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The sine-Gordon model emerges as a low-energy theory in a plethora of quantum many-body systems.
Here, we theoretically investigate tunnel-coupled Bose-Hubbard chains with strong repulsive interactions
as a realization of the sine-Gordon model deep in the quantum regime. We propose protocols for quantum
gas microscopes of ultracold atoms to prepare and analyze solitons, which are the fundamental topological
excitations of the emergent sine-Gordon theory. With numerical simulations based on matrix product
states, we characterize the preparation and detection protocols and discuss the experimental requirements.
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I. INTRODUCTION

Universality forms one of the pillars for the clas-
sification of quantum phases of matter. Upon coarse
graining, microscopic details become irrelevant and only
symmetry and topology determine the essential prop-
erties. Seemingly different-looking microscopic systems
can then be described by the same set of collective
degrees of freedom that are captured by the same emer-
gent effective field theory. A prominent example is the
relativistic sine-Gordon field theory [1,2], which emerges
as the low-energy description of various physical sys-
tems—including, among others, the massive Thirring
model [1,3], the Coulomb gas [4], spin chain [5–7],
bosonic and fermionic Hubbard models [8,9], and circuit
quantum electrodynamics [10,11]—and thus is of central
interest for a multifaceted community.

In the strongly interacting regime, the sine-Gordon
model possesses a complex quasiparticle spectrum, con-
sisting of solitons, which are massive topological excita-
tions, and breathers, which are bound states of these soli-
tons. Furthermore, the sine-Gordon model is a renowned
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example of an integrable field theory [12,13], which
implies infinitely long-lived quasiparticles, unconven-
tional relaxation dynamics [14], and unconventional trans-
port [15,16]. Elegant analytical methods can be used to
obtain exact results that have improved our understanding
of the model [12,13,17–23]. Despite these advances from
integrability, analytical predictions for correlation func-
tions and the full-counting statistics of many observables,
both in equilibrium and out of equilibrium, are very dif-
ficult to access. Moreover, it is pertinent to understand
in which dynamical regimes the effective sine-Gordon
field theory is realized in one of the microsocopic models
described above [24]. This can lead to the development of
highly tunable sine-Gordon quantum simulators, that are,
for instance, based on ultracold atoms in optical lattices,
Rydberg atoms, or trapped ions.

Pioneering theoretical work [25,26] has motivated the
experimental realization of the sine-Gordon model with
tunnel-coupled one-dimensional (1D) quasicondensates
[27–29]. In these atom-chip implementations, the sine-
Gordon mass scale can be tuned and correlation functions
can be efficiently characterized by matter-wave interfer-
ometry [27,30–34] but the interactions in the 1D gases
have been restricted to being rather weak. As a conse-
quence, the emergent sine-Gordon field theory is approx-
imately semiclassical [27,35,36]. From this perspective,
tunnel-coupled optical-lattice systems can be very conve-
nient: they allow the kinetic energy to be quenched and,
hence, the effective interactions to be enhanced. Although,
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FIG. 1. The creation of solitons in coupled Bose-Hubbard chains. (a) A soliton can be created by applying a chemical-potential
gradient between the two chains in one half of the system

∑
j �j (τ )(nj ↑ − nj ↓), as indicated by the dashed region. Ramping up the

tunnel coupling t⊥ simultaneously, which decreases the barrier on the rung, enables us to further stabilize the phase-imprinting process.
(b) The spatial profile of the applied chemical-potential gradient�j for the preparation of one (1S) and two (2S) solitons. (c) The time
dependence of the chemical-potential difference�j and tunnel coupling t⊥. (d),(e) The resulting profiles of the mean local current 〈Jj 〉
suggest the creation of one (d) and two (e) solitons, respectively. The time evolution is performed with the TEBD algorithm for bond
dimension χ = 1000 and L = 128 rungs.

in a previous theoretical work [24], we have shown that
the sine-Gordon model describes the low-energy physics
of two coupled spin chains very well, identifying an exper-
imental realization of such a setup and developing the
measurement protocols to extract the information of the
emergent field theory remain unaddressed challenges that
motivate our present work.

Here, we show how solitons, which are the fundamental
excitations of the sine-Gordon model, can be created in a
setting of ultracold bosons trapped in an optical lattice [see
Fig. 1(a)]. The solitons are most directly observed when
measuring the current between the chains by first applying
beam-splitter operations and then taking snapshots with
a quantum gas microscope. Using similar beam-splitter
operations, we furthermore show how the full counting
statistics of the topological charge, which counts the num-
ber of excited solitons, can be obtained. We use numerical
simulations based on matrix product states, to assess the
experimental requirements of the proposed protocols.

The paper is organized as follows. In Sec. II, we briefly
introduce the sine-Gordon model and its realization using
coupled 1D Bose-Hubbard chains. The creation of a soliton
is discussed in Sec. III. In Sec. IV, we present a detection
method to capture the topological charge of solitons. The
requirements for the experimental preparation of a low-
energy state of the sine-Gordon field theory are discussed
in Sec. V. Our conclusions are presented in Sec. VI and the
appendixes contain a couple of technical details.

II. TUNNEL-COUPLED BOSE-HUBBARD CHAINS

The sine-Gordon model emerges as the low-energy
description of two tunnel-coupled interacting 1D systems.
Here, we consider two identical Bose-Hubbard chains with
Hamiltonians H BH

↑ and H BH
↓ , coupled with a tunneling

term H⊥. The dynamics are therefore set by the total
Hamiltonian H = H BH

↑ + H BH
↓ + H⊥. Here,

H BH
α = −t

L−2∑

j =0

(b†
j αbj +1α + h.c.)+ U

2

L−1∑

j =0

nj α(nj α − 1),

(1)

where bj α (b†
j α) annihilates (creates) a boson on rung j

in chain α = {↑, ↓} and nj α = b†
j αbj α is the density. The

tunnel coupling Hamiltonian reads

H⊥ = −t⊥
L−1∑

j =0

(b†
j ↑bj ↓ + h.c.). (2)

We use open boundary conditions throughout our work.
The derivation of the low-energy description of the cou-
pled wires closely follows the original proposal [25]. We
consider each of the chains to be at noninteger filling to
realize a superfluid state for arbitrary values of the hopping
t and the interaction strength U.
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In the absence of interchain coupling t⊥ = 0, the low-
energy behavior is obtained by bosonization. One first
introduces the phase field φα(x) and its conjugate field
�α(x). These two fields are related to the microscopic
operators as b†

j ,α � γ eiφα(x) and as nj ,α � n +�α(x),
respectively, where γ is a nonuniversal prefactor and n
is the average density. Within bosonization, the two 1D
chains are governed by the Luttinger-liquid Hamiltonian

H LL
α =

∫

dx
�vs

2

(
π

K
�2
α(x)+ K

π
(∂xφα(x))2

)

, (3)

where, K is the Luttinger parameter and vs is the
sound velocity. The Luttinger parameter is larger than
one, K ≥ 1, for repulsive interactions U > 0 [9] and
approaches K = 1 in the limit of infinite repulsive inter-
actions U/t → ∞. For weak tunneling t⊥ � t, the inter-
chain coupling can be reintroduced perturbatively [25].
Upon bosonizing, the transverse Hamiltonian reads as
H⊥ = −2|γ |2t⊥

∫
dx cos(φ↑ − φ↓). Performing a rotation

to symmetric ψ = φ↑ + φ↓ and antisymmetric φ = φ↑ −
φ↓ degrees of freedom results in the explicit decoupling of
the two sectors. The symmetric combination is governed
by a gapless Luttinger liquid and the sine-Gordon field
theory given in Eq. (4) emerges for the relative degree of
freedom φ:

H SG =
∫

dx
�vs

2

(
2π
K
�2 + K

2π
(∂xφ)

2
)

− 2t⊥|γ |2 cosφ.

(4)

The integrability of the sine-Gordon model allows for an
exact determination of its particle content, together with
an analytical expression for the two-body scattering matrix
[13]. The fundamental excitations are topological solitons
and antisolitons, for which the phase field φ interpolates
between the degenerate minima of the cosφ interaction.
Therefore, the phase field φ winds up by 2π when travers-
ing a soliton. These quasiparticles have a relativistic dis-
persion law Es(k) = √

v4
s M 2 + v2

s k2. The soliton mass M
has a complicated dependence on the bare parameters
of the Hamiltonian [37] but scales with the transverse

hopping t⊥ in a rather simple manner M ∝ t
2K

4K−1
⊥ .

Depending on the interaction K , solitons and antisoli-
tons can form bound states of infinite lifetime, which are
called breathers. The interaction K sets the number of
breathers in the excitation spectrum, N = 4K − 1�, and
their mass as MBn = 2M sin

(
π
2

n
4K−1

)
. Crucially, when K

is increased, the relative mass difference between two con-
secutive breathers is reduced: in the limit of large K , or
weak interactions, the mass spectrum of the breather col-
lapses to a continuum and the quantum model is well
approximated by the classical sine-Gordon theory [35,38,
39]. In contrast, the deep quantum regime of the field the-
ory is realized when only few breathers are present in the

spectrum. In tunnel-coupled Bose-Hubbard chains, strong
interactions can be achieved by quenching the kinetic
energy of the atoms. Thereby, Luttinger parameters K of
order one are reachable when considering noninteger fill-
ings, which avoids the Mott-insulating regimes. To this
end, we focus in our numerical simulations presented
below on the regime of infinitely strong interactions, cor-
responding to K = 1. Deviations from this regime lead to
changes in the microscopic parameters of the field the-
ory. However, the qualitative behavior remains. In the
infinitely repulsive regime, the Bose-Hubbard ladder maps
to coupled Heisenberg chains. In such spin chains, the
regime of validity of the sine-Gordon description has been
thoroughly analyzed in Ref. [24].

III. CONTROLLED SOLITON IMPRINTING

Creating, manipulating, and detecting the fundamental
excitations of an emergent sine-Gordon field theory is a
challenge. One possibility is to act on the microscopic
model with an inhomogeneous perturbation such that the
ground state of the emergent field theory hosts initially
localized solitons. Proposals for achieving this are based
on Raman-coupled quasicondensates [40] and have moti-
vated further theoretical analysis of the propagation of
solitons [41,42]. By contrast, for the experimental realiza-
tion that we are proposing, the goal is to prepare the ground
state of the field theory and subsequently to dynamically
imprint the soliton.

In this section, we propose the protocol for imprinting a
soliton on the exact ground state of the two tunnel-coupled
Bose-Hubbard chains. Protocols for approximately realiz-
ing the ground state are discussed in Sec. V. Our strategy
aims at carefully tuning the spatial profile of the relative
phase φ(x) such that it undergoes a 2π phase slip when
traversing the system. In order to avoid a massive creation
of excitations during the preparation, smooth and slow
parameter changes are paramount.

We begin by introducing a space-time-dependent
chemical-potential gradient between the two chains H →
H + ∑

j �j (τ )(nj ↑ − nj ↓) that induces a relative phase
drift between the two halves of the system [29]. This
is best seen from bosonizing the density gradient (nj ↑ −
nj ↓) → �(x). The sine-Gordon Hamiltonian thus gets an
additional term H SG → H SG + ∫

dx �(τ , x)�(x), leading
to a deformed equation of motion ∂tφ = vsπ

K �+�(τ , x),
where �(τ , x) denotes the potential imbalance in the con-
tinuum limit. The gradient �(τ , x) hence acts as a source
for the accumulation of the relative phase φ. When wind-
ing up the phase in half of the system, while leaving the
other untouched, a relative phase difference of 2π can
be achieved. This configuration is then stabilized by the
cosine potential of the relative phase in the sine-Gordon
model given in Eq. (4). At this point, the potential imbal-
ance needs to be switched off in the preparation protocol.
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To prevent the phase from slipping into the next minimum
or from oscillating strongly, we simultaneously deepen the
potential barrier by increasing the interchain hopping t⊥,
which helps to pin down the phase to the desired value. The
result of our protocol is the creation of a localized wave
packet of excitations, primarily containing the desired
number of solitons. The wave packet is approximately
contained within the regions where the chemical-potential
gradient ∂x�(τ , x) is not zero. A graphical summary of
the soliton-creation protocol can be found in Figs. 1(b)
and 1(c).

Within bosonization, the rung current is proportional to
the sine of the relative phase: Jj ≡ −ib†

j ↑bj ↓ + ib†
j ↓bj ↑ �

2|γ |2 sinφ. We can thus optimize the parameters of the
protocol by measuring the current between the two rungs
and requiring a smooth sine-shaped profile without addi-
tional oscillations [see Figs. 1(d) and 1(e)]. The data
are obtained numerically using the time-evolving block-
decimation (TEBD) algorithm [43] for two coupled Bose-
Hubbard chains of length L = 128 at filling n = 1/8 and
Luttinger parameter K = 1. In Appendix A, we show the
current profiles for different filling fractions. Depending
on the strength of the chemical-potential gradient, we can
also control the number of zero crossings in the current
profile. Therefore, our data suggest that a quantized num-
ber of solitons can be created in the quantum limit of the
sine-Gordon theory in a controlled way using this protocol.

Furthermore, we numerically compute the energy of the
state before and after the soliton imprinting. For the data
shown in Figs. 1(d) and 1(e), we find that the additional
energy is �1S = 0.50t and �2S = 0.92t. This should be
compared to the cost of creating a soliton measured by
the energy gap. For K = 1, one has that the dispersion
relations of the soliton and the first breather are equal:
EB1 = ES. Hence, we can extract the energy of the soli-
ton by measuring the energy of the lowest breather in
the spectral function [24]. From that, we estimate ES(k =
0) = (0.24 ± 0.04)t. Therefore, slightly more energy is
pumped into the system by the preparation protocol, which
is reasonable, as there will also be excitations of the gap-
less symmetric modes and, furthermore, slightly dispersing
wave packets of the solitons are created. Nonetheless, it
would be desirable to have access to other more direct
observables to characterize the solitons.

One approach could be to track the phase from indi-
vidual snapshots of the current and locate phase jumps
therein. This strategy has been successfully applied deep
in the semiclassical limit, characterized by a large Lut-
tinger parameter K for coupled quasicondensates [27],
where solitons have a large spatial extent and can therefore
be directly imaged. In the setting considered here, how-
ever, the local current can only take three values, +, 0, −,
depending on the configuration of the hardcore bosons on a
single rung. Even in the case of finite Hubbard interactions,
the local current is still quantized to integer values.

Therefore, coarse graining over spatially extended
regions has to be performed. It is crucial that averaging
on scales larger than the soliton itself has to be avoided,
because then the phase slip cannot be resolved either. We
estimate the size of the soliton using a classical soliton
profile that at rest obeys �∂xφ = √

1 − cosφ, with � =
2�K/(πvsM ). For K = 1 and n = 1/8, we obtain Mv2

s �
0.25t, giving � � 2 lattice sites. From these estimates, it
can be deduced that the phase profile of the soliton can-
not be directly extracted, as coarse graining is required to
resolve the phase, but the soliton itself is very localized in
space. This is a direct consequence of being deep in the
quantum regime of the sine-Gordon model.

To confirm this picture, we perform numerically projec-
tive measurements of the current: upon coarse graining,
all phase slips are averaged out rapidly (see Appendix B).
Due to the small size of the classical soliton, one may
question the validity of the field-theory description. How-
ever, it should be emphasized that the classical estimate
is only a rough qualitative indicator. Indeed, a careful
quantitative study of coupled spin chains [24] shows that
the sine-Gordon model is indeed a faithful description of
strongly interacting ladder systems. As an alternative to
characterize and count the solitons, we propose instead to
investigate the topological charge.

IV. DETECTING SOLITONS FROM THE
TOPOLOGICAL CHARGE

Among the infinite set of conservation laws of the sine-
Gordon model, ’which arise from integrability [12,44], is
the topological charge, which is an integral over a total
derivative,

Q =
∫

dx
2π

∂xφ(x). (5)

Using the canonical commutation relations [φ(x),�(y)] =
iδ(x − y) , one can readily obtain [Q, H SG] = 0. The topo-
logical charge is quantized in integer units: each soliton
contributes +1, antisoliton −1, and breathers, which are
bound states of a soliton and an antisoliton, do not con-
tribute at all. For our analysis, it is useful to introduce the
accumulated topological charge Q(x) = ∫ x dy

2π ∂yφ, which
is only conserved (and quantized) as x → ∞. The accu-
mulated topological charge has the advantage that it is
automatically coarse grained over a large portion of the
system.

Our goal is now to find a microscopic realization of the
accumulated topological charge. To this end, it is useful
to introduce the local current Jj = (−ib†

j ↑bj ↓ + h.c.) and

energy Ej = (b†
j ↑bj ↓ + h.c.) operators acting on a single

rung. Using bosonization, the topological charge density
can be identified as the most relevant contribution to the
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following combined observable:

Ej Jj +1 − Jj −1Ej +2 � 8|γ̃ |4∂xφ. (6)

The energy operators are measured on even rungs and
currents on odd ones and γ̃ � γ ; a possible difference
between the two may arise due to UV field-theory renor-
malization. The actual value of γ̃ is, however, unimportant
for us. With this identification, we can readily introduce a
lattice version of the accumulated topological charge as

Qj ≡
j∑

i even

(EiJi+1 − Ji−1Ei+2) � 16π |γ̃ |4Q(x)

= 16π |γ̃ |4[φ(x)− φ(0)]. (7)

We numerically evaluate this lattice regularization of the
topological charge for the state with one and two solitons,
respectively, discussed in Sec. III (see Fig. 2). The accu-
mulated topological charge captures the phase difference
between a given site in our system and the left bound-
ary. The chemical-potential gradient�j is chosen to act on
the right half of the system. Therefore, the left boundary
does not evolve and φ(0) is a mere constant. As a conse-
quence, Qj probes the dynamics of the field φ(x). We find
that during the soliton-creation process (τ < 10�/t), the
value of the topological charge is still drifting. However,

0.0

0.1

0.2

Q
j

(a)
τ = 4h̄/t

τ = 10h̄/t

τ = 12h̄/t

τ = 15h̄/t

τ = 17h̄/t

0 20 40 60 80 100 120

rung j

0.0

0.2

0.4

Q
j

(b)
τ = 4h̄/t

τ = 10h̄/t

τ = 12h̄/t

τ = 15h̄/t

τ = 17h̄/t

FIG. 2. The accumulated topological charge, shown for (a)
one soliton and (b) two solitons at various times (legend). The
soliton-creation protocol and system size are the same as in Fig. 1
and take a total time of 10�/t. Thus, for the earliest times shown,
the imprinting has not yet completed. Once the solitons have
been created, the total topological charge remains remarkably
constant. The lattice regularization of the topological charge is
not quantized to unity, due to the nonuniversal prefactor γ̃ in
Eq. (7). However, the topological charge for the two solitons
in (b) is approximately twice that of the single soliton in (a),
indicating a quantization of the excitation.

as the soliton-creation process has finished, the topological
charge remains remarkably stable in time, as demonstrated
by the plateau in Fig. 2. By comparing the one-soliton
and two-soliton imprinting, shown in Figs. 2(a) and 2(b),
respectively, we observe that the total phase slip of the two-
soliton state is about twice that of the one-soliton state,
as expected. The stability of the soliton is a clear sig-
nature of the emergent sine-Gordon field theory, because
the accumulated charge is just a sum of local energy and
current operators, without any evident topological prop-
erty. Thus the presence of the underlying soliton is quite
remarkable.

The topological charge density as defined in Eq. (6) can
be directly measured with quantum gas microscopes [45].
To this end, a proper local basis rotation has to be per-
formed with beam-splitting operations on individual rungs
of the Bose-Hubbard ladder. The simpler operator is the
current, which can be obtained as follows [46]. After the
hopping between the rungs is frozen by strongly increasing
the depth of the optical lattice, each of the individual rungs
are evolved in time for a duration of π/4. This realizes
a unitary UJ

j = exp(iπ4 Ej ) which transforms the relative
density to the rung current

(UJ
j )

†(nj ↓ − nj ↑)UJ
j = Jj . (8)

Here, crucially, we assume the absence of double occupan-
cies. In the case of infinite repulsion, which we consider,
this is trivially the case. However, real double occupancies
can also be neglected in the experimentally accessible limit
of strong but finite interactions, because we are focusing
on the dilute limit and strong interactions. As an alterna-
tive, arbitrary occupancies of the double well are allowed
if one switches off the interactions during the rotation by,
e.g., Feshbach resonances.

In a similar way, the rung energy Ej can be transformed
to the relative density by first applying a potential imbal-
ance, which couples to the density difference, for period
π/4 and then applying the beam-splitter operation, leading
to UE

j = UJ
j exp[iπ4 (nj ↑ − nj ↓)]. This transformation maps

the density difference to the local energy density

(UE
j )

†(nj ↑ − nj ↓)UE
j = Ej . (9)

By first applying a potential gradient on every even rung
and then applying the beam-splitter operation UJ glob-
ally, as depicted in Fig. 3(a), projective measurements
in the density basis yield the staggered string operators
‘J0E1J2E3J4E5 · · · ’. From those, the accumulated charge
Qj given in Eq. (7) is then obtained directly. By numer-
ically sampling snapshots after performing the beam-
splitter operations [47,48], we generate the full count-
ing statistics of the topological charge (for details, see
Appendix C). The average over the accumulated topolog-
ical charge over 8000 snapshots is shown in Fig. 3(b),
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(a)

(b)

(c)

FIG. 3. Snapshots of the topological charge. (a) After freez-
ing the hopping within the chain, a density gradient is applied
for a period of π/4 to even sites (pink), followed by a global
beam-splitter tunneling operation for a time π/4. This is effec-
tively described by the unitaries UJ and UE . (b) The accumulated
topological charge extracted from the snapshots for the one- and
two-soliton states prepared as in Fig. 1. The average is taken over
approximately 8000 snapshots. The error bars represent the stan-
dard error of the mean and the gray line is the expectation value
of the state. (c) The differential histograms of the total topological
charge between the soliton states and the ground state. Deep in
the quantum regime, the soliton manifests itself in the skewness
of this distribution.

where we find good agreement with the direct measure-
ment of the state. Moreover, we show a difference of the
full distribution function of the topological charge QL−4
for a state in which solitons are prepared compared to the
ground state, which does not carry any solitonic excitations
[see Fig. 3(c)]. We note that the x axis of this histogram
is quantized to integer values, as Qj is an integer when
it is taken from a single snapshot. Deep in the quantum
regime, the soliton manifests itself as a skewness in the
broad distribution of Qj . Deep in the classical regime, by
contrast, the full distribution function of the topological
charge would exhibit a sharp peak.

V. GROUND-STATE PREPARATION

So far, we have assumed that the ground state of the
coupled chain has already been prepared. Here, we sug-
gest an adiabatic ground-state preparation protocol that
can be implemented using ultracold atoms in optical lat-
tices with tunable local potentials. The finite-mass gap of

the sine-Gordon field theory and the decoupling between
the symmetric and antisymmetric sector at low energies
enable us to prepare the sine-Gordon ground state in rea-
sonable time. Of course, this only remains true as long as
the sine-Gordon model is a good description of the cou-
pled chains, which may not be always the case during the
state-preparation process.

We propose the following adiabatic ground-state proto-
col for creating an approximate ground state of the two
tunnel-coupled Bose-Hubbard chains at filling n = 1/2:

(i) Initialize a single chain with unit filling while the
intrachain hopping is switched off.

(ii) Split the potential on every site to prepare the
ground state of a single particle in a double well.

(iii) Linearly ramp up the intrachain hopping t to spread
correlations through the system.

We simulate this ground-state preparation protocol numer-
ically using matrix product states [see Fig. 4(a)]. To this
end, we start out from the ground state of each rung and
then increase the intrachain hopping t over a duration
of 50�/t, such that the ratio of the inter- and intrachain
hopping is t⊥/t = 0.2 at the end of the protocol. We
do not attempt to optimize these numbers too carefully.
Rather, this should be seen as a guide for the approxi-
mate requirements of the adiabatic state-preparation pro-
tocol.

The whole system is gapless due to the symmetric
degrees of freedom. Hence a large amount of energy is
injected into the system even for slow protocols. However,
the symmetric modes are expected to quickly decouple
from the sine-Gordon Hamiltonian, which in turn has
a finite-mass gap. Therefore, the antisymmetric sector
remains close to its ground state overall. The total energy is
thus not a good indicator of the quality of the sine-Gordon
state preparation, due to the large contribution from the
symmetric modes.

In order to assess the quality of the adiabatically pre-
pared state, it can, for example, be probed spectroscopi-
cally (see Appendix D). We find numerically that the low-
energy excitations as measured by the spectral function
are in good agreement with the spectral function evalu-
ated from the exact ground state. This demonstrates that the
asymmetric sector is well prepared using this procedure.

In addition, we can even imprint a soliton on top of the
adiabatically prepared ground state, following our sugges-
tion discussed earlier in Sec. III [for details, see Figs. 4(b)
and 4(c)]. The resulting current profiles are again indica-
tive of having a soliton imprinted [see Fig. 4(d)]. Further-
more, this is supported by a reasonably stable accumulated
topological charge [see Fig. 4(e)]. This demonstrates that
the adiabatically prepared ground state has the essential
features of the ground state of the emergent sine-Gordon
field theory.
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(a)

(b) (c)

(d) (e)

FIG. 4. The adiabatic ground-state preparation. (a) The
ground-state preparation protocol starts out as a 1D Mott insu-
lator with negligible hopping, t ≈ 0. Then, the tube is split adia-
batically into two, realizing the ground state on each of the single
rungs. Now, correlations build up across the system by adiabati-
cally ramping up the intrachain hopping t over a time 50�/t, such
that after completing the process, t⊥/t = 0.2. (b),(c) The subse-
quent soliton-imprinting protocol is closely related to the one
discussed previously. Before applying the chemical-potential-
gradient profile (b), however, we first lower t⊥/t from 0.2 to 0.02
(c). The gray steplike function then shows the time interval dur-
ing which the relative phase is accumulated. (d) Current profiles
around the soliton-imprinting stage. (e) The accumulated topo-
logical charge shown at time slices indicated by the gray dashed
lines in (d). The lightest shade represents the earliest time and the
darkest one the latest.

VI. CONCLUSION AND OUTLOOK

The sine-Gordon field theory emerges as the effective
description in a wealth of physical systems. Here, we pro-
pose access to the deep quantum regime of the sine-Gordon
model by realizing tunnel coupled Bose-Hubbard chains.
We discuss adiabatic ground-state preparation protocols,
as well as protocols for creating the fundamental excita-
tions—the solitons—of the sine-Gordon model. The soli-
ton can be most directly seen in the interchain current and

the topological charge, both of which can be measured with
quantum gas microscopes using beam-splitter operations.

For future work, it would be interesting to explore scat-
tering of solitonic wave packets. Fundamental information
about the excitations and their mutual interactions can be
extracted from scattering events. Information about the
integrable field theory can thereby be obtained, in which
the multiparticle scattering processes are rather peculiar
[12,13,24]. Moreover, it would be exciting to find ways
to create initial states with a finite density of solitons. In
such a true many-body regime, the thermalization dynam-
ics [14] and the emergent generalized hydrodynamics [16,
49,50] of the strongly interacting sine-Gordon field theory
could be explored.

The raw data and the data analysis are available on
Zenodo [52].
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APPENDIX A: SOLITON PROFILES AT
DIFFERENT DENSITIES

We compare the soliton profiles and the accumulated
topological charge obtained for states at different densi-
ties (see Fig. 5). Apart from tuning the strength of the
chemical potential, we also reduce the imprinting time with
increasing density. Concretely, the time scales for imprint-
ing are chosen to be inversely proportional to the density to
compensate for the higher sound velocity in systems with
higher density. We also numerically find that for a higher
density, the soliton is more dispersive (see Fig. 5).

We also evaluate the accumulated topological charge,
which depends approximately linearly on the density [see
Figs. 5(d)–5(f)]. There are small drifts of the topological
charge in time, signaling a weak breaking of the conser-
vation law of the total topological charge. As previously
pointed out, the conservation of the topological charge is
not directly implemented in the coupled Hubbard chain
but emerges from the effective field theory. Furthermore,
this confirms that the parameter regime of Fig. 2 realizes
a high-quality sine-Gordon soliton, while more important
corrections beyond sine-Gordon are present at higher den-
sities, as shown in Fig. 5. One reason for the worse stability
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FIG. 5. Solitons at different densities. (a)–(c) The current profiles when applying the soliton-creation protocol for different densities
in the initial ground state of L = 64 rungs: (a) n = 1/8, (b) n = 1/4, and (c) n = 1/2. The soliton spreading is significantly faster for
higher densities due to the larger sound velocity. (d)–(f) The corresponding accumulated topological charge for some time slices: (d)
n = 1/8, (e) n = 1/4, and (f) n = 1/2.

is the reduced preparation time, which is required due to
the increased sound velocity, while keeping the system
size fixed. It would be interesting to optimize the soli-
ton imprinting to further reduce these undesired effects in
future work.

APPENDIX B: ATTEMPTING TO EXTRACT THE
PHASE OF THE SOLITON FROM CURRENT

SNAPSHOTS

In this appendix, we directly analyze the snapshots of
the current Jj = (−ib†

j ↑bj ↓ + h.c.) and show that deep in
the quantum regime, one cannot extract the phase directly
upon coarse graining. As we discuss in the main text, the
reason is that in this regime the soliton itself is of very
small extent and hence is averaged out upon coarse grain-
ing. Let us describe the formal procedure here. Within
bosonization, the current operator can be written in terms
of the phase field as

J � 2|γ |2 sin(φ), (B1)

where γ is a nonuniversal prefactor. When taking snap-
shots of the current JJJJ . . . , it is conceivable in principle
that one can extract the phase profile in space. The chal-
lenges are the following: first, a reliable estimate of the
nonuniversal prefactor γ is needed; and, second (and more
importantly), coarse graining has to be performed to obtain
the phase. A snapshot of the current on the ladder takes

the values

Nj ↓ − Nj ↑ ∈ {−1, 0, 1}, (B2)

where Nj α = 0, 1 is the measurement outcome of nj α . We
do not consider higher occupancy as we are in the limit
K → 1 and at low average filling. We then coarse grain
the current over a certain number of sites and invert the
relation shown in Eq. (B1) while flattening the grouped
current with the value of 2|γ |2. We extract a value of
2|γ |2 ≈ 0.7 from the spectral function; however, the exact
value does not considerably affect the outcome of the pro-
cedure. There is always an ambiguity in the inversion of
Eq. (B1): we choose to make a “jump” in the phase when
the absolute value of the current hits its maximum (here,
taken to be 0.7) once. Another maximum with the same
sign corresponds to a jump back. In Figs. 6(a) and 6(c), we
show 20 snapshots of the coarse-grained current,

Jj = 1
N

N−1∑

i=0

(Ni+j ↓ − Ni+j ↑) (B3)

over N = 4 and N = 6 sites, respectively. In Figs. 6(b)
and 6(d), we then show the extracted phase

φj = arcsin

(
Jj

2|γ |2
)

, (B4)

where Jj is thus flattened to 2|γ |2 in the event that Jj >

2|γ |2. From this, it is already clear that the rare phase
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FIG. 6. Snapshots of the coarse-grained current. (a),(c) Illustrations of 20 snapshots of the coarse-grained current for (a) N = 4 and
(c) N = 6 grouped sites of the one-soliton state, respectively. There are huge fluctuations in these data because we are considering the
deep quantum regime of the emergent sine-Gordon theory. (b),(d) The relative phase extracted from the snapshots of the current. The
rare jumps that are present for (b) N = 4 disappear when taking (d) N = 6. The horizontal gray lines are drawn at ±π/2 and ±3π/2.
The snapshots are obtained from the one-soliton state, presented in Fig. 1, at time τ = 12.5�/t.

jumps disappear completely upon coarse graining over a
couple of sites. In the random subset of 20 snapshots that
are shown, there is not even a single one that winds up
a phase of 2π according to our procedure when grouping
N = 6 sites.

In order to have a larger sample size of snapshots, we
create a histogram of the phase accumulation obtained in
around 40 000 snapshots [see Figs. 7(a) and 7(b)]. These
histograms are symmetric and do not show special fea-
tures. To strengthen this point, we plot the differential
histograms between the ground state and the state con-
taining one soliton [see Figs. 7(c) and 7(d). Except for
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0.0

0.1

(d)

FIG. 7. (a),(b) Histograms of the phase accumulation across
the system obtained from approximately 40 000 snapshots of the
one-soliton state for (a) N = 4 and (b) N = 6 grouped sites,
respectively. (c),(d) The differential histograms comparing the
soliton data to the ground state: (c) N = 4 and (d) N = 6.

statistical fluctuations, we find that there is no difference
between these states. This illustrates that no special fea-
tures can be obtained from the coarse-grained data. Taking
the estimated size of the soliton of two lattice sites, which
we give in the main text, this finding is not surprising. It
just reflects the fact that the regime we are considering is
dominated by quantum fluctuations.

APPENDIX C: EXTRACTING THE
TOPOLOGICAL CHARGE FROM SNAPSHOTS

In this appendix, we show more in detail how to extract
the soliton profile from snapshots of the topological charge
density. After performing the rotations corresponding to
UJ and UE [see Eqs. (8) and (9), respectively] and taking
the snapshots in that basis, JEJE . . . , we can reconstruct
the expectation values of

〈
Jj Ej +3

〉
(for even j ) and

〈
Ej Jj +1

〉

(for odd j ). These are shown in Fig. 8(a). These expec-
tation values deviate from zero around the position of
the soliton. Then, taking the difference corresponds to the
topological charge density, which exhibits a bump at the
position of the soliton [see Fig. 8(b)]. Taking the cumula-
tive sum then reveals the accumulated topological charge,
which is quantized when traversing the full system [see
Fig. 8(c)].

APPENDIX D: BREATHER SPECTROSCOPY OF
THE ADIABATICALLY PREPARED STATE

Here, we analyze the breather spectrum of the adia-
batically prepared ground state following the protocol of
Sec. V and compare it to the spectrum of the exact ground
state on the coupled chains. To this end, we compute the
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FIG. 8. Snapshots for determining the topological charge. (a) The average data extracted from the snapshots. For an odd rung index
j , we show EiJi+1, and for an even rung index j , we show Jj Ei+3. These expectation values deviate from zero around the position of
the soliton. The averages are taken over N ≈ 8000 snapshots. (b) From the difference between the two expectation values, we compute
the topological charge density. (c) The cumulative profile of topological charge density then gives the topological charge Qj .

spectral function at momentum k = 0,

S(ω, k = 0) ∼
∫

dteiωt
L−1∑

n=0

〈
On(t)OL/2

〉
ψ̃0, (D1)

where |ψ̃0〉 is the (adiabatically prepared) ground state.
The operators On are defined on the rungs, to couple to
the asymmetric sector in which the sine-Gordon theory
is emerging. We observe a nice correspondence between
the spectral functions and the expected breather energies
(see Fig. 9). Data are shown for three different opera-
tors: (i) Oi = b†

i↑bi↓, coupling to all breathers; (ii) Oi =
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ω/t
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FIG. 9. The breather spectroscopy. The spectral function at
zero momentum, k = 0, as defined in Eq. (D1), is computed for
the ground state and the adiabatically prepared ground state at
t⊥/t = 0.2. This state is prepared as described in the main text
for a system of L = 32 rungs within a time of 50�/t. The spec-
trum is computed separately for the different parity sectors of the
breather. The gray dashed lines show the location of the exact
energies of the three breathers present for K = 1. The spectra are
in very good agreement, demonstrating that the ground state of
the antisymmetric sector is well prepared by our procedure.

b†
i↑bi↓ + h.c., coupling to the even breathers only; and (iii)

Oi = ib†
i↑bi↓ + h.c., coupling to the odd breathers.
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