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Compact binaries can have non-negligible orbital eccentricities in the frequency band of ground-
based gravitational-wave detectors, depending on their astrophysical formation channels. To accu-
rately determine the parameters of such systems, waveform models need to incorporate eccentricity
effects. In this paper, we consider an eccentric binary of spinning nonprecessing compact objects,
and derive the energy and angular momentum fluxes at infinity, as well as the gravitational waveform
modes to the third post-Newtonian order. The novel results of this paper include the next-to-leading
order instantaneous spin-orbit and spin-spin contributions to the waveform modes, in addition to
the hereditary (tail and memory) contributions to the modes and fluxes for eccentric orbits. The
instantaneous contributions are derived for generic motion, while the hereditary contributions are
computed in a small-eccentricity expansion, but we consider a resummation that makes them valid
for large eccentricities. We employ a quasi-Keplerian parametrization of the motion using harmonic
coordinates and the covariant spin-supplementary condition, which complements some results in the
literature in other coordinates. Our results can be useful in improving the accuracy of waveform
models for spinning binaries on eccentric orbits.

I. INTRODUCTION

Gravitational-wave (GW) detections by the LIGO-Virgo-KAGRA collaboration [1-3] have so far been consistent
with compact binaries in quasi-circular inspirals [4-11], though the short signal of GW190521 could be consistent with
either an eccentric nonprecessing-spin, or a circular precessing-spin, binary [7, 12, 13].

Some astrophysical binary formation channels, in dense globular clusters and galactic nuclei, lead to a small fraction
of eccentric binaries in the frequency band of current-generation ground-based detectors [14-24]. Furthermore, for the
Laser Interferometer Space Antenna (LISA) [25], most GW sources are expected to have significant eccentricity [26—
34]. Therefore, detecting eccentric binaries, or the lack of such a detection, can provide valuable information about
the binary formation channels [27, 35, 36]. To confidently measure the eccentricity of a binary system, it is important
to use accurate waveform models valid for eccentric orbits [37, 38], otherwise one might encounter systematic biases
in parameter estimation [39-41].

Most waveform models rely on the post-Newtonian (PN) approximation (small-velocity and weak-field expansion,
ie., v2/c> ~ GM/c*r < 1) to describe the binary dynamics. The PN conservative dynamics is known for generic
orbits to 5.5PN order [42-46], though the nonlocal-in-time contributions need to be computed separately for bound
and unbound orbits in an eccentricity expansion [47, 48]. The radiative sector (energy and angular momentum fluxes,
and the waveform phase and amplitude) is generally more difficult to derive than the conservative dynamics, and
currently the PN information is known at a lower order for eccentric than circular orbits. In the nonspinning case,
and for quasi-circular inspirals, the fluxes and GW phase have recently been derived to 4.5PN, with the dominant (2,2)
waveform mode to 4PN [49, 50], and the higher modes at 3.5PN [51-55]. However, for eccentric orbits, the radiative
dynamics is known to 3PN; in particular, the energy flux was derived in Refs. [56, 57] and angular momentum flux in
Ref. [58], while the waveform modes were completed to 3PN in Refs. [59-61].

The spin contributions, for quasi-circular inspirals and nonprecessing spins, are fully known in the waveform
modes and energy flux to 3.5PN [62-71]. However, for eccentric orbits, the spin part is known in the modes only to
2PN [72, 73], which includes the leading order (LO) spin-orbit (SO) and spin-spin (SS) effects. The instantaneous
contributions to the energy and angular momentum fluxes are known to 3PN from Refs. [70, 74, 75], which includes
next-to-leading (NLO) SO and SS contributions, but the hereditary contributions (tail and memory effects) are known
for quasi-circular orbits only [65, 68, 76, 77]. The highest known order in the instantaneous contributions to the energy

flux is the next-to-NLO SS at 4PN, which was recently derived in Ref. [76] for generic orbits and precessing spins.
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The instantaneous contributions to the fluxes and waveform modes can be derived in a closed form for generic
orbits, but the hereditary contributions have only been computed in a small-eccentricity expansion. A useful technique
in the calculation of the hereditary contributions is the use of the quasi-Keplerian (QK) parametrization [78-80], which
was derived for nonspinning binaries to 3PN in harmonic and Arnowitt-Deser-Misner (ADM) coordinates in Ref. [81],
and to 4PN in ADM coordinates in Ref. [82]. The 3.5PN SO and SS contributions were derived in Refs. [83, 84] in
ADM coordinates and using the Newton-Wigner spin-supplementary condition (SSC) [85, 86].

In this paper, we complete the fluxes and waveform modes to 3PN for eccentric orbits and nonprecessing spins.
The novel results in this paper are the following:

1. The spin contributions in the QK parametrization to 3PN in harmonic coordinates and using the covariant
Tulczyjew-Dixon SSC [87, 88].

2. The spin contributions to the tail part of the energy and angular momentum fluxes at infinity, computed in a
small-eccentricity expansion to O(e®). We also compute the orbit-averaged fluxes using the QK parametrization,
resum the tail contribution to improve its validity for high eccentricities, and obtain the time evolution of the
secular orbital elements from the fluxes.

3. The spin contributions to the waveform modes at the 2.5PN and 3PN orders, which includes the instantaneous
and tail contributions, in addition to direct-current (DC) and oscillatory memory contributions. We compute
all hereditary contributions to the modes in a small-eccentricity expansion to O(e®). Note that even for circular
orbits, our result for the spin part of the memory beyond 2PN is new.

This paper is structured as follows: in Sec. II, we summarize the approach we use for the calculations, which is the
PN multipolar post-Minkowskian (PN-MPM) formalism, and explain some techniques for evaluating the hereditary
contributions based on the QK parametrization. Sections IIT and IV include our results for the fluxes and waveform
modes, respectively. We conclude in Sec. V and include some expressions for the QK parametrization in Appendix A.
All the results presented in this paper are written in harmonic coordinates using the covariant SSC, and are provided
as Mathematica files in the Supplemental Material [89].

Notation and conventions

The conventions employed throughout this work are as follows: we use a mostly plus signature, the Minkowski
metric being 7, = (—,+,+,+); Greek letters denote spacetime indices y,v,... = (0,1,2,3) and Latin ones denote
purely spatial indices i, j,... = (1,2, 3); bold font denotes three-dimensional vectors, e.g., L = L*; we use the multi-
index notation Ap = Aj;;,..;,; brackets denote symmetric and trace-free (STF) operators: Ay = S’EF [AL]; the

d’Alembertian operator is defined with respect to the flat Minkowski metric O = **9,,, = A — ¢ 29?; dots and

numbers in parentheses denote time differentiation A = d™A/dt"; O(n) represents a contribution of order v"/c",
i.e., (n/2)PN order.

For a binary with masses m; and meo, we assume m; > mo and define

mim mip —m
M:m1+m27 H= ;\427 V:%7 5:%7

(1.1)

where M is the total mass, p is the reduced mass, v is the symmetric mass ratio, and ¢ is the anti-symmetric mass
ratio.

For a spinning binary with (constant-magnitude) spins S7 and S2, the dimensionless spin magnitudes are denoted
X1 = ¢|S1|/(Gm?) and x2 = ¢|S2|/(Gm3). The spin-quadrupole constants are denoted 7 and ko, which equal one
for black holes. To simplify our expressions, and to make it easier to specialize them for black holes, we define the
following combinations of the spin magnitudes and quadrupole constants:

1
Xs =3 (x1 +x2)» (1.2a)
1
Xa =5 (x1 —x2)» (1.2b)
@ Lo a2 1 1.2
Xt = 5 Dl = 1) +xa(ke = 1] (1.2¢)
1
0 =5 D = 1) = x3(me — 1) (1.2d)



Several quantities are used in the QK parametrization, as explained in Subsection II C, and we summarize them
in Table I below. For a geometric picture for some of these quantities, see Fig. 2 of Ref. [84].

TABLE I. Definition of the main quantities used in the QK parametrization.

symbol description defined in

ar semi-major axis q. (2.26a)

er radial eccentricity q. (2.26a)

e =e time eccentricity Eq (2.26b)

€s phase eccentricity Eq. (2.26¢)

u eccentric anomaly Egs. (2.26a), (2.26Db)
v true anomaly Egs. (2.26¢), (2.26d)
n=2n/P mean motion (radial angular frequency), with P being the radial period Eq. (2.22)

l mean anomaly Eq. (2.26b)

P total phase between two successive periastron passages Eq. (2.24)
K=o/(2n) periastron advance

= (GMQ)3/c? dimensionless variable related to the orbital frequency @ = Kn Eq. (2.27)
E=—(E—-Mc)/u (minus) the reduced binding energy Eq. (2.17)
h=L/(GMp) reduced orbital angular momentum Eq. (2.17)

II. FLUXES AND WAVEFORM IN THE PN-MPM FORMALISM

In this section, we briefly recall some aspects of the PN-MPM formalism. Then, we derive the QK parametrization,
and finally describe how to evaluate the hereditary integrals that are required for the 3PN waveform and fluxes.

The PN-MPM formalism is an iterative algorithm that allows computing, to a given PN order, the radiated fluxes
and the waveform through a multipolar decomposition of the system [90]. The relevant quantities are parametrized
by a set of symmetric trace-free multipole moments {Uy,, V1, }, called “radiative” because they are defined at infinity
on an asymptotically flat spacetime. The PN-MPM formalism allows linking the radiative multipole moments to the
“canonical” multipole moments { M, Sr} parametrizing the source and computed in harmonic coordinates.

Both sets of multipole moments differ by nonlinear interactions of the GW field. Notably, hereditary effects,
such as tail and memory integrals, appear at the considered PN order. Fortunately for us, the canonical moments
were derived in Refs. [51, 53, 71] for arbitrary motion up to the 3.5PN order. Thus, we can obtain the fluxes
and waveform modes from those moments, which is straightforward for the instantaneous contributions, but for the
hereditary contributions, we first derive the QK parametrization, then express the canonical moments within this
parametrization to evaluate the hereditary integrals.

A. Fluxes and waveform modes in terms of radiative multipole moments

Let us consider an asymptotically flat spacetime with a background Minkowski metric n#¥. We define h*¥ =
V—gg"" —n"" being the deviation to the gothic metric, where g is the determinant of g,,. Within the harmonic
gauge, which imposes 0,h*” = 0, the Einstein field equations read

.,  lenG
Oht =—a T (2.1)

where 7#" is the usual Landau-Lifshitz pseudo stress-energy tensor. There exists a coordinate system (T, X), called
radiative coordinates, in which the solution metric, in the transverse and traceless (TT) gauge, reads [91]

pIT _ 4G P.. +§ 1 N U, 2 N, Vi +0 ! (2.2)
ij 2R ijkl — ] L—2VgkIL-2 C(£+ 1) aL—2E€ab(k VI)bL—2 R2 ’ :



where ¢;5 is the Levi-Civita symbol, Pijx = P Pry; — %Piﬂ’kz is the usual TT projector, with P;; = d;; — IV;IN;
being the projector orthogonal to the unit vector IN, which is the direction to the observer. The relation (2.2) defines
the radiative multipole moments {Up,Vy}. After introducing the orthonormal triad (P, Q,N), we can define the
usual GW polarizations

hy = %(PiP» — QiQ;)hT, (2.3a)
hyx = (P Q] +Q; P, )hTT~ (23b)

Next, the amplitude of the GW can also be linked to the radiative moments. After a mode decomposition and
projecting the multipoles from the STF to a spherical-harmonics basis, the complex amplitude h reads

oS V4
h=hy —ihe =Y > hunY'5(0,®), (2.4)
=2 m=—4
where
2G [(L+1)(L+2) ot 20
Pm = — m (U 2.
¢ Relr2q) 0e—1) LG ne (25)

with R being the distance between the source and the observer, and the STF tensors o/ 1™ are defined by
am = /dQ N Y (2.6)

The explicit expression for o™ is given by, e.g., Eq. (4.7) of Ref. [54]. Note that in the case of planar orbits, the
mass-type and current-type multlpoles do not mix within a given (¢, m) mode. More specifically for even £+ m, only
the mass-type moments Uj, contribute, while for odd ¢ + m, only the current-type moments V;, contribute.

Let us now focus on the radiated energy and angular momentum. The radiated energy at future null infinity can

be written in terms of the TT metric at the lowest order in R as [91]
R2c?
~ 327G

dQ RS RET . (2.7)

Using Eq. (2.2), we can write the energy flux in terms of the radiative multipole moments, and a similar procedure
can be done to express the angular momentum flux [91, 92]. In the end, both fluxes read

((+1)(+2) (1) 77(1) 4 (1), (1)
F= Z c2‘3+1 (0 —1)00(20 + 1) Uy U+ 2+ 1) Vi Vel (2.8a)
= Eiad Z 201 ( g 20+ D Ua-1Upr—1 + W Var-1Vorlq1] - (2.8b)

We recall that we are interested in the spin contributions to the fluxes and modes to the 3PN order. The spin
contributions to the mass-type multipoles arise at 1.5PN, while they contribute to the current-type multipoles at
0.5PN. Thus, restricting ourselves to the 3PN order for the spin contributions, the energy and angular momentum
fluxes are obtained only from the mass and current-type multipoles for £ = 2 and ¢ = 3. In the next subsection, we
explain how the radiative multipole moments are derived.

B. Radiative multipole moments

The radiative moments are composed of two types of contributions: instantaneous ones, which depend on the local
time and can be computed for arbitrary motion; and hereditary contributions, which depend on the entire history of
the binary and require specifying the orbit. Furthermore, as we see later, an eccentricity expansion within the QK
parametrization is required to evaluate the hereditary integrals analytically. In this subsection, we restrict ourselves



to the moments that affect the spin terms at the 3PN order. An exhaustive list of nonlinearities coming from the
difference between radiative and canonical moments can be found in, e.g., Ref. [53].

The general structure of the radiative moments in terms of the canonical moments at 3PN order read
UL _ Uinst + Uzail + Uinem , (298,)
VL =Vt v (2.9b)

where U} inst and VmSt denote the instantaneous contributions, while UtaLll and Vtall are the tail contributions. The
memory contrlbutlon U™ only appears in the mass-type moments.

1. Instantaneous contributions

The instantaneous part of the radiative multipole moments are generally given by

Uinst — M(é) 4 5Uin5t (210&)
Vlnst S + (5 1n%t7 (210b)
where Ut and §V}"! are local-in-time, nonlinear interactions of the gravitational field. The full expressions of

these interactions for the 3.5PN waveform are provided in Ref. [53]. At the considered order of this paper, the spin
contributions of these interactions are given by [71]

ins 2G

(06U} t}S: = {35@ 7>aSb:| +0(8), (2.11a)
ins 2G (4)

[oVi'ls =% El Mm} +0(6), (2.11b)

where the subscript S refers to the spin part of the interaction. The rest of 6U" and §V;"* do not contribute to the
spin terms for the waveform at 3PN. Both the linear and nonlinear parts of the radiative moments can be computed
for arbitrary motion, i.e., without the need for specifying the orbit.

2. Tail contributions

The tail integrals contributing to the 3PN spin terms in the GW fluxes and modes come from those of the mass
quadrupole, current quadrupole, and current octupole. Their expressions read [93]

015 = 25 ar [ () + 5] L 7=, a2
[Vigaﬂ}s = QGM / dr :ln (27—1)) } {5(4)( - T)]S ) (2.12b)
i, - 2 or i (35) + 3| [sere - (@129

where M is the ADM mass, Ty is the retarded time, and b is an arbitrary gauge parameter that can be eliminated after
a phase redefinition, as we discuss in Subsection IV D. Contrary to the instantaneous contributions, these integrals
require specifying the binary’s orbit to be evaluated analytically. We detail the procedure in Subsection 11 D.

3. Memory contributions

The memory contributions to the radiative moments can be derived within the PN-MPM formalism. They take
the form of integrals over the past of products of multipoles without logarithms. Formally, these integrals are of order
O(c™?); for example, the leading order memory term in the radiative mass-quadrupole moment reads

pmen = G [ 200000 )] a7 + 007 (213)
i - 05 . 7 a(i ja : .



These memory contributions have been derived consistently for each multipole entering the 3.5PN waveform in
Ref. [53]. Furthermore, recent work [94] tackled the computation of the so-called tail-of-memory effects that for-
mally appear at 4PN.

However, as shown in Subsection 11D, the explicit evaluation of these integrals can lower the PN order of the
memory contributions to the modes. Thus, in order to be consistent to a given PN order in the waveform amplitude,
one would need to push the MPM procedure to higher orders, which is difficult to do using this method. Fortunately,
one can bypass this difficulty by computing the memory contributions to the waveform modes using another method,
allowing us to be consistent in the present case to 3PN. Following Refs. [93, 95-97], one can extract from the flux,
Eq. (2.7), the memory contributions to the amplitude modes. They read

160G [(0—2)! [T=
mem — Q— Q)Y (Q). 2.14
Im Rt £+2 / dt/d Em( ) ( )

With this relation at hand, one can express the flux in terms of the time derivatives of the modes instead of the
radiative multipole moments. Then, after performing the angular integration, as explained in detail in Ref. [95],
Eq. (2.14) becomes an integral over time of the following source

o

Z Z Z Z m+m helm/h/”m”>G5’f’2’?n —m// —m > (215)

=201 =2/ =—f m! =—p

hmem _

where the value of the angular integral Gfﬁ/lf,:nm,m// can be found in Appendix A of Ref. [95]. We then use the modes
computed in Subsections TV A and IV B, take their time derivative and insert them in Eq. (2.15) which gives the
source of the memory integrals. In Subsection I D, we explain how to evaluate the elementary integrals generated by
those sources.

C. Quasi-Keplerian parametrization

We parametrize the motion of an eccentric-orbit binary using a Keplerian-like parametrization. The periastron
advance implies that we cannot take a purely Keplerian parametrization as the motion is no longer elliptic. Instead,
we choose the quasi-Keplerian parametrization introduced in Ref. [78], and extended to spin in Refs. [83, 84, 98].

The starting point of this computation is the conserved energy E and angular momentum J, which were derived in
harmonic coordinates to 3PN for spinning binaries in Refs. [70, 99]. The spin definition in these papers, which is the
one we adopt here, is chosen to use the covariant (Tulczyjew-Dixon) SSC. Therefore, we rederive the spin contributions
to the QK parametrization using the covariant SSC and harmonic coordinates, as opposed to the Newton-Wigner
SSC and ADM coordinates used in Refs. [83, 84].

We restrict ourselves to the nonprecessing case, which implies that the motion is planar. When considering spin
effects, it is better to work with the orbital angular momentum L = J — (S7 + S3)/¢, which is also conserved for

nonprecessing spins. We use the orthonormal unit vectors (l n )\) where 7 is the unit vector in the radial direction, l

is the direction of the orbital angular momentum, and X =1 x f. Then, we express the conserved energy and angular
momentum, computed in [70, 99], in terms of 7 and ¢ and obtain, at leading order as an example,

+0(2), (2.16a)
h=—2"10(2), (2.16b)

where F is (minus) the reduced binding energy and h is the reduced angular momentum, i.e.,

- E-M& L
p=_EzMe o, M (2.17)
Iz GMp

We can invert the above relations for E and h to obtain an expression for 7 and gi) in terms of E, hand s =1/r
by replacing iteratively the values of  and ¢ appearing at higher PN orders. We find

i? = P(s), (2.18a)



¢ =s>Q(s), (2.18b)

where P and Q are two polynomials of s whose coefficients are explicit expressions of E and h. Note that, at the 3PN
order for nonspinning bodies in harmonic coordinates, 72 is not a polynomial of s due to the appearance of In(r) in the
conserved energy and angular momentum. Thus, one has to change the coordinate system to remove these logarithms
in order to apply the following procedure [81]. However, to derive the spin contributions in the waveform to the
3PN order, we do not need to include the 3PN nonspinning contributions. Hence, we derive the QK parametrization
including 2PN nonspinning and 3PN spinning contributions without changing coordinates.

To obtain the QK parametrization, we followed the well-explained method in Ref. [81] which we briefly summarize
here. The first step to integrate Eqgs. (2.18) is to remark that for bound orbits, s goes through a maximum and a
minimum s; and s_ corresponding to the minimal and maximal value of the separation r_ and r, respectively, for
quasi-elliptic orbits [100]. Using this property, one can write

P(s) = (s —s)(s —s_)R(s), (2.19)

where R is also a polynomial. The above relation fixes s and s_. Furthermore, we impose the radial motion to
follow the ansatz

r=a,.(1—e.cosu), (2.20)
where the semi-major axis a, and radial eccentricity e, read

1 _ —5_
S S e (2.21)
2 sis_ Sy + s

Thus factorizing P as in Eq. (2.19) directly fixes a,, e, and R(s). At Newtonian order, we recover the Keplerian
parametrization of the orbits which means that R(s) is a constant.

We next focus on the integration of Eq. (2.18a). We define the total radial period P as the time integral over one

orbit
R(s)] '/
/dt—2/ dss\/s+75 CErak (2.22)

This integral is straightforward to compute; we can then express P in terms of a, and e,, and then the conserved
quantities. Then, we compute the time dependency of the QK parametrization using

1/2
t—to _/ ds 7 !j(i)]s — (2.23)

Finally, we define the mean motion n = 27/P and mean anomaly [ = n(t — ). The results of the two integrals above
can be expressed in terms of the eccentric and true anomalies u and v, defined in Eq. (2.26) below.

We treat Eq. (2.18b) in the same way as Eq. (2.18a). We define the advance of periastron angle as the angular

integral over one orbit
—1/2
/dqb _2/ ds [R(s) : (2.24)
555

which is computed the same way as P. Then, the phase variable is computed as a function of v and v through

s —1/2
¢ — ¢o—/ ds (R() : (2.25)

o —s)(s <)

Finally, we get an expression for 2% + (¢ — ¢o) which constitutes the last piece of the QK parametrization that we adopt.

In harmonic gauge, our result reads

r=ar(1—e.cosu), (2.26a)
l=u—esinu+ fy_u(v—u)+ fysinov, (2.26b)



2
(6= 60) = v+ 20 $in(20) + gausin(3v) (2.26¢)
1
v = 2arctan l T tan u] ) (2.26d)
1-— € 2

where we have introduced the time eccentricity e; and the phase eccentricity es. This choice of parametrization is
done so that at Newtonian order, we recover the Keplerian parametrization [78]. The phase eccentricity e is fixed
by imposing that ¢ does not contain any term proportional to sin(v).

The explicit expressions for the main quantities are displayed in Appendix A. In the nonspinning case, we recover
the results in Ref. [81] to 2PN, at which the structure of the 3PN spin contribution is similar to the 2PN nonspinning
contribution. The 3.5PN SO and SS contributions are known from Refs. [83, 84] in ADM coordinates and the NW
SSC. Our results differ from those references because of using harmonic coordinates and the covariant SSC, but we
checked that the gauge-invariant quantities, such as n and ® when expressed in terms of conserved quantities, are in
agreement.

With this parametrization at hand, we can express (r, 7, @, qb) in terms of (z, e, u), where x is a gauge-independent
PN parameter defined as

T = <GMQ)2/3, (2.27)

3

where €2 = Kn is the orbital frequency. First, we express the dynamical quantities in the QK parametrization in
terms of x and e;, then make use of the chain rule which gives, e.g., for the separation

dr dr n

dt  du(di/du)’ (2:28)

and we derive 7(z, e;, u) using Eq. (2.26d) by eliminating v for u. The same steps can be used to derive qb(x, e, U).

Note that the above results for the QK parametrization correspond to the conservative part of the dynamics; the
radiation-reaction part, coming from the emission of GWs, is derived in Subsection IITE by taking into account the
energy and angular momentum radiated by the system. For now, the expressions of the conservative part are exact
in the sense that no eccentricity expansion has been performed. One can also choose to express the variables of the
problem in terms of (z,e,l), which requires performing a small eccentricity expansion as we see in the following
subsection.

D. Evaluating hereditary contributions using the QK parametrization

As mentioned, there are two types of hereditary integrals to compute: the tail integrals containing logarithms, and
the memory integrals. The latter enter the even £ + m modes and can be split into two classes of contributions: the
DC memory, affecting only the (¢,0) modes, and the oscillatory memory. For both the memory and tail contributions,
we compute the integrands for generic orbits, i.e., in terms of (r, 7, ¢, (b) Then, we express them in terms of (z, e, )
in a small-eccentricity expansion, in order to evaluate the integrals analytically.

1. Tail integrals

To express (7,7, ¢, $) as functions of (z, ey, 1), we invert Eq. (2.26b) to obtain u as a function of [. This relation
reads (see, e.g., Refs. [60, 101])

u=1+ Z Ay sin(kl), (2.29)
k=1
with
2 o0
A = 1 Jilker) + >y [T (ker) = Jij(ker)], (2.30)

j=1



where J;, are Bessel functions and «y, reads

with By = (1— /1 — e3)/ey. Note that the value of ay, is specific to this computation and has a more general form for

higher PN orders in the QK parametrizations. Once u(l) is known, one can insert it into the expressions for (r, 7, ¢, gb)
in terms of (z, e, u), and perform an eccentricity expansion to get them as functions of (z, e, ).

An important feature of this parametrization, and especially of ¢(x, e, 1), is the fact that the phase variable can
be split into two parts: a linear-in-I part given by A = K, and an oscillatory part W (1)

d=X+W(). (2.32)

After expressing ¢ as a function of [ using Eqgs. (2.26¢) and (2.29), and performing an eccentricity expansion, we
identify W (l) = ¢(I) — A. This split is useful in evaluating the hereditary integrals.

With this parametrization at hand, we compute the integrands in Eqgs. (2.12) for generic orbits, then express them
in terms of (z,e,1). After simplifying the expressions, having performed an eccentricity expansion, we evaluate the
following elementary integrals:

0 . ik k!
/O dr 7% 1n (%) el = Tl)kJrl —gSign(w) —i[In(2blw]) + vE — Hk]} ; (2.33)

where w € R*, k € N, g is the Euler constant and Hy, is the " harmonic number. Note that the case w = 0 does
not appear in this computation.

2. Memory integrals

Regarding the memory contributions, we start from Eq. (2.15) and we need to compute Fgm. We computed them
in two different ways: the first is to take the derivative of the radiative moments and project them on the spherical
harmonic basis defined above; the second is to start from the modes themselves and differentiate them using [61]

d d d dz d de d

Both approaches yield the same results. Once the source of the time integrals is known, we get two types of elementary
integrals: oscillatory and non-oscillatory.

The oscillatory memory integrals are of the form

L= / dt 2P (t)ed (t)ell" D+ O] (2.35)

—00

which was derived in Appendix C of Ref. [61] in the case of nonspinning binaries. After generalizing this method to
spins, we found that at the considered order for the spin terms, the form of the integral remains the same, namely

i

Irs — T
’ n(r + sK)

aP(Tr)e! (Tg)ell" (TR TsMTR] (2.36)

This is due to the fact that we do not need to include post-adiabatic corrections for the computation of the spin terms
to 3PN order in the waveform modes. However, if one were to compute the memory integrals for the 3.5PN waveform,
one would need to include the radiation reaction and thus I,. ; would need to be generalized.

A crucial point to note is that when r = —s in Eq. (2.36), the PN order of I, ; is lowered compared to the source
of this integral, since K = 1 4+ O(2), which complicates the power counting when trying to be consistent to a given
PN order. The oscillatory memory effects only enter the even ¢ 4+ m modes, and we derived them up to the £ = 7
modes. The results are displayed in Subsection IV C and in the Supplemental Material.
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The second type of memory integrals are the non-oscillating (or DC) integrals, which take the form
Tr
Ta= [ dtaers). (237

These effects only enter the (¢,0) modes. For the purpose of this computation, we need to introduce an initial
eccentricity eg, and substitute the time variable in terms of the eccentricity

e(Tr) P q
T :/ de 2t (2.38)
€o

e

Note that in the practical computations, we used for é the value of its orbit average, since we are interested in the
secular contribution to these integrals. In Subsection III E, we derive the secular evolution of the orbital elements and
notably (é). Then, by knowing the expression of (¢) as a function of (z,e) and the explicit value of z(e) and we can
compute Jp 4.

III. 3PN ENERGY AND ANGULAR MOMENTUM FLUXES FOR NONPRECESSING SPINS

In this section, we present the 3PN energy and angular momentum fluxes, which are related to the radiative
moments via Egs. (2.8). We split the fluxes into instantaneous and tail contributions, such that

F = ]_-inst _"_.Ftail7 (31)
gi = ginst + g’}:ail’ (32)

where the instantaneous contributions are valid for generic motion, while the tail contributions are computed for
bound orbits in a small-eccentricity expansion to O(e®).

A. Instantaneous contributions to the fluxes

Using the instantaneous part of the radiative moments from Egs. (2.10) and plugging them in Eqs. (2.8), we
obtain the instantaneous contributions to the fluxes to 3PN order for the spin terms. The 3PN nonspinning part of
the energy flux is given by Egs. (5.2) of Ref. [57], while the angular momentum flux is given by Egs. (3.4) of Ref. [58].
We only computed the nonspinning part to 2PN, and found agreement with the results of those references.

For the energy flux, we obtain the following SO and SS parts:
]_-inst _ IilréSt + ]_-érgt +fé1ést7 (333)
3202GA M5 | 1 GM (8v 37 : 5 GM 37 ,., 5
2" MTY L el BN 9fY 252 3 — 22| 5 GIM 9l 949 | 9.0
5oy 03{XS|: r (3 ) <”+12>r¢+<” 6>T Xa = T g

1 G2M? (43,  571v 1081\  GM72 (187v2 13660 383 o (T4l 552 491y
+ 51X | 03 + — - +GMré

inst __
]:SO -

21 21 + 84 7 21 21 56 3 + 12

<401/2 1369y 85)7,44 (45u2 83v 2225) g (_283y2 2197y 85)7‘27;2 q52]

7 84 21 7 T 12 336 7 T s s

G2M? (38 1081 L (130 T4\ GM#? (388 85 1450
il et It M 2 =27 e el et cY -4
+5XA{ r2 (21+84> ¢ r¢(4+56>+ r (21 5”)+(21 84>r

55V 2225 44 1571/ 85 2.2 792
+< 6 336)r¢ +< 84 +168>TT¢

1 2 M3y . 1 M3 (1
—|—6{XS {G 5 r(2u—1)+GMr7'“q§2 (19u—9)+G ! (—y)]
c r

r

2 T
GM®  G*M?r

2r 72

st 320G MO | 1 49 : 49 . 49,
Fist = 22 [&{xi [( - 121/) r?¢? + uf«?] +X5 K ”) r?¢? — m'ﬂ] + 5 0’0’ xaxs

(3.3b)

)

- 129GM7’7"¢'52} } +0(7)

+dxa |:

5¢576 16 16 4

)
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. 2 . 1
+ox? <3r2¢2 - ) +x& [(3 — 6)r2? + (’; - 4> 722} }
L[S GAME (a2 S0y 1) GMi? (2502 v 19N 5 302 T5TTY 989
A RN 7 21 &4 r 7 7 84 7 81 42

2 L AR A UL AN (N A B 36507 5083 569\ o, I
7 21 7 7 168 ' 56 7 168 112

L2 [GPM (382 16y A1y i AT 2437y 989\ GMi? (57 362 19
Xs| T2 21 Y 21 84 42 7 21 84

22 4 V2 239y 555\ 4. (852 107w 569 .
LA SR v 999\ 44 e LA W R B )
+< 7 TV 7)T+<14 56+56>r¢+<14 8 112)7"”‘5

G*M? (41  22v . 989 GM7r? (19  1Tv 555  173v .
Dl e M 2 ( il e e 4 4
+5XSXA{ r2 <42 7)+G ro ( 33 21)‘L r (42 7>+(28 21)T¢

2890 569\ ;. aTv 8 G2M? (5 19v o U 769
— — - _2 = = M e e
* < 84 56 > P+ ( 21 7) } + X [ 2 \a1 ) TOMT T T s

GMi? (109 25w 226 M3vN 4oy (1300 389N npp (19 90
T (28‘84>+<28—56>7“¢+<7 _28> Pl 7)0

r

2) G2M2 1202 29y A GM7* (2502 9Tv L 109N oy 32 1502 | 4061y 769

ot 21 21 r 14 12 28 7 84 28
37y 19\ ., (1912 1343v 225\ , L 36502 649v 389\ 5.5

( N 28)T+<14 " 56 +28) L VL VI N R

+o(7 ] (3.3¢)

This result agrees with Refs. [70, 75, 76]. However, the flux is defined in Ref. [76] in terms of the source moments
instead of the radiative moments, which means the 3PN SO contribution was not taken into account, while we find
agreement on the overlapping terms. Nonetheless, these terms vanish when taking an orbit average.

For the angular momentum flux, we obtain the following SO and SS parts:

génst _ lz ( inst + glnst + gmst) , (34&)
: 1602G3M* | 1 G*M? [4v 1 . 14v 25 2vGM 2 2 3
inst — 7 - M 2 - _ - - — 4.4
956 Bcor3 [é {XS{ 2 ( 3 2) +GMre < 36 ) L ( 3 2) ¢
Ny 3\ 5000 2 4 G*M?* 25 9 3 9.9
+<32>”¢’3W R S KU AN (e

1 GPM? (4 12730 29 GM22 (131°  4T3v LTy, GMi* (251v 3L 115
s\ s\ an 84 12 2 21 81 6 42 7 21

. 41502 605v 4147 o (4502 419y 2083 2302 13v
227272 .2 12 .6
+GPM2? | — + + + GMri?¢ - + + (== 4+ =
¢ < 42 168 168 > GMri < 2 14 168 > < 21 14 ) "

N (1071/2 N W0 51) 24002 1 G <_827u2 N 15641 37> N <503u2 27y 87) 1645

4 7 u 28 336 4 STRRTD
30602 1230 3\ 4. G3M? (9v 295 Y oo (94T 4147
_ 2 Syal M =20
+< 7 28 +4>“¢ Toxa| T\ T ) TN (Tt s
G2M22 (6Tv 17\  GMi* [ 23y 115\ 5 50950 37
=7 (=4 o T GMir3 _ 2
R (84+6> r ( 12 21) B/t ¢(336 4)

2083 5dv 3750 3 : ., (1835y 87
.2 12 o4 9\ 4254 Ol 5.4 6 16
+GMrr ¢<168 7>+<28 +4>M‘ZS 14M¢+<336 28> 4}

1 G3M3i (3v 3 9. 15 eye 39 390 .4 (330 33
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.5 .5 3 A3y . . ]
N GMry <1 _’/ﬂ oy |:GM7’ _3GTMPE 12£G2M27*¢2 _ %GM?"37'"¢4+ ngMrf?’(b?] } +0(7)],

T 2 2r 4r3
(3.4b)
160G M5 1 GM v 35 9 25GM 5 9
inst __ - e 7 22272 Y2 22 Y2
955" = 5¢5r3 ct X [ T < 8 2) T ¢ 1" } T 0xsxa { 4r +3r7e 2" }
GM (25 - 9\ . o [3GM 3 5., 9.
+x4 {r (8 —12v ) ( — 61/) r2¢? + <9V - 4) 7“2] + (5)(,22 [r + §r2¢2 - 47‘2}
G3—-6v)M .
o B (5] (5 3) )
N 1 L [G*M? (18439v f B 162 312 4003v N 377 1730 107y L5 59
AR ™ 168 7 56 21 14 8 14
o (23412 19231/ 1069 407y 367 - 747V 63912 333 .
G Mrd> 1702 — QU 474 _ 999} 1 2.212
+GMre ( 7 168 ( 28 112> r¢ 56 156 )"0
N G*M? [121v% 4141y 1623 GMr 2470%  29v N 377 42 985V g 59
_ _ _ v ofl V2
Xs 72 14 42 168 21 56 14

o[ 832 5993 1069 3 12750 333 :
aMrd? (- _ _J?_5 3,2 _ 999\ 2.29
* r¢( 42 168+168)+( ”+112> ¢+<”+ 56 56>M¢

s G2M? ( 863y 1623) .. ga (1069 _ 37430 GMi? (130 754
XsXA| ™3 28 28 84 84 84 21

59 350\ , (367 45v\ L., (3450 333
+<7 4)T+(56 7)T¢+ w o)

r

e G*M? ([ v? N 15170 2599 N GMr? [ 31?121y N 1151 17302 885y L5 59
Xt | 72 147 28 84 r 4 7 s 28 56 | 14
L (11T 461y 47 1702 6450 367 - 63902 17250 333 -
GMrd? _ il _ 1020V 999 .22
+ r¢( 7 28 +21>+<2 56 +112) ¢+( 28 " 56 56) 9
2 2 2
(@ [G2M? [ 64Ty 2509 apegz (AT 10070\ GMF? (425 1151 59 500\
* 5’(“—{ r2 ( 51 w1 ) TOM g ) T 2 e )T \uw)7

367 1390 oy (1059v  333Y 50,
+<112 28>r¢+< = 56> ¢ om|. (3.4¢)

where this result agrees with Ref. [75], except for the 3PN SO contribution, which was not accounted for in that
paper.

B. Tail contributions to the fluxes

To compute the tail contribution to the fluxes, we use the radiative moments from Egs. (2.12) computed in a
small-eccentricity expansion, as explained in Subsection ITD, then plug the moments in Eqs. (2.8).

To the 3PN order, the only spin terms in the tail part of the fluxes are SO contributions at 3PN order. The
nonspinning tail contributions, starting at 1.5PN, were derived to 3PN in Refs. [56, 58, 61]. We write here the SO
part of the tail to O(e?) and provide the full expressions to O(e®) in the Supplemental Material. Henceforth, we use
e instead of e; to ease the notation.

For the energy flux, we obtain

]_-tall ]_—taﬂ + ]_-t"ul (353,)
321/205

tail __
T80 = T5e

(34y - 625) Xs — @MXA + e{XS {2 (7 +e') (321v — 465) + % (7 —el) <(64z/ —46)Inb

404 1123
+ <647E - 3) v — 465 + (654 — 3120) In 2 + (4050 — 648) In 3 + (96 — 69) Inz + 6)]
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465 ; ; i ; ; 1123
+oxa [ _ TW (e_ll +e1l) + % (e—ll _ ell) <_ 461Inb — 46y — 69Inx + 5 +6541In2 — 6481113)} }

1 ‘ a {22975 41591 15173 6481 i . /41377 1631
+€2{XS {77 (2 (e=2! 4 €21 ( v ) N v ) n % (e~ — o2 ( _ VE

24 24 24 6 36 3
N <71§5u B 133727) ot <1o§7u B 16331) b (1083%; B 24;,605) - (75;33 B 26;31/> 3
+ <10§7” - 16231) lnx)] +0x4 [w (64681 — 4%41591 (O +e2”))
N % (-2 _ o2 (_163;1@ B 163317E B 163121nx N 4133677 B 13;27 2t 753?;1113) H
+0(e%) | +0(), (3.5b)

and for the angular-momentum flux
gl =, (Giall + g&ly | (3.6a)

; 32Mv2c? 65 65 s : ; 513v i . . 545
tail __ 13/2 Ay — _ nor =il il _ (il
3o — [71’ (3 V- ) Xs =% moxa + e{xS {2 (e7+e") (2 369) + 5 (e e') (4

729y

+ (48v — 30) Inb — 101v + (48v — 30)yE + (666 — 324v)In2 + < - 594> In3+ (72v — 45) 1n m)}

+0xa [ - ?w (e +e") + %

L, ou . o 2295 2575\ 1, oy 555
2 —2il 2il —2il 2il
+e {XS[W(Q(e +e )(648V—2 >+385V—4 )+2(e —e )((213V—2>lnb

+9p (2131/ - 535> n (18691/ - 71279> n2 + <4455 - 891”) In3 + <639” _ 1665) In

. . 545
(e_lz _ ell) (—301nb —30vg —45Inz + e 4 6661n2 — 5941n3> } }

4 2 2 4
2687 1663V 2575 2295 , o0 o P 555In b
+T7 1 )]+5}(A[7r(44(e + ) +§(e —e™) .
555 16651 2687 7179 44551n 3
- e T - 2 —— ﬂ } +0(3)| + 01572, (3.6b)

We checked that our results agree in the circular-orbit limit with Ref. [76].

C. Orbit-averaged fluxes

To compute the orbit average of the instantaneous fluxes, we express them using the QK parametrization in terms
of (z,e,u), then evaluate the integral

. 1 r 177 e dl
]:mst — fIHStdt _ ‘/—-'mStid 3.7
=5 [ e (3.7

where P is the radial period and (...) stands for the average over one orbit. To compute this integral, we made use of
the following formulas, with k£ and n € N:

27 k
du  cos (ku) (-1) ~ 1 2e
— = F A, = k+ 1,1 — Ky — , 3.8
/0 21 (1 —ecosu)” (1—e)n "2 b + 1—e (3.82)
2 .
Tdu  sin(ku)
—_— . b
/0 27 (1 — ecosu)™ 0, (3:8)
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where gﬁg(al, g, as; B, B2;2) = sFa(aq, as, as; 1, B2;2)/(T(61)T(B2)) is the usual normalized hypergeometric func-
tion. Note that in the case of k = 0, this integral reduces to the well known result

27
du 1 1 1
du _ P , 3.9
/o 2m (1 —ecosu)™ (1 — e2)n/2 1( 1€2> (3.9)

where P, is the Legendre polynomials.

The nonspinning part of the orbit-averaged fluxes (instantaneous and tail contributions) were computed in
Refs. [56-58, 61], and we find agreement with their results to 2PN order. Our result for the 3PN spin contributions
to the orbit-averaged instantaneous energy flux reads

(F=t) = (F) + (") + (Fg) (3.10a)

(Finsty x!3/2cP? oo (A 13 4 (9059 23920 o (11612 5584v) 96v 88
SO T TG —ep Y 5 2 15 15 15 15 5 5

v 13€ N 9059¢e* N 11612¢2 N 88
XAy 45 45 5
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[ (887, 100010 10687 o (_631TV% 16360y 37390
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L (8TIS82 I8IGWE 200365\ |, (221356v 365607 20304\ 73600 3488y | 778
105 9 42 63 3 35 9 5 5
s [os (BT 1068T\ | g (26051y 37390 | (25908 200365\ ., (97268 29304
XA 12 448 15 21 5 42 15 35
584y 778 112
+ g 5”+O(m ). (3.10b)
. 272 19 118y 8203 79961 827 32320\ 256v 66
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2
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NG s [ 218312 N 354511y 19203 o [ 2439611 N 5831509 66181
Xt € 30 3360 560 90 1260 12
L _ 3166582 N 3793504y 134213 L 12251602 N 11821540 6012
45 315 35 45 315 7
46412 5004v 2176 0
g T 21]}+(9(m), (3.10¢)
and for the angular momentum flux
<ginst> Z (< 1n§t> <g1n§t> <g1nst>)7 (3.113)
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(Ginsty = _W [6 (297 + 1664€® + 264) x4 + (297¢* + 1664 — 8 (5e* + 94e” + 36) v + 264) xs]
16 6 .2 2M
Y (Tt + 67e2 4 16) [20(v — 3)xa — (v — 8)v + 6)xs]
15 (e2 1)*
2 2M
”2) { (7e* + 67¢2 + 16) [26(y ~3)xa — (v —8)v +6) XS}
— €
o |8 2509u B 2603 L 6031y 59077\ 551361/ 8027 N 40721/ 394
XA 5 60 15 5
vl _6461/ N 103430 2603 y [ 249817 N 64304V 59077
Xs 45 105 40 5 60
219202 670892v 8027 425602 224r 394
2
— - — 1) 3.11b
e( 3 31 15) 45+9+5]}+ (+7). (3-11D)
. /202201 (/63 348 64 51  3v 354 24y v 66
inst xz cv 4 2 (2) (2) 2 4 2
=2 T Tl et 222, ) s 1—2v =27 i It
o= S S ) - a3 ) ()
L2 [ 51 2520 L 354 13920 _256u+66 s 5164+70862+@
Xa 4 5 5 5 5 5 XsXa ™y 5 5

13/2 M( 4
+7x(1_cez)5 {15\/1—62 (7" +67e2 +16) [2 (602 — 460 + 11) ¥ + 46(11 = 9)xaxs + x 2 (14 = 5v)

31441y 26723 )

+x2) (60 = 330 + 14) + 24 — 160 + 1D)xE] +23 [66 (284”2 70 s

. (515021/2 2640531 144076) ) (465921/2 16994841 73063) , 902680 27124
e —~ + —~ + + 22402 4 -
15 42 105 15 315 63 315 315
axs [eﬁ (26723 - 15771/) . (288152 - 110798u) L (146126 - 30236u) 60320 54248}
140 10 105 45 63 9 45 315
o[ 6 /1202 9030 26723 L, (641802 149743y 144076\ 123202 3428y 27124
+ XS[ ( 5 10 280 ) ( B 90 ' Tios ) 45 45 315
713602 117148 73063 32449y 11069
et ( 5 5 63 )] * ,(fj[ (142 o Y m)
o (257511/2 _ 98664y 19256) L (232961/2 | 78IS 59362) 1192 4 1308y 6176}
15 35 21 15 35 105 35 105
@ [66 (11069 - 1473u) L (19256 ~ 14776V) ) (59362 - 16546u) 12040 6176}}
" 140 20 21 15 105 15 15 105
4O <x15/2) . (3.11c)

The orbit average of the tail contribution to the fluxes is easier to compute since the only dependence on [ is
through the exponential, which averages to zero, leading to

<]_-tail> <]_-ta11> <]_-ta11> (3,123,)
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D. Resummation of the tail contributions

The eccentricity expansion of the tail part in the fluxes implies that it is valid for small eccentricities only. However,
a simple resummation of the tail makes it accurate for high eccentricities; from Egs. (3.10) and (3.11), we see that
the instantaneous flux diverges as e — 1, since each PN order contains the factor 1/(1 — e2)¥, for some power k
depending on the PN order. Such a behavior should also occur for the tail, as argued in Ref. [102], based on the
known closed-form quadrupole formula and how it relates to the LO tail [103]. Reference [102] also computed the
enhancement functions appearing in the tail to high orders in eccentricity, confirming the accuracy of the resummation
that pulls a factor (1 — e?)~5 at 1.5PN, (1 — e?)~6 at 2.5PN, and (1 — €?)~!3/2 at 3PN in the energy flux.

Following this procedure, we suggest using the following resummed form for the tail in the energy flux:
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(Fns") 5G(1—e2) [ o2 T 768 T 36864 T ssarse O )| TOET), (3.14b)
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and angular-momentum flux
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FIG. 1. The leading-order tail part of the energy (left panel) and angular-momentum (right panel) fluxes, plotted on a log
scale. The resummed analytical expressions are much closer to the numerical results of Ref. [58] than the eccentricity-expanded
expressions, even for eccentricities close to one.

80989 3541y
8 _ 10 15/2
+e<wwm2 M%%>+O@ ﬂ}+003 ) (3.15¢)

where the power of each 1/(1 — e?) factor is such that it is consistent with the powers of those factors in the
instantaneous part in Egs. (3.10) and (3.11), and the rest of the expression is such that the O(e®) expansion agrees
with Egs. (3.12) and (3.13).

As a check of this resummation, we compare the LO nonspinning part of Eqgs. (3.14) and (3.15) with the numerical
results of the tail integrals (2.12), which were calculated numerically in Ref. [58] to 3PN in the nonspinning case.
Using the numerical values from Appendix C of Ref. [58], we plot in Fig. 1 the LO fluxes, and compare them
to the eccentricity-expanded and resummed analytical expressions above, finding excellent agreement between the
resummation and the numerical results.

We also checked that the higher-order nonspinning contributions are similarly close to their numerical solutions
after factoring (1 — e?)~% at 2.5PN and (1 — e?)~3/2 at 3PN in the energy flux, and factoring (1 — e2)~%/2 at 2.5PN
and (1 — €?)7% at 3PN in the angular momentum flux. Therefore, even though we have not computed the spin part
of the tail numerically, we expect that the resummation given in Egs. (3.14) and (3.15) is significantly more accurate
than a pure eccentricity expansion. (For a different approach for resuming the hereditary contributions to the fluxes,
see Ref. [104], which obtained superasymptotic and hyperasymptotic series that are accurate to 10~% relative to the
numerical PN results.)

E. Evolution of the secular orbital elements

The balance equations relate the orbit-averaged fluxes to the energy and angular momentum losses, such that

<(25> = —(F), (3.16a)
<%ii> = —(Gi), (3.16b)

where the vectors J; and G; can be replaced by their magnitudes in the case of planar orbits.

Using the balance equations and the orbit-averaged energy and angular momentum fluxes from the previous
subsection, we compute the secular evolution of the orbital elements x,a,, and e, due to radiation reaction. For
example,

dz.  Odr dE  Ox dJ;

T " oEd Tor (3.17)
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and taking the orbit average leads to

ox ox
[) = ——— — —(Gy). 1
(@) = 55 (F) — 576 (318)
The evolution of other secularly varying quantities, such as e, a, and K, can be similarly related to the fluxes.

The 3PN nonspinning contributions were obtained in Refs. [58, 61] in ADM and modified-harmonic coordinates,
and we find agreement with their results to 2PN order. For the 3PN spin contributions in (&), we obtain

(&) = (&) + ()°° + ()%, (3.19a)
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where the SO term of order z® comes from the tail contribution to the fluxes while the rest are instantaneous
contributions.

For (¢), we obtain

(&) = (e)"S + (¢)59 + ()58, (3.20a)
o CPreatl/? a6y, 263 14128 3986r) 66560 9844
@ = GM(1—62)4{XS[ ( 15 ) ( 45 > R ]
+ s {2636 1412se 9844} } Arext3/? { XA[ (345811 - 42671/)
10 GM (1 —e2) 2240 30
(97535 18381731/> 2 (6885449 - 523579u) 17062y 36083}
540 1260 90 135 105
s {66 <_ TSt 2219090 345811) . (1127361/2 4503796y 97535)
45 1630 9240 135 945 24
2 (126833u2 2152457 6885449) 10583207 3577720 36083]
45 210 1260 135 189 105
— {XS {64 (6261/2 5008 1252) L2 (46181/2 36044y 9236) | L1842 94720 | 2368
45 45 15 15 15 5 9 9 3

s [t (1252 12520\ |, (0236 9236r) 2368 , 2368
XA 15 45 5 15 9 3



20

SrvexT ¢ (6315230 2313613 4 (403697 95561v o (207277  T4954v
* GM (1 — 2)'/2 S[ ( 25020 51840 > ( 216 1080 ) ( 45 45 )
6 4 2
B 3gi§6u N 5i()5£96] - {23;@3@ N 403261%76 N 207ig7€ N 5640596} Lo (610)} o),
(3.20b)
Avexd 51 23800 1217\  7504v 1921
o = a0 o (- ) e ()
4 2
+ X% |:€4 (321/ — 1?) + e? <18V — 12617) +12v — 1?5] +0xaXs [ 15ie — 121376 - 3?;12}
o) [ 37¢*  595¢2 1876 2 37 1190v 595\ = 3752v 1876
+5X,(§_){2 -5 - 15}+X,(.H)-{ <37V 2)+62( 3 3)+ B 15}}
N Svex” {x2 [66 ( 257412 | 2432910 422777> . < 44506612 | 103061071y 2553951)
GM (1 —e2) /2 | M4 5 280 2240 45 5040 560
2 (_ 4373012 | 182190580y 7460666) 11568812 | 124877530 553121]
3 3780 945 45 1890 378
o[ o 11702 589y 422777 o 453732 1867150 2553951
XS {e <_ 0 tTa T 220 ) <_ 80 T 48 560 )
L (_1857231/2 | 5573428y 7460666) _ 262507 980419y 553121]
135 540 945 27 270 378
e {eG (4179u B 422777) 64 <4389131/ B 2553951) ) (3702421u B 14921332>
16 1120 72 280 270 945
5920191/ 553121 @[ 6 1287 516661y 18447\  57844v> 5274020 9977
* a 189} ”*{ <_ 5 "o 112)_ 535 35
- ( 2225331/ | 29353961 2772439) .2 (_ 218651/ L 891220 847619”
315 840 3 7 210
[ (211o3y - 18447) i (489181u B 2772439) ) (71173u B 847619) 49688y 9977}
160 112 180 840 15 210 45 35
T { S axs {64 (1221/ B 1342) 2 (137821/ B 50534) | 6496w 71456}
5 45 5 15 5 45
o [ 4 (9760 24402 671 , (367520 91882 25267\ 129922 51968y 35728
+XS[€< _45_45>+e< 15 15 15>_ BB 45}
[ (2806u 12212 671) 9 (105662u 459402 25267) 649602 149408y 35728]
+ X4 |e —— = | te - - - + -
15 45 15 5 15 15 45 45
2) [ 4 (671y 6112 427> 2 (25267y 229712 16079) 32480%  17864v 22736]
T Xet |€ ——= =) te - - - + -
30 15 45 10 5 15 15 15 45
e [64 (611; ~ 44257> L2 (22271/ - 1610579) .\ 16341/ B 2247536] }} o), (3.200)

which is proportional to e. We included the results for a, and K in the Supplemental Material.

From the expressions for &(z, e) and é(z, €), one can solve for z(e), which is needed for the derivation of the memory
contribution to the modes, as discussed in Subsection IID above. This is done by first obtaining dz/de = &/¢é, then
solving this differential equation order by order, in a PN and an eccentricity expansion, starting from an initial
frequency xg and eccentricity ey. For example, at leading order in eccentricity, and at leading PN order for the
nonspinning and spin contributions, we get

2888 171e18/19

3323 (2 — €2 3/2(p18/19 _ o18/19y (15750 1+ (157 — 110
2(e) = zo (%) 12/19{1 (€ —ej) ap(e e )l xa+( v)xs] T } (3.21)
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The full expression is provided in the Supplemental Material.

We stress that all the results obtained in this section are for the radiated fluxes at infinity, but we did not
account for the horizon absorption, which starts at 2.5PN for the spin contributions and at 4PN for the nonspinning
contributions, relative to the leading order of the flux at infinity. For arbitrary mass ratios and quasi-circular inspirals,
the horizon flux was derived in Ref. [105] at leading order, in Refs. [106, 107] to 5PN for nonspinning and to 3.5PN
for spinning binaries, and in Refs. [108-110] to 4PN. It was also derived to high PN orders in the test-mass limit
for quasi-circular and eccentric orbits in Refs. [111-117]. Once the energy and angular-momentum horizon fluxes are
derived for eccentric orbits and arbitrary mass ratios, one can combine them with our results for the fluxes at infinity,
and obtain their contributions to &(z,e) and é(x,e) (see Ref. [118] for recent work in that direction).

IV. 3PN WAVEFORM MODES FOR NONPRECESSING SPINS

In this section, we present our results for the 3PN spin contributions to the waveform modes, which are related to
the radiative moments via Eqgs. (2.5). We factor the modes such that

8GMv e
m =g \fH ’, (4.1)

and split Hy,, into instantaneous, tail, DC memory, and oscillatory memory contributions, i.e.,

Hem = Hlnst Htall H? Hosc (42)

m

where the instantaneous contributions are valid for generic motion, while the hereditary contributions are computed
for bound orbits in a small-eccentricity expansion to O(e%). To the order considered in this paper, there are no post-
adiabatic contributions to the waveform, which start in the nonspinning part at 2.5PN, as computed for eccentric
orbits in Ref. [61], and start at 3.5PN for the spin contributions.

In this section, we write explicit expressions for the £ = 2 modes only and write eccentricity expansions to O(e?).
The full expressions for all modes up to the (6,6) mode, and to O(e) for the hereditary contributions, are included
in the Supplemental Material [89].

A. Instantaneous contributions

The instantaneous contributions to the modes are computed using the instantaneous part of the radiative moments
from Egs. (2.10) and plugging them in Eq. (2.5), which yields the spin part of the modes to 3PN.

The 3PN nonspinning instantaneous contributions were derived in Ref. [59], and we find agreement with the
results of that reference to 2PN order. For the spin contributions, our 3PN results agree with, e.g., Ref. [71] in the
circular-orbit limit, and agree at 2PN for general orbits with Refs. [72, 73].

For the (2,2) mode, we obtain the following instantaneous spin contributions
H;gst = H;gst,ns + H;gst,SO + H;rést,ss’ (438,)
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For the (2,1) mode, we obtain

Hér{St = H'érist,ns + H;Ft ,SO + Hér;st ,SS + H;Ft S 7 (443)
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Note that the (2,1) mode is the only mode containing cubic-in-spin terms for the 3PN waveform. Finally, we find for
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the (2,0) mode
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Let us stress that the (¢,0) modes do not vanish for eccentric orbits, unlike the case for circular orbits. The (2,0)
mode in particular could be important for highly-eccentric binaries, since it is proportional to the eccentricity and
starts at the same PN order as the (2,2) mode.

B. Tail contributions

The tail contributions to the modes are computed using the tail part of the radiative moments from Eqgs. (2.12) and
plugging them in Eq. (2.5), which yields the spin part of the modes to 3PN. The 3PN nonspinning tail contributions
were derived in Ref. [60], and we checked that our results for the 2.5PN tail are in agreement. For the spin terms, we
get agreement in the circular-orbit limit with Ref. [71].

To 3PN order, there are SO tail contributions in the (2,0), (2,1), (2,2), (3,0), and (3,2) modes, starting at 2.5PN
for the (2,1) mode and at 3PN for the other modes. No SS tail contributions enter at this order, since they start at
3.5PN in the (2,2) mode. We write here the SO part of the tail to O(e?) for the £ = 2 modes, and provide the full
expressions to O(e%) in the Supplemental Material.

For the (2,2) mode, we obtain
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for (2,1) mode, we obtain
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and for (2,0) mode, we obtain
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C. Memory contributions

As explained in Subsection II D, the memory contributions to the modes can be computed from the energy flux,
which can be written in terms of the modes. The oscillatory memory contributions for eccentric orbits start at 1.5PN
in the (2,2) mode for the nonspinning part, and at 2PN for spin.

For the (2,2) mode, we obtain
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For the (2,0) mode, we obtain
;2
HSSC = %Jﬂ [e (16e" — 16e ) + €? (—6;67&2” + 63467 2“” +0(e?) + O(7), (4.10)

which starts at 2.5PN, with no spin contributions at 3PN.

Note that while it might seem from the expressions above that the oscillatory memory vanishes when e — 0 for
quasi-circular orbits, some modes, namely the (3,3), (3,1), (4,4) and (5, odd m) modes, have a nonspinning oscillatory
memory at 2.5 or 3PN for quasi-circular orbits.

In addition to the oscillatory memory, the (even ¢, m = 0) modes contain a non-oscillatory (or DC) memory, which
starts in the (2,0) mode at Newtonian order for the nonspinning part and at 1.5PN for the spin part. At leading order
in an eccentricity expansion, we get
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Our results for the memory agree with Ref. [61] in the nonspinning case, which we computed to 3PN for the
oscillatory memory as a check, and to 2PN for the DC memory. For the spin part in the circular-orbit limit, we find
agreement with the 2PN results of Ref. [77], which were computed using a different method, by relating the memory
to the Moreschi supermomentum, which is equivalent to the energy flux at null infinity. For the 2.5PN and 3PN spin
contributions, our results for the integrand of the DC memory, Eq. (2.15), agree in the circular-orbit and test-mass
limits with Ref. [119], in which the authors computed the memory contribution analytically and numerically using
gravitational-self-force methods. There is a difference between Ref. [119] and our results at 2.5PN for the integrated
DC memory in the (2,0) and (4,0) modes, since we did not account for the horizon-flux contribution in é(z, ), which
is used when computing the DC memory integral (2.38).

To estimate the effect of the 2.5PN and 3PN spin terms derived here on the memory, compared to the lower orders
in the circular-orbit case, we plot in Fig. 2 the (2,0) and (4,0) modes, scaled by their LO, as functions of x at each PN
order for the spin part, while keeping the full 3PN nonspinning part. We consider two equal-mass configurations: one
with spin magnitudes 0.9 aligned with the direction of orbital angular momentum, and the other with the same spin
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FIG. 2. Comparisons showing the effect of each spin PN order on the DC memory as a function of the frequency variable x.
The top panels are for the (2,0) mode, while the bottom ones are for the (4,0) mode. The left panels are for spins aligned with
L, while the right panels are for spins anti-aligned with L, and all plots are for mass ratio ¢ = 1. We see that the NLO SO
term at 2.5PN can have a significant contribution to the memory, particularly for large aligned spins, while the 3PN spin terms
have a smaller effect.

magnitudes but anti-aligned with the orbital angular momentum. We see that for large aligned spins, the NLO SO
term at 2.5PN has a significant effect on the DC memory, while the 3PN SO and SS terms have a smaller effect. For
anti-aligned spins, and also for small spin magnitudes, the effect of PN orders beyond the leading order is relatively
small. Even though we did not include the horizon flux contribution when computing the DC memory, we checked
that including it for circular orbits, using the results of Ref. [105], leads to a negligible effect on the plots in Fig. 2
for equal masses.

D. Phase redefinition for the full waveform

The waveform modes expressed as in Eq. (4.1), in terms of the orbital phase ¢, depend on the arbitrary gauge
constant b. The logarithmic dependence on b can be eliminated by a phase redefinition, or a shift in the coordinate
time, as was done for circular orbits in Refs. [120-122]. This procedure was generalized for eccentric orbits in Ref. [60]
(see Sec. V.C. there), and we follow the same steps here, except for not including the post-adiabatic corrections, which
are not needed for the 3PN spin contributions.

First, one redefines the mean anomaly [ as

e=1-3M <$,> (4.14)

3
c xg

where M = M (1 — vz/2) + O(2?) is the ADM mass, and x}) is related to b via

]2/3.

o = [(e%*w) /(4b) (4.15)
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Then, one defines the new phase ¥ as

v == W)+ WO - S wnm () (4.16)

where W (1) is the oscillatory part of the orbital phase ¢ = K1+ W (l).

In terms of 1, the waveform modes can be expressed as

8GMv o—im
I R \/; Y, (4.17)

As an example, the (2,2) mode at leading order in eccentricity becomes

Hy, = Hy"™ + HyO + HY™, (4.182)
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where the nonspinning part H. ;bg’ns is given at 3PN by Eq. (76) of Ref. [60]. The full expressions to O(e%) for all modes
that have tail contributions are provided in the Supplemental Material.

V. CONCLUSIONS

In this paper, we completed the spin contributions in the radiative sector at 3PN order for eccentric orbits. We
derived the energy and angular-momentum fluxes, as well as the waveform modes. In the fluxes, our results for the
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tail contributions complement the instantaneous ones derived in Refs. [70, 75, 76], and the 3PN nonspinning results of
Refs. [56-58, 61]. We also computed the orbit-averaged fluxes and from them, the time evolution of the secular orbital
elements, namely the frequency, eccentricity, semi-major axis, and periastron advance. For the modes, we obtained
the instantaneous, tail, and memory (oscillatory and DC) contributions, which extends the 3PN nonspinning results
of Refs. [59-61] and the 2PN spin results of Refs. [72, 73].

To compute the hereditary contributions to the fluxes and modes, we first derived the quasi-Keplerian (QK)
parametrization at 3PN for nonprecessing spins in harmonic coordinates using the covariant SSC, which complements
the ADM-coordinates results of Refs. [83, 84]. Then, using the QK parametrization, we computed the hereditary
contributions to the fluxes and modes in an eccentricity expansion for bound orbits, to O(e®) in the fluxes and to
O(e®) in the modes. Thus, while the instantaneous contributions are valid for general planar orbits, the hereditary
contributions are valid for small eccentricities. However, resuming the eccentricity expansion can lead to very good
agreement with numerical calculations, as shown in Fig. 1 for the orbit-averaged fluxes. A similar resummation can
also be performed to the hereditary contributions in the waveform modes.

Recently, numerical-relativity (NR) simulations have been produced for eccentric orbits [123, 124], and several
eccentric-orbit waveform models have been developed, using PN Taylor-expanded approximants [125-129], hybrid
PN-NR approaches [130-136], the effective-one-body formalism [137-145], and an NR surrogate [146]. However, these
models were either restricted to nonspinning binaries, or included partial spin contributions at leading order in the
radiative sector. Hence, we expect the results of this paper will be important in improving eccentric-orbit waveform
models for spinning binaries.
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Appendix A: Explicit expressions for the QK parametrization

In this appendix, we include explicit expressions for the quantities that enter the QK parametrization discussed
in Subsection II C. We include the nonspinning contributions to 2PN and spin contributions to 3PN, in harmonic
coordinates using the covariant SSC.

The semi-major axis a, and radial eccentricity e,, which enter Eq. (2.26a), are given in terms of the energy and
angular momentum by
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where we recall that E = —(E — Mc?)/pu and h = L/(GMp).

The time and phase eccentricities are related to e, via

(3v—8)E  E[h? (6v> — 19v + 36) E + 14v — 8] + 3v/2h(2v — 5)E%/2

=1+ -

er c? c*h?

4E
7, |
+xs [B2 (~70% + 18y = 11) B+ 2V3h (v — 8v + 6) VE + 2% — 21w + 16| }

oxa— (v—1)xs|+ if;g{é)m [h2(7u—11)E 42h(v -3 \F 51/—1—16}

E
+ Py [(4’/ —1)x% — 20xaXxs — X& — 5X + X,(H)( - 1)}

+ WEML{X% (2 (3602 = 81y +17) B — 4V2h (602 — 46 + 11) V E — 240% + 3500 — 84
420y axs [h2(17 —21)E + 4v2h(9v — 1)V E + T0v — 84]
% [B2 (1602 = 200 +17) B — 4v/2h (40% = 160 + 11) VE — 6 (812 - 210 + 14)

+ 02 [T = 50)E + 2v2h(50 — 1)V E + 100 - 36]

+ X [1? (1892 = 390 +17) B — 2v2h (6v° — 33 + 14) VE — 120 + 820 — 36] }, (A2a)
%f =1+ VC;E 16E;h2 |2 (2212 E = 15) + v (357 = 20°F) + 160
4?}?5 + 4th3 {oxa [ (202E — 13) — 128] + xs [v2 (26 — 28h°E) + v (83 — 38h°E) — 128] }
+ % [ = 4) + 20xaxs + X2 + x5 (1 - 20) + 33

E . .
o O [207 (3607 — Ty +2) B+ 1207 — 17050 + 432] + 26xaxs [2h2(31v — 2)E — 169 + 432
k(202 (3202 4 630 — 2) E — 6402 — 361 + 432] + 6% 202 (199 — 2)E — 1250 + 240

+x2) [~202 (182 = 230 +2) B+ 612 — 6050 + 240 }. (A2b)



31

The quantities f,_, and f, that enter Eq. (2.26b) for the mean anomaly read
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while go,, and g3, that enter Eq. (2.26¢) read
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The gauge-independent mean motion n and periastron advance K are given by
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which agree with the results of Refs. [83, 84].

The expressions for (r, 7, @, qb) in terms of (z, e, u), in addition to their eccentricity expansions in terms of (x, e, 1),
are too lengthy to write here; we provide them in the Supplemental Material [89].
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