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3D non-linear magnetohydrodynamics simulations of a double tearing mode with the JOREK code are presented in the
context of trying to better understand the benign termination of runaway electron beams observed in some experiments.
It is shown that the non-linear behaviour qualitatively depends on the resistivity η via its effect on how fast secondary,
non-linearly destabilized, tearing modes grow relative to the primary mode. Within a certain range of η , a violent and
global relaxation is observed, consistent with the ‘Kadomtsev-predicted’ reconnection region extending from almost
the very centre up to the edge of the plasma.

I. INTRODUCTION

The double tearing mode (DTM)1,2 has been studied
by several authors using non-linear magnetohydrodynamics
(MHD) simulations, in connection with the topic of fast
reconnection3. Most studies have used 2D simulations assum-
ing helical symmetry4–9. The DTM was found to display, in
some regions of parameter space, an ‘explosive’ non-linear
behaviour leading to a violent relaxation. In the present pa-
per, we investigate the non-linear dynamics of the DTM in
3D using the JOREK code. A key difference between 2D
and 3D simulations is that in 3D, modes of various helici-
ties are involved, allowing magnetic stochasticity to appear,
which is not possible in 2D. We note that 3D simulations of
the DTM have been published previously, but with a different
focus compared to the present paper10,11. In particular, here
we use a setup derived from a study on the benign termination
of Runaway Electron (RE) beams in JET12,13 for which (as we
will show) the reconnected region predicted by the Kadomtsev
model10 extends from almost the very centre up to the edge of
the plasma. This contrasts with Refs. 10 and 11 where the
‘Kadomtsev-predicted’ reconnection region does not (by far)
extend up to the edge (see Fig. 13 in Ref. 10) and where,
consistently, simulations produce a partial rather than global
(in terms of radial extent) relaxation. Also, a particular fo-
cus of the present study is the role of the resistivity η in the
non-linear dynamics, which is not addressed in Refs. 10 and
11.

Consistently with the Kadomtsev model prediction, we ob-
serve a global and violent relaxation resulting in an almost
complete flattening of the current density profile at fixed mag-
netic helicity. However, this is only the case within a cer-
tain range of η , which corresponds to electron temperatures
between ≃ 13 and 47 eV when using the Spitzer resistivity
expression14. Outside this range, the behaviour is qualitatively
different and such a violent relaxation is not observed. Our
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aims here are 1) to describe the violent relaxation and 2) to
investigate the cause for the η dependence of the non-linear
behaviour.

The paper is constructed as follows. Section II describes
the model and the simulation setup. Section III focuses on the
violent relaxation. Section IV discusses the dependence of the
non-linear dynamics on η . Finally, Section V summarizes the
results and discusses their implications.

II. MODEL AND SIMULATION SETUP

For this study, the JOREK code15,16 is used with a pressure-
less reduced MHD model which ignores parallel flows, and
where a constant and flat electron density ne = 1019 m−3, re-
sulting in a mass density ρ = mDne = 3.3 · 10−8 kg/m3 (mD
being the mass of deuterium), is imposed. The code evolves
the poloidal flux ψ and the electric potential u (which is also
the flow potential) in 3D toroidal (R,Z,φ) geometry, accord-
ing to the following normalized equations:
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where jφ ≡ ∆∗ψ ≡ R2∇ · ( 1
R2 ∇polψ) is the toroidal current

density and ω ≡ ∆polu ≡ ∇ · ∇polu is the toroidal vorticity,
with ∇pol the gradient in the poloidal (R,Z) plane. jφ0 is the
initial value of jφ , and η and µ are the resistivity and viscos-
ity, which are constant in time and space. The Poisson brack-
ets are defined as follows: [A,B] ≡ eφ · (∇A×∇B), where eφ

is the unit vector in the toroidal direction.
As mentioned above, we use a setup derived from a study

on the benign termination of RE beams in JET12,13. How-
ever, in contrast to Ref. 13, we do not include REs in our
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model. The toroidal field is 3.5 T at the geometric major ra-
dius R0 = 2.6 m, giving F0 = 9.0 T.m, and the plasma cur-
rent Ip = 0.75 MA. The plasma has a nearly circular cross-
section with a minor radius of 67 cm. As can be seen in
Fig. 1, the initial jφ and safety factor (q) profiles are non-
monotonic. There are two q = 4 surfaces in the plasma and
the m/n = 4/1 DTM is unstable (m and n are the poloidal
and toroidal mode numbers). Fig. 2 shows profiles of the
helical flux ψ∗ ≡

∫
(1/q−1/4)dΨn, where Ψn is the toroidal

magnetic flux normalized between 0 and 1, for the initial equi-
librium (plain line) and after the reconnection event (dashed
line) as predicted by the Kadomtsev model generalized to the
DTM1,10. One can see that the predicted reconnection region
(i.e. the region where the radial coordinate, chosen here to
be the square root of the normalized poloidal magnetic flux
ψ

1/2
n , is a multiple-valued function of the initial ψ∗) extends

from almost the very centre up to the edge of the plasma. We
note that the proximity to the edge of the outer q= 4 surface is
a key factor allowing the predicted reconnection region to ex-
tend up to the edge. Another, less trivial, contributing factor is
that the plasma is in a limiter configuration. If it was instead
in a divertor configuration, the divergence of q to infinity at
the edge would result in a sharper variation of ψ∗ and possi-
bly in the predicted reconnection region not extending up to
the edge (on the other hand, the large magnetic shear would
promote island overlap, which might ‘compensate’).

Simulations are of the ‘fixed boundary’ type: Dirichlet
boundary conditions are applied to ψ (= ψ(t = 0)), u, ω and
jφ (the latter three being set to 0). The fact that ψ is fixed
at the boundary implies that magnetic perturbations go to 0
there. This probably explains why, in spite of the fact that q at
the edge is very close to 5 (see Fig. 1), the 5/1 mode seems
to play a negligible role.

In the poloidal plane, Bézier finite elements are used17 with
a flux-surface-aligned grid comprising 7680 cells (120 ra-
dial by 64 poloidal). A Fourier representation is used in the
toroidal direction, and harmonics n = 0−15 are resolved.

III. VIOLENT RELAXATION AT η = 10−6

We first describe a simulation with η = µ = 10−6, in which
we observed a violent relaxation. Note that these η and µ

values are normalized. The corresponding values in SI units
are ηSI =

√
µ0/ρ · η ≃ 6.1 · 10−6 Ω.m, which is equal to

the Spitzer resistivity14 at 27 eV, and µSI =
√

µ0/ρ ·µ/R2 ≃
9.0 · 10−7 kg/m/s, which corresponds to a momentum diffu-
sivity of 27 m2/s. Fig. 3 shows jφ and Poincaré cross-sections
(left) and u cross-sections (right) at different times. It can be
seen that in the first few ms, two 4/1 island chains grow around
the q= 4 surfaces (second row, t = 3.62 ms). After some time,
island overlap results in the stochastization of the magnetic
field over a broad region in which small scale structures ap-
pear, while intact flux surfaces remain in the core (third row,
t = 4.30 ms). Shortly after this, a strong macroscopic 4/1
flow develops in the stochastic region, which violently ‘stirs’
the plasma (fourth row, t = 4.35 ms). A region with still intact
flux surfaces remains in the core (at the edge of which a skin

FIG. 1. Cross-section of the initial current density jφ0 (top) and ini-
tial q profile (bottom). The horizontal lines in the right plot cor-
respond, from top to bottom, to q = 4, 11/3, and 7/2. ψn is the
poloidal magnetic flux normalized between 0 and 1.

FIG. 2. Profiles of the helical flux ψ∗ for the initial equilibrium (plain
line) and after the reconnection event (dashed line) as predicted by
the Kadomtsev model.
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FIG. 3. jφ and Poincaré cross-sections (left) and electric/flow poten-
tial cross-sections together with arrows indicating the direction and
magnitude of the flow (right) for the simulation with η = 10−6 at
different times.

current is visible) but this region shrinks in time, until even-
tually all flux surfaces are destroyed. Subsequently, the flow
decays, jφ tends to homogenize, and flux surfaces promptly
reform (fifth and sixth rows, t = 4.40 and 4.57 ms).

Fig. 4 shows the evolution of the plasma current Ip (blue),
internal inductance li3 (red), energy in the n=0 component

FIG. 4. Evolution of the plasma current Ip, internal inductance li3,
energy in the n=0 component of the magnetic field Emag,n=0, and
volume-integrated magnetic helicity H, each normalized to their ini-
tial value, for the simulation with η = 10−6.

of the magnetic field Emag,n=0 (black), and volume-integrated
magnetic helicity H ≡

∫
A ·BdV (where A is the vector poten-

tial and B the magnetic field) (magenta), each normalized to
their initial value. A large Ip spike is visible at 4.36 ms, fol-
lowed by smaller spikes at 5.35 and 6.08 ms. The first spike
corresponds to the violent relaxation described above. It is ac-
companied by a strong drop of li3 and by the release of a small
amount of magnetic energy. The helicity remains almost con-
stant, as expected from the theory of fast MHD relaxations18.
Details regarding the calculation and conservation of H in our
model are given in Appendix A. The subsequent Ip spikes are
due to further, smaller, relaxations which take place due to the
fact that the η( jφ − jφ0) term in Eq. 1 drives the system back
to an unstable state.

IV. RESISTIVITY DEPENDENCE OF THE NON-LINEAR
BEHAVIOUR

We now investigate the effect of η on the dynamics. Figure
5 shows the evolution of Ip for different values of η . Note that
this η scan is performed at constant magnetic Prandtl number,
keeping µ = η . However, an η scan at fixed µ produces qual-
itatively similar results. A general remark on Figure 5 is that,
not surprisingly, the dynamics are faster at larger η . Then,
as we saw above, a large Ip spike is observed for η = 10−6.
This is also the case for somewhat higher and lower resistiv-
ity: η = 3 · 10−6 and 5 · 10−7, corresponding to the Spitzer
resistivity at 13 and 47 eV respectively. However, in the latter
case, i.e. going in the direction of lower η , one can observe
first a moderate rise in Ip (from 0.75 to 0.77 MA) followed
by a plateau and only then a large Ip spike. In the cases with
lower η still (η = 3 ·10−7 and 10−7), only the moderate Ip rise
and some part of the ensuing plateau are visible. Simulations
have not been pushed further because they are very expensive
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FIG. 5. Evolution of Ip for different values of the resistivity η . A
large Ip spike, indicative of a global relaxation, can be seen at η =

3 ·10−6, 10−6 and 5 ·10−7, but not at other values. Note that the cases
with η = 3 · 10−7 and 10−7 have not been pushed further because
they are very expensive in computing time, so it is not known for sure
whether a large Ip spike would arise later. However, Fig. 6 suggests
that this would not be the case (at least for the η = 3 · 10−7 case)
because magnetic energies in the different toroidal Fourier modes
seem to have saturated by the end of the simulation.

in computing time, so it is not known whether a large Ip spike
would happen later. Still, the behaviour observed for the lower
η values contrasts with the ‘straight’ large Ip spike observed at
intermediate η values (10−6 and 3 ·10−6). We will investigate
the reasons in Section IV A by comparing the cases η = 10−6

and η = 3 ·10−7. If we now turn our attention to the higher η

cases (10−5, 3 · 10−5 and 10−4) on Figure 5, we can observe
that the Ip spike is much smaller (the term ‘spike’ may actu-
ally not be fully adequate). We will investigate the reason in
Section IV B.

A. Comparison between cases η = 10−6 and η = 3 ·10−7

Let us now compare the cases η = 10−6 and η = 3 ·10−7.
Looking at the time evolution of the volume-integrated mag-
netic energies in the toroidal harmonics n = 1− 5, shown in
Fig. 6 for η = 10−6 (top) and η = 3 ·10−7 (bottom), it appears
that the early evolution is similar for the two cases, although
slower for the lower η case, as expected. This early evolu-
tion begins with a quasi-linear growth of the 4/1 DTM which
lasts up to the time when the n = 1 magnetic energy, Emag,n=1,
reaches ≃ 10−6. We precise quasi-linear because during this
phase, higher-order harmonics grow as a result of the beat-
ing of lower-order harmonics (e.g. n = 1+ n = 1 → n = 2,
n = 1+n = 2 → n = 3 etc., with growth rates adding up, like
described e.g. in Section IV.A of Ref. 19), without affecting
the growth of the n = 1 mode. After this, the DTM is in the
non-linear so-called ‘Rutherford’ phase18. It is interesting to

FIG. 6. Evolution of the magnetic energy in the toroidal harmonics
n = 1−5 for η = 10−6 (top) and η = 3 ·10−7 (bottom).

see that if we plot the energies for the case η = 3 · 10−7 as
a function of a rescaled time t ′ = t/3.3+ 1.13 ms, where the
factor 3.3 corresponds to the resistivity ratio, the two cases
have a very similar evolution for the n = 1 and n = 2 harmon-
ics during the Rutherford phase, as shown in Fig. 7. Indeed,
from theory it is expected that the dynamics should be invari-
ant by a transformation of the type t → αt, η → η/α during
this phase (the island width w grows at a rate dw/dt ∝ η).

However, while the n = 1 and n = 2 energies are closely
matched, it can be seen in Fig. 7 that the n= 3 mode (in black)
grows earlier and faster (in terms of the rescaled time t ′) for
the η = 3 · 10−7 case. From the cross-section of the n = 3
component of the poloidal magnetic flux ψ , shown in Fig. 8
at 3.40 ms (rescaled time) for the simulation at η = 3 · 10−7,
it can be seen that the n = 3 mode is an 11/3 tearing mode.

Fig. 9 compares the two cases at 3.40 ms (still using the
rescaled time for the η = 3 · 10−7 case). At this time, as can
be seen in Fig. 7, the 11/3 mode has already grown substan-
tially for the η = 3 ·10−7 case but not for the η = 10−6 case,
and Fig. 9 shows that the 11/3 mode has generated magnetic
stochasticity at the edge of the outer 4/1 island.
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FIG. 7. Same as Fig. 6 but overlaying η = 10−6 (plain) and η =
3 ·10−7 (dashed) and using a rescaled time for the case η = 3 ·10−7,
like explained in the text.

FIG. 8. Poloidal cross-section of the n = 3 (cosine) component of the
poloidal magnetic flux ψ at 3.40 ms (rescaled time) in the simulation
at η = 3 ·10−7.

What drives the 11/3 mode is likely the radial gradient of
jφ at the edge of the outer 4/1 magnetic island. Indeed, in
the Rutherford regime, jφ (or more precisely jφ/B) tends to
be constant on (helical) flux surfaces inside the island18, and
this generates a substantial jφ radial gradient near the edge of
the island, as can be seen in Fig. 10, which shows jφ pro-
files along the white line visible in Fig. 9. The blue pro-
files are taken at equivalent times for the η = 10−6 (plain) and
η = 3 · 10−7 (dashed) simulations, shortly before the growth
of the 11/3 mode. A large jφ gradient is visible at a ra-
dial coordinate ≃ 0.57 m. The remarkable similarity between
these profiles is a consequence of the fact that the dynamics
have up to that time been dominated by the growth of the 4/1
DTM in the Rutherford regime for both simulations. On the
other hand, the red profiles, which are taken slightly later (and
once again at equivalent times), are clearly different because
the 11/3 mode has now grown in the η = 3 · 10−7 simula-

tion, leading to magnetic stochasticity (as visible in Fig. 9)
and to a wiggly jφ profile, while it has not yet grown in the
η = 10−6 simulation. The reason why the 11/3 mode grows
relatively faster in the η = 3 · 10−7 simulation is most likely
that its growth starts in the linear regime, where the growth
rate scales like18 η3/5, whereas the 4/1 mode is already in
the Rutherford regime, where its characteristic evolution rate
scales like η . Thus, the growth rate of the 11/3 mode rela-
tive to the characteristic evolution rate of the 4/1 mode scales
like η−2/5 and is thus larger at smaller η . Note that this effect
may actually be reinforced by the fact that at large η the linear
tearing mode growth rate is smaller than suggested by the η3/5

scaling due to finite resistive layer width effects (see e.g. Fig.
2 in Ref. 20). A possible further factor could be the existence
of a critical ∆′ for linear tearing mode growth due to the finite
viscosity and resistivity, which is larger at larger resistivity21.
However, it appears unlikely that this plays a significant role
since this critical ∆′ theoretically scales as η1/6µ1/6 and thus
differs by only about 20 % between the two cases η = 10−6

and η = 3 ·10−7. Furthermore, we have repeated the simula-
tion at η = 10−6 with a 10 times lower viscosity, which should
more than compensate the effect of η on the critical ∆′, and
found almost no effect on the growth of the 11/3 mode.

Even though, as mentioned above, it is not known whether
the η = 3 · 10−7 case would produce a violent relaxation if
pushed further in time, it can be seen in Fig. 7 that the mag-
netic energies in the various toroidal harmonics remain al-
most constant in time after 4 ms (rescaled time), suggesting
that some kind of ‘gentle saturation’ has occurred. This is
likely a consequence of the mild stochastization generated by
the growth of the 11/3 mode, which presumably affects the
jφ distribution in such a way as to reduce the drive for other
modes involved in the violent relaxation. To be more precise,
an investigation of the simulation with η = 10−6 reveals that
the violent relaxation is initiated by the growth of a secondary
7/2 mode at about 4 ms (corresponding to the growth of the
n = 2 magnetic energy visible in Fig. 6 (top)). This mode
boosts magnetic stochasticity and presumably acts as a ‘mag-
netic trigger’22 leading to the fast macroscopic flow visible in
Fig. 3 (fourth row) and to the associated violent relaxation.
The 7/2 mode appears to be excited by the radial jφ gradient
developing near the q = 7/2 surface as the 4/1 islands grow.
However, in the η = 3 · 10−7 case, because of the stochastic-
ity generated by the 11/3 mode, the jφ profile starts relaxing
early on, which reduces the excitation of the 7/2 mode. This
seems like a plausible explanation for the absence of a fast
relaxation in this simulation.

Two ‘numerical experiments’ support this picture. First, if
we begin a simulation with η = 10−6 and reduce η to 3 ·10−7

at 3.83 ms, i.e. after the large jφ gradient has passed across the
q = 11/3 surface, we observe a large Ip spike. This is shown
in Figure 11. Second, if we include only the toroidal harmon-
ics n= 0−2 in the simulations, thus removing the 11/3 mode,
simulations at η = 10−6 and η = 3 ·10−7 behave much more
similarly, as shown in Figure 12 (note that none of them pro-
duces a violent relaxation, but this is probably because n ≥ 3
harmonics are required for that).
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FIG. 9. jφ and Poincaré cross-sections for η = 10−6 at 3.40 ms (top)
and for η = 3 · 10−7 at t = 7.49 ms (i.e. t ′ = 3.40 ms) (bottom).
Profiles shown in Fig. 10 are taken along the white line. The red
cross indicates the position of the q = 11/3 surface.

FIG. 10. jφ profiles taken along the white line shown in Fig. 9
for η = 10−6 (plain) and η = 3 · 10−7 (dashed). Identical colours
indicate equivalent times.

FIG. 11. Comparison between the simulation at η = 10−6 (plain
lines) and a simulation started with η = 10−6 but reducing η to 3 ·
10−7 at 3.83 ms (dashed lines). Note that no time rescaling is applied
here.

B. Analysis of high η cases

We now discuss why the high η cases (η = 10−5, 3 · 10−5

and 10−4) do not display a violent relaxation. Although it is
difficult to identify the reasons in detail, this is likely again
related to how fast secondary modes grow with respect to the
primary mode, but this time the relevant secondary mode is the
7/2 mode. We mentioned above the key role that this mode
appears to play in the fast relaxation observed at η = 10−6. In
the simulation at η = 10−5, no large growth of the 7/2 mode is
observed. It can indeed be seen in Fig. 13 (which is the same
as Fig. 7 but now also including the case η = 10−5, for which
we have rescaled time in the following ‘Rutherford-like’ way:
t ′′ = 10 · t − 6.3 ms) that the behaviour of the magnetic ener-
gies is much smoother at η = 10−5 than at η = 10−6, with no
fast growth of the n = 2 energy in the former case (one might
notice that, on the other hand, the n = 2 energy is larger for a
short period of time in the η = 10−5 case; however, it should
be kept in mind that the energies plotted here are summed
over all poloidal harmonics, and detailed inspection reveals
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FIG. 12. Evolution of the magnetic energy in the n = 1 and n = 2
toroidal harmonics in simulations including only n = 0 − 2 (thick
lines) or n = 0− 15 (thin lines) and for η = 10−6 (plain lines) and
η = 3 · 10−7 (dashed lines) with, in the latter case, a time rescaling
like already used above (t ′ = t/3.3+1.13 ms).

FIG. 13. Same as Fig. 7 but now also including the case η = 10−5.

that this is not related to the 7/2 mode). The absence of a
large growth of the 7/2 mode at η = 10−5 is consistent with
secondary modes growing more slowly with respect to the pri-
mary mode at higher η , which is reminiscent of the discussion
about the 11/3 mode in Section IV A.

The difference in magnetic stochasticity between the η =
10−5 and η = 10−6 cases is visible in Fig. 14, which shows
Poincaré cross-sections for η = 10−5 (top row) and η = 10−6

(bottom row) at 3.5 ms (left column) and 4.2 ms (right col-
umn), using the above-mentioned time rescaling for the η =
10−5 case. It can be seen that at 3.5 ms, the distortion of mag-
netic surfaces is similar in the two simulations, as evidenced
by the green line which is copy-pasted from the η = 10−5

plot (top left) into the η = 10−6 plot (bottom left). However,
already at this time more stochasticity is visible in the lower
η case. This is consistent to what we saw in Section IV A
when comparing simulations at η = 10−6 and η = 3 · 10−7.
At 4.2 ms (right plots), the difference in stochasticity has in-
creased dramatically, with almost complete stochasticity in
the region ψ

1/2
n ≥ 0.3 at η = 10−6 while flux surfaces remain

at η = 10−5. A large stochastic region like in the η = 10−6

is in fact never observed at any time in the η ≥ 10−5 simu-
lations. In the absence of such a ‘magnetic trigger’, it is not
very surprising that the non-linear behaviour is different in
these cases, although understanding this behaviour in detail
and why a large Ip spike is not produced is beyond the scope
of this paper.

V. SUMMARY AND DISCUSSION

In summary, our analysis has shown that the non-linear dy-
namics of the DTM depend on the resistivity η . The under-
lying mechanism appears related to secondary tearing modes
which are non-linearly destabilized by the large jφ gradient
at the edge of the external 4/1 island, which passes across
other rational surfaces (q = 11/3 and q = 7/2 in particular)
as the island grows. The key point is that these secondary
modes grow faster relative to the primary mode when η is
lower. These secondary modes play an important role in the
non-linear dynamics, probably because they generate mag-
netic stochasticity. Indeed, while simulations at very large
η (≥ 10−5) exhibit only limited stochasticity, simulations at
lower η (3 ·10−6 ≥ η ≥ 5 ·10−7) are characterized by strong
stochastization over eventually the whole domain as a result
of the growth of the 7/2 mode. A violent relaxation promptly
follows. This connects to the topic of the ‘magnetic trig-
ger’ discussed in Ref. 22 and more generally of the rela-
tion between reconnection and stochasticity in 3D situations,
addressed in Ref. 19 and which is at the centre of a new
paradigm for fast reconnection proposed by Boozer (see Ref.
23 and references therein). The relaxation leads to an almost
complete flattening of the jφ/B profile at fixed magnetic he-
licity H, resulting in a large Ip spike. This global character
of the relaxation is consistent with the ‘Kadomtsev-predicted’
reconnection region extending from almost the very centre up
to the edge of the plasma. Simulations with even lower η

(≤ 3 · 10−7) do not produce such a violent relaxation. This
appears to be due to the stronger growth of the 11/3 mode
in these cases and the early but localized stochasticity that it
generates, which presumably causes a ‘gentle relaxation’ of
the jφ profile, cutting the drive for a subsequent growth of the
7/2 mode.

The identification of these different non-linear behaviours
depending on η may be of interest in the frame of understand-
ing the termination of RE beams. The benign termination ob-
served in recent experiments13,24 after a deuterium injection
into the beam seems related to the growth of an MHD mode
up to a very large amplitude. In contrast, when high Z mate-
rial is injected instead of deuterium, the MHD mode does not
reach as large an amplitude. Based on the findings described
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FIG. 14. Poincaré cross-sections for η = 10−5 (top row) and η = 10−6 (bottom row) at 3.5 ms (left column) and 4.2 ms (right column), using
a rescaled time for the η = 10−5 case (t ′′ = 10 · t − 6.3 ms). Each colour corresponds to a different field line. The green line in the bottom
left plot is copy-pasted from the green line in the top left plot to show that flux surface distortion is similar in the two simulations. ψn is the
normalized poloidal flux and θ the poloidal angle.

in this paper, it may be hypothesized that this is related to a
different resistivity of the background plasma. After a deu-
terium injection, the background plasma indeed appears to be
colder (which can lead to recombination) than after a high Z
injection (possibly because of an extra cooling channel pro-
vided by deuterium neutral transport25) and thus more resis-
tive, with η probably reaching values higher still than 10−5

(i.e. higher than in the case discussed in Section IV B), which
corresponds to the Spitzer resistivity at ≃ 6 eV. Based on the
findings described in Section IV B, it may be hypothesized
that this favors a growth of the main (4/1) mode up to a larger
amplitude before stochasticity appears and thus before the re-
laxation takes place, leading eventually to a more violent re-
laxation. In order to test this hypothesis, simulations starting
earlier in time and including a self-consistent evolution of the
current density profile and plasma geometry would be needed.

One caveat of our study is that REs were not included in the
model. Helander et al. have investigated the impact of REs on
the linear and non-linear properties of tearing modes26. A key
finding was that ‘the linear properties of the classical tearing
mode are essentially determined by the cold bulk plasma, and
the growth rate is approximately the same as in a plasma with-

out runaways but with the same current profile’. This suggests
that our study, in spite of not including REs, has relevance for
RE beam termination physics. There is one point to keep in
mind, however, concerning our remark in Section IV A that
the slower relative growth of secondary modes at higher η

may actually be reinforced by the fact that at large η the lin-
ear tearing mode growth rate is smaller than suggested by the
η3/5 scaling: this should not apply when the current is carried
by REs. Indeed, the deviation of the growth rate from the η3/5

scaling results from a correction due to finite resistivity which,
as discussed in Ref. 26, is actually absent when the current is
carried entirely by REs. We plan in any case to include REs
in future studies.

Another caveat is that, while the DTM may be relevant to
(at least some) RE beam terminations at JET13, in DIII-D (and
also possibly in other JET cases) the relevant mode is instead
thought to be the resistive external kink mode (typically asso-
ciated to q reaching 2 at the edge of the plasma)24,27. How-
ever, non-linear simulation results show that the latter also in-
volves the growth of primary and secondary magnetic islands
(see e.g. Fig. 10 of Ref. 27), such that it is likely that the
mechanisms discussed here are relevant also in this case.
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Appendix A: Expression and conservation theorem for the
helicity

The expression for the magnetic field B corresponding to
the reduced MHD model used in this work is:

B = ∇ψ ×∇φ +F0∇φ . (A1)

An acceptable expression for the vector potential (i.e. one
that satisfies B = ∇×A) is:

A = ψ∇φ −F0
Z
R

∇R. (A2)

It is then easy to show that A ·B= F0
R2 (ψ−Z∂Zψ). This is in

practice the expression which is integrated over the simulation
volume to calculate H ≡

∫
A ·BdV .

Let us now consider dH/dt:

dH/dt =
∫ F0

R2 ∂t(ψ −Z∂Zψ)dφdS

=
∫ F0

R2 [2∂tψ −∂Z(Z∂tψ)]dφdS (A3)

where dS is an infinitesimal surface element in the poloidal
plane. The second term in this integral can be readily inte-
grated along Z to give boundary terms which vanish if ∂tψ = 0
at the boundary, which is the case here. The first term can be
calculated by plugging in Eq. 1, i.e. ∂tψ = R[ψ,u]−F0∂φ u+
η( jφ − jφ0). The term involving ∂φ u vanishes upon integra-
tion over φ and the term involving the Poisson bracket [ψ,u]

vanishes upon integration in the poloidal plane if u = 0 at the
boundary, which is the case here. One is thus left with:

dH/dt = 2F0

∫
η( jφ − jφ0)

R
dφdS, (A4)

thus recovering the classical result that helicity is dissipated
at a resistive rate only18.
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