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Abstract. We revisit a method to incorporate the Vainshtein screening mechanism in N -
body simulations proposed by R. Scoccimarro in [1]. We further extend this method to cover
a subset of Horndeski theories that evade the bound on the speed of gravitational waves set
by the binary neutron star merger GW170817. The procedure consists of the computation
of an effective gravitational coupling that is time and scale dependent, Geff (k, z), where the
scale dependence will incorporate the screening of the fifth-force. This is a fast procedure that
when contrasted to the alternative of solving the full equation of motion for the scalar field
inside N -body codes, reduces considerably the computational time and complexity required
to run simulations. To test the validity of this approach in the non-linear regime, we have
implemented it in a COmoving Lagrangian Approximation (COLA) N -body code, and ran
simulations for two gravity models that have full N -body simulation outputs available in the
literature, nDGP and Cubic Galileon. We validate the combination of the COLA method
with this implementation of the Vainshtein mechanism with full N -body simulations for
predicting the boost function: the ratio between the modified gravity non-linear matter
power spectrum and its General Relativity counterpart. This quantity is of great importance
for building emulators in beyond-ΛCDM models, and we find that the method described in
this work has an agreement of below 2% for scales down to k ≈ 3h/Mpc with respect to full
N -body simulations.
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1 Introduction

The Large Scale Structure (LSS) of the Universe is known to contain vast wealth of infor-
mation regarding how the initially linear and Gaussian perturbations evolved into the highly
non-linear, non-Gaussian and complex structure we observe in the sky. Ongoing, DESI [2],
and upcoming galaxy surveys, Euclid [3] and Rubin observatory’s LSST [4], will be able to
give us information on how this evolution took place with unprecedented precision. During
much of the past decade, the effort of reducing instrumental and systematical errors of galaxy
surveys, in order to increase the constraining power on cosmological parameters, has occupied
one of the central topics in LSS cosmology. Notwithstanding, an analogous task of increasing
the accuracy on the theoretical modelling of the Universe in this highly non-linear regime
has also been pursued by many. In order to probe these scales, the main focus on exploring
the non-linear nature of the Universe is on the matter two-point correlation function and its
Fourier transform, the matter power spectrum. To accurately compute this quantity in the
deeply non-linear regime, a common approach is to use N -body simulations that evolve the
cold dark matter (CDM) particles by solving the geodesic and Poisson equations following a
given theory of gravity, which within the Standard Model of Cosmology, ΛCDM, is given by
Einstein’s General Relativity (GR).

However, the accurate data coming from the above mentioned surveys opens up the
possibility of probing the nature of dark energy, the elusive and exotic fluid of negative pres-
sure responsible for the current acceleration of our Universe. In GR the simplest solution
to this fluid is to add a constant term in the Einstein field equations, the so-called Cosmo-
logical Constant Λ. Nevertheless, this simple solution faces conceptual and observational
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problems, which, in turn, prompted cosmologists to look for alternatives to this paradigm.
Even though at small and dense regions, GR is known to correctly describe gravity due to the
tight constraints from Solar-System and astrophysical tests, tests of gravity on the largest
scales of our Universe are still not constraining enough. Therefore, in order to accommodate
the late-time acceleration of our Universe, one possibility is to modify Einstein’s theory of
gravity on these large scales. Usually, modified theories of gravity (MG) add an extra degree
of freedom, and the simplest MG theories of gravity are scalar-tensor theories, in which an
extra scalar field is added to the Einstein-Hilbert action and coupled to the matter fields.
One of the main new features of these theories is the emergence of a new force, called a
fifth-force, that will act on test particles. So far, much of the exploration of these theories
has been restricted to tests that probe directly the cosmological background or that probe
the linear scales of the LSS of our Universe, as, in both regimes, we can quickly generate
observables using Einstein-Boltzmann solvers for MG theories. In turn, this allows us to
run full Monte Carlo Markov Chains (MCMC) to produce constraints on cosmological and
MG parameters. Despite the simplicity on modelling linear scales, the impact MG leaves on
the structure formation in our Universe is distinctive enough to push us to look for different
alternatives to model the non-linear matter power spectrum.

Full N -body simulations are known to be time consuming and computationally expen-
sive, limiting our ability to use them as a quick and cheap method to generate non-linear
matter power spectra. The cost of running N -body simulations in MG theories is even worse,
as one needs to solve an extra equation of motion for the scalar field fluctuations. This equa-
tion is a non-linear equation, which adds another layer of complexity, as one often needs to
solve it using a different scheme than the one implemented to solve the Poisson equation.
Additionally, these theories are endowed with screening mechanisms, mechanisms that are
capable of suppressing this extra force, guaranteeing that in dense environments, MG theories
recover GR predictions, thus, satisfying Solar-System and laboratory tests of gravity [5–7].

Current MG simulations [8, 9] usually take from a factor of 2 up to a factor of 10 longer
than a ΛCDM one, and performing a full MCMC parameter estimation with simulations sim-
ply becomes not a feasible task, as one would need an order of 104 simulations, or even more,
to successfully sample the parameter space and reach convergence on the chains. Therefore,
emulation techniques have been put forward in the community as viable alternatives to bypass
this issue in standard cosmologies [10–31], as well as in cosmologies beyond-ΛCDM [32–37].
In order to train machine learning algorithms to be used for the emulation, we still need to
create a large enough training, testing and validation simulation sets, however, the total num-
ber of simulations required for these are reduced by at least two orders of magnitude, where
one would need around O(102) simulations to be divided into the specified sets. While these
techniques considerably reduce the number of required simulations, the problem of the com-
putational time and complexity one MG N -body simulation takes to complete still persists.

To avoid this issue, some methods [38] were developed in the literature to predict the
non-linear matter power spectrum in MG theories that do not need to solve for the extra
scalar field equation of motion, such as the Particle-Mesh N -body code MG-evolution [39],
or the reACT code1 [40, 41]. In both cases, screening mechanisms are introduced in real space
by modelling the spherical collapse in a given MG theory, and then transformed to Fourier
space. However, the mapping between real and Fourier space is non-trivial when screening
is present, as screening depends on the density distribution in a given region, making the

1https://github.com/nebblu/ACTio-ReACTio.
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Fourier transformation dependent on the environment. Due to this, both codes introduce
extra parameters in their screening modelling that captures the screening scale in real space
and transform them to Fourier space in a phenomenological and quick way by tuning these
parameters with complete2 N -body simulations. A similar approach using the spherical
collapse to model screening was implemented in the COmoving Lagrangian Approximation
(COLA) method [42–51], where one solves a linearized version of the equation of motion for
the scalar field fluctuation in real space with two extra parameters introduced.

In view of the dependence on complete N -body simulations to model screening in non-
linear predictions for the matter power spectrum, in this work we will explore a different
approach, which was introduced by R. Scoccimarro in reference [1]. We will also extend the
formalism introduced by Scoccimarro to a broader set of MG theories that can be described ei-
ther in a covariant way, i.e., starting from a specific Lagrangian, or from a model-independent
approach as the Effective Field Theory of Dark Energy (EFT of DE) [52, 53]. In order to
show the robustness of our results, we implemented this approximate screening approach in
the publicly available COLA-FML code,3 and we validated the implementation using complete
N -body simulations available in the literature. Our main results will be on the comparison
of the boost function of MG theories, i.e., the ratio of the non-linear matter power spectrum
from an MG theory and its GR counterpart. The boost function was recently shown [36, 54]
to be robust enough to be emulated, as it removes much of the inaccuracies present in the
power spectrum from simulations and it is largely insensitive to the variation of the force
resolution of the simulation, i.e., we do not need to use high resolution settings for our COLA
simulations to get an accurate prediction for the boost, reducing the computational time and
complexity of our simulations.

Our goal is to present a systematic procedure towards quickly generating MG non-linear
predictions for the power spectrum that do not rely on the tuning of extra fitting parameters
with complete N -body simulations. This will allow us to construct new emulators or extend
current ΛCDM emulators to beyond-ΛCDM cosmologies, thus, fully exploring the power of
emulation techniques and its use to constrain MG theories using stage-IV LSS data. The
outline of this work is the following, in section 2 we begin by describing the theories of gravity
considered in this work in sections 2.1 and 2.2, and in section 2.3 we discuss the procedure
introduced by Scoccimarro. In section 3 we detail the MG N -body simulation suites used to
validate our work, and in section 4 we show our results and discuss its validity with respect
to its counterparts from the N -body suites and we finally conclude in section 5.

2 Methodology

In this section we will discuss the theories of gravity explored in this work, as well as sum-
marize and discuss the screening approximation introduced by R. Scoccimarro in [1].

2.1 nDGP

The first theory of gravity we will discuss is the so-called normal-branch Dvali-Gabadaze-
Porrati (nDGP) theory [55]. This theory is a braneworld theory, which assumes that we
live in the four-dimensional brane in a higher dimensional spacetime. Although not well
motivated from first principles, nDGP has been extensively studied in the literature [56–58],

2Complete in the sense that the full scalar field equation of motion is being solved consistently with the
geodesic and Poisson equations.

3https://github.com/HAWinther/FML.
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and serves as a test-bed for many interesting studies, due to its simplicity when introducing it
to full N -body simulations. This comes from the simple form the Vainshtein mechanism [59] is
described in this theory when studying spherical collapse. The action takes the following form:

S = 1
κ(5)

∫
d5x

√
−g(5)R(5) +

∫
d4√−g

( 1
2κR+ Lm

)
, (2.1)

where all quantities carrying the index (5) refers to the generalization of their four-
dimensional counterpart to a five-dimensional spacetime, and κ = 8πG, with G being the
Newtonian gravitational constant. Formally, when one derives the background evolution
of the Universe in this theory, one encounters the fact that the action in equation (2.1)
exhibits two branches to describe the expansion history: the self-accelerating branch, i.e.,
the branch where there is no need to introduce a Cosmological Constant to explain the
late-time acceleration of the Universe, and one so-called normal branch (nDGP), in which
Λ must be introduced as well as the cross-over radius rc = G(5)/2G needs to be tuned in
order to explain the late-time acceleration. The self-accelerating branch is plagued by ghost
instabilities so we only consider the normal branch in this paper. The Poisson equation in
this theory, at linear order and well inside the horizon, reads:

∇2Ψ = 4πGeffa
2ρmδm, (2.2)

with

Geff = G

(
1 + 1

3β(a)

)
, (2.3)

β (a) = 1− 2Hrc

(
1 + Ḣ

3H2

)
, (2.4)

where a dot refers to a time derivative with respect to physical time t. The non-linear
equations of motion are given by:

∇2Ψ = 4πGa2ρmδm + 1
2∇

2ϕ, (2.5)

∇2ϕ+ r2
c

3βa2

[(
∇2ϕ

)2
− (∂i∂jϕ)2

]
= 8πG

3β a2ρmδm. (2.6)

One can then consider spherically symmetric solutions of equations (2.5)–(2.6) and find the
non-linear version of equation (2.3) [56, 57, 60] as

GNL
eff (a,R) = G

1 + 2δG
G

R3

R3
V

√1 + R3
V

R3 − 1

 , (2.7)

where the so-called Vainshtein radius RV is given by

R3
V

R3 = 8r2
cH

2
0 Ωm0δm

9β2a3 , (2.8)

and
δG

G
= Geff −G

G
= 1

3β . (2.9)

Expression (2.7) is only for spherically symmetric configurations, and it is a description of
how spherical collapse in real space is affected by the Vainshtein mechanism.
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2.2 Horndeski gravity

Horndeski gravity [61–63] is the most general scalar-tensor theory with second-order differ-
ential equations for the metric and the scalar field. Its action is given by:

S[gµν , φ] =
∫

d4x
√
−g

[ 5∑
i=2

1
κ
Li[gµν , φ] + Lm[gµν , ψM]

]
, (2.10)

where the Li terms in the Lagrangian are:

L2 = K(φ, X) , (2.11a)
L3 = −G3(φ, X)�φ , (2.11b)

L4 = G4(φ, X)R+G4X(φ, X)
[
(�φ)2 − φ;µνφ

;µν
]
, (2.11c)

L5 = G5(φ, X)Gµνφ;µν − 1
6G5X(φ, X)

[
(�φ)3 + 2φ;µ

νφ;ν
αφ;α

µ − 3φ;µνφ
;µν�φ

]
. (2.11d)

where X ≡ −1
2∂µφ∂

µφ is the kinetic term of the scalar field and ψM represents matter fields
minimally coupled to gravity. Equation (2.10) follows the same notations and conventions
with respect to the Horndeski functions Gi as [64] and hi_class4 [65, 66] a public Einstein-
Boltzmann code, which will be extensively used in this paper.

The background equations of motion for the action in equation (2.10) reads:

H2 = κ

3

(∑
α

ρα + ρDE

)
, (2.12a)

Ḣ = −κ2

[∑
α

(ρα + pα) + ρDE + pDE

]
, (2.12b)

where a dot represents a derivative with respect to the physical time t, α runs over all matter
species,5 and

κρDE ≡ −K + 2X (KX −G3φ) + 6φ̇H (XG3X −G4φ − 2XG4φX) (2.13a)
+ 12H2X (G4X + 2XG4XX −G5φ −XG5φX) + 4φ̇H3X (G5X +XG5XX) ,

κpDE ≡ K − 2X (G3φ − 2G4φφ) + 4φ̇H (G4φ − 2XG4φX +XG5φφ) (2.13b)

−M2
∗αBH

φ̈

φ̇
− 4H2X2G5φX + 2φ̇H3XG5X .

The dark energy background quantities satisfy the usual conservation equation:

ρ̇DE = −3aH (ρDE + pDE) , (2.14a)

wDE ≡
pDE
ρDE

. (2.14b)

One can see that in equation (2.13b), there is a non-trivial quantity, αB, in its definition. This
is the so-called braiding function first introduced in [64] alongside other 3 time-dependent

4https://github.com/miguelzuma/hi_class_public.
5With matter we also mean relativistic species such as photons and massless neutrinos.
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functions which are defined as:

M2
∗ ≡ 2

(
G4 − 2XG4X +XG5φ − φ̇HXG5X

)
, (2.15a)

HM2
∗αM ≡

d
dtM

2
∗ , (2.15b)

H2M2
∗αK ≡ 2X (KX + 2XKXX − 2G3φ − 2XG3φX) + (2.15c)

+ 12φ̇XH (G3X +XG3XX − 3G4φX − 2XG4φXX) +

+ 12XH2
(
G4X + 8XG4XX + 4X2G4XXX

)
−

− 12XH2
(
G5φ + 5XG5φX + 2X2G5φXX

)
+

+ 4φ̇XH3
(
3G5X + 7XG5XX + 2X2G5XXX

)
,

HM2
∗αB ≡ 2φ̇ (XG3X −G4φ − 2XG4φX) + (2.15d)

+ 8XH (G4X + 2XG4XX −G5φ −XG5φX) +
+ 2φ̇XH2 (3G5X + 2XG5XX) ,

M2
∗αT ≡ 2X

(
2G4X − 2G5φ −

(
φ̈− φ̇H

)
G5X

)
. (2.15e)

These are dimensionless quantities that capture all the features introduced by the dark
energy scalar field at a linear level, and we refer the reader to section 3.1 of [64] for the
physical meaning of each quantity. Under the quasi-static approximation [64, 67, 68] and at
linear order, we can write the Poisson equation for general Horndeski theories as:

∇2Ψ = 4πGeffa
2ρmδm, (2.16)

with

Geff = G

(
1 + c2

sN
(
2− 2M2

∗ + 2αT
)

+ (αB + 2αM − 2αT + αBαT)2

2c2
sNM

2
∗

)
, (2.17)

where c2
sN is the numerator of the scalar field speed of sound squared defined in [65]. However,

in the present work, we will not cover general Horndeski theories, as we are interested in the
minimal case in which the Vainshtein mechanism is present. That is, we will be looking at
the subset:

αB 6= 0, αM = αT = 0, ∀αK. (2.18)
This minimal set can be translated in terms of the Horndeski functions Gi as:

G4 = 1
2R, G5 = 0,

K = K (φ,X) , G3 = G3 (φ,X) . (2.19)

This is a subset of Horndeski theories that are minimally coupled to the metric tensor
(MCHT) which satisfy the bound set by the merger of binary neutron stars on the speed of
gravitational waves [69], i.e., cGW = c, and, equation (2.17) in these theories becomes:

Geff = G

(
1 + α2

B
2c2

sN

)
. (2.20)

In the next section we will discuss the non-linear equations of motion for these theories,
writing all equations of motion in terms of the property function αB or functions defined
from it.

– 6 –
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2.2.1 Spherical collapse

In order to understand how MCHT contributes to the non-linear behavior of matter, we will
first write the equations of motion for the metric perturbations, as well as for the dimension-
less scalar field fluctuation defined as:

VX = δφ

φ̇
.

We begin with the perturbed FLRW line element in the Newtonian gauge:

ds2 = − (1 + 2Φ) dt2 + a2(t) (1− 2Ψ) δijdxidxj , (2.21)

which takes the same form as the line element in [70]. Using equations (2.18), (2.21) and
equation (3.23) of [70], we arrive at:

αBH∂
2Ψ = 2C2H

2∂2VX + αBH

a2 V
(2)
X , (2.22a)

∂2Ψ = κ

2a
2δρm −

1
2αBH∂

2VX , (2.22b)

with the following definitions:

C2 ≡ −
αB
2 −

1
2H2

d
dt (αBH)− 1

H2 (ρDE + pDE) , (2.23a)

V
(2)
X ≡

(
∂2VX

)2
− (∂i∂jVX)2 , (2.23b)

ρDE + pDE = 2X
(
G2X − 2G3φ + 3Hφ̇

)
− αBH

φ̈

φ̇
. (2.23c)

We can also find the expression for the linear effective gravitational coupling, equation (2.20),
from equations (2.22a)–(2.22b):

Geff = G

(
1− α2

B
C2 + α2

B

)
. (2.24)

Equations (2.22a)–(2.22b) are general equations for cubic Horndeski theories minimally cou-
pled to the metric tensor that incorporate the Vainshtein screening. This is due to the
fact that in equation (2.22a) we have the presence of the non-linear term V

(2)
X , which effec-

tively decouples the scalar degree of freedom from the matter density fluctuations on small
scales in dense environments, hence, shielding the fifth force introduced by the extra degree
of freedom. Note, however, that contrary to other screening mechanisms, in theories with
Vainshtein screening the scalar field is still dynamical, only the fifth force is suppressed.
To better understand how screening occurs in these theories, we will now consider the case
where density perturbations are spherically symmetrically distributed. We will first combine
equations (2.22a)–(2.22b) in order to find a governing equation of motion for the scalar field
fluctuation that only depends on the matter density perturbations:

∂2VX + 2αB
H
(
4C2 + α2

B
) V (2)

X

a2 = 2αB
H
(
4C2 + α2

Bκ
) κ

2a
2δρm. (2.25)

– 7 –
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In order to make this equation more compact, and to make it similar to its counterpart in
nDGP, equation (2.6), we will introduce the following function:

1
3β1
≡ 2αBH(

4C2 + α2
B
) , (2.26)

which then allows us to rewrite equation (2.25) as:

∂2VX + 1
3β1a2V

(2)
X = 1

6β1
κa2δρm, (2.27)

which in radial coordinates becomes:

1
r2

d
dr

(
r2 dVX

dr

)
+ 2

3β1a2
1
r2

d
dr

[
r

(dVX
dr

)2
]

= κ

6β1
a2ρmδm. (2.28)

This equation can be integrated once, leading to:

dVX
dr + 2

3β1a2
1
r

(dVX
dr

)2
= 1

3β1
a2GM(r)

r2 , (2.29)

where M(r) = 4π
∫ r

0 σ
2ρmδm(σ)dσ is the enclosed mass within the radius r. It is easy to

see that equation (2.29) is a second order algebraic equation for the variable dVX/dr, and
assuming a top-hat density distribution, we find the following expression at r = R:

dVX
dr = 4a2

3β1

R3

2R3
V

√1 + R3
V

R3 − 1

 GM
R2 . (2.30)

Differentiating equation (2.30) with respect to r we arrive at:

d2VX
dr2 = κ

2
4a2

3β1

R3

2R3
V

√1 + R3
V

R3 − 1

 ρmδm, (2.31)

and we can use this result in equation (2.22b) to write:

∂2Ψ = κ

2a
2ρmδm

1 + 2δG
G

R3

R3
V

√1 + R3
V

R3 − 1

 , (2.32)

with
δG

G
= −αBH

6β1
. (2.33)

Similarly to equation (2.7) for nDGP, we can find an expression for the non-linear version of
equation (2.24):

∂2Ψ = κ

2G
NL
eff (a,R)a2ρmδm (2.34)

where

GNL
eff = G

1 + 2δG
G

R3

R3
V

√1 + R3
V

R3 − 1

 , (2.35)
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and
R3
V

R3 = 1
2

8H2
0 Ωm0δm
9β2

1a
3 . (2.36)

Equation (2.35) allows us to understand the two regimes in which the fifth force introduced
by the scalar field acts. When the matter density perturbations are large, we have that
R/RV � 1, and, in this case, GNL

eff → G, while for small linear perturbations GNL
eff → Geff .

Equation (2.35) is still a simplification to the question of how modified gravity acts at small
scales, as we have derived this result using a spherically symmetric profile for the scalar
field fluctuations in real space. This result has been found and discussed extensively in the
literature [38, 39, 60, 70, 71], as well as it has been used to approximately implement screening
effects in N -body simulations [39]. In the next section, however, we will discuss an alternate
procedure to introduce screening in N -body simulations.

2.3 Scoccimarro’s prescription

In this section we will review the method introduced by R. Scoccimarro in [1] to model screen-
ing in nDGP gravity, and extend it to Horndeski theories characterized by (2.18). This idea
is based on a way to compute an effective gravitational constant in modified gravity theories
that exhibit Vainshtein screening, which will depend on time and scale, i.e., Geff (z, k). We
have seen in the previous section how this function is computed in real space by studying the
spherical collapse, i.e. equations (2.7) and (2.35). We will present our results in a unifying
description aiming to aid the efforts to introduce modified gravity effects in the non-linear
matter power spectrum with the precision and speed required for stage-IV LSS surveys.

We begin by combining equations (2.22a)–(2.22b) into one equation as:

∂2Ψ− κ

2a
2ρmGeffδm = −δG

G
V

(2)
X . (2.37)

In Fourier space, equation (2.37) can be written as:

−
(
k2Ψ + κ

2a
2ρmGeffδm

)
= −δG

G

∫ d3k1d3k2

(2π)3 δD (k12 − k)
[
k2

1k
2
2 − (k1 · k2)2

]
VX(k1)VX(k2)

(2.38)
where k12 = k1 + k2. Using equation (2.22b) we can write in Fourier space:

VX = − 1
k2

2
αBH

[
k2Ψ + κ

2a
2ρmδm

]
, (2.39)

which brings us to:

−
[
k2Ψ + κ

2a
2ρmδm

]
= δG

G

{
κ

2ρmδm + 4
α2

BH
2

∫ d3k1d3k2

(2π)3 δD (k12 − k)
[
1−

(
k̂1 · k̂2

)2
]

×
[
k2

1Ψ + κ

2a
2ρmδm

] [
k2

2Ψ + κ

2a
2ρmδm

]}
. (2.40)

Equation (2.40) represents the full solution of the Poisson potential in the quasi-static ap-
proximation. However, performing the integral in equation (2.40) is highly non-trivial, and
a simplification of it is to consider the spherically symmetric case for the non-local kernel
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a

10 2

10 1

100
3/8 × s3(a) = g(a)

rcH0 = 0.5
rcH0 = 1.0

rcH0 = 5.0
CuGal

10 2 10 1 100

a

1.0

1.2

1.4

1.6

1.8

Geff(a)
rcH0 = 0.5
rcH0 = 1.0

rcH0 = 5.0
CuGal

Figure 1. Left: evolution of the non-linearity function g(a) as a function of scale factor. Right:
evolution of the linear and time-dependent only effective gravitational coupling Geff , equation (2.17)
also as a function of the scale factor. Solid blue curves are for nDGP gravity with rcH0 = 0.5, dashed
orange curves rcH0 = 1.0, dotted-dashed green curves rcH0 = 5.0 and dotted red curves for the Cubic
Galileon (CuGal) model.

[1 − (k̂1 · k̂2)2] = 2/3, which when Fourier transformed back to real space restores to the
result in equation (2.34), which we will now write as:

∂2Ψ = κ

2a
2ρm

[
δm + 2δG

G

1
s3

(√
1 + s3δm − 1

)]
, (2.41)

where we have introduced
s3 = 1

2
8H2

0 Ωm0
9β2

1a
3 . (2.42)

This quantity is related to the non-linear scale where the Vainshtein mechanism kicks in, as
one can compare equation (2.42) with equation (2.35) and see that s3 is related to R3/R3

V .
Equation (2.42) is valid for Horndeski theories that satisfy the condition in equation (2.18),
and it can be compared with the expression for nDGP theories:

s3 = 8r2
cH

2
0 Ωm0

9β2a3 . (2.43)

In figure 1 we show the time evolution of the quantity g(a) = 3/8s3(a) for nDGP gravity and
Cubic Galileon on the left hand side, while on the right hand side we plot the effective gravita-
tional constant Geff(a), equations (2.17) and (2.3), in the cosmological background. In the left
plot of figure 1, we can see that all nDGP curves at early times converge to their asymptotic
value, g(a) ∼ 1/3, while at late times they will differ between each other as each has a differ-
ent value of rcH0. With respect to the orange dashed curve, corresponding to rcH0 = 1.0, our
plot is in agreement with the pink dashed curve found in the plot of figure 3 in [57].6 The be-
havior for the Cubic Galileon, however, is opposite at late-times than its nDGP counterpart.

6Note that the plotted quantity in that paper is the inverse of the quantity plotted in this work. However,
one can simply invert the orange dashed curve late time behavior to find that their asymptotic value is
in agreement. Also, the nDGP gravity parameter considered for the pink dashed curve in that paper is
rcH0 ≈ 0.72, which is close enough to the value of the dashed orange curve in figure 1 to get an estimate on
the order of magnitude of the non-linear function at late times.
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Equation (2.40) correctly captures the non-local and non-linear nature of the connec-
tion between the Poisson potential and the density perturbation. Therefore, Scoccimarro
introduces a technique to regain some non-local aspects of the true solution by employing
a ressumation technique on the two-point propagator in Fourier space, which will capture
non-local corrections beyond the spherical symmetric approximation. The starting point is
to write the response of the Poisson potential in Fourier space:

Ψ (k) =
〈
DΨ (k)
Dδm

(
k′
)〉 δm (k) + 1

2!

〈
D2Ψ (k)

Dδm (k1)Dδm (k2)

〉
δm (k1) δm (k2) + . . . , (2.44)

where D is a functional derivative, and 〈. . . 〉 represent statistical averages. The two-point
propagator of the modified Poisson equation, in the context of renormalized perturbation
theory [72], is then the linear coefficient of the previous expansion:

ΓΨ (k) δD
(
k − k′

)
=
〈
DΨ (k)
Dδm

(
k′
)〉 . (2.45)

From equation (2.41) we find the asymptotic behavior of ΓΨ (k):

ΓΨ (kRV � 1) ' − 1
k2
κ

2a
2ρmGeff , (2.46a)

ΓΨ (kRV � 1) ' − 1
k2
κ

2a
2ρm. (2.46b)

Equation (2.44) is an expansion for statistical averages such as the power spectrum, therefore,
we can naively replace δm → ∆ in equation (2.41), which allows us to estimate the linear
coefficient:

ΓΨ (k, z) ≈ − 1
k2
κ

2a
2ρm

[
δG/G√

1 + s3∆ (k, z)

]
, (2.47)

where ∆(k) is the square root of the dimensionless power spectrum:

∆2 (k, z) = k3Pm (k, z)
2π2 . (2.48)

As argued in [1], in order to get an effective resummation scheme it is reasonable to use
the linear order version of equation (2.40) and introduce a new function, M(k), to capture
non-local features that are averaged out:[

k2Ψ (k, z) + κ

2a
2ρmδm (k, z)

]
= −δG

G

κ

2a
2ρmδ (k, z)M (k, z) , (2.49)

which then leads us to the following expression:

ΓΨ (k, z) = − 1
k2
κ

2a
2ρm

[
δG (z)
G

×M (k, z)
]
. (2.50)

The function M(z, k) should describe non-local and non-linear features of the Vainshtein
screening on average, and theM(k, z) function must have the following asymptotic behavior:

M (k � 1)→ 1, M (k � 1)→ 0, (2.51)
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otherwise equation (2.46) is not recovered. Inspection of equation (2.49) then shows us that
the result of this procedure will give an expression for Geff that depends on time and scale:

Geff (z, k) = G

(
1 + δG (z)

G
M (z, k)

)
. (2.52)

In order to correctly model the Vainshtein mechanism, we need to go beyond the initial linear
order version of equation (2.40), and for this we rewrite equation (2.40) using equation (2.50):

(M − 1) δ (k) = −3
8s

3
∫ d3k1d3k2

(2π)3 δD (k12 − k)
[
1−

(
k̂1 · k̂2

)2
]

× δm (k1)M (k1) δm (k2)M (k2) . (2.53)

If we multiply equation (2.53) by δ
(
k′
)
, then take the statistical average and Fourier trans-

form it back to real space we are left with:

ξ (r)− χ (r) = −3
8s

3
∫ d3k1d3k2

(2π)3

[
1−

(
k̂1 · k̂2

)2
]
B (k1,k2,k3)

×M (k1)M (k2) e−ik12·r, (2.54)

where B is the matter bispectrum, i.e. the Fourier transform of the three-point correlation
function, and ξ, χ are the correlation functions:

ξ (r) =
∫ d3k

(2π)3P (k) e−ik·r, χ (r) =
∫ d3k

(2π)3P (k)M (k) e−ik·r. (2.55)

Now, from equation (2.54) we can see that in order to compute non-Gaussian corrections
induced by modified gravity on small scales we need a prescription for the bispectrum. As
the Vainshtein scale lies in the non-linear regime, we need a formula for the bispectrum on
small scales, and one can use a fitting formula for the standard gravity bispectrum, such as
the one considered in [73] or its updated formula developed in [74]. In both cases the fitting
formula starts from a formula analogous to the tree-level expression for the bispectrum:

Bfit (k1,k2,k3, z) = 2F2 (k1,k2, z)P (k1, z)P (k2, z) + 2F2 (k2,k3, z)P (k2, z)P (k3, z)
+ 2F2 (k3,k1, z)P (k3, z)P (k1, z) , (2.56)

however, here, the F2 kernel is given by:

F2 (k1,k2, z) = 5
7a (k1, z) a (k2, z) + 1

2
(
k̂1 · k̂2

)(k1
k2

+ k2
k1

)
b (k1, z) b (k2, z)

+ 2
7
(
k̂1 · k̂2

)2
c (k1, z) c (k2, z) , (2.57)

and the matter power spectrum P (k) is the non-linear power spectrum, which can be com-
puted using parametrized prescriptions such as halofit [75, 76] and HMCode [77] or emulators,
such as Euclid Emulator 2 [30]7 and Bacco [31].8 The time and scale dependent functions

7https://github.com/miknab/EuclidEmulator2.
8https://baccoemu.readthedocs.io/en/latest/.
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a1 = 0.25 a2 = 3.5 a3 = 2
a4 = 1 a5 = 2 a6 = −0.2
a7 = 1 a8 = 0 a9 = 0

Table 1. Parameter values for the bispectrum fitting formula used in [73].

a1 = 0.484 a2 = 3.740 a3 = −0.849
a4 = 0.392 a5 = 1.013 a6 = −0.575
a7 = 0.128 a8 = −0.722 a9 = −0.926

Table 2. Parameter values for the bispectrum fitting formula from [74], used in this work.

appearing in equation (2.57) are given by:

a (n, k) = 1 + σa6
8 (z) [0.7Q3 (n)]1/2 (qa1)n+a2

1 + (qa1)n+a2
, (2.58a)

b (n, k) = 1 + 0.2a3 (n+ 3) (qa7)n+3+a8

1 + (qa7)n+3+a8
, (2.58b)

c (n, k) = 1 + 4.5a4/[1.5 + (n+ 3)4] (qa5)n+3+a9

1 + (qa5)n+3+a9
, (2.58c)

where

Q3 (n) = 4− 2n

1 + 2n+1 , n = d lnPlin (k)
d ln k , (2.59)

and q = k/kNL, with kNL being the non-linear wave-number where the dimensionless linear
matter power spectrum is unity:

k3
NLPlin (kNL)

2π2 = 1. (2.60)

In the original prescription used in [73] the values for the ai parameters are summarized in
table 1. It is worth noting that the fit was performed without a validation to a maximum
redshift, while reference [74] performed the same fit using higher resolution simulations and
re-calibrated the values for the parameters found in table 2, which are valid up to redshift
z = 1.5. Therefore, for the results shown in the next sections we used the parameter values
presented in table 2.

In order to solve equation (2.54), and get a functional form for M (k, z), one can define
an effective amplitude, Qeff (r), as:

Qeff (r) [χ (r)]2 =
∫ d3k1d3k2

(2π)3

[
1−

(
k̂1 · k̂2

)2
]
B (k1,k2)

×M (k1)M (k2) e−ik12·r, (2.61)

which converts equation (2.54) to a second order algebraic equation for χ (r), which can then
be solved for M (k):

M (k, z) =
∫

d3r eik·r
√

1 + 1.5s3(z)Qeff (r, z) ξ (r, z)
0.75s3(z)Qeff (r, z)P (k, z) . (2.62)
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It is easy to see that equation (2.62) still satisfies the asymptotic behavior in equation (2.51),
and with this expression [1] proposes the following iteration process to find an expression for
M (k) that is closer to its true solution equation (2.53):

i) One starts with the naive expression for the spherically symmetric case equation (2.47)
for the modified propagator, and evaluate Mini (k) in equation (2.50) as:

Mini (k, z) = 1√
1 + s3∆hf (k, z)

, (2.63)

where ∆hf (k, z) is the square root of the non-linear dimensionless power spectrum
computed using halofit, but with the first order growth factor from the modified
gravity theory considered.

ii) With this Mini (k), one evaluates Qeff (r) by computing the integral in equation (2.61),
and find a new Mnew (k) from equation (2.62);

iii) With this new solution,Mnew (k), one repeats the process in step (ii), i.e., one evaluates
equation (2.61) and equation (2.62), until enough iterations are needed in order to
achieve convergence for a certain Mfinal (k).

It is worth stressing that starting from an initial guess using halofit should not affect the
final result too much, as an incorrect amplitude is irrelevant to us, only the asymptotic decay
of ∆ (k) is important, i.e., the shape of the dimensionless power spectrum. One can also
infer from equation (2.61), that, incorrectly evaluating the amplitude of Mini is consistently
cancelled on each side, as we have the same term M2

ini (k) appearing in both sides of the
equation, explicitly on the right hand side, and implicitly inside χ (r) on the left hand side.
We have tested different initial guesses, Mini (k), by multiplying ∆hf (k) by different orders of
magnitude, and present these results in appendix A. We can conclude that the final solution
is independent of the amplitude of the initial guess, Mini (k), as hoped for.

While this prescription seems consistent and simple enough, computing it in a fast
and accurate way is not so straightforward. This can be seen by the need to perform one
computationally expensive integral, equation (2.61). In order to compute this integral we
begin by expanding the term in front of the exponential,

B̃ (k1, k2, µ12) =
(
1− µ2

12

)
B (k1, k2, µ12)M (k1)M (k2) , (2.64)

in equation (2.61) in terms of Legendre polynomials:

B̃ (k1, k2, µ12) =
∑
`12

B̃ (k1, k2)L`12 (µ12) , (2.65)

as well as the exponential terms in plane waves:

eik1·r =
∑
`1

(2`1 + 1) i`1j`1 (k1r)L`1 (µ1) , (2.66)

eik2·r =
∑
`2

(2`2 + 1) i`2j`2 (k2r)L`2 (µ2) , (2.67)

where µ12 is the cosine of the angle between the wave-numbers k1 and k2, µ1 and µ2 is the
cosine between r and the wave-numbers k1 and k2 respectively and j` is the speherical Bessel
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function. If we then express the Legendre polynomials in terms of spherical harmonics, and
use the orthogonality relations described in appendix D1 of [78], we can perform the angular
integrations that will leave us with `1 = `2 = `12 and the integral is then rewritten as:

Qeff (r) [χ (r)]2 =
∑
`12

i2`12

∫ dk1
k1

dk2
k2

∆̃B̃
`12 (k1, k2) j`12 (k1r) j`12 (k2r) , (2.68)

with

∆̃B̃
`12 (k1, k2) = k3

1k
3
2B̃`12 (k1, k2)

(2π2)2 , (2.69)

where we have defined

B̃`12 (k1, k2) = 2`12 + 1
2

∫ 1

−1
dµ12B̃ (k1, k2, µ12)L`12 (µ12) . (2.70)

The integral on the right hand side of equation (2.68) can be solved using the methods
described in [78, 79], which extend the FFTLog method to two-dimensions, i.e., FFTLog2D,
and provides a publicly available code to do this calculation.9 While equation (2.68) can
now be evaluated quickly, it is a series expansion, and needs to be truncated at a maximum
multipole, `max

12 , once a good agreement with the exact expression is found. It turns out that
there is no need to go to very high multipoles in order to reconstruct the exact expression in
equation (2.64), and we show in figure 2 the reconstructed quantity equation (2.70) for four
different triangle configurations using two different maximum values for `12, `max

12 = 3 and
`max
12 = 5. As we can see, `max

12 = 5 already gives a very good agreement in the four triangle
configurations we show. Therefore, in the results presented in subsequent sections we will
always use this value as the maximum multipole to compute the reconstructed B̃ (k1, k2, µ12).
Another important remark to note is that even though we formally expand equation (2.70),
the quantity we are interested in computing is actually Qeff , which characterizes the average
response of the Vainshtein mechanism in the growth of structure. The effects of screening are
only present at small scales, i.e. for small values of r. In this way, by adding more multipoles
to the expansion will mainly affect the reconstruction at large scales, where r � RV , and
it is where we know that the linear theory is the correct description of the system, and
the asymptotic behavior of the function M(k) is known (see equation (2.51)). Due to this,
we believe that truncating the series at a not so large multipoles is enough to capture the
non-linear effects we are interested in. The computation of the integral in equation (2.62) is
relatively simple, as we can just use a cosmological code that performs 1-dimensional FFTLog
algorithm, such as nbodykit [80]10 used in this work.

3 Simulations

In this section we will discuss the simulations and their specifications used in this work.
As previously mentioned, we will consider two modified gravity theories, nDGP and Cubic
Galileon, and our results obtained by our COLA simulations that implement the screening
approximation outlined in the previous section will be compared with full N -body simulation
suites available in the literature for these two models.

9https://github.com/xfangcosmo/2DFFTLog.
10https://nbodykit.readthedocs.io/en/latest/.
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Figure 2. Reconstruction of the quantity given in equation (2.64) using Legendre polynomials until
different maximum multipoles. Solid orange line is the exact quantity, dashed green is the recon-
structed quantity truncating at `max = 2 and dotted red lines truncating at `max = 5.

Ωm0 0.281
ΩΛ 0.719
Ωb0 0.046
ns 0.971
σ8 0.842
h 0.697

Table 3. The cosmological parameters of the ELEPHANT simulation suite.

For the nDGP suite, we will use the so-called ELEPHANT suite, which was run using the
ECOSMOG code [81], an adaptive-mesh-refinement modified gravity N -body code that is built
using the architecture of the GR N -body code RAMSES [82]. In this suite, we have two cases
of nDGP gravity: rcH0 = 1.0 and rcH0 = 5.0, where the former exhibits a stronger effect
of modified gravity on structure formation. The cosmological parameters used are shown
in table 3. These simulations were initiated at redshift zini = 49, and the initial conditions
were generated using the MPGraphic code [83], that creates particle displacements using
the Zel’dovich approximation [84], i.e., 1LPT, and the linear input matter power spectra
was generated using CAMB at z = 0 using the cosmological parameters in table 3. The
specifications for these simulations are shown on the left side of table 4.

For the case of the Cubic Galileons model, we have used the N -body simulations
from [85], that were also ran using the ECOSMOG code, and the initial conditions were also
generated with the same code as for the ELEPHANT suite.
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ELEPHANT
Realisations 5
Box size 1024
Npart 10243

Domain grid 10243

Refinement criterion 8
Initial conditions Zel’dovich, z = 49

Cubic Galileon
Realisations 5
Box size 400 (200)
Npart 5123

Domain grid 10243

Refinement criterion 6 (8)
Initial conditions Zel’dovich, z = 49

Table 4. Specifications of the N -body simulations used in this work. Left: nDGP simulations. Right:
cubic Galileon. All simulations were run using the ECOSMOG code, for the Cubic Galileon case the
authors have run simulations for two boxsizes, 400 Mpc/h and 200 Mpc/h. However, in this work we
will only use the first box.

Ωcdm0h
2 0.1274

Ωb0h
2 0.02196

ns 0.953
ln
(
1010As

)
3.154

h 0.7307
ln (Ωφi

/Ωm,i) −4.22
c2/c

2/3
3 −5.378

c3 10

Table 5. The cosmological and Cubic Galileon parameters used in [85].

Model Background Linear Growth Screening
QCDM Cubic Galileon GR No need
Linear Cubic Galileon Cubic Galileon Cubic Galileon No
Full Cubic Galileon Cubic Galileon Cubic Galileon Yes

Table 6. Cubic Galileon models considered in [85].

In table 5 we show the cosmological and Cubic Galileon parameters used in [85] for
their N -body simulations. In order to connect the last two rows of table 5, we show the
identification between the Cubic Galileon model and the Horndeski action in equation (2.10):

G4 (φ,X) = 1
2 , (3.1a)

G3 (φ,X) = c3
M3 φ̇

2, (3.1b)

K (φ,X) = c2
2 φ̇

2. (3.1c)

To further understand how the Cubic Galileon model is specified from the values of c2 and c3,
as well as the initial fractional energy density of the scalar field Ωφi

we refer to references [85,
86]. In order to understand and highlight the impact of the non-linear clustering introduced
by the galileon scalar field, as well as the Vainshtein screening effects at small scales, the
simulations were run for three different theories, shown in table 6. The settings for each
simulation is shown on the right of table 4, where the number of particles in all simulations
were fixed to 512 per dimension, and two different boxsizes was considered: 400 Mpc/h and
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Redshift interval Number of time-steps
49→ 1.628 17
1.628→ 1.432 2
1.432→ 1.172 2
1.172→ 1.017 2
1.017→ 0.507 9
0.507→ 0 18

Table 7. Number of time-steps intervals for all COLA simulations for the nDGP models considered
in this work.

Redshift interval Number of time-steps
49→ 0.667 30
0.667→ 0.25 10
0.25→ 0 10

Table 8. Number of time-steps intervals for all COLA simulations for the Cubic Galileon model
considered in this work.

200 Mpc/h. For each model in table 6, a total of 10 simulations were run, 5 per different
boxsize. The QCDM model is defined as having the cubic galileon expansion history in the
background, but its linear and non-linear growth follows GR. The Linear Cubic Galileon case,
has the cubic galileon expansion history and linear growth, however, there is no screening
to shield the fifth force introduced by the galileon scalar field. The last model is the Full
Cubic Galileon model, where background, linear growth, non-linear growth and screening are
present, and this represent the complete implementation that we want to compare with.

In this work, we have also run simulations using the COLA method, which is an approxi-
mate N -body technique to quickly generate non-linear realizations of the matter density field.
COLA combines 2LPT to accurately describe the large and intermediate scales behavior of
the density field, while implementing a Particle-Mesh (PM) algorithm [87] to evolve particles
at small scales. Using this prescription, COLA is able to compute the matter power spectrum
with fewer time-steps than usual N -body simulations. Since both of the full N -body suites
used in this work have initial redshift zini = 49, we also start our COLA simulations with the
same redshift, and, the time-stepping choice used in our runs are shown in table 7 and table 8
for the nDGP models and Cubic Galileon respectively. In both time-stepping choices, we have
chosen a time-resolution of da ≈ 0.02, and each time-step interval is linearly spaced in time.

For the generation of the initial conditions (IC) of our COLA simulations, we proceeded
in two different ways, one that was used to present the results in the main text in section 4, and
another one in which the comparisons are left for appendix B. In the former approach ICs were
generated from an initial random Gaussian field with a fixed amplitude, and the initial particle
displacements computed using 2LPT. For the latter, we read particle positions directly from
the snapshot at z = 49 used in one of N -body simulations and reconstruct the displacement
field using the Zel’dovich approximation (1LPT). The main difference between the two is that
in the second IC generation much of the noise coming from cosmic variance effects is cancelled
out when comparing the two power spectra directly. However, as shown and discussed in
appendix B, this method still introduces other difficulties that keep us from reproducing
exactly the results from the N -body simulations, namely, the displacement fields in N -body
simulations were computed using only 1LPT, while our COLA simulations use 2LPT to

– 18 –



J
C
A
P
0
6
(
2
0
2
3
)
0
4
5

Sim. Vol. Num. of particles Num. of grids Num. of time steps
COLA nDGP 5123 5123 (2Np)3= 10243 50
COLA Cubic-Gal. 4003 5123 (2Np)3=10243 50
COLA Cubic-Gal. 4003 5123 (3Np)3=15363 50

Table 9. COLA simulation specifications for the two modified theories of gravity considered in this
work. The volume is in the unit of Mpc3/h3.

compute the same displacement fields. This ends up introducing transient effects [88] at
intermediate redshifts in the power spectra, pushing the amplitude of our COLA simulations
a few percent off from the N -body results. These effects are largely cancelled out if we take
the ratio of the power spectrum in a modified gravity model and a corresponding GR model.

The settings of our COLA simulations are shown in table 9 for each modified gravity
theory. Specifically for the Cubic Galileon case, we run another set of COLA simulations
with a more refined grid (increased force resolution), which allows us to test the convergence
of our results, and we show this comparison in appendix B.

4 Results

In this section we will show the results for two theories of modified gravity: nDGP (normal
branch DGP) and the Cubic Galileon.

4.1 nDGP

We begin by showing results for the nDGP theory, where we ran COLA simulations for a
total of three different parameter choices: rcH0 = 0.5, 1.0 and 5.0, where the smaller the
value the greater the deviation with respect to GR (see right hand side plot of figure 1). In
order to compare with the ELEPHANT suite, we fixed the cosmological parameters to the same
values used in the suite, shown in table 3. We then perform the steps outlined in the previous
section to determineM (k, z) iteratively. As already mentioned, the non-linear fitting formula
to the bispectrum proposed by [74], equation (2.56) together with equation (2.58), is only
valid for redshifts smaller than zfit = 1.5, therefore, the iterative computation to find a
convergent Mfinal (k, z) is performed only up to this limiting redshift. In figures 3 and 4 we
show M (k, z) at four different redshifts, for two different types of nDGP gravity, rcH0 = 0.5
and rcH0 = 5.0, the greatest and smallest modification with respect to GR respectively
and, for four different iteration steps: the initial guess (ini), with 1 iteration (1 it.), with 3
iterations (3 it.) and with 5 iterations (5 it.). We can see that we have a great improvement
already after one iteration, as the curve is pushed down considerably at scales k > 0.1 h/Mpc,
where screening effects become relevant. After only a few iterations the solution are seen
to have converged: the 3 iterations curve, green dot-dashed, and the 5 iterations one, red
dotted, are overlapping on all scales of interest. This shows that after a few iterations we are
already able to find a convergent solution, and one does not need to perform the iteration
process many times, thus, saving time. Analogously, we show in figure 5 the quantity Qeff
for some iteration steps at two redshifts, z = 0 and z = 1.432 the limiting redshifts for
which our procedure is performed, for nDGP gravity rcH0 = 1.0. A comparison with the
top plot of figure 10 in [1] shows that the curve of our initial guess is in agreement with its
counterpart on the cited reference. The behavior of the curves coming from the iteration
steps, however, is different than the one in the figure 10 of [1]. This is due to the fact that
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Figure 3. Different iteration values for M (k, z) at different redshifts as a function of wave-number
for the nDGP gravity model with rcH0 = 0.5, which represents the biggest deviation from GR. The
solid blue curves represent the initial guess, the dashed orange the quantity after one iteration, dotted-
dashed green after 3 iterations and dotted red 5 iterations.

in the original reference [1], the DGP gravity model used in question is the self-accelerating
branch of the action in equation (2.1). This theory has a very different background history,
as one observes “degravitation” at the linear level, i.e., the growth is suppressed instead of
enhanced. Therefore, one can expect that the behavior of the iterative solutions of Qeff (r, z)
to exhibit an opposite behavior. The function Mit (k, z), however, must follow the same
behavior of being suppressed after its initial guess, as this function essentially must capture
the transition between linear scales (unscreened) and non-linear scales (screened). Once we
have a convergent solution forMfinal (k, z) at the redshifts in which the non-linear bispectrum
fitting formula is valid, we can compute Geff (k, zfit) following equation (2.52). Our COLA
simulations, nevertheless, are initiated at zini = 49, while the Mfinal (k, z) we computed go
up to zfit = 1.5. To be consistent with the iteration formalism, we have decided to perform
the same iteration process as before for higher redshifts, but, instead of using the non-linear
fitting formula for the bispectrum, equation (2.56), we use its tree-level formula [89]:

Btree (k1,k2,k3) = 2F2 (k1,k2)P (k1)Plin (k2) + 2F2 (k2,k3)Plin (k2)Plin (k3)
+ 2F2 (k3,k1)Plin (k3)Plin (k1) , (4.1)

where we then use the linear matter power spectrum Plin (k, z) computed using hi_class.
In figure 6 we show the final solutions for Geff (k, z), solid lines, and its linear counterpart,
dashed lines, for two nDGP gravity models the ELEPHANT suite was run, rcH0 = 1.0 and
rcH0 = 5.0. Now that we have Geff as a function of time and wave-number, we then feed
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Figure 4. Different iteration values for M (k, z) at different redshifts as a function of wave-number
for the nDGP gravity model with rcH0 = 5.0, which represents the smallest deviation from GR.
The solid blue curves represent the initial guess, the dashed orange the quantity after one iteration,
dotted-dashed green after 3 iterations and dotted red 5 iterations.
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Figure 5. Qeff(r) as a function of scale at two redshifts, left z = 0 and right z = 1.432. We can see
tat the curves also overlap after some iterations.

the tabulated data function to our COLA simulations at each time-step, with the code now
solving the modified Poisson equation:

∇2Φ (k, z) = 4πGeff (k, z) ρmδm (k, z) , (4.2)
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Figure 6. Left: linear Geff (solid lines) and non-linear Geff (dashed lines) for nDGP gravity model
rcH0 = 1.0 at four different redshifts. Right: the same quantity but for nDGP gravity model
rcH0 = 5.0.

and the screening is implemented in Fourier space consistently. As one can see, this equation
can be solved efficiently with fast Fourier transforms, hence implying an overall speed-up
when contrasted with the alternative of solving the equation of motion for the scalar field. It
is important to note that there is no introduction of extra parameters for the computation of
Geff(k, z), and this method requires no fitting with full N -body simulations in order to find
the correct behavior in which the coupling between matter and gravity transitions from its
linear theory value to its screened one. This is a desirable feature when trying to implement
screening mechanisms, as screening is a model-dependent effect, and, within this formalism,
all model-dependency is encoded in the non-linear time-dependent function s3(z), displayed
on the left plot of figure 1. The validation plots we are interested in are shown in figure 7,
where the top plots show the ratio between the non-linear cold dark matter power spectrum
in nDGP, rcH0 = 1.0 on the left and rcH0 = 5.0 on the right, and GR. The dashed lines are
the COLA predictions, the solid ones the ELEPHANT suite ones, and each color corresponds to
a different redshift. We also plot the linear theory prediction, as a consistency check at small
values of the wave-number. We can see that for both nDGP gravity models, the agreement
between the two different methods, COLA with approximate screening and ELEPHANT suite
solving the full non-linear equations, is below 2% for all scales of interest for current and future
stage-IV LSS surveys, i.e., up to k ≈ 1 h/Mpc. The comparison of the ratio between the non-
linear power spectra of a given modified theory of gravity and GR is valuable for two reasons:
firstly because it removes errors coming from resolution effects and sample variance, and
secondly because one of the greatest interests for the analysis of the data coming from next
generation galaxy surveys relies on emulating the boost between modified theories of gravity
and General Relativity, which is precisely the ratio plotted. The boost is formally defined as:

BMG (k, z) = PMG
NL (k, z)
PGR

NL (k, z)
. (4.3)

This quantity has been shown to be sufficiently cosmology-independent [36, 54], allowing us
to generate only a small set of simulations scanning the modified gravity parameter space,
and train emulators with it.
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Figure 7. Ratio of the power spectrum between nDGP gravity and GR from the ELEPHANT suite
(solid lines), COLA (dashed lines) and linear prediction, at four different redshifts, for two models of
nDGP gravity rcH0 = 1.0 (left) and rcH0 = 5.0(right).

4.2 Cubic Galileon

Our next test case is the Cubic Galileon model, described by the action in equation (2.10)
with the functions specified by equation (3.1). In order to consistently implement the Cubic
Galileon model inside COLA, we need to implement the equations of motion for 2LPT. How-
ever, the Cubic Galileon model is a sub-case of Horndeski theories minimally coupled to the
metric tensor equation (2.18), therefore, in appendix C we present the general formulation
for these theories that were implemented in COLA. The background quantities of this model
are plotted in figure 1 in the dotted red curves. We can see that the behavior of the non-
linear function equation (2.42) is considerably different at late times when contrasted with
the nDGP curves. This is due to the fact that the background in the Cubic Galileon simula-
tions considered here is different from the nDGP case, which is just an usual ΛCDM model
expansion history. Additionally, the linear Geff(a) effective gravitational constant in the Cu-
bic Galileon have smaller deviations with respect to GR at earlier times, but, at sufficiently
late times, it has a large enhancement of almost two times the GR value. In figure 8 the
convergence of the iterative solutions of Mit (k, z) for the Cubic Galileon is shown, and, once
again, we see that the curves for 3 and 5 iterations are already in great agreement. In figure 9
we show the agreement between our COLA simulations with respect to the full N -body simu-
lations of [85] with specifications given in the right of table 4. We can see that our results are
able to get an agreement of below 1% at the three redshifts we have N -body data until k ≈
3 h/Mpc. In appendix B we show the comparison between the absolute non-linear power spec-
tra directly between COLA and N -body, where we see that the force resolution of COLA sim-
ulations plays an important role, while the boost remains largely insensitive to this variation.
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Figure 8. Different iteration values for M (k, z) at different redshifts as a function of wave-number
for the Cubic Galileon model. The solid blue curves represent the initial guess, the dashed orange the
quantity after one iteration, dotted-dashed green after 3 iterations and dotted red 5 iterations.

5 Conclusion

In this work we have revisited the formalism to introduce screening in modified gravity N -
body simulations proposed by R. Scoccimarro in [1]. We further extended it in section 2.2
to Horndeski theories characterized by equation (2.18), which can be described either by an
action, as in the case of the Cubic Galileon model, or by using the EFT of DE approach.
We have further implemented this approach in N -body simulations by using the publicly
available COLA-FML code, which implements the COLA method. Our results are presented
in section 4.1 for the nDGP gravity model, a well-known case in the literature, and in
section 4.2 for the Cubic Galileon model. We have compared the predictions for the ratio of
the non-linear matter power spectrum of these MG theories to their GR counterparts from
our COLA simulations, which implement this approximate screening method, with full N -
body simulations, which solve the exact equation of motion for the scalar field perturbations.
Overall we found an excellent agreement in the scales of interest of future stage-IV LSS
surveys, i.e. k ≈ 3h/Mpc at all redshifts we have N -body results to compare with.

The formalism of combining the COLA method with Scoccimarro’s screening prescrip-
tion was shown to be an excellent alternative to create new emulators, or to extend current
emulators to accommodate beyond-ΛCDM models, in this case modified gravity. The proce-
dure outlined and validated in the present work also allows us to test theories of gravity in
a model-independent fashion, as we have derived all necessary quantities for the implemen-
tation of this screening method using the notations and conventions already adopted by the
EFT of DE. At the same time, we have computed much of the modified gravity quantities, for
nDGP and Cubic Galileon, using the publicly available Einstein-Boltzmann solver hi_class,
while the non-trivial integrals that have appeared in this work were also performed with two
publicly available python codes, as pointed out in the text. Therefore, we believe we have
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Figure 9. Ratio of the power spectrum between the Cubic Galileon model and GR from N -body
simulations (solid lines), COLA (dashed lines) and linear prediction, at three different redshifts.

outlined a straightforward and reproducible procedure that can be used to test gravity at the
non-linear scales, where much of the information coming from future LSS surveys will reside.

The method of including the Vainshtein screening in the effective Newton constant
Geff(z, k) can be combined with the N -body gauge methods develoepd in [68, 90]. In this
method, relativistic corrections are included as linear density fields in simulations so that the
power spectrum from N -body simulations agree with the one computed by the Boltzmann
code, e.g. hi_class, on large scales. The effects of modified gravity on small scales on the
other hand are included in the effective Newton constant in N -body simulations, e.g. Geff(z)
given by equation (2.17) for Horndeski theories. The screening can be naturally incorporated
by replacing this by Geff(z) computed in this paper. We will then be able to model the power
spectrum consistently from the largest scales where relativistic effects are important to small
scales where screening is important.
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A Convergence tests

In this appendix we discuss the independence of the final solution for the functionMfinal (k, z),
with respect to the amplitude of the initial guess Mini (k, z), equation (2.63). In order to test
this we have chosen to multiply the amplitude of the non-linear dimensionless power spectrum
computed using halofit by different orders of magnitude, that is, we have used as our initial
guess the following quantity:

∆2
vary (k, z) = A×∆2

orig (k, z) , (A.1)

where ∆2
orig (k, z) is the original non-linear dimensionless power spectrum, and A = 100, 102,

106 and 108. If the iteration process is robust enough, the choice of initial guess should
not matter, and the same final solution should always be achieved after some iterations at
all redshifts. In figure 10 we show the final solution Mfinal (k, z) for the four values of the
constant A mentioned before, at four different redshifts for the most extreme case of nDGP
gravity, i.e., rcH0 = 0.5. We can see that the different curves, depicted in the legend of
each plot, all overlap throughout the considered scales, as well as at different redshifts of the
simulation time-steps, which shows that using the same number of iteration as in the main
text, 5 iterations, the same final solution is achieved.

B COLA tests

In this appendix we present the results of some additional tests we have performed.
We performed COLA simulations with the same initial conditions as the full N -body

simulations to be able to make a direct comparison. However, for these N -body simulations
the only data we have available are the positions and velocities of the particles and because
of this, as we already discussed in section 3, we read particle positions directly from the
snapshot at z = 49 used in the N -body simulations for Cubic Galileons, and then try to
reconstruct the displacement field (which are needed to run COLA simulations) using the
Zel’dovich approximation.

For the Cubic Galileon model, we ran COLA simulations with two different force reso-
lutions, one with the mesh grid per dimension being two times the number of particles per
dimension, N1d

mesh = 2×N1d
p , and a higher resolution one, N1d

mesh = 3×N1d
p .

The comparison of the absolute non-linear matter power spectrum computed using N -
body simulations and these two COLA simulations are quite sensitive to the COLA force
resolution, as shown in figures 11 and 12 for the Cubic Galileon model, where there is a clear
gain in the agreement between COLA and N -body when increasing the number of mesh grids.
However, it is easily seen that there is a constant offset between the amplitude of the two
prescriptions, which is due to the fact that we are not able to reproduce the same expansion
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Figure 10. Varying the amplitude of ∆2 (k, z) for the initial guess in our iterative scheme,Mini (k, z).
Each superscript, 1e0, 1e2, 1e6, 1e8, means that we have multiplied ∆2 (k, z) by: 100, 102, 106 and
108 respectively, where the blue curve is the original quantity ∆ (k, z).

history as the one used in the N -body simulations. The boost function, nevertheless, is
generally insensitive to the force resolution of the simulations, as we can see in figure 13,
where the same agreement of below 1% at the three redshifts we have N -body data until
k ≈ 3 h/Mpc is found.

C 2LPT in minimally coupled Horndeski theories

In this appendix we show the derivation of the second-order Lagrangian equations of motion
for the theories specified by equation (2.18). The starting point will be to write equa-
tions (2.22a) and (2.22b) as:

∂2VX = 2
αBH

δG

G

V
(2)
X

a2 −
2

αBH

δG

G

κ

2a
2ρmδ, (C.1a)

∂2Ψ = κ

2a
2ρmδ −

αBH

2 ∂2VX , (C.1b)

where we have used equation (2.24). Now, we rewrite equations (C.1a)–(C.1b) using the
scale factor, a, as the time variable:

∂2vX = 2
αBH

δG

G

v
(2)
X

a4 −
2

αBH

δG

G

κ

2a
4ρmδ, (C.2a)

a2∂2Ψ = κ

2a
4ρmδ −

αBH

2 ∂2vX , (C.2b)
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Figure 12. Absolute matter power spectrum comparison between COLA and N -body simulations for
the Cubic Galileon Model at three different redshfits for the higher force resolution COLA simulations.

where we have introduced:

vX ≡
δφ

φ′
= a2VX ,

′ ≡ d
da. (C.3)

Combining equations (C.2a) and (C.2b) we arrive at:

a2∂2Ψ = −δG
G

v
(2)
X

a4 +Geff
3H2a4Ωm

2 δ (C.4)
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Figure 13. Ratio of the power spectrum between the Cubic Galileon model and GR from N -body
simulations (solid lines), COLA (dashed lines) and linear prediction, at three different redshifts, for
two force resolution for the COLA simulations: N1d

mesh = 2×N1d
p (left) and N1d

mesh = 3×N1d
p (right).

with
κ

2ρm = 3H2Ωm
2 . (C.5)

From now on we will use Ωm(a) = Ωm as the time-evolving fractional energy density of
matter, while Ωm0, with the subscript “0”, refers to its present value. The two are related as:

Ωm = Ωm0H
2
0

H2a3 . (C.6)

To make the notation even more compact, we will further define the following quantity:

κ̄ = 3H2a4Ωm
2 = 3

2Ωm0H
2
0a, (C.7)

then we recast equation (C.4) as:

a2∂2Ψ = −δG
G

v
(2)
X

a4 + κ̄Geffδ. (C.8)

Lagrangian perturbation theory (LPT) is given in terms of the mapping:

x = q + S (q, t) , (C.9)

where the Eulerian particle position, x, and the Lagrangian particle position, q, are connected
via the displacement field, S (q, t). Now, in Eulerian space, the geodesic equation reads:

d2xi
dt2 + 2H dxi

dt = −∂xi Ψ (q, t) , (C.10)
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with ∂xi ≡ ∂/∂xi. We can rewrite this equation as

1
a2

d2xi
dT 2 = −∂xi Ψ (x, T ) , (C.11)

where the super-conformal time variable, T , is defined via:

dt ≡ a2dT. (C.12)

Then taking the divergence of equation (C.11) one finds:

d2xi,i
dT 2 = −a2∂xi ∂

x
i Ψ (x, T ) . (C.13)

From the divergence of the Lagrangian mapping, equation (C.9), we can connect the
Eulerian coordinate with the displacement field and write the geodesic equation as:

d2

dT 2 [∂xi Si (q, T )] = −a2∂xi ∂
x
i Ψ (x, T ) . (C.14)

The spatial derivatives in the previous equations, however, are still in Eulerian space, and
we need to recast them in terms of the Lagrangian coordinates q, which can be done through
the conservation equation:

ρ(x, T )d3x = ρ(q, T )d3q, (C.15)
ρ(x, T ) = (1 + δ(x, T )) ρ(q, T ), (C.16)

which gives us

J−1(q, T ) ≡
∣∣∣∣∣∂q

∂x

∣∣∣∣∣ = 1 + δ(x, T ), (C.17)

where J is the determinant of the Jacobian of the transformation from q to x. From
equation (C.9) we find:

J(q, T ) = det (δij + Si,j(q, T )) , (C.18)

with
Si,j = ∂Si

∂qj
, (C.19)

where partial derivatives without a superscript are to be taken with respect to the Lagrangian
position q, and from now on we will omit the explicit spatial and time dependence on the
functions which are already in Lagrangian space. The chain rule gives us:

∂xi = d3qj
dx3

i

∂qj = 1
δij + Si,j

∂qj , (C.20)

and, we can use the following approximation to rewrite equation (C.20)

1
δij + Si,j

≈ δij − Si,j + . . . . (C.21)

Equation (C.11) then becomes:

d2Si,i
dT 2 − Si,j

d2Sj,i
dT 2 = −a2∂2

xΨ(x, T ), (C.22)
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and using equation (C.8) we can write equation (C.22) as:

d2Si,i
dT 2 − Si,j

d2Sj,i
dT 2 = δG

G

v
(2)
X (x, T )
a4 − κ̄Geffδ(x, T ). (C.23)

We now need to recast the right-hand-side of this equation in Lagrangian space, and, in
order to do so, we begin by expanding the fields up to second order:

δ = εδ(1) + ε2δ(2) + . . . , (C.24a)
S = εS(1) + ε2S(2) + . . . , (C.24b)

vX = εv̂
(1)
X + ε2v̂

(2)
X + . . . . (C.24c)

By inspecting equation (C.23), the scalar field fluctuations appear already at second order,
therefore, we define:

v
(2)
X ≡ v̂

(1,2)
X =

(
∂2v̂

(1)
X

)2
− ∂i∂j∂i∂j v̂(1)

X . (C.25)

Linearizing equation (C.1a), we find the following expression

∂2v̂
(1)
X (x, T ) = − 2

αBH

δG

G
κ̄δ(1)(x, T ). (C.26)

From equation (C.17) we can write the Jacobian as a function of the displacement field:

1
J(q, t) = 1 + δ(x, t), J = |δij + Si,j(q, t)|, (C.27)

then we can show that:11

J ≈ 1 + S
(1)
i,i + S

(2)
i,i + 1

2

[(
S

(1)
i,i

)2
− S(1)

i,j S
(1)
i,j

]
, (C.28a)

J−1 ≈ 1− S(1)
i,i − S

(2)
i,i + 1

2

[(
S

(1)
i,i

)2
+ S

(1)
i,j S

(1)
i,j

]
, (C.28b)

and from equation (C.24a) we get:

δ(1)(x, t) = −S(1)
i,i , (C.29a)

δ(2)(x, t) = −S(2)
i,i + 1

2

[(
S

(1)
i,i

)2
+ S

(1)
i,j S

(1)
i,j

]
. (C.29b)

Due to the nature of the expansion of the Jacobian up to second order equation (C.28a), we
further rewrite the displacement field S(q, T ) as the gradient of a scalar field, S = ∇φ, and,
in Fourier space, this is simply

F [Si(q, T )] (k) = ikiφ(k, T ), (C.30a)
F [Si,i(q, T )] (k) = −k2φ(k, T ). (C.30b)

11Where we have used the following identities:

det (I + A) ≈ I + tr(A) + 1
2
[
tr2(A) − tr(A2)

]
. . . ,

1
det (I + A) ≈ I − tr(A) + 1

2
[
tr2(A) + tr(A2)

]
. . . .
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At linear order, we can combine equations (C.26) and (C.29a) to find

d2S
(1)
i,i

dT 2 = −κ̄Geffδ
(1) = κ̄GeffS

(1)
i,i , (C.31)

which can then be written in terms of the linear gradient field:

−k2 d2φ(1)

dT 2 (k, T ) = −k2κ̄Geffφ(k, T ). (C.32)

This equation is separable, so we can further separate the solution as:

φ (k, T ) = D1(T )φ (k, T0) , (C.33)

where φ (k, T0) is the initial first order scalar field displacement, and D1(T ) is the usual first
order growth factor, that can be found by solving[

d2

dT 2 − κ̄Geff

]
D1(T ) = 0. (C.34)

Following the same procedure as above, we arrive at the equation of motion for the
second order displacement field:

d2S
(2)
i,i

dT 2 − S
(1)
i,j

d2S
(2)
j,i

dT 2 = δG

G

v̂(1,2)

a4 − κ̄Geff

{
−S(2)

i,i + 1
2

[(
S

(1)
i,i

)2
+ S

(1)
i,j S

(1)
j,i

]}
. (C.35)

Using equations (C.26), (C.29a) and (C.29b) we find[
d2

dT 2 − κ̄Geff

]
S

(2)
i,i =

[
κ̄2

a4
4

α2
BH

2

(
δG

G

)3
− 1

2 κ̄Geff

] [(
S

(1)
i,i

)2
− S(1)

i,j S
(1)
j,i

]
. (C.36)

Transforming to Fourier space gives us:[
d2

dT 2 − κ̄Geff

]
F
[
S

(2)
i,i (q, T )

]
(k, T ) =

[
κ̄2

a4
4

α2
BH

2

(
δG

G

)3
− 1

2 κ̄Geff

]
D2

1(T )× I (k, T ) ,

(C.37)
where

I (k, T ) =
∫ d3k1d3k2

(2π)3 δD (k − k12)
[
1−

(
k̂1 · k̂2

)2
]
δ

(1)
0 (k1) δ(1)

0 (k2) . (C.38)

We can further rewrite this expression as:[
d2

dT 2 − κ̄Geff

] (
−k2

)
φ(2) (k, T ) = −Geff κ̄

2

[
1− 4κ̄2

a4α2
BH

2

(
δG

G

)3 2
Geff κ̄

]
D2

1(T )× I (k, T ) ,

(C.39)
and if we define:

φ(2) ≡ − 1
2k2

∫ d3k1d3k2

(2π)3 δD (k − k12)D2 (k,k1,k2, T ) δ(1)
0 (k1) δ(1)

0 (k2) , (C.40)
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we arrive at an expression for the second order growth factor D2:[
d2

dT 2 − κ̄Geff

]
D2 (k,k1,k2, T ) = −κ̄GeffD

2
1(T )

[
1− 2a4H2

κ̄Geff
f(a)

] [
1−

(
k̂1 · k̂2

)2
]
,

(C.41)
where

f(a) = H2
0

H2
H2

0
α2

BH
2

9Ω2
m0

2a6

(
δG

G

)3
. (C.42)

We can compare this expression to the already well-known case in the literature for nDGP,
equation (5.9) of [44]:

f(a) = H2
0

H2 r2
cH

2
0

9Ω2
m0

2a6

(
δG

G

)3
. (C.43)

Similarly to the linear case, equation (C.41) is also separable, as the operator acting on D2
on the left-hand side of this equation is only time-dependent, which allows us to rewrite
equation (C.40) as:

φ(2) ≡ − 1
2k2D2(T )

∫ d3k1d3k2

(2π)3 δD (k − k12)
[
1−

(
k̂1 · k̂2

)2
]
δ

(1)
0 (k1) δ(1)

0 (k2) . (C.44)

In this way equation (C.41) simply becomes:[
d2

dT 2 − κ̄Geff

]
D2 (T ) = −κ̄GeffD

2
1(T )

[
1− 2a4H2

κ̄Geff
f(a)

]
. (C.45)
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