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Abstract

We study Ricci-flat perturbations of gravitational instantons of Petrov type D. Analogously to
the Lorentzian case, the Weyl curvature scalars of extreme spin-weight satisfy a Riemannian
version of the separable Teukolsky equation. As a step towards rigidity of the type D Kerr
and Taub-bolt families of instantons, we prove mode stability, i.e. that the Teukolsky equation
admits no solutions compatible with regularity and asymptotic (local) flatness.

1 Introduction

A gravitational instanton is a complete and non-compact Ricci-flat Riemannian four-manifold
with quadratic curvature decay. There are a number of families of known examples, such as
the Riemannian Kerr instanton, and the Taub—-NUT and Taub-bolt instantons. There are some
known results about gravitational instantons, a large part of which hold under various symmetry
assumptions, such as the existence of a U(1) or U(1) x U(1) isometry group, see e.g. 11]. In
the compact case, we have the Besse conjecture @, stating that all compact Ricci-flat manifolds
have special holonomy. This is a wide-open conjecture; there are no known examples of compact
Ricci-flat four-manifolds with generic holonomy, i.e. holonomy group SO(4). This is in contrast
to the the non-compact case, since there are examples of gravitational instantons with generic
holonomy. However, all known examples still satisfy the weaker requirement of Hermiticity, and it is
therefore natural to conjecture that all gravitational instantons are Hermitian. A first step towards
such a result is given by proving rigidity, i.e. for various known examples of gravitational instantons,
showing that there are no other Ricci-flat metrics close to that metric.

It was shown in , that perturbations of the Lorentzian Kerr metric whose frequency lies in the
upper half plane, and satisfying certain boundary conditions, the perturbations of the Weyl scalars
of extreme spin weight vanish identically. This result is known as mode stability. Furthermore,
mode stability for frequencies on the real axis was shown in [5]. As was shown in [15], see also
, perturbations of the Lorentzian Kerr metric whose Weyl scalars of extreme spin weight vanish
identically must be perturbations within the Kerr family, modulo gauge.

The following two main theorems of this paper show that the Riemannian analog of mode
stability holds in the ALF type D caseE|

Theorem 1. For Ricci-flat AF perturbations of the Riemannian Kerr metric, the perturbed Weyl
scalars \ilo, U, vanish identically.

1By type D, we mean Petrov type DTD—, cf. . The only ALF instantons of type D are the Riemannian Kerr
and the Taub-bolt metrics.



Theorem 2. For Ricci-flat ALF perturbations of the Taub-bolt metric, the perturbed Weyl scalars
Uy, Uy vanish identically.

As a consequence, one might conjecture that rigidity in the above mentioned sense holds for
these two instantons.
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2 The Newman—Penrose Formalism in Riemannian Signature
The Newman—Penrose formalism [10], commonly used in general relativity, can be adapted to a

Riemannian signature (cf. [3,(9]). Let (I,1,m, ) be a tetrad of vector fields with complex coefficients,
in which the metric has the form
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When viewed as first order differential operators, we denote the vector fields 1,1, m,m by D, A, §, -9,
respectively. With respect to the tetrad (,1,m,m), the Levi-Civita connection is represented by 24
spin coefficients, denoted by Greek letters and defined to be the coefficients in the right hand sides
of the equations
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m*Vyl, = =Tl — iﬂb + omy — pmp.

We also have the Weyl scalars:

Vg =-W(l,m,l,m), ¥, =-W(,I1,m), Wy=W(,m,Ilm), ®)
Uy = W(l,1,1,m), U, = -W(l,m,l,m),
\?0 = —W(l,m,l,m), \?1 = —W(l,1,I,m), Vy=W(,m,l,m), o)
Uy =W(,L1,m), Uy =-W(,m,l,m),

[\



where W denotes the Weyl curvature tensor.

From the definitions, one sees immediately that ¥, = ¥,4_; and \i!k = \114_;,“ so that the Weyl
tensor is determined by the six scalars Wg, Uy, Uy, ¥o, Uy, Uy, and that Uy and Uy are real. The
Weyl scalars of extreme spin weight are defined to be Wy, Wy, \ilo and @4.

A tetrad (1,1,m,m) is said to be principal if ¥ = ¥y = Uy = ¥, = 0. It can be shown that a
Ricci-flat four-manifold admits a principal tetrad if and only if it has type D. A proof of this fact in
the Lorentzian case can be found in |12, Chapter 7].

2.1 The Perturbation Equations

When referring to a perturbation ¢ of a metric g, we are referring to a linear perturbation of g, i.e.
a symmetric two-tensor §. When g¢ is Ricci-flat, we say that ¢ is a Ricci-flat perturbation if it is
Ricci-flat to first order, i.e. if g € ker((D Ric),). In general, for a quantity depending on the metric
g, we let a dot above the quantity denote its derivative in the direction ¢. Then ¢ is a Ricci-flat
perturbation if and only if Ric = 0.

Ricci-flat perturbations of the Lorentzian Kerr metric have been studied extensively, and in [14],
Teukolsky derived a well-known equation for the perturbation of the Weyl scalars of extreme spin
weight, for such perturbations of the metric. The following theorem gives a Riemannian analog of
that perturbation equation.

Theorem 3. Consider a Ricci-flat perturbation g of a Ricci-flat type D metric g. Relative to a
principal tetrad, the perturbation Vo satisfies the equation

(D—3e+é—p—4p)(A—dy+p)— (0 —a—38+7—47)(0 —4a+ 1) — 3U) e =0, (10)

and the perturbation W, satisfies the equation

(D=3+e—p—4p)(A =45+ ) — (6 —a—38+7 —47)(0 —4a+7) — 3U) o =0. (11)

Proof. Since we have a principal tetrad, ¥g = ¥g = ¥y = ¥, =k = & = 0 = 6 = 0. The perturbed

versions of (116]) and (121]) become

(A — 4y + p)Wo = (6 — 47 — 26)¥; + 350, (12)
and R _ )

(5 — da + )l = (D — 4p — 2T, + 34T, (13)

respectively. Operating on with D and on with 4, subtracting the resulting equations and
using the commutator relation , we get

(D(A — 4y +p) — 6(6 — 4o+ 7)) Wo = ([D, 8] — 4D — 2DB + 46p + 20€) ¥, + (3D& — 364) Wy

(14)
=(—(a+38—7+47)D+ (3¢ — €+ p+4p)d
— (D47 +28)) + (6(4p + 2€)))¥; + (3D5 — 365)Ws.
(15)



We eliminate the first two terms in the first bracket on the right:
(D=3c+é—p—4p)(A—dy+p)—(6—a—38+7—47)(0 —da+7))Wo = A; + Ay,  (16)

where

Ay =((-3e+é—p—4p)(—41 —28) — (—a — 3B+ 7 — 47)(—4p — 2¢)
— (DT +28))+ (6(4p+2¢))) (17)
and
Ay = (3(D—3e+é—p—A4p)5 —3(0 — & — 38 + 7 — 47)ix) Us. (18)

By using (81)), (87) and (112), we see that A; = 0. Also, from the fact that our metric has type D,
together with (120)) and a suitable linear combination of (117) and (122]), we have

DUy = 3p0s,, oWy = 37Ws. (19)

Therefore, by the Leibniz rule,
Ay =3DUy —300s+ (3((D —3e+é—p—4p)o) —3((6 —a—38+ 7 —41)k)) ¥y (20)
=3((D—-3ce4+é—p—p)o)—((6 —a—-38+7—7)k))¥s (21)
= 30,0y, (22)
where we used the linearization of in the last step, showing that holds. The proof of
is similar, referring to the tilded equivalents of the NP equations instead. O

3 The Riemannian Kerr Instanton

In Boyer-Lindquist coordinates (¢, r,0, ¢), the Riemannian Kerr family of metrics is given by the
expression

by A in% 6

9= 5 dr +Sd6? + S (dt —asin 0dg)? + SmT

Here, M > 0 and a € R are the parameters of the family, A = A(r) = r? — 2Mr — a? and
¥ = r2—a? cos? 6, and the coordinates have the ranges 7 > r,, 0 < 6 < 7, where ry. = M++v/M?2 + a2
are the roots of A. Like its Lorentzian counterpart, this metric is Ricci-flat. Note that A has a

different meaning than in Section [2, and it will retain this new meaning throughout this section.
Now define new coordinates (%, 7,0, ¢) by

r =M+ +VM?+ a?cosh7,

((r* — a®)do + adt)?. (23)

t =1t (24)
d) = QT) - %iv
where Kk = Vé‘/[]\;;‘ﬁ and Q = 21\/(11r+' Then r is a smooth function of 72, and gives
g = S(di? + df* + (7 + O(7*)) di* + (sin? 6 4 O(sin* 0)) d@?). (25)

Letting (7,7) be polar coordinates on R? and letting (97(;3) be spherical coordinates on S2, it
follows that g extends to a complete metric on R? x S2, provided that we identify ¢ and (5 with
period 27 independently. Note that this is equivalent to performing the identifications (¢, ¢) ~
(t+ 25, ¢ — 2220) ~ (L, ¢ + 2m).



3.1 The Separated Perturbation Equations in Coordinates

We shall be interested in a particular choice of complex null tetrad (1,1, m,m), called the Carter
tetrad, defined by

R AN -

~ V2A% ((r )5 aaqs) HRESErS (26)
1 0 7 1 0 0

= 590 o (511196(;5 —|—as1n98 > (27)

Note that |l|; = |m|s = 1. The spin coefficients for the Carter tetrad are given explicitly in Section
[A1l For this tetrad we have
M ~ M
Up=——"—=, Up=——"+&, (28)
(r —acos?) (r+ acosh)3

and all other Weyl scalars vanish. In particular, this is a principal tetrad.

We shall now analyze the perturbation equations in the Carter tetrad. The relevant properties
of the equations are given in the following four lemmas.

Lemma 1. For the Carter tetrad, the perturbation equation is equivalent to the equatiorﬂ
L® =0, where ® =T, 2/3\110 and

9.0 1, .0 9 S d
L_&“A&“+A<(r a)a aa—¢+22(r M)) +82(r+a0050)a

d d 1 o 9 2
—sinf— + —— 9— — —2icosf | . (29
+ sin 6 90 sin 00 * sin? 0 (a sin + 0¢p reos > (29)
Furthermore, if ® is a solution to this equation coming from a perturbation of the metric, then

we can write

O(t,r,0,0) = > IR A (1) Smwal0), (30)

m,w,A

where m runs over Z, w runs over ) + kZ, and for each choice of m,w, A, the function R = R, A
solves the equation RR = 0. The function S = Sy, ., A @s the unique solution to the boundary value
problem SS =0, S’(0) = S'(w) = 0, where

JA +U(r), (31)
u(r) = - _“2)””2”2(7’_]”))2 8w — A (32)
and 1 4 p
S = ] sin 0— pT] + V(cos8), (33)
V(x) = 8awx — 1_% (aw(1 — %) —m + 22)° + A. (34)

2Note that the equation L® = 0 is the same equation as that occuring in the Lorentzian case (see [5}, [16]), but
with t replaced with it, a replaced with —ia, and with s = —2.



Here, S is normalized with respect to the L? product with measure sin@df, and the separation
constant A runs over the (countable set of) values for which such an S exists.

The same statement holds for the perturbation equation , if ® is replaced by ®, where
B — ;.
Proof. The fact that is equivalent to L® = 0 follows from a direct computation, using the
expressions for the spin coefficients in Section

Now note that the boundary value problem SS = 0, S’(0) = S’(7) = 0 is a Sturm-Liouville
problem. Thus, there exists an orthonormal L? basis of functions {Sm.wata solving it, and
furthermore, we can perform a Fourier series decompositions in the coordinates (¢, ¢). From these
considerations, we can write , where

27 /K p2w  pm
K —i(mo—w :
R (r) = /0 /0 /0 e M= D(t 1 0, $) S (0) sin O df dp dt. (35)

The fact that R = R,, ., A satisfies RR = 0 now follows directly from , along with the fact that
L® =0.
For the statement involving ®, the proof is entirely analogous. O

Lemma 2. The equation RR = 0 is an ordinary differential equation in a complex variable r, which
has regular singular points at r = ro. The point r = oo is an irreqular singular point of rank 1,
except when w = 0, in which case it is a reqular singular point. Thus, the equation RR =0 is a
confluent Heun equation (see [13, Section 3]) when w # 0, and a hypergeometric equation (see [15,
Section 2]) when w = 0. The characteristic exponents at r =ry are

2M
L (1 N 7"++am) , (36)
ry —T—
and those at r = r_ are
2Mr_
n <_1 N 7“+am) , (37)
T’+ —Tr_

When w = 0, we have A > 0, and the characteristic exponents at r = oo are

3,7
When w # 0, the equation RR = 0 admits normal solutions (see [8, Section 3.2]), near r = 0o, of

the asymptotic form
R ~ e:‘:’l“w,r,flzl:Q(wal). (39)

Proof. The fact that r = r4 are regular singular points follows directly from the fact that A =
(r —ry)(r — r_), the statement about the type and rank of the singular point at r = co follows
directly from the discussion in [8, Section 3.1], and the expressions for the characteristic exponents
can be seen from the discussion in [13, Section 1.1.3]. Letting R = y/v/A, the equation RR = 0 is
transformed into
Y gy - 40
2z Tay =0, (40)



where

ary =2 4 (”Q_Ar‘> — —w?— 74“(]”:’ “U 4 op2), (41)

Following [8 Section 3.2], the equation RR = 0 therefore has normal solutions of the asymptotic

form
R~ eirwr—liQ(Mw—l). (42)

O

Lemma 3. For a solution to the equation RR =0 coming from a (globally smooth) perturbation of
the Kerr metric, the corresponding characteristic exponent at r = ry is

2Mry +am
ry —r_ |

1+ (43)

Proof. Since the set corresponding to r = ry is compact, and by assumption, the perturbation W
of the Weyl tensor is continuous, W has bounded norm in a neighborhood of this set. Consequently,

since | and m have norm 1, it follows that Wy = —W (I, m,,m) is bounded near r = r,. Since
\112_2/3 = O(r?), it follows that ®, and therefore R, is bounded near r = .. The statement now
follows immediately. O

Lemma 4. Let R be a solution to the equation RR = 0 coming from an asymptotically flat
perturbation of the Kerr metric. When w = 0, none of the characteristic exponents at r = oo are
compatible with the asymptotic flatness assumption. When w # 0, exactly one of the asymptotic
normal solutions is compatible with this assumption, namely

R~ e—r|w\r—1—2(Mw—1)sgn(w). (44)
Proof. The assumption of asymptotic flatness means that ¢ = O(r~!) as r — oo, with corresponding
decay on derivatives. In particular, W = O(r~3), which means that ®, and therefore R, decays
as r~' as » — oo. In particular, we must have lim,_, o R(r) = 0, and the result now follows
immediately. O
3.2 Mode Stability

Equipped with the lemmas of the previous subsection, we are now in a position to prove Theorem

Proof of Theorem[]l For r > ry and —1 < z < 1, note that

U+ V() = — )
B (a®x(mz — 2) + 2a(z? — 1) (M (rw — 1) +7) + r(m — 22)(2M —1))?
(1—22)(A+ (1 —22)a?)A (45)
~ (2M(az +3r) + (r — az)(r + az)(—azw + rw — 2))2
(r —az)?(A+ (1 — 22)a?)
< 0.



Here, the strict negativity follows from that of the first term, which holds because r > |a|. By an
integration of parts, we have

T (dS T 1 d as
Ur) < 22 s =U - —— % (sing==2 i
(r) 7U(r)+/0 (d9> sin 6 df (r)—f—/o (SS B dd (sm9d9>>551n0d9 (46)

=U(r) + /OTr V(cos6)S?sinf df = /OW(U(T) + V(cos 0))S%sin 0 df < 0, (47)

2

where the last equality follows from and the normalization of S. Multiplying by R and
integrating, the first term being integrated by parts, we get

r=o00 Jo%e)

o= a5 (A i

dr — ry dr

We claim that the first term vanishes; to see this, we consider the endpoints separately. Near r = oo,
we have A ~ r2, while R and its derivative decays exponentially. Thus, the term in square brackets
decays exponentially, and in particular it goes to zero as r — oco. Near r = r, we know that
R is bounded. The characteristic exponent corresponding to R is either positive, in which case
% =o(r71), or R is analytic in a neighborhood of r = r,, in which case % is bounded. In either
case, the product A% goes to zero as 7 — ry, and from this it immediately follows that the term

in square brackets goes to zero.

We have thus shown that
(o
- dr

Since U < 0, the terms in the integrand are both non-negative, and must therefore vanish. We
conclude that R vanishes identically. O

’ - U|R|2> dr. (48)

2
- U|R|2> dr = 0. (49)

4 The Taub-Bolt Instanton

The general Taub—NUT family of Ricci-flat metrics, depending on two parameters M, N > 0, is
given in coordinates (¢, 7,6, ¢) by

g= % dr? + 4N2%(dt + cos 0 dp)? + X(d6?* + sin® 0 d¢?), (50)
where A = r? —2Mr+ N? and ¥ = r2 — N2, Setting M = N yields the self-dual Taub-NUT metric,
a complete metric on R*.

Another metric of interest, the Taub-bolt metric, arises by letting M = %N , which we shall
do from now. We will now give a brief account of the regularity of this metric. Introducing the
coordinate system (Z,7,0, ¢) by

r =2 (54 3cosh7),
t =2t ¢, (51)
9 = 2arctan(%),



we see that r is smooth as a function of #2, and that
g = S(di® + (7 4+ O(F)) di* + (1 + O(62)) d6° + (0% + O(6%)) dp* + O(726?) didg).  (52)

Viewing (A, ) as polar coordinates on R? x {y} C R* and viewing (7,%) as polar coordinates
on {z} x R? C R*, it follows that g extends to a smooth metric on R* & C2, provided that we
identify ¢ and ¢ with period 27 independently. This is equivalent to making the identifications
(t, ) ~ (t + 47, ¢) ~ (t + 27, ¢ + 27).

We can also introduce another coordinate system (f, 7, é, @) by

{t =2+¢, (53)

0 =2arccot(%),
so that
g = 2(di? 4 (7 + O(FY)) di? 4+ (1 4+ 0(6%)) d6? + (62 + O(6%)) dp* + O(7F26°) didg).  (54)

In the same way as for the previous coordinate system, this shows that g extends to a smooth metric
on another copy of C2. Note that the identifications made to ensure regularity in the coordinate
system (Z, 7,0, ¢) also ensure regularity in the coordinate system (£, 7, 0, ¢). When defined on the
union of these copies of C?, this metric is complete.

Computing the transition map between the two coordinate systems, we see that they are related
by (£, 7, 0, ¢) = (t — ¢, 7, %, ¢). In other words, the two copies of C? are glued together according to
the map

(C\{0}) x C = (C\ {0}) x C,
(21,22) = <Z41,Z2 . |Zl|> .

Z1

Topologically, this is the same thing as gluing two such copies along the map (21, 22) + (=, 2o - @)

Z1 ’ zZ1 )

or equivalently, gluing together two copies of D’ x C along the map

SlxC— Stxc,
(2’1,2’2) = —,— ).

21 21

We now claim that the manifold is diffeomorphic to CP? minus a point. To see this, consider
two of the projective coordinate charts for CP?, (Uy, ¢o) and (U, ¢1), where

Us={[Z: 2, : Zy) € CP?| Z; # 0}, (56)
and
$o : Ug — C?,
Z 2
Z0 Zo )’
d)l : U1 — (CZ,
Zy Zg)

[ZO:Zl:ZQ]H(

Zo: 4y 4 —, =
[Zo 1 2]'—><Zlazl



Since Uy UU; = CP?\ {[0: 0 : 1]}, it follows that the latter is topologically equivalent to two copies
of C?, glued together along the transition map

(C\{0}) x C = (C\{0}) x C,
(21,2:2) — (le, 2) .

Again, topologically this is the same thing as gluing together two copies of D’ xC along the map
(55). This shows that the manifold is homeomorphic to CP? minus a point. To show that these are
diffeomorphic, we can replace the closed disk by an open disk of radius slightly larger than 1, gluing
the two spaces together along a thin open strip around S!. The gluing map will then be isotopic to
the corresponding transition map in CP?.

4.1 The Separated Perturbation Equations in Coordinates

As for Kerr, we are interested in a particular choice of complex null tetrad (I,1,m,mm), in this case

given by
1 1 g 0 .0
l=—— (51110 (cos@at — 6(;5) +230> ) (57)

[ A \/E/2A 0
2% 57" 2N ot (58)
satisfying [l|, = |m|, = 1.

The spin coefficients for this tetrad are given explicitly in Section For this tetrad, we have

N - 9N
Y

Vg = — -
T Ar - N T A+ N

(59)
and the rest of the Weyl scalars vanish. Thus, this is a principal tetrad, and we see that the
Taub-bolt metric is of type D.

The following four lemmas give the relevant properties of the perturbation equations
for our analysis. The proofs are entirely analogous to those in Section and are therefore omitted.

Lemma 5. For the tetrad given in and , the perturbation equation s equivalent to
the equation L® = 0, where ® = \112_2/3\110 and

L_ 0,0 AN@r+4N) ¥ (a ,N(4r2—11NT+3N2)>2

a"or r—nNp2 Tanveal\ar S(r—N)

19,0 1 o o .\
—I—Ma SIHG@ sin29(coseat %—210059> . (60)

Furthermore, if ® is a solution to this equation coming from a perturbation of the metric, then
we can write

ot,r,0,0) = > € OTDR, o A(1)Simwa(6), (61)

m,w,A

10



where m runs over %Z, and w Tuns over m + Z, and for each choice of m,w, A, the function
R = Ry, A solves the equation RR = 0, and the function S = Sy, ., A solves the boundary value
problem SS =0, S'(0) = S'(7) = 0, where

d  d
_ 4N(@r+N) 2 N(4r%2 — 11Nr + 3N2)\?
V) =-7"N7 ~1va <°" S(r—N) -4 (63)
and 1 4 p
S = i sin 9@ + V(cos ), (64)
w+2)x +m)?

The separation constant A runs over the (countable set of) values for which such an S exists, all of
which are non-negative. )

The same statement holds if ® is replaced by ® = @;2/3@0, the operator L is replaced by L, and
the operator R replaced by R, defined in the same way but using a potential U in place of U. Here,

9,0 36N(r-N) ¥ <a _N(4r219Nr+13N2)>2

AN )
or"ar T (r+NE T aNZA \oi SICESY

o . 9 1 o 0 ?
+ 5090 sin 0% + %0 (cos Ga - 871) — 27 cos 0) (66)

and

B _ 2 2 21\ 2
i 736N(r N) by (WN(4T 19Nr + 13N )) A (67)

="+ NP iva S(r + N)

Lemma 6. The equation RR = 0 is an ordinary differential equation in a complex variable r, which
has regular singular points at r = 2N and r = N/2. The point r = oo is an irregular singular point
of rank 1, except when w = 0, in which case it is a reqular singular point. Thus, the equation RR =0
is a confluent Heun equation (see [15, Section 3]) when w # 0, and a hypergeometric equation (see
113, Section 2]) when w = 0. The characteristic exponents at r = 2N are

+(w—1), (68)
and those at r = N/2 are
w
+ (Z - 1) . (69)

When w = 0, the characteristic exponents at r = 0o are

3 7
——+i/ =+ A
5 i/ 5 + (70)

When w # 0, the equation RR = 0 admits normal solutions (see [8, Section 3.2]), near r = oo, of

the asymptotic form
R~ e:i:rw/QN,r,*li(5w/4*2). (71)

11



Lemma 7. For a solution to the equation RR = 0 coming from a (globally smooth) perturbation of
the Taub-bolt metric, the corresponding characteristic exponent at r = 2N is |w — 1].

Lemma 8. Let R be a solution to the equation RR = 0 coming from an asymptotically locally flat
perturbation of the Taub-bolt metric. When w = 0, none of the characteristic exponents at r = oo
are compatible with the assumption of asymptotic local flatness. When w # 0, exactly one of the
asymptotic normal solutions is compatible with this assumption, namely

R~ 67T|w|/2N7"717(5w/472) sgn(w)' (72)

Corresponding lemmas regarding the asymptotics of the equation RR = 0 also hold. We omit
them, since they are entirely analogous.

4.2 Mode Stability

Proof of Theorem[3 In this case, we see directly that U(r) < 0, and integrating the equation
RR = 0 by parts like in the proof of Theorem [[l we see that R vanishes identically. The case
involving the equation RR = 0 is entirely analogous. O

A Newman—Penrose Equations

We have the Newman—Penrose commutation relations:

[A, Dl = (v +7)Dn + (e + &)An — (1 + 7)oy — (% + 7)6n, (73)
[D,8]n = —(a+ 8 — 7)Dn — Ay + (e — €+ p)dn + oo, (74)
[0, Aln = =Dy — (@ + B — 7)An+ (=7 + 7 + p)dn + Aon, (75)
[0,Dln = (a+ B — w)Dn + &An — 560 + (¢ — & — p)dn, (76)
[0,Aln = —vDn— (a+ B —F)An+ Adn + (v — 7 + f)dn, (77)
[6,0]n = (—p+ @)Dy + (—p+ p)An + (o — B)on + (—a + B)on. (78)

In terms of the spin coefficients, the vacuum Einstein equations become

—Dvy+ Ae =Ty —Fe — y(2¢ + €) — kv + B + af + aT + 77 + 57, (79)
—D7 + Aé = Uy — vé — (e + 26) — Rl + am + 7 + BT + aF + 77, (80)
—Dr 4+ Ak =¥y —3vk — Ak + Tp+ w0 + €T — €T + pT + 0T, (81)
—D7 + Ak = Uy — Yk — 35R + 7p + TG + 6T — €F + éF + pF, (82)
—Dv 4+ Am = V3 — 3ev — év + vy — AT + pum + AT + AT + pf, (83)
—Di + A7t = U3 — e — 3&0 4+ A — 47T + F7 + it + it + N7, (84)
—AB+ 6y =ay+26y—a\— B+ p) + e+ vo — 47 — pr, (85)

AG — 67 = U3 — B3+ BA+ al—y + p) — &0 — 0p + AT + A7, (86)
—Dp+ e =V, — ae — fé — vk — ku + e + Bp + ao + 7o, (87)
—~Dé& + 08 = — BE— Ak — RA + & + 7p + a(e — 28 + p) + fo, (88)
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—Do + 6k = Vg — ak — 3Pk + KT + €0 — €0 + po + po — KT,
Djp — 0k = 3Gk + Bk — kit — €p — €p — p° — 06 + KT,

Ap— v = I +yu+3p + p® — av — 38v — om + v,
AN 00 = — Uy + YA —3FA = Au— MNi+ 0(3a + B+ 7) — o,
—Dpu+oém=Vy — ey — € — KV — am + BT+ 7T + pp + Ao,
—DX+ 07 = e\ — 3E\ — K + a7 — BT + 72 4+ Ap + fio,

—Ao + 07 = kD — A\p+ 370 — F0 — po + ar — BT — 72,

Ap— 07 =Ty — G —vp — P+ pup + Ao + aF — B7 + 77,

—0B 406 = Uy — ad + 268 — B + éu — EfL + Fp — Ap — fif + NG,
da — 0B =Wy —ad+ 208 — BB — e+ €fi —yp — pp +vp + Ao,
Aa— by =Ts — By —aF + A+ afi — ev — vp + AT + 7,

—AB+07=0a5—a\—B(y— 25+ i) + év + 06 — FF — iF,

Da — e = 2ae + fe + yi 4+ kX — emr — mp — a(€ + p) — 35,
—Df +6é =V, — aé — Fk — Rji + ém + B(—€ + p) + a5 + 75,

D,D*gli:3ou’i+ﬂ~l€*l€7r*6p*€p*p2*0'5'4*,‘7\27',

—DG + 6k = Wo — afi — 3BR + R — €5 + 3E6 + pd + po — RT,
—0fi+ 0N = U3 — aX+ 36\ — &ji — B+ pit — iit + op — i,
ON—0p =Wy — A\ + 38\ — ap — B — pm + fimr — vp + vp,

AN+ 0V = — Uy — 3\ + 7\ — A — Mi+ v(3a + § + 1) — V7,
Afi — 00 = A\ + i + Fji + ji* — av — 360 — vF + 07,

DX\ — 01 = 3e\ — EN+ kv — amr + B — w2 — \p — pé,

—Dji+ 07 = Uy — €fi — € — RD — aFf + B7 + 77 + fip + \G,
—06 4 0p = Uy + &(p — i) — ap — Bp+ 366 — S5 + pT — pT,
8p — 00 =Wy + k(—p+ i) — ap — Bp + 3ao — fo — pr + p,
Ap—01 =Ty — kv —yp—Fp+ fip + Ao + ar — BT + 77,

—AG + 07 = kv — \p — 76 + 3796 — id + aF — B7 — 72

Finally, we have the Bianchi identities:
D3 — AU, 4 6y — Wy = Wyi + 20\ + 20, (7 — p) + Tov — 3Us7
+ 2U3(¢ — p) + 2Wz0 — 3UyT,

—AUo+ 6Ty = 4Ty — You + 3Vs0 — 204 (8 + 27),
DVy — 60, = 203k + U + 2V (& — 7) — 3Usp,
DUy — 60y = 40 ¢ + 3Uo\ — 2Wg (@ + 27) — Uy,

— AUy + 66Uz = — 3Wou + 20U v + Vo + 2U3(5 — 1),

—AU; + Uy =2V (v — ) + Ugv 4 2U30 — 3V,
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DU, — 60y = 3Wsk + Uo(da — 1) — 20 (e + 2p), (121)
D\Ilg + D@Q — 5&11 — S‘I’l = 2\11316 + 2@3/}, + \I’0A + ‘ilo;\ + 2\111(04 — 7T)

5 3 (122)
+2¥ (& —7) — 3Wap — 3W2p,

DUs — AWy — 6Ty 4 60y = Uyk 4+ 20\ + 2\113(1 - ﬂ)~+ Uoi — 3UyT (123)
+2Ws(e — p) + 2U35 — 3U,7,

—AUy — AUy + 605 + 003 = — 3Wop — 3Usfi + 201w + 2015 + U0 (124)

+ WyG +203(B — 1) + 2W5(5 — 7),
—AVy + 00y = —2U5(5 + 21) + 3Toi + Uy (453 — 7), (
DUy — 60y = 3Wak + Vo (4a — 7) — 20 (¢ + 27), (
DUy — 6y = 2U37 + WA + 20y (& — 7) — 3¥ap, (
AT+ 60, = 4T — Toji + 3T — 20, (3 + 27), (
—AU3 + 60y = — 2W3(y + 2u) + 3War + Uy (48 — 1), (129
— AUy + 603 = — 3Uou + 20 v + Uyo + 2V3(3 — 7), (
DUy — 605 = 4T e + 3Uy )\ — 2Ug (v + 27) — Uyp, (
— AUy + 60y = 20, (v — p) + Uov + 2Us0 — 3Wsr, (
D3 — 60y = Wyk + 20\ — 3Uym + 2Ws(e — p), (
D3 — 6Uy = Wyk + 201\ — 3Uy7 + 2W3(e — p). (

A.1 Spin Coefficients for Kerr

rcosf —a

- ) 135

¢ (r — acos0)2v/2X sin 0 (135)
rcosf —a

- ) 136

’ (r — acos#)2v/2% sin @ (136)
i(—=A/(r —acosf) +1r— M)

- : 137

) WAy (137)
i(=A/(r —acosf) +r — M)

- : 138
‘ 2VIAY (138)
n=0 (139)
i (140)

r —acosf
v="0 (142)
asinf

T ) 143
" (r — acos0)V2% (143)

i/ AN/2Y
A "
r — acos b
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o =0, (145)

asin @

- , 146

7 (r —acosf)v2% (146)
rcosf +a

L , 147

“ (r+ acosf)2v2¥ sin 0 (147)

~ rcosf +a

- : 148
B (r+ acosf)2v2¥ sin (148)
. i(=A/(r+acosf)+r— M)

- , 149
) 2V2A% )
_ i(=A/(r—acosf)+r— M)

- , 150
‘ 2v2A% (150)
7=0, (151)
A=0, (152)
ji= — Zi\w, (153)

r+ acosf
7 =0, (154)
asinf
. ’ 155
" (r+ acosf)v2% (155)
i/ A2
po - DA (156)
r+acosd
5 =0, (157)
asinf
F= — ) 158
! (r+ acosf)v2% (158)
A.2 Spin Coefficients for Taub-Bolt
N N)?
— ﬁ, (159)
8YXV2AY
N(r+ N)?
AR 160
b 8YXV2AY (160)
icotf
= ) 161
= s (161)
icotf
_ teot? 162
BRENG> (162)
k=0, (163)
A=0, (164)
0=0, (165)
v=0, (166)
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__(r+N)yA/2E (167)

E b

p=0, (168)
oc=0, (169)

B (T+N§/A/22, (170)
~__ _9N(r—N)
‘= 8(r + N)VAL' (71)
i 9N(r — N)
. 8(r + N)VAY' (172)
. icotf
v= ﬁv (173)
. icot @ (174)
T oy
7=0, (175)
A=0, (176)
=0, (177)
=0, (178)
7= 7%, (179)
p=0, (180)
5=0, (181)
. VAT
e (182)
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