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value of a semisimple field theory on a simply con-
nected closed oriented 4-manifold in terms of its Euler
characteristic and signature. Moreover, we show that
a semisimple four-dimensional field theory is invari-
ant under CP?-stable diffeomorphisms if and only if
the Gluck twist acts trivially. This may be interpreted
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Throughout, we illustrate our results with the Crane-
Yetter—-Kauffman field theory associated to a ribbon
fusion category, settling in the negative the question
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contains a fermionic object if and only if its Gauss

sums vanish.

MSC 2020
18M20, 57K16 (primary), 57K41 (secondary)

1 | INTRODUCTION
1.1 | Summary of results

Motivated by a wealth of powerful field-theoretically-inspired 4-manifold invariants [15, 32, 36, 51],
a major open problem in quantum topology is the construction of a four-dimensional topological
field theory in the sense of Atiyah-Segal [1, 45] which is sensitive to exotic smooth structure. In
this paper, we prove that no semisimple topological field theory (Definition 2.6) can achieve this
goal. Every currently known example of a full four-dimensional oriented topological field theory
is semisimple and hence subject to our results, including invertible field theories (Example 2.7),
unitary field theories (Theorem 2.9) and once-extended field theories (Theorem 2.10) with values
in any of the symmetric monoidal bicategories appearing in the ‘bestiary of 2-vector spaces’ of [4,
Appendix A], such as

- the bicategory of algebras, bimodules and bimodule maps;
- the bicategory of additive and idempotent complete linear categories, linear functors and
natural transformations.

Concretely, we prove that semisimple field theories lead to stable diffeomorphism invariants.

Theorem A. Let Z be a semisimple oriented four-dimensional topological field theory and let W
and W' be S? x S?-stably diffeomorphic’ connected compact oriented 4-bordisms.
Then Z(W) = Z(W').

Theorem A is proven in Section 3 by decomposing Z into a finite direct sum of indecomposable
theories which are multiplicative under connected sum (Proposition 3.2) and invertible on S? x S?
(Theorem 3.5).

Using a theorem of Gompf [25] and the classification of stable diffeomorphism classes of 4-
manifolds [30, 49], we obtain our main theorem as a corollary of Theorem A.

Corollary B. Let Z be a semisimple oriented four-dimensional topological field theory and let M
and N be closed oriented 4-manifolds.

(1) Ifthereis an orientation-preserving homeomorphism M — N, then Z(M) = Z(N).
(2) IfM and N are simply connected and if there is an orientation-preserving homotopy equivalence
M — N, then Z(M) = Z(N).

"Two connected compact oriented 4-bordisms W, W’ : M — N are S? x S2-stably diffeomorphic if there is an integer n €
Z, and an orientation-preserving diffeomorphism of bordisms between the n-fold connected sums W#"(S? x S?) and
W' #"(S? x S2), where the connected sum is taken in the interior of the bordisms.
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(3) Ifthereis an orientation-preserving homotopy equivalence M — N, and if the universal covers of
M and N do not admit spin structures, then Z(M) = Z(N).
More precisely, for any connected closed oriented 4-manifold whose universal cover does not
admit a spin structure, Z(M) only depends on the Euler characteristic (M), the signature c(M),
the fundamental group 7,(M) and the image of the fundamental class c,[M] € H,(m,(M), Z)
under a classifying map ¢ : M — K(r;(M), 1) of the universal cover.

Corollary B, proven in Section 3, is in marked contrast to the four-dimensional situation where
semisimple topological field theories such as the Witten-Reshetikhin-Turaev field theory [39] can
distinguish certain homotopy equivalent lens spaces [20].

Using Theorem A, we may evaluate a semisimple field theory on a closed oriented 4-manifold M
by evaluating it on a simpler stably diffeomorphic 4-manifold N. We exemplify this in Corollary 3.9
where we give an explicit expression for the value of an indecomposable semisimple field theory Z
on a connected, simply connected closed oriented 4-manifold M in terms of the Euler characteris-

—
tic (M) and signature o(M), and the value of Z on the oriented 4-manifolds S*, S x S, CP?,CP",
and the Kummer surface K3.

1.2 | CP?*-stability, the Gluck twist and emergent fermions

In Section 4, we show that the behaviour of a semisimple topological field theory Z on a manifold
whose universal cover admits a spin structure strongly depends on the presence of fermions in Z.
A four-dimensional oriented topological field theory is said to have emergent fermions if the Gluck
twist ¢ € Diff(S? x S!) acts non-trivially (see Remark 4.3). To lift the non-spinnability assump-
tion in Corollary B.3, we prove the following correspondence between the presence of fermions in
a four-dimensional oriented topological field theory Z and the invariance of Z under CP?-stable
diffeomorphisms.

Theorem C. A semisimple oriented four-dimensional topological field theory is invariant under
CP?-stable diffeomorphisms’ if and only if the Gluck twist Z(¢) € End(Z(S? x S1)) acts as the
identity, that is, if and only if the theory has no emergent fermions.

The following corollary is then an immediate consequence of the classification of CP?-stable
diffeomorphism classes of closed oriented 4-manifolds.

Corollary D. Let Z be a semisimple oriented four-dimensional topological field theory with-
out emergent fermions and let M and N be closed, oriented 4-manifolds such that there is an
orientation-preserving homotopy equivalence M — N. Then, Z(M) = Z(N).

More precisely, for any connected closed oriented 4-manifold M, Z(M) only depends on the
Euler characteristic (M), the signature o(M), the fundamental group 7,(M) and the image of
the fundamental class ¢, [M] € H,(7,(M), Z) under a classifying map ¢ : M — K(7;(M), 1) of the
universal cover.

Theorem C and Corollary D are proven in Section 4. Comparing Corollaries B and D raises the
following question.

TTwo connected compact oriented 4-bordisms W, W’ : M — N are CP2-stably diffeomorphic if there are integers n, m €

p— —2
7, and an orientation-preserving diffeomorphism of bordisms between WH#H"CP?#™CP~ and W/ #"CP>#™CP".
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Question 1.1. In [46, Exmaple 5.2.4], Teichner constructs two closed, oriented, homotopy equiv-
alent 4-manifolds M and N that are not S? x S2-stably diffeomorphic. Is there a semisimple
topological field theory which distinguishes these 4-manifolds? By Corollary D, such a field theory
necessarily needs to have emergent fermions.

As an application of Theorem C, we compute the value of an indecomposable semisimple field
theory on a connected, simply connected closed oriented 4-manifold.

Corollary E. Let Z be an indecomposable semisimple oriented four-dimensional topological field
theory and let M be a connected, simply connected closed oriented 4-manifold.

Depending on whether M admits a spin structure and Z has emergent fermions, Z(M) :=
Z(8*)~1Z(M) can be computed as follows:

M spinnable M non-spinnable
Z has fermions _Z'(K3)_% Z(S? x SZ)%W(M)_HI?]U(M)) 0
Z has no fermions Z(CP?); A0+e(D-2) 7T’} GM—o()-2)

Moreover, except for the top right entry, all entries in the above table are invertible.

Corollary E is proven in Section 4.4.

1.3 | The Crane-Yetter-Kauffman field theory

Throughout this paper, we use the Crane-Yetter-Kauffman [11] topological field theory CYK,
defined for an arbitrary ribbon fusion category C, as our guiding example of an indecomposable
semisimple oriented four-dimensional topological field theory. Applying Corollary B to this field
theory settles in the negative the question [11] of whether CYK,. for a general (not necessarily
modular) ribbon fusion category is sensitive to smooth structure.

The field theory CYK has emergent fermions if and only if C contains a ‘fermion’—a trans-
parent simple object with non-trivial twist (Example 4.4). The values of CYK on %, 52 x S?, CP?
and CP encode important algebraic invariants of C (see, e.g., [17]), namely the global dimension
of C (see Example 2.3)

CYKo(SY) =D := ) dim(X)?
X;€elrr(C)

the global dimension of the symmetric centre of C (see Example 3.6)

CYK (S 2CYK(S? x §%) = Z dim(X;)?,
X; eIrr(ZSym(C))

and the normalised Gauss sums (see Example 4.1)

CYK(SH)"?CYK(CP?) = D! Z 6, dim(X;)?,
X;elrr(C)

—2
CYK(SH)"?CYK(CP") = D! Z 6.1 dim(X,).
X;elrr(C)
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In particular, applying Corollary E to CYK, leads to a topological proof that a ribbon fusion
category over an algebraically closed field of characteristic zero contains a simple transparent
object with non-trivial twist if and only if one, or equivalently both, of the Gauss sums are zero
(Corollary 4.12).

Question 1.2. Treating the field theory CYK, as an invariant of the ribbon fusion category C
and following Corollary E, one might expect that if C contains a transparent simple object with
non-trivial twist, the algebraic invariant CYK(K3) should play a similarly important role as the

global dimensions CYK-(5%), CYK(S? x S?) and the Gauss sums CYK-(CP?), CYKC(C_PZ). Since
K3 admits a handle decomposition without 1- and 3-handles [27], this invariant CYK (K 3) can be
computed by evaluating a certain framed 22-component link [27, Figure 2.15] labelled by objects
of C (as described in Example 2.3). Can this (much more complicated) invariant be expressed in
terms of known invariants of C?

1.4 | Related work

In [23], Freedman, Kitaev, Nayak, Slingerland, Walker and Wang construct a pairing on formal lin-
ear combinations of closed manifolds and investigate its positivity properties. As a consequence,
it is shown that a unitary topological field theory cannot distinguish smoothly s-cobordant mani-
folds. Since any two s-cobordant manifolds are stably diffeomorphic [37] (but not vice versa) and
since any unitary topological field theory is semisimple (Theorem 2.9, but again not vice versa),
our result may be viewed both as a strengthening and a generalisation of the four-dimensional
results of [23]. The efficiency of unitary field theories as invariants of smooth manifolds in other
dimensions is studied in [7, 31].

To our knowledge, the observation that sensitivity to smooth structure of a four-dimensional
topological field theories requires some form of nilpotency with respect to connected summing
with §? x §? was first made by Frank Quinn (see, e.g. [38]).

Our description of the Crane-Yetter-Kauffman theory CYK,. mostly follows Barrett and
Bédrenz’ work on dichromatic invariants [3]. In particular, we generalise their formula [3, Lemma
3.12] for the value of the dichromatic invariant on simply connected 4-manifolds to an analogous
formula for arbitrary indecomposable semisimple field theories (Corollaries 3.9 and E). Their
formula, in turn, is a generalisation of a computation in [10] which expresses the 4-manifold
invariant resulting from the Crane-Yetter-Kauffman theory CYK for a modular category C (and
hence invertible field theory CYK,, see also [44, Section 1.3]) in terms of Euler characteristic
and signature.

Similar to the Crane-Yetter-Kauffman theory, the oriented 4-manifold invariants in [3, 8, 12, 16]
are either proven or expected to arise from once-extended topological field theories with values
in one of the symmetric monoidal bicategories of the ‘bestiary of 2-vector spaces’ of [4, Appendix
A] and should therefore be subject to our results.

1.5 | Outline

Section 2 concerns the definition and examples of semisimple field theories. After recalling back-
ground material in Section 2.1, we define semisimple field theories in Section 2.2. In Sections 2.3
and 2.4, we prove that both unitary and extended field theories are semisimple.
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In Section 3, we prove Theorem A and investigate its consequences. In Section 3.1, after estab-
lishing that indecomposable semisimple field theories are multiplicative under connected sums,
we combine a certain diffeomorphism of 4-bordisms (Proposition 3.4) with a well-known alge-
braic characterisation of semisimple Frobenius algebras (Proposition 3.3), to prove that such field
theories do not vanish on S? x S? (Theorem 3.5). Theorem A then follows from decomposing a
semisimple field theory into its components. In Section 3.2, we prove Corollary B and explicitly
compute the 4-manifold invariant arising from an indecomposable semisimple field theory on
simply connected closed 4-manifolds (Corollary 3.9).

In the last Section 4, we investigate the interplay between CP>-stability and the Gluck twist.
Theorem C is proven in Section 4.3, again by constructing a certain diffeomorphism of 4-
bordisms (Proposition 4.5) to establish the theorem for indecomposable semisimple field theories
(Theorem 4.8). In Section 4.4, we prove Corollaries D and E.

2 | SEMISIMPLE FOUR-DIMENSIONAL TOPOLOGICAL FIELD
THEORIES

2.1 | Background

Throughout, we let k be an algebraically closed field and denote the symmetric monoidal category
of k-vector spaces and linear maps by Vect,.

All manifolds appearing in this paper will be smooth and oriented. In Propositions 3.4 and 4.5,
we use handle diagrams and the Kirby calculus of handle moves to prove that certain closed ori-
ented 4-manifolds are diffeomorphic. We refer the reader to [26] for a thorough introduction to
these techniques. Given two closed oriented (n — 1)-manifolds M and N, recall that an oriented
n-bordism M — N is a compact oriented n-manifold W together with an orientation-preserving
diffeomorphism iy, : M LN — W, where M denotes the manifold M with the opposite ori-
entation. An orientation-preserving diffeomorphism of oriented bordisms W,W’' : M — N is an
orientation-preserving diffeomorphism f : W — W' such that f oiy, = iy». We follow common
conventions and surpress the diffeomorphisms iy, from our notation, leaving it to the reader
to recover them from context. We let Bord,, denote the symmetric monoidal category of closed
oriented (n — 1)-manifolds and diffeomorphism classes of n-bordisms between them. A careful
definition of this category can, for example, be found in [29].

Following the Atiyah-Segal axiomatisation [1, 45], an oriented topological field theory is a sym-
metric monoidal functor Bord, — Vect,. Concretely, this amounts to an assignment of a vector
space Z(M) to every closed oriented (n — 1)-manifold M and a linear map Z(W) : Z(M)— Z(N)
to every (diffeomorphism class of) oriented n-bordism W : M — N, in a way that is compatible
with gluing of bordisms and disjoint union.

Recall that a commutative Frobenius algebra (A, m,u, A, €) is a k-vector space A equipped with
the structure of a commutative algebra (m : AQ A— A,u : k— A) and a cocommutative coal-
gebra(A : A—> A® A,e : A— k) such that m and A fulfill the following Frobenius compatibility
condition:

(id, ® m)o(A®id,) = (m®id,) o (id, ® A). o)

(In any Frobenius algebra, it can be shown that the expression (1) furthermore equals A o m.)
Commutative Frobenius algebra objects are defined analogously in any symmetric monoidal
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category. In particular, for n > 2, the (n — 1)-sphere S"=1 is a commutative Frobenius algebra
object in the bordism category Bord, with unit u, ; : #— S"! and counit ¢, , : S" 1> @
given by the n-disk D", and with multiplication m,,_; : "' U S""! - $"~! and comultiplica-
tion A,_; : " 1= "1 1 S""! given by the ‘pair of pants bordism’ obtained from removing
two embedded n-disks from an n-disk. More generally, since any closed oriented k-manifold
M (0 < k £ n—1) induces a symmetric monoidal functor —x M : Bord,_, — Bord,, the man-
ifold S"7*~1 x M admits the structure of a commutative Frobenius algebra object (m,,__; X
M,u, 1 XM,A,_ 1 XM,€,_1_1 XM).

Besides their well-known role in the classification of two-dimensional oriented topological field
theories (see, e.g. [29]), commutative Frobenius algebras play important roles in the study of topo-
logical field theories in any dimension. Indeed, much of this paper is concerned with the following
commutative Frobenius algebras associated to any four-dimensional oriented topological field
theory.

Definition 2.1. Let Z be an oriented four-dimensional topological field theory. Its algebra of local
operators is the commutative Frobenius algebra

(Z(S?), Z(m3), Z(u3), Z(A3), Z(e3)).
Its fusion algebra is the commutative Frobenius algebra
(Z(S* x S1), Z(my x S1), Z(uy x S1), Z(A, x S1), Z(e, x S1)).

Remark 2.2. The terminology ‘algebra of local operators’ and ‘fusion algebra’ is inspired by
physics. Physical topological field theories are expected to be local or extended, also assigning
algebraic data to manifolds of higher codimension. Informally, for an n-dimensional topological
field theory Z, the value Z(S¥) (for 0 < k < n — 1) should be thought of as encoding the ‘col-
lection’ (really: an object of some n — k-category) of labels of (n — k — 1)-dimensional strata in
n-manifolds (where the sphere S¥ is thought of as the linking sphere of that stratum). In particu-
lar, for a four-dimensional topological field theory, Z(S?) encodes the ‘local operators’ of the field
theory which can be inserted into points of 4-manifolds. Similarly, for a once-extended theory,
Z(S5?) encodes the data labelling one-dimensional strata in 4-manifolds. Equivalently, if we think
of our 4-manifolds as ‘spacetimes’ and of these one-dimensional strata as ‘worldlines’ of point
particles, Z(S?) encodes the point particles of the four-dimensional field theory. Since the algebra
structure on Z(S? x S') may be thought of as a decategorification, or trace, of the monoidal struc-
ture on Z(S?) induced from inclusions of 3-disks, it may be thought of as encoding the ‘fusion of
point particles’ in the quantum field theory Z.

Example 2.3. Our guiding example throughout this paper is the Crane-Yetter-Kauffman theory
[11], an oriented four-dimensional topological field theory CYK. : Bord, — Vect; over an alge-
braically closed field k of characteristic zero, defined for any ribbon fusion category C (see [3] for
a definition of ribbon fusion category). Our use of the Crane-Yetter-Kauffman theory closely fol-
lows [3], where the resulting invariant of closed oriented 4-manifolds M is expressed’ in terms of
a handle decomposition of M (as a special case amongst a more general family of ‘dichromatic’

TTo extend the Crane-Yetter-Kauffman 4-manifold invariant from [3] to a topological field theory, we need to use the
normalisation denoted as CY in [3], rather than the one used in their main definition and denoted as CY. Explic-
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invariants). If M admits a Kirby diagram with a single 0- and 4-handle and which is free of 1-
and 3-handles, the invariant can be computed as follows: Since C is a ribbon category, we can
evaluate any framed link L with a labelling of each connected component L; of L by an object X;
of C to a scalar L(X}, ..., X,,). To compute CYK (M), we then sum up these scalars over a set of
representing simple objects Irr(C) of C using appropriate normalisation factors:

CYK (M) = D, Z (H dim(Xl-)> L(X,, ..., X,). ()

X150 X €I1(C) i

Here, dim(X) denotes the quantum dimension of the object X, defined as the evaluation of the
0-framed unlink labelled by X, and D¢ := ¥ xcj.y(c) dim(X)? is the global dimension of C. In the
general case, formula (2) has to be adapted slightly to the presence of 1- and 3-handles (see [3]).

The algebra of local operators and the fusion algebra of CYK, can be understood in terms of
the symmetric centre of C: Recall that an object x in a braided monoidal category C is trans-
parent if it braids trivially with all other objects, that is, if ¢, , oc, , =id,g, for all objects
y of C where ¢, , : x ® y— y ® x denotes the braiding natural isomorphism of C. The sym-
metric centre Zg,,,(C) of C is the full monoidal subcategory of C on all transparent objects. In
particular, Z,,(C) is a symmetric monoidal category and is ribbon if C is ribbon (see [3, Def-
inition 2.41] for more details). The algebra of local operators CYK(S?) is the endomorphism
algebra Homzsym(c)(l ,I) = k of the tensor unit I of Zy,,(C) and the fusion algebra CYK(S* X
S1) is the k-linearised Grothendieck ring." Ko(Zsyn(€)) ®7 k of Zg,(C) (see [48] for a proof
sketch).

It is expected that the Crane-Yetter-Kauffman theory arises from a fully extended field theory
with values in the 4-category of braided tensor categories [5] and that it is, in fact, an oriented
version of the fully extended framed field theory constructed via the cobordism hypothesis [2, 34]
from a braided fusion category in [5]. In particular, the 1-category ‘of point particles’ CYK(S?)
with its symmetric monoidal structure inherited from embeddings of 3-disks into 3-disks is
expected to be the symmetric centre Z,,(C) of C. And indeed, in any once-extended field theory Z
(with values in the symmetric monoidal bicategory 2Vect, of additive and idempotent complete k-
linear categories, see Section 2.4), both algebras Z(S?) and Z(S? x S!) are completely determined
by the 1-category Z(S?) with its induced monoidal structure with monoidal unit I; Z(S?) is the
endomorphism algebra Homy (1, I) (see, e.g. the proof of Theorem 2.10), while Z(S%?x SY) is
the k-linearised Grothendieck ring of the monoidal category Z(S?).

In the following, we say that an oriented topological field theory is zero if it is zero on all non-
empty closed 3-manifolds and on all non-empty compact 4-bordisms.

Proposition 2.4. Let Z : Bord,— Vect, be a non-zero oriented four-dimensional topological
field theory. Then, both its algebra of local operators Z(S*) and its fusion algebra Z(S* x S) are
non-zero.

itly, on a closed oriented 4-manifold M, the invariants are related as follows: CcY (M) =CY (M) Dé_x (M), where D, :=

ZXielrr(C) dim(X;)? is the global dimension of the ribbon fusion category C and y(M) is the Euler characteristic of M. See
[3, Section 7] for more details.

"The Grothendieck ring K,(C) of a monoidal semisimple category C is as an abelian group freely generated by the
isomorphism classes of simple objects of C with ring structure induced from the monoidal structure of C.
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Proof. First, note that if Z(D%) is the zero linear map, it follows by excising and regluing an embed-
ded 4-disk from the interior of any non-empty four-dimensional compact oriented bordism W,
that Z(W) = 0. Thus, the topological field theory Z is zero. In particular, if Z(S?) is the zero vector
space, Z(D*) is zero and hence Z is zero. Similarly, if Z(S? x S!) is zero, by excising and regluing
an embedded S? x D? from D%, it again follows that Z(D*) = 0, and hence, that Z is zero. O

The direct sum Z, @ Z, of two oriented topological field theories [18] is defined to be the topo-
logical field theory which assigns the vector space Z,(M) @ Z,(M) to any non-empty connected
closed oriented (n — 1)-manifold M and the tensor product of these spaces to disconnected man-
ifolds. Similarly, to a non-empty connected compact oriented n-bordism W, it assigns the direct
sum of linear maps Z; (W) and Z,(W) (interpreted as a linear map between the appropriate tensor
products of direct sums) and again extends to non-connected bordisms by taking tensor products.
In particular, the value of Z; @ Z, on a non-empty connected closed oriented n-manifold is sim-
ply the sum of the values of Z; and Z,. We say that a topological field theory is indecomposable if
it is not isomorphic to a direct sum of non-zero field theories.

Using the fact that for every non-empty connected closed oriented (n — 1)-manifold M, the
vector space Z(M) carries a canonical action of the algebra Z(S"~!), Sawin [41] showed that direct
sum decompositions of a topological field theory Z : Bord, — Vect, are controlled by its algebra
of local operators Z(S"1).

Proposition 2.5 [41, Theorem 1]. The algebra of local operators Z(S"~1) is the direct sum of Frobe-
nius algebras A, @ A, if and only if Z is the direct sum Z, @ Z, of topological field theories Z, and
Z, whose algebras of local operators are A, and A,, respectively.

In particular, Z is indecomposable if and only if the algebra of local operators of Z is
indecomposable as a Frobenius algebra.

2.2 | Semisimple topological field theories

Definition 2.6. An oriented four-dimensional topological field theory Z : Bord, — Vect,
is semisimple if both its algebra of local operators Z(S3) and its fusion algebra Z(S? x S')
are semisimple.

Example 2.7. Due to their direct amenability to techniques from algebraic topology, the arguably
best-understood class of topological field theories are the invertible field theories [22, 43]. In our 1-
categorical setting, invertibility of a topological field theory Z : Bord, — Vect, amounts to the
requirement that all vector spaces Z(M?) are one-dimensional, and all linear maps Z(W*) :
Z(M?)— Z(N?) are invertible. Since any k-algebra on a one-dimensional vector space is trivial,
every oriented invertible four-dimensional topological field theory is automatically semisimple.

Using Proposition 2.5, we observe that every semisimple topological field theory decomposes
into a finite direct sum of semisimple field theories with Z(S3) = k.

Proposition 2.8. Every semisimple oriented topological field theory admits a decomposition into a
finite direct sum of indecomposable semisimple field theories. A semisimple oriented topological field
theory Z is indecomposable if and only if Z(S3) = k.
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Proof. By Artin-Wedderburn, every finite-dimensional semisimple commutative algebra over an
algebraically closed field k is a finite direct sum @;k of copies of the trivial algebra k. It therefore
follows from Proposition 2.5 that Z is indecomposable if and only if Z(S?) = k.

Suppose that Z = P, Z; is a semisimple topological field theory, where Z; are indecomposable
topological field theories. We then claim that each component Z; is itself semisimple. Of course,
Z,(S?) = k is semisimple. By the definition of the direct sum of topological field theories, it follows
that the algebra Z(S? x S') is a direct sum of the algebras Z;(S? x S1). The claim then follows since
every component in a direct sum decomposition of a semisimple algebra is again semisimple. []

2.3 | Unitary topological field theories are semisimple

In this section, we work over the field k = C and prove that every unitary topological field theory
is semisimple.

For a bordism W : M— N, we let W : N— M denote the bordism with opposite orientation
(and hence source and target interchanged). A unitary topological field theory is a symmetric
monoidal functor Bord,, — Hilb into the symmetric monoidal category of Hilbert spaces and lin-
ear maps such that ZW)=zZW)" 1 Z(N)—> Z(M) is the adjoint linear map of Z(W) : Z(M)—
Z(N). In other words, both symmetric monoidal categories Bord,, and Hilb admit a dagger struc-
ture (also known as *-structure) and a unitary topological field theory is required to preserve that
structure.

Theorem 2.9. Any unitary topological field theory is semisimple.

Proof. For a unitary topological field theory, Z(S*) and Z(S? x S') are commutative }-Frobenius
algebras in Hilb, which is commutative Frobenius algebras such that the comultiplication A is the
adjoint linear map of the multiplication: A = m’. The theorem then follows from the fact that the
underlying finite-dimensional C-algebra of every {-Frobenius algebra in Hilb admits the structure
of a finite-dimensional C*-algebra [9, Corollary 4.3] and is therefore semisimple. O

2.4 | Once-extended k-linear topological field theories are semisimple

Most existing topological field theories—and in particular the ones motivated by physics—are
either proven or believed to be extended, meaning that they also assign algebraic data to manifolds
of higher codimension and allow gluing not only along boundaries but also along higher codimen-
sional corners. Here, we show that any topological field theory that is ‘once-extended’ in the sense
that it also assigns k-linear categories to closed oriented 2-manifolds is automatically semisimple.

We follow [42] and let Bord,, 5 , denote the symmetric monoidal bicategory of once-extended ori-
ented bordism. Roughly speaking, its objects are closed oriented 2-manifolds, its 1-morphisms are
compact oriented three-dimensional bordism and its 2-morphisms are diffeomorphism classes of
compact oriented four-dimensional bordisms with corners. We refer to [42] for a precise definition
of this symmetric monoidal bicategory.

In the following, a once-extended k-linear oriented four-dimensional topological field theory is
a symmetric monoidal 2-functor Bord, ; , — 2Vect;, where 2Vect, is the symmetric monoidal
bicategory of additive and idempotent complete k-linear categories, k-linear functors and natu-
ral transformations. In fact, there are many possible symmetric monoidal bicategories T which
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serve as a potential target ‘extending’ Vect, (in the sense that Hom;(I, I;) = Vect,). In [4,
Appendix A], various other natural candidates for such bicategories of ‘2-vector spaces’ are dis-
cussed, including the bicategory of k-algebras, k-bimodules and bimodule maps. By restricting
to closed oriented 3-manifolds and bordisms between them, any once extended k-linear topolog-
ical field theory Z : Bord, ;,— T induces an ordinary four-dimensional topological field theory
QZ : Bord, — Vect, in the sense of Section 2.1.

Theorem 2.10. Let Z : Bord,;,— T be a once extended k-linear oriented four-dimensional topo-
logical field theory, where T is 2Vect, or any of the other symmetric monoidal bicategories of [4,
Appendix A]. Then, QZ : Bord, — Vect,, is semisimple.

Proof. Based on an observation of Tillmann [47], it is shown in [4, Theorem A.22] that the sym-
metric monoidal bicategory 2Vectfk'd' of finite semisimple k-linear categories, k-linear functors
and natural transformations is equivalent to the fully dualisable subcategory of any of the bicat-
egories T. Therefore, any topological field theory Bord, ; , — T factors through 2Vect£'d' and we
may henceforth assume that T = 2Vect£'d'.

The cancellation of 0- and 1-handles gives rise to an adjunction’ between the 1-morphisms
D? : f— S* and D* : S?— @ in the bordism bicategory Bord, ;, with the following unit and
counit.

D1xS?
. SZ - SZ > SZ
f——— 0 SR Rl

Omitting coherence isomorphisms from the notation, any adjunction (f : a— b,g :
b—a,n:id,=> gof,e: fog=1id,) in a bicategory B gives rise to an algebra object

goeof 7
(g Of,g0f090f0=> go f,id,= go f) in the monoidal category Hompg(a, a). Since the
right adjoint ¢, the unit 7 and the counit € are uniquely determined up to isomorphism by f,

it follows that this algebra is also uniquely determined by f up to algebra isomorphism.
3

3

Decomposing S as §§ D—> 52 D—> @ and observing that the ‘pair of pants bordism’ m; : S* U
S3— S3 of Section 2.1 corresponds to a 1-handle attachment, it follows that the algebra structure
(S3, ms, us) of Section 2.1 indeed arises in this way from the adjunction between D3 : #— S?and
D?: S?> 4§

Up to isomorphism, the algebra (Z(S*), Z(m;), Z(u;)) is therefore uniquely determined by the
linear functor Z(D3) : Z(#)— Z(S?). Since the monoidal unit of 2Vect£'d' is the finite-semisimple
category Vectgd‘ of finite-dimensional vector spaces, and since every linear functor from Vectgd'
into a finite semisimple category is completely determined by where it sends the one-dimensional
vector space k, we will henceforth tacitly identify the category of linear functors Vectfk'd' — C with

T Recall that a pair of 1-morphisms f : a— band g : b— ainabicategory form an adjunction if there are 2-morphisms :
id7 go fande : fog¢>idy, called the unit and counit of the adjunction, such that (omitting coherence isomorphisms
for better readability) (e o idf) . (idf on) = id.,- and (id, o€) - (noid,) = id,. A 1-morphism f : a— b which is part of an
adjunction as above is said to be a left adjoint. Given a left adjoint 1-morphism f : a— b, its right adjoint g : b— a and
the unit z and counit € of the adjunction are uniquely determined up to isomorphism.
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C itself. It follows that Z(D3) : Z(#) = Vecti-d- — Z(S?) singles out an object’ I of the category
Z(S?). A right adjoint of this functor is the functor Homyg2)(I,-) : Z(5%)— Vectfk'd' and the
resulting algebra structure on the composite Homs2(I, I) (understood as an object of Vectf{'d')
is simply the usual algebra structure induced by composition in the category Z(S?). Since Z(S2)
is a semisimple category, it follows that the endomorphism algebra Homs2)(I,I) is semisimple.

Applying the same argument to the ‘dimensionally reduced’ topological field theory Z(— x
S') : Bords , ; — 2Vect implies that Z(S* x S') is the endomorphism algebra Homyg1,g1y(I, 1)
of some object I in the semisimple category Z(S* x S') and is therefore also semisimple. O

Example 2.11. As discussed in Example 2.3, the Crane-Yetter-Kauffman theory is expected to
be fully extended taking values in the 4-category of braided tensor categories [5, 48]. In particular,
Theorem 2.10 should imply that CYK,. is semisimple. Alternatively, one can directly show that
the algebra of local operators Homzsym(c)(I ,I) = k and the fusion algebra K(Zy,,(C)) ®; k are

semisimple’ [19, Corollary 3.7.7].

3 | SEMISIMPLE TOPOLOGICAL FIELD THEORIES ARE
S? x S>-STABLE

Let X be a connected, closed, oriented n-manifold. Two connected compact oriented n-bordisms
M,N : A— B are X-stably diffeomorphic if there are natural numbers k, ,k_ >0 and an
orientation-preserving diffeomorphism of oriented bordisms

M#R X #-X = N#b X #E-X.
Here, and throughout this paper, connected sums are taken in the interior of bordisms.

Definition 3.1. An n-dimensional oriented topological field theory is X-stable if Z(M) = Z(N)
for X-stably diffeomorphic connected compact oriented n-bordisms M and N.

In this paper, we will be concerned with X = §? x §? and X = CP? (note that S? x S? admits
an orientation-reversing diffeomorphism, whereas CP? does not).

Most results in this paper ultimately follow from the following well-known and straightforward
observation about field theories with trivial algebra of local operators.

Proposition 3.2. Let Z be an oriented n-dimensional topological field theory with Z(S"™) ~ k.
Then, Z(S™) is invertible and Z is multiplicative under connected sums: For a connected closed

fof course, this object I is the tensor unit of the monoidal structure on € induced from embeddings of 3-disks. Even
though we will henceforth denote this object by I, this observation is not necessary for our proof of Theorem 2.10.

#In[19, Corollary 3.7.7], it is shown that for any fusion ring A [19, Definition 3.1.7], the algebra Ac = AQ®; Cissemisim-
ple. To extend this to arbitrary fields of characteristic zero, note that any fusion ring A admits a canonical Frobenius
algebra structure in the category of free abelian groups (using the notation of [19, Section 3.1], comultiplication and counit
are given by A(b;) := Zj b;® b;? b; and 7(1) :=1, ©(b;) = 0 for b; # 1). In particular, by Proposition 3.3, Ay = A ®, k is
semisimple if and only if the endomorphism (of free abelian groups) f :=moA : A— A is invertible over k. But since
f is invertible over C and since k is of characteristic zero (as assumed for the Crane-Yetter theory), it follows that f is
invertible over k and hence that A is semisimple.
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oriented n-manifold M and a connected oriented n-bordism N . A— B, the following holds, where
the connected sum is taken in the interior of N:

Z(M#N) = Z(SH)~'1Z(M)Z(N).

Proof. Since Z(D") : Z(#)— Z(S"1) and Z(D") : Z(S"')— Z(#) are the unit and counit of a
Frobenius algebra on k, it follows that they and hence also their composite Z(S") are invert-
ible. Note that Proposition 3.2 follows from the special case A = @J by precomposing N : A— B
with the bordism A x D! : f— AL A. For A = @, the proposition follows from the following
decomposition:

Z(M#N) = Z(0) ZOnDT, Z(Ss"h 2D, Z(B)
— 2 202 751y 22 209y 22 2 sm 1y 22 2y 22D 2(sm 1y PN sy
=20 222 2y 22 29 22 2(B). 0

3.1 | Proving S* X S*-stability

Combining Propositions 2.8 and 3.2, proving S? X S?-stability of semisimple topological field theo-
ries is equivalent to proving invertibility of Z(S? x S?) for indecomposable semisimple topological
field theories. In the following section, we achieve this by combining a certain diffeomorphism
of 4-bordisms with the following well-known algebraic characterisation of semisimple Frobenius
algebras.

Proposition 3.3. A commutative Frobenius algebra (A, m,u, A, €) is semisimple if and only if the
‘window endomorphism’mo A : A— A is invertible.

Proof. Recall that a k-algebra (A,m : AQ A— A,u : k— A)isseparable if there exists a separat-
ing morphism 8§ : A— A ® A such that mod = id, and such that m and & fulfill the Frobenius
condition (1). Over an algebraically closed field k, the notions of separability and semisimplicity
are equivalent’ [14].

Letd : A— A ® A be a separating morphism for (A4, m, u). Using the Frobenius condition (1)
and the fact that § is a separating morphism, it can then directly be shown that x := (id4, ®
€)od=(e®idy)od : A— AisinversetomoA.

Conversely, if mo A : A— A is invertible with inverse f : A— A, then Ao f is a separating
morphism. O

In Bord,, the ‘window endomorphism’ of the commutative Frobenius algebra object (S? x
S, my, x S,u, x S, A, x St, ¢, x S1) is the composite bordism

A, xSt my xSt
Wogg 1= S2x 8! —— §2x S uS2xS! —— 5% x S,

This endomorphism has ‘eigenvector’ S? X D?, as witnessed by the following diffeomorphism.

This is more generally true over perfect fields. For more general fields, separability is a strengthening of semisimplicity
and is equivalent to the statement that A ®, K is semisimple for every field extension K of k.
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Proposition 3.4. There is an orientation-preserving diffeomorphism of the following oriented
bordisms f— S? x S':

Wgays1 Ugayst (S X D?) = (S x D?)#(S® x SH#(S? x S?). (3)
Here, the connected sum # is taken in the interior of S2 x D2,

Proof. Let L and R denote the bordisms f— S x S! on the left and right of (3), respectively. We
construct a diffeomorphism of bordisms between L and R by composing them with the bordism
D3 x S' : 52 x S' > @ and constructing a diffeomorphism of pairs

(L := (D% S") Ugays1 L,D* x S*) = (R := (D? x ') Ugay1 R,D? x S1). 4)

Using the standard diffeomorphism (D3 X S1) Ug, g1 (S? x D?) = S4, it follows that the closed
oriented 4-manifold R is diffeomorphic to (S® x S1)#(S? x S2). Moreover, the embedded circle
D3 x S' < R is null-isotopic.

Observe that the composite bordism S> i 5?1 Ss? iR S? is diffeomorphic to the bordism
(8?2 x S1), : S?— S? obtained from removing two 3-disks from the closed oriented 3-manifold
S2 x S'. Therefore, (D3 X S) Ugay g1 Way1 is diffeomorphic to the bordism (S? x S1); x St :
52 x S'— @, where (S? x S!), is obtained from removing a single 3-disk from S?x S!. In
particular, the embedded circle

D*xS' & L =(S*xS"), xS Ugayq1 (S* x D?)

is null-isotopic. Since D3 x S' < R is also null-isotopic, any orientation-preserving diffeomor-
phism of the closed oriented 4-manifolds Z— R may be isotoped to a diffeomorphism of
pairs (4).

The closed oriented 4-manifold T 2 (S? x S1); X S! Ug2yq1 (S? X D?) is obtained from S? x S! x
S! by performing surgery—that is, replacing an embedded D? x S' by an S? X D>*—on the last
St of 2 x S' x S'. In Akbulut’s dotted circle notation for 1-handles [26, Section 5.4], the stan-
dard handle diagram for S? X S' x S! is a Borromean link with two dotted and one O-framed
component, together with an additional O-framed unknot around the meridian of the O-framed

&)

Performing surgery on the last circle of S? x S! x S corresponds to replacing one of the dotted
circles with a O-framed circle. Sliding this new 0-framed circle (twice) over the small O-framed
meridian circle disentangles it from the rest of the link and allows it to be cancelled against a
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3-handle:

0 0 0 0

/\O K\O : 0 0

slide off cancel
@ ) ®) Q i @
0 0

The resulting handle diagram is precisely a diagram for R = (S x S1)#(S? x §2). O

Combining the diffeomorphism of Proposition 3.4 with Proposition 3.3 results in the following
theorem.

Theorem 3.5. Let Z be an indecomposable semisimple oriented four-dimensional topological field
theory. Then, Z(S? x S?) is invertible.

Proof. By definition, the commutative Frobenius algebra Z(S? x S!) is semisimple. Hence, by
Proposition 3.3, the window endomorphism Z(wg2y¢1) @ Z(S? X S1)— Z(S? x St) is invertible.
Applying Z to the diffeomorphism of Theorem 3.4 and using multiplicativity under connected
sums (Proposition 3.2), we find:

Z(Wgays1) 0 Z(S? X D) = Z(S* x D?) (Z(S")*Z(S* x S)Z(S* x §%)).

Since Z(S? x D?) : k— Z(S? x S') is the unit of the (non-zero by Proposition 2.4) algebra (Z(S? x
S1), Z(S? x my), Z(S? x u;)) and hence a non-zero vector in Z(S? x S), it follows that the scalar
Z(SH)72Z(S3 x SHZ(S? x S?) € k is an eigenvalue of the invertible endomorphism Z(W g2, 1) and
is therefore itself invertible. O

Example 3.6. Using (2) and the standard handle diagram of S? x S? with two 2-handles attached
along a 0-framed Hopf link, the value of CYK(S? X S?) can be explicitly computed as a product
of the global dimensions of C and of the symmetric centre of C (see [3, Section 6.1]):

CYRc(S*xS)=D; ), dim(X)".
Xezsym(c)

In particular, Theorem 3.5 may be understood as a geometric analogue of the invertibility of the
global dimension of braided fusion categories [17].

Our main Theorem A is a direct corollary of Theorem 3.5.

Proof of Theorem A. By Proposition 2.8, we can assume that Z is indecomposable and in partic-
ular that Z(S*) = k. Let n € Z, be such that M#"(S? x S?) = N#"(S% x S?). Multiplicativity of
indecomposable semisimple field theories (Proposition 2.8) implies that

Z(M) Z(SH™Z(S* x §*)" = Z(N) Z(SH™"Z(S? x S2)".

Since Z(S? x S?) is invertible (Theorem 3.5), it follows that Z(M) = Z(N). O
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3.2 | Consequences of Theorem A

Stable diffeomorphism is a very well-studied equivalence relation on the set of closed oriented
4-manifolds. A classical theorem of Wall [49] shows that two connected, simply connected closed
oriented 4-manifolds are S? x S?-stably diffeomorphic if and only if they have isomorphic inter-
section forms. More generally, Kreck [30] showed that the stable diffeomorphism class of a closed
oriented 4-manifold is completely determined by its oriented 1-type and the bordism class of the
manifold in an appropriately structured bordism group. This essentially reduces the classifica-
tion of stable diffeomorphism classes to a bordism problem. Kreck’s classification is particularly
simple in the non-spinnable case: Indeed, the S? x S?-stable diffeomorphism class of any closed
oriented 4-manifold M whose universal cover does not admit a spin structure is completely deter-
mined by its Euler characteristic y (M), signature o(M), fundamental group 77,(M) and the image
of the fundamental class ¢, [M] € H,(r;(M), Z) under a classifying map of the universal cover
¢ : M- K(m(M),1).
Using these results and a theorem of Gompf [25], we obtain a proof of Corollary B.

Proof of Corollary B. The first statement follows from a theorem of Gompf [25] which shows
that two homeomorphic closed oriented 4-manifolds are S? x S?-stably diffeomorphic. The sec-
ond statement follows from Wall’s theorem [49]. The last statement is a direct consequence of
Kreck’s classification [30] of S? x S2-stable diffeomorphism classes of closed oriented 4-manifolds
with universal covers which do not admit spin structures. O

Remark 3.7. Alternatively, Corollary B.2 also follows from Corollary B.1 and Freedman’s cele-
brated classification of simply connected topological 4-manifolds [21] which implies that two
simply connected closed smooth 4-manifolds are homeomorphic if and only if they have the same
homotopy type.

Remark 3.8. In Corollary B, the assumptions on simply-connectedness or non-spinnability of uni-
versal covers are due to the relatively simple classification of stable diffeomorphism types in these
situations. For the classification of stable diffeomorphism types of more general manifolds, see,
for example, [13, 46] or Question 1.1.

Using Theorem A, we can evaluate an indecomposable semisimple theory Z on a manifold M
by evaluating it on a potentially much simpler ‘reference manifold’ in the same S? x S2-stable dif-
feomorphism class. For example, to evaluate Z on a simply connected closed oriented 4-manifold
M, we only need to know the Euler characteristic and signature of M and the value of Z on the

—
manifolds S*, S% x S2, CP2, CP~ and the Kummer surface K3.

Corollary 3.9. Let Z be an indecomposable semisimple oriented four-dimensional topological field
theory and let M be a connected, simply connected closed oriented 4-manifold. If M does not admit
a spin structure, then

Z(M) = Z(CP?);(MD+o(M)=2) Z(Ep*)3(x(MD-o()-2), (5)
If M admits a spin structure, then

- ~ aM) 1 o1
Z(M) = Z(K3)™ 16 Z(S? x §2)> (xan-2+Fo0n) (6)

Here, for a closed oriented 4-manifold M, we use the notation Z(M) := Z(S*)~1Z(M).
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Proof. By Wall’s theorem [49], two connected, simply connected closed oriented 4-manifolds are
S2 x S2-stably diffeomorphic if and only if they have isomorphic intersection forms. As a con-
sequence of Donaldson’s theorem [15], this is equivalent to requiring their Euler characteristic,
signature and parity to agree. Since the parity of the intersection form of a simply connected
smooth 4-manifold is even if and only if the manifold admits a spin structure, the classification
of S? x S%-stable diffeomorphism classes of simply connected 4-manifolds splits into a spin and
non-spin case.

In the non-spin case, we note that CP? is a simply connected non-spin manifold with Euler
characteristic 3 and signature 1. Since M is a simply connected 4-manifold which does not admit
a spin structure, it cannot be a homology sphere and hence has bz+ (M) + b3 (M) = by(M) > 1.

Therefore, the simply connected 4-manifold N : = #b3 D cp24b; M EP2 has at least one factor of

CP? or @2 and hence does not admit a spin structure. Since its Euler characteristic is y(M) and
its signature is o(M), it follows that N is S? x S?-stably diffeomorphic to M. Formula (5) follows
from multiplicativity of Z up to Z(S*) factors.

For the spin case, we note that the K3-surface is a simply connected spin manifold with Euler
characteristic 24 and signature —16. By Rohlin’s theorem [40], the signature c(M) of a closed spin
manifold M is divisible by 16 and since M is simply connected and hence y = ¢ (mod 2), the
Euler characteristic y(M) is even. Assuming that M has negative signature o(M) = —16s < 0, it
follows that the following two simply connected spin manifolds have the same Euler characteristic
(namely y(M) + 2a = 2 + 22s + 2b) and signature (namely o(M) = —16s) and are therefore S? x
S2-stably diffeomorphic:

M#%(S? x S?) #K3#P(S? x S?). (7)

Here, a and b are non-negative integers such thatb —a = %( x(M) — 2 — 22s). Since y(M) is even,
it is always possible to choose such integers.” Formula (6) then follows from multiplicativity
of Z and invertibility of Z(S2 x $2). If o(M) = 16s > 0, we may replace K3 by K3 in (7) to get
an analogous stable diffeomorphism. It follows from the orientation-preserving diffeomorphism
K3#K3 = #22(5% x $2) that Z(K3) and Z(K3) are invertible, and that we may replace Z(K3) by
Z(K3)~1Z(S? x $?)?? in the resulting formula. This again results in formula (7). O

Remark 3.10. Using Kreck’s classification [30], analogous formulas can be derived in the non-
simply connected case. See Remark 4.10 for a discussion of this in the simpler case of CP?-stability.

4 | CP?-STABILITY, THE GLUCK TWIST AND EMERGENT
FERMIONS

To lift the spinnability assumption of Corollary B.3 and to better understand the behaviour of
field theories on manifolds which admit a spin structure, we turn to the question of CP?-stability
of semisimple oriented four-dimensional field theories. Since there is an orientation-preserving
diffeomorphism (S? x S?)#CP? =~ CP?>#CP? H#CP (see, e.g. [26, Exmaple 5.2.5]), CP?-stability is a
stronger condition than S? x S2-stability. And indeed, there are semisimple oriented topological
field theories which are not CP?-stable.

TIn fact, it is not known whether one can always choose a = 0. This is equivalent to the simply connected case of the
celebrated ‘%—conjecture’ [35] that for any closed spin manifold b, > % |ol.
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Example 4.1. Recall that the handle diagram for CP? consists of a single 2-handle attached along
a 1-framed unknot. In particular, using expression (2), the Crane-Yetter-Kauffman theory for a
ribbon fusion category C evaluates CP? to the Gauss sum

CYK(CP) =D, ) 6;dim(X,)?,
X;elrr(C)

where 6; € k denotes the ribbon twist of the simple object X;. In particular, for C the symmetric
monoidal category sVect, of super vector spaces’ with two simple objects k, and k_ which both
have the same dimension dim, = 1 but different twists 6, = +1, we obtain CYKyc(, (cP?) =o.

Therefore, since S? x S? is CP?-stably diffeomorphic to CP*#CP- and since the indecomposable
semisimple oriented topological field theory CYKy..; vanishes on the latter but is invertible on
the former, it follows that CYKy . is an example of a field theory which is S? x S2-stable but not
CP?-stable.

4.1 | The Gluck twist and emergent fermions

In condensed matter physics, the vanishing of the Gauss sum as in Example 4.1 is more gener-
ally anticipated for theories with emergent fermions [50][6, Corollary 3.6]. In this section, we
show that the vanishing of Z(CP?) is indeed equivalent to the presence of fermions amongst the
‘point particles’ of the topological field theory. Mathematically, this ‘emergence of fermions’ can
be characterised as follows.

The Gluck twist ¢y is the diffeomorphism S? x S' — §2 x St defined as (x,y) = (a(y)x, ),
where a : S — SO(3) is a representative of the generator of 77, (SO(3)) = 7/27Z.

Definition 4.2. An oriented four-dimensional topological field theory Z : Bord, — Vect, has
emergent fermions if the Gluck twist Z(¢;r) acts non-trivially.

Remark 4.3. Recall from Remark 2.2 that from the perspective of physics, the ‘fusion algebra’
Z(S? x S') may be understood as a decategorification, or trace, of the category (or more gener-
ally, object of some 2-category) of ‘point particles’ Z(S?) in an extended four-dimensional field
theory. From this perspective, the Gluck twist, seen as an invertible four-dimensional bordism
with corners S? x [0, 1 S2 X [0, 1], may be understood as encoding the operation of rotating a
point particle by 360 degrees in 3-space. Indeed, we point out that even though our field the-
ory is ‘bosonic’ in that it is a functor from an oriented (and not, say, spin) bordism category to
the category of ordinary (and not, say, super) vector spaces, it may nevertheless have fermionic
point particles which do behave non-trivially under this action of 7,(SO(3)) = Z/2Z. In the
condensed-matter physics community, this phenomena is known as the ‘emergence of fermions’
in a bosonic topological order [33]. In particular, we may decompose the vector space of ‘point par-
ticles’ Z(S? x S1) into a vector space of bosons Z(S? x S'), on which the Gluck twist acts trivially
and a vector space of fermions Z(S? x S')_ on which the Gluck twist acts as minus the identity.

 As a monoidal category, sVect, is the category of Z,-graded vector spaces and grading preserving linear maps. The
symmetry isomorphism oy, © V ® W— W ® V is defined in terms of the usual sign rule mapping homogenous vectors
v, w with grading [v], |w| € Z, to o(v ® w) = (=1)*!*lw ® v. Moreover, we always take 2Vect, to be equipped with the
unique ribbon structure for which all dimensions are positive.
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Example 4.4. For the Crane-Yetter-Kauffman theory of Examples 2.3 and 4.1, the Gluck twist
CYKc(¢or) : CYK((S? X S1)— CYK((S? x S') is the endomorphism of K(Zg,,,(C)) ® k map-
ping (the isomorphism class of) a transparent simple object X; to 6,X;, where 6; € k* denotes the
ribbon twist of X;. In particular, in agreement with Remark 4.3, the Gluck twist acts non-trivially if
and only if the ribbon category C has fermions'—transparent simple objects with non-trivial twist.

4.2 | The Gluck twist is CP?-trivial

In the following, we show that the Gluck twist, seen as an invertible four-dimensional bor-
dism 52 x S' — S? x S1, is CP?-stably diffeomorphic to the cylinder S? x S x [0, 1]. Hence, any
CP?-stable oriented topological field theory has trivial Gluck twist, and can therefore not have
emergent fermions.

For an orientation-preserving diffeomorphism ¢ : M — N of closed oriented 3-manifolds,

we write Cyl(¢) : M— N for the mapping cylinder, defined as the compact oriented four-
¢x{0} idyx{1}
dimensional bordism M «—— N X [0,1] — 5 N. Given a topological field theory, we abuse

notation and write Z(¢) : Z(M)— Z(N) for the linear map Z(Cyl(¢)).
All results of this section are direct consequences of the following diffeomorphism.

Proposition 4.5. There is an orientation-preserving diffeomorphism of the following oriented
bordisms S? x S' — S? x S':

CP?#Cyl(¢pgr) = CP?#(S* x St x [0,1]). (8)

Proof. We construct a diffeomorphism % of CP?#(S* x S* x [0,1]) such that |s2,g15; is the
identity and g2, 51,413 18 the Gluck twist 1. Recall that a relative Kirby diagram [26, Section 5.5]
for a connected compact oriented 4-bordism W : d_W — d, W with connected and non-empty
0_W comprises a surgery diagram for the 3-manifold 0_W, together with a Kirby diagram for the
additional handles of W superimposed on that surgery diagram. Following the convention of [26,
Section 5.5], we put brackets around the framing coefficients of the link components belonging to
the surgery diagram of d_W. Therefore, given a relative Kirby diagram, the 3-manifold _W can
be obtained by doing surgery on the sublink with bracketed framing coefficients, and , W can be
obtained by doing surgery on the entire link diagram.

A relative Kirby diagram for W = CP?#(S? x S! x [0, 1]) consists of the disjoint union of a (0)-
framed unknot (a surgery diagram for S? x S') and a 1-framed unknot (a 2-handle attachment
giving rise to the bordism CP?#(S? x S! x [0, 1]). We construct % as a sequence of relative Kirby
moves [26, Theorem 5.5.3] such that, when restricted to bracketed components, ¥ is the identity
and, when considered as a sequence of moves of surgery diagrams for 6, W = S? x S, 9 corre-
sponds to the Gluck twist. Explicitly, we define 9 to be the handle slide of the 1-framed unknot
over the (0)-framed unknot. When restricted to _W = S? x S!, 1 is clearly the identity. When
restricted to 8, W,  defines an orientation-preserving diffeomorphism ¢, of S? x S*. On the obvi-
ous embedding D? x S & S% x S1, . restricts to a diffeomorphism of D? x S! which changes

In our terminology, a fermion in a ribbon fusion category is a transparent simple object f with non-trivial twist O =-1
This differs somewhat from the terminology in parts of the literature [6] where fermions are often also required to fulfill

fef=L
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framing by one. Hence, it follows that 3 acts trivially on 7,(S? x S). However, following the
prescription of [26, Exaple 5.5.8] for gluing S? x D? along %, to S? X D? results in the non-trivial
S2-bundle S?XS?. Hence, %, is not isotopic to the identity. But it follows from [24] that up to
isotopy, the Gluck twist ¢ is the unique non-trivial orientation-preserving diffeomorphism of
S? x S! which acts trivially on 77, (S? x S1). Therefore, 3., is isotopic to the Gluck twist ¢5r. [

Corollary 4.6. Let Z : Bord, — Vect, be a (not necessarily semisimple) CP?-stable oriented four-
dimensional topological field theory. Then, the Gluck twist Z(¢) acts trivially, that is there are no
emergent fermions.

Proof. By Proposition 4.5, the connected bordisms Cyl(¢;;) and S? x S x [0, 1] are CP?-stably
diffeomorphic. Hence, Z(¢gr) = idz(s2x51)- O

Example 4.7. Since any invertible topological field theory Z is multiplicative on connected sums
(up to Z(S*)-factors) and invertible on CP?, it is automatically CP>-stable and can therefore not
have emergent fermions.

4.3 | Semisimple field theories are CP>-stable iff they have trivial
Gluck twist

In this section, we show that for semisimple field theories, the converse of Corollary 4.6 is true.

Theorem 4.8. Let Z be an indecomposable semisimple oriented four-dimensional topological field
theory. Then, the following are equivalent.

(1) Z is CP?-stable.
(2) Z has no emergent fermions, that is, the Gluck twist acts trivially.

(3) One, or equivalently both of Z(CP?) and Z (@2) are invertible.

Proof. Corollary 4.6 shows (1) = (2) for all oriented four-dimensional topological field theories.

To prove (2) = (3), we note that CP2#CP~ can be obtained from S2 x S2 by Gluck surgery
(i.e. by removing an embedded S? x D? and gluing it back in via the Gluck twist). Hence,
triviality of the Gluck twist implies that Z(S? x S?) = Z(CPZ#C_Pz). Since Z(S? x §?) is invert-
ible (Theorem 3.5) and Z is indecomposable, and hence, multiplicative under connected sums
(Proposition 3.2), it follows that Z(CP?) and Z (@2) are invertible.

If one of Z(CP?) and Z (C_Pz) is invertible, multiplicativity, invertibility of Z(S? x S?) and the
orientation-preserving diffeomorphism TP #2CP? = (S% x S?)#CP? (or its orientation-reversal)
imply that the other is also invertible. Hence, (3) = (1) follows immediately from multiplicativity
of Z. O

Remark 4.9. For indecomposable semisimple four-dimensional field theories Z, Theorem 4.8
implies that instead of requiring it for all connected oriented bordisms, CP?-stability is equivalent
to the—a priori weaker—condition that Z(M) = Z(N) for all CP2-stably diffeomorphic closed ori-

—
ented 4-manifolds M and N. Indeed, since S? x S? and CP?#CP are CP?-stably diffeomorphic,
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CP?-stability on closed manifolds implies that Z(S? x §2) = Z(CPZ#@Z) and hence that both
Z(CP?) and Z (ﬁz) are invertible.

The proof of Theorem C follows immediately from Theorem 4.8 by decomposing a semisimple
field theory into its indecomposable components.

Proof of Theorem C. By Corollary 4.6, the Gluck twist acts trivially in any CP2-stable oriented
four-dimensional topological field theory. Conversely, suppose that Z is a semisimple oriented
topological field theory with trivial Gluck twist. By Proposition 2.8, Z = €P; Z; can be decomposed
into a finite direct sum of indecomposable semisimple field theories Z; on which the Gluck twist
still acts trivially. Therefore, it follows from Theorem 4.8 that every component Z; is CP-stable,
and hence, so is Z. O

4.4 | Consequences of Theorem C

The classification of CP?-stable diffeomorphism types is considerably simpler than in the §? x S?-
case. Indeed, it follows from Kreck’s work that two closed oriented 4-manifolds are CPz-stably
diffeomorphic if and only if they have the same Euler characteristic, signature, isomorphic funda-
mental groups and if the images c,[M] € H (7, Z) of their fundamental class under a classifying
map ¢ : M — K(m,, Z) of their universal cover agree (see, e.g. [28]).

Proof of Corollary D. The data described in the last paragraph only depend on the oriented
homotopy type of M. O

Similar to the S? x S?-case, we may evaluate Z on some 4-manifold M by evaluating it on
a simpler ‘reference manifold’ in the same CP?-stable diffeomorphism class. In particular, we
immediately obtain Corollary E as a refinement of Corollary 3.9.

Proofof Corollary E. We first consider the case that Z does not have emergent fermions, that is that
the Gluck twist acts trivially. In this case, it follows from Theorem C that Z is CP?-stable. By the
above discussion, two connected, simply connected closed oriented 4-manifolds are CP2-stably
diffeomorphic if and only if they have the same Euler characteristic and signature. In particular,
any such M is CP?-stably diffeomorphic to #b; D cp2yby; M )C_P2. The ‘no fermions’ entry of the
table follows from multiplicativity of the indecomposable semisimple field theory Z. Invertibility
of this entry follows from Theorem 4.8 3.

If Z has emergent fermions, it follows from Theorem 4.8 3 that Z(CPZ) = Z(@z) =0, and
hence, by Corollary 3.9, that M vanishes on simply connected manifolds which do not admit a spin
structure. The value of Z on simply connected spin manifold follows from Corollary 3.9. It is invert-
ible, since Z(S? x S?) is invertible and since there is an orientation-preserving diffeomorphism
K3#K3 = #22(52 x S?). O

Remark 4.10. More generally, as explained in [28, Section 1.4], if M and N are closed oriented
4-manifolds with the same fundamental group 7 and class ¢, [M] = c,[N] € H,(7r;) and Z is an
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indecomposable semisimple field theory without emergent fermions, it follows that
= ~ ~ 1 _—2 1
Z(M) = Z(N) Z(CPz)E(AX‘FAG’) Z(CPZ) E(A)(—AJ)’

where Ay = (M) — x(N) and Ao = (M) — o(N). For example, taking N = S! x S* and not-
ing that Z(S! x S3) = dim Z(S?) = 1, this allows to evaluate the invariant on manifolds with
fundamental group Z as follows:

Z(M) = Z(S*)™! Z(CP2): MD+o0D) Z(Ep%); M)=o()

Example 4.11. Asdiscussed in Example 4.4, the Crane-Yetter—-Kauffman field theory CYK has
fermions if and only if C has a transparent simple object with non-trivial twist. In particular, if C is
amodular tensor category, CYK does not have fermions since the only transparent simple object
of C is the tensor unit I. Therefore, the non-fermion case of Corollary E may be seen as a general-
isation of the explicit computation of CYK in [10]. Of course, in this particular case, this explicit
expression follows more directly from the fact that modularity of C is equivalent to invertibility of
the field theory CYK ., and the classification of four-dimensional invertible oriented field theories
in terms of Euler characteristic and signature [44, Section 1.3].

Applying Theorem 4.8 to the Crane-Yetter-Kauffman theory results in a topological proof of
the following algebraic characterisation of ribbon fusion categories with fermions.

Corollary 4.12. Let C be a ribbon fusion category over an algebraically closed field of character-
istic zero. Then, C contains a simple transparent object with non-trivial twist if and only if one, or
equivalently both, of the Gauss sums Tz 1= Yy cic) 6" dim(X;)? are zero.

Proof of Corollary 4.12. Since CYK, is an indecomposable semisimple field theory which has
emergent fermions if and only if C has a simple transparent object with non-trivial twist (Exam-
ple 4.4), and since CYK(CP?) and CYKC(@Z) are proportional to the Gauss sums (Example 4.1),
Corollary 4.12 follows from the equivalence 2 < 3 in Theorem 4.8. [

Remark 4.13. An equivalent, purely algebraic proof of Corollary 4.12 can be obtained starting from
the following formula [19, Lemma 6.10] which holds for any simple object Y in a ribbon fusion
category C:

6y D, Oxdim(X)syy = dim(Y)r}. )
Xelrr(C)

Here, 6 and dim(X) denote the twist and dimension of a simple object X, respectively, and sy y
denotes the value of the ‘S-matrix’ of C; the evaluation of a (0-framed) Hopf link whose compo-
nents are labelled by the simple objects X and Y. As a direct consequence of (9) (and as a special
case of [19, Proposition 6.11]), it follows that

(10)

+o— _ J; +
T T, = dlm(C)‘(Zsym( oy
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In particular, if every transparent object Y of C has trivial twist 8y =1, then r; ©=
sym

dim(ZSym(C)) and hence TZTE = dim(C) dim(ZSym(C)) is non-zero. Conversely, if Y is a simple
transparent object, it follows from (9) and invertibility of dim(Y’) that

Oyt =1 1)
Therefore, the existence of a simple transparent object Y with twist 8, = —1 implies that ‘cg =

0, and similarly that 7 = 0. Note that Equations (10) and (11) may be understood as algebraic

— —
analogues of the diffeomorphism between CP?#CP  and the non-trivial S?-bundle S?XS?, and of
Proposition 4.5, respectively.
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