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GLOBAL WELL-POSEDNESS OF THE PRIMITIVE EQUATIONS OF
LARGE-SCALE OCEAN DYNAMICS WITH THE
GENT-MCWILLIAMS-REDI EDDY PARAMETRIZATION MODEL*
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Abstract. We prove global well-posedness of the ocean primitive equations coupled to advection-
diffusion equations of the oceanic tracers temperature and salinity that are supplemented by the eddy
parametrization model due to Gent, McWilliams, and Redi. This parametrization forms a milestone
in global ocean modeling and constitutes a central part of any general ocean circulation model
computation. The eddy parametrization adds a secondary transport velocity to the tracer equation
and renders the original Laplacian operators in the advection-diffusion equations nonlinear, with
a diffusion matrix that depends via the equation of state in a nonlinear fashion on both tracers
simultaneously. The eddy parametrization of Gent, McWilliams, and Redi augments the complexity
of the mathematical analysis of the whole system which we present here. We show first that weak
solutions exist globally in time, provided the parametrization uses a regularized density. Then we
prove by a detailed analysis of the eddy operators the global well-posedness. Our results apply also
to the “small-slope approximation” that is commonly used in global ocean simulations.
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1. Introduction. The hydrostatic Boussinesq equations of the ocean, also re-
ferred to as the ocean primitive equations, are the classical dynamical equations used
in ocean and climate research (see, e.g., [24, 21]). A central component is the subgrid
scale parametrization of mesoscale eddies due to Gent and McWilliams [15] and Redi
[33]. This parametrization is a major achievement in the science of ocean modeling
[6] and forms a cornerstone of global ocean modeling. Virtually every global ocean
general circulation model relies on, and incorporates, this parametrization (see, e.g.,
[21]). The mathematical analysis of the ocean primitive equations with the Gent—
McWilliams—Redi parametrization forms the topic of this paper.

The ocean primitive equations model the large-scale circulation of the ocean as
a thin layer of a weakly compressible fluid on a rotating sphere under the Boussi-
nesq and the hydrostatic approximation. The ocean primitive equations consist of a
coupled system of evolution equations for horizontal velocity v = (v1,v2), potential
temperature 0, and salinity S that is closed by an equation of state that describes
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the density as function of temperature, salinity, and static pressure. In this work we
investigate the ocean primitive equations with Gent—-McWilliams—Redi eddy parame-
trization, which in cartesian coordinates are given by

- 1 1
1.1a) atv+(v-V)v+w82v+Vp+fkXU—R—QAU—R—GQ

( agzvzoa
(1.1b) 0.p+gp=0,

(1.1c) V-v+0,w=0,

(L1d) 06+ (v~ )0+ w00+ D, (5 K1, K)(6) + Dicerys (5,1)(6) =0,
(

1.1e) WS+ (v-V)S +wd, S+ Dk, (5, K1, Kp)(S) + Dy, (5,5)(S) =0,

with the equation of state p = p(0, S, pst), where pg; denotes the static pressure (see
(3.3)), w the vertical velocity, p the equation of state, f the Coriolis parameter, and
g the gravitational constant. The numbers Re;, Res denote horizontal and vertical
viscosity, K, Kp are the isoneutral and dianeutral diffusivity, and k is referred to
as the eddy advection parameter. The operators V,V-, and A denote the horizontal
gradient, divergence, and Laplacian, respectively.

The above system (1.1) differs from the classical primitive equations by intro-
ducing in the equations for the oceans active tracers temperature and salinity (1.1d),
(1.1e), the isoneutral eddy diffusion operator Dk,., and the eddy advection operator
DKkon - The presence of these two nonlinear, anisotropic, and flow-dependent opera-
tors changes the nature of the originally linear advection-diffusion equations (1.1d),
(1.1e). Therefore in comparison to the classical analysis of the primitive equations,
the additional nonlinearity poses the main challenge in the mathematical analysis of
this paper.

The work presented here capitalizes on the large body of literature of the math-
ematical analysis of the classical primitive equations, pioneered by Lions, Temam,
and Wang [31], where the global existence of weak solutions was proven. Cao and
Titi established in [4] global existence and uniqueness of strong solutions for initial
data in the Sobolev space H! and with Neumann boundary conditions for velocity on
the top and bottom of the domain. A different proof is given by Kobelkov [25]. For
Dirichlet boundary conditions well-posedness in H! was obtained by Kukavica and
Ziane [28]. These works do rely on energy estimates. A LP-approach for the primitive
equation was developed by Hieber and Kashiwabara [22]. The extension of global
well-posedness to nonlinear equations of state can be found in Korn [26].

The ocean modeling literature is flexible about the exact specifications in the
mathematical definitions of the operators Dk, ,®x,,,. The original publication by
Gent and McWilliams [15] (see also [16]) formulates on one hand the eddy closure in
the form of a (continuous) PDE, but on the other hand develops its physical arguments
that results in the specific form of the eddy closure in terms of (finite-dimensional)
numerical models. This ambiguity suggests an interpretation of the continuous ocean
model equations in an averaged sense, where the averages are related to specific grid
sizes (cf. Chapter 8 in [17]). Our work investigates the mathematical structure of this
important ocean parametrization from the perspective of mathematical analysis of
hydrodynamic PDE. We investigate the eddy parametrization of Gent, McWilliams,
and Redi in the continuous limit as a nonlinear PDE.

We start with establishing the existence of weak solutions for (1.1). For weak
solutions a density regularization inside the eddy parametrization is necessitated to
prove a priori bounds on the advective part (the “GM part”) of the eddy model and for
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showing the convergence to a weak solution. For the special case of the small density
slope approximation—a simplification of the full eddy operator, preferably used in
ocean models, under the physically appropriate assumption that density slopes are
small—the a priori estimates for the finite-dimensional approximative system can be
obtained without regularization. This explains the stability of numerical codes, but
still allows for noisy solutions. For proving the convergence of the approximative to
weak solutions we have to regularize as in the full tensor case. The uniqueness of
weak solutions is open.

For proving existence and uniqueness of (strong) solutions to (1.12 globally in
time within the Sobolev space H! we apply energy estimates, following the approach
of Cao and Titi [4]. The regularity of strong solutions demands a priori estimates
in H' by integrating against the Laplacian of test functions. In this work we re-
place the Laplace operator in the temperature and salinity equations by Dk,,, . This
second-order diffusion operator has divergence-gradient structure; its mixing tensor
is anisotropic, nonlinear, and time-dependent. Establishing the a priori H'-estimates
requires control of the spatial and temporal regularity of the elements of the symmet-
ric mixing tensor of Dk, and of the skew-symmetric tensor of Dk,,,,, which both are
constructed via functions of density derivatives. This additional complexity, absent
in the previous works cited above, requires us to prove the following novel results:

1. We prove in Lemma 4.9 an elliptic regularity result for the nonlinear diffusion
operator Dk, . This is used in the L{° Hl-bound on temperature and salinity.
Elliptic regularity is classical for the Laplace operator but novel for Dk, .
2. We estimate the temporal regularity of the mixing tensor by means of an
evolution equation for density. Such an equation is not part of the original
system (1.1) of primitive equations, but it can be derived from the equation
of state. From this equation we estimate the rate of change of the gradient
of density in time (see (3.8), Lemma 4.6, and (5.28)).
3. We prove an L° H! bound for the eddy induced advection velocity, given by
Dk, (see (5.30)—(5.31)).
Each of these three results is crucial to our proof strategy and for all three results
we need to regularize the density within the eddy operator. The reason being the
nonlinearity of the equation of Dk,  ,Pk,, in the form of derivatives. For more
details we refer the reader to section 2 and to Remarks 4.7 and 5.6.

The original (unregularized) eddy closure model of Gent, McWilliams, and Redi
is analytically out of reach due to the highly nonlinear and flow-dependent nature
of the eddy closure that lead to potential singularities and to degeneracies near the
boundaries. The computational ocean modeling community has responded to this
challenge with ad hoc regularizations to modify the behavior near the boundary and
to compute sufficiently smooth solutions that agree with physical expectations (see,
e.g., [30, 20]). The discretization of the eddy operators D,  , Dk, is a subtle
numerical problem; for details we refer the reader to [18, 19, 27]. Guided by these
considerations we introduce rigorously a physically and computationally motivated
regularization that we then study analytically. This provides in turn a rigorous basis
for computational practice in ocean modeling.

Organization of the paper. Section 2 provides physical background on
mesoscale eddies and the need for regularization. Section 3 defines the thermody-
namical concept. In section 4 we introduces the regularized eddy operators. Sec-
tion 5 contains the main result, of this paper. The proofs are given in sections 5.2
and 5.4.
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2. Physical and modeling background. Mesoscale eddies have a typical hor-
izontal size between 10-100 km and a lifetime between 10-100 days. They belong to
the most energetic phenomena in the circulation of the world’s oceans and are also
referred to as “weather” of the ocean due to their analogy with atmospheric weather
systems. They are predominantly created by baroclinic instabilities on a scale that is
determined by the Rossby deformation radius. Ocean eddies are much smaller than
their atmospheric counterparts, and global ocean general circulation models have to
invest significant computational resources to resolve parts of the mesoscale eddy spec-
trum.

The purpose of the eddy-induced diffusion is to mimic the behavior of eddies
to enhance mixing locally, preferably along directions in which a water parcel can
move in an adiabatic way without changing buoyancy (see, e.g., [13] for a review).
The diffusion along the isoneutral direction is orders of magnitude larger than the
diffusion perpendicular to this directions [29]. The parametrization of eddy-induced
advection by Gent, McWilliams, and Redi aims to capture the effect of mesoscale
eddies on tracers by means of stirring through an adiabatic and potential energy-
reducing closure (see [15, 16, 35). Eddies convert potential into kinetic energy, and
thereby flattening of neutral surfaces reduces potential energy, while preserving the
mass between isoneutral layers.

The eddy advection, originally formulated by Gent and McWilliams for coarse
resolution ocean models in vertical density coordinates [15], was transformed to more
frequently used depth coordinates in [16] and combined with the eddy-induced dif-
fusion of Redi [33]. A common modeling framework of eddy-induced advection and
diffusion was developed in [18, 19]; in this form it was used in numerous ocean model-
ing studies (see, e.g., [21, 11]. The Gent—-McWilliams—Redi parametrization removes
essential model biases of coarse resolution models such as the Veronis effect (see,
e.g., [14]). Among its effects is a poleward heat transport in better agreement with
observations or a more realistic occurrence of convective regions (see, e.g., [7, 14]).

The eddy parametrization approximates subgrid scale fluxes of density; it is es-
sential to use, therefore, an accurate equation of state. Unlike the case of atmospheric
dynamics no sufficiently accurate analytical expression of the equation of state is avail-
able for oceanic dynamics. We use the equation of state TEOS-10 [23] of the Intergov-
ernmental Oceanographic Commission, the official description of seawater properties
in marine science. It provides an accurate description of seawater thermodynamics by
blending the Gibbs formalism of thermodynamics with seawater measurements (see,
e.g., [12]). This implies the natural condition that tracers are bounded within an
admissible range given by the equation of state.

Parametrizations and need of regularization. The purpose of the eddy
parametrization is to capture the mean effect of subgrid scale buoyancy fluxes on the
resolved large-scale circulation. This particular parametrization, as well as others,
expresses unresolved quantities in terms of resolved through constructing nonlinear
functions of partial derivatives of resolved quantities. The formulation of such a
nonlinear function is not derived from first principle but guided by physical ad hoc
consideration, applied to a very specific individual physical process. In our case this is
the process of baroclinic instability. The mathematical object constructed thereby is
then supplemented by “numerical controllers” such as limiters and thresholds in order
to make the eddy parametrization computable in a general model of ocean dynamics
such as the ocean primitive equations with all its complexities. The fundamental
approach to approximate subgrid scale processes of density by nonlinear functions of
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partial density derivatives challenges the available regularity of strong solution. In
essence, this accumulation of derivatives generates a nonlinearity that is stronger than
the quadratic nonlinearity of the fluid dynamics part.

The following formal argument illustrates the necessity of a density regularization
for the eddy parametrization. The typical building block of the eddy operator is of
the form 0y, (k;j05,0), where k; j denotes a matrix element of the eddy operator. For
a strong solution (v,0,S) the eddy operator satisfies 0, (k;;0,,0) € L?L2, or, equiva-
lently k;;0,,0 € L?H}. We have k;; ~ 0,,p (~ indicates the same regularity class) and
Oz, p~ 0p,0. Consequently, having k;;0,,0 € L?H} requires that the product satisfies
0p,00,,0 € L? Hl—a property that is beyond the regularity of strong solutions. We do
not know if this is an artifact of our proof strategy or a generic phenomenon related
to the parametrization. The mathematical challenges are described in Remarks 4.7
and 5.6. The computational experience of ocean circulation models supports the need
of a regularization to provide noise-free solutions (see, e.g., [30, 20]).

A physical viewpoint suggests that the energy extraction and transfer from poten-
tial to kinetic energy, approximated by the eddy parametrization, is related to a stable
and smooth background stratification. The regularity of such a background stratifi-
cation can be described mathematically by filtering the instantaneous density field.
Observations in the world’s oceans of the buoyancy frequency N := (—gpod.p)'/2,
which determines the denominator of the density slopes (cf. (4.6)) reveal a field that
is “extremely noisy” with “high wave-number jitter” that must be removed to make it
interpretable (citations from [37]; see their Figure 2). It appears a physical fact that
the buoyancy frequency N and the density slopes are nonsmooth physical quantities.
The design of the Gent—-McWilliams—Redi eddy closure makes an implicit smoothness
assumption, which was justified practically by the very coarse resolution of the nu-
merical ocean models to which it was applied initially, where the coarse mesh acts
as a low-pass filter. In the PDE limit this filter disappears, the implicit assumption
becomes apparent, and we restore regularity via a regularization.

3. Ocean thermodynamics. The oceanic equation of state TEOS-10 [23, 34]
assumes that temperature, salinity, and pressure values are within the observed range
of the world’s oceans. Accordingly we make the following hypothesis (cf. [26]).

Hypothesis on ocean thermodynamics:
1. There exist intervals of physically admissible ranges for temperature Iy :=
[— K1, K3), salinity Is := [L1, Lo, and pressure I, := [My, My] with Kj, Ko,
Ly, Ly, My, My > 0, such that for (x,y,z,t) € Q2 x [0,T]

(3.1) 0(z,y,2,t) €Iy, S(x,y,2,t)€ls, p(x,y,z,t) €L,

2. If 0 € 1p,S € Is, p € I, then the coefficients c; ; of the equation of state,
defined below in (3.4), are determined such that the density p stays within
the admissible range:

(32) ,OEIp = [Rl,Rg], R1, Ry > 0.

For the Boussinesq approximation one replaces the density p by a reference density
po > 0 in all terms of the dynamical equations except for the buoyancy term in the
momentum balance and in the equation of state (see, e.g., section 2.4 in [35]). For
energetic consistency one uses in the equation of state the static pressure

(3.3) pst(2) :=—gpoz for z <0.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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DEFINITION 3.1. Let the hypothesis on ocean thermodynamics (3.1) and (3.2)
hold.

(i) Define L35 () :={0€ L>(2):0 € Ip}, L3S (Q):={5€ L>(Q): S5 € Is}.

(ii) Let € LT (Q),S € L7 (). The density p is given via the specific volume v,

(3.4)
N;,N;,Ny

p(9757pst) ::V(gasvpst)_la with V(G»S,Pst) = Z Ci,j,kSieij;tv
4,4, k=0

with given coefficients ¢; jr € R (cf. Table K1 n [23]), N;="7,N; =6, Ny, =5.

LEMMA 3.2 (boundedness of potential temperature, salinity, and density). De-
note by C' € {0,S} the solution of the tracer equation for temperature (1.1d) or for
salinity (1.1e).

(i) Let initial conditions satisfy Co € Vo N L3 (). Then it holds that

(3.5) C(t) € L(Q).

(ii) Let 0o € Vo N L (2), 80 € Vs N LTS () be initial conditions of the tracer
equation for temperature (1.1d) and for salinity (1.1e). Then it holds that

(3.6) plt) € L (9).

Proof. The proof under the conditions of Definition 3.1 and without eddy param-
etrization can be found in [26]. It is extended to the case under consideration here by
Lemma 4.8 and the skew-symmetry of Kgay. a

LEMMA 3.3 ([26]). Let (61,51) € LT, 1. () and (02,52) € LE, ;. (Q) be two
pairs of temperature and salinity fields, and denote by p1(61,S51), p2(02,S2) the two
associated densities. Then it holds almost everywhere in €2,

(3.7) lp1 — p2| < K (|01 — 02| + [S1 — Sa),

where K = K (01,02,51,52,¢ 1) is bounded.

Density equation. For the density an evolution equation can be derived by
differentiating equation (3.4) with respect to time. This yields

8tp =—a00 +b0;S =aFy + bFg
. dp Ip
ha=—— ==
(3.8) with a:= =759, »:=5g
Fy:= _(U ’ V)9 — w00 — DKiso (15) (6) - DKGM (ﬁ)(e)a

Fs:= _(U ’ V)S —wd. S — gKiso(ﬁ)(s) - QKGM (ﬁ)(S)
4. Ocean eddy parametrization. We introduce a mathematical formalization

of oceanic neutral physics in section 4.1. This forms the basis of the definition of the
eddy parametrizations in section 4.2.

4.1. Regularized isoneutral density slopes. The eddy parametrization acts
in the interior of the ocean and away from the boundary and only if a minimal
stratification exists. For this purpose we decompose the domain according to the
distance to the boundary (see Figure 1)

(4.1) Q=0 UQ; UQy,

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Fic. 1. lllustration of the domain near the boundary. In Qq, at a distance of at least 2n away
from the boundary the isoneutral density slope L is not modified by the cut-off function wgq. At a
distance less than 2n and more than n, in ;1 the density lope L is reduced by the cut-off function
Toq, at a distance less than m, in Q2 both vanish due to the cut-off function.

T]}, Ql = {(I,y,Z) € Q: n <

with Qo = {(z,y,2) € Q : dist((z,y,2),00) > 2
€ Q: dist((z,y,2),00Q) < n}. Fur-

dist((z,y,2),09) < 2}, and Q = {(1,y,7)
thermore we define the sets
Q0,1 = Q0 U Q1 = {(.Z',y, Z) € Q : diSf((l‘,y,Z), 89) > 77}7

(4.2) Dy 9:= {(:C,y7z) € Q: dist((x,y,z),00) > g} ,

in such a way that the boundary 9 » is of class C2. We use the “cut-off” function”
7o to define isoneutral density slopes in the interior ocean. Let & : [0, 00] — [0,1] be
a C'* monotonic nondecreasing function

0 if 0<s<l
4.3 = =0
“.3) Ge) {1 it s>2.

Define for a given 7 >0 and (z,v,2) € Q the cut-off function

(4.4) Too(w,y,2) = ¢ (dz’sﬂ(%;y},z),(‘)ﬁ)) .

The physical requirement of a minimal stratification is implemented by the tapering
function IT in Definition 4.1.

50,€0
DEFINITION 4.1 (regularized neutral physics). Suppose 6 € H'(Q) N L32(2),5 €
HY Q)N LE(Q).
(1) Let j € C(Q) be a regularizing kernel with j >0 on Q, [,jdr=1, j,(x):=
17_3j(279”). Define for density p € L?j(Q) the regularized density p by

(4.5)

(ii) We define the isoneutral density slope vector L :=L(p) := (L(p), Ly(p)) with
respect to the density p by

fan(x - jay - gaz - 2)p(‘%7g72) d(idﬂdi fOT’ (‘Tasz) € Q1,27
0 else.

(4.6)
Vup (E,y,z,t R
: A M (02000, 2,0)
L(z,y, 2. 8) =L0) (0.2, 0) =\ 100 (2,4 2) € Q\ N(0.7),

0 else,

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 02/06/25 to 136.172.147.108 . Redistribution subject to CCBY license

8018 PETER KORN AND E. S. TITI

with N(0,p) := {(z,y,2) € Q : |0.p(x,y,2)| < so — €}, so > € > 0, and
IT,, ¢ ¢ [0,00) = [0,1] @ monotonic nondecreasing C™-function that satisfies

1 for xz>sg,
0 for 0<z<sp—¢€g.

(4.7 Isye0(2) = {

The numbers sg,€g denote the minimal required stratification and width of
the transition zone in which we reduce the density slope towards zero if the
stratification is locally less than sg.

4.2. Eddy-induced diffusion and advection of tracers. In this section we
introduce the eddy operators Dk, and Dk,,, that define eddy-induced diffusion and
advection.

DEFINITION 4.2 (eddy operators). Let 6 € H'(Q) N L (), S € H'(Q) N LE(Q)
be admissible temperature and salinity fields with associated isoneutral density slope
vector L=L(p) = (Ly(p), Ly(p)), defined in (4.6).

(i) The isoneutral diffusion operator Dx,,, (p) is for C € {6,S} defined by

(48) CD]Kiso (ﬁ)(C) =—V3- (Kiso(ﬁ)VSC)a

1+6L2+L, (6—1)L,L, (1-0)L,

(6—1)LoL, 14L2+0L2 (1-6)L, |,
(1—0)L, (1-0)L, 5+ L2

is0

. . K

(4.9) with Kiso(p) := 112
where § 1= % < 1 is the fraction of isoneutral and dianeutral mixing coeffi-
cients Kp,K; >0 and L2 :=L-L.

(ii) The operator of eddy-induced advection Dk, is for C €{6,S} defined by

(4.10) Dkcen (P)(C) := V3 - (Kam (p)V30),
0 0 -—-L,

(4.11) with Keu(p):=x| 0 0 =L, k>0.
L. L, O

The eddy-induced transport velocity is defined as
(4.12) v*:=—0,(kL), and w*:=V- (kL) on Q.

Remark 4.3. If the density slope L(x, y, z,t) is reduced to zero, then the isoneutral
diffusion operator Dy, locally reduces to an anisotropic Laplacian operator with
horizontal diffusivity K; > 0 and vertical diffusivity Kp > 0, and the eddy advection
operator Dk,,,, vanishes.

Remark 4.4 (flux balance). The purely isoneutral flux Fis(C) := Kiso(p)VsC
with Kp = 0 maintains the balance aF;s,(C)(0) = BFiso(S). This balance avoids
spurious buoyancy fluxes. Preserving this balance on the discrete level is essential
for discretizing the isoneutral operator in a physically consistent manner and pre-
vents a numerical instability (cf. [27, 18]). The calculation of the isoneutral flux in
Definition 4.1 preserves this flux balance.

Remark 4.5 (eddy advection). The advective part of the eddy parametrization
approximates the additional eddy transport of oceanic tracers in terms of the “eddy-
induced transport velocity” v = (v°,w°) such that v/C" ~ v§C, where the overbar
denotes the mean and the primed variables the fluctuations. The eddy-induced ve-
locity v§ is determined from a stream function ¥ = (¥%,¥¥ 0) by v§ = curl¥ and
U:=Zx k L. A direct calculation shows that v°-V3C = —V3 - (Kgan VsO).

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 02/06/25 to 136.172.147.108 . Redistribution subject to CCBY license

GENT-MCWILLIAMS-REDI EDDY PARAMETRIZATION 8019

4.3. Small density slope approximation. In simulations of a real ocean, nu-
merical circulation models use for efficiency reasons the “small slope approximation”
of isoneutral diffusion (see [15]),

1 0 LS 0 0 -Lg
(413)  Kmell=K;| 0 1 L , Kgp=x| 0 0 —Ly|,
Ly Ly 0+ |L°|? Ly Ly 0
where for a chosen parameter r < 1 the “small density slope” is defined by
L if|L
(4.14) Lo = if|L] <,
0 else.

This approximation is justified by the real-world observation that in oceans horizontal
density gradients are generally smaller than vertical density gradients, and therefore
the off-diagonal terms in (4.9) can be neglected (see [17, Chapter. 14]).

We define the eddy operators in the small slope approximation accordingly as

(4.15) @ngau (p)(C):=V3- (K:Srzallv?)c) QKSG"LA}’” (H)(C):=V5- (K smallv 50).

4.4. Properties of the eddy parametrization.

Lemva 4.6. Let 0 € L2, ([0, T, Vo N L3(Q)), S € I2,,([0,T), Vs N L () and let
L be the isoneutral density slope, defined as in (4.6).

(i) The density slope satisfies L € L°°([0,T], H*(2)), and
(4.16) L2 (001) < loll72(0)

(ii) Let (v,0,S5) be a strong solution of (5.5) (cf. Definition 5.1(1). Then O;L €
1[0, 7, 2(2)).

(iii) Let two pairs of temperature and salinity fields (61,51), (62,52) € L2 .([0,T7,
(Vo N L(Q)) x L ([0,T], Vs N L32(2)) be given. For two density slopes

loc

L(p1),L(p2) it holds that
(4.17)

[[L(p1)(t) — L(p2) (D)|| L= () ST <C + C;) [ plllp1(t) = p2(D)]|L2(0),
S0 S0

Proof. Ad (i) We decompose the domain Q1 = Iy Ul U3, where I := {(z,y,2) €
Qo1 10:p(w,y,2)| > so}, Iz == {(2,y,2) € Qo1 : S0 — € < |0.p(w,y,2)| < so}, I3 :=
{(z,y,2) € Q,1:0<|0.p(x,y,2)| < so — €}. These sets are measurable, since 9,p is
continuous. Using this decomposition we find that, with [ € N3,

(4.18)
| (W’) D (F211,.(0:9

where the integral over I3 vanishes due to the tapering by Il .,. For the first integral
we obtain with the Leibniz rule the commutation of convolution and differentiation
for k e N3:

2
dxdydz,

dxdydz + /
I3

L7220, =

[11<2

/ |D'L|? dzdydz = Z |Dk (Vup)D'=F((9.5) ™) |2 dedydz

(4.19) M=t

<cy |P*Dk+1 n)(px D52 dwdydz < ol pl[ 12 g -
[k|<
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An analogous estimate follows for the second integral in (4.18), with an upper bound
¢ >0 that depends in addition on Il ,.

Ad (ii) For the L2-norm of the time derivative, it follows, with [ € N3 and by using
the same decomposition of Q1 =11 U lo U I3 as in part (i), that
(4.20)

Vip
3L 22 :/ 3 ( ~>
100, = | 00 (52

For the first integral on the right-hand side we obtain

2
dxdydz.

Vi
00 (52211, o (0231

2
dxdydz + /

Iz

1

(4.21)

o\ (2
/ Oy (vhf)> ’ dxdydz :/
I azp I

with ¢:=0,p0;Vp — V,p0:0.p. For the function g in (4.21) we obtain

0.p0yN np — V10010, p
EVE

‘ 2

drdydz < c/ lg|? dxdydz
Iy

(4.22)
|9 =10z, p0: 00, pl = | (p # 1) (Dep  J7*)| < clOep + Y| = |(aFp + bFs)  Jy*|,
with J{* 1= 0,,7, € C*() (i =1,2,3) and where we have used the evolution equa-

tion (3.8) for density. The thermal expansion function “a” and the saline contraction
function “b” are defined as in (3.8). For a Fy follows with the boundedness of the
thermal expansion function

(4.23)

|(aFp) * JP|? dedydz = / |(adivs(v0 + (Kiso(5) + Ko (5))V30)) x Ji | dedydz
11 11
<oy [ 100+ (Kuuolp) + Kear () Va6) * Va5 dadydz < M,

I

where My(t) denotes a continuous function that dominates the integral in (4.23),
because the integrand is a convolution of an integrable function with a regularizing
kernel and therefore smooth and bounded. Analogously, it follows for bFs in (4.22)
that fh |bFs+J" ! [2dadydz < Mg. The function M := My+ Ms bounds the first term
on the right-hand side of (4.20). The bound for the second term follows analogously.
Ad (iii) From the continuity of II and the regularity properties of p follows

50;€0

c C ~ o1 — p
Ly — Ly | < (So + s%) Vo1l 2000 10=(P1 = P2)ll2(90.1)
C( ~ ~ ~
+ ?HazleHz(Qo,l)Hv(pl o pQ)HHQ(QO’l)

0

c C
<ecr (+2) [Lplllp1(t) = p2()[L2(0)- .

S0 50

Remark 4.7. Lemma 4.6 is used in Theorem 5.2 on the existence of weak solutions,
where we use it to prove the convergence of the Galerkin approximation of the eddy
operators. We need this result also for the elliptic regularity of Dk, . in Lemma 4.9.
In our main result, Theorem 5.4, we apply the lemma to establish the H'-estimate
for temperature and salinity, to prove the estimate on the time derivative of these
tracers for the Aubin—Lions lemma and in the uniqueness part of the proof.
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LEMMA 4.8 (ellipticity of K;so). Let an isoneutral density slope Lo := L(pp),
defined as in (4.6), be given. The isoneutral operator Dk, , defined as in (4.8),
satisfies for € H'(Q) N L7 (Q), S € H'(Q) N LT (Q) the following inequalities:

IVl +Fo [ 10050 dady

u

< [ D () O)9 dodydz < MIT0] 3+ ho [ 10(z,0.0) dody
Q

and 1| Vs8|2aq < / D, (70)(8)S dadydz < M[VsS|2c,

(4.24)
with p:=min{K;,Kp}, M :=max{K,Kp}.

Proof. The isoneutral mixing operator K;s, can be written as
(4.25) Kiso(p) = R(L)DRT (L),

where the orthogonal matrix R(L) and the diagonal matrix I are given by

Ly L L

i) \L\\/leJrL"’ - 1LJ:L2 K; 0 0
o Ly y _ y —
(426)  RIL)= |-t gl —ohn|. D=0 K0
0 L 1 0 0 KD
1+L2 V1+L2

For (4.24) it follows after integration by parts and with (4.25) that
/Q Dk,.. (p0)(C)C dadydz = /Q IDY2RT (Lo)V5C|? dedydz
—|—kc/F |C (2, y,0)|? dedy
:/QKI|(RT(L0)V30) ce1]? + K7|(RT (Lo)V30) - ea?

+ Kp|(RT (Lo)V0) - eal? dudydz + ke / C(a,,0)? dudy,

Ty

where e;, i = 1,2,3, denotes the canonical basis in R® and D'/? := diag(v/K7, VK],
VKp) the diagonal matrix. Since RT (L) is orthogonal, the assertion follows. |

LEMMA 4.9 (elliptic estimate for isoneutral operator). Let F,G € L?(2) be given.
Then there exists a solution (0,S) of the equation system for the isoneutral diffusion
operator Dk, . (cf (4.8)),

(4.27) Ok, (P)(O)=F and D, (p)(5) =G,

with boundary conditions (5.2). Equation (4.27) is satisfied in the following sense: for
all 7 € Vy and ¢° € Vg,

/ (Kiso(p)V30) - V3! dedydz + kg / 0¢° dedy = / F¢? dadydz,
(4.28) @ T @
[ (€30s()938) - 20° dadydz = | Go® dady
Q Q

where K;q, is defined as in (4.9). The solution (0,5) satisfies
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(429)  [10llm2(0) < cl|Dk.., (P)(O)|[L2(0)  and  [IS]|H2() < cl|Dk,.. (A) (S| L2(),

where ¢ = ¢(Kr1,Kp,|Q|,|1,]), and |I,| is the interval length of admissible density
values.

Proof.

Step 1: Solvability of linearized equation. We linearize (4.28) by fixing an
arbitrary pair (6',5") € Vp, xVs. With the associated density p' := p/(8',5") we
define Dk, (7')(C) := V3 - (Kiso(p')V3C). This operator is linear, continuous, and
uniformly elliptic on Vp x Vg (cf. Lemma 4.8). The linearized equation on Vp x Vg
reads

/ (Kiso(p )V30) - V3¢ dudydz + kg / 0¢° dudy = / F¢? dedydz,
(4.30) @ T @

/ (Kiso(7')V3S) - V3¢° dadydz = / G¢® drdydz.
Q Q

The Lax-Milgram lemma shows that for all fixed 8’ € Vp, S’ € Vg, (4.30) has a unique
weak solution 6 = 6(0') € Vp, S = S(S’) € Vg, which according to elliptic regularity
theory (e.g., section 9.6 in [2]) satisfies

(4.31) 0]l 20y < cl|FllL2@)  and  [|S]|k2(0) < cl|GllL2(0),

where ¢ depends on the maximum norm ||V3k; ;(§')||ze of the gradient of the matrix
elements k; j(p') of Kiso. Since [|V3k; ;(0')||L= < collp'||z2(0) < colQ |1,], with ¢o de-
pending on constants K, Kp, we conclude that ¢ =c(K, Kp,|Q|,|I,]). In particular
¢ is independent of (¢,5") € Vy, xVs.

Step 2: Solvability of system (4.28). Consider the mapping H that assigns to each
fixed pair (¢/,5") € Vy x Vs a solution (0,.5) € H?(Q) x H?(Q2) of (4.30) with coefficient
matrix Kz, (p):

H:VyxVg—VyxVg

(4.32) 0,8y~ H®®,S):=(,9).

We assert the following three properties of H:

(i) H maps a closed ball B C Vp x Vg into itself.
(4.33) (ii) H is continuous.
(iii) H is compact.

Ad (i) Consider the ball B}, C Vp and B}, C Vg with radius Ry := ¢||F||2(q) and
Ry :=c||G||p2(q), with F,G and ¢ = ¢(K[, Kp, |Q],]1,]) from (4.31). Choose a nonzero
(00,50) € Vy x Vg, and define 0’ := R100/||00||H1(Q) and S’ := RQS()/HSQHHl(Q) Then
(¢0,5") € Br := B}, x Bf,. From (4.31) it follows that H(0’,5") = (0,5) satisfies
||0||H2(Q) S Rl, ||SHH2(Q) S Rg. Thus ||0||H1(Q) S R1 and ||S||H1(Q) S RQ.

Ad (ii) Let the sequence (0},5;)r C Vo X Vs converge with respect to the H'-
topology of Vy x Vg to a limit (6',5") € Vy x Vg and denote the associated densities
by (})x and . For each element of (},S} ), there exists a solution (0, Sk)x :=
(H(0,,5,)r C Vg x Vs of (4.30), i.e., for ¢? € V™, ¢ € V5™, k € N we have

/ (Kiso(p%,) Vabh) - V¢ ddydz + ko / 06’ dwdy = / F¢’ dadydz,
Q I Q

(4.34)
[ €5 VaS0) - Va6 dodydz = [ G dedya
Q Q
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For (4.30) with a coefficient matrix K;s,(p') given by the limit p’ of (pg ) there exists
a solution (6%, S%) € Vj x Vi such that for ¢? € Vp, ¢° € Vg

/ (Kiso(p)V36%) - V3¢ drdydz + kg / 040 dudy = / F¢? dedydz,
(4.35) © Tw @
/ (Kiso(7)V3S*) - V3¢° dadydz = / Go¢® dudydz.
Q Q

We show now that the sequence of solutions (6, Si) of (4.34) converges to the solution
(6%, 8%) of (4.35). After subtracting (4.35) from (4.34) we obtain for the temperature

difference with Ko :=K;s0(p},) — Kiso(7') and for ¢¥ € Vj that
(4.36)
0= / (Kiso(p},) V3 — Kiso () V30*) - V3¢ dodydz + ko / (0 — 69)¢? ddy
Q

u

= / (KisoVa0r + Kiso (7' ) V3 (0 — 0%)) - Vo dudydz + kg / (61, — 0%)¢” dady.
Q u
In the first term on the right-hand side of (4.36), the differences ]IAQSO = (l%i,j)i’j can
be bounded by density slope differences, i.e., |fei7j| < c|L(p},) — L(¢’')]. Lemma 4.6
bounds slope differences by density differences, | L(p},) — L(5")| < ¢|p}, — '], and
Lemma 3.3 bounds density differences by temperature, salinity differences, and with
the H'-convergence of (6},5}) to (6,5") as follows:

lim [ (KisoVaby) - V¢! dedydz
(4.37) k=)o )
< Ckhjolo 16k o) 167 1 ) (110" = 021 L2 (02)) + 119" = SllL2())) =0.

For the second term on the right-hand side of (4.36) we derive with the ellipticity of
Kiso (cf. Lemma 4.9) and with the particular choice ¢? := 6, — 6%

(4.38)
0> lim | / (Kiso(7)V3(0r — 0%)) - V3(0), — 6°) dovdydz + kg/ |0k — 0% ddy|
Q 1%

k—o0

ZM]}LHOIO {||V3(9k - 9ﬁ)||%2(sz) + ko |0k (2 =0) — 9”(,2 = 0)H2L2(Q)}'

From the convergence of (V30;)x to V#* in L2(Q2) and of (0x(z = 0));, in L*(T,) to
0% (2 = 0) it follows with Poincaré’s inequality (cf. Proposition I11.2.38 in [3]) that
(0x)x converges to 0% in H(Q). Thus (6},)s converges to 6% in H'(9). For salinity we
obtain an analogous statement to (4.38); here the boundary term is absent due to the
boundary condition for salinity. From Poincaré’s inequality (cf. Proposition I11.2.39
in [3]) it follows that (Sk); converges to S* in H'(£2). Since (x, Sk) = H (0}, S;,) and
(6%,S%) = H(¢,S") this proves the continuity of H.

Ad (iii) Consider a sequence (6, 5;)x € Bl x Bj, . The elements of the image
sequence under H, (0y,Sy) := H(6;,,S},), solve (4.30) with coefficients determined by
Py, := p(0y,,S;.). This implies that for all k£ € N the solution 6y, Sy satisfies

(4.39) Okl zr2(0) < cllFllL2)  and  [|Sk]|#2(0) < cl|Gllr20),

since ¢ = ¢(Kr,Kp,|Q|,|I,]) depends on the data, and is finite, the sequence is
bounded uniformly in H?(2). This implies that (6}, Sk)x converges weakly in H?(£2).
Due to the compact embedding of H?(Q) in H'(2) there exists a subsequence (6,,,.S,,)n
that converges in H' ().
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From properties (i)—(iii) in (4.33) it follows from the Tikhonov—Schauder fixed-
point theorem that the mapping H has a fix point, i.e., H(0,5)=(0,5). |

5. Regularity results of ocean primitive equations with mesoscale eddy
parametrization. We now specify boundary conditions and introduce basic function
spaces. In section 5.1 we state our main results.

Boundary conditions. The domain is Q := M x (—h,0) C R?, with depth h > 0;
the bottom M C R? is a bounded domain in R? with a boundary OM that is a
C?%-curve. The boundary 9Q = I’y UT, UT, consists of a lateral boundary T'y :=
{(z,y,2) € Q: (x,y) € IM}, a bottom boundary T, := {(x,y,2) € Q: 2= —h}, and a
surface boundary I, := {(7,y,2) € Q: z = 0}. The boundary conditions follow Cao
and Titi [4]. Specifically, we impose at the top a wind-driven boundary condition
for velocity and a rigid-lid for vertical velocity. At the side is a no-penetration and
a stress-free boundary condition, and at the bottom we employ for the horizontal
velocity the stress-free boundary condition for the horizontal and a no-penetration
boundary condition for the vertical velocity:

(5.1a) onI'y:0,v=hr,w=0,
(5.1b) only: v-1=0,0zvx1=0,w=0,
(5.1c) onI'y:0,v=0,w=0,

where 7 is a given 2D wind stress field. Since the isoneutral density slope vector
L vanishes by definition in the vicinity of the boundary 92, only constant diagonal
matrix terms of K;4, remain. This allows us to express the tracer boundary conditions
without the mixing tensor K;,, in the following way:

(5.2a) onTy: V30 -n3=—ke(0—0") and V35 -n3=0,
(52b) on FS : Vg@-ﬁngS-ﬁzO,
(5.2¢) onIy: V30 -n3=V3S-n3=0.

The boundary conditions for velocity and potential temperature can be homogenized
(see [31, section 2.4], [4, p. 248]) by adding a 7- and §*-dependent term such that we
can assume without loss of generality that 7 =0 and 6* =0.

Function spaces. We define the spaces for velocity, temperature, and salinity.

H, ::{v € (L*(Q)?: V- / v(z) dz = 0,v satisfies boundary condition (5.1)},

-~
I
— N N N
<
m
—
Q
3
—
2
e
<
w0
®
o
7
=
@D
07]
lon
s}
=i
=}
jol
o
=
<
Q
=}
=}
=
=
o
[=}
—
o
=
——

Denote by V,,, Vy, Vg the closure of V, in the Sobolev space (Hl(Q))2 and of Vo, Vg
in H'(Q) and by H2, H7, H2 the closure of V,, in (H?(2))? and of Vj, Vs in H?().
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The vertical velocity w, which is determined by the constraint (1.1c), can by
virtue of the boundary conditions be expressed as

(5.3) w(z,y, z,t) = / Vi -v(z,y,&t)d :—V/ (z,y,&,1)

The pressure term in the velocity equation (1.1a) can with the hydrostatic approxi-
mation (1.1b) be formulated as

(5.4) p(%y,z,t)=/_hgp(é’,S,pst)(x,yf,t)df+ps(:c,y,t),

where p; is the surface pressure, and ps; is the static pressure given by (3.3).

DEFINITION 5.1 (weak and strong solutions). Let initial conditions vo € H, and
bo € Ho N LT (Q),5 € Hs N L (Q) be given and [0,T],T > 0 be a time interval.
Denote by Kiso, Kaas the isoneutral diffusion and the advection tensor, defined as in
(4.9) and (4.11), respectively.

(i) The triple (v,0,5) is called a weak solution of (1.1) on [0,T) if it satisfies for

all test functions ® € H? and ¢° € HZ, ¢° € H?Z the equations

(5.5a)

[ow-vdot [(@-9p-vdo- [ (V/hv(:c,y,s,t)df) (0.0)® dudyd:
0, 6,0 dE ) V), - @ dedyd k x v® dzdyd
+/</gp(f€y£)£>h :vy2+/Qf><v wdydz

1
—_— P d =
/R61Vv v +R282U62 dxdydz =0,
(5.5b)

/ 0,09 dxdydz + / (v- V)0 dedydz
Q Q
0
— / (v- / v(x,y,g,t)d§> (0.0)¢ dzdydz + kg / 0¢° dady
Q —h Ty

+ / (Kiso(p)V30) - V3¢ dodydz + / (Kear(p)V30) - Vi dedydz =0,
Q Q
(5.5¢)
/ 08" drdydz + / (v- V)8 dedydz
Q Q

0
- / (v / v(x,y,at)d&) (0.9)0° dedyd:
Q —h
+ / (Kiso(p)V3S) - Vo dardydz + / (Kaar(p)V3S) - Vay® dedydz =0,
Q Q

with p=p(0,S,pst) given by (3.4) and if (v,0,S) satisfies
ve C([0,T],L*(Q)) N L*([0,T],V,),
0 € C([0,T],Hy N L3 (Q)) N L*([0,T1, Vy),
SeC([0,T],Hs N L () N L*([0,T], Vs),
A € L1([0,T], (H*(2)"),
0w € L*([0,T),Vo*), 8;S € L*([0,T),Vs*).
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(ii) The triple (v,0,S) is called a strong solution of (1.1) on [0,T] if it satisfies
(5.5) for all test functions ® € V,, and ¢* € Vy,¢° € Vs and if

ve C([0,T],V,) N L*([0,T], H*(2)(2)),
0 € C([0,T],Ve) N L2([0,T], H*(2)(2)),
SeC([0,T],Vs) N L*([0,T], H*(2)(2)),
dw e L' ([0,T], L*(Q)),

0,(0,5) € L*([0,T], L*(2)).

5.1. Statement of main results.

THEOREM 5.2 (existence of weak solutions). Let vy € Hy, 0y € Hp N L’f;(Q), So €
Hs N LE(Q), and the time interval [0,T],T >0, be given. Then there exists a weak
solution (v,0,85) in the sense of Definition 5.1(1) of (5.5) on [0,T].

COROLLARY 5.3 (small density slope approximation: existence of weak solu-
tions). The assertion of Theorem 5.2 remains valid if in (5.5) the eddy operators
Kiso, Kaar are replaced by their small density slope approzimations Ksmall, qu“”

defined as in (4.15).

THEOREM 5.4 (global well-posedness). Let vg € Vp, 0o € Vp N LE5(£2), 50 € Vs N
LE(Q), and the time interval [0,T],T > 0, be given. Then there exists a strong
solution (v,0,S) in the sense of Definition 5.1(ii) of (5.5) on [0,T]. This solution is
unique and depends continuously on the initial conditions.

COROLLARY 5.5 (global well-posedness; small density slope approximation). The
assertions of Theorem 5.4 remain valid if in (5.5) the eddy operators K;so, Koy are re-
placed by their small density slope approzimations Ksmal Ksma” defined as in (4.15).

180

5.2. Proof of Theorem 5.2.

Proof. We use a Galerkin approximation of system (5.5). By P,, we denote the
projection of the velocity space V,, on V,”" := span{yy, : k = 1,...,m} spanned by
eigenfunctions of the Stokes operator. The anisotropic Laplacian operators Ry :=
~KiA—Kpd?, and Rg:= —K;/\— Kpd?,, whose respective domains are the closure
of Vp and Vg in H?(f), with boundary conditions given by (5.2), are positive and
self-adjoint, such that each has a compact inverse (cf. [5]). Consequently there exist
orthonormal bases (¢9)x and (¢3)x of L2() of eigenfunctions of Ry and Rg. Denote
Vo' = span{¢l : k=1,...,m} and Vg™ := span{¢7 : k =1,...,m}. The projection
of Vy, Vs on Vo™, Vs™ is denoted by Py,m, Py m, respectively.

Step 1: Formulation of approximative system. We approximate velocity, temper-
ature, and salinity in terms of projection on the span of the respective basis functions.
With Cy, € {0, S} this reads

NE

’Um(xvy7zat) = va(xayaz7t) = ak(t)wk(xay7z)7

£
Il
—

by, (1o, (2., 2).

NE

Cm(xu y’ZVt) = PmC(x7 y?’z’t) =

o

=1

The Galerkin approximation to (1.1) reads as follows:
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Avm = =P [(Um - V)vm] + Py K [ h V- (€) d§> azvm] — fk X v,
(5.7a)

? 1 1
- m /tdl s)m 7PmA m 7Pm82 m
V/_hgp (2,y,2',t) dz" + V(ps) * R, vm + fog PmOzztm,

0,Con = — P (02 - V)Cos — P K /_ h V- om(€) d§> azcm} P () (Co)

(5.7b)
- -Pm@KG]\{ (ﬁm)(cm)a

with initial conditions vy, (t = 0) := P,vg,Cr(t = 0) := P, Cy and with density
Pm = Pmp(0m, Sp) calculated from 6,,,S,,. The Galerkin approximation L,, of the
isoneutral density slope is defined as

(5.8) Ly, i= Py ZhgmHSO,EOOaZﬁmDWaQ.

zZMFm
Step 2: Local existence in time of approrimative system. The jth component of
the Galerkin approximation is for ¢ € [0,T] given by
d

L) =W 4oy )
dta‘ﬂ (t) G'u (t) and dt bj (t) GC’ (t)7

(5.9)

with right-hand sides

(5. 10)
;:njlak V)5 gde< / n(, 7 dz,wj>2
i ar(t <(/ V(€ >5z¢k,¢‘j>
k=1 L2
lemlak (Vi Vi) };ezlfjlak(txazwk,azm "
(5.11)
- iakwswwk OE169) ey~ kcibsuwgwm )
—iak (L (¢ <(/ Vi >ds) Z¢k,¢>0>
L2(Q)
- Zbk iso(Pr) + Kant () VL, VIS ) 1o
where (-,-) , () denotes the L2-inner product. Equation (5.9) forms a system of

ordinary differential equations that has a unique solution, provided the right-hand
side is locally Lipschitz continuous. The Lipschitz contlnulty of G(j) is classical, as
is the Lipschitz continuity of the advection terms in Gy () and Gg @) To establish the
Lipschitz property of the eddy matrices K;s,, Kgas it is sufﬁ(nent to show the Lipschitz
continuity of the mapping

(5.12) (67,6%) = (Lo (51 (6°,6%)) 801, 00 85) 12

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where Ly € {Ly, Ly}, 0,0, € {02,0,,0.} and b7 := (00 (t))1_,, bS := (b7 (t))]_, are the
expansion coefficients of potential temperature and salinity in terms of their respective
basis functions ¢, € {¢?,¢7}. Let b%(1), %) and 692 b5 () be two such expansion
coeflicients and p,(gl), pgf the associated densities. From definition (4.6) of L we obtain
with the continuity of II,, .,, Holder’s inequality, and the convolution properties

(Lo (3 (00,5 0)) — Lo (37 (67 ), 6%2)) 0,01, 0085 12 |

~(1)

\Y% - ~

/Q Py (ahg’;) ) (Moo (1974 1) = Mg 0 (10:557 1)) w220, 410, sy dz
Pk

+/Pk -5 (Vapy) = Vup) + Vapy (0:55) — 0255
a 0.5 0.5

X Mgy e (10250 V7000, 00, 6 ddydz

< e[|V 018 rcll L 100 b5 20y 182 (5L — B |22y
2 2
+ el |V (@ 18|13 100 05|y [V (5L = BN | Ly

< eIV 1 Lacey + IV La) 18140y 180 65 140 [ Vadkl | i (e

5.13
o1 x (I = %P 4 o0 — ")) < e([[p 0 — " | 4|50 — b)),

where ¢, > 0 depends on the H2-norms of ¢; € H?(2) and on the coefficients of
the equation of state and where the regularized density was defined as convolution in
(4.5). In the last step we have used Lemma 3.3. We note that due to the regularity
of the expansion functions ¢; the density regularization is not required for (5.13).

From (5.13) follows the local Lipschitz continuity of the mapping (5.12). This
implies the (local) Lipschitz continuity of K;s,, Kgas. From the Picard theorem it
follows that for all m a unique local solution to (5.9) on time intervals [0, t,,] exists.

Step 3: A priori bounds on approximate system. A priori bounds for velocity,
temperature, and salinity in L>°([0,7],L?) and L?*([0,T], H') follow analogously to
[4], with only minor modifications by invoking Lemmas 4.8 and 3.2. Steps 3a and 3b
below are included for completeness.

Step 3a: L>([0,T],L?)- and L*([0,T], H')-bound on tracer. Taking the L? scalar
product of the tracer equation (5.7b) with Cy, € {0, Sr,} vields, after integration by
parts and with the tracer boundary condition (5.2),

(5.14)

1 ~

idtHCm”%?(Q) +/ (]Kl-so(pm)ngm) -V3Ch, dzdydz + ke ||Cr (2 = 0)‘@2(“) =0,
Q

where the tracer advection term vanishes due to the incompressibility of v,, and the
eddy advection term disappears due to the skewness of Kgps. This implies with
Lemma 4.8 and with the Gronwall inequality

(5.15) 1Cnm )l 2 < IC(E=0)]| 20y = K.
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From (5.14) it follows after integration with respect to time and with Lemma 4.8 that

t
(5.16) / </ |V30m|2d:cdydz> ds < Ko,
0 Q

with Ks(t) := %, where p is the constant from Lemma 4.8.
Step 3b: L*°(T, L*)- and L*(T, H')-bound on velocity. The following estimate can
be derived as in [4] (see pp. 253-254):

t 1
ol + | eIV ooy + o 00 (9 s

t
(5.17) +0m (O[3 20 +“/0 [1V30ml172: () + kollOm (= = 0)[[5]ds

t
SOl 2y + 1 | V380l
<t =0)l[Z2(q) + (9h)*Crr Re¥ Kt + hllvol |72 (o) = Ks(t),
where K3(t) is bounded on [0,7]. This shows that the approximate solutions (v,
O, Sm) exist on the time interval [0, T].
Step 4: Bound on the time derivatives in L'([0,T],H=%(Q)). For the velocity
equation it is well known that (0;v,, )y, is uniformly bounded in L*/3([0, T], H'), where

H' := H72(Q) is the dual of H?(Q) (see, e.g., [32, section 2.3]). For ¢ € H?(Q) it
holds that

(5.18)
/0<8t0m(8),¢>dsﬁ‘/o (DKo (P ())(Cin(5)) + Digay (I (8))(Crm(s)), ¢) ds

+

/t (/ (U, - V)Cry + 0 0,Cy) (bdxdydz> ds
0 \Ja

For the first term on the right-hand side we find with Lemma 4.8 that

(5.19) [(Dkieo (Pm)(Cim), &)1 £ M|V Cii|| 120 IV Ol| 22(00)-
The second term on the right-hand side is estimated with Holder’s inequality:*

{(Dker (Pm)(Crm ), )| = (Kear (m) VCin, V)|
< |[L(pm )l L@ IVCmll L2 [Vl Lo ()
<cllpmllrz @ IVCnllL2 @19l m2(0)
< c([|0mll2) + 1SmlL2@)VCmll L2 [0l 5262 -

(5.20)
For the third term on the right-hand side of (5.18) it follows by integration by parts,
by the Holder and Young inequalities, and by Sobolev’s embedding theorem that

IFor weak solutions the control of the L3-norm of the density slopes L requires regularization of
the density. In the small slope approximation this is not necessary as it is prescribed that the slopes
are bounded.
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(5.21) /Q ((vm - Vi) Cry + w0, 0.Crn) (0, y, 2) dzdydz

< cllvmlli @) IOl L2 (@) + IOl @ l1l1F2(q) -

From (5.19)—(5.21) we conclude that (9;Cp,)s is bounded uniformly in L?([0,7],
L?(2)). In particular the Galerkin approximation (vm,0m,Sy) is a weak solution
of (1.1).

Step 5: Passage to the limit. The uniform boundedness of (Oivym)m, (Ot0m)m,
(0¢Sm)m in LY([0,T], L3(2)) and of (v )m, (Om)ms (Sm)m in L2([0,T], H*()) implies
with the Lions—Aubin compactness lemma the existence of subsequences (v, )n, (05 )n,
(Sn)rn such that

Up, —> U in L*([0,T7], L*(Q)) strongly,
(5.22) (0,5,) = (6,S) in L*([0,T], L*(9)) strongly,
(0, 8,) = (6,8) in L*([0,T], H'(R)) weakly.

These convergence properties allow for all terms in (5.5) to pass to the limit (see, e.g.,
[32, section 2.3]), except for the eddy terms K;q,, Kgas.

The convergence of (6,,)n, (Sn), implies that (5y), converges to p in L2([0, 7],
H*(Q)) for s > 2 and that L, (p,) converges to L(p) in L?([0,T], H*()) for s > 1.
For K, the following estimate? holds for ¢? € H32:

/ (Kiso(pn)V3bn — Kiso(p)V30) - V3¢? dxdydz + kg / (6, — 0)¢? dady
Q

u

- / (Kiso(5n) Vs (0 — 0)) - V6 dvdydz + ky / (60 — 0)6 dady
Q

+ / (Kiso(pn) — Kiso(9)) V) - V? dadydz
Q
S/ ((KiSO(ﬁn)VS(en - 9)) 'V3(Z59 dxdydz
Q
+ Cl|L(pn) — LDz @) [|Cmll 51 ()@ 52 (02) »

where the right-hand side converges to zero. For Kgyy, the convergence of (v}, w) to
(v*,w*) in L%([0,T], L*(Q)) follows since the density slopes L,, converge in L?([0,T],
HY(Q)) (cf. (4.12)). For salinity analogous results hold. o

5.3. Proof of Corollary 5.3. (Sketch.) For the small density slope approxi-
mation only the proof of ellipticity of K;s, in Lemma 4.8 needs to be modified; using
Young’s inequality, this follows from

/ VC - (KMl ¢ dadydz = / |VLCI? + (6 + L?)]0.C|*dadydz
Q Q
+/ L,0.C0,C + Ly0,C0,C dxdydz.
Q
The rest of the proof of Theorem 5.2 remains unchanged.

2The estimate below that shows convergence of D, is valid for the regularized density.

iso
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5.4. Proof of Theorem 5.4.

Proof. We infer from Theorem 5.2 that a weak solution (v,0,5) exists. We pro-
ceed by showing that the weak solution satisfies a priori estimates in L H}.

Step 1: L*°([0,T), H*(2))-bound on wvelocity. The proof of L>([0,T], H*(Q))-
estimates for velocity can be carried out as in Cao and Titi [4] (cf. sections 3.3.1-3.3.3)
and one arrives at the estimate

b1 1
IV30(8)[172(q) +/O E||AU(8)||%2(Q) + E\|Vazv($)||%2(n) ds
t
(5.23) < ||Uo\|H1(Q)€f°/K°(t)ds+0/ (HVQ(S)H%%Q)+||VS(S)||%2(Q))€fd Ko dr g,

0

where the right-hand side is bounded on [0, 7.
Step 2: L>([0,T], H*(2))-bound on temperature and salinity. Taking the L?-inner
product of the tracer equation with Dk,  (C) yields

/ 9CDx,., (7)(C) dudyds + [P, (P)(C)] 22y
(5.24) :/ (v+2")-VC+ (w+w*)0.C)Dx,,, (p)(C) drdydz.
Q

For the time derivative in (5.24) it follows with product rule and integration by parts
that

/ 0,C Dk, (p)(C)dxdydz = 0, / V3C - (Kiso(p)V3C) dedydz
(5.25) / V3C - (0,(Kiso(p)) V3C) dadydz — / V30 - (Kiso(p)V30:C) dadydz,
where 9;(K;so(p)) denotes the matrix whose entries consist of time derivatives of the

entries of K;s,. For the third integral on the right-hand side of (5.25) it follows by
the boundedness of K5, (Lemma 4.8) and Young’s inequality that

M €
5 26 / Vg 130 )V38t0) dxdydz S <2€||V3C||%2(Q) + 2||V38t0||%2(9)) .

The x-component of the second integral on the right-hand side in (5.25) can with the
inequalities of Holder, Ladyshenzkaya, and Young be estimated as follows:

14+ 6L2%2+ L2 ~
0:C (@Oat (“”-”) +9,00, (W/>
Q

1+ L2 1+ L2
(1—-96)L,
+0,C0o, <1 12 dxdydz

§/ |0:C(8,C + 8,C + 9.C)O,L| dadydz < ||V5C|| 13| |V5C|| 16| |0 L|| .2
Q

€1 €2 2
(5 +2) ICI .

Due to the symmetry of the matrix K;s,, analogous estimates apply to y- and z-
components of the inner product in the second integral on the right-hand side of
(5.25), and in summary it holds for the time derivative term that

(5.27)

T deqeq
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(5.28)
/QVgC' (0:(Kis0(p))V3C) dxdydz

c €1 €2
< OL|L, || V5|2 (7 —)02.
< IOl IaCl s + (3 + 2) IC e

For the first term on the right-hand side of (5.24) we obtain by the inequalities
of Holder, Ladyshenzkaya, and Young and by Lemma 4.9 that

/Q(v VC)@KW( 0)(C) dxdydz

< d|vllLe @) [VCl| s ) [|Px..., (D) (C)]|L2(0)
C €3 ~
< 7””‘|%6(Q)||VCHL2(Q)||OHH2(Q + 5||©Kiso(P)(C)||%2(m

€4 ~
el @) IVsClizam + (5 + 5 ) 1950 (0N [E2(a.

(5.29)

_46

The term with the eddy-induced horizontal velocity v* in (5.24) is estimated anal-
ogously; here we use that v* vanishes in the vicinity of the boundary such that it
suffices to consider the integral over 2y »:

/ (v* - VCO) D, (7)(C)| dudydz| = / (v* - VCO) D, (7)(C) ddyd:
Q Q1,2

€5

€ ~
10" 0y ) V€1 By + (2 + 2) 1950, (D)) B

Lty ) [IVsClEey + (5 + 5) 1195, (YOl 20y,

(5.30)

*466

_466

Analogously we find for the integral involving the vertical velocity w* that

[ 0.0, () vt = | [ (0 0.C)D,, (9)C) oy
Q Q9

(5.31)
<

68 ~
fc il ) I95C1 ooy + (5 +5) 105, (DOl ooy

The last term on the right-hand side of (5.24) is estimated with Proposition 2.2 in [5]:

/Q [(/_Zhv ' (“(“”y’fvt))di) fw} D, (7)(C) dedydz

€ € ~
o1 g 101 2y 19:C 2y + (5 + 52 ) 1950 (B) O] (-

(5.32)

<
degerg

Choosing in (5.29)—(5.32) the values ¢; = 1 yields

d ~
ZIV3CllZe + 19k, (D) (Ol 12() < GlIV5ClIL2(0),

(5.33) . 4 4 4 2 2
with G := c¢(M + ||9,L| 72 + ||L||H2(9172) |0l ) + ||”||H1(Q)||UHH2(Q))~

Since G is integrable, it follows from the Gronwall inequality that

t
(5:30)  [IVsCO| a0 < V50t = )2y e ( / G(s)ds) — Kolh),
0
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and it follows that C' € L>°([0,T], H(Q2)). Integrating (5.33) with respect to time
yields, with (5.34),

539 [ 1006 s < Vs =0y + [ Gls)e5)ts

This proves that D,  (C) in L?([0,T],L*(2)). Since Dk, (C)(:,-,-,t) € L*(Q)) for
almost every t € [0,7T] it follows from Lemma 4.9 that C € L%([0,T], H*(Q)).

Step 3: Bound on the time derivative in L?([0,T],L?(2)). Taking the scalar
product of the tracer equation with 0;C,, and applying the inequalities of Cauchy—
Schwarz and Young to the Dk, -term yields

(5.36)
/0 18:C ()] 2.0y s < / 95,0, ()(C)(5)] 22y s

T
+QA (/Q |:(U(I7y7235)+U*(xay,278))Vc(z,y7z’5)
-V </hv(x’y’§’s) T y.88) df) azc(x,y,zvs)} 0,C(x,y,75) d;z:dyd2>

ds.

For estimating the right-hand side we proceed as in Step 2 and obtain
(5.37)

T T
/ 110.0(5) 20y ds < / 95,0, (D) (C)(5)] 2y + H ) IV5C(3)| 2y,
with H : _||L||H2(Ql 2)+‘|U||H1(Q +HU||§11(Q)HU||§J2(Q)-

Since H is integrable, it follows with (5.34), (5.35) that 9;C is in L2([0,T], L?(£2)).
Similarly, it follows that d;v € L([0,T7], L?(£2)).

Step 4: Uniqueness and continuous dependence on initial conditions. Consider
two strong solutions (vy,61,571), (ve, 02, S2) with initial conditions ((vo)1,(6o)1, (So)1),
((vo)2, (60)2, (So)2) and denote the differences between them as follows:

0:=v1 — Vo, 0:=0, — 0y, S:=851 — 5., pi=p1— p2,

(5.38) RS . .
vei=v] —v3C €{6,5} Vii=v; +v], V=V-Vo=0+v*

Taking the inner product of the difference equation for velocity with ¢ yields (see [4,
pp. 262-265))

HUHL? @ T 1V30l[72i0) < Fllol[Z2(q) + cllplf2(q),
(5.39)
with Fi— HV”2HL2 @ T = HB va| |72 [V 0 02|[72 (-

For the difference equation for a generic tracer we obtain similarly
d . - _ _ A
G0+ [ (D)) ~ e [ () C oy

A €4 €5 A €3 €6 N

< G||cw|12<m + (5 +3) IVCIEa@ + (5 + 5 ) Vel ae)
€3
+e(5+3) 1Al

with 1= VGl + =110 Col [ F0-Col

(5.40)
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We decompose the second term on the left-hand side as follows:

| @ lp1)(C1) = D 32 (C)) Oy

(5.41) ¢ ~ A ) A

:/ (KiSOV;;Ol + Kiso[Lg]V3C) . Vngzdydz — k?c/ |C|2d$dy,
Q 1%

where Ky, := Kiso(p1) — Kiso(p2). For the second term in (5.41) the lower bound
follows from the ellipticity of K;s,,

(5.42) /Q (Kiso|L2]V5C) - V3C dxdydz — ke / |CPdady > pl|V3C||32 0

u

with g :=min{K, Kp}. For the first term in (5.41) we have

(5.43) <||L| £ IV5C1 || L2 I V3C] | 2(0)-

/ (KisoV3C1) - V5C dadydz
Q

Collecting (5.41

~—

—(5.43) and (5.39) yields, with Lemma 4.6,

| =

t(||17||%2(9) + ||é|\%2(9) + ||SH%2(Q))
(5.44) <(F+G+0)(|[0][320) + 1101132 + [15]32(0)) + el Ll
< (F+G+) (161320 + 1101320y + [15132(0))-

QU

For strong solutions, F,G are integrable, and from Gronwall’s inequality follows the
continuous dependency on the initial conditions and the uniqueness. 0

Remark 5.6 (minimal regularization). The regularization we apply here has to
gain three derivatives (cf. Remark 4.7). In the context of the H!-regularity investi-
gated here, a potential reduction of the regularization towards two or fewer derivatives
faces two challenges. First, to improve the estimates for the nonlinear term in Step
2 of the proof (see (5.29)-(5.32)), which rely on Holder’s inequality and Sobolev em-
bedding. Such an improvement would allow one to relax for the density slope L the
required regularity. Second, to reduce the regularity requirements for the time deriv-
ative of the density gradient (see (3.8)). This amounts to improving the regularity
estimates on the right-hand side of (3.8), which comprise, among other terms, the
derivative of the transport term.

Acknowledgment. We thank the two anonymous reviewers for comments that
helped us improve the paper.
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