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I. MAGNETIC CONFIGURATION

The magnetic array composed of small nanomagnets of width w, length l, and thickness d is uniformly

distributed on a finite area of the magnetic substrate of thickness s, as illustrated in Fig. S1. The distance

between neighboring nanomagnet is Λy and Λz, respectively, in the ŷ and ẑ directions. There are Nz rows

and Ny columns in the array. We number (a, b) for the nanomagnet in the a-th column and b-th row.

FIG. S1. Two-dimensional magnetic array fabricated on a finite area of a magnetic substrate.

An in-plane magnetic field H0 with an angle θ with respect to the ẑ-direction is applied, which biases the

magnetization of the substrate to be parallel. On the other hand, the magnetization M̃s in the nanomagnet

follows H0 with an angle θ̃ with respect to the ẑ direction [Fig. S2(a)] that we resolve in the following.

The magnetization direction of the nanomagnet at equilibrium is governed by the free-energy density

Fm = −µ0M̃s ·H0 +
µ0

2
NzzM̃

2
z +

µ0

2
NyyM̃

2
y

= −µ0M̃sH0 cos
(
θ − θ̃

)
+

µ0

2
NzzM̃

2
s cos2 θ̃ +

µ0

2
NyyM̃

2
s sin2 θ̃, (S1)
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FIG. S2. (a) shows the top view of a nanomagnet. H0 is the applied magnetic field and M̃s is the saturated mag-

netization of the nanomagnet. (b) and (c) plot the dependence of the direction of M̃s on the field direction θ. Two

configurations with θ̃1 and θ̃2 are all stable when the bias field is small.

where the demagnetization factors

Nxx ≃ wl

wl + wd+ ld
, Nyy ≃ ld

wl + wd+ ld
, Nzz ≃ wd

wl + wd+ ld
. (S2)

The configuration with minimum free energy, i.e., dFm/dθ̃ = 0 and d2Fm/dθ̃2 > 0, is stable:

H0 sin
(
θ − θ̃

)
+ (M̃s/2)(Nzz −Nyy) sin

(
2θ̃
)
= 0, (S3a)

H0 cos
(
θ − θ̃

)
− M̃s(Nzz −Nyy) cos

(
2θ̃
)
> 0. (S3b)

For µ0M̃s = 1.6 T [1] of CoFeB and µ0H0 = 0.05 T, there are two stable magnetic configurations θ̃1 and θ̃2 for

the nanomagnet with d = 30 nm, w = 100 nm, and l = 200 nm, which we numerically calculate in Fig. S2(b)

and (c).

II. CHIRAL DIPOLAR COUPLING BETWEEN MAGNONS

We focus on the Kittle mode of the nanomagnet. The effective magnetic field Heff , in the lab {x, y, z}-
coordinate system, is mainly contributed by the applied magnetic field H0 and the demagnetization field

Hd:

Heff = H0 +Hd =


−NxxM̃x

−NyyM̃y +H0 sin θ̃

−NzzM̃z +H0 cos θ̃

 . (S4)

In order to calculate the eigenmode in the nanomagnet, we transform to the local {x̃, ỹ, z̃}-coordinate system,

where the ˆ̃z-axis is along M̃s and the ˆ̃x-axis is normal to the substrate as shown in Fig. S2(a). We transform

from the lab system to the local system in terms of the rotation matrix

R̃(θ̃) =


1 0 0

0 cos θ̃ − sin θ̃

0 sin θ̃ cos θ̃

 . (S5)
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The components of the magnetic field and magnetization transform according to H̃µ̃ = R̃µ̃νHν and M̃µ =

R̃−1
µν̃ M̃ν̃ , leading to

Hx̃

Hỹ

Hz̃

 =


−NxxM̃x̃

−(Nyy cos
2 θ̃ +Nzz sin

2 θ̃)M̃ỹ

(Nzz −Nyy) sin θ̃ cos θ̃M̃ỹ − (Nyy sin
2 θ̃ +Nzz cos

2 θ̃)M̃z̃ +H0 cos
(
θ − θ̃

)
 . (S6)

The magnetization M̃ of the nanomagnet obeys the Landau-Lifshitz (LL) equation, which in the linear regime

reads

∂M̃x̃

∂t
= −µ0γ

[
H0 cos

(
θ − θ̃

)
− M̃s(cos

2 θ̃ − sin2 θ̃)(Nzz −Nyy)
]
M̃ỹ,

∂M̃ỹ

∂t
= µ0γ

[
H0 cos

(
θ − θ̃

)
− M̃s(Nyy sin

2 θ̃ +Nzz cos
2 θ̃ −Nxx)

]
M̃x̃, (S7)

where µ0 is the vacuum permeability, and γ is the modulus of the electron gyromagnetic ratio. We obtain the

FMR frequency Ω =
√
ω1ω2 and the ratio M̃ỹ/M̃x̃ = iξ2m = iω2/ω1 for the Kittel mode, where

ω1 = µ0γ
(
H0 cos

(
θ − θ̃

)
− M̃s(cos

2 θ̃ − sin2 θ̃)(Nzz −Nyy)
)
,

ω2 = µ0γ
(
H0 cos

(
θ − θ̃

)
− M̃s(Nyy sin

2 θ̃ +Nzz cos
2 θ̃ −Nxx)

)
. (S8)

Via the normalization condition
∫
dr
(
M̃x̃M̃∗

ỹ − M̃∗
x̃M̃ỹ

)
= −i/2, the normalized eigenmodes M̃x̃ =

−1/
(
2ξm

√
lwd
)

and M̃ỹ = −iξm/
(
2
√
lwd
)
, with which the magnetization in the (a, b)-th nanomagnet

is quantized in terms of the magnon operators β̂a,b:

ˆ̃M
(a,b)
α={x̃,ỹ}(r) = −

√
2M̃sγℏM̃αβ̂a,b +H.c.. (S9)

We transform back to the lab {x, y, z}-coordinate system by M̃µ = R̃−1
µν̃ M̃ν̃ :

ˆ̃M (a,b)
x (r) = −

√
2M̃sγℏ

(
M̃x̃β̂a,b +H.c.

)
, (S10a)

ˆ̃M (a,b)
y (r) = −

√
2M̃sγℏ

(
M̃ỹβ̂a,b +H.c.

)
cos θ̃ + sin θ̃M̃s, (S10b)

ˆ̃M (a,b)
z (r) = −

√
2M̃sγℏ

(
M̃ỹβ̂a,b +H.c.

)
sin θ̃ + cos θ̃M̃s. (S10c)

For the magnetic substrate, the equilibrium magnetization Ms is along H0. We consider the dynamics of

M in the local {x′, y′, z′}-coordinate system, where the ẑ′-axis is along H0 and the x̂′-axis is normal to the

substrate (Fig. S1). From the LL equation, we obtain the eigenfrequency of the spin wave of wave vector k′

ω(k′) = µ0γ(H0 + αexMsk
′2), (S11)

and the normalized amplitudes Mx′ = −1/(2
√
LyLzs) and My′ = −i/(2

√
LyLzs), where αex is the exchange

stiffness of the substrate, and Ly and Lz are the lengths of substrate along the ŷ- and ẑ-directions. With the

magnon annihilation operator m̂k′ , the magnetization operator M̂(r′) of the substrate in the linear regime is

quantized by

M̂z′(r′) = Ms,

M̂β={x′,y′}(r
′) = −

√
2Msγℏ

∑
k′

(
Mβe

ik′·ρρρ′
m̂k′ +H.c.

)
, (S12)



4

where the inplane ρρρ′ = y′ŷ′ + z′ẑ′. To facilitate the calculation of the coupling between the magnons in the

nanomagnet and substrate, we transform back to the lab {x, y, z}-coordinate system by a counterclockwise

rotation of θ with respect to the x̂-axis in terms of the rotation matrix

R(θ) =


1 0 0

0 cos θ sin θ

0 − sin θ cos θ

 . (S13)

The components of the magnetization and the wave vector in Eq. (S12) transform according to Mµ(rα) =

Rµν′Mν′(R−1
αβ′rβ′) and kµ = Rµν′kν′ , leading to the magnetization operator in the lab {x, y, z}-coordinate

system

M̂x(r) = −
√

2Msγℏ
∑
k

(
Mx′eik·ρρρm̂k +H.c.

)
, (S14a)

M̂y(r) = −
√
2Msγℏ

∑
k

(
My′eik·ρρρm̂k +H.c.

)
cos θ + sin θMs, (S14b)

M̂z(r) =
√
2Msγℏ

∑
k

(
My′eik·ρρρm̂k +H.c.

)
sin θ + cos θMs. (S14c)

The spin wave of the substrate generates a dipolar field above it

ĥ(r) = −
√

2Msγℏ
∑
k

e−kx − e−k(x+s)

2k2
(sin θkzMy′ − cos θkyMy′ − ikMx′)


ik

ky

kz

 eik·ρm̂k +H.c., (S15)

where k =
√
k2y + k2z is the magnitude of k. For the (a, b)-th nanomagnet located at the center position

(d/2, aΛy, bΛz), its Kittel magnon couples via the dipolar interaction with the magnon in the substrate

Ĥc = −µ0

∑
a,b

∫ d

0

dx

∫ aΛy+w/2

aΛy−w/2

dy

∫ bΛz+l/2

bΛz−l/2

dzĥ(r) · ˆ̃M(a,b)(r)

=
∑
a,b

∑
k

ℏg(a,b)k m̂kβ̂
†
a,b +H.c., (S16)

in which the coupling constant

g
(a,b)
k = −4µ0γ

√
MsM̃s

(
1− e−kd

) (
1− e−ks

)
k3kykz

sin

(
kyw

2

)
sin

(
kzl

2

)
ei(akyΛy+bkzΛz)

× (Mx′ ,My′)

(
k2 −ik(ky cos θ̃ − kz sin θ̃)

ik(kz sin θ − ky cos θ) (kz sin θ − ky cos θ)(ky cos θ̃ − kz sin θ̃)

)(
M̃∗

x̃

M̃∗
ỹ

)
= gke

i(akyΛy+bkzΛz), (S17)

where gk is a real number.

III. EFFECTIVE MAGNON HAMILTONIAN OF NANOMAGNET SUBSYSTEM

We construct the effective Hamiltonian of the magnons in the nanomagnets by integrating the degree of

freedom of the substrate. The total Hamiltonian

Ĥ =
∑
a,b

ℏ(Ω− iδβ)β̂
†
a,bβ̂a,b +

∑
k

ℏ(ωk − iδm)m̂†
km̂k +

∑
a,b

∑
k

ℏg(a,b)k m̂kβ̂
†
a,b +H.c.

 , (S18)
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where δβ ≈ α̃GΩ and δm(k) ≈ αGωk with α̃G and αG denoting, respectively, the Gilbert damping constants

for the nanomagnet and substrate. The Langevin’s equations of β̂(a,b) and m̂k in the frequency domain read

(ω − ωk + iδm) m̂k(ω) =
∑
a,b

e−i(akyΛy+bkzΛz)gkβ̂a,b(ω), (S19a)

(ω − Ω+ iδβ) β̂a,b(ω) =
∑
k

ei(akyΛy+bkzΛz)gkm̂k(ω), (S19b)

from which we find

m̂k(ω) =
∑
a,b

e−i(akyΛy+bkzΛz)gk
ω − ωk + iδm

β̂a,b. (S20)

Substituting into Eq. (S19b), we find

(ω − Ω+ iδβ) β̂a,b =
∑
a′,b′

∑
k

ei[(a−a′)kyΛy+(b−b′)kzΛz]

ω − ωk + iδm
g2kβ̂a′,b′ . (S21)

The magnons in the substrate mediate an effective interaction between Kittel magnons in the nanomagnet.

Since ωk = µ0γ(H0 + αexMsk
2) only depends on the magnitude of k, the summation over k in Eq. (S21) is

conveniently performed in the polar {k, φ}-coordinate:

∑
a′,b′

∑
k

ei[(a−a′)kyΛy+(b−b′)kzΛz]

ω − ωk + iδm
g2kβ̂a′,b′

=
LyLz

(2π)2

∑
a′,b′

∫ 2π

0

dφ

∫ ∞

0

dk
kg2(k, φ)

ω − ωk + iδm
eik((a−a′) cosφΛy+(b−b′) sinφΛz)β̂a′,b′

=
LyLz

(2π)2

∑
a′,b′

∫ π

0

dφ

∫ ∞

−∞
dk

|k|g2(k, φ)
ω − ωk + iδm

eikra−a′,b−b′ cos(φ−ϕa−a′,b−b′)β̂a′,b′ , (S22)

where we define ra−a′,b−b′ = (a− a′)Λyŷ+ (b− b′)Λz ẑ in the polar coordinate with magnitude ra−a′,b−b′ and

polar angle ϕa−a′,b−b′ . When a = a′ and b = b′ or φ = ±π/2 + ϕa−a′,b−b′ ,

LyLz

(2π)2

∫ π

0

dφ

∫ ∞

−∞
dk

|k|g2(k, φ)
ω − ωk + iδm

β̂a′,b′ = −i
LyLz

4π

∫ π

0

dφ

(
kω
vkω

g2(kω, φ) +
−kω
−vkω

g2(−kω, φ)

)
β̂a′,b′

= −i
LyLz

4π

∫ π

0

dφ

(
kω
vkω

g2(kω, φ) +
kω
vkω

g2(kω, π + φ)

)
β̂a′,b′

= −i
LyLz

4π

∫ 2π

0

dφ
kω
vkω

g2(kω, φ)β̂a′,b′ , (S23)

where kω =
√
(ω − µ0γH0)/(µ0γαexMs), and vkω

= (∂ωk/∂k)|kω
= 2µ0γαexMskω. Otherwise, ra−a′,b−b′ > 0.

For (φ − ϕa−a′,b−b′) ∈ (−π/2, π/2), cos(φ− ϕa−a′,b−b′) > 0, so we close the contour integration in the upper

complex plane, where the singularity is located at qω = kω(1 + iαG/2), leading to

∫ ∞

−∞
dk

eikra−a′,b−b′ cos(φ−ϕa−a′,b−b′)|k|g2(k, φ)
ω − ωk + iδm

= −2πi
kω
vkω

g2(kω, φ)e
iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′). (S24)

For (φ−ϕa−a′,b−b′) ∈ (π/2, 3π/2), we close the contour integration in the lower complex plane, where there is
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another singularity located at −qω = −kω(1 + iαG/2), leading to∫ ∞

−∞
dk

eikra−a′,b−b′ cos(φ−ϕa−a′,b−b′)|k|g2(k, φ)
ω − ωk + iδm

= 2πi
| − kω|
−vkω

g2(−kω, φ)e
−iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)

= −2πi
|kω|
vkω

g2(kω, φ− π)e−iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)

= −2πi
kω
vkω

g2(kω, φ− π)eiqωra−a′,b−b′ cos(φ−π−ϕa−a′,b−b′).

(S25)

When ϕa−a′,b−b′ ∈ [−π/2, π/2), we divide the integral region φ ∈ [0, π] into two parts [0, ϕa−a′,b−b′ +π/2] and

(ϕa−a′,b−b′ + π/2, π], and calculate Eq. (S22) as

LyLz

(2π)2

∑
a′,b′

∫ ϕa−a′,b−b′+
π
2

0

dφ

∫ ∞

−∞
dk

eikra−a′,b−b′ cos(φ−ϕa−a′,b−b′)|k|g2(k, φ)
ω − ωk + iδm

β̂a′,b′

+
LyLz

(2π)2

∑
a′,b′

∫ π

ϕa−a′,b−b′+
π
2

dφ

∫ ∞

−∞
dk

eikra−a′,b−b′ cos(φ−ϕa−a′,b−b′)|k|g2(k, φ)
ω − ωk + iδm

β̂a′,b′

= −i
LyLz

2π

∑
a′,b′

∫ ϕa−a′,b−b′+
π
2

0

dφ
kω
vkω

g2(kω, φ)e
iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)β̂a′,b′

− i
LyLz

2π

∑
a′,b′

∫ π

ϕa−a′,b−b′+
π
2

dφ
kω
vkω

g2(kω, φ− π)eiqωra−a′,b−b′ cos(φ−π−ϕa−a′,b−b′)β̂a′,b′

= −i
LyLz

2π

∑
a′,b′

(∫ ϕa−a′,b−b′+
π
2

0

dφ+

∫ 0

ϕa−a′,b−b′−π
2

dφ

)
kω
vkω

g2(kω, φ)e
iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)β̂a′,b′

= −i
LyLz

2π

∑
a′,b′

∫ ϕa−a′,b−b′+
π
2

ϕa−a′,b−b′−π
2

dφ
kω
vkω

g2(kω, φ)e
iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)β̂a′,b′ . (S26)

The same calculation applies when ϕa−a′,b−b′ ∈ [π/2, 3π/2). So via changing the integral domain of φ in

Eq. (S22), we arrive at

∑
a′ ̸=a or b′ ̸=b

∑
k

ei[(a−a′)kyΛy+(b−b′)kzΛz]

ω − ωk + iδm
g2kβ̂a′,b′

=

(
−i

LyLz

2π

) ∑
a′ ̸=a or b′ ̸=b

∫ ϕa−a′,b−b′+
π
2

ϕa−a′,b−b′−π
2

dφ
kω
vkω

g2(kω, φ)e
iqωra−a′,b−b′ cos(φ−ϕa−a′,b−b′)β̂a′,b′ . (S27)

Using the on-shell approximation ω → Ω, the matrix elements of the effective Hamiltonian of the magnons

in the nanomagnet read

Heff

∣∣
a=a′,b=b′

= Ω− iδβ − iΓ(ra−a′,b−b′ = 0),

Heff

∣∣
a̸=a′ or b ̸=b′

= −iΓ(ra−a′,b−b′ ̸= 0), (S28)

where the effective coupling between magnons within the nanomagnets

Γ(ra−a′,b−b′ = 0) =
LyLz

4π

∫ 2π

0

dφ
kΩ
vkΩ

g2(kΩ, φ), (S29)

and in different nanomagnets

Γ(ra−a′,b−b′ ̸= 0) =
LyLz

2π

∫ ϕa−a′,b−b′+
π
2

ϕa−a′,b−b′−π
2

dφ
kΩ
vkΩ

g2(kΩ, φ)e
iqΩra−a′,b−b′ cos(φ−ϕa−a′,b−b′). (S30)
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IV. PRECISE TOPOLOGICAL CHARACTERIZATION FOR ONE-DIMENSION

The analytical solution for the frequency spectra of long-range coupled magnons exists in the one-

dimension [2], which allows a comparison with the numerical results that we model by the periodic boundary

condition. We consider a finite-sized array of N CoFeB magnetic nanowires that are equally spaced on the

YIG substrate with neighboring distance L0. According to Ref. [2], the elements of the effective Hamiltonian

matrix Heff |ll′ = (1− iα̃G)Ωδll′ − iΓll′ , in which the effective coupling between the l-th and l′-th wire

Γll′ =


(ΓL + ΓR) /2, l = l′

ΓLe
iqΩ|l−l′|L0 , l > l′

ΓRe
iqΩ|l−l′|L0 , l < l′

, (S31)

where ΓL and ΓR are the coupling strength between the magnons from the left to the right (the right to the

left) wire, and qΩ = kΩ(1 + iαG/2) with the resonant wave number kΩ of the substrate magnon to the FMR

frequency Ω of the wire. The analytical solution for the frequency spectra reads [2]

ωκ = (1− iα̃G) Ω− i
ΓL

2

1 + ei(qΩ+κ)L0

1− ei(qΩ+κ)L0
+ i

ΓR

2

1 + ei(κ−qΩ)L0

1− ei(κ−qΩ)L0
. (S32)

For the periodic system, κL0 ∈ [0, 2π] is real.

On the other hand, we can numerically calculate the frequency spectra in the periodic system constructed

according to our approach as addressed in the main text, where the effective coupling in the open system

Eq. (S31) is replaced by the periodic one

Γp
ll′ =

∑
n

Γl(l′+nN),

where summation runs over the integer n ∈ (−∞,+∞). As an example, we consider the array of N = 100

CoFeB nanowires of thickness d = 30 nm and width w = 100 nm spaced equally with neighboring distance

L0 = 1 µm on the thin YIG film of thickness s = 10 nm, biased by the in-plane applied magnetic field

µ0H0 = 0.05 T. The saturated magnetization of CoFeB wire µ0M̃s = 1.6 T is pinned along the wire ẑ-direction

due to the shape anisotropy, in which configuration the FMR frequency Ω = 2π × 21.2 GHz. For the YIG

substrate, its saturated magnetization µ0Ms = 0.177 T, Gilbert damping coefficient αG = 10−3, and exchange

stiffness αex = 3 × 10−16 m2. The resonant wave number of magnon in YIG to Ω is kΩ = 1.13 × 108 m−1.

We numerically diagonalize the periodic Hamiltonian matrix Hp
eff |ll′ = (1− iα̃G)Ωδll′ − iΓp

ll′ , and compare the

eigenfrequencies, relative to (1− iα̃G)Ω, with the analytical solution (S32) with different chiralities as shown

in Fig. S3. The eigenfrequency is normalized by Γa = (ΓL + ΓR)/2. All the numerically calculated frequency

spectra locate at the curves from the analytical calculation. Such excellent agreement validates our numerical

approach.
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FIG. S3. Comparison of frequency spectra in the one-dimensional system from the analytical and numerical calculations

with different chiralities ΓR/ΓL = 0.2 [(a)], 1 [(b)], and 5 [(c)].
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