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A transference principle for systems of linear equations,
and applications to almost twin primes

Pierre-Yves Bienvenu, Xuancheng Shao and Joni Teravainen

The transference principle of Green and Tao enabled various authors to transfer Szemerédi’s theorem on
long arithmetic progressions in dense sets to various sparse sets of integers, mostly sparse sets of primes.
In this paper, we provide a transference principle which applies to general affine-linear configurations of
finite complexity.

We illustrate the broad applicability of our transference principle with the case of almost twin primes,
by which we mean either Chen primes or “bounded gap primes”, as well as with the case of primes of the
form x? + y? + 1. Thus, we show that in these sets of primes the existence of solutions to finite complexity
systems of linear equations is determined by natural local conditions. These applications rely on a recent
work of the last two authors on Bombieri—Vinogradov type estimates for nilsequences.

1. Introduction

1A. The problem and its background. Green and Tao [2008] famously proved that the primes contain
arbitrarily long arithmetic progressions. Their proof introduced an influential transference principle,
stating that if a set of integers is dense inside a pseudorandom set, then it contains arbitrarily long
arithmetic progressions. This is called a transference principle, since it transfers Szemerédi’s theorem,
which states that any dense subset of Z contains arbitrarily long arithmetic progressions, to a sparse
setting. In fact, the proof of Green and Tao relied on Szemerédi’s theorem as a black box.

More generally, given any admissible! affine-linear map W : Z¢ — 7', and a subset P of the primes, one
may ask whether P’ contains a tuple of the form W (n) with n € Z¢. Since the image of an affine-linear
map may always be realized as the kernel of another affine-linear map and vice versa, this may be
formulated as the problem of determining which linear systems of equations can be solved inside P.

Since the Green—Tao theorem, a lot of research has been devoted to this question. Note that k-
term arithmetic progressions correspond to the map ¥ (n,d) = (n,n+d,...,n + (k — 1)d), so this
case is handled by the Green—Tao theorem, which actually holds for dense subsets of the primes (or
even not too sparse subsets, see [Rimani¢ and Wolf 2019]). Further, since Szemerédi’s theorem holds
for any given translation-invariant linear configuration in place of arithmetic progressions (that is, for
homogeneous linear maps W such that (1,...,1) € W (7)), the Green—Tao theorem also holds for these
linear configurations.
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Keywords: Szemerédi’s theorem, higher order Fourier analysis.
1 we say that U = (Y1, ..., ¥r) is admissible if (¥; (n)),,cza has no fixed prime divisor for each i € [].

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2023.17-2
https://doi.org/10.2140/ant.2023.17.497
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

498 Pierre-Yves Bienvenu, Xuancheng Shao and Joni Terdviinen

Regarding general linear configurations, under the mere assumption that ¥ = (v, ..., 1) has finite
complexity, (that is, no two of the forms v; are affinely related), Green and Tao [2010b] provided a
complete answer in the case where P is the full set [® of primes, in fact giving an asymptotic formula for
the number of n € [N]¢ for which ¥(n) € P’ as N — oo.

Regarding subsets of the primes, it is known that a number of interesting sparse subsets of the
primes contain arbitrarily long arithmetic progressions (or again, any given translation-invariant linear

configuration). Indeed, the Chen primes
Pchen :={p € P:p+2e P},

where P, is the set of integers which have at most two prime factors (counted with multiplicity), have
this property by [Zhou 2009], and the bounded gap primes

Poad,g :={neP:|[n,n+ H]INP|>2}

for large H have this property by [Pintz 2010; 2017]. Primes of the form x> + y>+ 1 by [Sun and Pan
2019] have this property as well and for any k, there exists ¢, > 1 such that for any ¢ € [1, ¢x) the set
PN {[n¢] : n € N} of Piatetski-Shapiro primes contains progressions of length k by [Li and Pan 2019].

However, very little is known when W is not translation-invariant and simultaneously P is not the full
set of the primes. When P C [P is the (dense) set of the shifted squarefree primes (i.e., primes p such that
p — 1 is squarefree), for any finite complexity ¥, an asymptotic for the number of n € [N]¢ for which
W (n) € P was proven by the first author [Bienvenu 2017]. When it comes to non-translation-invariant
configurations in subsets of the primes, previous research has concentrated on the ternary Goldbach
system, that is, the affine-linear map Wy (n, m) = (n, m, N —n — m). The subsets of the primes where it
was studied include subsets of relative density above a certain threshold [Li and Pan 2010; Shao 2014],
the set of primes of the form x2 4 y? 4+ 1 [Teriviinen 2018], the set of primes in a given Chebotarev class
[Kane 2013], the set of Fouvry—Iwaniec primes X2+ p2 with p prime [Grimmelt 2022], and the set of
primes admitting a given primitive root [Frei et al. 2021]. More relevantly for the present study, Matomiki
and the second author [Matoméki and Shao 2017] showed that any sufficiently large odd integer (resp.
integer congruent to three modulo six) is a sum of three bounded gap primes (resp. three Chen primes).
Both of these types of primes have properties akin to those of twin primes, and are therefore referred to
as almost twin primes.

We mention that all of the papers [Matoméki and Shao 2017; Terdvédinen 2018; Grimmelt 2022; Kane
2013; Frei et al. 2021; Shao 2014] rely on classical Fourier analysis, which is considerably simpler than
higher order Fourier analysis, and hence the proofs do not adapt to any systems W of complexity at least 2.
The papers [Zhou 2009; Pintz 2010; 2017; Sun and Pan 2019; Li and Pan 2019], in turn, all use the
Green—Tao transference principle, and hence the proofs do not adapt to any non-translation-invariant
configurations V. Our main result handles the case of arbitrary finite complexity systems ¥ when P is
the set of almost twin primes.
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1B. Results on linear equations. Now we state our results on linear equations in almost twin primes
precisely. Let H = {hy, ..., h,} be an admissible m-tuple: for every prime p, there exists n € N such
that ]—[ie[m](n 4+ h;) £ 0 (mod p). Let Py :={n e N: [(n+H) NP| > 2}. Note that Py is actually not a
subset of the primes; in fact Pygq. g =P N UHC[O’ H] ‘Py;. Define the weighted indicator functions of the
Chen primes and Py by

01(n) := (102 1) 1pey, (ML piuizyms pntos 02(1) 1= (10g 1) Ly (M L[ (uthiyms pn

where m = |H| >2 and p € (0, 1).

Then we know by Chen’s theorem [1973] and Maynard’s theorem [2016], upon assuming that m is
large enough and p is small enough, that ) _, 6;(n) > N for i € {1, 2} (and we have upper bounds of
the same order of magnitude by Selberg’s sie:/e). Throughout this paper, we fix such m, p, and we also
fix an admissible m-tuple # in the definition of 6.

Theorem 1.1 (arbitrary linear configurations weighted by almost twin primes). Leti € {1, 2}. Let n > 0,
N,d,t,L>1,andletV = Yy, ..., ;) : Z% — 7' be a system of affine-linear forms of finite complexity
whose homogeneous parts have coefficients bounded in modulus by L.

Then there exists a constant C; (V) > 0 such that the following holds. Let K C [-N, N 14 be a convex
body satisfying Vol(K) > nNd and V(K) C [1, NY'. Then, for N > No(L, n,d, t), we have

> 1160 m) > 0040 Ci(¥) Vol(K). (1-1)
nekKnzd jelt]
Further C; (W) > 0 unless there is an obstruction modulo some prime p. More precisely, C1 (V) > 0 as soon
as for every prime p there exists n € 7¢ such that ]_[ie[,] Yi(m)(Yi(n) +2) £ 0 (mod p) and Cr(¥V) >0
as soon as for every prime p there exists n € Z% such that ]_L.E[,] ]'[/.e[m](zp,- (n) +hj) #0 (mod p).

Note that the hypotheses imply that the nonhomogeneous coefficients of ¥ are bounded in modulus by
(dL+1)N. It turns out that C; (W) >>4;.1.; 1 whenever C; (V) > 0; therefore the right-hand side of the
estimate (1-1) is >>4;.1.; Vol(K) whenever it is not 0.

We can also obtain an analogous result for primes of the form x? + y? + 1. Let

03(n) := (log(2n)**1p(n)1,— 24 241 x yez (1-2)

be the weighted indicator function of primes of the form x? + y? + 1. By a result of Iwaniec [1972], we
have } |, _y 63(n) > N (and we have an upper bound of the same order of magnitude from Selberg’s
sieve).

Theorem 1.2 (arbitrary linear configurations weighted by primes of the form x2 + y> +1). Theorem 1.1
continues to hold with 65 in place of 6;. Moreover, C3(V) > 0 as soon as for every prime p there exists
n € 79 such that ]_[iem Yi(m)(Yi(n) +a(p)) £ 0 (mod p), where a(p) = —1 if p = —1 (mod 4) and
a(p) = 0 otherwise.



500 Pierre-Yves Bienvenu, Xuancheng Shao and Joni Terdviinen

Theorem 1.1 has an immediate corollary to linear systems of equations within the Chen or bounded
gap primes.

Corollary 1.3 (linear equations in almost twin primes). Let Ly, ..., L;: 7¢ — 7 be linear forms. Consider

the linear system of equations

Li(n)=0 foralliel,...,t. (1-3)
Suppose that the system has a solution in the positive real numbers. Then

(1) The system (1-3) has a solution in Pghen, provided that it has a solution in Af, for every prime p,
where A, ={x € Z/pZ : x(x +2) #0 (mod p)}.

(ii) The system (1-3) has a solution in 73;‘_’[, provided that 0 € ‘H and it has a solution in BZ for every
prime p, where B, ={x € Z/pZ : ]_[je[m](x +h;) #0 (mod p)}.

Proof. We may assume that each L; is primitive (i.e., its coefficients have no common prime factor)
and that the linear forms are linearly independent (so ¢ < d and the system has full rank #). Since our
system is homogeneous, we may assume that the span of the linear forms L; does not contain a linear
form which has exactly two or one nonzero coefficients; indeed, otherwise there exists (i, j) € [d]? and
coefficients (a;, a;) € 7%\ {0, 0} such that i # j and for any solution (n1, ..., ng) € Z% of the system we
have a;n; —ajn; =0. If a;a; = 0 then n;n; =0 and so the system has no solution in Ajlj nor in BZ (because
0 €H). So we may assume that both a; and a; are nonzero and coprime. But then either a; =a; = 1 and we
may eliminate a variable to obtain an equivalent system with fewer variables, or there is a prime p dividing
a; but not a; (or vice versa). We infer n;n; =0 (mod p), so the system has no solution in A‘;7 nor in B;‘f.

Therefore, the lattice of integer solutions of the system has a multiplicity-free parametrization of the
form W(Z9~"), where W : Z¢~! — 79 is a system of linear forms. The system W has finite complexity,
since no two forms of W are linearly dependent, owing to the assumption about the span of the L; not
containing linear forms with exactly one or two nonzero coefficients.

Further, the local conditions (i) and (ii) imply that C;(¥) > 0 and C>(¥) > 0, respectively. We can
then apply Theorem 1.1 to the convex body K = {x € RY™" : W(x) € [1, N]¢} with N — oo, which
satisfies Vol(K) >> N~ since the original system of equations has a solution in the positive real numbers,
to conclude the proof. O

As we will see, our method works more generally for Py := {n € N: |(n +H) NP| > k} instead of
‘P, whenever the admissible tuple # is sufficiently large in terms of k.

1C. Transference principles. Given a finite complexity affine-linear map W : Z¢ — Z' (often referred to
as a system of finite complexity), a function f : [N] — Rx¢ (typically a weighted indicator function of a
set of arithmetic interest) and a convex body K C R?, the W-count of f in K is given by

To(f,K):= ) []f@Wim).

nekKnzdielt]
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Thus Theorem 1.1 is about lower-bounding Ty (6;, K) for i € {1, 2}. Assume that

> f)= 5N

ne[N]
for some § > 0 and infinitely many integers N. If f takes its values in [0, 1] and if additionally W is
a homogeneous translation-invariant linear system, a functional version of Szemerédi’s theorem (see
[Tao and Vu 2010, Theorem 11.1]) allows one to prove that Ty (f, K) >>5 Vol(K). Now, if f is instead
unbounded (for example, the von Mangoldt function), the Green—Tao transference principle consists in
approximating f (assuming that f < v for some “pseudorandom measure” v), by a bounded function
f :[N]— [0, 1] (called a dense model of f) in such a way that Ty (f, K) =~ T\y(f, K), and invoking
Szemerédi’s theorem.

In our case, however, as we are interested in non-translation-invariant systems, we will need a different
dense model and hence a different transference principle. To see the need for a different transference
principle, consider the set A = {n e N: {«/Enz} € [% % + ﬁ]} where {-} denotes the fractional part
of a real number; any translation-invariant configuration can be found inside this set since it is dense
by Weyl’s criterion, but note that the configuration (x, x + y, x + 2y, y) does not occur in A due to the
relationship (x 4+2y)2 —2(x + y)> + x> —2y? =0.

In the case of the ternary Goldbach system W =Wy : (n, m) — (n, m, N —n —m), the Matomiki—Shao
transference principle [2017] provides, under a Fourier-type condition, an approximating function f to f
satisfying again Ty (f, K) =~ Ty ( f , K), which is lower bounded pointwise: f (n) >s 1; however, this does
not generalize to the higher complexity case, as the set A above (which is Fourier uniform) demonstrates.

The proof of our main theorem produces more generally a lower bounded dense model for any system
of finite complexity. This results in a transference principle (Theorem 3.2) of independent interest, which
allows us to lower bound Ty (f, K) as desired for any function f which is bounded by a pseudorandom
measure and dense in every “higher order Bohr set” (to be defined precisely later). We then check these
two conditions for our weighted indicator functions of almost twin primes, i.e., functions 8; and 6,. This
will follow by working out a reduction to the case of equidistributed higher order Bohr sets (Section 5) and
then adapting a Bombieri—Vinogradov theorem for primes twisted by nilsequences [Shao and Terdvidinen
2021], proven by the last two authors. We also note that our transference principle is slightly stronger
than the Green—Tao transference principle even for translation-invariant systems in the sense that our
pseudorandomness requirement is weaker (we do not need the correlation condition from [Green and Tao
2008]); we achieve this relaxation by applying work of Dodos and Kanellopoulos [2022].

2. Notation and preliminary definitions

Throughout the paper, we will use bold face characters to denote vectors or tuples. The set of nonnegative
reals is denoted by R>o. The expectation notation E,cx shall mean, for a finite set X, the averaging
operator \)lf_l > rex- Further we will use the Vinogradov notation f < g or g > f whenever two functions
f and g from N to R satisfy | f| < Cg for some constant C > 0; the parameters on which the implied
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constant C depends may be indicated as subscripts. The conjunction f « g and g < f will be denoted
by f = g. For any assertion A, the number 14 is 1 if A is true and O if it is false. The indicator function
of a set X will also be denoted by 1y, which should generate no ambiguity. As usual, we denote by A, ¢,
dy the von Mangoldt, Euler, and k-fold divisor functions, respectively. The greatest common divisor of
two integers n and m will be denoted by (n, m). A vector or tuple of numbers will usually be denoted
in bold font and its components in regular font. Given an integer N, we denote the interval of integers
{1,..., N} by [N]. We will often identify the sets [N] and Z/N Z, which we always implicitly do in the
natural way (reduction modulo N). Thus a function f defined on [ N] may naturally be seen as a function
on Z/NZ and vice versa. When x is a positive real number, we define [x] = [N] where N = |x] is the
integral part of x.

2A. Systems of linear forms. Let W = ({r(, ..., ;) : Z¢ — 7' be a system of affine-linear forms. We
first define a quantity that captures the local behavior of ¥ modulo a prime p.

Definition 2.1 (local factors). For each prime p, define the p-adic local factor of W as
p
Br(W) :=Eaczspryt | | == 1y:@30 mod p)-
e PP
Observe that W is admissible as defined in footnote 1 if and only if B,(W¥) # O for each p.

We need to control the asymptotic behavior of B, as p approaches infinity, whence the following easy
variant of [Green and Tao 2010b, Lemma 1.3].

Lemma 2.2. Let W = (Yq, ..., V) : Z% — 7' be an admissible system of affine-linear forms, and let p
be a prime. Suppose that there are t,, linear forms among V1, ..., ¥ modulo p such that no two of them

are linearly dependent over I, and that t,, is maximal for this property. Then

t—t
p g _
Bp(W) = <—) (1+ 04 (p~).
@(p)
Proof. Without loss of generality, assume that no two of ¥y, ..., ¥, are proportional modulo p, and let

Y, = (Y1, ..., ¥,). By maximality of 7,, B,(¥) = (p/e(p))'~"7B,(¥,). Since no two of ¥;, y; with
1 <i < j <t, can be linearly dependent modulo p, one can follow the proof of [Green and Tao 2010b,
Lemma 1.3] to conclude that 8,(¥,) =1+ Oy ,(p~2). O

The next crucial condition on linear systems that we will require is the aforementioned finite complexity
condition, which we now quantify. For an affine-linear form 1, let ¢ be its linear part.

Definition 2.3 (complexity of a system). For A C [¢], let V4 be the set of linear forms on 74 generated
by (Y | i € A}. Leti € [r]. A system W of linear forms is said to be of complexity at most k at i if there
exists a partition of [¢]\ {i} into at most k + 1 parts such that v/; ¢ V4 for each part A of the partition. It
is said to be of complexity at most k if it is of complexity at most k at any i € [¢]. The complexity is the
minimum k such that the complexity is at most k, if there is any such k£ € N, in which case k <t — 2.
Otherwise, it is said to be infinite.
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A convenient parametrization of a system of finite complexity is the normal form (see [Green and Tao
2010b, Definition 4.2]), which we now define; it facilitates multiple applications of the Cauchy—Schwarz
inequality, yielding the generalized von Neumann theorem [Green and Tao 2010b, Proposition 7.1] which
we will use later. Let e, .. ., e be the canonical basis of Z<.

Definition 2.4 (normal form of a system). The system W is in s-normal form at i € [¢t] if there exists a
set J; C [t]\ {i} of cardinality at most s 4+ 1 such that Hje],- w',- (e;) # 0 whereas for all k € [t]\ {i}, we
have [ | el iﬁ.k (ej) = 0. The system W is in s-normal form if it is in s-normal form at each i € [7].

One may assume that s < ¢ — 2. Clearly, a system in s-normal form has complexity at most s. Due
to a simple linear-algebraic argument from [Green and Tao 2010b, Theorem 4.5], we may assume in
Theorems 1.1 and 1.2 that the system W is in s-normal form for some s < ¢ —2. We summarize this
reduction in the following proposition.

Proposition 2.5. Let V : 7¢ — 7' be a system of complexity s and K C [—N, N1? be a convex body
such that W(K) € [1, N]. Suppose that the homogeneous coefficients of ¥ are bounded by L. Then
there exist an integer d' = Oy (1), an integer N' = O(N), a real number L' = O(L°WM), a convex body
K' Cc[-N', N’} and a system W' : 79 > 7' of affine-linear forms in s-normal form such that for any t

functions g1, ..., & :Z — R, we have
Vol(K) > [Teawimn = 1(1«) > Tswia.
neZdnK i€lt] nezd Nk’ i€lr]

Further, we have Vol(K')/N'¢ > Vol(K)/N<.

In this form, this proposition is essentially [Bienvenu 2018, Proposition 2.5].

2B. Gowers norms.

Definition 2.6 (Gowers norms over abelian groups). Let Z be a finite abelian group. Let g: Z — Cbe a
function and k > 1 an integer. The Gowers U* norm of g is the expression

27}(
gllyr(z) = ([ExEZ[EheZ" l_[ C""'g(x—i—a)‘h)) ,
we{0,1}k

where C is the conjugation operator and || := ), ;@i
For k > 2, this does define a norm, whereas || f|ly1(z) = |Exez f(x)|. For every k > 1, we have
Igllurzy < lIgllyr+icz)-

Definition 2.7 (Gowers norms over intervals). Given a function f : Z — C and an integer N, we define
its Gowers norm || f'||y« 5 over the interval [N] as

If - Tmllor@/ vz

I f ok ==

9

1N llukz vz
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where N’ > 2N (say N'=2N+1 for concreteness) and f-1[y;and 1y are extended to Z/N’Z in the natural
way. By [Frantzikinakis and Host 2017, Lemma A.2], this definition is independent of the choice of N’.

Observe that if N and N’ are two integers satisfying a N’ < N < N’ for some « > 0 and a function f :
[N]— Cisextended to Z/N'Z by setting f(n) =0forneZ/N'Z\[N], then || flysin) =as | flus@/nz)
(see [Green and Tao 2010b, Lemma B.5]). Another norm that we will need is the L? norm on [N]
equipped with the uniform probability measure, thus

I Loy i= (Exepag] £ ()PP,

for p > 1 a real number. Finally, we define the dual Gowers norm over an interval by

I fllyenys == sup  |Exemny f(x)g(x)I.
gl =1

2C. Nilsequences.

Definition 2.8 (nilsequences). Let G be a connected, simply connected nilpotent Lie group, and letI' < G
be a lattice. A filtration G, = (G;);2, on G is an infinite sequence of subgroups of G (which are also
connected, simply connected nilpotent Lie groups) satisfying

G=Gy=G1DG,D -+,

and such that the commutators satisty [G;, G ;] C G, j, and with the additional conditions that I'; :=T'NG;
is a lattice in G; for i > 0 and G4 = {id} for some s.
The least such s is called the degree of G, and the manifold G/ T is called a nilmanifold.
A polynomial sequence on G (adapted to the filtration G,) is a sequence g : Z — G satisfying the
derivative condition
Oy -+ I g(n) € Gy

forallk >0,neZ and hy, ..., hy € Z, where d,g(n) :== g(n + h)g(n)_1 denotes the discrete derivative
with shift 4.

Now fix a nilmanifold G/ I, a filtration G, of degree s and a polynomial sequence g : Z — G. Further,
assume that the nilmanifold is equipped with a Malcev basis X' (see [Green and Tao 2012a, Definition 2.1,
Definition 2.4]; note that the Malcev basis depends on the fixed filtration, not only on the manifold). A
Malcev basis induces a right-invariant metric on G (see [Green and Tao 2012a, Definition 2.2]), which
descends to a right-invariant metric on G/ I and will usually be denoted by dy(-,-). f F: G/I" - C is
Lipschitz with respect to the metric on G/ I induced by X, it is bounded by compactness so we let

|F(x) = F(y)l

x,yeG/T dX(xa)’)
x#y

and we call a sequence of the form n +— F(g(n)I") a nilsequence. The degree of the nilsequence is then s,

| FllLipey = 1 F lloo +

’

and it is said to be of complexity at most M if each of the degree s, the dimension of G/ I', the rationality
of X' and the Lipschitz constant of F is at most M.



A transference principle for systems of linear equations, and applications to almost twin primes 505

We now introduce a class of nilsequences of bounded degree and controlled complexity.

Definition 2.9. Let s > 1 and A, K > 2. Define E5(A, K) to be the collection of all nilsequences
& :Z — C of the form &(n) = F(g(n)I'), where

(1) G/T is a nilmanifold of dimension at most A, equipped with a filtration G, of degree < s and a
K-rational Malcev basis X;

(2) g:Z — G is a polynomial sequence adapted to G,;
(3) F:G/TI" — Cis a Lipschitz function satisfying || F||Lipx) < 1.

Definition 2.10 (equidistributed nilsequences). For n € (0, 1) and x > 2, define E,(A, K; n, x) to be the
collection of those nilsequences & € E;(A, K) of the form &(n) = F(g(n)") that fulfill the additional
condition that the sequence (g(n)I")1<x<10x 1S totally n-equidistributed in G/ I' (defined in [Green and
Tao 2012a, Definition 1.2]).

We will loosely call such nilsequences n-equidistributed. We caution that this notation is slightly
different from [Shao and Terdviinen 2021], in that we do not require |, G/T F =0 (where the integral is
taken with respect to the unique Haar measure on G/ I'). We shall use E(S)(A, K; n, x) to denote the set
of n-equidistributed nilsequences in E,(A, K; n, x) satisfying the additional condition that |, G/T F=0.

3. A transference principle for arbitrary systems of linear equations

A fundamental notion related to transference principles is that of pseudorandom measures, the basic
philosophy being that if a function is bounded by such a measure, it behaves as if it was bounded by 1.

Definition 3.1. A function v:Z/NZ — R is said to satisfy the (do, t9, Lo, €)-linear forms conditions if
it satisfies the following. Let 1 <d <dp and 1 <t < y. For every finite complexity system of affine-linear
forms W = (Y1, ..., ;) : Z¢ — 7' with linear coefficients bounded by Lg in modulus, the following
estimate holds:

Eneznzi | [ vWi(m) —1| <e. (3-1)

ielt]

If it satisfies the (M, M, M, &)-linear forms conditions, it is said to be (M, ¢)-pseudorandom.

Observe that [|v — 1|y z/nz) = O (e 2k) as soon as v satisfies the (k+1, 2, 1, &)-linear forms condi-
tions, and that the constant coefficients of W are unrestricted. Note that our definition is less restrictive
than that of Green and Tao [2010b], since we do not require the so-called correlation condition.

The aim of this section is to prove the following theorem.

Theorem 3.2 (transference principle for linear systems). Lett,d, L, s > 1 be integers, and let 5, n > 0
be real numbers. Then there exist constants M > 1 depending on d,t, L and Y, ¢ > 0 depending on
d,t,L,8 such that the following holds. Let ¥ = (Yr\, ..., V¥,) : Z% — 7' be a system of affine-linear
forms of complexity s whose homogeneous parts have coefficients bounded by L. Let N be a large enough
prime and o be small enough (both in terms of t,d, L, n). Let K C [N, N1 be a convex body satisfying
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Vol(K) > r]Nd and W(K) C [1, NY'. Lastly, for each i € [t], let 1; : [N] — R> be a function. Assume
that the following additional hypotheses hold.

(1) There exists an (M, a)-pseudorandom measure v : Z/NZ — Rxq such that
Ai(n) <v(n) foreachi € [t]andn € [N],

where we identify [N] and Z/NZ in the natural way.

(i) Each function A; is dense in higher order Bohr sets in the sense that

Erenvri(n)é(n) = SE,envié (n)

for every nilsequence & : 7 — [0, 1] of degree < s and of complexity at most Y that satisfies
[EnSNS(n) = €.

Then we have
Enexnzeri (Y1) ka(Yo(n)) - - - A (Y (n)) > 0.995". (3-2)

We now present the tools which will enable us to prove this. We need a notion of higher order Bohr
sets, which are roughly speaking sets that are approximated by level sets of nilsequences to any given
accuracy. The following definitions of s-measurable sets and s-factors are from [Green and Tao 2020,
Section 2].

Definition 3.3 (s-measurable sets). Let s > 1 and let ® : R — R be a growth function. A subset £ C [N]
is called s-measurable with growth function & if, for any M > 1, there exists a degree < s nilsequence
& : 7 — [0, 1] of complexity at most ®(M) such that |[1g — &l 2y < 1/M.

Definition 3.4. If 5 is a partition of [N], we call its parts E € 3 atoms. The conditional expectation of a
function f : [N] — R with respect to B is the function E[ f|B] which is constant on each atom, equal to
the average of f on the atom.

Definition 3.5 (s-factors). Let s > 1 and let ® : R — R be a function. A partition 55 of [N] is called an
s-factor of complexity at most M and growth function & if B contains at most M atoms and each atom is
s-measurable of growth function ®.

The following two propositions will be important in our proof of Theorem 3.2. The first one is the
weak regularity lemma? proved in [Green and Tao 2010a, Corollary 2.6].

Proposition 3.6 (weak regularity lemma). Let s > 1 and € > 0. Let f : [N] — R be a function with
| f(n)| <1 pointwise. There exists a function ® : R — R depending only on s, ¢ and an s-factor B of
complexity Os (1) and growth function ® such that || f — E(f |B)|ys+1z/nz) < &

21t was discovered recently that the reference [Green and Tao 2010a] contains a slight error. See the arXiv version [Green and
Tao 2020] for details and a correction. Nevertheless, the regularity lemma part of that reference is unaltered, only the counting
lemma (and what depends on it) was not entirely correct.
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In the just cited the reference, the Gowers norms are interval Gowers norms, but this makes no difference
since the Ust1(Z /NZ) and U s+ N] norms are equivalent on bounded functions (see [Frantzikinakis and
Host 2017, Lemma A.4] for instance). We also state the dense model theorem from the work of Dodos
and Kanellopoulos [2022, Corollary 4.4].

Proposition 3.7 (dense model theorem). Let s > 1 and let Z be a finite abelian group. Let 0 <n < 1.
Suppose that v : Z — Rxq satisfies |[v — 1|y z) < 0, and that [ : Z — R is a function such that
| f(n)| < v(n) pointwise. Then we may decompose f = f1 + f», where

sup|fi(m)| <1 and | f2llusz)=0p—0;5(1).

neZ

Further, if f is nonnegative, so is f.

We note that this version of the dense model theorem has weaker hypotheses than the one in [Green
and Tao 2010b] (it does not require the so-called correlation condition), a fact that will be important
for us. A dense model for arithmetic progressions was also achieved without correlation conditions by
Conlon, Fox and Zhao [Conlon et al. 2014; 2015], but their dense model is not as strong as we need since
it is not close in the Gowers norms topology to the function to be modeled.

Finally, we state a version of the generalized von Neumann theorem [Green and Tao 2010b, Proposi-
tion 7.1" in Appendix C].

Proposition 3.8 (generalized von Neumann theorem). Let ¢, d, L, s be positive integer parameters. Let
8, bein (0,1) and N > 1. Then there is a positive constant D, depending on t,d and L such that
the following holds. Let v : Z/NZ — Rx¢ be a (M, ¢)-pseudorandom measure, and suppose that
fio-ooy ft 1 Z/NZ — R are functions with | f;(x)| < v(x) foralli € [t] and x € Z/NZ. Suppose that
V=1, ..., Y,) is a system of affine-linear forms in s-normal form whose linear coefficients are bounded
by L. Let K' C (Z/NZ)? be identified with K N7 where K C [—N /4, N/41¢ is a convex set. Finally,
suppose that

min || fjll s+ < 6. (3-3)
I<j<t
Then we have
Ene@/nzyi Lk (1) 1_[ Jii(n)) = 05-0(1) + 0N 0;5(1) + 0:—0;5(1),
ielr]
where the o(1) terms may also depend on d, t, L.
In the cited reference, the parameter ¢ is itself oy (1) but we make it independent here, whence the

slightly different statement.
We are now ready to state and prove a crucial lemma.

Proposition 3.9 (decomposition into a uniformly lower bounded and Gowers uniform components). Let
s > 1 andlet N > 1 be an integer. Let 8, &, p be real constants in the interval (0, 1). Then there exist
quantities t € (0, 1), Y >0, n € (0, 1) depending only on s, €, p, § such that the following holds. Suppose
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that v : [N] — Rxo satisfies |[v — 1||y2+2z/nz) < 1, where we naturally identify [N] with Z/NZ. Let
f 1 [N]—= Rsq be a function such that f(n) < v(n) pointwise. Further, suppose that

Eneiny f ()& (n) > 8, cn§(n)

for every nilsequence & : Z — |0, 1] of degree < s and of complexity at most Y that satisfies E,<n&(n) > (N.
Then there exists a decomposition [ = f3+ fq where f3 > (1 — p)d pointwise and | fa|lys+1z/nz) < €-

Proof. Without loss of generality, we may assume that ¢ is small enough in terms of § and p. Let
¢’ < e/3 be a sufficiently small constant, to be determined later. Applying Proposition 3.7, we may write
f = fi+ fa where fi takes its values in [0, 1] and || 2| ys+1z/nz) < €. Then using Proposition 3.6 on f1,
we decompose f; = h + g where h = E[ f1|B] and B is an s-factor of complexity O; (1) and growth
function @, and ||g||ys+1z/nz) < €/3. The growth function ¢ of B depends only on ¢ and s.

Note that 1 = ) zcplg, where cg = ﬁ Y nevy J1)1g(n) for any atom E of B. Fix ¢ =
(/3)2"" /IBl, s0 ™! = O; . (1). We effect the splitting

h = Z(CE+51‘E\<CN)1E - Z SlE.

EeB EeB
|E|<cN

We denote by /; the first sum and /4, the second one.

Since 6 € [0, 1], we see that ||z || L1y < c|B| = (¢/ 3)2H1. Crudely estimating by the triangle inequality,
this implies that || A2 || ys+1z/nz) < €/3. Now write f3=h and fi = g+ f2+h,. By the triangle inequality
for Gowers norms, we have

| fallys+1z/nzy <3-€/3 =¢.

Our aim is then to show that
cg > (1—p)§ whenever |E|>cN, (3-4)

after which fz = h; > (1 — p)d pointwise follows.

Fix a large enough constant M > 0 in terms of c, §, p (explicitly, we may take M = 4/(cép)) and
an atom FE € B satisfying |E| > ¢N. By definition of an s-factor, we may write 1g = & 4+ gym1, Where
| gsmill L2y < 1/M and & (depending on E) is a nilsequence of degree at most s whose complexity is
bounded by Y := ®(M) = Oy ¢ , s(1). By the Cauchy—Schwarz inequality, we have

<N/M.

> fi(m)gmi ()

ne[N]

- 1
CE = —
|E|

Therefore,

> AmER —1/(cM).

ne[N]
We now recall that f = f] + f3, so that (3-4) follows once we show that

> fmEMm) = 8|EI(1—1/(cM)) and

ne[N]

> HmEm)

ne[N]

< p3|E|/2, (3-5)
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upon setting M = 4/(c8p). First we bound the correlation of f> and &. Since f> has small US*! norm, it
would be convenient to replace £ by a function of bounded dual U**! norm. To achieve this, we invoke?
[Green and Tao 2010b, Proposition 11.2], which yields for any « > 0 a splitting & = & + &, where
11 llys+1z/nzy- < K for some K = Oy y (1), while [|§2]|c < k. We infer that

Z L&) < | Lllus@nplEllvssi@nzN <& KN. (3-6)
ne[N]
Further, since | f>| < v + 1 pointwise,
3 Am&EM| <l&le Y. 00+ 1) < @+ [Eem @@ — DDIE )N (3-7)
ne[N] n€(N]

Recall that |E,eny(v(n) — D) = [lv — Uy z/nzy < v — Hlyzs+2@z/nzy < n < 1. We conclude that
X seivy f2mE2m)| < 3k N.
Now, if we choose k =cpd/12 and &’ = pSc/(4K) (thus (¢") "' = 0, ;.5.:(1)), we have &’ K +3k <cpd/2,
so by combining (3-6) and (3-7) with the fact that N < ¢~!| E|, we obtain the required bound (3-5) for f>.
It remains to be shown that the correlation of f and & obeys the lower bound in (3-5). By the definition

of &, we have

Y Em) =1E|=)_ gam(n) = |E|(1—1/(cM)) > |E|/2>cN /2,
ne[N] n
so recalling the “denseness in higher order Bohr sets” hypothesis of Proposition 3.9 (letting ¢ = ¢/2 there)
and the fact that the complexity of £ is at most Y, the desired estimate (3-5) follows. This was enough to
complete the proof. O

Proof of Theorem 3.2. In view of Proposition 2.5, we may assume that the system W is in s-normal form.
Also, upon replacing N by 4N (and therefore 1 by 4=¢1), we may assume that K C [-N/4, N /4]. Fix
k > 0 small enough (to be determined later). Let p be small enough in terms of 7 (say p = 1/(10000¢)).
By hypothesis (i), if N is large enough, we may apply Proposition 3.9, thus obtaining a decomposition
A= Afl) +A§2) for each i € [¢] where )\El) > (1 — p)d pointwise and ||)\,(-2)||Us+1(Z/NZ> < k. Inserting this
decomposition in the left-hand side of (3-2), we obtain a splitting of the average into 2’ terms:

t t
Enekrze [ [ @)= Y Euekeae [ [ M7 @m)).

Jj=1 ap,az,...,a;€{1,2} Jj=1

One of the 2’ terms involves only the functions Agl); since )»El) is pointwise lower bounded by (1 — p)4,
this term is at least
(1 —p)'8" >0.9995",

3In the cited reference, written at a time where the theory of nilsequences was just emerging, the result is stated for
linear nilsequences. However, nowadays we know that any polynomial nilsequence may be realized as a linear one, see
[Green et al. 2012, Appendix C]. Also the result is stated in terms of interval Gowers norms, but the proof naturally yields
€1 ys+1(z/nzy+ < K first as it moves from intervals to cyclic groups.
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since p = 1/(10000¢). Any other term involves at least one copy of a uniform function )‘52)~ Let
ac{1,2}'\{(,...,1)}. Since K C [-N/4, N/4]d and W(K) C [1, N]', one may identify K with a
subset of (Z/NZ)?, which we also denote by K, and write

t t
Encirze | | 4 W) = Eneayna 1k ) [ 1% (0 ). (3-8)
j=1 j=1
According to Proposition 3.8 (for which we need M to be sufficiently large in terms of d, ¢, L and the
fact that W is in s-normal form), the right-hand side of (3-8) is bounded by

0N—>oo;/<(1) +0a—>0;/((1) + 0 —0(1).

Therefore, choosing first ¥ appropriately, and then N sufficiently large and « sufficiently small, we
conclude the proof. O

The rest of the paper is devoted to establishing the hypotheses (i) and (ii) of Theorem 3.2 for the
functions 6; and 6, (and 65 in Section 9); we start with hypothesis (i).

4. W-trick and pseudorandom majorants

4A. W-trick. We wish to apply Theorem 3.2 to prove our main theorem, but an initial problem is that
the indicator functions of almost twin primes are not bounded by a pseudorandom majorant, as they are
biased modulo small primes. We will first have to remove these biases modulo small primes to obtain a
pseudorandomly majorized function.

We introduce the general framework we will work with in this section. Let w be an integer and
W=Ww)=]] p-Letpe(0,1), r>1,andlet H={hy, ..., h} CN be a set of r pairwise distinct
integers and let & = 64 : N — Rx( be any function supported on the set

p=w

{neN:p|n+hj:>p>wf0rallje[r]}

and satisfying the upper bound
6(n) <log"(n+2)

for all n > 0. Observe that the functions 6, and 6, our main theorem deals with have these properties
(with r =2 in the case of 8; and r = m in the case of 8,). Given integers ¢ > 0 and b, let

@Y
Og.p() = (% 0(qn +b). @-1)
Proposition 4.1 (reduction to W-tricked sums). Let the notation be as above. Also let n > 0, y > 0,
N,L,d,t>1 LetW = (Yy,...,¥,) : 7% — 7' be a finite complexity system of affine-linear forms.
Suppose that Wy, := (Vi + hj)ie(s, jelr) IS admissible and that the linear coefficients of V¥ as well as the
elements of H are bounded by L. Let K C [N, N1¢ be a convex body satisfying Vol(K) > nN¢ and
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W(K) C[1, NY. Suppose that 0 satisfies

t
> J10wew@im) =y W= Vol(k), (4-2)
nez? i=1
Wn+ackK

foreach a € A, where
A=Ayy={ac[WI:VG, j) et x[r], (Yi(@) +h;, W) =1}

and for each i € [t], the integer c;(a) € [W] and the form v/ : 7% — 7 are uniquely defined by the relation
YiWn+a) = szl.’(n) + ci(a). Then, provided that w is large enough in terms of d, t, L, we have

t
> [Towim) =2 T8, Volk). (4-3)

neKnzd i=1 p

where the local factors B, = B,(Wy) are as defined in Definition 2.1.

Proof. We write
74NK = U (Z4N(WKq+a)),
ac[W]4
where

Ka:={xe[Rd:Wx+aeK}

is again a convex body. Putting

t
F(n):=]o;m)
j=1
we can write the left-hand side of (4-3) as

Z F(n)= Z Z F(Wn+a). (4-4)

neZiNK ac[Wl4 nezZink,

We note that if ¥; (@) + h; is not coprime to p for some i € [t], some j € [r] and some prime p < w,
then for each n € K, NZ? we have F(Wn +a) = 0: indeed, in that case, the integer ¥;(Wn +a) + h;
has a prime factor p < w, hence does not belong to the support of 8. Thus, the residues a which bring a
nonzero contribution to the right-hand side of (4-4) are all mapped by W to tuples (b, ..., b;) for which
bi + h; is coprime to W for all i €[], j € [r].

Recalling the definitions of A = Ay 3, the integers c;(a), the forms I//i/ and Oy p, we can then
rewrite (4-4) as

rt t
> F(n)=(%) > TToweaw@im. (4-5)
neZiNK acA pe7inkK, i=1

By our assumption (4-2), we have

Yo J1wc@®@@) =y W Vol(K) = y Vol(K,) (4-6)
neZiNK, i=1
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for each a € A, so to obtain the conclusion (4-3) it suffices to prove that

W rt
(W) Al = 3W T By (4-7)
p

Note that by the Chinese remainder theorem we have

W rt
(W) |Aw =W ] By

p<w

Lemma 2.2 implies that 8, =1+ Oy 1,1 ( p‘z) whenever |H (mod p)| =r (which is the case whenever
w > H), and B, > 0 for any p since Wy, is an admissible system. Therefore [ | » Bp 1s convergent and if
w > H we have [[,_, By = (14 Og,.(1/w))[], Bp- Taking w large enough in terms of d, #, L, this
concludes the proof of Proposition 4.1. (|

In fact Lemma 2.2 implies that 8, =1+ O(p~") and Bp=1+ o(p~™? except when p | ]_[i’j(h,- — hj).
Combining this with the fact that, for any integer ¢ having z prime factors, we have

[Ja+op™n= [] a+0@p™") =0d0glogg/logw).

w<p w<p<w+z
rlq

We infer [ | p=w Bp K O(loglog H/log w) so the weaker hypothesis H < exp(w?D) could suffice instead
of w > H at the cost of replacing % by a worse constant.

Also we note that the system W' introduced above differs from W only in the constant term, and so it
is of finite complexity whenever W is.

4B. Pseudorandom majorants. In order to prove Theorem 1.1, it remains to establish the lower bound (4-2)
when 6 is either 6 or 6,, which we will do by invoking Theorem 3.2. In order to appeal to this theorem,
we need to supply a pseudorandom majorant for the function 6y ;, where b is coprime to W. The only
properties of 6 that we need for this construction are that it is supported on the set

{n eN:pln+h; = p>n’forall j e [r]}
and satisfies 0 < 8(n) < log" (n + 2) (and these are satisfied for 6y, 6, with r = 2, m, respectively). Let
By :={beN:Vjelr]l, b+hj, W)=1}. (4-8)

The next proposition provides us with a pseudorandom majorant.

Proposition 4.2 (pseudorandom majorants). Let M > 1 and s be integers. Let € > 0. Assume that N
and w are large enough in terms of (M, €) and satisfy w < loglog N. Let b = (b1, ..., by) in Bj, satisfy
|bi —bj| <M forany (i, j) € [s1%. Suppose also that 6 is as above. Then there is an (M, €)-pseudorandom
measure vy : Z/NZ — Rxq and a constant ¢ € (0, 1) depending on M only such that

Ow.b,(n) + - - - 4+ Ow p, (n) Ky vp(n)
foralln e [N°, N]CZ/NZ.
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The fact that the bound does not necessarily hold on the full interval [/V] is not a serious restriction, as
we may impose 6 to be supported in [N¢, N] without changing the left-hand side of (4-2) and (4-3) by
more than O (N<? logOm N) = o(N?). Zhou [2009] and Pintz [2010] already constructed pseudorandom
majorants for Chen and bounded gap primes, respectively. We provide here a similar construction. Let

113

R = NY for some small y > 0 to be chosen appropriately. Relying on Green and Tao’s “smoothed”

approach [2010b], we define

INTANS
Ayy () :=logR<Z w(Ox (k‘:: R)) , (4-9)

lln

where x : R — [0, 1] is a smooth, even function supported on [—2, 2] satisfying x(0) =1 = f02| x’ 2.
Finally let Ay, 3,(n) :=[],cs Ay,y(n +h). Note that this function is periodic (of period [ [, 2 € for
instance), so we extend it on Z as a periodic function. Once W-tricked, this will be a pseudorandom
measure. Ultimately, this is a consequence of the following proposition.

Proposition 4.3 (correlations of sieve weights). Let d,t > 1 be integers. Let D,n > 0. Let ¥ =
(Y1, ..., ¥,) be a finite complexity system of affine-linear forms in d variables. Suppose that y > 0 is
sufficiently small in terms of d, t. Suppose that the linear coefficients, as well as the integers hy, ..., h,,
are bounded in magnitude by D. Assume that w is sufficiently large in terms of d, t, D. Let K C [-N, N1¢
satisfy Vol(K) > nN¢. Suppose by, ..., b, are in By (with By as in (4-8)). Then

> HAx,y,mwwi(nwbi)=Vo1(K><L) (14 0umse (1) + 0¥/ 10g"/** NY),
neknzd ie(t] o (W)

where the error terms above may depend on d, t, D, n only.

Proof. The left-hand side equals

ST AxyWei(m) +bi +hy). (4-10)
neKnzd4ielr], jelr]
We then apply [Green and Tao 2010b, Theorem D.3] to the system £ = (W; +b; +h;);e[1], jer]» Whereby
we assume that y is small enough in terms of d, .
Recalling that f02 |x'|> = 1, [Green and Tao 2010b, Theorem D.3] gives for (4-10) an estimate

Vol(K) [ [ Bo(£) + O(N“e¥ /(log R)'/), (4-11)
P

where X = ) peP p~ 72, and P is the set of exceptional primes of L, i.e., those primes p such that
modulo p some two of the forms of £ are proportional. In view of the hypotheses of [Green and Tao
2010b, Theorem D.3] (bounded homogeneous coefficients), one may fear that the implied constant in the
big oh term depends on the size of the homogeneous coefficients of £, so ultimately on w, but in fact it
does not at all as it quickly appears in the proof, since only the behavior of £ modulo each prime p plays
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a role in the proof. This is made clear in [Bienvenu 2018, Proposition 2.13]; in fact already in [Green and
Tao 2010b, equation (D.24)] the bound (4-11) was applied to a system £ with unbounded coefficients.
Note that the primes in P are either < w, or Oy (D). Assuming w is large enough in terms of d, ¢, D,
we can assume that they are all < w, and therefore X < +/w/log w, so the error term in (4-11) becomes
Od.1.p.n(VOoI(K)ev™ /10g'/?* N). Moreover, we have 8, = ,(£) = (p/(p —1))"* for p <w and B, =
14+04.:.p(p~2) as p tends to infinity thanks to Lemma 2.2, whence ]_[p Bp=W/o(W)"(14+0y—0(1)).
This concludes the proof. (]

Proof of Proposition 4.2. In this proof, for any n € Zy or any n € Z, we will denote by 7 the unique
element of [N] such that n =n (mod N).

For b € N we define v, : Z/NZ — R to be the function n > (@(W)/W)" A, , »(Wn + b) where
y € (0, p/2). This definition naturally gives rise to a function denoted again by v, on Z Further we
set vp(n) = %Zle vp, (n). Note that whenever N%r/P < pn < N satisfies 0(n) > 0, we have 6(n) <

log"(n +2) < log" R = Ay, 3(n). Hence, whenever b = (by, ..., by) is in B;;, we have
OW,b,- (n) <<y Ax,y,?—L(Wn +bi) K Vb(n)

for eachi € [s]and n € [N?/?, N].

Let us verify that vy is a (M, &)-pseudorandom measure. Hence, letd <M and t <M and ¥ : 7¢ — 7'
be a finite complexity system of affine-linear forms whose linear coefficients are bounded by M. We work
in the regime where w and N tend to infinity while w <loglog N. It suffices to verify that in this regime

Enez/nzy | | Ve (Wi () = 1+ 04 (1) (4-12)
i€(t]
for any fixed ¢ € {by, ..., bs}'. We cannot apply Proposition 4.3 to prove (4-12) at this stage, since

this equation effectively concerns a linear system over Z/NZ and not over Z. In other words, there are
wrap-around issues. To be able to apply Proposition 4.3, we first rewrite the left-hand side of (4-12) as

Enez/nzy | | Ve (Wi ) = Epepype [ | ve, Wi (). (4-13)

ielt] i€lr]

Observe that the map n — ; (1) is not an affine-linear map, so that we still cannot invoke Proposition 4.3.
However, it is piecewise affine-linear. To exploit this property, we decompose [N]¢ in boxes of the form

By = {x CINK : x; € (V”f—Q”NJ, {”"QNﬂ,je[d]},

where u ranges over [Q]d, and Q is some function of N, to be determined later, that tends slowly to

infinity with N. Assuming that N/Q tends to infinity, we have
Enervie | [ ve (Wi@) = Eucropebnes, [ | ve (i) +o(D), (4-14)
ielt] ie(t]

where the o(1) accounts for the fact that all boxes are not exactly of the same size; they are all of size
(N/Q+ 0(1)4 = (N/Q) (1 +0(1)) though. Call u and the corresponding box B, nice if for every
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i € [t] the number [;(r)/N1] is constant as n ranges in By, ; that is, there exists k = k; , € Z such that
Yi(n) € (kN, (k+1)N] for every n € B,. When u is nice, fﬂl\(nl) =vYi(n) —k; N € [N] for every i € [¢]
and n € By,. Therefore,

[EneBu 1_[ Vc,-(m) = [EneB,, Vc,-(wi,u(n))’

ielt] i€lt]

where the affine-linear map W, : 7¢ — 7' is defined by setting v, : n+— Y;(n) —k; , N. It is clear
that this map, having the same homogeneous part as W, is still of finite complexity and has bounded
homogeneous coefficients.

Thus, we may now apply Proposition 4.3 to conclude that

Fucs, | | ves (Wiu(m) =1+ 0u 00 (1) + 05001 (1).
ielt]
It remains to handle the other boxes. Suppose that # is not nice. Thus, there exists i € [¢] and two

vectors x, y in By such that k := [¥;(x)/N] < [¥;(y)/N]. However, we have |y;(x) — ¢ (y)| <
2dM(N/Q +1) < N, if Q > 3dM. Therefore,

Vi(x)/N <k <¢i(y)/N <¥i(x)/N+Ou(1/0)
and
Vi(x)/N =¥ (y)/N —O0u(1/0) =k — Oy (1/0).
The last two displayed lines show that both v; (x) and v; (y) are kN + O(N/Q); thus
Yi(n) = Oy (N/Q) (mod N) forall neB,.
Further, there exists an integer k = k; , such that for all n € B, and i € [¢] either ¥;(n) —kN € [N] or
Yi(n) — (k+ 1) N € [N]; consequently,
Ve, (Wi () = ve, (Wi (1) — ki u N) Ly ()i u N eV + Ves (Wi () — (i w + DN Ly, ()= ks w4 1)NeIN]
<ve(Wi(m) — ki yN) + v, (Y;(n) — (ki y +1)N).
Whence the bound
Enep, | [ ve Wi@) < Enep, [ (ve Wi @) = kiuN) + ve, (i () = (ki + DN)). (4-15)
ielt] i€lr]

Expanding the product makes the right-hand side of inequality (4-15) the sum of 2’ averages, each of
which equals 14 0(1) by Proposition 4.3. So the left-hand side of inequality (4-15) is O(1). It remains to
prove that not nice boxes are rare. Suppose that # is not nice. As pointed out above, if Q is large enough,
there exists i € [¢] such that ¥;(n) = Oy (N/Q) (mod N) for all n € B,,. On the other hand,

Yi() =i (LNu/ Q1)+ Ou(N/Q) =i (Nu/Q+0(1)+ 0y (N/Q) = Ny (w)/ Q+i(0)+ O (N/ Q).

Dividing by N/Q yields
Yi (W) + 0¥ (0)/N = O(1) (mod Q). (4-16)
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Now w'i # 0 and when Q is large enough xﬁi #0 (mod Q) as well, so the number of solutions u € [Q]¢
to the estimate (4-16) is O(Q“~!). Multiplying by ¢, the proportion of bad boxes among all boxes is
therefore O(Q~') = 0(1), the implied constant depending on M only. This concludes the proof of the
estimate (4-14). U

S. Almost twin primes in generalized Bohr sets

Now we want to prove hypothesis (ii) in Theorem 3.2 for the W-tricked functions 6; and 6,. Thus we need
to find almost twin primes in s-measurable sets. We start with bounded gap primes. The next proposition
establishes hypothesis (ii) in Theorem 3.2 for a function of the form 6y ; from Section 4, upon letting
b =b+h,.

Proposition 5.1 (bounded gap primes with nilsequences). Fix positive integers m, d, A, and some & > 0,
K > 2. Also let w > 1 be sufficiently large in terms of m,d, A, ¢, K and let W = HpSw p. There exist
p = p(m) > 0, and a positive integer k = k(m), such that the following statement holds for sufficiently
large x = xo(m, d, A, &, K, w).

Let& € BE4(A, K) be a nilsequence taking values in [0, 1]. Let by, . . ., by be distinct integers satisfying
(b;, W) =1and |b;| <logx foreachi € k]. Then

> E(n) > (1_[ ﬂp) (logl—x)k (Z E(n) — ex),
)4 n<x

n=<x

{Wn+by,... Wn+b )OP|>m
PITT (Wntbi)=> p>xP

where B, = B,(L) is the local factor defined as in Definition 2.1 for the system of affine-linear forms
L={Ly,..., Ly} with Li(n) = Wn+b;.

We remark that if p < w then 8, = (p/¢( p)¥, and if p > w then, writing a p for the number of distinct
residue classes among by, ..., by (mod p),

k k—a
D ap p 4 2
=|— l——)=—— 1+0 . 5-1
Pr ((p(p))( p) <<p(p)) ( Kp) -1

In particular, if w > |b; — b;| for all i, j, we infer that ]_[p Bp > (W/@(W)).
We now turn to the corresponding statement for Chen primes.

Proposition 5.2 (Chen primes with nilsequences). Fix positive integers d, A and some ¢ > 0, K > 2.
Also let w > 1 be sufficiently large in terms of d, A, e, K and W =[]
holds for sufficiently large x > xo(d, A, &, K, w).

Let& € B4(A, K) be a nilsequence taking values in [0, 1]. Then for some absolute constant §y > 0 and
any 1 <b < Wwith (b, W)=b+2,W)=1we have

W\ &
2, sz (<p<w>> (log x)? (;5(”)_”)‘

n<x
Wn+beP
Wn+b+2eP,

pIWn+b4+2=p>x1/10

p. The following statement

p<w
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We will prove Propositions 5.1 and 5.2 by reducing to the case when the underlying polynomial
sequence is equidistributed, and Propositions 5.3 and 5.4, using a factorization theorem for nilsequences.

Proposition 5.3 (bounded gap primes weighted by equidistributed nilsequences). Fix positive integers

m,d, A, and some ¢ > 0, A > 2. There exist p = p(m) > 0, a positive integer k = k(m), and C =

C(m,d, A) > 0, such that the following statement holds for sufficiently large x > xo(m, d, A, €, A).
Let K >2andn € (0, %) be parameters satisfying the conditions

n<K Clogx)"¢4, K < (logx)C.

Let& € E4(A, K; n, x) be a nilsequence taking values in [0, 1]. Let L={L1, ..., Lt} be an admissible
k-tuple of linear functions with L;i(n) = a;n+b; and 1 < a; < (log x)4, |bi| < x. Then

G(L)
> §) >n 0% (Z E(n) — ex), (5-2)

n<x
[{L1(n),...,Lr(m)}NP|=m

PITTE, Lit)y= p>x”

where the singular series is given by S(L) := ]_[p Bp(L), ie.,

s =T1(1- %)k(l nez/pZ:Lin)- -I;Lkm) =0 (mod p)}|> o 53

p

Proposition 5.4 (Chen primes weighted by equidistributed nilsequences). Fix positive integers d, A and
some € >0, A > 2. There exists C = C(d, A) > 0, such that the following statement holds for sufficiently
large x > xo(d, A, ¢, A).

Let K >2andn e (0, %) be parameters satisfying the conditions

n<K Clogx)"¢4, K < (logx)C.

Let £ € E4(A, K; n, x) be a nilsequence taking values in [0, 1]. Let L ={L,, Ly} be an admissible set of
two linear functions with L1(n) = an+b and Ly(n) =an+ b+ 2, where 1 <a <logx, |b| <x. Then

for some absolute constant 5o > 0 we have

S&(L)
Y, Emzdgess (Z £(n) — sx),

n<x <x
Li(n)eP, Ly(n)eP,
plLa(m)=>p=x'/10

where the singular series is given by (5-3).

The purpose of this section is to deduce Propositions 5.1 and 5.2 from the equidistributed case,
Propositions 5.3 and 5.4. We will collect some sieve lemmas in Section 6 and some analytic inputs of
Bombieri—Vinogradov type in Section 7 before proving Propositions 5.3 and 5.4 in Section 8.
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5A. Dealing with the periodic case. In the deduction process, we need to deal with a local (modulo g)
version of Propositions 5.1 and 5.2, where the requirement that all of the Wn 4 b; are almost primes is
replaced by the local conditions that (Wn + b;, q) = 1.

Lemma 5.5. Fix positive integers k, d, A, and some ¢ > 0, K > 2. Also let w > 1 be sufficiently large
in terms of k,d, A, e, K and W =[] p<w P- Then the following statement holds for sufficiently large
x>xok,d, A, e, K, w).

Let& € E4(A, K). Let {by, ..., by} satisfy (b;, W) =1 for every i € [k]. Let g < x99 be a positive
integer with (q, W) = 1. Then

k
"3 (w(q)) 2. s=) s

n<x n=x

(T2, (Wntbi),q) =1

= &x,

where B = ]_[p‘q Bp, and B, is defined as in Proposition 5.1.
Proof. Let X be the set of n < x such that (Wn + b;, g) = 1 for each 1 <i < k. Consider the function

f(n)=ﬁ‘1( ?)) Ix(n)— 1.

Let us prove first that
”f”Ud‘H[x] = Oy o0ik.d (1) + 0w coik,a(1).

Expanding out || f'||a+1[,) and letting g : 79+2 — 700" pe the Gowers norm system
(x, h) = (x + @ h)ye0.1)0+1
we are left with the task of proving that
Yo ] @) =0 ooka 1T + 0w coik.a (7). (5-4)
neDNZ4+2 wef0,1}4+1

where D = {y € R¥™2 : g, (y) € [1, x], Yo € {0, 1}9*!}. Expanding further, the left-hand side of (5-4)
equals
Yoo [T ( ) Ix(gom) =Y (=D¥sg, (5-5)
Qc(0,1})d+! neDNZ4+2 weQ Qc{0,1}d+!

where, after a change of variables, we have

Z Z l_[ﬁ ( >1x(gw(qn+a)) (5-6)

ae[q]dJrZ nezd+2 weR
gn+acD

Now the summand of the inner sum actually does not depend on n since 1 x (g, (gn+a)) =1x(go(a)). Let
Dy = {n € R¥*?: gn+a e D}, which is a convex body of volume g ~“*? Vol(D). Since D, C [1, x/q]¢+?
and Vol(D) >4 x?*2, the number of integral points n € D, N Z4*2 is

Vol(Dy) + 04((x/q)**h) = g~ “*2 Vol(D)(1 + 04(q/x)).
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It follows that

Sa = (14 04(q/x)) Vol(D) - B~ ¢ a2 ]‘[( @ )) 1x(gw(a)).

weR

By multiplicativity and the definition of the singular series (Definition 2.1), the average over a above can
be written as

k
l_l([Eae(Z/pZ)dH 11

plg we i=1

14
—1<Wgw<a>+bl-,p>=1) = ]_[ Bp(Ga),
@(p) ola
where Gg, is the system of affine-linear forms Gg, consisting of a — Wg,(a)+b; forw € Qand 1 <i <k.
If there are a, distinct residue classes among by, ..., by (mod p), then Gq consists of a,|2| distinct
affine-linear forms modulo p, no two of which are linearly dependent (over [,). Hence, Lemma 2.2
implies that
p
(p)

Since p|g = p > w, we have nplq(l + Or.a(p~?)) = 1 4+ Oy g(w™"). Putting things together, we have

(k—ap)|2
By(Ga) = ( ) (1+ Or.a(p™2)).

(k—ap) |
Sa = (1+ 04(q/x) + Ora(w™) Vol(D) - 7 H(@@)) '

From (5-1) we deduce that
Sq = (1+ Oralgx™" +w™")) Vol(D)

for each  C {0, 1}4*!, and this establishes (5-4).
By [Green and Tao 2010b, Proposition 11.2] (see also footnote 3), the nilsequence & can be decomposed

as
§=6&61+6&,
where ||| ya+1(y- = Od.a.x.(1) and &2l < €/4. Hence,
D FE®| <2l fllyepg - lEllgenp < 2x,
n<x

provided that w and x are large enough in terms of k, d, A, K, &, and

> fm&m)

n=<x

<&l Y_If )] < Tx.

n<x

Combining the two inequalities above gives

> FmEm)

n<x

as desired. O

=é&x,
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5B. Reducing to the equidistributed case. We now complete the proof of Propositions 5.1 and 5.2
assuming Propositions 5.3 and 5.4. Let f : N — C be any function satisfying |f(n)| < 1 for any
n € N; we will specialize later to the case where f is the indicator functions of the sets over which the
summations in these propositions run. Let & : N — [0, 1] be a nilsequence in E4(A, K). We want to
estimate ), _. f(n)&é(n). By Definition 2.9, there exists a nilmanifold G/TI" of dimension at most A,
equipped with a filtration G, of degree < d and a K-rational Malcev basis X, a polynomial sequence
g : Z — G adapted to G, and a Lipschitz function F : G/T" — C satisfying || F||Lipcx) < 1, such that
§(n) = F(g(n)l').
Let |
=) Em).

n=<x
We may assume that u > &, as otherwise there is nothing to prove.

Let B = B(m, d, A) > 0 be sufficiently large. To reduce Propositions 5.1 and 5.2 to the case when g
is equidistributed, we apply the factorization theorem [Green and Tao 2012a, Theorem 1.19] to obtain
some parameter M € [log x, (log x)9#44(D] and a decomposition g = €g’y into polynomial sequences
€, ¢,y : Z — G with the following properties:

(1) eis (M, x)-smooth, i.e., d(e(n),idg) <M and d(e(n),e(n—1)) < M/x for all n € [x], withd = dy
the metric used on G.

(2) g’ takes values in a rational subgroup G’ C G, equipped with a Malcev basis X’ in which each
element is an M-rational combination of the elements of X', and moreover {g'(n)},<, is totally M —B
equidistributed in G’/ T N G’.

(3) y is M-rational (so that y (n)I" is an M -rational point for every n € Z), and moreover {y (n)I'},cz is
periodic with period some g < M.

In the case of Proposition 5.1, we may make the following additional assumption on g by enlarging g
and M if necessary: If b; = b; (mod p) for some i # j and some prime p, then p divides g. By (5-1),
this implies that if p{g W, then 8, =1+ Or(p~2).

Let Q be a collection of arithmetic progressions of step ¢ and length =< (x /g M)(log x) ™% such that
[x] =Upeg P- For each P € Q, let yp be the (constant) value of y on P and consider

3 FmEm =3 F@Fem)g )ypT). (5-7)

nepP nepP

We shall first dispose of the smooth part €(n). Pick an arbitrary n, € P, and let p = €(np). If n € P,
then [n —n,| < (x/M)(log x)~100 Since the Lipschitz norm of F is bounded by 1, we have

|F(e(m)g' (n)ypT) — F(epg' (n)ypT)| < dx(e(n)g' (n)yp, €(np)g' (n)yp)
=dx(e(n), e(np))
100

M _
< Yln—npl < (logx)™,
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where we used the right-invariance of the metric d. Hence (5-7) equals

> FMF(epg (m)ypT) + O(|P|(logx)~'%).
neP
Let Hp be the conjugate Hp = yP_lG/yP, letI'p=HpNT,let Fp: Hp — [0, 1] be the I' p-automorphic
function defined by Fp(x) = F(epypx), and let gp : Z — Hp be the polynomial sequence defined by
gr(n) =y, 'g'(n)yp. Thus
Fepg (MypT) = Fp(gp(m)Tp).

Some routine arguments (see the Claim at the end of Section 2 in [Green and Tao 2012b]) produce the
following properties:

(1) The subnilmanifold Hp/I'p is equipped with a Malcev basis Xp in which each element is an
M 9450 _rational combination of the elements of X'.

(2) {gp(n)}n<y is totally M~“B-equidistributed for some constant ¢ = c¢(d, A) > 0. By choosing B large
enough we may ensure that cB > C, the constant from Propositions 5.3 or 5.4.

(3) IFplLip < MO2a®,

Let y = |P| > (x/q(M)(logx)_loO > x!/2, and write P = {gn+1t:n <y} for some t € Z. Let
gp : Z — Hp be the polynomial sequence defined by g, (n) = gp(gn + 1), so that {g},(n)},<, is still
totally M ~“B-equidistributed (after possibly reducing the constant ¢). Then

D FMF(epg D) =Y flgn+1)Fp(gh(m)Tp). (5-8)
nepP n<y
Case of Proposition 5.1. Now we specialize to the function f relevant for Proposition 5.1. Write L;(n) =
Wn+b;,andlet L' =L, ={L), ..., L}}, where L] is the linear function defined by L’ (n) = L;(gn +1).
Let f be the indicator function of the set of integers n such that #({L,(n), ..., Ly(n)} NP) > m and
plLi(n)---Ly(n) = p > x*. Thus

> flan+1)Fp(gh(mTp) = > Fp(gp(mTp).
n=<y n=<y
#({L)(n),....Li (M)}NP)=m
pIL}(n)---Ly(n)=p=>x"

If £’ remains admissible, then by Proposition 5.3 the right-hand side above is
S(L)
F Ip)—¢e/4-:
* Gog)F (Z p(gp(MTp) —¢/ y)

S
>
(log x)*

(1og 7 (Z F(epg' (m)ypl) —/4- |P|)

n<y

(Z F(e(mg (n)ypT) —/2- |P|>
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where the last inequality follows once again from the smoothness of €. By the definition of &(L'), we
see that £ is admissible if any only if (W7 +b;, q) = 1 for each 1 <i <k, and in this case we have

_ _ k
swh= 1] (1 - %) kpl;lwo B §)<1 - %) B (w(qqué’)> '

rlgw

Putting everything together, under the assumption that £’ is admissible, we have proven that

gW \' 1 e
> En) > (w(qw)> <1ogx)k;(5(”)‘§)'

neP
{Wn+by,..., Wn+bi }NP|>m

pI T (Wntbi)=>p>x*

Summing this estimate over all P € Q, we get

k
qW 1 e
; f(n) >m ((p(qW)) (logx)k ; <§(n) 2)
{Wnby,...,. Wnt+bi JOP|=m K (Wn+bi),q)=1
DT, (Wittby) s o (Tt
q k
w @.W) ) €
— . §(n)—3).
(go(W)(logx) o(%) 2 (s =3)

(T2, (Whn+by), %)=l

Finally, applying Lemma 5.5 to the summation on the right-hand side, with g replaced by ¢/(g, W)) and
& replaced by & — ¢/2, we get that the right-hand side above is at least

(saes) (,, TL_22)(Zew=o0) = (I g (S -=)

rlq/(q,W)=1 n<x plgw n<x
The conclusion of Proposition 5.1 follows, since 8, =1+ O ( p~2) for ptgW by our assumption on q.

Case of Proposition 5.2. Finally, we address Proposition 5.2. Thus we return to (5-8) and now specialize
to the case where f is the indicator function of the set of integers n such that L(n) € P and L,(n) € P,
and p|Ly(n) = p > x'/19 where Li(n) = Wn+b and Lr(n) = Wn+b+2. Let L' = L, = {L], L}},
where for i € {1, 2}, the linear function L] is defined by L}(n) = L;(qn +t). Then we have

Y flan+0Fp(ghmTp)= > Fp(gh(mIp).
n=<y n=y
L\ (n)eP, L)(n)eP,
pILy(m)=sp=x'/10
If £’ remains admissible (which happens precisely when (Wt + b, q) = (Wt +b + 2,q) = 1), then
Proposition 5.4 and the same argument as above prove that the right-hand side above is at least

5( W )2 LS 0 —e/2)
“\pgw)) (ogx)? = ‘
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This time the summation over all P € Q yields, after applying Lemma 5.5,

w o\
Z f(n)Z(So( 1_[ ﬁp><(p(W)> (logx)2<Z$(n)—sx>.

n<x lq/(q.W) n=x
Li(m)eP. Ly(n)eP, rla/t

plLa(n)=>p>x'/10

The conclusion of Proposition 5.2 follows, since 8, =1+ O ( p ) forp>w by (5-1).

6. Three sieve lemmas

In the proof of Theorems 1.1 and 1.2, we will need weighted versions of Maynard’s sieve for bounded
gap primes, Chen’s sieve for almost twin primes, and Iwaniec’s sieve for primes of the form x? + y? + 1.

Proposition 6.1 (Maynard’s sieve). Forany 6 € (0, 1), k € N, there exist constants C = C(0), p = p(0, k)
such that the following holds.
Let (wy,)n<x be any nonnegative sequence, and let L= (L1, ..., L) be an admissible k-tuple of linear

functions with L;(n) = a;n+ b; and 1 < a;, b; < x. Suppose that (w,) obeys these hypotheses:
(i) (prime number theorem). For each 1 <i <k and some § > 0, we have

(ai) §
('06:’ Z ©n = log x an'

n<x n<x

Li(n)eP

(i1) (good distribution in arithmetic progressions). For some Cy > 0 we have
max

1 anx Wn
Jmax | en— ) o

0o -
101k2
r<xt n=<x n=<x (IOgX)
- n=c (modr)

<C

(iii) (Bombieri—Vinogradov). Foreach 1 <i <k we have

a; w
D D e
= wion=1| plair) — (log x)
- n=c (modr) Li(n)eP
L,»(n)EP
(iv) (Brun-Titchmarsh). We have
Co
max w, < — Wy,
¢ (mod r) ; "_r,; "
n=c (mod r) -
uniformly for r < x9.
Then, for x > x0(0, k, Co), we have
S&(L)
wy > — Wp,
Z n ~k.,0, (logx)k Z n
n<x n<x

{L(n),...,Ly (m)}NP|>C~ 15 logk
PITTZ) Li)y=>p>x?

where the singular series S(L) is given by (5-3).
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Proof. This is [Matomiki and Shao 2017, Theorem 6.2] (with & = 1 there), which adds weights to the
corresponding statement in [Maynard 2016]. g

In the next sieve lemma for Chen primes, we need the notion of well factorable weights.

Definition 6.2. We say that a sequence A : [N] — R is well factorable of level D > 1, if for any R, S > 1
satisfying D = RS, we can write A = A1 % A, for some sequences |A1]|, [A2| < 1 supported on [1, R] and
[1, S], respectively, with * denoting Dirichlet convolution.

Proposition 6.3 (Chen’s sieve). Let ¢ > 0 be a small enough absolute constant. Let (w,)n,<x be any
nonnegative sequence, let L ={Ly, Lo} with L;(n) = ain+b;, 1 <a; <logx, |b;| < x. Suppose that
(wy) satisfies the following hypotheses:

(i) (Bombieri—Vinogradov with well factorable weights). We have

ai Wy Zn<x Wp
A(r)< Wy — ) ‘ L —/=
‘ r<§_8 ; " parr) ; log L1 (n) (log x)10

(ra>(@aihy—azbp)=1 La(m)=0 (modr)

for any well factorable sequence ) of level x'/*>~¢  and also for } = 1 pe[p,p) * A with )" any well

factorable sequence of level x'/>=¢/ P with P’ € [P,2P] and P € [x'/10, x1/3-¢],

(i) (Bombieri—Vinogradov for almost primes with well factorable weights). For j € {1, 2} we have

‘ Z A(r)( Z o plar) Z wn> Lz O

- 10°
e — parr) = (log x)

(r,a1(a1by—azby))=1 Ll(’?jggg’d r) Ly(n)€B;

<

where \(r) is as above and

V10 < pyp < x!378 x1378 < py < @x/p)'%, p3 = x'/10},

1/2 1/10}‘

Bi={pipp3:x
By ={pip2p3 x!37 < py < pp < @x/p)'A py>x

(iii) (upper bound on almost primes). For j € {1, 2} we have

B;N[1,L
Z a),,f(l—i-s)-l j [ 2(x0)]] an
= p(az)x o
Ly(n)eB;

Then, for x > xo, we have

&L
Z Wy > 8 ( )2 an - 0(x0'9 max, w,),
n=x (IOgX) n=<x
Li(n)eP B
Lz(n)EPz
plLa(m)=>p=x'/1°

for some absolute constant 5o > 0, where the singular series G(L) is given by (5-3).
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Proof. This is [Matoméki and Shao 2017, Theorem 6.4] (which adds weights to Chen’s sieve), with the
slight modification that |b;| may be as large as x (as opposed to x°1)). However, this restriction on |b;|
was not used in the proof. Also, in [Matomiki and Shao 2017, Theorem 6.4] A(r) was replaced with
w(r)>x(r), but since in the proof the sequence A(r) is always a sieve coefficient supported on squarefree
numbers, this makes no difference. g

For stating the weighted sieve for primes of the form x? + y? + 1, we need a notion slightly different
from admissibility, which we call amenability, following [Terdvidinen 2018, Definition 3.1].

Definition 6.4. We say that a linear function L(n) = Kn + b with K > 1 and b € Z is amenable if
(i) 6°|K;
(i) (b, K)y=(0b—1,5(K)) =1, where s(n) := ]_[I,‘,”,E_l (mod 4), p£3 P>

(iii) b — 1 =2/3%(4h + 1) for some h € Z with 3{4h+1, and j, t > 0 with 2/723%+1| g,

Here condition (ii) guarantees that there are no local obstructions to L(n) being a prime of the form
x4+ y2 + 1. Conditions (i) and (iii) are introduced for technical reasons to do with sieves in [Terdviinen
2018], but they are not very restrictive.

Proposition 6.5 (weighted sieve for primes of the form x? + y? 4+ 1). There exists some small & > 0 such
that the following holds. Let (wn)n<x be any nonnegative sequence, and let L(n) = Kn + b be amenable
with 1 < K <logx. Suppose that (w,) obeys the following hypotheses:

(i) For any sequence (g(£)); supported on [1,x%°] and of the form g = a % B with a supported on
[x1/CFE) IZVGT and |a(n)|, |B(n)| < 1, we have

5+ LIN ¢ o 1 K @n )‘ D nzx @n 6-1
‘ Z " Z g()( Z w <P(r)<p(§)zﬁlog% < (log x)100° ©-1)

r<x/2-¢ £<x09 ’;,é); n<x
(r.K)=1 (€K)=s s

(&n=1 L(n)=0 (mod r)

where § := (b —1, K) and A:F’LIN are the upper bound linear sieve coefficients of level x'/>=¢ and sifting
parameter x'/°.
(i) We have
Z A SEM Z wy — ! K Z ©n <« M (6-2)
— " e(r) o(K) ~— log(Kn) (log x)100”

o Linep "=

(rK)=1 L(n)=1 (mod r)
where ASEM are the lower bound semilinear sieve coefficients of level x377¢ and sifting parameter

x1/B+e)
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Then for some absolute constant 8o > 0 we have

6(L)

n=x n<x

L(n)eP
plL(n)—1=p#—1 (mod 4)

where the singular series S(L) is given by

S(L) = l_[ (1 B {neZ/pZ:Ln)=0or1l (mod p)}|)(1 B 2)—1

p=—1 (mod 4) p p
p#3
eZ/pZ:Ln)=0 d -1
T (1_ {neZ/pZ:Ln)=0 (mo P)H)(l_l) (64
p#—1 (mod 4) p P
Proof. This follows from [Terévéinen 2018, Theorem 6.5], taking py = 5 —¢, pp =5 —¢eando =3 +¢

there and using the fact that hypothesis H (p1, p2, o) there holds with these parameters (the n summation
in [Terdvidinen 2018, Theorem 6.5] is over a dyadic interval, but this clearly makes no difference). [

7. Bombieri-Vinogradov and Type I/II estimates for nilsequences

In this section, we collect Bombieri—Vinogradov type estimates for nilsequences from [Shao and Terdvidinen
2021] that we shall need. Theorems 7.1 and 7.2 below are slight generalizations of [Shao and Terdviinen
2021, Theorems 4.3 and 4.4], respectively.

Theorem 7.1. Let an integer s > 1, a large real number A > 2, and a small real number ¢ € (0, %) be
given. Let L(n) = an + b for some 1 < a < x¢/% and |b| < x with (a, b) = 1. There exists a constant

Kk =k(s, A, e) >0, such that for any x > 2, n > 0 and any nilsequence & € E?(A, n—"; n, x) we have

S max
(L(0),d)=1

d<x/3-¢

D> ALm)EM)| < nfax(logx)’.
nzcn(?n);dd)

Theorem 7.2. Let integers s > 1, ¢ # 0, a large real number A > 2, and a small real number ¢ € (O, %)

be given. Let L(n) = an + b for some 1 < a < x®/?> and |b| < x with (a, b) = 1. There exists a constant

1/2—¢

Kk =k(s, A, e) > 0, such that for any well factorable sequence (1g) of level x with x > 2 and any

K

nilsequence & € Eg(A, n=; n, x) withn > 0, we have

Yoo D ALm)E®m)| K nfax(ogx)’.
d<x\/2—¢ nex
(E,c):] L(n)=c (mod d)

Proofs of Theorem 7.1 and 7.2. We deduce Theorem 7.1 from [Shao and Terdvdinen 2021, Theorem 4.3];
the deduction of Theorem 7.2 from [Shao and Terdviinen 2021, Theorem 4.4] is completely similar.

Write £(n) = F(g(n)T"). One can find a polynomial sequence g’ such that g’(L(n)) = g(n), for example,
by examining the Taylor coefficients of g in coordinates (see [Green and Tao 2012a, Lemma 6.7]).
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We claim that {g’ (1)}, <4y is totally n°-equidistributed for some small constant ¢ = c(s, A) > 0. Suppose
that this is not the case. Then by the quantitative Kronecker theorem for nilsequences (see [Green and
Tao 2012a, Theorem 2.9]), there is a nontrivial horizontal character y with || x || < n~ %2 such that

X 08 e < n~ %8O,

Since g’ is a polynomial sequence, we can write
xog'm)=ap+an+---+amn’.
Then there is a positive integer g < 1 such that the coefficients satisfy
lgezi | < (ax) ="y~ %€
foreach 1 <i <s. Now
N
xogn) =yxog'(an+b)= Za,(an—l—b)’.
i=0

If we write B; for the coefficient of n’/ in no g, then one can establish that

lgB; |l s x~In~ 0@

for each 1 < j <s. Hence

lgx o gl s n~ 2@,

It now follows (from [Shao and Terdviinen 2021, Lemma 3.6]) that {g(n)}, <, is not totally n~Osale)
equidistributed, which is a contradiction if ¢ is chosen small enough.
Let&'(n) = F(g'(n)T"). Then &' € E?(A, n~"; n°, ax). After a change of variables, we can write

Yo ALmEmM = Y AME®.

n<x L(0)<n<L(x)
n=c (mod d) n=L(c) (mod ad)

It follows that

S max
(L(0),d)=1

del/S—s

D ACmEm|= Y max | ) AME®
n<x d'<ax/3-¢ L(0)<n<L(x)

n=c (mod d) n=c (modd’)

By [Shao and Terdvéinen 2021, Theorem 4.3], the right-hand side above is <« nax(log x)? for some
constant k =k (s, A, &) > 0. The conclusion follows. U

We will also need a few type I and type II estimates appearing in [Shao and Terdvdinen 2021].

Lemma 7.3 (type I Bombieri—Vinogradov estimate). Let x > 2 and ¢ > 0. Let 1 < M < x'/? and
1<D<xV*% Lets>1,A>2,and0 < § < % Let L(n) =an + b for some 1 <a < x%/? and |b] <x
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with (a,b) =1. Let & € E?(A, 8§71 8€, x) for some sufficiently large constant C = C(s, A, €). Then

Z C(%gc)l(d) Z ‘ Z é(L_](m”))‘<<8x.

D<d<2D M<m<2M' mn<L(x)
(m,ad)=1 mn=c (mod d)
mn=b (mod a)

Proof. The case L(n) =n is [Shao and Terdvéinen 2021, Proposition 5.5]. We shall quickly reduce the
general case to this case.

By the argument in the proof of Theorems 7.1 and 7.2, there exists a nilsequence &’ € E?(A, 81,8 ax)
for some large constant C’ = C'(s, A, ), such that £'(n) = £(L~'(n)) if n = b (mod a). Then use the
identity

Lin=b (mod a) = L > xmxm)x®)
pla) =
to reduce matters to

< bx

Z C(%(;a;cd) Z ‘ Z x (mn)' (mn)

D<d<2D M<m=<2M" mn<L(x)
(m,ad)=1 mn=c (mod d)

for characters x (mod a). Splitting mn into residue classes (mod a), it suffices to show for all # coprime

to a that
> _max ) > > Emn)

D<d<2D <m<2M' mn<L(x)
(m,ad)=1 mn=c (mod d)
mn=u (mod a)

< dx.

Now, applying the Chinese remainder theorem to combine the congruences on mn, and making the change
of variables d’ = [d, a] < 2aD, the conclusion then follows from the case L(n) = n that was already
established. O

Lemma 7.4 (well factorable type Il Bombieri—Vinogradov estimate). Let ¢ > 0 be a small constant. Let
x >2and M € [x'/*, x3/4] be large and let ¢ # 0, k be fixed integers. Suppose that either

(i) A is well factorable of level x'/>7¢ or
(i) A = 1perp,py *x A, where ) is well factorable of level x!2=¢ /P and 2P > P’ > P e [x!/10 x1/3—#],

Lets>1, A>2 0<6< % Let L(n) =an+ b for some 1 <a < x¢? and |b| < x with (a,b) = 1. Let
Ee EQ(A, s~ 8¢, x) for some sufficiently large constant C = C(s, A, €). Then

Z hd Z a(m)B(n)E(L™" (mn))| < Sax(logx) D,

d<x1/2—¢ L(x)<mn<L(2x)
P M<m=<2M
(d,ac)_l mn=c (mod d)
mn=b (mod a)

uniformly for sequences {o(n)} and {B(n)} satisfying |a(n)|, |B(n)| < di(n).

This is a consequence of the following somewhat more general statement.
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Lemma 7.5. Let ¢ > 0 be a small constant. Let x > 2 and M € [x'/*, x3/*] be large and let ¢ # 0, k
be fixed integers. Let Ry, Ry > 1 be such that Ry < xl_g/M, RiRy < x1/27¢ and R]R% < Mx"¢. Let
s>1, A>2,0<4d < % Let L(n) =an+ b for some 1 <a < x%/%2 and |b| < x with (a,b) = 1. Let
Ee ES(A, 51 8¢, x) for some sufficiently large constant C = C(s, A, €). Then

Z Z a(m)B(n)E(L™" (mn))| < Sax(log x) %D,

R <r;<2R; L(x)<mn<L(2x)

Ry<ry<2R; M<m<2M

(rirz,ac)=1 mn=c (mod rr;)
mn=b (mod a)

uniformly for sequences {o(n)} and {B(n)} satisfying |a(n)|, |B(n)| < di(n).

To see that Lemma 7.4 follows from Lemma 7.5, it suffices to show that the well factorable sequence
A can be decomposed into convolutions of the form y * 6, where the sequences y and 6 are 1-bounded
sequences supported on [1, 2R] and [1, 2R»], respectively, with Ry = x'=¢/M and R, = Mx~'/?. This
is evidently true in case (i) of Lemma 7.4 since X is well factorable. In case (ii), since P < Rj, we can
write A’ = Ay * A, for some sequences Ap, A, supported on [1, Ry/P] and [1, R,], respectively. Then we
can take y = 1 ,¢(p py * A1 and 6 = A;.

Proof of Lemma 7.5. By switching the roles of m and n if necessary, we may assume that M e [x!/2, x3/4]
The case L(n) = n follows from [Shao and Terdvdinen 2021, Proposition 6.6]. The reduction of the
general case to this case is very similar to the corresponding reduction in the proof of Lemma 7.3. [

In the special case when A; = 1,—1, Lemma 7.4 implies that

‘ > am)BmEL " (mn))| < Sax(logx)*™D. (7-1)
mn<L(x)
M<m<2M
mn=b (mod a)

In the case L(n) = n, this is also the type II information required in Green and Tao’s proof [2012b,
Section 3] that the Mobius function is orthogonal to nilsequences.

8. Dealing with the equidistributed case

The goal of this section is to prove Propositions 5.3 and 5.4. We shall apply the sieve lemmas in Section 6
to reduce matters to certain Bombieri—Vinogradov type equidistribution results about primes weighted by
nilsequences in arithmetic progressions, which follow from results in Section 7.

8A. Proof of Proposition 5.3. We may assume that ¢ > 0 is fixed, since x is large enough in terms of €.
In what follows, let B be a large enough constant depending on m, d, A. We may assume that C is large
enough in terms of B. Recall Definition 2.10 and the notation from that definition, thus £(n) = F(g(n)I"),
where G/ T is a nilmanifold equipped with a filtration of degree at most d, etc. Let u = |, G/T F, so that
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the n-equidistribution of {g(n)},<, implies

PEOR m‘ < x/(logx)". (8-1)
n<x
We may assume that u > ¢/2, since otherwise (5-2) is trivial.

We will apply Maynard’s sieve method in the form of Proposition 6.1. We need to verify hypothe-
ses (i)—(iv) there for the sequence w, = &(n) (with 5= % and 6 = %, say) and then the claim follows.

Hypothesis (i) (with 8= % in its statement) asserts that

v(ai) 1
" > sm)zz(logx);s(n).

n<x <x

Li(n)eP

Note that &' := & — u is an equidistributed nilsequence lying in ES(A, K; n, x). By partial summation,

we have .
'n)| < — D)AWL, ‘)| + 0(x'"?). 8-2
; £'(n) S os Li(y); (Li(n))E' (n) (x'7%) (8-2)
L;(n)eP

we may apply (the d = 1 case of) Theorem 7.1 to bound the right-hand side of (8-2) by < 1“x(log x)4+1°
for some constant k =k (d, A) > 0, which can be made < x(log x) 2 by our assumption on 7. Hypothe-
sis (i) now follows from the prime number theorem and (8-1).

We turn to hypothesis (ii), which (taking 6 = 1 there) states that

> Ew-1Y Em

n<x n<x
n=c (modr)

max &« x/(logx)B. (8-3)
¢ (mod r)

F<x1/10

We may clearly replace &(n) by &'(n) = £€(n) — u here; the new nilsequence &’ lies in Eg(A, K;n,x).
Recalling (8-1), our task is to show that

max < x/(logx)B.

oy ¢ (mod r)
r<x

Yo Em

n<x
n=c (modr)

But this follows from Lemma 7.3 with M =1 and L(n) = n.
Next we consider hypothesis (iii), which (with § = 15) states that

¢(ai) 5
max n)——— n)| < x/(logx)”. 8-4
Z: (Li(e),r)=1 Z §(m o(air) Z £(n) /(logx) (8-4)
r<x1/10 n<x n=x
= n=c (modr) L;(n)eP

L;(n)eP

Applying the Bombieri—Vinogradov theorem, we may replace &(n) by &'(n) = &£(n) —  on the left-hand
side of (8-4). By the argument we used to verify hypothesis (i), we have

Y Em)

n=<x

Li(n)eP

<« x/(logx)B+!. (8-5)
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Hence, by partial summation, (8-4) reduces to

Z max
(Li(),n)=1

F<x1/10

Y ALim)E (n)| < x/(logx)® (8-6)

n<y
n=c (modr)

for y € [x(log x)7108  x]. This last claim follows from Theorem 7.1.
Finally, hypothesis (iv) states that
1
max Z Em) < ) ).

¢ (mod r)
n=c (mod r)
However, this is trivial, since the left-hand side is O(x/r) and the right-hand side is > ex/r by the
consideration at the beginning of the proof and the fact that ¢ > 0 is fixed.
This concludes the proof of Proposition 5.3.

8B. Proof of Proposition 5.4. We now turn to Chen primes. Let u = |, G/T F. Similarly as in the proof
of Proposition 5.3, we may assume that u > ¢/2, and we have (8-1).

We apply a weighted version of Chen’s sieve from Proposition 6.3. We see from it that the claim
follows once we verify hypotheses (i)—(iii) there.

Hypothesis (i) states that

__a &(n) o _
‘ 21/2: )»(r)< nZ; &(n) o(ar) ; long(n))‘ < x/(log x) (8-7)
r(?ﬁd):l Lz(nL)lz(g)(er?P?d )

1/2—¢'

for some small enough constant ¢’ > 0, with A(r) either well factorable of level x or a convolution

of the shape 1,¢[p pry * A’, with A" a well factorable function of level x'/2=*'/P and 2P > P’ > P ¢

1/10
9

[x x1/3=¢"]. Note first that by the Bombieri—Vinogradov theorem we may replace & with &' =& — u

on the left-hand side of (8-7) up to negligible error. Note also that

£'(n) B
Z log Li(n) L x/(logx)

n<x

by (8-1) and partial summation. Applying partial summation to replace 1p(L(n)) with the von Mangoldt
function, we are left with showing

‘ YoM Y ALI)E )| < x/(ogx)'?
r<x1/2*5/ n<
(r,2a)=1 L>(n)=0 (mod r)

for all y € [x/(logx)'°!, x]. Since L,(n) = L(n) + 2, the condition L,(n) =0 (mod r) is equivalent to
Li(n) =—2 (mod r). So this follows from Theorem 7.2.
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The statement of hypothesis (ii) is that, for j € {1, 2}, we have

' 3 x(r)( 3 s<>—ﬂ 3 s<n>)‘<<x/<logx>1°, (8-8)

r<xl/2—¢ n=<x n=<x
(r2a)=1 L1(n)=0 (mod r) L>(n)€B;
’ Lz(n)ij

where A(r) is as in hypothesis (i) and

BIZ{PIP2P3'XUIO<P <x'P7 %P < py < x/p)'2, py = 2110,

={pipaps 2P < pr < po = @x/p))' 2 pyz 10},

First note that 1,¢p; splits into a sum of (log x)10 type II convolutions « * 8(n), where |a(n)|, |[B(n)] <1

1/3=¢" " x1/2]. Now, we decompose & (n) = &'(n) + 4 and

and « is supported on an interval [M,2M] C [x
note that the contribution of the u term to (8-8) is < x/(log x)? by a type II Bombieri—Vinogradov
estimate [Iwaniec and Kowalski 2004, Theorem 17.4] and the previous observation about 1,,¢ B; being a

sum of type II convolutions. Now we shall prove that

‘ > Em

n<x
Ly(n)eB;

<« x/(logx)B. (8-9)

Again by the fact that 17,(,)ep; is of type I1, it suffices to prove after a change of variables that

< x/(logx)*®

‘ > amBmE Ly (mn))

mn<Lj(x)
mn=L,(0) (mod a)

for any |x(n)|, |B(n)| < 1, where «(n) is supported on an interval [M,2M] C [x!/3=¢'  x1/2]. But this
estimate follows from (7-1) as a special case of Lemma 7.4. Now we have reduced (8-8) to proving

‘ Yoo ). Fm)| < x/(ogx)'. (8-10)
rex!/ L1120 (mod 1)

— n)= r

(r,2a)=1 ! Lyn)eB;

The condition L;(n) =0 (mod r) above is equivalent to L,(n) =2 (mod r). Once again recalling the
type II nature of 17,(:)ep; and using the well factorable type II estimate of Lemma 7.4, we obtain (8-10).
We are left with hypothesis (iii), which states that

B:NJ[1,L
S e < +e) qE(a)xz(x)”Zs(n) (8-11)
Lz(n_))éBj "=

for j € {1,2} and for ¢’ > 0 a small enough constant. This claim follows simply by decomposing
&(n) = &'(n) + n and using (8-1), (8-9), and the prime number theorem in arithmetic progressions.
All the hypotheses have now been verified, so the proposition follows.
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9. Proof of the main theorem

We now present the proof of our main theorem by combining the work in the previous sections.

Proof of Theorem 1.1. We seek to apply Proposition 4.1 to the functions 6 = 6 (in which case H =H; =
{0, 2}, r =2) and 6 = 6, (in which case H = H; is the tuple fixed when we defined 6, and r = m). To
apply this theorem, we need to establish (4-2).

Thus let ¥ : Z¢ — 7' be a system of finite complexity whose linear coefficients are bounded in modulus
by some constant L. Recall that by an easy linear algebraic argument, we may assume that W is in
s-normal form for some s. Also suppose that H C [0, L]. Let x > 1 and K C [—x, x]? be a convex
body such that ¥(K) C [1, x]" and Vol(K) > nxd for some constant > 0. Let w > 1 be chosen later
(sufficiently large in terms of d, 7, L) and let W =] | p<w P-Let (b1, ..., b)) € Bj,. It suffices to prove
that

> T 05w @) >a..y Vol(K) 9-1)

neZdnK i€lt]

for j € {1, 2}, where, recalling (4-1), 6, w  is defined as 0{,{,’,] for 6" = 6;. We will prove (9-1) by
appealing to Theorem 3.2. Let M = M (d, t, L) be the constant produced by this theorem, and suppose
that x is large enough and « small enough as in this theorem. Without loss of generality (upon using
Bertrand’s postulate, dilating x by a factor of at most 8 and shrinking 7 by a factor at most 8¢), we may
assume that x is prime and K C [—x/4, x/4]¢. By Proposition 4.2, there exists ¢ € (0, 1) and C > 0
depending only on d, ¢, L, M (and therefore ultimately on (d, ¢, L) only) and an (M, o)-pseudorandom
measure vy : Z/xZ — Rx¢ such that 6; w p, (n) < Cv(n) whenever i € [t] and n € [x¢, x]. Define then
Ai :Z/xZ — R by A; =0 w5, L{xc,x1/ C, where as usual we identify [x] and Z/xZ in the natural way.
Therefore we have A; < v on Z/xZ by construction, so hypothesis (i) of Theorem 3.2 is satisfied.

We now turn to hypothesis (ii). Let §; = §¢/(3C), where § is the absolute constant of Proposition 5.2,
and &, be the implied constant of Proposition 5.1, for our choice of m, divided by 3C. Therefore §;
depends at moston d, ¢, L for each j € [¢]. Let Y}, ¢; be the corresponding constants given by Theorem 3.2,
which are functions of d, ¢, L, §; for j € {1, 2}. Fix i € [t]. For j € {1, 2}, denote by f; the function A;
constructed above from the function 6 = 6;. We intend to show that

Y fFmEm) =8 ) &m) (9-2)

n<x n=<x
whenever & : Z — [0, 1] is a nilsequence of complexity at most Y; satisfying ), . £(n) > g;jx. Since
> s Ow.p(m) K xTW it suffices to show that Y, - Ow p(n)E(n) >2C8; Y, -, £(n). But this follows
from Propositions 5.2 and 5.1 assuming x is large en;)ugh, and the diameter of 5{2 is smaller than w.
Therefore, the hypotheses of Theorem 3.2 are met; applying this theorem yields (9-1) and we are done.
Thus we obtain Theorem 1.1 with C;(¥) = ]_[p Bp(W,). O

9A. The case of primes of the form x> + y? + 1. We now turn to the proof of Theorem 1.2. We shall be
brief with the arguments in places, since they closely resemble those used to prove Theorem 1.1.
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Let 65(n) be the weighted indicator of primes of the form x% 4 y? + 1 given by (1-2). Also denote the
set of sums of two squares by

S:={n>1:n=x*+y? for some x, y € Z}.
We follow the proof strategy of Theorem 1.1. Let W := 6 H35 p<w P- Define
03,w.5(n) 1= (W/@(W))*/?0(Wn + b).

We first claim that Theorem 1.2 follows if

t
> T10wan@@i@) > W= Vol(K), (9-3)
nezd i=l
Wn+acK

for any convex body K satisfying W (K) C [1, x]%, Vol(K) > x“ and for each a € A, where
A:={a e @/W2)" : Vi €[t], Wn+ yi(a) amenable}.

The proof of this implication is essentially the same as for Proposition 4.1, i.e., we choose K = K, as
there and sum (9-3) over all @ € A and note that [A| > [] » ,3; W by the Chinese remainder theorem,
where
By = Eacz/pzyt 1_[(1 - |Ap|/P)711w,~(a)¢A,, (mod p)
il

and A, = {0, 1} for p=—1 (mod4) and A, = {0} otherwise.

Thus, by applying Theorem 3.2, it suffices to prove that the following hold for all fixed w and 1 <b; <W
such that Wn + b; is amenable.

(1) Forany M > 1, a > 0, t > 1, there exist 0 < ¢ < 1 and an (M, «)-pseudorandom measure
vp : Z/xZ — Rsg such that Oy p, (n) < s v(n) whenever i € [f] and n € [x¢, x].

(2) There exists an absolute constant g > O such that, for any ¥ > 1, ¢ > 0 and x > xo(Y, ¢) large
enough, we have

D 0w (MEMR) =80 ) &)

n<x n=x

whenever & : Z — [0, 1] is a nilsequence of complexity at most Y satisfying > _ &(n) > ex.

n<x

Proof of (1). This follows from the work of Sun and Pan [2019, Section 2 and in particular Proposition
2.1 there]. U

Proof of (2). Let Y and ¢ be fixed in the statement of (2). For the proof of (2), it suffices to prove the
following result, which is a direct analogue of Proposition 5.1 in the case of bounded gap integers or of
Proposition 5.2 in the case of Chen primes. O
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Proposition 9.1 (primes of the form x2 4+ y% 4 1 with nilsequences). Fix positive integers d, A and some
>0, K >2. Also let w > 1 be sufficiently large in terms of d, A, e, K and W = 63 ]_[3Sp§w p. The
following statement holds for sufficiently large x > xo(d, A, €, K, w).

Let& € B4(A, K) be a nilsequence taking values in [0, 1]. Then for some absolute constant §y > 0 and
any 1 <b < W such that Wn + b is amenable, we have

RGE (W>m % (Zsu— )
“\ow)) (ogx)2 moe

n<x n<x
Wn+beP
Wn+b—1€S

By arguments similar to those in Section 5 (with Lemma 5.5 slightly adjusted to handle the local
problem in our setting), we can reduce this to the equidistributed case.

Proposition 9.2 (primes of the form x? + y% 4 1 weighted by equidistributed nilsequences). Fix positive
integers d, A and some € > 0, A > 2. There exists C = C(d, A) > 0, such that the following statement
holds for sufficiently large x > xo(d, A, €, A).

Let K >2andn e (0, %) be parameters satisfying the conditions

n<K logx)~“*, K <(logx)°.

Let& € E4(A, K; 1, x) be a nilsequence taking values in [0, 1]. Let L(n) = an + b be an amenable linear

function, where 1 < a <logx, |b| < x. Then for some absolute constant o > 0 we have

L
> o za; ())3/2(25<n>—ex) (9-4)

n=<x n=<x
L(n)eP
L(n)—1eS$

where the singular series is given by (6-4).
The remaining task is then to prove this proposition.

Proof of Proposition 9.2. We may assume that ¢ > 0 is fixed, since x is large enough in terms of ¢.
We apply Proposition 6.5. Thus, in order to obtain (9-4), it suffices to verify hypotheses (i)—(ii) of

Proposition 6.5 for w, = &(n) in order to obtain the claim. Since ) , = €x >> x, it in fact suffices to

n<x
verify versions of hypotheses (i)—(ii) where (an N wn) /(log x)100 §g replaced with x/(log )19 on the
right-hand side of the inequalities (6-1), (6-2).

Write £(n) = &'(n) + u, where u = fG /T F. Observing that hypotheses (i)—(ii) hold for constant
sequences (in the case of (i) by a bilinear Bombieri—Vinogradov type estimate [Iwaniec and Kowalski
2004, Theorem 17.4] and in the case of (ii) by the classical Bombieri—Vinogradov theorem), it suffices
to verify hypothesis (1)—(ii) (with x/(log )19 on the right-hand side of (6-1), (6-2)) for &'(n), which
belongs to E (A K;n,x) with n < (logx)~ CA for a large constant C.
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Verifying hypothesis (i). Let w, = &’(n). First note that by partial summation and the fact that &’ €

ES(A, K; n, x), we have
X
(10gx)300’

Z &'(n)

= log(yn)

(9-5)

say, uniformly for x %% <y < x. Hence, recalling the definition of g(¢) in hypothesis (i), and letting
u = (b—1,a), our task is to show that

, X
‘ > AN > oz(&)ﬁ(b)( > S("))‘« (logx)100’

,le/Zfs xl/(3+s)5515x1/(3+s) n<x

,a)=1 0.9-1/(34¢) p=<x
(r.a) 132(5/6Z o L(n)={16,p+1
1o r)=1 L(n)=0 (mod r)

uniformly for |x(n)|, |B(n)| < 1. Merging the variables £, and p as m = £, p, it suffices to show that

X
‘ Z aHHN Z Ol(ﬁl)l(el,r)zl,(el,a):ulb(m)1(m,r):1,(m,a)=uz( Z S/(ﬂ))‘ < (log )"

F<yl/2e tel n<x
(70):] L(n)=¢im+1
’ L(n)=0 (mod r)

uniformly for 1 < uy,us < u and |a(n)|, |b(n)| < dy(n), where we have set I := [x!/G3+8) x1=1/G+e)]

for brevity. We make a linear change of variables in the inner sum over n to reduce to

Lim+1—->b
>IN ZO((EI)l(el,r):l,((f,a):ulb(m)l(m,r)zl,(m,a):uz( > ?(T))‘

rexl/2—e el £ym=<L(x)
(r,a)=1 ¢ym=1 (mod r)
£ym=b—1 (mod a) < X
(logx)‘m '

We can replace the sequence AN above with a well factorable sequence using [Friedlander and
Iwaniec 2010, Corollary 12.17], which splits the linear sieve coefficients into a linear combination of
boundedly many well factorable sequences. Now the claimed estimate follows directly from the well
factorable type II estimate given by Lemma 7.4.

Verifying hypothesis (ii). Let w, = &'(n). Again applying (9-5), we reduce to

_ ’ X
‘Z ;M,’SEM< 3 s<n>>'<<—(logx)wo.

r<x3/7—s n<x
(7’a):1 L(n)eP
L(n)=1 (modr)

Making the change of variables n’ = L(n), this is equivalent to

_ sy — X
T (R setm)|< gl

r<x3/1-¢ nfLﬂ()x)
a)=1 ne
(r.a) n=1 (mod r)
n=b (mod a)



A transference principle for systems of linear equations, and applications to almost twin primes 537

Applying partial summation, it suffices to show

- / - x
‘ ) /\r’SEM( > AmEW l(n)))‘<<w’

r<x3/7-¢ n<y
r=l =i (modr)
uniformly for 1 <y < L(x). By Vaughan’s identity, we can write the von Mangoldt function as a sum of
« (log x)'% convolutions a * b(n), where |a(n)|, |b(n)| < (logn)d(n) and supp(a) C [M, 2M] and one
of the following holds:
(1) M <« x'3 and b(n) =1 or b(n) =logn (type I case);
) x? <« M <« x*3 (type II case).

Thus, we reduce to proving that

—_ / - x
Z A ,SEM( Z a(m)b(n)&'(L l(mn)))‘ < W.

r<x3/1-¢ mn<L(x)
(r,a)=1 mn=1 (mod r)
mn=b (mod a)

In the type I case, we can in fact assume that b(n) = 1 by applying partial summation. Now, to handle the
type I sums, we can apply the bound [ SEM| < 1, followed by Cauchy—Schwarz to dispose of the a(m)
coefficients (this loses a factor of (log x) 10 say, so for the resulting sum we need a bound of x/(log x) 120y,
To the resulting sum we can then apply Lemma 7.3 to obtain the desired conclusion.
We then turn to the type II sums. If M < x*7, we can directly apply Lemma 7.5 with R; = x3/77¢,
R>=1,since then Ry <x'~¢/M, Ry R < Mx~*. Hence, we may assume for now on that x*7 < M <« x?/3.
We now apply a partial factorization of the lower bound semilinear sieve weights from [Terdvdinen
2018, Lemma 9.2, formulas (10.3), (10.4)] (taking & = &/2 and replacing ¢ with /10 in those formulas).
Since x'/37¢ « x'7¢ /M « x3/77¢, we conclude that
—.SEM 2
3] < (log x)? max :Z 1, (9-6)

ri€[R1,2R]
1 €[R2,2Rs]

where the maximum is over those (R1, R;) € [RRQZl satisfying
Ry <x"7¥/M, R\R3<Mx~%, RRy<x*""¢2 (9-7)
Hence, applying (9-6), the remaining task is to show that

> Yo ambmE L mn)| <

R <r<2R, mn<L(x)
R2<r;<2R; mn=1 (mod rirp)
mn=b (mod a)

(log x)200

under the constraints (9-7). Since the constraints on Rj, R, are precisely as in Lemma 7.5, we may appeal
to that lemma to conclude. This completes the verification of hypothesis (i)—(ii), and hence the proof of
Theorem 1.2. O
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