*
=QRg—2+n +m)<1_[rd (a; )H‘L’k >
i=1 g.n;b,m
r—1

+ 4 Sg,lan,b,m,o + §5g,n,m,05b,2 (8.19)

and the homogeneity property which says that ([]/_, r;i (a;) H;'n=1 r,?j ) ;’,‘n; b Van-

ishes unless the dimension constraint (8.10) holds.
We predict that the partition function Z"* describes the full open r-spin intersec-
tion theory in any genera and with arbitrary descendants.

Conjecture 8.10. There is a geometric definition of the open r-spin intersection num-
bers, and it satisfies

a d \7spin a a
(ta, (@) 1g, @), T, ) g ppm = (Tay (@) =74, (@) T T, Ve me
A weaker prediction, involving only quantities whose definition is available at the
time of writing, is that the Bertola—Yang Z"BY partition function satisfies W(qgl,)-
constraints with zero mode values Q; = —Q, = 1. Including the expected normal-
isations, this would translate into the following.

Conjecture 8.11. We have for b,m > 0
a a BY a a
(2, (@) 15, @)t 1, Vgwm = D (T3, @) 15 @), T, Ve hniome
g, bEZZ()
g+5=¢

In support of the conjectures, we see that the basic properties listed for {---)™*
match the ones listed for (---) in the range of parameters in which the comparison
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is possible. The dilaton equation from [20, Proposition 5.3] matches the restriction
of (8.19)to (g,b) = (0,1) and k; = 0. The string equation from [20, Proposition 5.2]
matches the same restriction of (8.17), and observe that in absence of boundary des-
cendants, the second sum in the right-hand side of (8.17) is absent. The identification
of 7 (r) with e +1)r3 for d = 0 is manifest in [20, Theorem 1.1]. Their extension
to g > 0 expected in [20, Section 6.2] also matches our proposal.

Topological recursion relations (TTR) involving in a linear way the open r-spin
intersection numbers mentioned in (8.12) and the closed r-spin intersection num-
bers are given in [20, Theorem 4.1]. The information of (8.12) should be encoded
for us in F7 *n, as it is easy to see that the W -constraints indeed imply some quad-
ratic relation with a similar structure involving Fyj7, in a non-linear way and Fy *n in
a linear way. As Fyj, contains only information from the closed sector and safisfies
W -constraints on its own, the structure somehow resembles TRR, but establishing an
exact match is left to future work.
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