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Abstract

We study energy conditions for non-timelike massive thin shells in arbitrary
n(> 3) dimensions. It is shown that the induced energy-momentum tensor ¢,
on a shell ¥ is of the Hawking-Ellis type I if 3 is spacelike and either of type
I, II, or III if ¥ is null. Then, we derive simple equivalent representations of
the standard energy conditions for ¢,,. In particular, on a spacelike shell or
on a null shell with non-vanishing surface current, ¢,, inevitably violates the
dominant energy condition. Those fully general results are obtained without
imposing a spacetime symmetry and can be used in any theory of gravity.
Lastly, several applications of the main results are presented in general relativity
in four dimensions.
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1 Introduction

In gravitation physics, a massive thin shell ¥ is a junction hypersurface of two spacetimes on
which there is a non-vanishing induced energy-momentum tensor ¢,,. Possible embeddings
of ¥ in a given set of bulk spacetimes and the resulting ¢, are determined by the junction
conditions. The first junction conditions require that the induced metrics on both sides
of 3 are the same. Then, the second junction conditions relate ¢,, and the jump of the
extrinsic curvature (transverse curvature) of ¥ if ¥ is non-null (null). In general relativity,
the second junction conditions are derived from the Einstein equations and referred to as
the Israel junction conditions for non-null ¥ [I] and the Barrabes-Israel junction conditions
for null ¥ [2]. The Barrabes-Israel junction conditions have been reformulated by Poisson
to provide a simple characterization of the thin-shell energy-momentum tensor ¢, [3]. (The
junction conditions in general relativity are summarized in Sec. 3 in the textbook [4].)

In fact, in order to grasp the essence of general relativistic gravitational phenomena,
massive thin shells have been used to construct simple models in a very wide variety of
contexts. It is not possible to list all the papers, but examples of such phenomena are
gravitational collapse [5HS], growth of cosmic voids [9-11] and bubbles [12HI§], and brane
cosmology [19-23]. An exact model for the mass-inflation instability of the inner horizon
of a charged black hole has also been constructed using a null shell [24]. The junction
conditions have also been established in a large class of scalar-tensor theories of gravity
for non-null ¥ [2527] as well as for general ¥ [2§] and in Einstein-Gauss-Bonnet higher
curvature gravity for non-null ¥ [29,[30]. (See [31] for recent developments in the research
of junction conditions.)

For such a shell model to be physically reasonable, ¢,, induced on the shell should
satisfy at least some of the standard energy conditions [32,33]. (See [34] for a nice review
of the energy conditions.) In arbitrary n(> 3) dimensions, an energy-momentum tensor
T,, is classified into the four Hawking-Ellis types (three types for n = 2) [33/35-H38] and
equivalent representations of the standard energy conditions in terms of the orthonormal
components of 7}, in the canonical frame are available for each type [33,[39]. Even so,
finding the canonical orthonormal frame by local Lorentz transformations is often not easy.
Accordingly, we derived equivalent representations of the standard energy conditions in the
case where the orthonormal components of 7}, admit only a single off-diagonal “space-time”
component [40]. Relations between the first junction conditions and the energy conditions
were discussed in [4I] for a timelike ¥. If a shell ¥ is timelike, due to the Lorentzian
signature on X, the energy conditions for ¢,, induced on the shell have to be examined
in each case individually using those results. In contrast, if a shell is non-timelike, the
situation is drastically simplified. In this paper, we will present simple representations
of the standard energy conditions for ¢,, on a non-timelike ¥ embedding in an n(> 2)-
dimensional spacetime.



The present article is organized as follows. In the next section, after reviewing the
standard energy conditions, the Hawking-Ellis classification of an energy-momentum tensor,
and the junction conditions, we will present our main results. In Sec. 3 we will apply
the main results in several physical situations in general relativity in four dimensions.
Throughout this article, the signature of the Minkowski spacetime is (—,+,...,+), and
Greek indices run over all spacetime indices. Other types of indices will be specified in
the main text. We adopt the units such that ¢ = 1 and use k,, := 87, instead of the
n-dimensional gravitational constant G,. The conventions of curvature tensors such as
V,,V, V¥ =RtV and R, = R’ ..

2 Energy conditions for massive thin-shells

We follow the definitions and notations adopted in [33] for the energy conditions and the
Hawking-Ellis types. In n(> 2) dimensions, the standard energy conditions for an energy-
momentum tensor 7),, are stated as follows:

e Null energy condition (NEC): T,,k*k” > 0 for any null vector k*.
o Weak energy condition (WEC): T, v#v” > 0 for any timelike vector v*.

e Dominant energy condition (DEC): T,,v*v” > 0 and J,J* < 0 hold for any timelike
vector v, where J* := —T*" " is an energy-flux vector for an observer with its
tangent vector v¥.

e Strong energy condition (SEC): (TW — ﬁTgW) vvY > 0 for any timelike vector v*.
The SEC is defined only for n > 3 and it is equivalent to the timelike convergence condition
R,,v"v” > 0 for any timelike vector in general relativity without a cosmological constant.

We note that, although n > 3 is assumed in [33], the results there for the NEC, WEC, and
DEC are also valid for n = 2.

2.1 Hawking-Ellis types
An orthonormal frame is defined by a set of n orthonormal basis vectors {Efa)} (v =
0,1,---,n — 1) that satisfy

Eéla)E(ﬁ)u = Ma)(p) = diag(—1,1,---,1), (2.1)

which is equivalent to g,, = n(a)(g)Eﬁa)Eﬁﬁ ). The Minkowski metric M) () in the or-
thonormal frame and its inverse 7(®®) are respectively used to lower and raise the indices
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(a). Components of T, in the orthonormal frame are given by Tiu)p) = TWEé‘a)EE’B).
Orthonormal fram%)has a degree of( Bf)reedom provi(d;ed l()g; local Lorentz transformations
Eéla) — Eéla) = L(a) E?ﬁ), where L(a) satisfies L(a)ﬂy L(ﬁ) N6 = Mw)(B)- T(a)(g) behaves
as a scalar under a diffeomorphism and as a two-tensor under a local Lorentz transforma-
tion. We refer to such a mathematical object as a Lorentz-covariant tensor. According to

this terminology, a basis vector Eé‘a) is a Lorentz-covariant vector.

The Hawking-Ellis classification of T}, is performed according to the properties of
the Lorentz-invariant eigenvalues A\ and eigenvectors n* (or Lorentz-covariant eigenvectors

nl®) = Eﬁa)n“) that are determined by the following eigenvalue equations [32]33]:
T(a)(ﬁ)n(g) = An(a)(ﬁ)n(ﬁ) <~ T’Wn,, = )\g’“jnu. (2.2)
The characteristic equation to determine A is
det (T(Oé)(ﬁ) _ )\n(a)(ﬁ)) =0. (2.3)

Since n(a)n(a) = n,n* holds, a Lorentz-covariant vector n(@ is referred to as timelike,
spacelike, and null if n(a)n(a) is negative, positive, and zero, respectively.

In three or higher dimensions (n > 3), T}, is classified into four types as summarized in
Table [l [32,33]. In two dimensions (n = 2), T, is classified into type I, II, or IV. By local
Lorentz transformations, we can write each type of T(®®) in a canonical form and then
equivalent representations of the standard energy conditions are available [33].

Table 1: Eigenvectors of type-I-IV energy-momentum tensors.
‘ Type ‘ Figenvectors ‘

I 1 timelike, n — 1 spacelike
I | 1 null (doubly degenerated), n — 2 spacelike
II1 1 null (triply degenerated), n — 3 spacelike
1A 2 complex, n — 2 spacelike

Type I

The canonical form of type I is

T = diag(p, p1,p2, -+ Prt) (24)

for which the characteristic equation (2.3]) gives

A+p)(A=p1)---(A=pna) =0, (2.5)



so that the eigenvalues are A = {—p, p1, p2, - -+ , pn_1}. The eigenvector of A = —p is timelike
and other eigenvectors are spacelike. The standard energy conditions are equivalent to the
following inequalities:

NEC: p+p; >0 for i=1,2,--- ,n—1, (2.6)
WEC : p > 0 in addition to NEC, (2.7)
DEC: p—p; >0 for i=1,2,---,n— 1 in addition to WEC, (2.8)
SEC: (n—3)p+ Z;.:llpj > (0 in addition to NEC. (2.9)
Type 11
The canonical form of type II is
p+v v o o0 --- 0
v —p+v 0 O 0
0 0 po 0 - 0
()(B) — . .
r 0 0 0o . : (2.10)
: : Do .0
0 0 0 -+ 0 pp
with v # 0, for which the characteristic equation (2.3) gives
A+p)* (A =p2) -+~ (A =pn1) =0, (2.11)
so that the eigenvalues are A = {=p,p2,- -+ ,pn_1}. The Lorentz-covariant eigenvector
N(a) = k(a) of the doubly degenerate eigenvalue A = —p is null, while the Lorentz-covariant
eigenvectors n() = W) (¢ = 2,3,--- ,n — 1) of the eigenvalues A\ = p; are spacelike. k)
and w;(q) are given by
—1 0 0
1 0 0
_ 0 1 0
k(a) = 0 y  Woa) = 0 y Tty Wn—1(a) = 0 ) (212)
0 0 1
with which T(®®) can be written as
n—1
T@B) = @B _ ppl® 4 Z paw @, (2.13)
i=2



where néa)(ﬁ )= diag(—1,1,0,---,0). The standard energy conditions are equivalent to the

following inequalities:

NEC: v>0and p+p; >0 for 1 =23,--- ,n—1,

WEC : p > 0 in addition to NEC,

DEC: p—p; >0 for :=2,3,--- ,n—1 in addition to WEC,
SEC : (n—4)p—|-z;-:2lpj >0 in addition to NEC.

Type 111

The canonical form of type III is

p+v v ¢ 0 0 - 0
v —p+v ¢ 0 0 -+ 0
¢ ¢ —p 0 0 - 0
T(e)(B) — 0 0 0O ps 0 -+ 0 (2.18)
0 0 0 O :
: : N ()
0 0 0 0 -+ 0 ppa
with ¢ # 0, for which the characteristic equation (2.3]) gives
A+ (A =p3) - (A= pa—1) =0, (2.19)
so that the eigenvalues are A = {—p, p3, - -+, pn—1}. The eigenvector of the triply degenerate
eigenvalue A = —p is null and other eigenvectors are spacelike. Any type-III energy-

momentum tensor violates all the standard energy conditions.

We note that v in Eq. (2.I8) can be set to zero by local Lorentz transformations if and
only if ¢ is non-zero [39]. Nevertheless, the expression (2.I8) with non-vanishing v admits
a limit ¢ — 0 to type II and may be useful to identify a type-III energy-momentum tensor
in a given spacetime.

Type IV

The canonical form of type IV is

p v 0 0 0
v —p 0 0 0
0 0 p O 0
T()(B) — 00 0 (2.20)
. SO
0 0 O 0 pn



with v # 0, for which the characteristic equation (2.3) gives

[(A+p)2 + 2] (A—p2) -+ (A= pn_1) =0, (2.21)
so that the eigenvalues are A\ = {—p + iv, —p — iv,pa, -+ ,pp_1}. The eigenvectors of the
complex eigenvalues A = —p + iv are complex and other eigenvectors are spacelike. Any

type-IV energy-momentum tensor violates all the standard energy conditions.

We note that a canonical form of T(®®) in the textbook [32] is different from Eq. (Z.20).
However, the expression (2.20) may be more useful as pointed out in [39].

2.2 Energy-momentum tensor of massive thin-shells

For junction conditions, we follow the definitions and notations adopted in [28]. We consider
an (n— 1)-dimensional junction hypersurface ¥ between two n(> 2)-dimensional spacetime
regions (M, gt,) and (M_,g,,). The metric g, is expressed in the coordinates z/f on
(M, gffl,). In the following subsections, we identify an n-dimensional spacetime (M, g,,)
with the line element

ds? =g, (z)dz"dz” (2.22)

as (My,gf,) or (M_,g,,) and its boundary as 3. Suppose that ¥ is described by
®(z) =constant in the bulk spacetime ([2.22)). We set the same intrinsic coordinates y*
on both sides of ¥ and introduce the standard notation [X] defined by

[X]:= X+ — X", (2.23)

where X* are X'’s evaluated either on the + or — side of .

2.2.1 Non-null shell

Here we consider the case where X is non-null as shown in Fig.[Il A unit normal vector n*
to X is given by

eV,o
(egr°V , @V, D)1/2

(2.24)

n, =

and satisfies n*n, = ¢, where ¢ = 1 (—1) corresponds to the case where ¥ is a timelike
(spacelike) hypersurface. We choose n* to point from M_ to M.

In the bulk spacetime (M, g,,), X is described by z# = 2*(y) and the line element on
] is given by

ds% :hab(y)dy“dyb, (2.25)



(M,.g",)

n* (Z,h,)

(M.g",)

Figure 1: A non-null hypersurface ¥ partitions a spacetime into two regions M, and M _.

where the induced metric hy, on ¥ is defined by

oz
h, =g.cler, el = )
b(y) gM a’“b a 8ya

(2.26)

hay and its inverse h® are used to raise or lower Latin indices, respectively. A projection
tensor is defined by hy, := g, — en,n, which satisfies h,,n” = 0 and hy = hyele; (and
therefore R, = haelel). The extrinsic curvature (or the second fundamental form) K,
of ¥ and its trace are defined by

1
Ky =h b,V n, <E §£nhw) : (2.27)

K =g K,, = V,n", (2.28)

where £,, is the Lie derivative with respect to n#. K, is symmetric and tangent to ¥, so
that K,,n" = 0 holds.

The first junction conditions at > are given by
[hap] = 0, (2.29)

which means that the induced metric on ¥ is the same on both sides of ». Under the
first junction conditions, one obtains the second junction conditions from the gravitational
field equation that determine the induced energy-momentum tensor ¢, on X. t,, is
symmetric and tangent to X, so that ¢,,n” = 0 holds. In general relativity, the second
junction conditions are obtained from the Einstein equations G, + Ag,, = k,T),, and
referred to as the Israel junction conditions [I], which are given by

— e ([Kw] — hwlK]) = knt & —e([Kw — halK]) = Kntab, (2.30)

Independent second junction conditions may also be obtained from the field equations for matter fields
in the bulk spacetime M. (See [28] in the case of a scalar field.)



where Ky, := K ele), K = Kaph®, and ty, := tuweley. We wil use the following expression

Ko =(V,n,)ebey

_ Ko Tk TN
= —nue,, — I neley, (2.31)

where we have used n et = 0 at the last equality.

2.2.2 Null shell

Z, 0

an)

(M,.g",)

Figure 2: A null hypersurface ¥ partitions a spacetime into two regions M, and M _.

In the case where X is null, our convention is such that M _ is in the past of ¥ and M
is in the future as shown in Fig. 21 Since the unit normal vector (2.24]) cannot be used for
null ¥, we introduce a null vector k* defined by

= —VrD, (2.32)

which is tangent to the generators of . (See Sec. 3.1 in the textbook [4] for the proof.)
Here the minus sign is chosen so that k* is future-directed when ® increases toward the
future. We install intrinsic coordinates y* = (), 04) (A = 2,3,---,n — 1) on X, where \
is an arbitrary parameter on the null generators of ¥ and the other n — 2 coordinates 4
label the generators. A can be an affine parameter on one side of ¥ but it is in general not
possible on both sides of X.



The tangent vectors e/ := 0z*/0y® on each side of ¥ are naturally segregated into a
null vector k* that is tangent to the generators and spacelike vectors !y that point in the
directions transverse to the generators. k* and ¢’} are explicitly written as

o oz
H = “: e K = e
k' = el (a)\)eA, ely (891“)/\’ (2.33)

which satisty k*k, = 0 = k,e;. The line element on ¥ is
dsg = gueteydy’dy’ = o4pd0*do”, (2.34)
where the induced metric o045 on X is defined by
OB = Gueies. (2.35)
A basis is completed by adding a transverse null vector N* which satisfies
N,Nt =0, Nk'=-1, N, =0. (2.36)
The completeness relations of the basis are given as

g = —k'NY — NPEY + g4Behel, (2.37)

A

where 048 is the inverse of 0 45. The first junction conditions at ¥ are given by

loaB] =0, (2.38)

which means that the induced metric on ¥ is the same on both sides of X.

Since k* is not normal but tangent to the generators of ¥, we introduce the transverse
curvature Cy;, that properly represents the transverse derivative of the metric:

1
Cup = i(ﬁNgH,,)egeZ = (V,.N,)eley, (2.39)

where we have used that V,(N,e#) = 0 and an identity (V,e")e; = (V,e})el at the last
equality. The jump in the transverse curvature [Cy| is directly related to the induced
energy-momentum tensor t,, on .

In the reformulation by Poisson [3], one needs to introduce an arbitrary congruence of
timelike geodesics v that arbitrarily intersect X, of which unit tangent vector is u*, in
order to derive the expression of ¢,,. Each member of the congruence corresponds to the
world line of a geodesic observer that intersects ¥ and performs measurements there. The
congruence corresponds to a whole family of such observers and gives operational meaning
to the distributional character of ¢,,. We parametrize v by the proper time 7 such that
T=0at ¥ 7<0in M_, and 7 > 0 in M. Then, a displacement along a member of the
congruence is described by dz* = u*dr. Continuity of u* across X requires

[—u, k"] =0, [u,efy] =0, (2.40)
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while u, N* may be discontinuous across .

Then, under the first junction conditions (2.38]), one obtains the second junction condi-
tions from the gravitational field equations, which determine the induced energy-momentum
tensor t,, on X. Generally, t,, is obtained in the following form:

tu = (=kyu") 'S, (2.41)
where

S = pikuk, + jalkues + eﬁk,,) +paABeﬁef. (2.42)
Here 1, 74, and p are respectively interpreted as the shell’s surface density, surface current,
and isotropic surface pressure. Those quantities multiplied by (—k,u)~! are the quantities
that the geodesic observer corresponding to v measures. ¢,, is symmetric and tangent to X,
so that ¢, k” = 0 holds. In general relativity, the second junction conditions are obtained
from the Einstein equations G, + Ag,, = k,T,, and referred to as the Barrabés-Israel
gunction conditions [2,[3], which are given by

kit = =0 P[Cagl, kit = 0*P[Crgl,  ap = —[Ca]. (2.43)

2.3 Main results

Now we are ready to present our main results. If ¥ is timelike (¢ = 1), hyp, has the Lorentzian
signature and consequently the induced energy-momentum tensor t*/(= t%ete?) can be
any of the Hawking-Ellis types I through IV. In contrast, on a spacelike ¥ (¢ = —1), as
shown below, t*” is of type I and simple equivalent representations of the standard energy
conditions for t*¥ are available.

Proposition 1 An induced energy-momentum tensor t,, on a spacelike hypersurface ¥ is
of the Hawking-Ellis type I and a non-vanishing t,, violates the DEC. The NEC, WEC,
and SEC are all equivalent to that p; > 0 are satisfied for all i(=1,2,--- ,n— 1), where p;
are eigenvalues of the eigenvalue equations tgv® = Nhgpv?.

Proof: For e = —1, we can choose Eég) = n* and set t(q)p) = tWE(‘;)E(”b) (a,b=1,2,--- n—
1) be diagonal without loss of generality by using degrees of freedom to rotate the spacelike
basis vectors Eé; ) In this orthonormal frame, £(q)(g) is given in the form of the Hawking-Ellis
type I as t) s = diag(0,p1,pa, -+ ,pn—1) and the proposition follows from Egs. (2.6)—-
(Z9) because p; are eigenvalues of the eigenvalue equations t(a)(b)v(b) = Aé(a)(b)v(b). By

identifications E(‘; ) = ¢h/|el], the eigenvalue equations are written as tapv? = Ahgpo?, where

b b

v’ = vhe, is a vector on Y. m

11



Next, we consider the case where ¥ is null. The Hawking-Ellis type of ¢, and equivalent
representations of the standard energy conditions for ¢, are given as follows.

Proposition 2 Define J? for an induced energy-momentum tensor t,, in the most general
form (2.41]) on a null hypersurface ¥ by

J? = jajpot®. (2.44)

Fort,,, the Hawking-Ellis type and equivalent representations of the standard energy con-
ditions are as shown in the following table.

Hawking-Ellis type | NEC, WEC, SEC DEC
J=0 II w>0,p>0 nw>0,p=0
J#0,p=0 11 violated violated
Jp #0, J? # up 11 up > J?, p>0 violated
Jp#0, J? = pup I p>0 violated

Proof. We introduce orthonormal basis vectors Eé‘a) at the location of ¥ such that a timelike
basis vector E&)) and a spacelike basis vector Eﬁ) are given by

{“ = (b +N/V2 {k—w — B{y)/V2

Bl = (—k# + N) /2 N = (B 4 BV (2.45)

If 5 Aef} is non-vanishing, using degrees of freedom to rotate the spacelike basis vectors Eé;)

(i=2,3,---,n—1), we can set E, ) point the direction of ]A6 such that ]Ae = —JE,q
without loss of generality, where J satisfies Eq. ([2.44). If j Ae is Vanlshmg (and then
J? =0), we don’t specify the direction of E, ). Now Eq. (242) is written as

1 1
puy o __ [ 0 |20 » 2
S —QM(E(O) E(l))(E(O) E(1)) \/5
1
S (B

5 (Eto) = By (E(o) + Efyy) +

—J|(E"

" v I v v
ty — E6)) By + Ely (Ely — Ety)|

v 1 v v

2

where we have used Eq. (Z37). Then, we obtain orthonormal components of the induced
energy-momentum tensor ([Z41)) as t®) = (—k,u")~1S@@ where

w/2 w2 J/NV2 0 0 0
w/2 w2 J/N2 0 0 0
JIN2 JV2 p 00 0
§@)B) . 0 0 0 p 0 0 (2.47)
0 0 0 0
: . - 0
0 0 0 0 - 0 p
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Since the factor (—k,u)™" is positive, the Hawking-Ellis types and the energy conditions
for t®) and S@®) are the same.

For J = 0, S®®) is in the canonical type II form (ZI0) with v = /2, p = 0, and

P2 =p3 =---=pnp_1 = p. Then, the standard energy conditions are equivalent to
NEC, WEC, SEC: g >0and p >0, (2.48)
DEC: p>0and p=0 (2.49)

by Eqs. (214)-@2I7). For J # 0 with p = 0, S® is in the canonical type-III form (ZIg)
with v = u/2, p = 0, and ¢ = J/v/2, and then all the standard energy conditions are
violated. Hereafter we assume Jp # 0.

The characteristic equation of the eigenvalue equations gives A\2(A — p)"~2 = 0 and
hence the eigenvalues are A = {0,p}. For the eigenvalue A\ = p(# 0), the corresponding
n — 2 Lorentz-covariant eigenvectors are spacelike and their normalized forms are given by

Na) = {Wiw } (i =2,3,---,n— 1), where
J/(v2p) 0 0
—J/(V2p) 0 0
W(a) = 0 ) U)3(a) = 1 , y Wn—1(a) = 0 (250)
0 0 1
Comparing
n—1
G(@)(8) _ Z pw©@p®
=2
(up—J*)/(2p) (up—J*)/(2p) 0 0 0 0
(up = J*)/(2p) (up—J*)/(2p) 0 0 O 0
0 0 00 0 0
0 000 0 (2.51)
0 0 0 :
: : T .0
0 0 00 0 0

with Eqs. (Z10) and (ZI3), we find that S is of type II for up # J? and of type
I for up = J?. For up # J?, the canonical form of S®®) is given by Eq. (ZI0) with
v=(uwp—J*/(2p), p=0, and po = p3 = -++ = p,_y = p. Then, by Eqs. 214)-Z17),
the NEC, WEC, and SEC are equivalent to up > J? and p > 0, while the DEC is violated.
For pup = J?, the canonical form of S(®®) is given by Eq. (2.4) with p = 0, p; = 0, and
po = p3 = -+ = pp_1 = p. Then, by Eqgs. (2.6)-(2.9), the NEC, WEC, and SEC are
equivalent to p > 0, while the DEC is violated. g
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3 Applications in general relativity in four dimensions

Propositions[land [2in the previous section are the main results in the present paper. With-
out imposing a spacetime symmetry, we have shown that the induced energy-momentum
tensor ¢,, on a shell ¥ is of the Hawking-Ellis type I if ¥ is spacelike and either of type
I, II, or IIT if ¥ is null. Then, we have derived equivalent representations of the standard
energy conditions for ¢,,. In particular, on a spacelike shell or on a null shell with non-
vanishing surface current, ¢, inevitably violates the DEC. Those fully general results have
been obtained without imposing a spacetime symmetry and can be used in any theory
of gravity. In this section, as a demonstration, we apply Propositions [Il and Pl to several
physical situations in general relativity in four dimensions (n = 4).

3.1 Shells in the Schwarzschild spacetime
3.1.1 Black bounce with a spacelike shell

As the first application, we consider a spacelike massive thin shell constructed by gluing
two Schwarzschild bulk spacetimes. We write the bulk metric in the diagonal coordinates
= (t,r,0,0) as

ds® = g datda” = —f(r)dt® + f(r)"'dr? + rPyapdz?dz?, (3.1)
2M
f(r)y:=1- - vapdz?dz? = d6? + sin® 0de?, (3.2)

where M is a positive mass parameter and z4(A = 2, 3) are coordinates on the unit two-
sphere S2. Let ry be a constant satisfying 0 < ry < 2M and consider two spacetimes
which are described by the metric (8.1I) with the same positive mass M and defined in the
domain r > rg. We glue them at a spacelike hypersurface ¥ described by r = ry. In the
resulting spacetime, the big bounce occurs at a spacelike bounce hypersurface ¥ inside the
event horizon of a black hole as shown in Fig. Bl Such a spacetime is referred to as a black
bounce. Our model is a thin-shell version of the Simpson-Visser black-bounce model [42],
in which the metric is analytic everywhere. We will show that all the standard energy
conditions are violated on ..

As seen from M, the unit normal one-form to ¥ is given by
+ o 1
nyda! = —————=dr. (3.3)
—f(ro)

Note that the timelike vector n* = (0,+/—f(70),0,0) points an increasing direction of r,
which is consistent with the assumption in Sec. .21l that n* points from M_ to M. The
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(M,.g",) I

- 1 r
E v’

r=ro(<2M)

III

(M,.g",)

Figure 3: A Penrose diagram of the thin-shell black-bounce spacetime constructed by gluing
two identical Schwarzschild spacetimes at a spacelike hypersurface r = ro(< 2M).

induced metric hg, on the spacelike ¥ is given by
sy, = hap(y)dy*dy’ = — f(ro)dt* + riyapdz"dz" (3.4)

where a = 1,2, 3 and we have identified y! = t and y* = 2. Since ro = 2M is the same
on both sides of ¥, the first junction conditions [h,] = 0 are satisfied.

Using Eq. (2.31) with Eq. (8.3) and

0 0 0 0
n_— - = 3.5
o T o Aoxn T 0A (3:5)
we obtain non-zero components of K, as seen from M, as
1
K== 5V e Kl =/~ Fralen (3.
which give
/ /=T
Kt = KLh? = (— / + f) : (3.7)
2v/—f r r—ro

where a prime denotes differentiation with respect to r. As seen from M_, the unit normal

is given by
1
n,dz" = ———=dr (3.8)
—f(ro)
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instead of Eq. (8.3]), which points a decreasing direction of r. As a result, K, as seen from
M_ is given by K, = —K,.

Then, the Israel junction conditions (2.30) with ¢ = —1 give
K4tab = 2(K;;) — habK+), (39)

of which non-zero components are given by

4(—£)3/? r(rf'+2
ty = — % T:TOIZ A, tap = (mfi ,_—ff)’YAB T:m:i A2YAB- (3.10)
Eigenvalues of 40" = Ahgv® are given by A = {p1, p»}, where
4/ — rf 42
p1Li=— / ; D2 = 2/ : (3.11)
KqT r=rg R4Ty _f r=rg

Since p; is negative, all the standard energy conditions are violated on > by Proposition [1l

3.1.2 Lightlike impulse as a null shell

Next, we study the energy conditions of a lightlike impulse in the Schwarzschild spacetime
as a null shell, which has been studied in [2[3]. We write the bulk metric in the single-null
coordinates (v, 7, 24) as

ds? :guydx“dx’j = —f(T‘)dU2 + 2edvdr + Tz’)/ABdZAdZB, (3-12)

where f(r) and y4p are defined by Eq. (8.2) and ¢ = £1. Non-zero components of the
inverse metric are given by

gvv — 0’ gvr =, grr — f> gAB — 7’_2’7AB, (313)

where 74P is the inverse of y45. For a given €, we consider a spacetime described by the
metric (3.12) with M = M, (M_) defined in the domain v > (<)vy as M (M_), where vy
is a constant. We glue them at a null hypersurface ¥ defined by v = vy and the resulting
spacetime describes a lightlike impulse in the Schwarzschild spacetime as shown in Fig. [l
We will derive the equivalent inequalities to the standard energy conditions on ..

The null vector k* = —g"”V, v tangent to the null generators of ¥ is given by
0 0
P — e 3.14
Oxk “or’ (3.14)
which satisfies k,k* = 0 and k”V,k* = 0. Hence, k" is parametrized by an affine parameter
A. By k" = dr/d\ = —¢, we identify —er with A. Since z? are constant along the
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(a)

(M.g",)

(M,.9",)
u Z
M ( .7\/1 .g _uv)

Figure 4: Penrose diagrams of the Schwarzschild spacetime with a lightlike impulse as a
null shell for (a) e = 1 with M, > M_ and (b) e = —1 with M, < M_. These shells satisfy
all the standard energy conditions.

(b)
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generators, we install coordinates 3% = (), %) on ¥ such that A = —er and 64 = 4. Now

the parametric equations z# = z#(), 64) describing ¥ are v = vy, r = —e), and 24 = 64,
where 64 label the generators of . e/ := da#/dy® are given by
0 0 0 0
H_Z kT w7
Nowr ~ b dzr’ “Agun ~ 924 (3.15)
By Eq. (2:34), the induced metric on X is given by
ds? = 0,43d02d0P = N2y, pdzAd2". (3.16)

Since 045 is independent from M., the first junction conditions [oap] = 0 are satisfied.

The transverse null vector N* completing the basis is given by

0 o 1,0
N — 4 Zef . 1
dxt v * 2 or (3.17)
The expression N,dz* = —(f/2)dv + edr shows N,N* = 0, N,k = —1, and N,¢/} =
0. Then, by Eq. (2:39), nonvanishing components of the transverse curvature of ¥ are
computed to give

1
Cap = §erf7AB (3.18)
r=—eA
Now we have [Cy,] = [C\a] = 0 and
1
[Can] :§€7°(f+ — f-)vaB = —e(My — M_)vag. (3.19)
r=—€eA
Then, the Barrabes-Israel junction conditions ([Z.43) give p = 0, j4 = 0, and
2¢(My — M_)
- F =7 .2
e (3.20)

Asp = 0and J = 0 are satisfied, t** on X is of the Hawking-Ellis type II and all the standard
energy conditions are satisfied (violated) for e(M, — M_) > (<)0 by Proposition 2.

3.1.3 Accretion of a slowly-rotating null shell

As the third application, we consider a situation that a slowly-rotating null shell is collaps-
ing in the Schwarzschild spacetime with its mass M — m. This system has been studied
in [3]. The past (or interior) spacetime M_ of the shell is described by the Schwarzschild
spacetime metric

ds? = —F(r)d* + F(r)~'dr? + r*(d6?* + sin? dy?), (3.21)

(3.22)
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in the coordinates =" = (t,r,0, ), where M and m are constant. The future (or exterior)
spacetime M is described by the slowly rotating Kerr metric:

ds? = —f(r)dt*> + f(r)"'dr? + r*(d6* + sin® 0d¢®) — Ma 2 fdtde, 52
3.23

oM

fr)=1- -

in the coordinates =%, = (¢,7,6, ¢), where a is a rotation parameter. Non-zero components
of the inverse metric on M are

4
tt_ r th _ _ 2Mar 3.24

g rif + 4M2a2sin? g’ g rif + 4M2a?sin? @’ (3:24)
rTr — rzf

gr=1f ¢ =r7 g¥= (3.25)

sin? 0(rtf + 4M2a?sin” )’

The metric (323) is a solution to the vacuum Einstein equations in the slow-rotation
approximation, in which we consider up to the linear order of a. We will show that,
due to the ambiguity to define a null vector, one cannot obtain a definite conclusion on
the Hawking-Ellis type of the shell and the energy conditions for the null shell in this
approximation.

On M, we define v = v(t,r) and r, = r.(r) by

vi=1+ 7y, (3.26)
—7“—|—2M1n——1‘( /f 1dr) (3.27)
and let X be a hypersurface described by v = vy =constant. A vector k* = —g"'V v is
given by
Mi:_gttﬁ_ﬁ_gwﬁ
oxH ot Or 0¢
2M
~f~ 1——3+ a9 (3.28)

ot Or ' r3f 0

which satisfies

4M?a?sin? 0
k k" = ~ 0 3.29
: f(rif + 4M2a? sin? 0) ’ (3:29)
A 0 AMPa*sin®012r° f2 + f/(r'f + 2MPa®sin®0)] &
Ozt f(rif + 4M2a? sin? 0)2 or

N AM?*a*r? sin @ cos @ g
(1 + AM2a? sin2 6)2 00

~ 0. (3.30)
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Hence, k* is null and affinely parametrized in the slow-rotation approximation. In this
approximation, ¥ is a null hypersurface and k* is tangent to the null generators of . By
k" = —1 and kY = 0, the generators are affinely parametrized by A = —r and @ is constant
on each generator.

On M, we also define ¢ = ¥ (r, ¢) by
a
¢::¢+;(1+—lnf). (3.31)
Along generators of ¥, we have
s — (3.32)

which is integrated to give

¢—¢02—%(1+ﬁlnf), (3.33)

where ¢ is an integration constant. Therefore, 1) defined by Eq. (8:31]) is constant on
the generators of ¥ in the slow-rotation approximation. Thus, we install coordinates y* =
(A, 04) on X, where 04 = (0,1). Now the parametric equations z# = z#(\,64) describing
Y as seen from M, are

A

t=—r.(—=A) + v, r= -\, 0=290, ¢:¢+§<1—mlnf(—)\)). (3.34)

Then, e/ := Jx#/Jy® are given by
0 0

— LM

0 0
I . 1% _
oo Yom g Yo 09 (3.35)

n
e [
A Dt

which satisfy k,k* ~ 0 and k, e/, = 0. By Eq. (Z34), the induced metric on ¥ is given by
ds? = 0,4d02d05 = N*(d6? + sin? Ody?). (3.36)

The transverse vector N* completing the basis in the slow-rotation approximation is given
by

N, dat = %(— fdt + dr), (3.37)

which satisfy N,k* = —1, N,e/y =0, and

fM?a®sin®0 0
rif +4M2a%sin?0

N,N* = (3.38)
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From Eq. (2.39), the transverse curvature of ¥ is computed to give

o :4M2a2 sin? 0[3r3 f2 + f'(r*f + M%a®sin? 0)] ~0 (3.39)
A\ f(rtf + 4M2a? sin? §)2 r—
2M?a*r* f sin 6 cos 0
+ . ~Y
2N (r*f + 4M?a? sin® 6)? T:_A_ 0, 340
. 3Mar*fsin®6 N 3Masin® 0 341
N aMPa? s |, 2 | o
1 1
Cin=3f| +  Cly=grfsin’0 .
re——2X\ r=—A>\

We can obtain the results on M_ by replacing such that M — M — m, a — 0, and
(t,¢) — (£, ). Thus, as seen from M_, we have ds?_ = 0,pd04d6P and

_ _ _ _ F

3.43
4 , (3.43)

r=—>\

where 045 is given by Eq. (3.30), so that the first junction conditions [0 45| = 0 are satisfied.
Then, using the Barrabes-Israel junction conditions (2.43]) and

3Masin®6 m
(O] = [Ch =0, Oyl = ——5— : [Cag] = ——0as . (3.44)
r r=—2>\ r r=—A>A
we obtain
2m 0 4 3Ma
—— =0, =220 p=o. 3.45
AL J ’ J K\t P (3.45)

Since we have p = 0 and J # 0, the energy-momentum tensor t,, on the shell ¥ is of the
Hawking-Ellis type III and violates all the standard energy conditions by Proposition

However, this conclusion under the slow-rotation approximation cannot be definite as
shown below. Now t,, on the shell X is given by

1 =(—kpu") " [k R+ 5 (el + el k)] (3.46)
This t*” can be written in the slow-rotation approximation as
t :(—knu”)_l,uﬁ“ﬁ”, (3.47)
p p J* p

where components of ¢ in the coordinates (t,7,0, ¢) are given by

2Ma 3Ma)

7 T 2me (349)

o~ (.f_la _1aO>

r=—A>\
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Since ¢,0" ~ 0 is satisfied, ¢* is null in the slow-rotation approximation. As a consequence,
t* in the form of Eq. (8.47) is of the Hawking-Ellis type II and all the standard energy
conditions are satisfied (violated) for i > (<)0 by Proposition[2in spite that ¢** in the form
of Eq. (840) is of type III and all the standard energy conditions are inevitably violated.
Hence, due to the ambiguity to define a null vector, one cannot obtain a definite conclusion
on the Hawking-Ellis type of ¢, and the energy conditions on Y. To avoid this problem,
higher-order effects of the rotation parameter a must be taken into account. We will see
in the next subsection how the result in the full-order analysis is different from the one in
the slow-rotation approximation.

3.2 Cylindrically symmetric rotating null shell

As the fourth application, we consider a rotating cylindrically symmetric null shell col-
lapsing in the Minkowski spacetime. The past (or interior) spacetime M _ of the shell is
described by the Minkowski metric

ds? = —dt? + dp? + p?dy? + d2? (3.50)

in the cylindrical coordinates 2" = (¢, p, ¢, z). The future (or exterior) spacetime M of
the shell is described by the following locally flat metric

dst = —(dT + md®)* + C*dr® + r*d®” + dz* (3.51)

in the coordinates zt = (T,r, ®,z), where C(> 0) and m are constants. Non-vanishing
components of the inverse metric on M, are

rT—m m rr — — 2z
g = =g g7 =0 =T = (3.52)

Non-vanishing components of the Levi-Civitd connection on M are

m r

1 r
FZCP = _?7 F?@ = ;7 0 — _@ (353)

The exterior metric (B.51)) describes a spinning cosmic string [43,44] and admits a closed
timelike curve in the region r < |m| where v#(9/0z") = 0/0® is timelike.

The dynamics of a massive thin-shell ¥ as a matching hypersurface between M _ and
M has been investigated for timelike 3 in [45] and for null ¥ in [46]. Here we follow the

argument in [46] in more detail.

In order to identify the description of the null shell ¥, we first study the most general
affinely parametrized ingoing null geodesic « described by zf = 2//()\) with an affine
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parameter A in the exterior spacetime M, of which tangent vector is given by k(=
da!) /dX). Since the exterior spacetime (.51 admits the following Killing vectors

0 0 0 0 0 0

& Oxr 0T’ &2 ozt O’ & ozt 0z’ (3:54)
there are three conserved quantities E = —k, &}, K = k,&, and V, := k,&§ along v,
which give
E(r? —m?) —mK EF+K
T — (7‘ mz) m ’ ke — m :‘ ’ K=V, (3‘55)
r r

We assume E > 0 so that v is future directed in a far region r — oco. Then, the null
condition ds? = 0 along v with Eq. (355]) gives the following master equation for r(\):

dr 2 (E2 o ‘/;2)(7,2 o bz) i dr \/(EQ _ \/22)(7“2 _ b2)
(ﬁ) B C2r? - R= dx Cr ’ (3:56)
where the minus sign is taken for ingoing +v and b is defined by
bo— E4+mE (3.57)

for E? # V2. The master equation (3.56) requires E? — V2 > 0 and shows that r = [b| is
the turning radius. The general solution of the master equation for E? # V2 is given by

r2 _ ph2

E2—V2
E2_Vz2

A — >\0 =-C — T(>\)2 = C2 z (>\ - )‘0)2 + bzv (358)

where )\g is an integration constant and A = )y corresponds to the turning radius r = b. The
null geodesic 7 enters the region with closed timelike curves for |b| < |m|, or equivalently

|K +mE| < |m|\/E? - V2.
Using Egs. (8:55) and (3.56), we obtain

ar _ _C(Er® —mby/E? — V) (3.50)
N e E el

dod bC
& R 350
& Lo (3.61)
dr (B2 - V2)(r? - b?) .
along v. We define three functions as
v(T,r) =T+ r.(r), V(D7) =D+ 1e(r), Z(z,r) =z +1r,(r), (3.62)
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where
re(Ee —mb\/m -
ro(r) ._/ r\/ E?2—V2)(r? —62) " (3.63)
bC
’l“q>(’r’) = m

/ VeCr dr, (3.65)
\/ E2 — r2 _ 62)

and then v, ¥, and Z are constant along ~y by Egs. (359)-(B.61). By coordinate trans-
formations T' = v — 7.(r), ® = ¥ —re(r), and z = Z — r,(r), the exterior metric (B.51))
becomes

(3.64)

2CE
ds? = — du (dv — CEr dr + 2md¢)
V(B2 =V2)(r? = b?)
B 2CKr drdy — 2V.Cr drd”
VBV B
+ (r* — m?*)dy? + d2? (3.66)
in the coordinates (v, r, 1, Z). Now we consider a hypersurface given by v = vy =constant.
Its normal vector [, dz* = —(V,v)dz" = —dv satisfies
2002 _ m2) 4+ K2
= g — Ve ) F (3.67)

(K +mE)? — (E? = V2)r?
and therefore v = vg is a null hypersurface for K =V, = 0.
Hence, we identify k* with K = 0 and V, = 0 (and then b = m and Z = z) as the

tangent vector to the generators of the null shell ¥ described by v = vg. Then, the exterior
metric (351 and k* are given in the coordinates (v, 7,1, z) as

2Cr
ds? = —dv (dv - \/%dr + 2md¢) (r* — m?)dy? + d2?, (3.68)
o EE—m 0
R = (3.69)

Since Y and z(= Z) are constant along the generators, we shall install intrinsic coordinates
= (A, 04) on X as 04 = (1, 2), where A = \(r) is given by Eq. [3.58) with V., = 0 and
b = m. Then, e/ := da*/dy* are given by

0 0 0 0 0 0
H_Z = ]{j'u'— H_Z = — H_— - .
Dorr ~ Vo Do oy o 0z (3.70)
which satisty k,k* = 0 and k,e/; = 0. The induced metric on ¥ is given by

_B?
dsy, = 045d04d0P =(r* — m?)|sdy? + d2? =

=75 (A — Xo)2dy? + d22. (3.71)
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The transverse null vector completing the basis is given by

r? Cr
Ndat = ————dv + ———=d 3.72
pdT 2E(’r‘2—m2) U+Em T, ( )
which satisfies N,N* = 0, N,k* = —1, and N,e/y = 0. Then, from Eq. ([2.39), non-
vanishing components of the transverse curvature of . are computed to give

m

+ O+ = — _
Cw —wa— E_ E(—X)

m
C\/r?2 —m?

2 1 E? 9 9
E——ﬁﬂxsg{a“—%>+m}

(3.73)

r
o+ —
Y 9BC/rE — m?2

By setting m = 0 and C = 1 and replacing (7, r, ®) by (¢, p, ¢), we can obtain the results
on M_ described by the flat metric (3.50). Equation (3.58) with V, =0 and b = 0 gives

p=—E(\— ), (3.74)

where we have used the same A and A as those in M, without loss of generality by an
affine transformation A — a\ +b. E is a constant related to the conserved quantity along
a null generator of ¥ associated with the Killing vector £#(0/0x#") = 0/0t. As seen from
M_, X\ = )¢ corresponds to the axis of symmetry p = 0. From Egs. (8.71), we obtain the
induced metric on Y as

ds2_ = 077,d04d05 =p?|sdy® + d2® = E*(A — Ag)2dep® + d22. (3.75)

From Eq. (B.73)), we obtain the transverse curvature of ¥ as

_ _ _ p 1
C)ﬂ/’ - Cd})\ = O, wa = ﬁ 2: —5()\ — >\0) (376)

By the first junction conditions [c45] = 0, we obtain

_F
E=—. 3.77
z (3.77)
Then, using the Barrabes-Israel junction conditions (2.43]) and
m
pumy pu— =  -———-::: 3-78
(O] =0, [Ch] = [Cyi O — ) (3.78)
1 E*(1-C?%
. A= Xo)? +m? .
Conl = ~gmmr = | g~ M (3.79)
we obtain
E2(1 — C2)(\ — \a)2 22 2
FUZC)A A A m ey me , J7=0, p=0. (380
2H4E4(>\ — )\0)3 K4E3()‘ o >\0>3



Using A — A\g = —Cv/r2 —m?/E from Eq. (858]), we can write those quantities in terms of
T as
(C?—1)r? — C*m? - m
= ) ] = )
264 EC(1r2 —m?)3/2 |, kaC(r2 —m?2)3/2 |,

75 =0, p=0. (3.81)

This result is consistent with the one in [46], in which E = 1 is assumed. Since we have
p = 0 and J # 0, the induced energy-momentum tensor t,, on the null shell is of the
Hawking-Ellis type III and violates all the standard energy conditions by Proposition

Our result is conclusive because we have not used any approximation. t,, on the shell
is now given by

B = (=) " [k R+ GO (ke + k). (3.82)

For our interest, let us see what happens in the slow-rotation approximation up to the
linear order of m/r. In this approximation, Eq. (8:.82)) can be written as

o~ (—kyu) T e, (3.83)

o=k et (3.84)

The components of ¢# in the coordinates (v, 7,1, z) are

o 0 __E\/rz—m2g+ 2mkE K
oxk Cr ar  (C?2—1r2—C2m2 oy

(3.85)

and its squared norm is given by

4m2E?(r* —m?)

[(C2 _ 1)7’2 _ C2m2]2

0,0 = ~ 0. (3.86)

Since ¢* is null in the slow-rotation approximation, one could misunderstand from Eq. (3.83)
that t*” is of the Hawking-Ellis type II and all the standard energy conditions are satisfied
(violated) for p > (<)0. Of course, it is a wrong conclusion caused by the approximation.

3.3 Cosmological phase transition

As the last application, this subsection considers a sudden transition of the universe from
the anisotropic Bianchi I expansion to the isotropic flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) expansion. We consider the past spacetime M _ described by the following
Bianchi-I metric

ds? = —dt* + a(t)*(dz?® + dy?) + d2* (3.87)
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in the coordinates z = (t,z,y,2_) and the future spacetime M described by the flat
FLRW metric

ds} = —dt? + a(t)*(de” + dy® + d23) (3.88)

in the coordinates !} = (¢, z,y, z;) with the same scale factor a(t). We assume that the
scale factor a(t) is the same both in M_ and M as a solution to the Einstein equations
G + Agu = k4T, As the Einstein tensor in M_ and M are given by

@ a4 a4+ 2ad
G- =diag| ——,——,—,——5— |, 3.89
- = ding (55,2, -2, ) (3.89)
, 3a2  a*+2ad  a®+2ad  a®+ 2ad
GHV‘+ = dlag(_—gv - 2 T 2 y 2 )7 (390)
a a a a

the matter fields in M_ and M are different. In [3], the author assumed a(t) = (t/t,)"/?
and A = 0, where t; is a constant. Then, we have

1111
Gl = diag[ ——, —. — — ), 3.91
| lag( A7 42 42 4t2) (3:91)

3 01 1 1
Gry |, = diag( ——, — — — . 3.92
+ 1ag( 42 42 4 4t2) (3.92)

In this case, a matter field in M_ may be a stiff fluid, namely a perfect fluid obeying an
equation of state p = p, while a matter field in M, may be a radiation fluid, namely a
perfect fluid obeying an equation of state p = p/3. Hereafter we keep a(t) arbitrary.

3.3.1 Transition at spacelike ¥

First, we consider the case where the transition occurs at a spacelike hypersurface ¥ given
by t = ty =constant both on M_ and M and then the first junction conditions require
a(ty)? = 1. The induced metric on ¥ is given by

ds? = hgdy®dy® = da? + dy? + d2?, (3.93)

where we have installed intrinsic coordinates y* = (z,y, z) on ¥ and the parametric equa-
tions z# = x#(y®) describing ¥ are given by

t=ty, z=2x, y=vy, z_=2z on M_, (3.94)
t=ty, z=2x, y=vy, zy=2 on M,. (3.95)

The unit normal vector n* to X is given by

0 0
n = _ 2
nto— r (3.96)
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both on M_ and M. Note that the timelike vector n* points in an increasing direction
of t, which is consistent with the assumption in Sec. 2.2.1] that n* points from M_ to M.

Using e/ = ¢* in Eq. (Z.31]), we obtain K,, = I'?, and therefore non-zero components of
K on M_ and M are given by

K., = K, = adfi—,, (3.97)

KL:KZL:K;:CLC”t:tO, 98)
which give
o; 2
K- =K p*==2 | Kt=Kipt="2 (3.99)
a fi—t, a |i—¢,
Thus, [K,] admits only a single non-zero component [K,,] = ad|i—,. From the Israel
junction conditions (2.30) with ¢ = —1 and [K| = a/ali~,, we obtain non-zero components
of t,, as
Katpw = Katyy = —aa|i—y,. (3.100)

Since eigenvalues of 0" = Ahgo? are given by A = {0, —a/(k4a)|i=, }, the DEC is violated
and the NEC, WEC, and SEC are satisfied (violated) for @ < (>)0 by Proposition [l

3.3.2 Transition at null X

Next, we consider the case where the transition occurs at a null hypersurface . The
system with a(t) = (t/ty)"/? and A = 0 has been studied in [3] as a simplified version of
the example in [47], however, it contains an error that changes the conclusion.

As seen from M _, we describe the transition null hypersurface ¥ by t — z_ =constant.
The null vector k* = —g"'V,(t — 2z_) is computed to give

- — _
k " ; + Z_, (3101)

which satisfies k*V, k" = 0. Hence, k* is tangent to the null generators of ¥ which are
parametrized by an affine parameter A\. By k' = 1, ¢ is an affine parameter on this side of 3.
Since = and y are constant on the generators, we install intrinsic coordinates y* = (), §4)
on ¥ as A =t and 64 = (z,y), and then e/ := 92" /dy® are given by

=k, et = (3.102)

which satisfies k,efy = 0 and g,,efjely = a*64p. From Eq. (234), we obtain the induced
metric on X as

ds?_ = 0,5d04d0° = a(\)*(da? + dy?). (3.103)
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The transverse null vector completing the basis is given by
1
N, dz" = —§(dt +dz_), (3.104)

which satisfies N,N* = 0, N,k* = —1, and N,e/; = 0. From Eq. (2339), non-vanishing
components of the transverse curvature of ¥ are computed to give
crp = Lo (3.105)
= —0 .
AB 2a AB t:)\’

where a dot denotes differentiation with respect to t.

As seen from M., we describe ¥ by [a~'df — z; =constant, which is obtained by
integrating dt = a(t)dz;. The null vector k* = —¢"'V, ([ a~'dt — z;) tangent to the null
generators of X is given b

Br— =a'= +a?—, (3.106)

which satisfies k*V , k* = 0. Hence, the null generators of 3 are parametrized by an affine
parameter \ also on this side of ¥. However, t is not an affine parameter on this side and
k' = dt/dX\ = a(t)~! is integrated to give A = [adt. We write the inverse function of
A = [adt as t = t;(N\). Since z and y are constant on the generators, we install intrinsic
coordinates y* = (\,04) on ¥ as A = [adt and 6 = (z,y), and then e := dz#/dy* are
given by

=kt el =0, (3.107)

which satisfies k,efy = 0 and g,,eliely = a*dap. From Eq. (234), we obtain the induced

metric on X as
dst, = 04pd02d0” = a(t)?|i—, (v (dz® + dy?). (3.108)

Since the coordinate ¢ is the same on M_ and M., the first junction conditions [c45] = 0
are satisfied. The transverse vector completing the basis is

1
N, da" = —§(adt +a’dzy), (3.109)
which satisfies N,N* = 0, N,k* = —1, and N,e/; = 0. From Eq. (Z339), non-vanishing
components of the transverse curvature of ¥ are computed to give
1

t=t1(A)

2In [3], k* is erroneously identified as k#9/dz* = §/0t+a~10/0z,, which affects the following argument.
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The jump of the transverse curvature at X is obtained in terms of ¢ as

1/. a a 1
(O] = [Cas] =0, [Capl = 5 <a|t:t+(>\) . tﬂ) oAB =5 <1 - E)O'AB, (3.111)

where oap = 0/ z(= 0,5). Then, the Barrabes-Israel junction conditions (243)) give

a

1
/£4u:—d<1——), A=0, p=0. (3.112)

As we have ;1 # 0, p = J = 0, the induced energy-momentum tensor ¢,, on the null shell is
of the Hawking-Ellis type II and all the standard energy conditions are satisfied (violated)
for a(1 —a™') < (>)0 by Proposition 2l Thus, in the expanding universe with @ > 0, such
a phase transition of the cosmic expansion at null X is possible without violating any of
the standard energy conditions if it occurs in the early stages of the universe where a < 1
holds.
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