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A mathematical model for the process
of accumulation of scientific knowledge
in the early modern period
Maryam Zamani 1,2✉, Hassan El-Hajj 1,2, Malte Vogl 2,3, Holger Kantz4 & Matteo Valleriani 1,2,5,6✉

In the present work, we model the diffusion of scientific knowledge embodied in the text-

books of the Sphaera corpus. This corpus consists of more than 350 different editions of

textbooks used for teaching astronomy in European universities during the early modern

period. Connections between the editions are based on mutual semantic knowledge and are

arranged in a multiplex network of four layers, with each layer representing a different

semantic relation. The modeling aims for a better understanding (and possible prediction) of

the process of knowledge accumulation in the various editions. We consider semantic text-

parts as knowledge units transferred between the editions, and show how these units spread

using both an SI model and its modified version, the Bass model. Both models include a

parameter representing the rate of transfer, which is interpreted as the mechanism under-

lying the process of knowledge accumulation; the Bass model has an extra parameter that

represents the rate of external influence and stands out as the “resistance to adoption from”

and “resistance to be influenced by” other knowledge systems. The modeling has helped us

to chart the path and mechanisms of knowledge transformation in the early modern period.

Networks are identified by adding further layers whose graphs express socioeconomic

relationships and conditional sub-networks. The comparison between the model and these

layers enables us to conclude that the accumulation of knowledge was highly dependent on

the institutional embedding of scientific production because the diffusion of knowledge was

mostly determined by the economic constraints of early modern printers and publishers. It

further suggests that geographic proximity played a role—although secondary—in the dif-

fusion of knowledge but only under the condition that the book producers involved were still

living. The transformation of early modern scientific knowledge is, therefore, highly depen-

dent on the institutional and economic contexts of the book producers.
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Introduction

Research in the field of knowledge economy has convin-
cingly argued that modernity is characterized by a process
of knowledge accumulation that has lasted at least three

centuries (Mokyr, 2005). Current evolutionary epistemology, as
grounded on the work of Karl R. Popper (Popper, 1972),
increasingly discloses how the most determinant parameter for
the accumulation of knowledge is its potential to circulate
(Castells, 2010; Clark, 1998; Marginson, 2016; Renn, 2020). In
particular, studies in knowledge economy referring to technol-
ogy’s capacity to innovate are now able to show a direct corre-
lation between the circulation of knowledge within an urban area
and potential to innovate of the latter (Consoli and Patrucco,
2003).

The present work contributes to this debate by linking it to the
history of science and by presenting, for the first time, a mathe-
matical model of knowledge accumulation based on an extensive
and detailed dataset collected through years of analysis of his-
torical sources. The sources are textbooks used at European
universities from the 15th to the 17th century for introductory
classes on astronomy, thus enabling this discipline to be traced as
it developed over time. We model the spread of knowledge and,
correspondingly, we interpret it as a factor that determines the
rate of knowledge accumulation. The process shows a non-linear
dynamic in the time interval under consideration.

In linking knowledge circulation to knowledge accumulation,
we refer to the conceptual architecture first developed by Stephen
Cole in 1983 (Cole, 1983). In particular, we refer to knowledge
economy processes concerning scientific “core knowledge” as
distinguished from “research-frontier knowledge.” The concept of
scientific core knowledge is specifically designed to denote widely
accepted fundamental knowledge; it is characterized by a finite
number of transparent assumptions, principles, and theories
(always referring to a specific discipline). In this research, as in
Cole’s, such knowledge is best represented by what is widely
taught at educational institutions. Cole’s aim was to describe a
mechanism of knowledge economy that would allow a trans-
parent definition of how scientific disciplines are organized
hierarchically. He described a) the principle defining a higher
position in the hierarchy as proportional to the degree of con-
sensus and to the acceptance of the fundamental theories of a
given discipline, and b) following Thomas Kuhn (Kuhn, 1970),
the accumulation of knowledge in one disciplinary area as being
more effective the higher the position of that disciplinary area in
the hierarchy. He therefore concludes that accumulation of
knowledge takes place especially in reference to core knowledge
and it depends on the degree of consensus.

Our goal, unlike Cole’s, is not to find a method for compiling
hierarchies among scientific disciplines but to quantify the
accumulation of knowledge by modeling it. The link between our
argument and Cole’s conceptual architecture is what we call the
homogenization of knowledge (see Section 2 of the Supplement).
As has been shown elsewhere, by analyzing a series of multiplex
networks (Valleriani et al., 2019, 2022; Zamani et al., 2020), from
the end of the 1530s, the core knowledge of astronomy underwent
profound homogenization whereby students throughout Europe
were increasingly taught the same theories and concepts. We
describe this process by showing the increasing homogenization
of the content of the textbooks used at the universities and, in line
with our results, that phases of a higher rate of homogenization
correlate to a higher rate of circulation.

For the purpose of the present study, we consider the degree of
homogenization of scientific knowledge as the degree of its
acceptance and consensus. If, therefore, the mechanisms of cir-
culation of knowledge determine its homogenization, and if the
homogenization of knowledge represents its acceptance, and if a

consensus in turn drives the accumulation of knowledge, then we
can state that the accumulation fundamentally depends on the
dynamics of knowledge circulation. On the basis of this argu-
ment, in the following, we model the circulation of knowledge.
Knowing that this process led to a higher consensus, we, there-
fore, interpret the results in terms of a knowledge accumulation
process.

How information, scientific knowledge, ideas, concepts, and
even rumors spread across a population has been investigated for
many years (Bettencourt et al., 2006; Goffman, 1966; Li et al.,
2017; Meel and Vishwakarma, 2020). One approach to this
subject is based on the assumption of similarity between the
nature of the spread of information and epidemic processes (SI
model) (Pastor-Satorras et al., 2015), and (as an extension) the
phenomenon of adoption of innovations (Bass model) (Bass,
1969, 2004). Both are used in the present work to explain the
spread of scientific knowledge and, therefore, the accumulation of
scientific knowledge (Kiss et al., 2010). We conclude that the Bass
model, with its extra parameter representing the effect of external
factors, works best for our dataset.

The Sphaera corpus (see Section 1 of the Supplement) is
constituted of 359 different editions of textbooks on astronomy
used all over the European continent between 1472 and 1650. For
each edition, we analyze one copy and consider it representative
of the entire print run. Considering an average print run of about
1000 copies (Gingerich, 1990), our corpus represents approxi-
mately 350,000 books circulating in the period under considera-
tion. In total, the 359 copies examined amount to about 76,000
pages of historical material.

The textbooks have been “dissected” into text-parts: semanti-
cally completed texts taxonomically organized and mutually
related by means of the relations “commentary of,” “translation
of,” “adaptation of,” and “fragment of.” As these categories
indicate, our focus is on the modes of production of scientific
content. As text-parts recur (a highly variable range of times) or
disappear, the resulting multiplex semantic network shows a
series of mutations over time that have been empirically analyzed
elsewhere (Valleriani et al., 2019; Zamani et al., 2020).1

In the following, we show that in Europe, the early modern
period is characterized by two very distinct phases of circulation
and accumulation of scientific knowledge, the first ending and the
second beginning during the 1530s. We then model these pro-
cesses and finally also show how the model may be applied in
order to reduce the range of historical hypotheses expressed by
the number of edges in the graphs, a hitherto insurmountable
problem of computational history, when close readings exceed
human capacities: for instance, if a series of three or more books
contain the same text-part and it is not possible to establish
whether the third has been influenced by the first, the second, or
both, the usual work-around is to connect each following edition
with all previous ones and therefore by potentially creating
redundant connections. The application of the results of our
model to related economic, social, and institutional data shows
that content-related relationships among textbooks were more
probable when these overlapped with profitable economic rela-
tionships among book producers. Following the latter, it is finally
possible to reduce the density of the graphs that express semantic
connections.

Method
Data and network structure. The nodes of the network layers are
the historical sources, namely the editions of textbooks connected
to one another by semantic relations based on the text-parts they
contain and their recurrences over time. The Sphaera corpus,
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which is considered to be representative of all textbooks of early
modern astronomy (Valleriani, 2017), is constituted of editions
that contain or are directly related to one specific treatise (one
text-part): Johannes de Sacrobosco’s Tractatus de sphaera
(Thorndike, 1949), compiled during the 13th century. This might
artificially enhance the relevance of this treatise in the structure of
the network; therefore, after the network was created, this text-
part and all connections among editions based thereon were
removed (see Section 2 of the Supplement).

In this work, the multiplex network contains four layers
determined by four different kinds of semantic interactions
between editions. Text-parts are classified thus: original text,
commentary, and translation. The connections in each layer of
the resulting network express the following semantic relations
and historical interpretations:

● SOP (Same Original Part) Two editions are connected if
they contain the same original text-part (scientific innova-
tions, not necessarily successful).

● SAP (Same Adaption Part) Two editions are connected if
they contain exactly the same adaption part. For instance,
the same commentary on the Same Original Part. An
Adaption can also be a translation (commentaries and
translations shape the debate generated by innovations).

● TSOP (Translated Same Original Part) Two editions are
related to each other if they both contain a translation, but
not the same translation, of the Same Original Part (reach
outside the institutional barriers of the universities).

● ASAP (Annotated Same Adaption Part) Two editions have
a connection if they both contain commentaries that are
not the same but are on the Same Adaption (meta-
reflections comparable to current large review articles).

Each kind of connection is expressed by a directed link
between editions. The directionality is based on the chronological
order of the editions defined by the year of publication. Figure 1
represents the multiplex network of the four layers of the Sphaera
corpus; only nodes with connections are presented in each layer.
The number of nodes (editions) and links (semantic interactions)
in each layer is given in Table 1.

Relations between the layers. The multiplex network of the
Sphaera Corpus with its four layers indicates that their corre-
sponding entities (editions) could be relevant to each other for
different aspects. To understand the relation between the layers
and their level of connectivity, we investigate the “Layer Inter-
action Network (LIN).” Each layer is simplified into a node and a
new weighted network is built where the nodes are layers and the
links between them represent the overlapping edges in the layers;
the weight of the links in LIN represents the number of over-
lapping links between the layers (Renoust et al., 2014). The
purpose of the study is to better understand the coupling between
the layers themselves and to represent such coupling by a well-
defined quantity. This, in turn, results in a value of influence of
each layer on the others. If a multiplex network is considered with
VM number of nodes and EM number of links in each layer M,
whereM= 1, 2, . . . , L and L is the total number of layers, then the
LIN network has L number of nodes and there is a connection
between two nodes of LIN, if there is at least a common link in
the corresponding layers (Škrlj et al., 2020).

Figure 2a shows the LIN matrix, where the diagonal values are
the number of links in each layer and the off-diagonal values
show the overlapping links between the layers. Based on the LIN
matrix, we can find the “overlapping frequency matrix,” where
the off-diagonal values correspond to

nl;l0
nl0 ;l0

and the diagonal values

refer to
nl;l0
E . nl;l0 is the number of overlapping links between layers

l and l0; E is the total number of links in the aggregated network of
all layers without considering the weight of the links (repeated
connections) (Škrlj et al., 2020). In this case, for four layers of the
Sphaera Corpus, the total number of links in the aggregated graph
equals E= 4819.

Figure 2b shows the overlapping frequency matrix. This matrix
represents the percentage of the number of links in a layer that
overlap with those of the other layers. For example, the first row
of Fig. 2b shows that 93% of the links in SAP are shared with
SOP, and 90% with TSAP. Layer TSOP does not share any link
with any other layer and the value of 0.0037 in the diagonal of
this matrix means that 0.37% of the total links of the aggregated
graph refer to this layer whereas 97% of the links of the
aggregated network are present in layer SOP.

The entanglement of each layer with other layers can be found
from the right eigenvector corresponding with the maximum
eigenvalue of the “overlapping frequency matrix.” The entangle-
ment value (γ) for each layer is presented in Table 2. Layer SOP
has the maximum entanglement (coupling) with the other layers
and layer TSOP has no coupling with the others. These relations
of influence were easily captured by looking at the LIN matrix in
Fig. 2b as it shows that, among the layers, SOP shares the greatest
number of links with the other layers and TSOP does not share
any links. However, having a well-defined quantity such as γ gives
us a general quantitative understanding of the level of
connectivity between the layers and shows the degree to which
one layer influences the others.

Fig. 1 Visualization of the four layers of the Sphaera Corpus. Components
are colored referring to their sizes consistently with Fig. 4: pink (largest),
green (second largest), and blue (third largest). Only connected nodes are
shown in each layer.

Table 1 Number of editions (nodes) and their connections
(links) in the four layers of the Sphaera corpus multiplex
network.

Layer Nodes Links

SOP 300 4658
SAP 202 2005
TSOP 22 18
ASAP 40 90
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SI and bass models. We use existing epidemic models to model
the spread of knowledge among the editions of the Sphaera
corpus. We treat the text-parts as pathogens transferred from one
edition to another. In epidemic modeling susceptible and infec-
tious individuals are defined as follows (Barabasi, 2013; Roberts
and Heesterbeek, 2003):

● Susceptible (S(t)), number of healthy individuals at time t
who are susceptible to infection.

● Infectious (I(t)), number of individuals who have already
been infected.

Considering N as the total number of individuals in the
population (in a homogeneous distribution), SðtÞN is the probability
that an infected individual comes into contact with a susceptible
one.

Using such a model for the Sphaera corpus, we assume all
editions published at time t and contain the text-parts to be
individuals that are infected at time t (T being the total period of
our study); all editions published after time t (during T− t) are
considered susceptible at time t. Since all editions at the end time
T contain text-parts without losing them later on, we do not have
any recovered editions in our model. By considering β as the rate
of transmission, the change in the average number of infectious
individuals during the time frame of dt will be

dIðtÞ
dt

¼ β
SðtÞIðtÞ

N
ð1Þ

By substituting the fraction of susceptible and infectious
individuals, sðtÞ ¼ SðtÞ

N and iðtÞ ¼ IðtÞ
N in the equation above and

using the fact that s(t)+ i(t)= 1, we obtain

diðtÞ
dt

¼ βsðtÞiðtÞ ¼ βiðtÞð1� iðtÞÞ ð2Þ

The solution of the above equation is an s-curve Sigmoid
function with a slow start, speeding up in the middle period, and

a slow end, in the following form:

iðtÞ ¼ i0e
βt

1� i0 þ i0eβt
ð3Þ

where i(t= 0)= i0 is the initial condition. In modeling the
adoption of innovation, Bass introduced a model similar to SI by
adding an extra term referring to the external influence or
advertising effect (with rate α), whereas the coefficient β is the
representative of internal influence (Bass, 1969, 2004):

diðtÞ
dt

¼ ðαþ βiðtÞÞð1� iðtÞÞ ð4Þ

Solving the equation above leads to an s-curve function in the
following form:

iðtÞ ¼ ðβi0 þ αÞeðαþβÞt þ αði0 � 1Þ
ðβi0 þ αÞeðαþβÞt � βði0 � 1Þ ð5Þ

There are two special cases of the Bass model. The first is the
case when α= 0. In this case, the solution leads to a symmetric
logistic equation (as discussed in the SI model). The second case
is when β= 0, which renders the solution i(t) into an exponential
saturation. A high value of β indicates a slow start of diffusion,
which begins to accelerate after a while. A higher value of α
means a quick start in diffusion but a quick leveling off into
saturation at the end (Van den Bulte, 2002).

The case of α < 0 represents a barrier to initial adoption
(resistance to external influence). The case β < 0 is mathematically
well defined but does not make sense because it implies that
infected change their status by contact with susceptibles
(Ghanbarnejad et al., 2014; Orbach, 2016).

Results
In this section, we first present the results of the modeling for the
four layers of the Sphaera corpus and their comparison. We then
consider more closely the components of the aggregated graph of
layers SOP and SAP.

Spread of knowledge in each layer of the multiplex network.
The spread of knowledge in the four layers (SOP, SAP, TSOP, and
ASAP) of the Sphaera corpus are compared in Fig. 3a. In the
spirit of infectious disease modeling, the number i(t) is simply the
fraction of all the editions in a given layer that has been published
by time t. Layers SOP and SAP show an s-curve-like behavior
with a slow start, faster growth in the middle period, and a slow
saturating end. However, layers TSOP and ASAP behave differ-
ently. TSOP grows slowly with zero editions for many years and a

Fig. 2 Relations between the layers. a Layer Interaction Network (LIN): diagonal values represent the number of links in each layer and the off-diagonal
elements refer to the overlapping links between the layers. b Overlapping frequency matrix: It shows the percentage of links in a layer that overlap with
those of other layers.

Table 2 Entanglement of each layer with the other layers.

Layer Entanglement (γ)

SOP 0.91
SAP 0.39
TSOP 0
ASAP 0.02
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sudden cutoff at the end. ASAP starts much later in time than the
other layers. The process of knowledge circulation in ASAP has a
fast rise that continues for almost 40 years then starts to slow
down abruptly.

To fit a curve to each of these plots, we used two different
approaches: First, by using an arbitrary Sigmoid function that fits
the curve perfectly. Second, by finding the model-based approach
that fits the analytical solutions of both SI and Bass models to the
s-curve and calculating the corresponding existing parameters in
these models. Figure 3b shows each of these fittings to the s-curve
of the SOP layer. The red dashed line is the best-fitted curve in
the form of a Sigmoid function with the following equation:

iðtÞ ¼ 1:02
1:01þ 78:05e�0:047t

ð6Þ

It follows the original curve perfectly with R-square equal to
0.99 and suggests the value of β= 0.047 for the rate of spread.
However, to achieve a better understanding of the existing
parameters in the process, we need to use the analytical solutions
of the SI model (Equation (3)) and the Bass model (Equation (5)).

The yellow dotted curve in Fig. 3b refers to the SI model
(Equation (3)) with the set of parameters, i0= 0.0033 and
β= 0.062. As shown by the figure, apart from the middle and
terminal saturating periods, the SI curve cannot explain the
spreading process during the first 75 years, which is faster than in
the SI curve and it is slower after 100 years, when it reaches the
saturation point. On the other hand, the analytical solution of the
Bass model (Equation (5)) shows a better coherence to the s-curve
(green stars), with parameter values of i0= 0.0033, β= 0.049 and
α= 0.0004. The R-square values for both SI and Bass model equal
0.98 and 0.99, respectively.

Table 3 shows the parameter values of the Bass model related
to each of four s-curves of SOP, SAP, TSOP, and ASAP layers.

Spread of knowledge in the components. As discussed in section
“Relation between the layers”, according to the overlapping fre-
quency matrix, the two layers TSOP and TSAP play a marginal
role in the interaction between layers. We, therefore, first create
an aggregated graph of only the two main semantic layers SOP
and SAP.

Figure 4 depicts the structure of the aggregated graph. The
resulting aggregated network is composed of 35 highly intracon-
nected components. The advantage of looking at the structure of

the aggregated graph with only layers SOP and SAP is that it
facilitates a more accurate historical interpretation of the results
by pointing exclusively to original texts and the works that
elaborate on them (commentaries), these being the two main
modi of scientific knowledge production during the early modern
period. We study the circulation of knowledge in each of the three
major components of this network by establishing the rates of
diffusion (Fig. 5).

Ordered chronologically and as shown in Fig. 5a, the first
component in time (green) is the second in size as its editions are
published between 1478 and 1538. The second component in
time, the giant component (pink), begins in 1531 and ends in
1629. The third component in time (blue) is also the third in size
and temporally partially overlaps with the giant component as it
begins in 1570, when the leveling off of the giant component
begins, and ends in 1618 (see Section 4 of the Supplement). Note
that there is no connection between the components; they,
therefore, indicate distinct phases of the process of circulation
and accumulation of knowledge.

Figure 5b shows the same plot as Fig. 5a, where the x-axis is the
time-step instead of the year, with fitting curves and the
parameter values of the Bass model displayed in Table 3 as well.
The spread of knowledge in the green component (first in time
and second in size), shows a more linear behavior than an
s-curve. The speed of spread in the pink component (second in

Fig. 3 Circulation of knowledge and models. a Diffusion of information (text-parts) over time for four different layers of the multiplex network of the
Sphaera corpus, showing an s-curve in the SOP and SAP layers, with the highest rate of transmission in the middle period of time; b Finding the best fit to
the s-curve of the SOP layer in order to capture the parameters of the SI and Bass models. R-square value for the red fitted curve is 0.99 and for SI and Bass
models equals 0.98 and 0.99, respectively.

Table 3 β and α measured by fitting the analytical equation
of the Bass model to the curves of knowledge spread in the
four different layers of the Sphaera corpus and the first
three biggest components of Fig. 4.

β α i0
SOP 0.049 ± 0.0007 0.0004 ± 0.00002 0.0033
SAP 0.037 ± 0.0005 0.0023 ± 0.0001 0.0049
TSOP 0.031 ± 0.0008 0.0051 ± 0.0002 0.045
ASAP 0.069 ± 0.004 0.0042 ± 0.0007 0.025
Pink-comp. 0.044 ± 0.0019 0.0122 ± 0.0005 0.010
Green-comp. 0.071 ± 0.0084 0.0072 ± 0.0014 0.030
Blue-comp. 0.194 ± 0.014 − 0.0091 ± 0.0011 0.05

The results are reported in 95% confidence level.
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time and first in size) in the first 38 years is the same as in the
green component, but the latter continues to expand with the
same speed until its end while the pink component gradually
starts to slow down. The rate of transmission β of the green
component is higher with the value of 0.071.

The third component in time and size (blue) behaves
differently: a very slow start, rising up fast in the middle period,
and slowing down again at the end. The rate of transmission in
the third component is the highest among the components with
the value of β= 0.194. The negative value for the rate of external
influence α=− 0.009 suggests the existence of a resistance to
external influence in this component. The high value of β= 0.194
and the negative value of α indicate that these editions strongly

learn from each other and even resist adopting knowledge from
other external communities.

Historical interpretation and validation: layers and compo-
nents. The values of β and α, measured by fitting the analytical
equation of the Bass model to the s-curves in the four different
layers, clearly signal a higher external influence in regards to the
TSOP layer. This result was expected due to the layer’s focus on
vernacular translations, as these were by their nature means to
spread scientific knowledge outside the institutional barriers of
the universities and thus more keenly affected by exogenous
factors. α, representative of the rate of influence or exogenous
factors, has the smallest value (0.0004) in reference to the SOP
layer. A relatively high value of β and low value of α in this layer
show that the process of knowledge circulation in the SOP layer is
mostly determined by β and therefore happens as a result of
endogenous factors and is less influenced by outside factors than
the other three layers. The highest speed of spread for the ASAP
layer, even higher than the SOP layer, represents an interesting
historical finding. Editions of this layer are large anthological and
integrative works comparable to current large review papers, and
the values show that these were mostly contributing to the pro-
cess of knowledge circulation (see Table 3, as well as Sections 3.2
and 3.3 of the Supplement). This result is moreover confirmed by
analyzing the structural parameters of the network (see Section 6
of the Supplement).

Considering now the three major components of the network
shown in Fig. 4 and their most frequent edge parameters (text-
parts), the chronologically ordered historical analysis (green: first
in time and second in size; pink: second in time and first in size;
blue: third in time and size) shows that they represent different
phases and aspects of one and the same process, namely the one
that transformed astronomy, as studied at the universities in
Europe, from a natural-philosophical discipline into a proper
mathematical one. As the pink (giant) and the blue (third in size)
components chronologically overlap, the three components taken
together represent two historical and scientific phases of a single
historical process (see Section 4.2 of the Supplement). The first
phase starts and the second begins during the 1530s.

A closer look at the text-parts reveals the historical meaning of
the components (see Section 4.3 of the Supplement). The most

Fig. 4 Network of the aggregated graph of two layers, SOP and SAP. It
includes 35 separated components with a giant component (pink) of 91
nodes (editions) and 3831 links. The second and third largest components
are colored green and blue, respectively.

Fig. 5 Knowledge circulation process and models for the three major components. a Diffusion process in the three biggest components of the graph
shown in Fig. 4. Each component starts at a different time. The beginning of the pink (giant) component roughly corresponds to the end of the green
(second in size) component and the blue (third in size) component begins when the giant component starts slowing down. b Fitting to each curve of
knowledge spread and corresponding parameters of the Bass model for each curve. R-square for both pink and green component equals to 0.99 and for the
blue component is 0.98. The high values of R-square indicate that the models explain perfectly the original data sets.
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relevant text-parts, around which the pink (giant) component is
constituted, show moreover that the mathematization of
astronomy was going hand in hand with its integration with
sub-disciplines of practical utility (such as nautical astronomy,
booming at the time because of the journeys of exploration). This
explains the relatively high value of α for this component. The
differentiation between the pink (giant) component and the blue
(third in size) component might be due to the specific
institutional embedding in which the text-parts of the blue
component were produced and used, as they were produced by
scholars who belonged to the confessional order of the Jesuits.
The Jesuit order was rising in influence along the routes of
exploration. Their scientific works were used primarily in their
own educational institutions, which were spreading all over the
planet in connection with their missionary activity. The highest
speed of spread of the third component testifies to the close link
between the knowledge production of the Jesuit order and its
institutional expansion. The negative value of α instead indicates
the high competition the Jesuits experienced with other
educational institutions, including with those of other Catholic
orders (Grendler, 2022).

Finding historically plausible interactions among the editions
of the Sphaera corpus
As discussed in section “Data and Network Structure”, the con-
nections (links) between the editions (nodes) are based on their
shared knowledge (text-parts). Figure 4 illustrates that each
component is extremely dense and that almost every edition
inside each of them is connected to every other. Such high density
is the consequence of the assumption used to build the network,
namely an assumption of maximal connection: on the basis of the
semantic relationships defined by the layers, every edition is
linked to all previously published editions. Because of this
assumption, we are certain to include all historically confirmable
connections, but might also introduce connections that are arti-
ficial. It is indeed very unlikely that each edition acquired its
knowledge from all previous editions that contain the same text-
part, or that the authors, printers, or publishers of each edition
were really informed of all extant editions. Until now, the only
way to avoid such assumptions was the close reading of all his-
torical sources and the application of philological analysis (see
Section 5 of the Supplement). For the first time, however, we have
a method to indicate which connections are likely to be the real
historical ones as a sub-group of the connections displayed in
Fig. 4 and Table 1. The method is an application of the model
described above.

We know how the diffusion of knowledge among the edi-
tions of the Sphaera corpus proceeds, as we counted the
accumulation of “infected” editions (infected through the
acquisition of text-parts) over time. We now begin by applying
the same method but considering infected editions in the
whole aggregated network of four layers. We find infected
editions in the structure of the network instead of adding them
up by year. For example, imagine an edition “A” as a node in
the aggregated network, that it has been published at time t,
and that it has connections to a number of other editions
(nodes) in the network. We consider edition “A” and all its
target editions (nodes) in the network as the infected editions
at time t. Now imagine edition “B” published at time t0>t. We
check if “B” has been the target of “A” and has therefore been
counted among infected editions or not. If not, we add “B” and
its targets (if they were not the targets of “A”) as infected
editions at time t0. If “B” was a target of “A” then we just look
for the targets of “B”; if they were not already the targets of “A”
we add them to the infected editions in time t0.

In other words, when the new text-part (disease) appears at
time t, all the editions that contain that text-part are counted as
infected editions at that time. So, instead of counting the yearly
published editions added to the Sphaera corpus, we count how
many (not yet counted) later editions are linked to the published
edition at the corresponding year.

Figure 6a shows the diffusion of knowledge in the network of
the aggregated graph (orange), measured by the method
explained above, and compares it with the s-curve, which is the
result of counting and adding up the editions by year. The
infection curve of the aggregated graph does not fit to the s-curve
(blue). As noted, we assume the reason to be the fact that the
original aggregated graph contains connections that are not real
due to the assumption of maximal connection. In order to indi-
cate which of the connections are likely to be the real ones, we
would like to search for a network of connections between edi-
tions that converges to the blue s-curve. For this purpose, we need
to remove some links from the aggregated graph and we let us
guide by the domain knowledge, namely by specific historical
meaningful hypotheses. We control whether:

● geographical aspects affect the transmission of knowledge,
for example, whether authors, printers, or publishers
tended to refer to editions that had been published in the
same city, region, or country (local market);

● connections between editions are correlated to the book
formats sexto-decimo, octavo, quarto, and folio (price and
marketing position of the book on the market);

● the fact that the producers of older editions were alive at
the time of a new publication could bring the new producer
to primarily refer to those older editions (social awareness).

Figure 6b compares the transmission of knowledge in two
newly generated networks with the original network and the
s-curve. The first network considers only connections between
editions published in the same location and the second one
includes only the connections between editions with the same
book format (Valleriani et al., 2019). These two graphs do not
relevantly differ from the behavior of the original aggregated
network. The curve for the spread of knowledge in the network of
the same city shifts a little toward the blue s-curve but does not
converge to it. We decided, therefore, to make use of these and
other pieces of information to create new layers, which are,
however, less generic. In particular, all the following layers, which
will be compared to the s-curve, are created under the additional
condition that the editions connected to each other have also to
share at least one semantic relation.

In Fig. 6c, the comparison has been executed with the trans-
mission inside three other new networks that express economic
aspects related to the production of the editions. These layers are
named EC1, EC2, and EC3.

● In EC1, two editions with shared semantic knowledge and
the same format are connected if the printers or publishers
of these two editions were alive at the time of the
publication of both editions. The links express the fact
that printers and publishers were producing the same
content during more or less the same range of time for the
same price segment of the market.

● In EC2, two editions are connected if they share the same
semantic knowledge and were published in the same place
by different printers and/or publishers who were alive at
the times of publication of both editions. The links in EC2
refer to the fact that two printers and/or publishers were
producing the same content in almost the same range of
time for the same local market.

● In EC3, we first distinguish between five types of editions:
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– OT: editions that contain only one original text
(17 editions);

– COT: editions that contain one original text and a
commentary on it, usually printed by fragmenting the
original text and commenting on each fragment on the
same page (48 editions);

– COMP: editions that contain several original texts that do
not directly refer to but rather enrich each other (43
editions);

– COT + COMP: editions that combine the characteristics
of COT and COMP (124 editions);

– ADAPT: editions that do not contain the reference text
around which the corpus was built, but contain at least
one text that has been designed by following it as a model

(same subjects and order with at least partially over-
lapping visual apparatus) (127 editions).

The taxonomy of the five types of editions directly expresses five
different modes of knowledge production and, therefore, a
semantic value. EC3 is then built by connections realized if two
editions have the same semantic knowledge and are of the same
type and were published by different printers or publishers who
were alive at the times of publication of both editions. The links
express that both printers and publishers were offering the same
kind of intellectual product to the market, be this local or trans-
regional.

Figure 6c shows that the three EC networks are close to the
s-curve but do not converge to it. Among these, EC2 is closer to

Fig. 6 Finding true connections between editions of the Sphaera corpus by searching for a network that converges to the s-curve. a Comparison of the
s-curve of transmission of knowledge among all editions with the transmission inside the original network of the aggregated graph that contains all the
semantic connections. R-square of comparison of these two curves shows the value of 0.82. b)Knowledge transmission in the networks built on the
connections among editions published in the same city and those editions with the same book format and their comparison with the s-curve does not show
a good match and not much improvement with respect to figure (a). c Diffusion of knowledge in three networks built on the basis of data with economic
relevance; it shows a small shift toward the s-curve. R-square values for EC1 curve is 0.87, for EC2 is 0.93, and for EC3 is 0.91, showing that EC2 better
explains the variability of the original blue s-curve than EC1 and EC3. d Transmission of knowledge in graphs showing mutual social and economic
awareness among authors, printers, and publishers, as well as the graphs' convergence to the s-curve for AW1 and AW2 before 1530, and AW3 after 1530.
The convergence of the awareness graphs shows the relevance of the meaning of these networks for the mechanisms of knowledge circulation in the early
modern period. In particular, the high value of R-square for AW3, 0.98, among the other tested layers, 0.77 and 0.93 for AW1 and AW2, respectively,
indicates the high relevance of AW3 for knowledge circulation and accumulation during that time period.
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the s-curve, showing the possible relevance of the local market in
the stimulation of academic book production in the early modern
period, but with the condition that printers and/or publishers
were alive at the times of publication of both editions (Gehl, 2013;
Valleriani and Ottone, 2022).

In Fig. 6d, we compare the diffusion process with another set of
new graphs, which identify networks of social awareness among
book producers and that lead us to more certain conclusions.
First, we will introduce each of the “awareness graphs” and their
meaning.

● AW1, two editions are connected if they share the same
semantic knowledge (at least two text-parts) authored by
different scholars who were alive at the times of publication
of both editions. The links in AW1 indicate the awareness
of the two authors of each other’s works (Valleriani, 2020);

● AW2, two editions are connected if they share at least one
paratext and are published by two different printers or
publishers who were alive at the times of publication of
both editions. Paratexts are texts such as literary composi-
tions or dedication letters to patrons, and which therefore
indicate whether the two book producers belonged to the
same institutional or political context, such as an early
modern court (Valleriani and Sander, 2022);

● AW3, two editions are linked if they were produced by
different printers or publishers who were alive at the times
of publication of both editions and are identified by a
similar fingerprint, the latter being a characteristic that
denotes similarity in content and layout between both
editions (Valleriani et al., 2022).

Figure 6d shows how AW1 and AW2 converge to the s-curve
from 1473, the very beginning of the period of study, until 1530.
After 1530, it is AW3 that mostly converges to the s-curve and
continues until the end of the period of study. This reveals that,
while the role of the network among scholars and the institutional
embedding of the book producers remained more or less equally
relevant over time, after 1530 it became fundamental to produce
editions that were similar to previous ones both in content and
layout. This peculiar form of imitation was the consequence of very
precise economic and material constraints that early modern prin-
ters and publishers had to cope with to maintain their business
running (Valleriani et al., 2022). This finally implies that in order to
shape networks of diffusion of scientific knowledge in the early
modern period, historians need to reduce their semantic networks
by considering the economic relationships among their producers
rather than their content. This research, therefore, shows that the
content of the textbooks became increasingly homogeneous on the
continent because of such imitation process. Thus, a step was rea-
lized toward the formation of a modern scientific identity in Wes-
tern culture (see Section 5.1 of the Supplement).

Discussion
We have shown how the application of epidemiological models to
a historical dataset could help in identifying different phases and
aspects of circulation of knowledge, including the discovery that
this process was highly dependent on the institutional embedding
of scientific production. By integrating these results with those
obtained in (Valleriani et al., 2019, 2022; Zamani et al., 2020), we
can now conclude that the higher rates of circulation coincide
with phases of more rapid homogenization. This, in turn, means
that a higher consensus was built around the fundamental
astronomic knowledge (core knowledge) taught at European
universities, though this changed along a temporal interval of
about 180 years, and that the accumulation of knowledge

accelerated and became fundamental in the temporal frame
during which the major component (pink) developed.

Applying the model to the reduced network and pairwise
comparison between Fig. 6c and 6d revealed that neither the
relations among scholars and their scientific ideas, nor their
geographic locations as a whole played a significant role in the
way scientific knowledge was transformed during the early
modern period. The diffusion of knowledge was mostly deter-
mined by the economic constraints of early modern printers and
publishers that caused them to imitate each other in both content
and layout (AW3). It could be added, however, that geographic
proximity might have facilitated this as well, but only on condi-
tion that both printers and publishers were alive at the time of
their respective publications (EC2).

By correlating these findings, it is possible to reach a conclu-
sion concerning the relation between global and local knowledge
circulation. First, the circulation of books (a condition required to
imitate their content and layout) was rapid and unhindered by
geographic obstacles. This is in line with results achieved by book
historians who were able to demonstrate how printed books
immediately entered the large trans-regional markets of Europe
and were transported along with other goods traded in that
market. Second, the early establishment of international book
fairs, such as those in Frankfurt and Leipzig during the 16th
century, certainly contributed to this process, too (Maclean,
2022). Third, the circulation of knowledge was enhanced, though
with less impact, by personal contacts - not among scholars but
among printers and publishers. These were obviously more fre-
quent on a local basis.

In our approach, we retained the differentiation between the
semantic and other layers. An alternative approach is possible
and will be executed in the future in order to compare the results
with those obtained by (Granell et al., 2013) and (Yang et al.,
2022). These works study the interrelation between the spread of
an epidemic and the spread of awareness about the same epi-
demic as a multiplex network of two layers. One layer represents
virtual contacts among individuals who mutually inform each
other about the epidemic while the other layer represents real
contacts that are responsible for the actual spread of the epidemic.
In our future work, we will consider all semantic interactions as
one layer and the awareness connections between the editions as
the second layer.

The ability to model the spread and circulation of scientific
knowledge over long periods of history opens the door to studies
whose aim is to predict the relation between communication
channels and scientific developments. From the perspective of the
historical disciplines, moreover, modeling means finding abstract,
mathematically formulated relationships that are characteristic of
epochs and cultures, potentially redrawing commonly accepted
divisions in human epochs. As shown, if further data concerned
with the social, institutional, and economic contexts are available,
the modeling results can be further applied to better investigate
the past and discover relevant causes for the developments under
consideration. On the basis of this study, modeling itself can
become a new working tool for historians.

Data availability
The necessary data and code to replicate the results presented in
this paper can be found here: https://gitlab.gwdg.de/MPIWG/
Department-I/sphaera/sphaera-SI-model.
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Note
1 The database can be reached through the project website The Sphere. Knowledge
System Evolution and the Shared Scientific Identity of Europe (https://sphaera.mpiwg-
berlin.mpg.de).
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