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Abstract

We compute the conformal anomalies for some higher-derivative (non-unitary) 6d Weyl in-
variant theories using the heat-kernel expansion in the background-field method. To this
aim we obtain the general expression for the Seeley-DeWitt coefficient bg for four-derivative
differential operators with background curved geometry and gauge fields, which was known
only in flat space so far. We consider four-derivative scalars and abelian vectors as well
as three-derivative fermions, confirming the result of the literature obtained via indirect
methods. We generalise the vector case by including the curvature coupling F'F'Weyl.
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1 Introduction

The calculation of conformal anomalies for six-dimensional theories has recently been of interest,
also in the higher-derivative case (see [1-7] and references therein). In the context of conformal
field theory, six-dimensional spacetime plays a very important role, as no interacting unitary
supersymmetric conformal field theory can exist in more than six dimensions [8] and no example
is known even in the non-supersymmetric case. It is however difficult to study unitary theories in
six dimensions due to the lack of perturbative renormalizability for standard 2-derivative actions.
Higher-derivative theories, despite being non-unitary, can be considered as formal UV completion
of standard 2-derivative theories [9] and can therefore help to shed light on the properties of
conformal field theories and of the space of QFTs in higher dimensions, see e.g. [10].
The conformal anomaly ¢ in 6 dimensions takes the form [11-13]

A - (47)3 = g™ (Trnn) - (47)3 = —aBg +c1 Iy +ca I + 313, (1.1)

where Eg is the Euler density in 6 dimensions and the invariants I; are built from the Weyl
tensor (Iy, Iy ~ Weyl?, I3 ~ WeylV>Weyl — see appendix A for explicit expressions). (1.1) also
appears in the UV divergent part of the effective action, and the anomaly coefficients a, ¢; enter
in the stress tensor two-, three- and four-point functions. In (1.1) we ignored scheme-dependent
total-derivative contributions.

An efficient way of determining the UV divergent part of the effective action, and equivalently
the conformal anomaly coefficients, is the heat kernel method. By providing a representation



of the determinant of a differential operator preserving background covariance, the heat kernel
is particularly suited to study 1-loop effects. In the present case the the relevant terms are
captured by

e = _% /\/g be , A= (4711_)3 be , be = bG(Ab) - bG(Af) + bG(Agh)7 (1'2)

where bg is a combination of the heat kernel coefficients bg(A) of the operators A governing
the quadratic fluctuations. In writing (1.2) we assumed real bosons (b) and Weyl or Majorana
fermions (f) in gamma-matrix representation. The last term schematically represents ghost
(gh) contributions. The heat-kernel coefficients for second-order differential operators have been
known for a long time and have been widely applied to physics [14-17]. The coefficients for
higher powers of the Laplacian and its deformations have also been considered, albeit with less
completeness, see e.g. [15,18-21].
In particular, for the scope of this paper we need to consider operators of the form

Ay =Vi4+ V™Y, VYV, +2N"V,, +U, (1.3)

where V., = Vim, the covariant derivative contains spacetime as well as gauge connections
and the coefficient functions V, N,U are generally matrix-valued. The coefficient bg(A4) was
recently computed in flat spacetime in [21] (see also [22]) using an argument based on special
factorised cases in terms of two-derivative operators first proposed by [19] in the context of four-
dimensional quadratic gravity. Here we extend the result to include a geometrical background,
thereby providing a direct way to compute the conformal anomaly coefficients.

We then use the newly obtained coefficient bg(A4) to provide a direct calculation of the
anomaly coefficients of some classically Weyl-invariant scalar, spinor and vector models. Most
of these have been recently computed using indirect techniques [3, 5, 20]; our results provide
an independent confirmation based on a conceptually straightforward and well-established pro-
cedure. In the case of the vector we furthermore extend the case studied in the literature by
including an extra coupling with the background geometry with the structure F F'Weyl.

The fields considered in this paper also appear as lower-spin contributions to six-dimensional
(2,0) conformal supergravity theory, where the graviton kinetic term is a combination of the I;’s
above. This theory, constructed in [23] to a level which is sufficient for the one-loop anomaly
calculation, contains however a six-derivative operator which therefore escapes the scope of the
present paper. It would be interesting to compute the conformal anomaly of this theory, for
which the a-coefficients are known from holographic considerations [3] and suggest that (2,0)
conformal supergravity coupled to 26 (2,0) tensor multiplets is anomaly free.

This paper is organised as follows. Section 2 presents some relevant facts about the heat
kernel expansion and discusses the derivation of the heat-kernel coefficient bg(A4) using the
factorisation Ansatz. In section 3 we apply such newly computed coefficient to the calculation
of conformal anomalies (1.1) to four-derivative scalar, four-derivative gauge vector and three-
derivative spinor. Appendix A summarises notation. Appendix B presents some more complete
facts on the heat-kernel expansion that are useful for this paper and provides additional explicit
formulae. Appendix C for completeness lists a basis for bg(Ay4) used in one of the decompositions.
Appendix D discusses some diagrammatic checks for our result of bg(Ay).



2 Heat kernel coefficient b5(A,) on a geometric background

2.1 Preliminary considerations

Here we recall some basic facts about the heat-kernel expansion relevant for the calculation.
Further detail is given in appendix B.

We consider an elliptic differential operator A of even order 2n defined on a d-dimensional
manifold without boundaries with the schematic structure

A = (=V?" + lower derivative terms, (2.1)

where V. = 0 + ' + A is a covariant derivative with geometric and gauge connection. We
denote the associated spacetime and internal curvatures as [V, V] = R+ §. One can express the
logarithmically divergent part of det A as (see e.g. [9,15,22] and references therein)

(logdet A) oo = 210gdjx2 /\/_ ba(A (2.2)

where A is the UV cutoff and b, is the trace of a local covariant quantity built using the
differential operator as well as the covariant derivative and it is defined modulo boundary terms.
We shall refer to these coefficients as Seeley-deWitt heat-kernel coefficients. Let us now consider
two differential operators A and A’. Using the factorisation property of the determinant for
combined operators we obtain the key relation

ba(AA) = bg(A) + ba(A") (2.3)

which allows one to relate the heat kernel coefficients of operators of different order (again
modulo total derivatives). We stress here that the relation (2.3) is valid for the logarithmic part
only and not for power-law divergences.

In the case of the 2-derivative operator

Ay =-V>+ X, (2.4)

where V,,, has internal and spacetime connections, in 6d one has the expression (B.8) [14-16],
which can be schematically represented as

bo(A2) = bG(A2) + b5 (A2) + b5'(A2) (2.5)

where we distinguished the purely gravitational terms (‘g’), those that originate from the

generally-covariantized flat-spacetime expression (‘gc’), and the terms which mix gravitational
and gauge terms (‘m’), so that b§*(Az) vanishes in flat spacetime as well as bg(Az) = € -tr1 (€
is given in (B.7) and 1 is the identity in the internal space where tr acts).

2.2 Derivation of bs(A,)

We are interested in the coefficient bg(Ay4), where the operator Ay has the structure (1.3). One
can equivalently present the operator (1.3) in the ‘symmetric’ form (B.10). Following (2.5) we
correspondingly decompose

bo(A) = BE(As) + (D) + B (D). (2.6)

The strategy to compute it is the following. First, we make an Ansatz based on dimensional and
covariance considerations, taking into account algebraic relations between different terms due to



Bianchi identities, symmetries of tensors and boundary terms. Then we consider special cases
for A4, where it can be decomposed as the produce of second-order operators, Ay = Ay Al,.
Using (2.3) with the explicit expression for (2.5) in (B.5) allows us to gather enough information
to reconstruct bg(Ay).

From these considerations it is immediate to see that

bE(Ag) =2b5(Ag) =2€ -tr 1. (2.7)

Furthermore, this procedure was already applied to (1.3) in [21] (see also [22]) to the flat-
spacetime case, therefore b%C(A4) can be immediately obtained,

1 1
b%C(A4) =tr { ~ an (vm%’mn)2 + 4_5%’mn3’nr3’rm

30
1 1 1 1
1 ) 1 1 1
. - i — 2.8
+ 120 ‘/mnv an 40 anvmvnv + 240 VvV 12anvnrgmr ( )

1 1 1
+ Egmnv(mvr)v;"n + ﬂV3mngmn - évmngmrgnr

1 1 1 1 1
- ggmnvan - évmnvan + Evvam - éNmNm - EUV}’

where V = ¢"™"V,,,, and § is the internal curvature. What remains to be determined is therefore
only bg'(A4). On dimensional and covariance grounds we make the Ansatz

bg'(Ay) =tr [CIRSmngmn + o RViun Vinn + csRVV + ¢4RU + ¢5s RV?V + RV ;, Vo Vi,
+ 1RV i N + 8 R Vi Ve, =+ €9 R Ve V. + €10 Rinn V Vi + €11 R Vi S
+ c12RiinSmrSnr + 13 RmnrgVinr Vg + claRmnrgSmnSrq + €15 Rmnrg BinrgV
+ 16 Runrahe Rurgk Vinn + €17 R RV + €18 R2V + ¢19 Ry Ry Vi,

+ co0 RRyyn Vi + €21 Rmnqumr an] .
(2.9)
All other combinations vanish or reduce to these by means of the Bianchi identities, integration
by parts and symmetry properties. As we shall explain, we find

1 1 1 o 1 o 1
736 2T BTt AT T 9T G0 T Tagr T %
o o T o 1 1 1
CS 367 C9_ 727 clO_ 607 cll_ 127 012_457 013_367 014_907
1 1 1 1 1 1 1

Cs5==—, Cg=———, C17T=—5—, ClI8=——, Cl9g=-—, Cp=—==, Co] =——.

15 360 3 16 90 3 17 360 3 18 144 5 19 45 5 20 36 3 21 (3010)

The full explicit expression of bg(Ag) is given in (B.9).
To fix the values of the coefficients ¢;’s we resort to the following two decompositions.

1. Ay = AFAY | where the 2-derivative operators have the structure (2.4) and the background

gauge connection is non-abelian.
2. Ay = A A_, with an abelian gauge connection and Ay = —(V,,, = B,,)?.

In total we find an overdetermined system of 49 equations with unique solution (2.10). The
following two subsections provide details ion the derivation.



2.2.1 Decomposition 1

The fourth-order operators obtained from the composition
Ay = ASAY (2.11)

has the structure (1.3) with Vi = —0pmn (X +Y), Ny = =V, Y , U = XY —V?Y, and therefore
V=—6(X+Y).
From the general expression (2.9) we get

b (A) = tr [e1FmnSmn R + C1oFmrFomn Br + 188 mnGrs R
— (6c18 + CQQ)RQX — (6c18 + CQQ)RQY
— (6¢17 + c19 + €21) Ryn Rinn X — (6¢17 + 19 + ¢21) Ryn R Y
4 (6¢y + 36¢3 + cg + 6cg + ¢13) RX? + (6¢2 + 36¢3 + cg + 6¢g + c13)RY? (2.12)
— (6¢15 + c16) Rinnrs RinrsY — (6¢15 + ¢16) Rinnrs Rinners X
— (6¢5 4 cg 4 c10)RV2X — (¢4 + 6¢5 + ¢6 + ¢7 + c10)RVY
+ (12¢5 4 T2¢3 + ¢4 + 2c5 + 12¢9 + 2c13)RXY} .

and from the factorisation we have

b’ (A2) + bg'(A)

1 1

1 1 1
=tr |: - %%’mngmnR - E%’mr%’manr - %Smn%’rsRmnrs + 79 R2X + 72R2Y
L R R X — —— Ry RmnY — —~RX? — = Ry (2.13)
180" "M 180 " 12 12
L Rrs R X 4 o Runrs R + o= RV2X + 1Rv2y}
180 mnrs mnrs 180 mnrs mnrs 30 30 .
Equating the two we obtain 14 linear equations.
2.2.2 Decomposition 2
We are considering
Ag=ALA_, ~Ay = (Vp+Bn)?=V2+2B,V,, = (VuBn) + BB (2.14)
with V=0 + T+ A, A being an abelian connection. The field strengths therefore read
St = VA, VE = Foun + [Bm, Ba) = (Vi B — Vi Bry) . (2.15)
The coefficients for the operator A4 (2.14) in the notation (1.3) read
Vinn = =4V (4, By + 2B*6yn — 4B, B,y V = -4V, B, + 8B2, (2.16)
Ny = =By Ryn — V2B — Vi, VB, + V,,B? + B, B? (2.17)
- B2Bm - 2anan - Bmvan + 2Bngnm )
U=-V?V,B,+V?*B?-2B,,V,,V,,B, + 2B,,V,,B*> — (V,,B,)? + B* (2.18)

The only place where the spacetime curvature explicitly appears is B, R, in N,,.



In considering the factorisation Ansatz (2.3), for simplicity we focus on terms of order 1,
2,4, 5 and 6 in B. It turns out that this provides us with enough information to determine
b (A).

To start, we need to determine a basis for the invariants that can appear in the expression of
bs(A4). In doing so one needs to be careful about the possibility of adding total derivatives, the
symmetries of the objects involved and their algebraic relations. We identified a basis consisting
of 45 elements listed in appendix C. In such a basis, we can evaluate (2.9) as

Ve (A4) = 12T anSam Binn + 4118 anBaBim Rinn — 16(c13 + 2¢9) B2 By By Rinn,
— 4(2¢13 + ¢19) Ba By Ran R + 2(417 + 19 + €21) B? Ry Ry + ¢1FamTam R
+ (24c2 + 64cg + ¢4 + des + 16¢9 + 4e13) B2 By By R — 8(2¢s — 3¢13) Ba Rynn Vo Vi B
—2(2¢6 + c7 — 2¢8 + 2¢13 + 2¢90) By By Ram R — 4(c10 — 2¢17 — ¢21) BaRymn Vo Rinn
+2(4c1s + ¢20) B*R? + c1uFamBne Ramne — 4(2cs — 2¢13 + ¢21) Ba By R Ranme
+4(2¢13 — ¢16) Ba B Raner Rinner + 2(4¢15 + ¢16) B Rynper Rinner
+ 2(4e1s + c20) Ba RV R + 2(4c15 + ¢16) BaRimner Vaimner
—2(eq 4 4cg + 207 — 2c8 — 4eg — 2¢13) Bo RV oV 1 B
+4(cg — 2¢10 — 2¢13) Ran Vi BV i Bo + 8¢13 Ba RacrnnV eV B
+ (16¢3 — ¢4 — 4cg — 2¢7 + 8¢y + 8¢13) RV o By V1 By
+ 2(cq + 8¢5 + 2¢6 + 7 + g + 2¢10) BoRV2B, — 8(2¢9 4 3¢13) BaRan V1 Vi B
— (4 + 4es + 4cg + 2¢7 4 2¢10) RV?V o By — 8(c10 + ¢13) BaRam Vi Vi B
+ 2(4cg — 2¢6 — c7 + 2¢g — 2¢13) RV B, Vi By,
+ 2(4co + ¢4 + 8¢5 + 2¢6 + ¢7 + cg + 2¢10) RV 1, Ba Vi By
— (2¢4 + 2¢7 + c11)FamBaVim R — 4cg Bo Ry Vi Vi Ba
+2(2¢6 + c7 + 2c10 + €19 + 2¢20) Ba Ram Vi R — 2¢11 Ba Ry VS am
+ 2c11 BaRam VaSmn + 4(2c10 — 2¢16 — ¢21) BaRamne Ve Rmn
+ 2¢118mnBa Vi Ram + 4(2¢10 + ¢19 — ¢21) Bo R Vi Ram

(2.19)
and from the factorisation we have
b6' (Ay) + b6 (A-)
1 1 14 1
= _Es’an%’amRmn + gganBaBmRmn + 4_5BaBmRaann - %SamgamR
11 1 22
+ BBaBmRamR - %%’am%’ncRamnc - 4_5BaBmRncRanmc
4 2 8 1
- EBaBmRanchmncr + EBaRvavam - §BaRmnvavan - ngaBavam
1 3 1 1
+ TSBaRvmvaa + TORvaBmvaa + gRanvanvaa - EgamBava
1 1 1 4
- éBaRmnvn?{am + éBaRamvngmn + égmnBavnRam + EBaRamvnvan
4 1 2
+ §BaRanvnvam - §BaRmnvnvaa - §BaRacmnvcvan .
(2.20)

Equating the two expressions we obtain 35 linear equations.



3 Applications

3.1 Four-derivative scalar field

A four-derivative Weyl-covariant differential operator [3,5] in d-dimensions was constructed by
Paneitz (cf. [24]; the 4d case was first given in [25] and [26]),

d—4 d—2

Ay = V* 4+ Vo [(4Smn — (d = 2)gmnS) V] — (d — 4)SpmnSmn + dTSQ — T(VQS) (3.1)
where S, is the Schouten tensor
1 1 1
_ . - -~ _R. 2
Smn = 75 |Fnn = 55—y Romn - S = Smn = 37—y R (3.2)

Such operator allows one to consider the following Weyl-invariant action in 6d for a real scalar,

from which we can compute the corresponding effective action and conformal anomaly via (1.2),

1
5= / &/ S, be = bs(As) (3.3)
The operator (3.1) is written in the symmetric form (B.10). Direct application of (B.9) gives
1 /4 224
N=_ (2. 2228 1 4
(@.e) =7 (575810 (34)

in agreement with the recent independent analysis of [20, (16)-(19) with k = 2].

3.2 Four-derivative gauge vector

We consider the following Weyl-invariant action for an abelian gauge vector A,

1
S = /\/§ [errmvnan - (Rmn - ggmnR) Fmpan] + g/\/ganFrsznrs (35)

where Iy, = Vi, An — Vi, Ay, is the field strength. The first integral provides a Weyl-invariant
kinetic term for A,, as considered in [5]. The second integral is Weyl-invariant by itself (W...
being the Weyl tensor) and can therefore be added with an arbitrary numerical coefficient £. In
terms of the gauge field A,, the action reads

1 1
§=3 / VI AnlBaalmnAn + 5 / VI AV V2V, A, (3.6)

where the operator A4y is a four-derivative one. It is more convenient to present it in the
symmetrised form (B.10) with coefficients

- 2 4
[an]ac = (1 + g)gacRmn - (1 - g)gmnRac - ngacgmnR
2 m pn
+ %Rgm(agc)n - 2(1 + g)géa Rc)) + 4£Ra(mn)ca (37)
N 1-3 143
[Nm]ac = TSV(QRc)m + ngm(avc)R (3'8)
. 1-¢ 14¢ 24 ¢

[U]ac — TRachm - TRmsRamcs + RacR - VQR(IC + 2§Ram7"sRcrms . (39)

10
The second term in (3.6) can be gauge-fixed away by choosing the covariant gauge V,,A,, =0
and averaging over gauges with the GauBian weight —V?.



The effective action for (3.5) thus constructed reads

1/2
det A
= l[ 4A3] : Agg=—V2, (3.10)

det AQ,O]

where Ag o acts on scalars and comes from ghost and gauge fixing contributions. The divergent
part of the effective action has therefore the structure (1.2) governed by the coefficient

be = bs(Aga) — 3b6(—V?), (3.11)

where the first term can be evaluated with (B.9) and the second one with (B.8). In computing
bs(A4) we use that 1 is the identity in the space of 6 dimensional vectors and that the curvature
§is given by [Smn]ac = Rimnnac-

In the form (1.2) we obtain

2 2
azﬂ, 01:—8(97—60§+4§2—4§3),

1 150 '
co = ﬁ(911 — 840¢ 4 392¢% — 392¢3) c3 =~

The case £ = 0 was considered in [5] via indirect methods; our result agrees. We notice that £
does not affect the a coefficient (as expected) and that ¢; and ¢ do not exhibit common zeroes.
The fact that £ does not enter c3 is probably accidental at one-loop.

3.3 Three-derivative fermion
We consider here a three-derivative Weyl spinor W with the kinetic operator given in [5] (see
also [23])

5= / TA,0 g = Y 4 28V + 4V S (3.13)

where S,,,, is the Schouten tensor as in (3.2). In (3.13) and in the following we consider Dirac
gamma matrix notation with {7V, v} = 29mn, 7m being 8-dimensional.
We have (1.2) with

b6 = —b6(A3) = bG(AI) — bG(AgAl), Al = ’L'W, (314)

where we evaluate the heat kernel coefficient bg(Ag) considering composition AgA; with the
first order Dirac operator A; (acting on Weyl spinors) and applying (2.3). The four-derivative
operator AzA; has the structure (1.3) with?

1 1 1
Vinn = 27T’Y(n5m)r - §Rgmna Ny, = §VGS AAAy™ — vaR7 ( )
3.15
1 1 1
U= 1—632 — Zv2R + 5 SmaBanrsy™ 7"
which via (B.9) results in
1 10 448 172
bs(AsA1) = = |——FEg — — 11 — — 1> +4I3] . 3.16
6(Asl1) = o | =g — ——L1 — —=Ir + 413 (3.16)

!The self-adjoint requirements discussed in section B.3 are not to be imposed, as the operator Az, does not
come from functional integration.



The heat kernel coefficient of the Dirac operator can be computed by squaring it and using
(B.9), which gives
bo(A1) = ~b (A )2:—v2+1R}
6(21 56 1) = 1

1 {191 448 } | (3.17)

— — | =R + 21, — 1614 — 201
71 |Taate T 3~ 1602 = 2003

The expression (3.17) was originally obtained in [13]. In computing (3.16) and (3.17) we have
used [V, V] = %Rmmsyrys and RyynrsY™ "y v® = —2R. Here 1 of (B.9) is the identity in
the 8-dimensional spinor space, where tr is taken.

In conclusion the conformal anomaly coefficients derived from (1.2) with (3.14) are

1 /39 896 220
NER

—, 1
167 37 3 (3.18)

(a,¢;) =
Our result (3.18) coincides with that of [5] obtained via indirect methods,? thereby providing
an independent direct confirmation.
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A Notation and conventions

We work in 6 euclidean dimensions and indicate spacetime indices with Latin lowercase letters.
The metric is g, and we do not distinguish between upper and lower indices. We write the
covariant derivative with Levi-Civita and gauge connection as V = 0+ 1"+ A. We introduce the
gauge and Riemann curvatures

%’mn = 8mAn - 8nAm + [Ama An] ;

(A.1)
Rmnaczaargci"'a Rmn:Ra

R=R",

man

so that [V, Vil¢ = Fmn® on a spacetime scalar and [V,,, V][V, = RpnacV¢ on a spacetime
vector without gauge indices. We reserve Fy,, for the Maxwell field-strength and keep §., in

the general case. The Weyl tensor reads

T s 1
Winnrs = Rmnrs + g[ R }} + Egm[rgs}nR : (AQ)

[n""m
We note the following identities that are used in the main text without mentioning,

2(VinFn)? = (VinFrs)? + 2F o Fra Rinn — Rynrs F™F™ + t.d.,

(A.3)
2R nacRBmacn = —RrnacRmnac
Basis of the anomaly:
IE6 = _emm’queabcdefRmnabRrSCdquef = _32RmnacRacsrRsrmn + .o,
Il = Wamnchranracs )
(A.4)

acmn rsac mnrs
Iy =W W w )

6
I3 = Wamnr [gacv2 + 4Rac - ggacR Wcmnr .

2Qur values (3.18) are double those given in (6.3) of [5], since formal Majorana-Weyl spinors are used there

10



B Relevant facts about the heat kernel

In this appendix we provide further details about the heat-kernel expansion to complete the
discussion of section 2.1.

B.1 Generalities

A standard representation for the determinant of a differential operator of order /¢ is
7 dt
logdet Ay = —/ddx \/5/7 tr (z|e "t |z) | (B.1)
€

where tr is the trace over internal indices of the operator and ¢ = A~¢ is a UV cutoff. The
matrix element in the integrand is the heat kernel. It has an asymptotic expansion for ¢ — 0"
that allows us to write (see e.g. [15-17,22])

2

tr ale ™) = b Kt 80 = Y- oy

p=>0

tP=D/E o (Ay,d, g;z) . (B.2)

The Seeley-DeWitt coefficients a, are local covariant expressions of dimension p constructed
out of the background metric and gauge field, exhibiting an explicit nontrivial dependence on
the spacetime dimension d when ¢ # 2, see e.g. [31] for explicit examples. However, we are
interested in the spacetime integral of the trace of the Seeley-DeWitt coefficients, which in the
present context acquire the interpretation of a Lagrangian density. We therefore focus on the
simpler invariant quantity

bp(Ay,d, g;2) = trap(As,d, g;x) modulo total derivatives, (B.3)

which with abuse of notation we also call heat-kernel coefficients. Some of the arguments of b,
are often omitted. As a consequence, one can express the divergent part of (B.1) as

2 S B,(A
(log det Ay)oo = — i {z% (Ar)

d Adip + Bd(Ag) log é} R
—p H (B.4)

By(A) = [ d'ay/g b(d0)

where p is a renormalization scale and the explicit dependence on ¢ dropped out. In (B.4)
we find both power-law divergences (which we ignore for the scope of this paper) and the
logarithmic term relevant for the conformal anomalies. In dimensional regularisation one has

only the logarithmic term of (B.4) with the formal substitution log% — where n is the

n—d>
original integer number of dimensions.
Let us now consider two differential operators A and A’. Using the factorisation property

of the determinant for combined operators we further obtain the key relation
bd(AA/) = bd(A) + bd(A/) . (B.5)

This factorization Ansatz is only true for the coefficient b,—g, i.e. with the index p equal to the
spacetime dimension d. Indeed, only the logarithmically divergent term of the expansion (B.4)
is universal, while the power-law divergences are regularization-dependent. This implies that
the factorisation Ansatz (B.5) does not capture the explicit d-dependence of the b,’s.
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B.2 Explicit formulae

In this section we give some explicit expressions for the heat kernel coefficients of two- and
four-derivative elliptic operators. We consider here operators of the standard forms

Ay =-V?4+ X, Ay =V V0V Vi + 2NV + U (B.6)

with Vi = Vi X, V, N,U are covariant coefficient functions, in general matrix-valued. In
(B.6), Ag is the most general second order operator and Ay is the most general fourth-order
operator without 3-derivative term. At this point, no further restriction is imposed on the
coefficient functions, as the operators are not necessarily self-adjoint.

Let us define the purely geometrical contribution as

1 4

1
Qf = %Rmanqupnq + —7 560 RmanpQTRnpqr - 2835 RmanpRpm
17 1 1
+ 15360 T’ Boa "B = a0 Bnn' By B + Gpp B VAR (BT)
R? RRypar Rinpgr — ——— R Ry Rinn + —— RV2R..
+ 1 296 + 1 080 mpqr- = mpqr 1 080 mn+imn + 336 V

For second-order differential operators of the form (B.6) we have, following [14,15,32],

1 1 1 1 1
bG(A2) =tr {_ @ (vm%’mn)2 + %Smn%’nrs’rm - EX%’mn%’mn + EXV2X - EX?)
1 1 1 1 1
+ ERXQ - ERQX - %XVQR + @XRmann - @XRmnrsRmnrs (B8)
1 1 1
+ ER%’mnSmn - %Rmngmr%ﬁ"n + @Rmnpq%’mngpq +¢- ]]-:|a

where 1 is the identity in the internal space, where tr acts.
For fourth-order differential operators of the form (B.6) we have (with V' = V,;,,)

1

1 1 1
bd:G A =t T 5A mvmn 2 TEVmMnn m onn /mn¥n m Ton /mnVmn
700 =t | = 35 (VnSomn)” + G5 Snm + g5 Vi Vi Vo + 55 Vi ViV

1 1 1 , 1

1, 1 1 1
+ %Vv V- Evmnvnpgmp + égmnv(mvp)‘/pn + ﬂngngmn

1 1 1 1 1
- évmngmpgnp - ggmnvan - évmnvan + Evvam - éNmNm

1 1 1 1 1 1

— —UV + —=RFmunFmn + — RViyunVinn + —=RVV — ~RU + —RV?*V
12 - 36 SmnSmn + 144 * 288 6 + 60

1

72
1 ) 1 1 1

- @Rmnv an - ERmnVnp%’mp + ERmn%’mpSnp + %Rmnpqvmpvnq

1 1 1
~ an m vV nVmn = mNm__ mn Vn, m mn Y mn
55 BV mVnVinn + 2 RV 26 Fomn ViV Ry VeV

1 1 1

+ %Rmnpqgmngpq + %Rmnqumnpqv - %RmquRnquan
1 1 1 1

- %RmannV + mRQV + ERmanp‘/pn - %RRmann

1
~ 55 RrnpaRunp Vig + 2€ 1].
(B.9)

The formula (B.9) extends the result of [21] with the present paper.

12



B.3 A note on self-adjointness

Often we are interested in the operators of the form (B.6) arising after path integration. This
operation typically projects on self-adjoint part, which imposes restrictions on the coefficient
functions. These conditions are not automatically taken into account in expression for b, such
as (B.8) and (B.9), which apply to generic operators, and have to be imposed by hand when
isolating the differential operator in the quadratic part of the action.

For the second order operator Ay these translate on the requirement that X = X7, where 1 is
the appropriate conjugation on the internal index structure (i.e. it is transposition or hermitian
conjugation for real or complex fields respectively).

The discussion for Ay is slightly more subtle. It is convenient to rewrite the operator in the

symmetric form
Ay =V*+V, Vi Vi + Np Vi + VN + U, Vik = Vir (B.10)

where the derivatives act on everything to their right. The relation with the non-symmetric

form in (B.6) is given by
N A~ 1 A N N
Vion = Vian Ny = Ny + §Vmen , U=U+V,Np, . (B.11)

The form (B.10) is convenient because self-adjointness amounts to the conditions

N

an = VnTmn ) Nm = _Njﬁ, U= UT, (B12)

where again t is the appropriate conjugation of the internal indices.

C Basis of the invariants for the decomposition Ay = A A

In this appendix we list the basis of the invariants used to study the decomposition (2.14).
We consider terms of O(B"), with n = 1,2,4,5,6. In total we find 45 elements; any other
combination can be expressed in terms of these by integration by parts, use of Bianchi identities

and other symmetry properties.
o O(B'): 19 elements

VoFmnRmaBas  FmnVaRmaBa, VaSmnRmaBn: VSmnRBn,
FmnViRBrn,  FmnVaSmnBa,  SmnVaSmaBn
RinacVeSmnBas  RBmnacSmaVaBes  RmnacSmaVeBns  RmnacVrBmnacBr
RonVeRmnBr, RuyVeRomBrn, RomVaRBm, RVyRBm,
RimnacVeRmaBn, RmnacVaRmaBe, VVuSmnBn, V?RV.,B,.

e O(B?): 26 elements

SmnSmnBaBa,  SmaSmeBaBe, RmaSmeBaBes  RimnacSmaBnBe
R’ByB., RRpmmBmBn, RmaRmeBaBe, RmnacRmnacBrBr, RmnacRrnacBmBr
FonBm V2B, FmaBmVaVaBn, FmaVaBmVaBn, SmaBnVaVaeBm,
RinaeBmBaRne, BoV?V?B,, B,V.V?V,Bm RpnBmV>2B,,
RymVaBmVaBn, RmnBaVmVnBa: RunBmVaVaBa, RumnBaVaVnBm,
RBwVnVaBn, RVwWBnV.B,, RB,V?B,, RV.B.VoB., RpnaBmVnVaiB..
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« O(B*): 8 elements

BuBuB,V?B,, BuBNmB,ViuBr, BiViuVoBiBnBn, BuBuBnVuVaBn,
BoBoNm B VuBrn,  BaBaVaBn VB,  RyunBmBnBiBa, RBmBnB.B, .

o O(B%): 1 element
By By Ba BV, B

o O(B%): 1 element
(BmBm)’

D Diagrammatic checks of bi'(Ay)

In this appendix we compute diagrammatically some of the terms in (2.9)-(2.10) as an indepen-
dent consistency check. We consider a free scalar in dimensional regularisation (d = 6 — 2¢)
with

S:%/\/me, rm:ﬁ/\/@bﬁ(md,), (D.1)

where Ay, has the structure (1.3) with spacetime connection only and with V, N, U being space-
time covariant functions.

To set the perturbative expansion in powers of the external fields we use hmn = Gmn — Omn
and for simplicity we assume ., = Ripndmn = 0. We construct the diagrams for the following
three correlators: (Uh) (giving c4), (Nh) (giving ¢7), (Vh) (giving cs, ¢, c10). The results of
this calculation are all in agreement with the solution in (2.10).

To diagrammatically compute the divergent part of the effective action from (D.1) we need

the free propagator
1

(¢(p) o(—p)) = P (D.2)
and the following vertices,
Sh =5 [T (=0 = ) Hunp, 00(@0@), Houn(p:0) = Dty (0 + )
Sy =5 [Vanlo = O Won 0, 06@0@) s Wonap:0) = =3 (Gt + )
% 2 (D.3)
SN =3 /Nm(p — @) M (p, 9)6(q)9(q) , M (p,q) = i(Pm + Gm) ;

Sv=3 [UCp— oo,

To the terms under considerations only a single two-propagator diagram contributes, and

the corresponding terms in the effective action are found to be

d

(Ves(q) hmn(—q)) = —% /(;iw];d p4(q1_p)4Hmn(p, q—p)Wrs(p — ¢, —p),
1 [ d% 1

<NT(Q) hmn(_Q)> - _5 (27T)d p4(q — p)4Hmn(p7 q— p)Mr(p - g, _p) ’ (D4)

d
V@) b)) = =5 [ sy .0 = ).
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The loop integrals can be evaluated using standard two-propagator technology (see e.g. [22])
and the divergent parts read

Vis(@) Tnn(—q)) o 6%%%ﬁn_&m&w4+z%ﬁﬂmf_2&ﬂm%Qﬂa

~ 240(dr)3e [

1

(Nr(q) hn(=4)) oo = WQerQna (D.5)

(U(@) b (— )} oo = —Wﬁr)%qm%,

which correctly reproduce the values for ¢y, ¢s, cg, ¢7, C10.
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