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We demonstrate that collective vibrational strong coupling of molecules in thermal equilib-

rium can give rise to significant local electronic polarization effects in the thermodynamic

limit. We do so by first showing that the full non-relativistic Pauli-Fierz problem of an

ensemble of strongly-coupled molecules in the dilute-gas limit reduces in the cavity Born-

Oppenheimer approximation to a cavity-Hartree equation. Consequently, each molecule

experiences a self-consistent coupling to the dipoles of all other molecules. In the thermo-

dynamic limit, the sum of all molecular dipoles constitutes the macroscopic polarization

field and the self-consistency then accounts for the delicate back-action on its heteroge-

neous microscopic constituents. The here derived cavity-Hartree equations allow for a

computationally efficient implementation in an ab-initio molecular dynamics setting. For a

randomly oriented ensemble of slowly rotating model molecules, we observe a red shift of

the cavity resonance due to the polarization field, which is in agreement with experiments.

We then demonstrate that the back-action on the local polarization takes a non-negligible

value in the thermodynamic limit and hence the collective vibrational strong coupling can

modify individual molecular properties locally. This is not the case, however, for atomic

ensembles, where room temperature does not induce any disorder and local polarization

effects are absent in the dilute limit. Our findings suggest that the thorough understanding

of polaritonic chemistry, such as the modification of chemical reactions, requires self-

consistent treatment of the cavity induced polarization and the usually applied restrictions

to the displacement field effects may be insufficient.
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Polaritonic chemistry and materials science is a rapidly growing research field evidenced by a

large number of recent review articles.1–11 The strong coupling of matter and light within optical

cavities offers a novel way not only to alter and design matter properties, but also to shape the

(quantum) properties of light in various ways. For example, magnetic12 or metal-to-insulator13

phase transitions can be altered. Furthermore, cavities can also cause the breakdown of topo-

logical protection as reported for the integer quantum Hall effect.14 In chemistry, the electronic

strong coupling, the quantum yield of emissions15 or inter-system crossings16 can be modified,

and photo-chemical reactions can be influenced17–21. For vibrational strong coupling even ground-

state (thermally-driven) chemical reactions can be affected22–25 However, despite a plethora of

suggested applications and observed novel effects, we still lack a fundamental understanding of all

the relevant underlying microscopic/macroscopic physical mechanisms, specifically in the context

of vibrational strong coupling effects.6,26,27 One of the main reason for this deficiency is the com-

plexity of the full description, which a priori requires a holistic approach combining the expertise

from different fields of physics and chemistry such as quantum optics, electronic-structure theory,

(quantum) statistical mechanics, quantum electrodynamics, molecular and solid state physics.11

Besides questions concerning the observed resonance conditions28–30, currently one of the most

pressing, unresolved issue in the field is how individual molecules can experience cavity-induced

modifications under collective strong coupling. 6,11,26,27 Theoretical attempts to determine how

the coupling of the cavity to the ensemble of molecules can modify the chemistry of individual

molecules in the thermodynamic limit have so far only been able to describe certain aspects.31–34

While there have been theoretical suggestions that collective strong coupling can lead to local

changes once impurities or (thermally-induced) disorder are introduced in an ensemble35,36 the

existence and nature of such effects for a large ensemble of molecules remained elusive. In this

letter we close this important gap by demonstrating numerically that the cavity can indeed induce

local polarization effects akin to those observed for small molecular ensembles36 for collective

coupling in the thermodynamic limit, when treating the many-molecule problem self-consistently

within the cavity Born-Oppenheimer approximation of the full Pauli-Fierz theory.

We consider a dilute gas-phase ensemble of N molecules coupled to a photonic environment

with confined modes α . Each molecule consists of Ne electrons and Nn nuclei/ions such that in the

long-wavelength limit the Pauli-Fierz Hamiltonian becomes37–39
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Ĥ = Ĥm +
1
2

M

∑
α=1

[
p̂2

α +ω2
α

(
q̂α − X̂α + x̂α

ωα

)2
]

(1)

with Ĥm the usual cavity-free/bare matter Hamiltonian consisting of N molecules. The coupled

polarization operators are defined as X̂α := ∑N
n=1 ∑Nn

in=1 Zinλα ·R̂in and x̂α :=−∑N
n=1 ∑Ne

in=1λα · r̂in ,

where Zin is the nuclear charge and R̂in is the coordinate of the i-th nucleus/ion of the n-th molecule

and accordingly for the electrons r̂in . The coupling strength and polarization to the canonical

displacement field operators q̂α , p̂α with mode frequency ωα is defined by λα and can be obtained

from, e.g., macroscopic quantum electrodynamics.40,41

In the next step we perform the cavity Born-Oppenheimer approximation (cBOA),42–44 i.e., we

treat the electrons of the ensemble as a conditional many-body wave function of all the nuclear

degrees of freedom R and all the displacement field coordinates q.12 We subsequently assume

the dilute-gas limit and thus the overlaps of local many-electron ground-state wave functions |χn⟩
of different molecules is considered negligible, and thus a mean-field ansatz for the ensemble

electronic wave function

|Ψ⟩= |χ1⟩⊗ · · ·⊗ |χN⟩ (2)

becomes accurate (see Supporting Information). We note that this ansatz leads to the same set of

equations as a Slater determinant of all electrons, where we assume that the individual electronic

wave functions of different molecules do not overlap. This leads to a set of coupled equations,

where the local electronic structure of the n-th molecule depends self-consistently on all the N−1

other molecules. Disregarding bare molecular interaction in the dilute limit, we then have to find

the lowest electronic energy state for the following cavity-Hartree equations

(
Ĥn(Rn)+

M

∑
α=1

[
p2

α
2

+
ω2

α
2

(
qα − Xα

ωα

)2
+
(

Xα −qαωα+
N

∑
m ̸=n

⟨χm|x̂m,α |χm⟩
)

x̂n,α

+
x̂2

n,α
2

])
χn(z1, ...,zNe) = εnχn(z1, ...,zNe) (3)

for all N molecules simultaneously, i.e., by a self-consistent solution. The bare matter Hamiltonian

of a single molecule is defined as Ĥn from Ĥm(R) = ∑N
n=1 Ĥn(Rn) within the dilute-limit approx-

imation and x̂n,α = −∑Ne
in=1λα · r̂in is the electronic polarization operator of the n-th molecule
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and z = rσ the space-spin variable of an individual electron. Consequently, the cavity induces an

inter-molecular dipole-dipole energy term

Vdd =
M

∑
α=1

N

∑
n=1

⟨χn|x̂n,α |χn⟩
N

∑
m ̸=n

⟨χm|x̂m,α |χm⟩ (4)

that scales with N(N − 1) over the entire ensemble size. This macroscopic scaling is crucial for

molecular ensembles, since it counteracts the usual 1/
√

N scaling law of the coupling terms λα

for a fixed Rabi splitting, as we show subsequently. Indeed, the inter-molecular dipole-dipole

interaction Vdd is physically straightforward to understand. Because we work in the length gauge,

the electric field operator is

Ê = D̂− P̂ . (5)

Notice that the effect of the macroscopic polarization P̂ on the microscopic constituents is cap-

tured by the dipole self-interaction and scales as λ2
α . That these self-interaction terms are impor-

tant to properly describe the optical response of a material system has been pointed out earlier.45

In addition, it is also established that disregarding this term (as often done in model calculations)

and only keeping the cavity-mediated displacement field D̂ introduces severe theoretical inconsis-

tencies for ab-initio simulations.46,47 In the following, we will investigate the chemical relevance

of treating P̂ self-consistently on macroscopic and microscopic scale.

From the self-consistent solution of Eq. (3) for all N molecules, we obtain the classical forces

for the nuclei/ions and the displacement-field coordinates. In more detail, we can perform an

ab-initio molecular dynamics simulation on the polarization-dressed ground-state potential energy

surface. To account for classical canonical equilibrium conditions at temperature T , which are

relevant for many ground-state chemical processes, the classical Langevin equations of motion are

propagated, i.e.,6,48

MinR̈in = −∂Rin
Hn

n −⟨∂Rin
Ĥe

n⟩0 +
M

∑
α=1

Zinλα

(
ωαqα −Xα −⟨x̂α⟩0

)

−γMinṘin +
√

2MinγkBTSin (6)

q̈α = −ω2
αqα +ωαXα +ωα⟨x̂α⟩0 − γ q̇α +

√
2γkBT Sα . (7)

These equations implicitly assume that the Hellmann-Feynman theorem applies, i.e., that the cav-

ity Hartree equations are not only globally but also locally solved using a variational method.

The bare matter Hamiltonian Ĥn is separated into a classical part, describing nuclear interactions
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Hn
n , and the quantized electronic part Ĥe

n that parametrically depends on the nuclear positions.

Furthermore, we have introduced nuclear masses Min , friction constant γ and component-wise

delta-correlated Gaussian noise terms, i.e., ⟨S(t)⟩= 0, ⟨S(t)S(t ′)⟩= δ (t− t ′). Each degree of free-

dom possesses its individual independent stochastic noise term indexed by in and α respectively.

We note here that treating the displacement coordinates classically with thermal noise means that

we consider photonic excitations due to free charges to be in a classical thermal state47.

In the first step, the collective Rabi splitting is calculated for a model system consisting of

N = 900 randomly-oriented and slowly rotating Shin-Metiu molecules49 strongly coupled to a

single cavity mode ωα at T = 158 K, yielding a clear lower and upper polaritonic resonance, as

depicted by the dotted line in Fig. 1a (see SI for further details). Taking into account the self-

consistent treatment of the cavity-induced molecular polarization P̂ leads to a detuning of the

cavity towards lower frequencies, which manifests itself in the asymmetric splitting with respect

to the bare cavity mode ωα , indicated by the black vertical line. Simulations of a few less po-

larizable hydrogen fluoride (HF) dimers show the same tendency as demonstrated in Fig. 1b and

Fig. S3, but of significantly smaller magnitude. Qualitatively similar results can also be found

for perfectly aligned Shin-Metiu molecules (see Fig. S1 in the SI). The observed cavity induced

de-tuning resembles the dipole-dipole interaction induced Lorentz redshift within dense atomic

ensembles (in absence of a cavity), which depends strongly on the microscopic polarizability of

the media, similar to our result.50,51 Notice that when tuning the cavity to much lower frequencies

(e.g. ro-vibrational regime), the presence (back-action) of permanent molecular dipoles is ex-

pected to significantly contribute to the red-shift alongside with the molecular polarizability. This

dynamic re-orientation contribution is neglected in our simulations. The observed collectively in-

duced redshift of a filled cavity with respect to a bare one has also been seen in experiments52 and

may in principle be simply approximated by a suitably chosen refractive index of the ensemble.6

We note, however, that we get the redshift now directly from the simulation, where we calculate

the self-consistent polarization of the ensemble of molecules. That is, we calculate implicitly the

ensemble polarizability and its back-action on the cavity mode. In the case of free-space modes,

this is the standard way to determine the refractive index of a material.45,53,54 Now the question

arises whether the accurate self-consistent and microscopic treatment of the polarization can addi-

tionally induce local field effects that cannot be disregarded in the thermodynamic limit (N ≫ 1)?

Earlier evidence for collective electronic strong coupling for a few molecules indeed indicates

that there might be such an effect,36 yet the existence of similar local polarization effects for a
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thermal ensemble under vibrational strong coupling in the large-N limit remained unclear. As the

first local observable, we analyze the local molecular dipole vibrations for individual Shin-Metiu

molecules, which reveals a (locally) populated lower polariton (solid line in Fig. 1a) and a strongly

populated dark state at ω = ωα . A local upper polariton could not be identified, i.e., may be too

weakly populated to overcome the thermal broadening for the given system. Simulations show

that the usual
√

N-collective Rabi split scaling law of the Tavis-Cumming model remains pre-

served collectively as well as locally, when including local polarization effects self-consistently

(see Fig. S1 of the Supporting Information). As the second local observable, we propagate the

system self-consistently and measure at every time step, i.e., for every realized classical configu-

ration (R,qα), the difference between the exact solution of Eq. (3) and the electronic bare matter

problem by monitoring ∆rn(t) = ⟨r̂n⟩λ −⟨r̂n⟩λ=0 in the electronic ground-state. This allows to

measure cavity-induced local polarization effects in thermal equilibrium, since the full electronic

problem reduces to the bare local matter problem in the thermodynamic limit only if the displace-

ment field is considered. Our simulation results in Fig. 2 reveal a nonvanishing cavity-induced

local ensemble polarization, i.e., ⟨|∆rn|⟩ ̸= 0, that persist even in the large-N limit. At the same

time, the total electronic polarization of the ensemble remains zero, i.e., ⟨∆rn⟩ = 0, as expected

from the symmetry of Eq. (1). This merely guarantees the simple fact that thermally no net po-

larization is expected. Consequently, our numerical results show that the chemical properties of

individual molecules can be locally modified by a strong collective vibrational coupling to the

cavity. Analogous results hold also for perfectly aligned ones, as shown in Fig. S2 of the Sup-

porting Information. Physically, the appearance of local strong-coupling effects can be understood

by interpreting the local polarization in a dipole picture, as previously done for electronic strong

coupling of a few nitrogen dimers36. While the total (macroscopic) polarization is zero, non-trivial

local dipole modifications are possible for heterogeneous systems that can still cancel each other,

i.e., as seen from the sum m ̸= n in Eq. (3). This local polarization induces a mirror dipole in the

rest of the ensemble. At this point, we would like to highlight the relevance of disorder in the

ensemble (temperature and/or different molecular orientations and polarizabilities), which enables

a heterogeneous structure of modified local polarizations that can cancel collectively. For atoms,

which do not have a static dipole moment, no local effect is expected, as can be confirmed by sim-

ulating a small ensemble of up to five neon atoms (see Fig S4 in the Supporting Information). In

other words, having spherically symmetric systems without (different) internal nuclear degrees of

freedom, all local dipole contributions will be equivalent and thus the local polarization needs to
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be zero, in order to have a zero macroscopic polarization. Consequently, our results do not contra-

dict well-established knowledge from quantum-optical models for atomic systems. However, they

show that for molecular ensembles, the formalism becomes more involved, and the self-consistent

(!) treatment of the local polarization may become decisive in capturing all relevant aspects of po-

laritonic chemistry. We also note that the free-space mode structure of the electromagnetic field,

which is homogeneous and isotropic, is not able to test for disorder in the same way as cavity

modes by having preferred polarization directions and frequencies. This breaking of symmetry

explains why similar effects are not expected for coupling to free-space modes.

To conclude, we have reformulated the computationally inaccessible many-molecule Pauli-

Fierz problem of polaritonic chemistry in terms of an efficient cavity-Hartree many-molecule

problem, within the dilute-gas limit and the cBOA. Simulating the corresponding Langevin equa-

tions of motion under vibrational strong coupling in thermal equilibrium reveals that solving the

cavity-Hartree equations self-consistently, and thus including dipole-dipole interactions between

molecules, can be decisive to capture all relevant aspects of polaritonic chemistry. The reason is

that non-trivial local (on the individual-molecule level) polarizations can arise, which can persist

in the thermodynamic limit. Furthermore, accounting for ensemble polarization effects lead to a

detuning of the cavity towards lower frequencies, which is in line with experimental evidence52

and shows that the dipole self-interaction term is a necessary ingredient to capture the basic effect

of a changed refractive index.

The present result may have far-reaching consequences for the theoretical description of po-

laritonic chemistry and materials science, since they provide a so far overlooked, yet simple

and intuitive physical mechanism that can induce local molecular changes in the thermodynamic

limit. This local mechanism may be the missing piece to settle current discrepancies between

existing simplified models for a macroscopic ensemble of molecules and experiments. Further-

more, our cavity-Hartree equations are well suited to be included in existing computational meth-

ods,38,43,55–60 which will enable the efficient exploration of the large chemical space with a mul-

titude of observables. Particularly, large ensemble sizes under self-consistent vibrational strong

coupling should become accessible by established ab-initio molecular dynamics codes56–58,61 and

potentially with the help of self-consistent embedding schemes62. Last but not least, the existence

of a macroscopically induced microscopic polarization mechanism opens many interesting funda-

mental physical questions. For instance, can we efficiently control microscopic (quantum) prop-

erties of individual molecules via a thermal macroscopic field, or are the experimentally observed
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modifications of chemical reactions purely due to change in the statistics? On the more theoret-

ical side, can our results be generalized to the liquid or even solid phase under collective strong

coupling conditions? All these aspects open many interesting questions that lie at the boundaries

between different fields of physics and need the combination of various different viewpoints and

methods2.
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(a) (b)

FIG. 1: (a) Vibrational absorption spectra α(ω) for 900 randomly oriented Shin-Metiu molecules

under collective vibrational strong coupling in canonical equilibrium at kBT = 0.5 [mH]. The

cavity is tuned to the first vibrational mode of the uncoupled molecule at ωα = 6.27 [mH] (black

vertical line) with λα = 0.0085. The collective Rabi splitting (dotted line) is calculated from the

fluctuations of the total ensemble dipole moment (see SI) and shows an asymmetric splitting

(red-shifted cavity). In addition, local molecular vibrations (bold line) are monitored in a similar

way (see SI), which reveals a significant fraction of individual molecules that are locally strongly

coupled, i.e. that vibrate at the frequency of the lower polariton. Furthermore, the local spectrum

also indicates that the dark states at ω = ωα are strongly populated. In contrast, no local

populations of the upper polaritonic states could be detected at the given temperature. (b)

Relative red-shifted cavity frequencies ∆∆ω = |∆ω(N)−∆ω(1)| with respect to the single

molecule shift ∆ω(1) for a few perfectly parallelly aligned HF molecules. The collective Rabi

splitting was kept constant with respect to N for each chosen λ1 by re-scaling λ = λ1/
√

N

throughout the computations. The cavity is tuned to the first vibrational mode of the uncoupled

HF at ωα = 20.35 [mH] (see SI for further details). Notice the de-tuning is about two orders of

magnitude smaller for the HF molecule than for the Shin-Metiu molecule. However, the results

agree qualitatively, since they suggests a similar finite collective detuning in the large N limit.

The overall very small shift is a consequence of the very low polarizability 0.8 [Å
3
] of the HF

molecules.63
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FIG. 2: Statistical evaluation of cavity-induced local electronic changes ∆rn(t) = ⟨r̂n⟩λ −⟨r̂n⟩λ=0

of the n-th molecule with respect to the bare Shin-Metiu molecule in canonical equilibrium at

kBT = 0.5 [mH] for randomly-oriented molecules (see Supporting Information for details). The

Rabi-splitting was kept constant when increasing the number of molecules by choosing a

re-scaled λα(N) = 0.256/
√

N. By monitoring |∆rn| (red dots), we observe a non-zero saturation

of the cavity induced local polarizations in the large-N limit, where the standard deviations with

respect to different molecules are indicated by vertical red lines. At the same time, the total

polarization of the ensemble, which is related to ∆rn (black triangles), quickly approaches zero,

since the cavity cannot induce a non-zero polarization of the ensemble. Consequently, our

simulations suggest that cavity-induced local strong coupling effects persist in the

thermodynamic limit (N ≫ 1) of a molecular ensemble under collective vibrational strong

coupling. In other words, the self-consistent treatment of Eq. (3) is decisive to describe

ground-state polaritonic chemistry accurately for realistic molecular ensembles.
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I. CAVITY HARTREE EQUATIONS

In order to derive the cavity Hartree Eq. (3) in the letter, we start from the fully quantize Pauli-

Fierz Hamiltonian given in Eq. (1) and apply a Born-Huang expansion to the total wave function

following Ref. 1. In more detail, we separate the electronic degrees of freedom from the nuclear-

photonic degrees of freedom yielding Ψi = ∑∞
j=1 γi j(R,q)ψ j(r,R,q) that solves ĤΨi = EiΨi. Af-

terwards, we employ the cavity Born-Oppenheimer approximation in its simplest form, which

assumes a classical treatment of the nuclear and photonic degrees of freedom.1 This approxima-

tion accurately describes cavity mediated ground-state chemistry, i.e. when the cavity is tuned on

the vibrational degrees of freedom and the electronic excitations are sufficiently separated ener-

getically such that non-adiabatic couplings (e.g. conical intersections) are negligible.1–5 Conse-

quently, the system separates into an electronic subsystem Ĥe, which parametrically depends on

the modes q and the nuclear position vector R, and into a nuclear-photonic part Ĥnpt. Following

the notation of the letter, the resulting electronic Hamiltonian operator becomes

Ĥe := Ĥe
m +

M

∑
α=1

(
1
2

x̂2
α + x̂αXα −ωα x̂αqα

)
, (S1)

which depends parametrically on R,qα . The corresponding groundstate Hamiltonian of the cou-

pled nuclear-photon degrees of freedom is given by,

Hnpt := Hn
m +

M

∑
α=1

(
p2

α
2

+
ω2

α
2

(
qα − Xα

ωα

)2
+ ⟨ψ0| Ĥe(R,q) |ψ0⟩

)
. (S2)

In a next step, we demonstrate that the groundstate many-electron eigenvalue problem imposed

by Ĥe can be solved exactly in the dilute limit by a simple Hartree product ansatz. To show this,

we start from a Hartree-Fock mean-field Ansatz given in Eq. (2) of the letter to solve for ε0 =

minEHF = min⟨ψHF | Ĥe |ψHF⟩. The resulting Hartree-Fock energy can then simply be written as,

EHF =
N

∑
n=1

⟨χn| Ĥe
n +

M

∑
α=1

[
1
2

x̂2
n,α + x̂n,αXα −ωα x̂n,αqα

]
|χn⟩

+
1
2

N

∑
n,m

M

∑
α=1

⟨χn| x̂n,α |χn⟩⟨χm| x̂m,α |χm⟩
(((((((((((((((((((

−1
2

N

∑
n,m

M

∑
α=1

⟨χn| x̂n,α |χm⟩⟨χm| x̂m,α |χn⟩, (S3)

where the cavity-induced electron-electron exchange cancel in the last terms, except for n = m,

due to the dilute limit assumption, i.e, the electronic structure of different molecules must not

overlap. Notice that for non-overlapping electronic structures the inter-molecular exchange and

correlation energies are zero, and if the molecules are far apart also the Coulomb Hartree energy
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goes to zero. Therefore we have Ĥe
m simplifies to Ĥe

m = ∑N
n=1 Ĥe

n in Eq. (S3). Consequently,

our mean-field ansatz becomes exact in the dilute limit. However, the exact solution of the local

bare matter problem, i.e., finding accurate eigenfunctions of Ĥe
n , may itself be a highly non-trivial

problem that requires to consider the intra-molecular correlations with computationally expensive

post Hartree-Fock methods. From Eq. (S3) we find the resulting Hartree equations for the n-th

orbital upon variation of the orbitals χ as presented in Eq. (3) of the letter. Orthogonality condi-

tions ⟨χn|χm⟩= δnm are automatically obeyed, i.e., our orbitals are automatically canonical, since

we assume non overlapping orbitals. Eventually, we are ready to perform an ab-initio molecu-

lar dynamics simulation on the exactly dressed ground-state potential energy surface in classical

canonical equilibrium by time-propagation of the standard Langevin equations of motion as given

in Eqs. (6) and (7) of the letter. For the force calculation, we use that the Hellmann-Feynman

theorem applies for the variational cavity Hartree eigenvalue problem, provided that the local

eigenvalue problem of the n-th molcecule can be solved with a variational method (as we do for

the Shin-Metiu molecule by exact diagonalization below).

II. CAVITY AB-INITIO MOLECULAR DYNAMICS FOR RANDOM ORIENTED

SHIN-METIU MOLECULES

To mimic the impact of rotational molecular disorder on collective vibrational strong couplig,

we simulated rotational molecular motion at finite temperature by an overdamped rotational

Langevin equation, i.b. by rotational Brownian motion. This can efficiently be done for 1D

Shin-Metiu molecules by introducing a time-dependent coupling constant

λα,n(t) = λα ·nn(t), (S4)

for each individual molecule n. We have assumed a cavity polarization along the z-axis, i.e.,

λα = λαez and that the 1D molecule should be aligned in 3D along the nn(t)-direction. Notice

that there is no feedback from the molecular and/or cavity state onto the normalized orientation

nn(t). In other words, we assume in the following that the rotational motion is solely determined

by the rotational Debey relaxation time τR = 2π/ωR, which we will choose considerably smaller

than the timescale of the nuclear vibrations (off-resonant with respect to the tuning of the cavity).

However, the slowly changing random molecular orientation, will certainly influence the collective

strong coupling effects between the molecules and the cavity. To mimic random rotational motion
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by nn(t) the rotational Langevin equation in the overdamped limit can be used, i.e., as,6,7

dnn(t)
dt

=
√

τRSn(t)×nn(t) (S5)

with Debye relaxation time τR = 2kBT/ηR and unbiased, delta-correlated Gaussian noise sources

S(t). The rotational friction coefficient is labeled by ηR. This first order stochastic PDE is propa-

gated numerically using forward Euler method in a similar spirit to Ref. 8, for which we yield

nn,t+∆t =
nn,t

|nn,t |
+
√

∆tτRSn,t ×
nn,t

|nn,t |
. (S6)

and exact normalisation is imposed at every time-step. Eqs. (S4) and (S6) then allow the simple

simulation of vibrational strong coupling for a randomly oriented molecular ensemble within our

self-consistent cBOA approach.

III. SIMULATION SETUP

A. Shin-Metiu molecular dynamics simulation

The Hamiltonian operator ĤSM of the n-th Shin-Metiu molecule is given by,9,10

Ĥn =
P̂2

2M
+

p̂2

2
+

1
|L/2− R̂| +

1
|L/2+ R̂|

−erf(|R̂− r̂|/R f )

|R̂− r̂| − erf(|r̂−L/2|/Rr)

|r̂−L/2| − erf(|r̂+L/2|/Rl)

|r̂+L/2| . (S7)

We have used atomic units throughout our calculations with R f = Rl = Rr = 1.511 and L = 9.45.

We chose the proton mass M = 1836 for the moving nuclei with positive unit charge and m = 1

for the electron with negative unit charge. For the 1D electron, we chose a converged grid basis

set representation with 41 equidistant grid points and a grid spacing of 0.8. Notice that having a

large enough basis set for the electrons is pivotal to resolve local polarization effects.11 The cavity

Hartree equations were minimized self-consistently until converging the total electronic ensemble

energy up to ∆E < 1× 10−7. The classical Langevin equations of motion were propagated nu-

merically using the scheme of Ref. 12 with a time step δ t = 50. Trajectories were simulated over

2000 time-steps to evaluate the local polarization effects and for 50000 time-steps for the spectra

calculations. Nuclei were initialized randomly distributed in the vicinity of the ground-state. Ther-

mostating parameters were set to kBT = 0.5× 10−3 with low friction coefficient γ = 0.3× 10−5

(underdamped regime). In case of randomly oriented molecules, the Debye relaxation time was
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set to τR = 0.5×10−5. Notice that the parametrization of the Shin-Metiu molecule and the temper-

ature was chosen such that non-adiabatic coupling effects should not play a role, i.e., the ground-

state cBOA approximation is valid. Furthermore, the temperature was chosen small enough that

the thermal broadening does not interfere with our spectral interpretation. In addition, no chemi-

cal reaction occurs at such low temperatures on the chosen time-scale (no proton transfer between

the two energy minima of the Shin-Metiu molecule). The impact of local polarization effects on

chemical reaction rates will be the focus of future work instead.

The vibrational absorption spectra was calculated using the power spectra method in Ref. 13

with a Blackman filter window14 averaged over 33 overlapping trajectory windows containing

4096 time steps, each of them shifted by 1/3 of the window size. While for the global absorp-

tion spectrum the total dipole (electronic + nuclear contribution) were post-processed accordingly

(doted lines), we did the same for each individual molecular dipole in case of the local spectra

calculation instead. Afterwards, the summation over all local spectra was taken yielding the bold

lines in the spectral figures.

Supplementary simulation results for aligned Shin-Metiu molecules (spectra, Rabi-split scaling

and local polarizations) are shown in Figs. S1 and S2.

B. Ensembles of HF molecules and Ne atoms

The cBOA Hartree-Fock method and corresponding analytic nuclear gradients were imple-

mented in the Psi4NumPy environment15, which is an extension of the PSI416 electronic structure

package. All calculations were performed using the aug-cc-pVDZ basis set17 and the geometry of

the isolated single HF molecule is optimized at the Hartree-Fock level of theory. Note that we have

not reoptimized the geometries of the molecular systems in the cavity; as such, our calculations

do not account for any geometric relaxation effects stemming from the presence of the cavity. In

all cavity Hartree-Fock calculations performed in this work, we consider a single-mode and non-

lossy cavity. The fundamental cavity frequency ωα is tuned to the first vibrational mode of the

uncoupled HF at 20.35 [mH].

For the molecular ensembles studied, the optimized structure of a single HF molecule is repli-

cated N times. All these replicas are separated by 800 Å and placed inside a cavity. All individual

molecular dipole moments are aligned with the cavity polarization axes, and the zero transversal

electric field condition is satisfied for the whole ensemble. The same distance of 800 Å is used

5



(a) (b)

FIG. S1: (a) Vibrational absorption spectra α(ω) for 900 aligned Shin-Metiu molecules under

collective vibrational strong coupling similar to the random oriented molecules shown in the

letter. The cavity is again tuned on the first vibrational mode of the uncoupled molecule at

ωα = 6.27 [mH] (black vertical line). However, the coupling is reduce to λα = 0.00425 in order

to achieve a Rabi splitting of similar magnitude. We find qualitative identical results for the

aligned molecules as for the random oriented setup, i.e. a de-tuning of the cavity to lower

frequencies in combination with a locally populated lower polaritonic state.

(b) The collective
√

N-scaling law of the Rabi splitting remains preserved, when solving the

self-consistently the coupled electronic problem for the molecules under vibrational strong

coupling. Similarly, the observed local splitting follows the same
√

N-scaling law, where we

defined the splitting between (local) lower polariton and the dark states located at ωα . This

suggests that local strong coupling can be increased by collectively enhancement of the coupling.

Small discrete patterns in the data emerge from finite spectral resolution of the discrete Fourier

transformation applied to dipole trajectories of finite length.

for the small ensembles of neon atoms. The vibrational spectra for the cavity-coupled ensembles

are calculated in the harmonic approximation using numerical second derivatives of the cavity

Hartree-Fock energy. All calculations were performed in a reproducible environment using the

Nix package manager (nixpkgs, 22.11, commit 594ef126) in combination with NixOS-QChem

(commit f5dad404).18
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FIG. S2: Statistical evaluation of the electronic polarization ∆rn(t) = ⟨r̂n⟩λ −⟨r̂n⟩λ=0 of the n-th

molecule with respect to the bare molecule Shin-Metiu molecule in canonical equilibrium at

kBT = 0.5 [mH] for aligned molecules. The Rabi-splitting was kept constant when increasing the

number of molecules by choosing a re-scaled λα(N) = 0.256/
√

2N. By monitoring |∆rn| (blue

dots), we observe qualitatively similar results comparing with the random oriented molecules.

The simulations suggest a non-zero saturation of the cavity induced local polarizations in the

large N limit, where the standard deviations with respect to different molecules are displayed by

vertical blue lines. At the same time, the total polarization of the ensemble, which is related to

∆rn (black triangle), quickly approaches zero (exactly zero when averaging over longer

time-scales), since the cavity cannot induce a non-zero ensemble polarization in thermal

equilibrium. Consequently, our simulations suggest that cavity induced local strong coupling

effects persist in the thermodynamic limit (N → ∞) of a molecular ensemble under collective

vibrational strong coupling. In other words, the self-consistent treatment is decisive to describe

ground-state polaritonic chemistry accurately for collectively coupled molecular ensembles.

Supplementary simulation results for the vibrational absorption spectra of the molecular en-

sembles are shown in Fig. S3.

Local energy modifications for the ensembles of neon atoms are shown in Fig. S4. Since atoms

do not have a permanent dipole moment, the energy contribution of the cavity-induced photon

displacement D̂ and the dipole-dipole interaction term Vdd are exactly zero, see Fig. S4 b) and d).

Only the local cavity-induced polarization, see (Fig. S4 c), give rise to a non-zero contribution to

7



FIG. S3: Vibrational absorption spectra in the harmonic approximation for a few perfectly

parallel aligned HF molecules under collective vibrational strong coupling. The number of

molecules is color coded. The cavity is tuned to the first vibrational mode of the uncoupled HF

molecule at ωα = 20.35 [mH] (black vertical line) with unscaled coupling strength of a)

λ1 = 0.019 and b) λ1 = 0.039.

the locale energy (see Fig. S4 a)) for the investigated ensemble sizes. However, this contribution

decays with 1
N and is negligible in the large-N limit.
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