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Abstract

Non-intrusive model reduction is a promising solution to system dynamics
prediction, especially in cases where data are collected from experimental cam-
paigns or proprietary software simulations. In this work, we present a method
for non-intrusive model reduction applied to Fluid-Structure Interaction (FSI)
problems. The approach is based on the a priori known sparsity of the full-order
system operators, which is dictated by grid adjacency information. In order to
enforce this type of sparsity, we solve a “local”, regularized least-squares prob-
lem for each degree of freedom on a grid, considering only the training data
from adjacent degrees of freedom (DoFs), thus making computation and storage
of the inferred full-order operators feasible. After constructing the non-intrusive,
sparse full-order model (FOM), Proper Orthogonal Decomposition (POD) is used
for its projection to a reduced dimension subspace and thus the construction of
a reduced-order model (ROM). The methodology is applied to the challenging

Hron-Turek benchmark FSI3, for Re = 200. A physics-informed, non-intrusive
ROM is constructed to predict the two-way coupled dynamics of a solid with a
deformable, slender tail, subject to an incompressible, laminar flow. Results con-
sidering the accuracy and predictive capabilities of the inferred reduced models
are discussed.

1 | INTRODUCTION

Fluid-Structure Interaction (FSI) encompasses coupled, strongly nonlinear fluid-solid dynamics systems, which arise in
various engineering fields. For different regimes, materials and geometry configurations, the specific coupling conditions
and corresponding FSI dynamical response can widely differ [1]. In this work, we focus on incompressible fluid dynam-
ics at low Reynolds numbers, coupled with deformable solids, at relatively low mass ratios. Under such conditions, the
timescales and inertia of the two subsystems are comparable, leading to a strong, two-way coupling mechanism.

The development of non-intrusive, reduced-order models (ROMs) for FSI problems is motivated by needs in engineering
design and control. Firstly, the high computational cost of direct FSI numerical simulation renders multi-query tasks such
as design optimization and real-time control cumbersome. Such engineering tasks could benefit from model reduction
techniques, which have proven to allow for considerable speed-ups of FSI simulation, without significant loss of accuracy
[2]. Secondly, in cases where experimental or FSI simulation data are available, without access to a numerical simulation
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source code, non-intrusive modeling methods are developed for system dynamics prediction [3]. Exploiting knowledge on
the structure of the underlying dynamical system has been shown to enhance the predictive capabilities of non-intrusive
ROMs for specific FSI regimes such as aeroelasticity [4].

In this work, we implement an adjacency-based approach to FSI problems. The method was recently studied for linear
advection and diffusion problems in refs. [5] and [6] and has been applied to the inference of quadratic-bilinear, incom-
pressible fluid dynamics operators in Vortex-Induced Vibrations problems by the authors [7]. Two coupled, data-driven
models are inferred for the fluid dynamics and solid dynamics subsystems, exploiting a physics-based structure of the
governing equations under the Arbitrary Lagrangian-Eulerian (ALE) formulation. We present results for the FSI3 Hron-
Turek benchmark [8], which has been previously studied for intrusive model reduction in ref. [2]. Through this testcase,
we examine the predictive capabilities of the obtained, non-intrusive model.

2 | THEORETICAL BACKGROUND

2.1 | Governing equations

For the fluid flow, we focus on the regime of 2D incompressible, laminar flows. In cases of moving fluid domains Q(t),
the equations can be expressed with respect to a reference configuration Q using the ALE formulation. The map from

the reference domain to the current configuration is given as: X —» x = X + d 7(t), where &f(t) is a deformation field. The
incompressible ALE Navier-Stokes equations are then given by

pl(80+ VaF ! (a—3,dy)) —div (J&(a, p)FT) =Jpsg

, @
div (JF'a) =0
where 1 is the ALE velocity field, p is the pressure, & is the ALE stress tensor given by
&, p) = —pI + ppvs(VaFt + FTval), )
F is the gradient of the ALE map and J = detF, with
F=1+Vd,. ®3)

For solid dynamics modeling, we use the linear Navier-Lamé equations, assuming no material or geometrical nonlinear-
ities. The boundary of the solid domain S is split into I'] where the displacement is zero and I'; where the fluid-structure
coupling occurs. The solid deformation d, is thus modeled by

a”ds—V%J'S:O
T 1 T . (4)
oy = u(Vd; + Vdl) + 2 tr(2(Vd, + Va1

The boundary conditions of the coupled fluid-solid problem are given below, based on Figure 1.

a=u, on F{,
J(v;VaF' - pI)F 7 -f; =0 on T,
ua=0 on l"g,

3 )
d, =0 on I‘i,
J6F T -Ar=0,-n;, onQnsS,
0 =0,d onQns.
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FIGURE 1 Schematic representation (not scaled) of the Hron-Turek FSI benchmark testcase. A velocity profile is assigned at the inlet I‘{
and FSI coupling occurs on the surface I} of a slender, deformable tail.

The above formulation considers the coupled problem on a reference fluid domain . We use a stiffened harmonic
extension as an ALE map, to transfer the solution to the current, deformed configuration Q(t).

Va®) -
a®)

—Vzdf - Vdf =0, in Q (6)

with boundary conditions on the interface QN S, and on the domain external boundaries:

&f =d,—d,(t = t;), onQnsS,
. (7
d; =o, onT/ ur) uT..

a(%) introduces a stiffening effect close to the FSI interface N S, which allows for larger mesh displacements without
element degradation, compared to a purely harmonic extension (see Section 5.3.5 of ref. [1]). ¢; is selected as a reference
time, for which Q = Q(t;).

2.2 | Approximate model structure

By discretizing Equations (1), (4) and (6), we aim to reveal an approximate structure of the dynamical system, which
will be exploited for non-intrusive modeling. We assume that the gradient of the deformation field Vd ¢ 1s sufficiently
small, such that F ~ I (and thus J ~ 1) is a valid approximation of Equation 2. In that case, the structure of Equation 1
is approximately quadratic-bilinear. After discretizing in space and time, working similarly to ref. [9], we cancel out the
algebraic contribution of the pressure and come up with the following, approximate model structure for the fluid velocity
field:

u“! » Ak + H1)? + K 8,d; @ u*! + B3, d, + L u;, + C, (8)

where (u)? denotes the vector of (2';/") unique elements of the Kronecker product u ® u. For the solid velocity field, we
get a second-order, forced linear system by discretizing Equation 4 in space and time

9, d1 = A,0,d" + K, d* + f. 9)

The forcing f originates from the dynamic coupling condition on the interface (i.e., the projection of the fluid stress tensor
on the normal to the interface). This can be approximated by a quadratic model, as follows.

- k+1 k+12
f ~ Bult! + Hult!, (10)

where FS denotes nodes that are sufficiently close to the interface, given the sparsity of the discretized stress tensor (see
Equation 2). This means that upg = Ru, where R is an ordered selection matrix.
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Finally, the solid velocity field J,d should be integrated to update the solid displacement field d. To this end, a Crank-
Nicholson scheme is used

d = a4+ 2@ +9,d). )

We also need to discretize and solve Equation 6, in order to compute the fluid mesh displacement in the current
configuration, Q(t), with respect to the reference configuration Q. This leads to

diﬁ = A, Sd¥, (12)
where A; is the inverse of the discretized ALE map and S is an ordered selection matrix, which picks only the solid
DoFs on T'S. Equations (8) to (12) comprise a discretized, coupled dynamical system, which models FSI problems in the
ALE framework, under small deformations. In the following, we use this structure to fit the corresponding operators to
numerical FSI data and thus construct a physics-based, non-intrusive model.

3 | FSINON-INTRUSIVE MODEL REDUCTION
3.1 | Physics-based adjacency

Having identified an approximate structure for the FSI dynamical system, we aim to infer the unknown operators
of the fluid dynamics subsystem (Equation 8), the solid dynamics subsystem (Equation 9) and the solid forcing term
(Equation 10), from simulation data.

The discretized operators in Equation 9 are sparse, while the operators of Equations (8) and (10) are only approximately
sparse, due to canceling out the contribution from the pressure. The corresponding sparsity pattern originates from grid
adjacency. Based on this observation, the employed method aims to infer full-order, adjacency-based, sparse operators.

To proceed with the inference task, we should map the available data for the flowfield over time ¢t = [0, T] to a reference
configuration €, since Equation (8) was derived there. Knowing the motion of the FSI interface from the data, we define a
reference time as t; = argmin(||d,(¢)||,). Based on the reference position of the FSI interface at t;, we can construct a fluid
and a solid mesh (e.g., via Delaunay triangulation), with the constraint that the nodes of the two meshes on the interface
should match.

For the fluid, we compute the deformed mesh Q(¢t) from Equation 12, given the motion of the FSI interface (see
Equation 7) and the constructed reference = Q(t;). Then, the fluid velocity data can be interpolated on the reference
configuration Q at each of the n; timesteps. For the solid, we interpolate the displacement field values for all n; timesteps
from the solver mesh configuration at t;, to the constructed solid mesh. The difference between handling the solid and
the fluid problem should be noted: mesh construction is necessary only for the fluid side due to the ALE formulation.
However, grid adjacency information for both the fluid and the solid mesh is essential for the following. Thus, the solid
mesh of the simulation data can be readily used as long as adjacency information can be retrieved.

3.2 | Least squares formulation and regularization

The number of grid nodes is denoted by n for the fluid and n; for the solid mesh. Then, there are 2n; and 2n kinematic
degrees of freedom (DoFs), respectively, for this 2D problem. For the i-th DoF (streamwise or transverse component of u
or 0,d), we denote by g ,(i) the set of geometrically adjacent DoFs in the fluid A = f or solid A = s mesh respectively. For

example, ifi is a fluid velocity component, q (i) includes exclusively DoFs which correspond to fluid mesh nodes, adjacent
to the node of i. Then, the local inference of the operators for DoF i corresponds to solving the following problem:

min |7 D; -y (13)

where we make a distinction between the fluid and solid dynamics problems:
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FIGURE 2 Left: Truncation of the singular values of D to threshold 7, for a random DoF i. Right: Corresponding L-curve: the optimal
achieves a compromise between the least-squares error ||ﬁl.T D, — yl.'"+1 ||, and the solution norm ||B;||,. DoF, degrees of freedom.

For the fluid dynamics subsystem,

1
m
T T uq.f(i) m+1 t=2 t=nry .
ﬁi = [Ci9Ai,.’Hi,.’Ki,.] s Di = u™ 2 s yi = [ui e Uu. ] , (14)
qr@®
m im
Yy ® 0udy

where T corresponds to the training time and m = [1, ..., ny, — 1]. For fluid DoFs on F{ and Q N S we can directly impose
the corresponding Dirichlet boundary conditions, by setting row i of A, H, K, C to zero, and assigning entries of value one
in corresponding positions of L and B, accordingly.

For the solid dynamics subsystem, we introduce sets qrg(i) and g;(i), to distinguish between internal DoFs and DoFs
on I, As aresult, gps(i) = q5(i) for DoFs i on I}, and gpg(i) = @ otherwise, while g;(i) = g,(i) everywhere, except for "),
where g;(i) = @. Then the variables of Equation 13 for the local inference of the solid dynamics operators are

k
9d;, )

dlS{ ) t=n
i — =nr

B = As .Ks, ,Bs, ,Hs 1", D] = uqu Yy =[0,d7 L 8idy, T (15)
qrs ()
e 2

uQFs(i)

In practice, Equation 13 should be complemented with a regularization term, to bypass potential numerical errors due
to small singular values of D;. To this end, we employ truncated singular value decomposition (SVD) of D;, for different
truncation thresholds 7 of the normalized singular values of D;. The optimal 7 is determined as the “corner” of an L-curve,
with the solution norm || ;]| on the x axis and the error ||/31.TD1- — yl?”“ I, on the y axis (see Figure 2). In essence, the SVD
truncation corresponds to an L, regularization of Equation 13. Regularization plays a crucial role on the inferred model
properties and thus determining the range of possible 7 is not trivial. The process of computing the optimal threshold 7
is performed for few, randomly sampled DoFs. An interpolation from the sampled, optimal # values is performed to the
rest of the mesh DoFs, as shown in Figure 3, such that only one least-squares problem per i is solved for those, with a
predefined truncation threshold.

3.3 | Model reduction and coupling
After solving Equation 13 for both the solid and the fluid nodes, we have inferred the sparse, full-order matrices of

Equations (8) and (9). In order to derive a ROM, we use a POD projection. This is done by taking the SVD of the velocity
flowfield u snapshot matrix, and of the solid velocity field d,d, snapshot matrix, over some training interval [0, T, ]. By
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FIGURE 3 Interpolated, sub-optimal 7 value for the streamwise flowfield component, using the optimal 7 for 30% of the DoFs.
Regularization values are higher along the wake of the flow and close to the deformable solid tail. DoFs, degrees of freedom.

retaining the first r; and r; singular modes accordingly, we obtain the orthonormal projection bases @ € R2"¥"f and
@, € R?™X’s, Substituting the projected states u = ® roand 6,d, = @ fat(is to Equations (8) and (9) results to a coupled,
non-intrusive, ROM

! = Aok + Ao @ ok + K 9,d, @ ' + B, d; + Lu;, + C

9,d*! = A,9,d" + K, d* + B,ok*! + Aok ! @ akt! (16)
skl _ gk A 5 skt ik
di*! = df + S (0, d™ + 9,d).

The corresponding ROM matrices of Equation 16 can be efficiently computed since the sparsity patterns of the full-order
matrices are known. We then have for the fluid subsystem

A — &l T — B > _— A B — & F_—wlr A _ 5T
A=®[AD;, H=0HD @ Dy, K = DTK(A.S®,) ® Oy, B = 0[BY,, L =TL, C =alC, 17)

and for the solid

Ay = {AD,, K = ®IK @, By = @] BR®y, Hy = @I Hy(R®;) ® (RD) . (18)

It was observed that the stiff coupling exhibited in FSI numerical simulation [8] transfers also to the data-driven, ROM.

The implicit formulation of Equation 8 is necessary for stability. The combined convergence criterion for each timestep
~k

~k . . . , . . . s
||ﬁ5? R ﬁlj?llz < ey and ||dg I dg i [l < e, was used during simulation, where j denotes the index of iterations within

timestep k. For each implicit iteration, a successive under-relaxation method was used.

4 | NUMERICAL RESULTS

The analyzed methodology was tested for the Hron-Turek FSI3 benchmark [8]. Simulation data were obtained using the
Gascoigne 3D open-source, Finite Element solver [10]. A monolithic approach was used, with a moderate mesh of 4128
elements and a timestep of At = 5 x 1073, for a total time of 5s. We discard the first 1.5s of data to avoid the influence of
numerical solution initialization. The clock time required for the numerical simulation is approximately 1.5 h on a laptop.

As presented in Section 3.1, we interpolate the data to a new mesh with 4060 nodes, for which we construct the ALE map
(Equation 12). We use 65% of the overall available time series (T = 2.3s) to solve Equation 13, computing the optimal SVD
truncation value for 10% of the mesh nodes, using 10, logarithmically sorted values of 7 € [10>,10~!]. We then construct
the ROM through Equations (17), (18), by selecting r; = 40, ry = 5, and solve the implicitly coupled, reduced-order system
(16) by successive under-relaxation and e; = e, = 107°. The “offline” step of mesh construction, interpolation and FOM
inference requires approximately 5 min, while the simulation time of the ROM requires less than a minute.

The predicted, reconstructed ROM flowfield at T = 3.5s, well beyond the training time T4, is given in Figure 4, in
comparison to the FSI results for the same instance, for both velocity components. It is observed that the main dynamical
features of vortex shedding as well as the motion of the deformable tail are well approximated, using only 45 reduced
variables, from the initial 8120 DoFs. The vertical velocity over time for the upper right corner of the deformable tail
is also presented in Figure 5. The predicted ROM solid motion is well in line with the numerical results and captures
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FIGURE 4 (A)FSIresults att = 3.5s for streamwise velocity component (B) ROM results (ry = 40, r, = 5) at ¢ = 3.5s for streamwise
velocity component (C) FSI results at ¢ = 3.5s for transverse velocity component (D) ROM results (r; = 40, 7, = 5) at t = 3.5s for transverse
velocity component. ROM, reduced-order model.

i (s)

FIGURE 5 Velocity ROM prediction (streamwise, transverse) for the upper right corner of the deformable solid. Training time T, = 2.3s
is denoted with a dashed vertical line. ROM, reduced-order model.

the limit cycle behavior beyond training time T;. A minor phase shift can be attributed to the considerable presence of
transient dynamics in the training data.

Finally, it is interesting to investigate the stability of the derived FSI model with respect to the ROM dimensions rgand r ¢
of the solid and fluid subsystems, respectively. In Figure 6, we illustrate the ROM streamwise velocity error with respect to
the numerical simulation on the reference configuration Q, averaged over the domain { and testing time t = [T, T]. This
is denoted with m. Based on m, we observe that rg > 3 modes are required for the solid subsystem for an accurate FSI
ROM, as anticipated by the deformable tail motion. For values ry > 8, a coupling instability was exhibited, irrespective of
the r; value. Similarly r > 20 SVD modes are necessary on the fluid side. However, we also observe that the combination
of ry and ry can significantly affect the ROM predictive accuracy, due to the strong coupling on the FSI interface. For a

significant range of ROM dimensions, the average error e,(t) is below 5%.

5 | CONCLUSIONS

In this work, we employed an adjacency-based method for non-intrusive, reduced-order modeling of FSI problems. Accu-
rate results were obtained for the Hron-Turek FSI3 benchmark testcase, with an average ROM prediction error of less than
5%. Based on the potential of this framework, aspects of computational efficiency, parametric model reduction, as well as
as a theoretical analysis of local non-intrusive inference comprise potential, future research directions.

8SUB017 SUOLULIOD @A ERID) @[qedtjdde au Aq peuAob a1 BN YO 38N JOS3INI 10} AR1q 1T BUIIUO AB]IM UO (SUORIPUOD-PUR-SWLYLIOD" AB] 1M ARRIq1BUIIUO//SHNY) SUORIPUOD PUe SW L 33 385 *[7Z02/T0/80] U0 A1 aUIUO A8 ‘SWeISAS [ea1uyde L x@|dwoD Jo SoureuAd SEE IdIN AQ 270008202 Wrd/Z00T 0T/I0p/L0D" A3 1M AReid U1 juo//SdRY Woiy pepeojumod ‘v ‘€202 ‘T90LLTIT



8of 8

e (t) (100%)

80 ¢
18
70+
16
60 14
50 12
10
=40
8
30
6
20
4
10} 9
0 0
0 2 4 6 8
Ts

FIGURE 6 Average error for streamwise flowfield over testing time e, (t), for different combinations of ROM dimensions (¢, ;). ROM,

reduced-order model.

ACKNOWLEDGMENTS
Open access funding enabled and organized by Projekt DEAL.

ORCID
Leonidas Gkimisis © https://orcid.org/0000-0003-1334-0277

REFERENCES

1.

10.

Richter, T. (2017). Fluid-structure interactions models, analysis and finite elements, Lecture Notes in Computational Science and Engineering
(Vol. 118). Springer.

. Nonino, M., Ballarin, F., & Rozza, G. (2021). A monolithic and a partitioned, reduced basis method for fluid-structure interaction problems.

Fluids, 6(6), 229. https://doi.org/10.3390/fluids6060229

. Xiao, D, Yang, P, Fang, F., Xiang, J., Pain, C. C., & Navon, I. M. (2016). Non-intrusive reduced order modelling of fluid-structure

interactions. Computer Methods in Applied Mechanics and Engineering, 303, 35-54. https://doi.org/10.1016/j.cma.2015.12.029

. Zastrow, B. G., Chaudhuri, A., Willcox, K. E., Ashley, A. S., & Henson, M. C. (2023). Data-driven model reduction via operator inference for

coupled aeroelastic flutter. American Institute of Aeronautics and Astronautics SCITECH 2023 Forum. https://doi.org/10.2514/6.2023-0330

. Schumann, Y., & Neumann, P. (2023). On linear models for discrete operator inference in time dependent problems. Journal of

Computational and Applied Mathematics, 425, 115022. https://doi.org/10.1016/j.cam.2022.115022

. Baddoo, P. J., Herrmann, B., McKeon, B. J., Nathan Kutz, J., & Brunton, S. L. (2023). Physics-informed dynamic mode decomposition.

Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 479(2271), 20220576. https://doi.org/10.1098/rspa.2022.
0576

. Gkimisis, L., Richter, T., & Benner, P. (2023). Adjacency-based, non-intrusive model reduction for vortex-induced vibrations, arXiv

Repository. https://doi.org/10.48550/arXiv.2302.09981

. Turek, S., & Hron, J. (2006). Proposal for numerical benchmarking of fluid-structure interaction between an elastic object and laminar

incompressible flow. Lecture Notes in Computational Science and Engineering, 53, 371-385. https://doi.org/10.1007/3-540-34596-5_15

. Benner, P., Goyal, P, Heiland, J., & Duff, I. P. (2021). Operator inference and physics-informed learning of low-dimensional models for

incompressible flows. Electronic Transactions on Numerical Analysis, 56, 28-51. https://doi.org/10.1553/ETNA_VOL56S28
Becker, R., Braack, M., Meidner, D., Richter, T., & Vexler, B. (2021). The finite element toolkit gascoigne (v1.01), Zenodo. https://doi.org/
10.5281/zenodo.5574969

How to cite this article: Gkimisis, L., Richter, T., & Benner, P. (2023). Adjacency-based, non-intrusive
reduced-order modeling for fluid-structure interactions. Proceedings in Applied Mathematics and Mechanics, 23,
€202300047. https://doi.org/10.1002/pamm.202300047

8SUB017 SUOLULIOD @A ERID) @[qedtjdde au Aq peuAob a1 BN YO 38N JOS3INI 10} AR1q 1T BUIIUO AB]IM UO (SUORIPUOD-PUR-SWLYLIOD" AB] 1M ARRIq1BUIIUO//SHNY) SUORIPUOD PUe SW L 33 385 *[7Z02/T0/80] U0 A1 aUIUO A8 ‘SWeISAS [ea1uyde L x@|dwoD Jo SoureuAd SEE IdIN AQ 270008202 Wrd/Z00T 0T/I0p/L0D" A3 1M AReid U1 juo//SdRY Woiy pepeojumod ‘v ‘€202 ‘T90LLTIT


https://orcid.org/0000-0003-1334-0277
https://orcid.org/0000-0003-1334-0277
https://doi.org/10.3390/fluids6060229
https://doi.org/10.1016/j.cma.2015.12.029
https://doi.org/10.2514/6.2023-0330
https://doi.org/10.1016/j.cam.2022.115022
https://doi.org/10.1098/rspa.2022.0576
https://doi.org/10.1098/rspa.2022.0576
https://doi.org/10.48550/arXiv.2302.09981
https://doi.org/10.1007/3-540-34596-5_15
https://doi.org/10.1553/ETNA_VOL56S28
https://doi.org/10.5281/zenodo.5574969
https://doi.org/10.5281/zenodo.5574969
https://doi.org/10.1002/pamm.202300047

	Adjacency-based, non-intrusive reduced-order modeling for fluid-structure interactions
	Abstract
	1 | INTRODUCTION
	2 | THEORETICAL BACKGROUND
	2.1 | Governing equations
	2.2 | Approximate model structure

	3 | FSI NON-INTRUSIVE MODEL REDUCTION
	3.1 | Physics-based adjacency
	3.2 | Least squares formulation and regularization
	3.3 | Model reduction and coupling

	4 | NUMERICAL RESULTS
	5 | CONCLUSIONS
	ACKNOWLEDGMENTS
	ORCID
	REFERENCES


