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A simple procedure is given to construct curved, non-self-dual (complexified) Kähler metrics on space-
time in terms of deformations of holomorphic quadric surfaces in flat twistor space, as a variation of
Penrose’s original twistor construction. Imposing Lorentzian reality conditions, astrophysically relevant
space-times such as the standard (non-self-dual) Schwarzschild, Kerr, and Plebański-Demiański metrics,
among others, are derived as examples of the construction, and an interpretation of the associated space-
time singularities is provided.
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I. INTRODUCTION

Penrose’s twistor theory is a radical approach to funda-
mental physics deeply based on complex geometry [1–4].
Originally a proposal for quantum gravity, and motivated by
the fact that the celestial sphere of any event in Minkowski
space has a natural complex structure and is thus a Riemann
sphereCP1 (cf. [5]), the space-time manifold emerges as the
moduli space ofCP1 ’s (“twistor lines”) in twistor space, in a
highly nonlocal correspondence. These Riemann spheres are
holomorphic, which implies that our intuition about lines and
their intersection inR3 continues to hold in twistor space, and
leads to a remarkable construction of the conformal structure
of space-time in terms of intersection of lines. Gravitation, in
the twistor view, should correspond to deformations of the
flat twistor structure. The nonlinear graviton construction [2]
shows that this holds true for self-dual (or half-flat) curved
space-times.
Self-dual curvature, however, is a strong restriction for

general relativity (GR), as it implies (conformally) flat
space-times, so the connection between twistors and GR
has historically been obstructed by this condition.
Nevertheless, black hole space-times, while non-self-dual,
are known to posses the Lorentzian analogue of complex,
conformally Kähler structures [6,7]. The profound insights
provided by the twistor program regarding the nature of
space-time structure, together with the richness of Kähler
geometry, the astrophysical relevance of black holes, and

the recent interest in applications of methods from
high-energy physics (e.g., twistor-strings, spinor helicity,
double-copy, scattering amplitudes) to gravitational wave
physics in the strong-field regime [8,9], motivate the
question of whether the twistor construction can be adapted
to describe fully nonlinear black holes. A hint towards
addressing this issue is given by a result in Riemannian
geometry: Pontecorvo [10] showed that a Kähler metric in
the conformal structure of a conformally half-flat four-
manifold corresponds to a holomorphic section of (the
square root of) the anticanonical bundle of the twistor
space, with two zeros on each twistor line. Equivalently,
this can be understood as a surface that intersects each
twistor line at two points.
In this note, inspired by Pontecorvo’s construction and by

the nonlinear graviton, we describe a variation of the twistor
construction that produces non-self-dual (complexified)
Kähler metrics on space-time as deformations of holomor-
phic quadric surfaces in flat twistor space. Part of the basic
intuition is elementary: two points define a line, and this
carries over to twistor space since everything is holomorphic
(the two points in question being the intersection points of
twistor lines with the quadric). Imposing Lorentzian reality
conditions,we shall show that the Plebański-Demiański class
of space-times [11,12], which includes the classical black
hole metrics of GR such as Schwarzschild, Kerr, etc., is
recovered by this construction. In addition, the quadric has
the appealing physical interpretation of representing the
momentum-angular momentum structure of a linearized
approximation to a black hole, supplemented by a choice
of real slice. Its deformations then represent the full Kähler
and nonlinear structure of the black hole. The approach also
provides a novel description of space-time singularities: they
correspond to the intersection of two divisors in twistor
space. This is intimately connected to the Lorentzian
character of space-time.
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The basic object that underlies our method (a twistor
quadric) also appears, from quite different angles, in several
a priori unrelated constructions, including scattering ampli-
tudes [13] and the double-copy [14], Chern-Simons theory
[15], space-time foam [16], celestial holography [17,18],
and perturbation theory [19].

II. TWISTOR QUADRICS AND KÄHLERMETRICS

Let CM be complexified Minkowski space, with com-
plexified inertial coordinates tc, xc, yc, zc and flat holomor-
phic metric η ¼ dt2c − dx2c − dy2c − dz2c . Introduce double
null coordinates uc¼ 1ffiffi

2
p ðtcþ zcÞ, vc¼ 1ffiffi

2
p ðtc− zcÞ, wc ¼

1ffiffi
2

p ðxc þ iycÞ, w̃c ¼ 1ffiffi
2

p ðxc − iycÞ. The twistor space of

CM is PT ¼ CP3nCP1, and it is related to space-time via
the incidence relation,

�
Z0

Z1

�
¼ i

�
uc wc

w̃c vc

��
Z2

Z3

�
; ð1Þ

where we use homogeneous coordinates Zα ¼ ðZ0;
Z1; Z2; Z3Þ on CP3 (the CP1 removed corresponding to
Z2 ¼ Z3 ¼ 0). The twistor correspondence (1) is nonlocal:
fixingZα ∈ PT , the set of space-timepoints satisfying (1) is a
totally null two-surface inCM called “α surface”, and fixing
ðuc; vc; wc; w̃cÞ ∈ CM, the set of Zα satisfying (1) is a
(holomorphic, linearly embedded) Riemann sphere Lx ≅
CP1 called “twistor line”. Space-time is the moduli space of
twistor lines inPT , and twistor space is themoduli space ofα
surfaces inCM. Inhomogeneous local coordinates forPT are

ω0 ¼ uc þ ζwc; ω1 ¼ w̃c þ ζvc; ζ; ð2Þ

where ζ ¼ Z3=Z2 (in a region with Z2 ≠ 0). For fixed
ðuc; vc; wc; w̃cÞ and variable ζ, (2) describes a twistor line
inPT . For fixed ðω0;ω1; ζÞ and variable ðuc; vc; wc; w̃cÞ, (2)
describes an α surface in CM.
Twistor space is fibered over CP1, being the total space

of the bundle Oð1Þ ⊕ Oð1Þ → CP1. Here, Oð−1Þ is the
tautological line bundle over CP1, and OðkÞ ¼ Oð−1Þ�⊗k

(k > 0). The base of the fibration has homogeneous
coordinates Z2, Z3, or inhomogeneous coordinate ζ, and
the fibers have coordinates Z0, Z1. Each fiber has an Oð2Þ-
valued symplectic structure μ ¼ dZ0 ∧ dZ1. All of this is
valid for flat space-times. One of the main ideas in twistor
theory is that gravitation, namely curved space-times,
should correspond to deformations of twistor structures.
Penrose showed [2] that this is true for half-flat space-
times: a complex anti-self-dual (ASD) vacuum space-time
corresponds to a three-dimensional complex manifold PT
obtained as a deformation of PT that preserves the fibration
PT → CP1 and the fiberwise symplectic structure μ.
A description of Kähler geometry in twistor terms is

available in Euclidean signature, where twistor space can

also be defined as the space of almost-complex structures
compatible with a four-dimensional Riemannian conformal
structure [20]. This space coincides with the projective spin
bundle PS (so there is a fibration PS → M), which is a
complex three-manifold (the twistor space PT ) if and only
if the conformal structure is ASD. In this context,
Pontecorvo showed [10] that a (necessarily scalar-flat)
Kähler metric corresponds to a global holomorphic section
of K−1=2

PT which vanishes at two points in each twistor line,

where K−1=2
PT is the square-root of the anticanonical line

bundle of PT . To see this, notice first that the bundle K−1=2
PT

restricted to a twistor line is Oð2Þ. Hitchin showed in [21]
that the space H0ðPT ;OðkÞÞ of global, holomorphic
sections of OðkÞ can be identified with the kernel of the
valence-k twistor operator. This implies that a section χ of
K−1=2

PT corresponds to a valence-2 twistor spinor, or Killing
spinor. The requirement that χ vanishes at two points in
each twistor line means that the Killing spinor is non-
degenerate. Using [22], this gives a conformal Kähler
structure on (Euclidean) space-time.
In complexified flat space-time, we can also describe

Pontecorvo’s construction in terms of holomorphic quadric
surfaces in flat twistor space PT ; this is the perspective we
need in this note. The space H0½CP1;OðkÞ� consists of
degree k homogeneous polynomials in C2. Thus, a section
χ of K−1=2

PT , when restricted to a twistor line, is of the form,

χ ¼ Aζ2 þ 2Bζ þ C; ð3Þ

for some A, B, C, where we use an inhomogeneous
coordinate ζ on CP1. We can then think of χ as a
holomorphic quadratic function χðZαÞ ¼ QαβZαZβ for
some symmetric Qαβ. Equation (3) follows after using
the incidence relation (1), which also shows that
A ¼ Aðvc; wcÞ, B ¼ Bðuc; vc; wc; w̃cÞ, and C ¼ Cðuc; w̃cÞ.
The zero set of χ is a holomorphic quadric,
Q ¼ fZα ∈ PT jχðZαÞ ¼ 0g. From Kerr’s theorem [1],
the surface Q corresponds to a shear-free, null geodesic
congruence in CM. The condition that χ vanishes at two
points in each twistor line Lx is the same as saying that Lx
intersects Q at two points, corresponding to the two roots
ζ� of the quadratic polynomial (3), that is χ ¼
Aðζ − ζþÞðζ − ζ−Þ, where ζ� ¼ ð−B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − AC

p
Þ=A.

We allow, however, the possibility of twistor lines where
the roots coincide; these correspond to caustics in the ray
congruence on space-time (and will later correspond to
curvature singularities). The quadric is divided into two
regions (divisors),

Q ¼ Aþ ∪ A−; ð4Þ

where A� can be described in local coordinates by any two
of [see (2)]
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ω0
� ¼ uc þ ζ�wc; ω1

� ¼ w̃c þ ζ�vc; ζ�; ð5Þ

or by any function of them. For fixed þ or −, the three
coordinates in (5) are functionally dependent as a conse-
quence of the quadric equation χðω0

�;ω
1
�; ζ�Þ ¼ 0. A

simple example to illustrate this (and to have in mind in
general) is a product of planes, that is, Qαβ ¼ Aþ

ðαA
−
βÞ for

some fixed A�
α . The two regions in (4) are in this case two

planesA� ¼ fZαjA�
α Zα ¼ 0g, and the roots coincide in the

twistor line corresponding to the intersection of the planes;
see, e.g., [[23], Figs. 6–11].
It is worth mentioning that, while the description ofQwe

are giving is adapted to the physical applications we need
below, a somewhat more conceptual description can be
given in Euclidean signature [24], where twistor space
PT ¼ PS is equipped with an antiholomorphic involution
σ (acting as the antipodal map ζ → −1=ζ̄ on each twistor
line CP1). In this case, the quadric Q is the union of the
images of two sections of the fibration PS → M that are
interchanged by σ. That is, Aþ is defined by a projective
spinor αA0 and A− ¼ σðAþÞ by its conjugate α†A0 . Then,
unlike in the Lorentzian and complex cases, the intersection
Aþ ∩ A− is a single twistor line Lq ¼ CP1, corresponding
to a point q on (Euclidean) space-time. This point can be
thought of as conformal infinity, and removing it from the
manifold leaves us with an asymptotically flat (noncom-
pact) space [24]. However, this description is not valid in
Lorentz signature, since in that case Aþ and A− are
associated to two independent spinor fields. The intersec-
tion region Aþ ∩ A− is thus more complicated in the
Lorentzian case, and, as we shall see, it describes space-
time singularities.
Away from Aþ ∩ A−, a twistor line Lx intersects Q at

two points, and since two points define a line, they can also
be used to characterize Lx. In other words, the space-time
manifold is recovered from the quadricQ. More concretely,
varying the line Lx, the intersection points serve as a
coordinate system on space-time. Given local holomorphic
coordinates on A� [obtained, e.g., from (5)], say zA� with
A ¼ 0, 1, the pair ðzAþ; zA−Þ is the desired coordinate system
on CM. The complex structure J induced on space-time
from Q is then

J ¼ ið∂zAþ ⊗ dzAþ − ∂zA− ⊗ dzA−Þ; ð6Þ

where the Einstein summation convention is assumed. The
tensor (6) is compatible with the Minkowski metric, in the
sense that ηðJ·; J·Þ ¼ ηð·; ·Þ. In particular, the vectors ∂zA�
are null. In fact, the construction so far is conformally
invariant. Conformal invariance is broken by choosing a
symplectic form: the spin 1 Penrose transform for the
twistor function f ¼ χ−2 computes the (closed) Kähler
form to be

κ ¼ i

ðB2 − ACÞ3=2 ½Aduc ∧ dw̃c

− Bðduc ∧ dvc þ dwc ∧ dw̃cÞ þ Cdwc ∧ dvc� ð7Þ

[A, B, C are defined in (3)]. In terms of quadric coordinates
zA�, (7) is

κ ¼ κAB̃dz
Aþ ∧ dzB−; κAB̃ ¼ κð∂zAþ ; ∂zB−Þ: ð8Þ

IndicesA; B̃;… are numerical and takevalues 0, 1 (and again
Einstein summation is used). The distinction between an
index ‘B’ and an index ‘B̃’ is only intended to remind that
they are associated to the two different halves of the quadric,
and in equations like (8), they are summed over as usual.

III. DEFORMED QUADRICS

Consider a holomorphic quadric Q in twistor space,
which is arbitrary except for the assumption that, generi-
cally, twistor lines intersect Q at two points, so that the
quadric is divided into two regions A� as in (4). Choose
holomorphic coordinates zA� on A�. We now introduce a
deformed quadric as

Q ¼ Aþ ∪ A−; ð9Þ

whereAþ andA− are the level sets of the four functions żAþ
and żA− defined by

żAþ ¼ zAþ; żA− ¼ zA− þ fAðzBþ; zB−Þ; ð10Þ

for some functions fA, such that dż0þ ∧ dż1þ ∧
dż0− ∧ dż1− ≠ 0. Although one half of the quadric remains
undeformed, Aþ ¼ Aþ, the other half A− is deformed to
A− andQ is, in general, not inside twistor space (a point in
A− is not in twistor space, since it does not correspond to
an α-surface in CM). The functions fA must depend on
both zAþ and zA−. Although our construction is inspired by
the nonlinear graviton (cf. [2,25]), the sense in which (9) is
a deformed quadric does not seem to be the same as the
complex-structure-deformations of twistor theory. More
formally, (10) can be understood as an integrable defor-
mation of only one of the eigenspaces of (6). This notion
escapes the standard Euclidean framework as in that case
the eigenspaces are complex conjugates [equivalently,
A− ¼ σðAþÞ as we saw].
Recalling that the complex structure on space-time

induced by the original quadric is given by (6), we associate
the deformed quadric to a new complex structure,

J̇ ¼ ið∂żAþ ⊗ dżAþ − ∂żA− ⊗ dżA−Þ: ð11Þ

This is an integrable almost-complex structure on the
(complexified) space-time manifold, but it is not
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compatible with the Minkowski metric: ηðJ̇·; J̇·Þ ≠ ηð·; ·Þ.
In particular, unlike the undeformed quadric, the new
vectors ∂żAþ

are not null (they are linear combinations of
∂zAþ

and ∂zA−). We then interpret the deformation (10) of the
quadric as a deformation of the conformal structure on
space-time: new conformal structures are introduced by
requiring that their light cones contain ∂żA�

.
This requirement alone, however, does not fix a metric.

In order to do this, we must ask additional conditions on the
deformations (10). To this end, we choose to restrict to
quadric deformations that preserve the symplectic structure
induced on space-time, κ. We can take inspiration for this
restriction from the nonlinear graviton, where the twistor
deformations preserve the fiberwise symplectic structure
(which allows to reconstruct the space-time metric); how-
ever, this is not the same since we are here dealing with a
symplectic structure on space-time (not on twistor space).
Regardless, the symplectic-form-preserving condition
allows to fix a metric,

gðX; YÞ ≔ κðX; J̇YÞ; ð12Þ

for all vectors X, Y, where the symmetry property of this
map follows from requiring κ and J̇ to be compatible,
which in turn is the same as requiring ∂żA�

to be null. The
metric (12) is then

g ¼ 2gAB̃dż
Aþ ⊙ dżB−; ð13Þ

where gAB̃ ¼ gð∂żAþ ; ∂żB−Þ. A calculation shows that the
deformations (10) preserve the symplectic structure κ if
and only if the functions gAB̃ and fA satisfy

gAC̃

�
δCB þ ∂fC

∂zB−

�
¼ iκAB̃; ð14aÞ

ϵACgAB̃
∂fB

∂zCþ
¼ 0; ð14bÞ

where the four functions κAB̃ are defined in (8), and
ϵAC ¼ −ϵCA, ϵ01 ¼ 1. The functions gAB̃ in (13) can then
be computed from Eq. (14a), and the deformation functions
fA are not completely arbitrary but are restricted by the
condition (14b).

IV. BLACK HOLES

Consider the holomorphic quadric Q ⊂ PT given as the
zero set of the following quadratic function:

χðZαÞ ¼ Z0Z3 − Z1Z2: ð15Þ

On twistor lines, this adopts the form (3) with A ¼ wc,
B ¼ 1

2
ðuc − vcÞ, C ¼ −w̃c [we are omitting an irrelevant

overall factor of i coming from (1)]. The roots are then
easily computed to be

ζ� ¼ −zc � rc
xc þ iyc

; rc ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2c þ y2c þ z2c

q
; ð16Þ

and they are “related” by a complexified antipodal map: if
ζ̃� ¼ ð−zc � rcÞ=ðxc − iycÞ, then ζþ ¼ −1=ζ̃− (recall the
involution σ in the Euclidean case mentioned before).
Twistor lines with rc ¼ 0 intersect Q only once; the
Kähler structure on CM is not well-defined at these points.
The symplectic form (7) is

κ ¼ ir−3c ½xcðdtc ∧ dxc þ idyc ∧ dzcÞ
þ ycðdtc ∧ dyc þ idzc ∧ dxcÞ
þ zcðdtc ∧ dzc þ idxc ∧ dycÞ�: ð17Þ

Recalling (4) and (5), we choose the following quadric
coordinates z0�, z

1
� on A�:

z0� ¼ ω0
�; z1� ¼ iffiffiffi

2
p logð�ζ�Þ: ð18Þ

We now impose reality conditions: we take the real
Lorentzian slice in CM defined by

tc ¼ t; xc ¼ x; yc ¼ y; zc ¼ z − ia; ð19Þ

where t, x, y, z are all real, and a is a real parameter. The
function rc in (16) is complex: we denote by r its real part,
so that (from the definition of rc) we must have
rc ¼ r − iaz=r. Let us introduce a real coordinate system
ðr; p;φÞ related to Cartesian coordinates ðx; y; zÞ by

xþ iy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ a2Þð1 − p2Þ

q
eiφ; z ¼ rp ð20Þ

(where we assume p2 < 1). The symplectic form (17)
becomes

κ ¼ i
ðr − iapÞ2 ½dt ∧ dðr − iapÞ

− dφ ∧ ðað1 − p2Þdr − iðr2 þ a2ÞdpÞ�; ð21Þ

and the quadric coordinates (18) are

z0� ¼ 1ffiffiffi
2

p ½t� ðr − iapÞ�;

z1� ¼ 1ffiffiffi
2

p
�
φ�

�
− arctanða=rÞ − i

2
log

�
1þ p
1 − p

���
: ð22Þ

After some calculations, we find the components κAB̃ in (8)
to be κ00̃ ¼ ir−2c , κ01̃ ¼ 0 ¼ κ10̃, κ11̃ ¼ −ir−2c ðr2 þ a2Þ×
ð1 − p2Þ, where r2c ¼ ðr − iapÞ2.
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Following the prescription (10), we now deform the
quadric given by (15) to a new quadric Q ¼ Aþ ∪ A−
according to

żAþ ¼ zAþ; żA− ¼ zA− þ RAðrÞ þ PAðpÞ; ð23Þ

for arbitrary functions RAðrÞ, PAðpÞ, where r ¼ rðzBþ; zB−Þ
and p ¼ pðzBþ; zB−Þ are given by inverting the relations (22).
A calculation shows that the symplectic-form-preserving
requirement (14b) reduces to

ðr2 þ a2Þ dR
1

dr
− a

dR0

dr
¼ 0 ¼ að1 − p2Þ dP

1

dp
−
dP0

dp
; ð24Þ

so the functionsR0,R1 andP0,P1 in (23) are not independent
but are related by this condition. The new metric on space-
time is given by (13), (14a): it is curved, non-(A)SD, and
(complexified) Kähler. Furthermore, it turns out that this
simple prescription already identifies the Plebański-
Demiański class [11,12]: to see this, we define four functions
Tðt; r; pÞ, Φðφ; r; pÞ, ΔrðrÞ, ΔpðpÞ by

T ≔ tþ 1ffiffiffi
2

p ðR0ðrÞ þ P0ðpÞÞ;

Φ ≔ φþ 1ffiffiffi
2

p ðR1ðrÞ þ P1ðpÞÞ;

Δr ≔ ðr2 þ a2Þ
�
1 −

1ffiffiffi
2

p dR0

dr

�−1
;

Δp ≔ iað1 − p2Þ
�
iaþ 1ffiffiffi

2
p dP0

dp

�−1
: ð25Þ

After some lengthy calculations, the newmetric (13), (14a) is

g ¼ 1

r2c

�ðΔr − a2ΔpÞ
Σ

dT2 −
Σ
Δr

dr2 −
Σ
Δp

dp2

þ 2a½ðr2 þ a2ÞΔp − ð1 − p2ÞΔrÞ
Σ

dTdΦ

þ ½a2ð1 − p2Þ2Δr − ðr2 þ a2Þ2Δp�
Σ

dΦ2

�
; ð26Þ

where Σ ≔ r2 þ a2p2. Choosing a specific form forΔr,Δp,
this is the Kähler metric associated to the Plebański-
Demiański space-time [7].
We emphasize that the definitions (25) are introduced

only to recover the familiar form (26): all necessary
information about the metric (26) is already contained in
the deformed quadric (23).
As an example, put first R1 ¼ P0 ¼ P1 ¼ 0 and then a ¼

0 (so that Δp reduces to 1 − p2), define cos θ ≔ p and
fðrÞ ≔ Δr=r2; then (26) multiplied by r2 is the (real,
ordinary) Schwarzschild metric if one sets Δr ¼
r2 − 2Mr. Similarly, the Reissner-Nördstrom metric, and

cosmological versions, etc., are obtained by choosing differ-
ent functionsΔr. Space-time points with r ¼ 0, correspond-
ing to twistor lines intersecting the undeformed quadric
Q ⊂ PT only once, are curvature singularities.
As another example, put P0 ¼ P1 ¼ 0. Defining

cos θ ≔ p, and setting Δr ¼ r2 − 2Mrþ a2, the metric
[11] multiplied by r2c is the (real, ordinary) Kerr metric.
The Kerr-Newman metric corresponds toΔr ¼ r2 − 2Mrþ
a2 þQ2, and to obtain the cosmological versions, one must
include nontrivial P0, P1. Twistor lines intersecting Q
only once are those with rc ¼ 0, which is the same as
r ¼ 0 ¼ cos θ and correspond to ring singularities.

V. DISCUSSION

The quadric (15) used in the derivation of the Plebański-
Demiański space-time can be given a physical interpreta-
tion by writing it as QαβZαZβ and noticing that Qαβ is the
angular-momentum twistor corresponding to a static, spin-
less particle at rest in a complex space-time. In fact, the
Penrose transform can be used here to show that the
associated twistor functions produce the spin 2 field of
linearized black holes [3]. This idea has been revived in
recent interesting work on scattering amplitudes; see,
e.g., [13]. Our construction shows, however, that the exact
nonlinear solutions are associated to a deformation of the
quadric (which is not inside twistor space), in line with the
general twistor philosophy that curved space-times should
correspond to deformed twistor structures.
The space-time manifold is recovered from the quadric,

the only problematic region being the intersection of the
two divisors. When the quadric structure is deformed, this
intersection is preserved, and, in space-time, this trans-
lates into curvature singularities of the (Lorentzian) black
hole metrics. By contrast, Euclidean reality conditions
force the intersection to be a single twistor line, which is
then identified with conformal infinity in compactified
Euclidean space.
The approach in this work has been to take a com-

plexified space-time as a starting point and then recover real
slices by the imposition of (Lorentzian) reality conditions.
This is why we needed to consider only one quadric (15) to
recover different space-times. If, on the contrary, we
assume from the beginning that tc, xc, yc, zc in (1) are
real, then the quadrics for (say) Schwarzschild and Kerr are
different. Also, we have chosen to work with the form of
the Plebański-Demiański space-time given in [12], as this
allows us to recover standard black holes in a straightfor-
ward manner. If we wish to work with the original
Plebański-Demiański coordinates [11], one possibility is
to start from a twistor quadric different from (15). The
corresponding quadric is χ ¼ Z0Z1 þ cZ2Z3, as was found
by Haslehurst and Penrose [26]. A simple framework for
relating different solutions via complex coordinate trans-
formations has been recently given in [27].
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The construction in this paper suggests several research
directions and connections with modern developments in
geometry, gravitational, and high-energy physics, that we
believe are worth pursuing further. In a geometric context:
can any Kähler metric be obtained as a deformed twistor
quadric? This might be interesting in relation to recent
advances in the classification of non-self-dual gravita-
tional instantons [28–30]. It would also be desirable to
have a mathematically rigorous treatment of the deforma-
tions (and possibly of cohomological issues), perhaps
following [24]. Related to this and to the original twistor
program: the Einstein equations in the nonlinear graviton
are automatically encoded in the deformed twistor space,
so it would be very interesting to understand how field
equations are encoded in the deformations considered in
this work. In the context of gravitational wave physics and
black hole stability, nonintegrable deformations of the
quadric may be related to perturbation theory, since metric

perturbations constructed from the Teukolsky equations
still possess one family (but not two) of α surfaces [19].
Relations between (scalar-flat) Kähler geometry and (self-
dual) gravity, especially concerning Pontecorvo’s con-
struction and the quadrics studied in this paper, have been
proposed in the description of space-time foam in twistor
string theory [16], where the quadric is interpreted as
giving rise to a natural meromorphic three-form in twistor
space (in turn associated to D1-brane charge). This also
plays a basic role in recent constructions concerning
Chern-Simons theory [15] and celestial holography
[17,18].
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