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It is known that the leading-order tidal effects in gravitational waveforms can be quantified by tidal
deformability, while higher order terms, e.g., harmonic overtones of Love number and dynamical
tides, have not been well-investigated yet. The concept of a “form factor”, which is different from
while resembles the effective tidal deformability, for the tidal interactions between neutron stars in
coalescing binaries is illustrated here. The form factor effectively incorporates the contribution of
dynamical tides. The dependence of tidal form factor on tidal deformability, spins, and inclination
angles is modeled and expressed in a closed form.

I. INTRODUCTION

The morphology of gravitational waveforms depends
on almost all source parameters, and thus encodes a
bunch of information about the radiating objects [1–8]
(see [9] for a recent review). However, a satisfactory
knowledge of source parameters can only be acquired
if the systematic bias can be well-controlled [10, 11].
Among other effects to be better modeled, tidal dephas-
ing in waveforms of binary neutron stars (BNS; we re-
fer binaries to coalescing ones in what follows) is re-
sulting from the deposition of orbital energy into NSs
via tidal interaction, effectively constituting an addi-
tional loss of orbital energy, thus hastening the merg-
ing. To leading order, the tidal contributions of two
individual stars add up linearly and the gross effect is
dictated by the mutual tidal deformability [12], defined

as Λ̃ = 16(m1 + 12m2)m
4
1Λ1/13M

5 + (1 ↔ 2) [13, 14],
where M = m1 + m2 is the total mass of the binary,
m1 and m2 are the masses of two NSs, and Λ1 and Λ2

are their tidal deformabilities. The phase shift owing to
this tidal expense of orbital energy has been analytically
investigated to 2.5 post-Newtonian (PN) order [7], and
phenomenologically modeled by fusing the effective-one-
body (EOB) results with numerical relativity (NR) out-
comes [15–17]. Some simulations show that the overtone
effects are at least one order of magnitude smaller (e.g.,
[16, 18]), which may not be discernible from the observed
signal in the near future.
On the other hand, dynamic tides could also cause a

dephasing that could be more dominant than the dephas-
ing caused by equilibrium tides if a mildly spinning NS
(with a spin νs ≥ 400 Hz) is involved [19, 20] (see also
[21] for spin effects dominating the equilibrium tides).
It is difficult to determine the theoretical limits on the
spin of neutron star members, which depends on the for-
mation and evolution path of binaries (see [22] for a re-
view). In particular, some of the known BNS systems,
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though not coalescing ones, in the Galaxy harbour a NS
with a few milliseconds period, e.g., J1807-2500B [23] and
J1946+2052 [24]. These fast-rotating NSs are thought to
be able to maintain their spin up to merger [25]. The
significance of considering such dynamical tidal effects is
highlighted by these systems, even though they may not
be in the majority. The effect of dynamical tides is dom-
inated by the ℓ = 2 f -mode excitation over its overtones
with harmonic number ℓ > 2. Also, the contribution of
other modes, e.g., g-modes, is negligible due to their sig-
nificantly weaker (by a few orders of magnitude) coupling
to the tidal field (e.g., [26, 27]).

In the following years, the sensitivity curve of the ex-
isting detectors, e.g., the upgraded LIGO [28] or the Voy-
ager [29] may be improved by a factor 2 to 3, thus the
effects of tidally excited f -mode should be included in the
waveform modelling [30] especially the spin-induced tidal
effects [31] (see also [32] for this aspect with 3rd gener-
ation detectors). In particular, tidal excitations in spin-
ning NSs are more prominent than those in non-spinning
cases because the stellar spin amplifies the tidal-induced
dephasing by (i) reducing the frequency of f -modes with
positive (negative) winding number if the spin is (anti-
)aligned with orbital axis [19, 20], (ii) modifying the tidal
Love number [33, 34], and (iii) manifesting high-order
spin-tidal interaction (e.g., coupling between electric and
magnetic tidal moments; [35]). Among these three ef-
fects, the spin-induced modification in modal frequencies
is the most significant one since the leading corrections
are linear to spin, while the other two effects are at least
of quadratic order to spin. We will specify ourselves to
the leading order effects, and thus the modification to
(ii) and (iii) will be ignored. The quadratic-in-spin cor-
rection in the mode frequency is not taken into account
as well, which will result in 10% (& 16%) deviation for
νs = 700 Hz (103 Hz) (cf. [36]). In addition, we will
restrict ourselves to the quadrupolar component of both
kinds of tidal effects (static and dynamical) as the over-
tones of them are at least one order of magnitude smaller
than the ℓ = 2 component [37]. While we treat dynami-
cal tides at the linear level (i.e., no excitation of daugther
modes), it is worth pointing out a study on the influence
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of non-linear, dynamical tides in waveform phasing [38].
Within the anticipated accuracy of detectors in the

near future, the effects of static and dynamical tides
will be largely captured by the tidal deformability, the
frequency of f -mode ωf , and its coupling strength to
tidal field Qf [20]. These parameters are highly sen-
sitive to the nuclear equation of state (EOS), and the
stellar mass. Even though the masses of members in a
BNS can be rather accurately estimated from the chirp
mass M = (m1m2)

3/5/M1/5 and the symmetirc mass
ratio η = m1m2/M [39, 40], the uncertainty of the EOS
poses difficulties in measuring the structural parameters
of NSs, e.g., radius, tidal Love number, f -mode’s fre-
quency, etc. To extract these internal parameters, a more
delicate analysis should be implemented to monitor the
evolution of tidal contribution in the waveform phasing,
which entails an improved treatment of tidal effects.
In this short paper, we aim to provide an approximate

expression for the tidal dephasing, where the influences of
spin, tilt angle, and mass ratio will be taken into account.
The proposed effective tidal waveforms can explore re-
gions of the parameter space that were previously inac-
cessible. It should be noted that a similar but somewhat
different quantity – effective tidal deformability [41, 42]
– has been developed for slow and aligned spins [19] and
implemented to construct waveform baseline [43]. It is
natural, that the expression depends on the EOS since
the dynamical tidal response of NSs is sensitive to it. For
example, spin-induced modulation in the modal frequen-
cies depends on the EOS. Thus the accurate extraction
of the tidal parameters will lead to drastic constraints
on the EOS. To demonstrate the imprint of f -mode ex-
citation instead of providing precise analysis, we make
use of the PN evolution of BNSs to derive the waveform
phasing Ψ(Ωorb) through (see, e.g., Eqs. (14) and (17) of
[7])

d2Ψ

dΩ2
orb

=
2

Ωorb/dt
(1)

for the orbital frequency Ωorb. Although the PN for-
malism breaks down in the last few orbits [44–46], the
effects can be quantitatively studied since PN prescrip-
tion is accurate for BNS evolution over most of the late
inspiral phase [47–52]. In addition, the systematic error
of ignoring tidal effects in non-spinning case is already
comparable to the error budget between PN and hybrid
(EOB+NR) waveforms [53] let alone the tidal dephasing
for spinning case.
Section II forms the main body of this article, where

we introduce the approximate baseline for the tidal de-
phasing with f -mode response taken into account. Our
key result is the fitting formula for the proposed tidal
form factor [Eq. (3)], that accommodates the spin mod-
ification in both adiabatic and dynamical tidal imprints
on waveforms. The influence of inclined spins (Section
III) and mass ratio (Section IV) of the binary in this for-
mula follows with each developed into a section. Some
discussion is offered in Section V.

II. APPROXIMANT OF DYNAMICAL TIDES

Taking into account the accuracy of waveform tem-
plates needed for the existing and near-future detec-
tors, it is adequate to drop higher order terms, e.g., the
spin-tidal coupling, and to adopt the simplified ansatz,
ΨGW ≃ Ψpp + Ψspin + Ψtidal, for the GW phasing (see,
e.g., Eq. (1) of [54]). Here the first term, Ψpp, is the phas-
ing caused by sizeless, non-spinning objects, the second
term, Ψspin, is due to the spin effects, while the last term,
Ψtidal, is due to tidal response of the extended objects.
Contrary to the point-particle contributions, Ψpp +

Ψspin, the tidal dephasing, Ψtidal, is becoming significant
in the high frequency portion of gravitational waveform
where frequency is fgw & 100 Hz (see, e.g., Fig. 2 in [55]).
In particular, dephasing due to f -mode excitation largely
accumulates in the last 3 seconds of coalescing binaries.
For slowly-rotating NSs, the dephasing is characterised
by Λ̃ (static tides) and it is larger than the dephasing
due to mode excitations. However, for stellar spins of
νs > 500 Hz, the dephasing caused by the excitation of
f -mode may dominate over the influence of static tides,
regardless of the EOS [20].
We utilize the code presented in [20] to construct the

waveform including the leading-order f -mode effect. The
waveform phasing generated by this code has been com-
pared to several phenomenological and EOB templates
for the non-spinning scenarios, as described in the previ-
ously mentioned paper (see Figs. 1 and 2 therein). For
equal-mass binaries, we numerically fit the tidal dephas-
ing caused by a single NS 1 into the form (cf. Eq. (31) of
[7]):

Ψtidal = −
117

128
[Λ× F (νs, log Λ)]x

5/2

×

(

1 +
3115

1248
x− πx3/2 +

28024205

3302208
x2 −

4283

1092
πx5/2

)

,

(2)

where x = [π(m1 +m2)fgw]
2/3

, and we introduce a form

factor, F (νs, log Λ̃), that depends on the NS spin and its
tidal deformability. Although we assume a constant mul-
tiplier in this short paper (see below for justification), the
effective enhancement of tidal deformability by a mode
excitation scales with the mode’s amplitude in reality,
thus varying with time [17, 41]. However, the accumula-
tion of tidal dephasing, both static and dynamic, during
the early stages when the frequency of the associated
gravitational wave is less than a few hundred Hz, is neg-
ligible [55]. We, therefore, only need to ensure that the
form factor can reliably reproduce the dephasing when
the orbital frequency is high. In particular, we plot in
Fig. 1 the evolution (blue) together with the fitting (red)

1 The gross tidal dephasing can be obtained summing over the
contribution from individual NSs.
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of tidal dephasing for a specific equal-mass binary with
each member having M = 1.39M⊙ and pertaining to
EOS APR4 [56]. The error budget of the fitting is . 0.01
rad, and we see that the matching between data and the
fitting formula is especially satisfactory when fgw > 400
Hz with deviation < 2.5%. The fitting of tidal phase shift
suggests that one can determine a biased Love number
when dynamic tides are ignored in the analysis. This ap-
proach assumes the use of a point particle description
and incorporates the same correction for spin-induced
quadrupole moments.

For equal-mass binaries with both NSs pertaining to
EOS APR4, we calculate waveforms for various spins and
stellar masses of equal-mass binaries, where both mem-
bers follow the EOS APR4. By extracting the point-
particle contribution from the resulted waveform, the
tidal dephasing is obtained. We have found the following
least-square fitting formula that is applicable to masses
within the range 1 M⊙ to the maximum mass of non-
spinning configurations, and spins up to 600 Hz:

F (ν̃s, log Λ) ≈
(

1.958 + 2.919ν̃s + 0.094ν̃2s + 7.463ν̃3s
)

−
(

1.033 + 1.103ν̃s + 1.530ν̃2s − 0.002ν̃3s
)

log Λ

+
(

0.389 + 0.343ν̃s + 0.936ν̃2s − 0.718ν̃3s
)

(log Λ)2

−
(

0.041− 0.004ν̃s + 0.287ν̃2s − 0.483ν̃3s
)

(log Λ)3

(3)

where ν̃s = νs/1000 Hz. In reality, the exact value of
each coefficient depends on the EOS, while the devia-
tion for different EOS becomes noticeable only for large
enough νs. To demonstrate how, for a varying spin, the
form factor depends on the EOS, we consider some other
EOSs varying in stiffness, viz. SLy [57], MPA1 [58], and
H4 [59]. The form factors of these varying-spin sequences
of NSs with fixed Λ are plotted in Fig. 2. We see that a
noticeable difference appears when νs is larger than a few
hundred Hz, e.g., a difference of > 10−1 manifests only
for ν⋆ > 400 Hz. As mentioned above, the dynamical
tides are measured by two parameters ωf and Qf , and
thus it may seem suspicious that these two quantities are
absent in the argument of the form factor. The reason is
that they are closely related to log Λ (e.g., Eqs. (21)-(23)
of [20]). We note that Eq. (3) accounts for the excita-
tions of both m = −2 and m = +2 f -modes. However,
for larger spins the frequencies of the m = −2 modes
increase [36, 60] and hence their tidal excitation is sup-
pressed. Modes with winding numbers m = ±1, 0 are
not excited if the spin is aligned with the orbit, while
they will be relevant for non-trivial inclinations (see be-
low). Ignoring f -mode effects in the waveform analysis
means that the form factor is practically absorbed into
the tidal deformability, i.e., the effective tidal deforma-
bility ΛF would be (mistakenly) viewed as the physical
tidal deformability Λ. Overseeing the influence of the
tidal form factor will thus lead to an overestimated Λ̃
(e.g., [61]), though the deviation may be negligible for
slowly rotating NSs (see also below).

FIG. 1. Tidal dephasing as functions of GW frequency, where
the numerical result (blue) is approximated by the fitting for-
mula (2) (red) when fgw ≥ 400 Hz.

FIG. 2. Top: Form factors of NSs having tidal deformability
of Λ = 800 for a range of aligned spins up to 800 Hz, and
for EOS APR4 (solid), SLy (dot-dashed), MPA1 (dotted),
and H4 (dashed). Bottom: The difference between the form
factor of indicated EOS from that of EOS APR4. All shown
quantities are presented as functions of ν⋆.

III. INCLINED NEUTRON STARS

If the spin-axis is misaligned with the orbital angular
momentum, the tilt angle Θ will (i) lead to excitations
of f -modes with m 6= 2 [62, 63], and (ii) introduce Θ-
dependent tidal coupling strength to each mode [64]. We
note that Qf would be modified by Θ, while ωf would
not. The reduced coupling is non-linearly affecting the
waveform: the binary shrinks a bit slower for a weaker
f -mode excitation, which, however, indicates that the
mode has more time to grow. The ramification of the
lower spin is similar to the effect of larger Θ since a lower
spin leads also to a weaker f -mode excitation. Although
the effects of the inclination angle and magnitude of spin
in GW phasing are entangled, they can potentially be
distinguished since they contribute differently to the form
factor (see below and Appendix A).

A spin S pointing towards the same hemisphere as
the orbital angular momentum L (i.e., S · L > 0) will
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TABLE I. The form factor, F , for the fm=2 -mode of a mem-
ber of an equal-mass BNS system. Each NS has 1.4M⊙, and
pertains to the EOS APR4. Several spin rates and tilt angles
are considered. The columns list results for fixed spins, while
the rows for fixed inclination angles.

0 Hz 30 Hz 100 Hz 400 Hz 600 Hz
0◦ 0.5789 0.6056 0.6759 1.1860 1.9721
10◦ 0.5615 0.5875 0.6556 1.1504 1.9131
30◦ 0.4387 0.4590 0.5123 0.8991 1.4962
60◦ 0.1832 0.1917 0.2140 0.3757 0.6261

TABLE II. Same as Tab. I, for the fm=1-mode. We note that
the results of aligned NSs (i.e., Θ = 0◦) vanish since in this
case the fm=1 -modes are not excited.

0 Hz 30 Hz 100 Hz 400 Hz 600 Hz
5◦ 0.0044 0.0045 0.0047 0.0061 0.0073
10◦ 0.0172 0.0176 0.0186 0.0238 0.0286
30◦ 0.1260 0.1289 0.1360 0.1743 0.2100
60◦ 0.2443 0.2498 0.2636 0.3378 0.4069

reduce the mode frequencies with m ≥ 1, while Qf will
not be affected noticeably until very large values of spin
[33, 34] (for spins S · L < 0 the method can be trivially
extended). In this case the earlier onset of excitation
enhances the dephasing effect [20]. The form factors of
these two modes, denoted as Fm=1 and Fm=2, are given
in Appendix A with the same ansatz as Eq. (3) while
each coefficient is expressed, in addition, as a function of
tilt angle Θ.

The explicit dependence on Θ hints at that we may

estimate the inclination by implementing the waveform

templates including dynamical tides to the match filtering

method. We note that this inclination effect is encoded in
the tidal effects, which is already minute. The informa-
tion of inclination can also be sifted from early stages of
insprialling by filtering the detected data stream against
waveforms that takes into account orbital precession in
the context of PN [65, 66] and/or EOB [67–70] treat-
ments. Although the later approach is more promising
avenue to probe the tilted spin, we note that the measur-
ability depends on the orientation of the binary compared
to the observer. It is, on other hand, insensitive to the
relative orientation in the former aspect. Here we pro-
vide an assessment on the significance of Θ in waveforms
when dynamical tides are taken into account. In Tabs. I
and II, we collate the dephasing generated by, respec-
tively, m = 2 and m = 1 f -mode excitations for a NS
with M = 1.4M⊙ member of an equal-mass binary. We
see that the excitation of m = 1 mode contributes more
to the dephasing than the m = 2 mode when Θ & 60◦

(the relative strength of the excitation of the two modes
is encoded in the Wigner D-functions; see, e.g., Sec. 2.4
of [64] and the references therein). However, when the
effects ofm = 1 and m = 2 are combined, the form factor
(i.e., F = Fm=1+Fm=2) is reduced for increasing Θ. For

example, there is a ∼ 24% drop in F when the tilt angle
is increased from Θ = 30◦ to Θ = 60◦.

IV. MASS RATIO

As far as the leading-order effects are concerned, the in-
dividual contribution to the tidal dephasing can be added
linearly, implying that the “mutual form factor” can be
defined via

F̃ =
F1 + βF2

1 + β
(4)

for β = q4(12 + q)/(1 + 12q) and q = m2/m1, where Fi

is the form factor of star i. In this way we can combine
F̃ with the “mutual Love number” Λ̃ as follows:

Λ̃comb ≡ Λ̃ · F̃ =
16

13

(m1 + 12m2)m
4
1

M5
Λ1F1 + (1 ↔ 2) .

(5)

The tidal deformability, Λ̃comb (Eq. 5), is measured from
the GW analysis, while for estimating the “true tidal
deformability” Λ̃ one needs to divide it by a factor of
F̃ . Therefore, the favoured EOS would be softer than
expected if the f -mode effects are ignored. In the fol-
lowing, we take the specific event GW1708172 as an ex-
ample to illustrate how the inclusion of f -mode effects
would change the estimate on Λ̃ and thus the constraints
on the EOS.
In the analysis carried out by the LIGO-VIRGO col-

laboration, the progenitor binary consists of NSs with
masses of ∼ 1.48M⊙ (∼ 1.63M⊙) and ∼ 1.26M⊙ (∼
1.18M⊙) if slow (high) spin prior is assumed [61, 72].
If we assume that one of the NSs is non-spinning, and
consider aligned spins of νs = 30 Hz and νs = 400 Hz
as two representative cases, we list in the 5th column of
Tab. III the mutual form factor F̃ for each scenario. The
effective spin, defined by

χeff =
m1χ1 +m2χ2

M
, (6)

for each case is provided in the third column, where χ1

and χ2 are the dimensionless spin parameter for star 1
and 2, respectively. This parameter for GW170817 has
been constrained to . 0.1 with 90% credible interval
(cf. Fig. 6 of [61]), and the considered high spin cases
are marginal to this constraint. By taking the heavier
(lighter) star as star 1 (2) with spin ν1 (ν2), we have
the inequality F1 > F2, and it can be derived from the
definition of F̃ that F̃ ≥ F2. In accordance, the true

2 The nature of this event cannot really be distinguished by jointly
considering the GW and electromagnetic emissions, as suggested
in [71]. We assume it was a BNS event in the present work
however.
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TABLE III. A worked example for GW170817. The 1st and
2nd columns show, respectively, the (aligned) spins in Hz, and
the masses for both NSs in solar mass. The 3rd column offers
the effective spin. In the 4th column, the associated form
factors of the individual stars are listed, while the 5th column
provides the mutual form factor. The final column presents
the estimations of Λ̃ assuming that the f -mode excitation is
taken into account. For the NS models used here we assumed
the APR4.

ν1, ν2 M1, M2 χeff F1, F2 F̃ Λ̃
( 30, 0) (1.48, 1.26) 0.009 (1.19, 1.20) 1.19 ≤669.51
( 0, 30) (1.48, 1.26) 0.008 (1.14, 1.26) 1.21 ≤659.85
(400, 0) (1.63, 1.18) 0.118 (2.26, 1.23) 1.98 ≤403.06
( 0, 400) (1.63, 1.18) 0.115 (1.12, 2.58) 2.19 ≤365.06

value of Λ̃ should be modified by at least a factor of
F2 from the observed tidal deformability Λ̃comb. Tak-
ing the measured tidal deformability of GW170817 (i.e.,

Λ̃comb ≤ 800; [61, 72]), we list the true tidal deformability

Λ̃ in the last column of Tab. III.
In addition to the upper bound on Λ̃, the post-merger,

electromagnetic counterpart can arguably set a lower
bound since smaller Λ̃ renders a more compact remnant
thus less ejecta can be scattered away during and soon
after the merger [73], even though some investigation
suggests otherwise, e.g., [74, 75]. If the electromagnetic

counterpart could provide reliable constraints on Λ̃, it
would supplement the bounds derived by gravitational
wave data analysis. For example, a lower bound of Λ̃,
e.g. Λ̃ & 400, will exclude the scenario that the 2nd star
will be aligned and rapidly-spinning (cf. the last row of
Tab. III). However, this constraint can be lifted even for
small inclinations, e.g. Θ = 20◦, since the value of the
form factor will be reduced to F̃ =1.98, leading to de-
generate results. For example, the same outcome will be
derived if the 1st star spins at 400 Hz with trivial tilt
angle while the 2nd star is non-rotating (cf. the last two
rows of Tab. III).

V. DISCUSSION

In this short paper, we put tidal dephasing into per-
spective by proposing a close form, though as a fitting
formula, for the tidal form factor F [Eq. (3)]. The form
factor is ≥ 1, indicating an enhancement of tidal de-
phasing due to dynamical tides. In fact, the form fac-
tor presents the ratio of phase shift caused by static and
dynamic tides; denoting the dephasing by the static tide
as ΨΛ, and that by f -mode excitation as Ψf , these two
quantities are related via Ψf = (F − 1)ΨΛ. However,
we note that the above relation holds only for waveforms
having a cutoff frequency ≥ 400 Hz (cf. Fig. 1).
Owing to the dependence of the mode excitation on

the tidal deformability Λ, the spin νs, inclination Θ, and
the EOS, the coefficients of the analytic expression for

the form factor are functions of the aforementioned pa-
rameters (see Appendix A). Generally speaking, the form
factor will be larger for increasing spin since the exci-
tation of the f -mode kicks in earlier, and thus absorbs
more orbital energy. In certain cases, we see that the
tidal form factor can reach up to F ∼ 2 (Tab. I), im-
plying that neglecting dynamical tides, i.e., forcing the
mutual form factor of the binary to F̃ = 1, may lead to
an overestimate of Λ̃ by a factor of 2 [cf. Eq. (5)]. Such
a dramatic change will critically affect the identification
of the EOS. For example, considering aligned spins, the
reduced upper bound on Λ̃ for GW170817 would favor
softer EOS (cf. Tab. III). Furthermore, an overestimation

of Λ̃ will affect the derivation of the (effective) compact-
ness of the long-lived NS remnant [76], else will result in
some inconsistencies between the measurements of these
two quantities.

In the future, with the most sensitive interferometers,
the detailed waveform during merger and post-merger
phases may become detectable, providing information for
the peak frequency of the merger and the remnant’s f -
mode frequency, if a prompt collapse to a BH is staved off.
The constraint jointly set by all these observations can
only be meaningful if Λ̃ can be correctly estimated, espe-
cially for constraining EOS candidates [77]. For example,

given that the relation between Λ̃ and M is sensitive to
the EOS (see, e.g., Fig. 8 of [17]; also [78]) and that the
latter quantity can be determined with great precision in
waveform analysis, the uncertainty of constraining EOS
is thus set mainly by the accuracy of the estimate of Λ̃.
On the other hand, a tilt angle leads to smaller form
factors (Tabs. I and II) as a result of weakened f -mode
excitation. The reduction in the form factor is sensitive
to Θ, and thus may provide a novel hope for estimating
the inclination, while we note that the effects of the tilt
angles of both stars tangle together. Any further effort
toward this direction would be beneficialby supplement-
ing the current effective treatment of precession [79, 80]
as well as the future analytic efforts.

It is important to note that, here we do not take into
account the spin-induced correction in the tidal deforma-
bility (or the correction in the tidal overlap), which,
however, is not anticipated to influence the effect stud-
ied here. The extent to which the f -mode is excited,
can roughly be evaluated by the product of its coupling
strength to the tidal field and the reciprocal of its fre-
quency, viz. η ≈ ω−1

f Qf , since the growth rate of the
amplitude scales with Qf and the duration of the excita-
tion is inversely proportional to the mode frequency ωf .
The expansion in terms of spin of this “efficiency factor”
η, reads η = η0 + a1νsη1 + a2ν

2
s η2 + O(ν3s ). Here, η0 is

the efficiency of f -mode excitation in non-spinning NS,
and a1 and a2 are some EOS-dependent constants. In
this expansion, only the mode frequency modulation will
contribute to a1, while the spin-induced modification in
Qf appears only in a2 and higher-order terms. We there-
fore believe that the form factors obtained in the present
article will not be affected in a noticeable way by the
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input of realistic tidal overlap in rotating NSs.

Although there are numerical methods aimed at mod-
eling tidal effects in the waveform by matching the sim-
ulated signal to EOB results (e.g., [17, 54, 81–83], the
initial data (ID) for numerical relativity (NR) simula-
tions is constructed in a way that does not involve mode
excitation. This means that the dynamic response of neu-
tron stars (NSs) is not resolved. The ID is designed to
represent an equilibrium state of the binary system less
than 100 ms before the merger, during which the excita-
tion of the f -mode may not be negligible. As a result,
the constructed ID may not accurately represent the bi-
nary system’s state in reality, especially when compared

to an EOB waveform that includes significant tidal exci-
tations (as mentioned in [84]). However, this limitation
is relatively minor for slowly-spinning binaries, as the ex-
citation of f -modes is weak in such cases.
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Phys. Rev. D 49, 2658 (1994).

[40] K. Kokkotas, A. Królak, and G. Tsegas,
Classical and Quantum Gravity 11, 1901 (1994).

[41] T. Hinderer et al., Phys. Rev. Lett. 116, 181101 (2016),
arXiv:1602.00599 [gr-qc].

[42] J. Steinhoff, T. Hinderer, A. Buonanno, and A. Tarac-
chini, Phys. Rev. D 94, 104028 (2016).

[43] S. Bernuzzi, A. Nagar, T. Dietrich, and T. Damour,
Phys. Rev. Lett. 114, 161103 (2015).

[44] M. Boyle, D. A. Brown, L. E. Kidder, A. H. Mroué, H. P.
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Appendix A: Form factors

The form factors for fm=2 and fm=1 -modes can be
approximated by

Fm=2(Θ, ν̃, log Λ) = (a1 + a2ν̃ + a3ν̃
2 + a4ν̃

3)

+ (a5 + a6ν̃ + a7ν̃
2 + a8ν̃

3) log Λ

+ (a9 + a10ν̃ + a11ν̃
2 + a12ν̃

3)(log Λ)2

+ (a13 + a14ν̃ + a15ν̃
2 + a16ν̃

3)(log Λ)3 (A1)

Fm=1(Θ, ν̃, log Λ) = (b1 + b2ν̃ + b3ν̃
2 + b4ν̃

3)

+ (b5 + b6ν̃ + b7ν̃
2 + b8ν̃

3) log Λ

+ (b9 + b10ν̃ + b11ν̃
2 + b12ν̃

3)(log Λ)2

+ (b13 + b14ν̃ + b15ν̃
2 + b16ν̃

3)(log Λ)3, (A2)

where ν̃ = ν/(1 kHz).

Considering spins up to 600 Hz, and tilt angles up to
Θ = 110◦ for the fitting formula, we find the coefficients

are given as

a1 = 0.975 + 0.213Θ̃− 4.795Θ̃2 + 5.377Θ̃3 − 1.743Θ̃4,

a2 = 1.453 + 0.326Θ̃− 7.225Θ̃2 + 8.138Θ̃3 − 2.652Θ̃4,

a3 = 0.044 + 0.061Θ̃− 0.164Θ̃2 + 0.065Θ̃3,

a4 = 3.718 + 0.839Θ̃− 18.884Θ̃2 + 21.559Θ̃3 − 7.131Θ̃4,

a5 = −0.514− 0.113Θ̃ + 2.528Θ̃2 − 2.833Θ̃3 + 0.918Θ̃4,

a6 = −0.55− 0.129Θ̃ + 2.902Θ̃2 − 3.378Θ̃3 + 1.141Θ̃4,

a7 = −0.760− 0.141Θ̃ + 2.604Θ̃2 − 2.137Θ̃3 + 0.405Θ̃4,

a8 = −0.004− 0.012Θ̃ + 1.713Θ̃2 − 3.178Θ̃3 + 1.491Θ̃4,

a9 = 0.194 + 0.042Θ̃− 0.950Θ̃2 + 1.064Θ̃3 − 0.344Θ̃4,

a10 = 0.171 + 0.040Θ̃− 0.997Θ̃2 + 1.228Θ̃3 − 0.439Θ̃4,

a11 = 0.465 + 0.101Θ̃− 1.379Θ̃2 + 0.861Θ̃3 − 0.029Θ̃4,

a12 = −0.355− 0.093Θ̃ + 0.378Θ̃2 + 0.666Θ̃3 − 0.614Θ̃4,

a13 = −0.021− 0.005Θ̃ + 0.101Θ̃2 − 0.113Θ̃3 + 0.037Θ̃4,

a14 = 0.002 + 0.001Θ̃ + 0.029Θ̃2 − 0.061Θ̃3 + 0.031Θ̃4,

a15 = −0.143− 0.035Θ̃ + 0.480Θ̃2 − 0.359Θ̃3 + 0.051Θ̃4,

a16 = 0.24 + 0.062Θ̃− 0.841Θ̃2 + 0.656Θ̃3 − 0.108Θ̃4

(A3)

and

b1 = 0.010− 0.304Θ̃ + 5.682Θ̃2 − 9.056Θ̃3 + 3.825Θ̃4,

b2 = 0.010− 0.210Θ̃ + 3.783Θ̃2 − 6.009Θ̃3 + 2.533Θ̃4,

b3 = −0.076Θ̃ + 1.631Θ̃2 − 2.660Θ̃3 + 1.148Θ̃4,

b4 = 0.004− 0.075Θ̃ + 1.333Θ̃2 − 2.069Θ̃3 + 0.847Θ̃4,

b5 = −0.005 + 0.159Θ̃− 2.980Θ̃2 + 4.751Θ̃3 − 2.007Θ̃4,

b6 = −0.005 + 0.107Θ̃− 1.749Θ̃2 + 2.754Θ̃3 − 1.154Θ̃4,

b7 = 0.003 + 0.025Θ̃− 0.772Θ̃2 + 1.329Θ̃3 − 0.603Θ̃4,

b8 = −0.003− 0.001Θ̃− 0.116Θ̃2 + 0.110Θ̃3,

b9 = 0.002− 0.059Θ̃ + 1.118Θ̃2 − 1.782Θ̃3 + 0.753Θ̃4,

b10 = 0.002− 0.041Θ̃ + 0.640Θ̃2 − 1.002Θ̃3 + 0.419Θ̃4,

b11 = −0.002− 0.009Θ̃ + 0.303Θ̃2 − 0.532Θ̃3 + 0.246Θ̃4,

b12 = 0.002 + 0.003Θ̃− 0.025Θ̃2 + 0.081Θ̃3 − 0.058Θ̃4,

b13 = 0.006Θ̃− 0.118Θ̃2 + 0.188Θ̃3 − 0.079Θ̃4,

b14 = 0.004Θ̃− 0.054Θ̃2 + 0.083Θ̃3 − 0.034Θ̃4,

b15 = 0.001Θ̃− 0.030Θ̃2 + 0.055Θ̃3 − 0.027Θ̃4,

b16 = −0.003Θ̃ + 0.042Θ̃2 − 0.074Θ̃3 + 0.035Θ̃4, (A4)

where EOS APR4 is assumed and Θ̃ = Θ/100◦.


