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Up to now, experiments involving Mössbauer nuclei have been restricted to the low-excitation
regime. The reason for this is the narrow spectral line width of the nuclei. This defining feature en-
ables Mössbauer spectroscopy with remarkable resolution and convenient control and measurements
in the time domain, but at the same time implies that only a tiny part of the photons delivered by
accelerator-based x-ray sources with orders-of-magnitude larger pulse bandwidth are resonant with
the nuclei. X-ray free-electron lasers promise a substantial enhancement of the number of nuclear-
resonant photons per pulse, such that excitations beyond the low-excitation (LER) regime come
within reach. This raises the question, how the onset of non-linear excitations could be experimen-
tally verified. Here, we develop and explore a method to detect an excitation of nuclear ensembles
beyond the LER for ensembles of nuclei embedded in x-ray waveguides. It relies on the comparison
of the x-rays coherently and incoherently scattered off of the nuclei. As a key result, we show that
the ratio of the two observables is constant within the LER, essentially independent of the details of
the nuclear system and the characteristics of the exciting x-rays. Conversely, deviations from this
equivalence serve as a direct indication of excitations beyond the LER. Building upon this obser-
vation, we develop a variety of experimental signatures both, for near-instantaneous impulsive and
for temporally-extended non-impulsive x-ray excitation. Correlating coherently and incoherently
scattered intensities further allows one to compare theoretical models of nonlinear excitations more
rigorously to corresponding experiments.

I. INTRODUCTION

The extremely narrow line width of Mössbauer tran-
sitions renders them ideal candidates for applications in
precision spectroscopy and quantum optics [1–3]. Most
commonly associated with the study of hyperfine inter-
actions in solid state targets, recent years have witnessed
a rising interest in Mössbauer nuclei as an experimental
platform for studying and controlling quantum dynamics
and quantum optical effects [3–32]. This in part is facil-
itated by the experimental robustness and convenience
of Mössbauer setups that can often be operated at room
temperature and ambient pressure in a solid-state target
environment, and due to a time-separation of the nuclear
signal from the much faster electronic background pro-
cesses. Further progress is anticipated, e.g., due to ad-
vances in manufacturing specific nuclear environments [3]
and due to the availability of new coherent high-brilliance
x-ray sources [33–39] which pave the way for new exper-
iments based on coherence and tailored quantum optical
and many-body properties of the nuclear system.

However, for many applications in quantum optics and
spectroscopy, nonlinear light-matter interactions are es-
sential. By contrast, experiments on Mössbauer nuclei
have been restricted to the low-excitation regime (LER)
so far, because of their narrow spectral line width which
is orders of magnitude smaller than the bandwidth of
x-ray pulses by state-of-the-art accelerator-based x-ray
sources. This situation is expected to change with the re-
cent availability of (seeded) x-ray-free electron lasers [33–
39], which can provide a large number of nuclear-resonant
photons per pulse. Further progress is anticipated with x-
ray free-electron laser oscillators (XFELO) [7, 40]. The-

oretical studies suggest that this may allow one to ex-
cite nuclear ensembles even up to the point of inversion
[41–43]. However, a first experiment on multi-photon ex-
citation still found data consistent with linear excitation
conditions [44], and initially, future experiments are likely
to only slightly surpass the LER. While experiments to
verify high excitation and inversion in nuclear resonant
scattering have been suggested [41], experimentally rel-
evant signatures at the onset of non-linear excitation of
the nuclear ensemble are still largely lacking.

To fill this gap, here, we develop and explore a method
to verify the excitation of nuclear ensembles by intense
x-ray light beyond the LER. To this end, we propose
to correlate two observables that are readily accessible
in nuclear resonant scattering experiments, namely the
highly directional coherently scattered intensity on the
one hand and incoherent scattering products such as flu-
orescence emission and conversion electrons that are scat-
tered into the entire solid angle on the other hand, see
Fig. 1. Our results show that in the LER, i.e. up to
second order in the x-ray-nuclei interaction, these two
observables become essentially equivalent. In particular,
we prove that the ratio of both observables becomes con-
stant, a result that is largely independent of the details of
the nuclear system and the temporal and spectral shape
of the x-ray-nuclei interaction. Conversely, we demon-
strate that already in leading nonlinear excitation order,
this ratio changes with the strength of the interaction and
in a number of important cases becomes time-dependent.
In particular, we study the case of impulsive excita-
tion of nuclear ensembles with weak and strong nucleus-
nucleus interactions corresponding to standard pulse con-
ditions at accelerator-based light sources. Further, we
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FIG. 1. Schematic setup and summary of the main results. The central goal of this work is to identify experimentally relevant
signatures which enable one to verify the excitation of an ensemble of Mössbauer nuclei beyond the low-excitation regime
(LER) explored up to now. For this, we consider an ensemble of two-level nuclei embedded in an x-ray waveguide, probed
by near-resonant x-rays in grazing incidence. To detect the non-linear excitation, the coherently and the incoherently (e.g.,
following internal conversion) scattered intensities are recorded. Our theoretical analysis shows that in the LER, the ratio
R(t) = R0 of the two intensities is constant, even though both intensities individually depend on time. We show this by
analytically calculating the relevant dynamics of the excited-state populations and the x-ray-induced coherences of the general
interacting N -body system in second order of the x-ray pulse area A. Upon excitation beyond the LER, the ratio R changes
its properties in a characteristic way. In case of near-instantaneous impulsive excitation of an effective single-particle system
or a sufficiently weakly-coupled many-body system, the ratio R remains constant, but changes its value from R0 depending on
the degree of excitation. For a strongly-interacting impulsively-driven many-body system, the ratio becomes time-dependent
upon excitation beyond the LER. In case of non-impulsive x-ray excitation with duration of the order of the nuclear lifetime,
the ratio is also time-dependent at higher excitation. Based on these results, a variety of different experimental signatures or
data analysis approaches is developed which allow one to verify excitations beyond the LER.

identify clear experimental signatures of excitations be-
yond the LER for near-monochromatic pulses, e.g., from
synchrotron-Mössbauer-like sources [45–49] generalized
to operation at x-ray free-electron lasers [44]. The cor-
relation of coherently and incoherently scattered inten-
sities also allows one to rigorously benchmark theoreti-
cal models of nonlinear excitations against experimental
data and helps to characterize deviations from effective
low-excitation descriptions of nuclear ensembles.

The manuscript is structured as follows: In Sec. II
the theoretical model for the nuclear ensemble is intro-
duced, the two relevant observables are presented and
the cases of impulsive and non-impulsive x-ray excita-
tion are defined. Sec. III outlines the basic principle
of the distinction between the LER and excitations be-
yond that regime. Subsequently the proof of the equiv-
alence between coherent and incoherent dynamics up to
second order in the x-ray-nuclei coupling is given first
for effective two-level schemes and second for interact-
ing many-body systems. The last two sections focus
on signatures of excitation beyond the LER for different
pulse structures. Sec. IV compares analytical results for
weakly-coupled nuclear ensembles with numerical stud-
ies of strongly coupled nuclei upon impulsive excitations.
Section V identifies different signatures for nonlinear ex-

citation of effective two-level systems upon near-resonant
and exponentially-decaying x-ray fields. Finally, Sec. VI
discusses and summarizes the results.

II. THEORETICAL BACKGROUND

A. Theoretical model for the nuclear ensemble

In the following, for definiteness, we focus our discus-
sion on the case of nuclei embedded in planar thin-film
waveguides, probed by the x-rays in grazing incidence
on the waveguide structure [3, 15, 50]. Such photonic
environments allow one to tailor the nuclear dynamics,
and the possibility to enhance the nuclear excitation for
a given x-ray pulse using a suitable design of the nuclear
environment has been suggested [41, 42, 51, 52]. Inter-
estingly, the lossy nature of the x-ray waveguides leads
to an interplay of multiple cavity modes [53] which may
affect the nuclear dynamics favorably. Furthermore, one
may expect that waveguides probed in reflection can be
more stable under the action of intense x-ray light, as
compared to thicker sample foils probed in forward direc-
tion. Finally, a detailed quantum optical description has
been developed for the waveguide setting [54–57], which
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serves as the starting point for our present analysis.
In general, the interaction of x-rays with nuclei gives

rise to a large variety of processes, e.g., based on recoil-
less interaction or interaction with recoil, or on radiative
or non-radiative de-excitation channels. A detailed dis-
cussion of these contributions in the LER regime can be
found, e.g., in [15, 17]. In the following, we aim at a
description of the nuclear dynamics beyond the LER, fo-
cusing on coherent scattering in propagation direction of
the driving x-ray pulse and incoherent emission follow-
ing internal conversion as the main observables. To this
end, we start by modelling the nuclei as a generic ensem-
ble of N identical interacting two-level systems using the
Hamiltonian [56–64]

Ĥ =ℏ
N∑

n=1

ω0 σ̂
+
n σ̂

−
n − ℏ

2

N∑
n=1

[
Ω(rn, t) σ̂

+
n + h.c.

]

− ℏ
N∑

n,n′=1

Jnn′ σ̂+
n σ̂

−
n′ . (1)

Here, n and n′ label the individual two-level systems and
σ̂±
n are the raising and lowering operators of nucleus n

in its two-level Hilbert space. Further, ω0 denotes the
nuclear transition frequency and

Ω(rn, t) =
dE(rn, t)

ℏ
(2)

the semi-classical light-matter coupling in the form of the
time-dependent Rabi frequency with E(rn, t) describing
the electric field amplitude at the position rn of nucleus
n, and d the transition dipole moment [65]. Finally, pos-
sible interactions between the nuclei are included via the
dipole-dipole coupling parameters Jnn′ which satisfy the
symmetry property Jnn′ = J∗

n′n.
The nuclear many-body dynamics is then character-

ized by a density operator ρ̂NB governed by the master
equation [56–64]

d

dt
ρ̂NB =

1

iℏ

[
Ĥ, ρ̂NB

]
+ L[ρ̂NB] , (3)

where “NB” stands for N-body, and the Lindblad term
is given by

L[ρ̂NB] =

N∑
n,n′=1

Γnn′
(
2σ̂−

n′ ρ̂
NBσ̂+

n −
{
σ̂+
n σ̂

−
n′ , ρ̂

NB
})

+

N∑
n=1

ΓIC

(
2σ̂−

n ρ̂
NBσ̂+

n −
{
σ̂+
n σ̂

−
n , ρ̂

NB
})

. (4)

It incorporates both, single-particle decay as diagonal el-
ements with n = n′, and incoherent dipole-dipole cou-
plings between the nuclei with n ̸= n′. Note that the to-
tal natural line width γ of the nuclei comprises radiative
decay contributions (∝ Γnn), and non-radiative internal
conversion contributions (∝ ΓIC),

γ = 2 (Γnn + ΓIC) . (5)

The coupling constants entering the master equation
Eq. (3) can conveniently be calculated ab-initio using
the classical Green’s function [64, 66–70] characteriz-
ing the nuclear environment [56], which is analytically
known [64, 70, 71]. In turn, a suitable optimization of
the environment can be used to reverse engineer desired
couplings [51, 52, 72].
The many-body problem Eq. (3) in general is chal-

lenging to solve. However, in the LER, enforced in the
equations of motion by neglecting possible populations
of the nuclear excited states by setting ⟨σ̂+

n σ̂
−
n ⟩ = 0, the

problem allows for a substantial reduction of the relevant
Hilbert space. In this case, by rewriting the system in
Fourier space in terms of a spin-wave basis, the problem
of many interacting nuclei embedded in the cavity envi-
ronment can equivalently be rewritten in terms of an ef-
fective single-particle level scheme [3, 5, 18, 19, 51, 52, 54–
57]. Interestingly, the effective level scheme may differ
from the original level scheme of the individual nuclei.
The number of relevant energy eigenstates can be engi-
neered, and it may also comprise additional couplings be-
tween levels induced by the cavity environment which can
simulate otherwise unavailable control laser fields. As a
result, level schemes can be realized which otherwise are
not available with Mössbauer nuclei. This feature forms
the basis of most experiments on nuclear quantum optics
with nuclei in waveguides reported so far [3, 5, 18–20, 22–
24, 27, 32]
It is expected that this equivalent description in terms

of a single few-level system breaks down towards higher
excitation of the nuclear ensemble [56, 62, 63]. Never-
theless, the single-particle description provides a good
starting point for the following analysis of experimental
signatures at the onset of effects beyond the LER. After-
wards, in Sec. III C, we will also consider the full many-
body dynamics in leading and next-to-leading order of
the interaction between x-rays and nuclei accompanied
by numerical simulations of higher excitation orders to
explore possible deviations from the single-particle re-
sults in the excitation beyond the linear regime.
Note that a similar treatment in principle can also be

applied to nuclear forward scattering (for an introduc-
tion, see e.g. [15, 50]), by employing the corresponding
free-space Green’s function to calculate the parameters
entering the master equation. However, in this geometry,
the incident x-rays typically excite multiple eigenmodes
of the many-body Hamiltonian, and propagational effects
arising due to multiple interactions in the thicker sam-
ples lead to further modifications of the scattered light
signatures [15, 73]. Therefore, for simplicity, we focus on
reflection geometries in the following analysis.

B. Observables

In the following discussion, we will consider two stan-
dard observables in nuclear resonant scattering, see
Fig. 1. First, the time-dependent intensity Icoh(t) of
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the coherently scattered x-rays. This quantity is highly
directional: In forward scattering geometry, this signa-
ture is emitted in forward direction, due to interference
between the scattering contributions of the different nu-
clei [15, 50, 74]. In reflection geometry, it is emitted in
a direction essentially given by Bragg’s law. Second, the
time-dependent intensity Iinc(t) of the incoherent signa-
tures, e.g., fluorescence photons or conversion electrons
of the nonradiative de-excitation of the nuclei via internal
conversion [17, 75–78]. The relative contribution of the
nonradiative to the radiative channel to the total nuclear
decay is described by the internal conversion coefficient
α [15, 50]. Note that the two observables can be mea-
sured concurrently [17]. In the following, we will show
that the comparison of these two observables allows one
to identify excitations of the nuclei beyond the LER.

In incoherent scattering, the nuclei decay indepen-
dently, such that the observed signal intensity is pro-
portional to the sum of excited-state populations of the
nuclei [58, 59],

Iinc(t) ∝
N∑

n=1

⟨σ̂+
n σ̂

−
n ⟩ . (6)

Note that the pre-factors will not be of relevance in the
following analysis. This has the additional advantage
that experimental details such as the detection geometry,
or attenuation within the sample or between sample and
detector do not have to be characterized quantitatively
for our analysis.

In contrast, the radiatively emitted scattered light
can be evaluated by relating the positive- and negative-
frequency components of the electric field operators Ê(±)

to the transition operators σ̂∓
n [58, 59], which act as

source operators for the emitted radiation. The total
coherently emitted intensity in direction kout can then
be written as [58, 59],

Irad(t,kout) ∝
N∑

n,m=1

⟨σ̂+
n σ̂

−
m⟩ eikout(rn−rm) , (7)

where kout is the wave vector of the emitted radiation,
and we again have omitted the pre-factors. Using a de-
composition of the transition operators into their expec-
tation values and a fluctuation part σ̂±

n = ⟨σ̂±
n ⟩+δσ̂±

n [79],
we can extract the coherently scattered contribution as

Icoh(t,kout) ∝
N∑

n,m=1

⟨σ̂+
n ⟩ ⟨σ̂−

m⟩ eikout(rn−rm)

=

∣∣∣∣∣
N∑

n=1

eikoutrn⟨σ̂+
n ⟩
∣∣∣∣∣
2

. (8)

The last expression clearly exhibits the interference be-
tween the contributions scattered by the individual two-
level nuclei. If the incident x-rays with wave vector kin

imprint a position-dependent phase pattern on the two-
level nuclei, the additional phase accumulated due to kout

together with the sum over all two-level atoms leads to
the directional emission described at the beginning of this
section.
Note that the incoherently and coherently scattered in-

tensities Eqs. (6), (8) can be expressed in terms of single-
particle reduced density matrix elements,

⟨σ̂+
n σ̂

−
n ⟩ =Tr

[
ρ̂NBσ̂+

n σ̂
−
n

]
= ρenen , (9)

⟨σ̂+
n ⟩ =Tr

[
ρ̂NBσ̂+

n

]
= ρgnen . (10)

Here, |gn⟩ [|en⟩] denote the ground [excited] state of nu-
cleus n, ρ̂NB is the N-body density matrix the dynamics
of which is governed by the master equation Eq. (3), and
Tr [·] denotes the trace over the many-body Hilbert space.
Analogous relations hold for effective single-particle level
schemes as introduced below in Sec. IIA.

C. Impulsive and non-impulsive x-ray excitation

Throughout this work, we consider two qualitatively
different x-ray excitation approaches for the nuclei.
Accelerator-based x-ray sources typically deliver x-ray
pulses with durations on the ∼ps (synchrotron) or ∼fs (x-
ray free electron laser) scale. In contrast, typical lifetimes
of standard Mössbauer isotopes are orders of magnitude
longer (for example, the natural lifetime of the most com-
monly used Mössbauer resonance in 57Fe is 141 ns [50]).
As a result, the x-ray excitation is impulsive in the sense
that it is near-instantaneous as compared to all natural
time scales of decay and coupling dynamics of the nuclei.
Therefore, collective effects such as couplings between
the nuclei or their decay processes can be completely ne-
glected throughout the x-ray excitation, and the nuclear
excitation dynamics can be evaluated simply by consid-
ering the x-ray induced dynamics on the single-nucleus
level. After initial excitation, the nuclei then evolve on
their natural time scales in the absence of the exciting
x-ray pulse. This temporal separation of excitation and
subsequent nuclear ensemble dynamics considerably sim-
plifies the analysis.

Next to this impulsive excitation, we further consider
the case in which the duration of the incident x-ray field
is not restricted to very short times. We denote this more
general case as non-impulsive excitation, and will in par-
ticular consider the case in which the duration of the driv-
ing x-ray field is comparable to the other evolution time
scales of the nuclei. This situation becomes of relevance
if x-ray pulses are used which are monochromatic on the
nuclear energy scales, e.g., delivered by a synchrotron
(or analogously extended free-electron laser) Mössbauer
source [44–49], or in setups employing additional refer-
ence absorbers to shape the incoming x-ray pulse like the
recently demonstrated coherent control schemes for nu-
clear dynamics [29]. In the non-impulsive case, the com-
plete dynamics involving x-ray excitation, couplings and
decay processes must be considered at the same time.
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In Sections IV and V, the two cases will be analyzed
separately.

III. CHARACTERIZATION AND DETECTION
OF DYNAMICS BEYOND THE
LOW-EXCITATION REGIME

A. Example illustrating the approach to detect
excitation beyond the low-excitation regime

As discussed in Sec. II A, effective single-particle mod-
els for nuclei in waveguides provide a good starting point
for the analysis of experimental signatures at the onset of
effects beyond the LER. Here, we start with the simplest
possible case, and consider the excitation dynamics of a
single two-level system resonantly driven by an impulsive
x-ray pulse.

We denote the ground and excited states of the two-
level system as |g⟩ and |e⟩, respectively, and character-
ize its state via a density operator with matrix elements
ρij(t) (i, j ∈ {e, g}; see Appendix A for the equations
of motion). Assuming the system to be initially in its
ground state, i.e.

ρee(t = 0) = 0 , ρge(t = 0) = 0 ,

ρeg(t = 0) = 0 , ρgg(t = 0) = 1 ,

the time-dependent density matrix elements describing
the excited-state population and the x-ray induced co-
herence in a suitable interaction picture can be evaluated
using the area theorem [80, 81] to give

ρee(t) = sin2 [A(t)] , (11a)

ρge(t) = − i

2
eiϕ sin [2A(t)] , (11b)

where t denotes the time after the impulsive x-ray pulse
has passed the system, which is much shorter than the
lifetime of the resonance such that the decay can be ne-
glected. The x-ray pulse area A is given by

A(t) =
1

2

∫ t

t0

|Ω(t′)| dt′ , (12)

where Ω(t) = |Ω(t)| exp(iϕ) is the Rabi frequency in the
interaction picture proportional to the time-dependent
x-ray field amplitude, with constant phase ϕ which ac-
counts, e.g., for the spatial dependence of the incident x-
ray field. Note that the pulse area enters the off-diagonal
density matrix element corresponding to the x-ray in-
duced coherence with a pre-factor of 2. As a result, the
two quantities ρee(t) and |ρge(t)|2 related to the incoher-
ent and coherent x-ray emission from the nuclei are not
equivalent in general.

To explore the relation of the two observables in more
detail, we expand Eqs. (11) for the case of low pulse area,

ρee(t) = A(t)2 − A(t)4

3
+

2A(t)6

45
+ . . . , (13a)

|ρge(t)|2 = A(t)2 − 4A(t)4

3
+

32A(t)6

45
+ . . . . (13b)

We find that, in leading order, the coherently and in-
coherently scattered light proportional to the coherence
squared and the population are equivalent,

ρ(0−2)
ee (t) = A2(t) = |ρ(0−2)

ge (t)|2 , (14)

where the superscript (0−2) indicates the Taylor expan-
sion including all contribution up to second order of the
indexed quantities.
In contrast, if the nuclei are excited beyond the leading

low-excitation order, we find that the two observables
differ,

ρ(4)ee (t) ̸=
(
|ρge(t)|2

)(4)
= 2Re

[
ρ∗(1)ge (t)ρ(3)ge (t)

]
, (15)

where the superscript (i) denotes the ith-order contribu-
tion of the series expansion only. As a result, we conclude
that suitably analyzed deviations in the two observables
provide a direct signature for the excitation of the nuclear
ensemble beyond the LER.
Equation (15) also shows how the expansion of the off-

diagonal density matrix element itself enters the expan-
sion of its magnitude squared. As expected, the leading
order violating the equivalence of the coherent and inco-
herent scattering comprises contributions from the third
order of the off-diagonal density matrix elements, which
illustrates the significance of the x-ray-nuclei interaction
beyond the linear regime for this contribution.
In analyzing experimental data, it may be favor-

able to consider ratios of coherently and incoherently
scattered light, corresponding to suitable ratios of
squared coherences and populations such as |ρge|2/ρee as
experimentally-accessible quantities to characterize exci-
tation beyond the leading low-excitation order. The rea-
son is that then, experimental aspects such as pre-factors
related to the detection geometry or efficiency become
largely irrelevant in analyzing the data. The ratio ex-
pands in orders of the pulse area as

|ρge(t)|2
ρee(t)

=
A(t)2 − 4A(t)4

3 + 32A(t)6

45 + . . .

A(t)2 − A(t)4

3 + 2A(t)6

45 + . . .

= 1−A2(t) +
A4(t)

3
+ . . . . (16)

Thus, it deviates from unity already in second order of
the pulse area. However, it is important to note that this
is due to cancellations in the expansion order of the nu-
merator and the denominator of the ratio. Corrections of
order A2(t) in the ratio may only occur if the off-diagonal
density matrix elements ρeg and ρge have contributions
of order A3(t) or higher, and/or the populations ρee of
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order A4(t) or higher. Therefore, we can attribute devia-
tions in the ratio from unity to excitations of the system
beyond the LER.

In the following Sections, we will extend the characteri-
zation of excitation beyond the LER based on the relation
between coherently and incoherently scattered radiation
to more complex settings and to non-impulsive nucleus-
field interactions, and will develop various approaches to
analyze the two observables for this purpose.

B. Effective two-level system excited by
non-impulsive x-ray fields

In Sec. III A we have used the simplest case of the
excitation dynamics of a single effective two-level sys-
tem driven by an impulsive x-ray field to illustrate the
main idea of comparing the coherent and the incoherent
light scattering off of the nuclei to identify excitation be-
yond the LER. Next, we develop this argument further
by deriving a self-consistent solution to the dynamics of
the two-level system driven by x-ray fields with arbitrary
time-dependence and including decay dynamics. This
will allow us to also study the non-impulsive x-ray ex-
citation case. Note that the effective level scheme may
have decay rates or transition frequencies which differ
from the bare nuclear properties [18, 51, 54, 56]. Never-
theless, for notational simplicity, in the following, we will
continue to use the symbols γ and ω0 introduced above
as the single-nucleus properties also in the effective two-
level case.

1. Self-consistent solution for the effective two-level system

As discussed in Sec. IIA, the nuclear many-body sys-
tem in a waveguide can be modeled using an effective
single-particle description in the LER. For the simplest
case of an effective two-level scheme, self-consistent solu-
tions to the equations of motion for the excited-state pop-
ulation and the x-ray-induced coherence can be derived,
which are given by (see Appendix A for the derivation)

ρee(t, t0) =
1

2
e−γtRe

[ ∫ t

t0

dt′e
γ
2 t

′
e−iω0t

′
Ω∗(t′)×

×
∫ t′

t0

dt′′eiω0t
′′
e

γ
2 t

′′
Ω(t′′)

]
− e−γtRe

[ ∫ t

t0

dt′e
γ
2 t

′
e−iω0t

′
Ω∗(t′)

×
∫ t′

t0

dt′′eiω0t
′′
e

γ
2 t

′′
Ω(t′′)ρee(t

′′, t0)
]
, (17a)

ρge(t, t0) = − i

2
eiω0te−

γ
2 t

∫ t

t0

dt′e−iω0t
′
Ω∗(t′)e

γ
2 t

′

− ieiω0te−
γ
2 t

∫ t

t0

dt′e−iω0t
′
e−

γ
2 t

′
Ω∗(t′)×

×
∫ t′

t0

dt′′eγt
′′
Im
[
Ω(t′′)ρge(t

′′, t0)
]
. (17b)

Here, we have assumed that the effective nucleus is ini-
tially in the ground state at time t0. Note that as ex-
pected, the population only comprises terms of even or-
ders in the nucleus-field coupling Ω(t) while the coherence
only comprises odd orders.
In the next Subsection III B 2, we will systematically

expand this solution in orders of the driving x-ray field
amplitude, in order to establish the relations between
the excited-state population and the x-ray induced co-
herences which will allow us to identify signatures for
excitation beyond the LER.

2. Coherence-population correspondence in second-order of
the driving x-ray field

As illustrated in Sec. III A, our approach to identify x-
ray excitations of the nuclear ensemble beyond the LER
relies on a comparison of the coherently and incoherently
scattered light, which relate to the nuclear excited-state
population and the x-ray-induced coherence squared. It
is based on the result that the population and the ab-
solute value of the coherence squared are identical up to
second order in the exciting x-ray field. Any deviation
from this equality therefore indicates excitation beyond
the LER.
Next, we derive the correspondence between the pop-

ulation and coherence for effective nuclear two-level sys-
tems driven by general time-dependent x-ray fields. To
this end, we expand Eqs. (17) in powers of the driving
x-ray field amplitude.
In the absence of the x-ray field, the nuclei are in their

ground state,

ρ(0)ee (t = t0) = 0 , ρ(0)ge (t = t0) = 0 ,

ρ(0)eg (t = t0) = 0 , ρ(0)gg (t = t0) = 1 .

Iteratively solving the self-consistent equations in a per-
turbative expansion, we find in first order in the driving
x-ray field that (see Appendix B)

ρ(1)ge (t) =

∫ t

t0

dτ f(t, τ) , (18a)

ρ(1)ee (t) = 0 , (18b)

where we defined the function f(t, τ) as the integrand in
Eq. (18a) as

f(t, τ) = − i

2
e−

γ
2 (t−τ)eiω0(t−τ) Ω∗(τ) , (19)

for reasons which will become clear in the next step. Note
that Eq. (18a) bears similarity to the lowest-order re-
sult in Sec. IIIA involving the pulse area in Eq. (12) in
that the off-diagonal density matrix element depends on
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an integral over the coupling Rabi frequency over time.
However, the more complete analysis here allows us to
incorporate more degrees of freedom in our analysis such
as detunings between exciting x-ray pulse and two-level
system or decay processes.

Going further in the perturbative expansion, we find
that the second-order contributions can be written as (see
Appendix B),

ρ(2)ge (t) = 0 , (20a)

ρ(2)ee (t) =

∣∣∣∣∫ t

t0

f(t, τ) dτ

∣∣∣∣2 =
∣∣∣ρ(1)ge (t)

∣∣∣2 . (20b)

Hence, we find that the excited-state population and
the coherence-squared are identical up to second order in
the driving x-ray field also in this more general case,

ρ(0−2)
ee (t) =

∣∣∣ρ(0−2)
ge (t)

∣∣∣2 , (21)

where the superscript (0− 2) indicates that all contribu-
tions up to second order are included.

As a result, we have shown for general two-level sys-
tems including decay and driven by weak time-dependent
x-ray pulses that the coherently emitted intensity is
equivalent to the intensity of the incoherent emission in
second order of the x-ray-nucleus coupling. Note that
this result is independent of the temporal shape of the
x-ray field, such that it also holds for pulse sequences.

In terms of experimentally-accessible quantities, this
implies that the ratio of the coherently and incoherently
scattered intensities Eqs. (6),(8) is constant as function
of time in the LER, i.e., if both observables are expanded
up to second order in the driving x-ray field. Conversely,
deviations from this time-independence therefore imply
dynamics beyond the LER. In particular, as discussed in
Sec. III A, the ratio is expected to change quadratically
with the integrated Rabi frequency in leading higher-
excitation order. In Secs. IV and V, we will explore par-
ticular x-ray pulse examples of experimental relevance
for such dynamics beyond the LER, which will also allow
for analytical solutions of the nuclear dynamics to higher
order.

C. Perturbative solution of the interacting
many-body nuclear ensemble

In Appendix C we show that the relevant solution to
the full master equation Eq. (3) of the N -body system
up to second order in the x-ray-nuclei interaction, which
at initial time t0 is in the ground state, can be written

for nucleus x as,

ρ(1)gx,ex(t) =

N∑
n=1

∫ t

t0

dτ gnx(τ) , (22a)

gnx(τ) = − i

2
Ω∗(rn, τ)

[
eK(t−τ)

]
nx

, (22b)

K = (κnm) , (22c)

κnm = −(Γnm + i Jnm)− (ΓIC − iω0)δnm , (22d)

ρ(2)ex,ex(t) =
∣∣∣ρ(1)ex,gx(t)

∣∣∣2 , (22e)

where K is a matrix with elements κnm. With this result
at hand, we can now proceed by showing the equiva-
lence between the population-based observables and the
coherence-based observables also in the many-body case.
The solutions Eqs. (22) directly prove the equivalence

on the single-particle level,

|ρ(1)gxex(t)|2 = ρ(2)exex(t) , (23a)

⇒ |ρ(0−2)
gxex (t)|2 = ρ(0−2)

exex (t) . (23b)

However, this result on the single-particle level is
not sufficient for the experimentally accessible ensemble-
based observables, given by Eqs. (6) and (8) as

Iinc(t) ∝
N∑

n=1

⟨σ̂+
n σ̂

−
n ⟩ , (24)

Icoh(t,kout) ∝
∣∣∣∣∣∑

n

eikoutrn⟨σ̂+
n ⟩
∣∣∣∣∣
2

. (25)

To evaluate the sums in these expressions, we make two
assumptions: First, we assume that all nuclei are excited
with the same amplitude using a plane-wave field with
wave vector kin,

Ω(rn, t) = Ω(t) eikin rn . (26)

Second, we make the assumption of a homogeneous en-
semble of nuclei, i.e.,

ρ(1)gx,ex(t) = − i

2

N∑
n=1

∫ t

t0

dτ Ω∗(rn, τ)
[
eK(t−τ)

]
nx

=− i

2
e−ikin rx

N∑
n=1

∫ t

t0

dτ Ω∗(τ)eikin(rx−rn)
[
eK(t−τ)

]
nx

=− i

2
e−ikin rx

N∑
n=1

∫ t

t0

dτ Ω∗(τ)eikin(rn0
−rn)

[
eK(t−τ)

]
nn0

=ρ(1)ge (t) e
−ikin rx . (27)
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Here, in the second step, we have replaced the index x
in the integrand with an (arbitrary) fixed index n0. This
homogeneity assumption requires that the coupling en-
vironment of all two-level systems is equivalent and that
the nuclei themselves are identical. Note that even in
a regular arrangement, nuclei at the boundary of the
medium experience different couplings to other nuclei
than those in the center of the ensemble. But in macro-
scopically large ensembles, these boundary effects can be
neglected to a good approximation. Within the same
assumptions, we also find

ρ(2)exex(t) = ρ(2)ee (t) , (28)

i.e., the nuclear populations evolve independent of the
atom index x.

As a result, the result up to second order in the light-
matter coupling is

I
(0−2)
inc (t) ∝ N ρ(2)ee (t) , (29a)

I
(0−2)
coh (t,kout) ∝

∣∣∣ρ(1)ge (t)
∣∣∣2 ·

∣∣∣∣∣
N∑

n=1

ei(kout−kin)rn

∣∣∣∣∣
2

.

(29b)

Together with Eq. (23), we thus again find that in second
order of the x-ray-nucleus coupling, the ratio of the co-
herently scattered x-rays to those incoherently scattered
is constant in time,

I
(0−2)
coh (t,kout)

I
(0−2)
inc (t)

=
I
(0−2)
coh (t0,kout)

I
(0−2)
inc (t0)

. (30)

Note that the geometrical factor in Eq. (29b) character-
izes the directionality of the coherently scattered light.

IV. IMPULSIVE X-RAY EXCITATION
BEYOND THE LOW-EXCITATION REGIME

A. Two-level analysis

In the impulsive excitation case, the x-ray excitation
and the subsequent decay dynamics in the absence of a
driving x-ray field can be considered separately. For a
single particle, the initial state after the x-ray excitation
is given by Eqs. (11) as

ρee(t = 0) = sin2 [A] , (31a)

ρge(t = 0) = − i

2
eiϕ sin [2A] . (31b)

Here, for simplicity, we denote the time after the exciting
x-rays have passed the nuclei as t = 0, and A is the total
pulse area of the exciting x-ray pulse. Subsequently, the
decay is governed by [82]

ρee(t) = ρee(0) e
−γt , (32a)

ρge(t) = ρge(0) e
− γ

2 t . (32b)

As a result, we find that the ratio of the coherent and
incoherent intensities Eqs. (8) and (6) evaluates to

Icoh(t)

Iinc(t)
∝ |ρge(t)|2

ρee(t)
=

|ρge(0)|2
ρee(0)

= cos2 [A] . (33)

Hence, the ratio remains constant over time, but depends
on the degree of excitation (cf. Fig. 2). Measuring it as
a function of the resonant intensity of the exciting x-
rays then allows one to search for deviations in this ratio
from its value at low x-ray intensities, which indicate ex-
citations beyond the LER. One possibility for this mea-
surement is to exploit the typically large pulse-to-pulse
fluctuations in resonant intensity at x-ray free electron
lasers, and to sort the intensity data according to the
incident (resonant) pulse energy.

B. Dynamics of a coupled nuclear ensemble after
impulsive excitation

If the interactions between the nuclei are weak enough
such that the dynamics of the individual nuclei is es-
sentially independent of each other on nuclear decay
timescales, then the results of the single two-level nucleus
case are recovered for each nucleus separately.
A more interesting situation arises in case of stronger

couplings. For example, a suitably designed [24, 27, 51,
52] waveguide structure may allow one to realize regimes
of stronger interactions between the nuclei.
In Sec. III C we showed that in this regime, the

coherence-population correspondence Eq. (21) is still
valid up to second order in the nucleus-field interaction.
This holds for each nucleus separately and, more impor-
tantly, also the scaled ratio of the total incoherently and
coherently scattered intensity

R(t) =
1

N

|∑n e
ikoutrnρgnen(t)|2∑N
n=1 ρenen(t)

(34)

is constant in time and equal to one if the two assump-
tions of excitation by a plane wave field and a homoge-
neous nuclear ensemble are satisfied (see Sec. III C). Note
that R(t) is proportional to the intensity ratio R(t) (see
Fig. 1), and scaled by the number of nuclei N since the
coherently scattered intensity is proportional to N2 in
the ideal case of full constructive interference, while the
incoherent part is proportional to N .
Next, we analyze the dynamics beyond the LER, also

in the presence of stronger couplings between the nuclei,
using a numerical integration of the full master equa-
tion for a limited number of nuclei. The calculations are
performed using the python library QuTiP [83, 84]. In
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FIG. 2. Ratio R(t) of the coherently and incoherently scat-
tered intensity for a regular chain of N = 8 nuclei with pe-
riodic boundary conditions, scaled by N [see Eq. (34)]. The
lattice constant r0 = 286 pm and the resonant wavelength
λ0 = 86 pm are chosen for the case of α-iron enriched in
57Fe to determine the coherent dipole-dipole coupling con-
stants J0

nn′ . Results are compared for the LER (A = 0.01π)
and stronger excitation (A = 0.2π), as well as for free-space
coupling (J0

nn′) and cavity-enhanced coupling (50 J0
nn′). Note

that the two curves in the LER case coincide, as expected.

particular, we consider the dynamics of a linear chain of
N = 8 regularly arranged nuclei with periodic boundary
conditions after impulsive x-ray excitation. The coherent
dipole-dipole coupling parameters Jnn′ are chosen assum-

ing nuclear dipole moments d̂ oriented perpendicularly to
the relative positions rn − rn′ of the nuclei in the chain.
Their free space values can then be calculated via [58, 59]

J0
nn′ =

3

2
Γ

(
cos(ηnn′)

ηnn′
− sin(ηnn′)

η2nn′
− cos(ηnn′)

η3nn′

)
, (35)

where Γ = Γnn = γ/[2(1 + α)] denotes the radiative de-
cay rate of the nuclei. Here, α = 8.56 is chosen as the in-
ternal conversion coefficient of the archetype Mössbauer
isotope 57Fe with the Mössbauer resonance at 14.4 keV
transition energy [50]. We further defined ηnn′ = k0 rnn′ .
The resonant wave number k0 = 2π/λ0 and the distances
rnn′ = |n − n′| r0 between the nuclei are chosen corre-
sponding to the resonant wavelength λ0 = 86 pm and
the lattice constant r0 = 286 pm for α-iron enriched
in 57Fe. Note that for a small ensemble with periodic
boundary conditions, the homogeneity criterion for the
initial phases imprinted on the nuclei by the x-ray excita-
tion can only be satisfied for particular incidence angles.
To satisfy this criterion, we chose the incidence angle such
that a relative phase of k0 rn,n+1 = 2π/N is imprinted
onto the coherence of neighbouring nuclei. For the same
reason the decay rates Γ and nuclear transition frequen-
cies ω0 are considered to be the same for all nuclei in the
chain. Further, incoherent couplings Γnn′ were neglected
in the numerical simulation.

Figure 2 shows the simulation results for different
dipole-dipole coupling parameters Jnn′ and pulse areas
A. The chosen parameters correspond to the LER case
(A = 0.01π) or excitation beyond the LER (A = 0.2π),
as well as weak dipole-dipole coupling (Jnn′ = J0

nn′) and
coupling enhanced by a factor of 50 relative to the free-
space coupling (Jnn′ = 50 J0

nn′).

In the LER case (blue and orange-dashed lines), we
find that the ratio R(t) = 1, independent of the dipole-
dipole coupling, consistent with our analytical results in
Sec. III C. For excitation beyond the LER case in the
presence of weak coupling (green curve), we find a con-
stant ratio R, however, with a value below 1. This agrees
with our results in Sec. IVA. In contrast, for excitations
beyond the LER with stronger dipole-dipole couplings
(red curve), the ratio R(t) becomes time-dependent and
evolves to lower values, initially starting from the ratio
for the low-coupling case. This is due to a faster tran-
sient decay of the coherences entering the expression for
the coherently scattered intensity in the interacting sys-
tem.

As a result, we conclude that the time-dependent ratio
of the coherently- and incoherently scattered x-rays does
not only serve as a criterion for the excitation beyond the
LER, but may further also reveal the presence of stronger
dipole-dipole couplings between the nuclei.

V. NON-IMPULSIVE X-RAY EXCITATION
BEYOND THE LOW-EXCITATION REGIME

For the case of impulsive excitation, we found that
a comparison of the coherently and incoherently scat-
tered intensity provides a handle to identify excitation
of the nuclear ensemble beyond the LER. In case of ef-
fective single-particle dynamics, the ratio between these
two intensities remains constant throughout the decay
while it becomes time-dependent at higher excitations in
sufficiently-strongly interacting nuclear ensembles. In the
following, we extend this discussion to the non-impulsive
regime. The calculation of the complete dynamics of
a large ensemble of coupled nuclei under the action of
time-dependent driving fields and dissipation so far is an
unsolved problem, and remains beyond the scope of this
work. Instead, we analyze the non-impulsive dynamics in
the (effective) single-particle case. It is expected that the
single-particle description, which is valid in the LER [56],
remains a good approximation at the onset of dynamics
beyond the LER but likely breaks down at higher excita-
tion. Nevertheless, in the following, we also explore the
dynamics at stronger excitation using the single-particle
description, with the motivation of identifying possible
experimental signatures for dynamics beyond the LER.
Using this approach, the results presented in this Section
are then obtained by numerically integrating the optical
Bloch equations Eqs. (A1).

To analyze the non-impulsive case, we consider
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FIG. 3. Temporal dynamics of the excited-state population
ρee and the coherence squared |ρge|2 of an effective two-level
system for different degrees of excitation. The population and
the coherence squared relate to the observable incoherently
and coherently scattered light intensities. The different pan-
els correspond to driving x-ray pulse areas of (a) A = 0.01π,
(b) A = 0.2π, (c) A = π, and (d) A = 2π. In the LER [panel
(a)], population and coherence squared agree, consistent with
our analytical results. Upon excitation beyond the LER, the
two quantities start to deviate (b), and eventually Rabi os-
cillations appear (c,d). Note that in (d), the oscillation fre-
quencies of the coherence squared and of the population differ
approximately by a factor of 2.

nucleus-field couplings of the form

Ω(t) = 2Γa A e−i(ω0+∆)t e−Γat , (36)

which characterizes an x-ray pulse exponentially decay-
ing with rate Γa and center frequency detuned by ∆ from
the nuclear resonance frequency ω0. Its total pulse area
according to Eq. (12) is given by A.
This choice for the driving x-ray field is motivated

by the availability of synchrotron Mössbauer sources
(SMS) [45–49] which employ pure nuclear reflexes to pro-
duce x-ray pulses which are spectrally narrow on nu-
clear line-width scales from the incident broadband syn-
chrotron pulses. In the future, these sources could be
generalized for operation at x-ray free electron lasers [44].
Another source providing spectrally narrow pulse con-
tributions is the field scattered in forward direction by
thin nuclear targets in the LER, which is approximately
exponentially-decaying [15, 74]. By moving the thin nu-
clear target before or throughout its decay, the proper-
ties of the scattered light relative to those of the incident
synchrotron pulse can be tuned [10, 11, 16, 21, 25, 29–
31, 85–87]. In particular, using suitably tailored x-ray
pulses, the quantum dynamics of a nuclear target could
be controlled [29]. A possible generalization of such
schemes to higher excitation at x-ray free electron lasers
again requires further analysis of nuclear dynamics under
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FIG. 4. Analysis of the times with maximum intensities in the
coherence squared and the populations. (a) shows the times
defined in Eqs. (37) as function of the total pulse area A. The
other parameters are as in Fig. 3. While the maxima in the
population and the coherence squared coincide in the LER,
deviations appear towards stronger excitation. (b) shows the
peak deviation defined in Eq. (38) against A. Starting from
zero value in the LER, the deviation steeply increases at the
onset of non-linear excitation of the nuclear ensemble.

exponentially-decaying x-ray pulses such as in Eq. (36).
As expected, we will find that the non-instantaneous

driving field gives rise to a much richer dynamics than
in the impulsive case, since the x-ray-induced dynamics
and the decay dynamics are not temporally separated in
the former case. In particular, this will affect the time-
dependence of the ratio of the coherently and incoher-
ently scattered intensities.
Note that this time-dependence of the effective single-

particle observables will also be reflected in the corre-
sponding many-body observables as can be seen from
Eqs. (29) such that their ratio will become time-
dependent as soon as the single-particle quantities are.

A. Resonant case ∆ = 0

We start by analyzing the case of a resonant x-ray
pulse Eq. (36) with detuning ∆ = 0 and decay constant
Γa = 2.5γ, where γ denotes the total line-width of the
effective single nucleus. Results for different pulse areas
A ∈ {0.01π, 0.2π, π, 2π} are shown in Fig. 3.
Consistent with the analytical results in Sec. III B 2,

the coherence squared and the population characteriz-
ing the coherently and incoherently scattered intensity,
respectively, agree in the low-excitation case [panel (a),
A = 0.01π]. With increasing excitation, deviations be-
tween the two observables start to appear [see panel (b)].
If the driving field becomes strong enough to induce Rabi
oscillations [panels (c) and (d)], the different oscillation
periods of coherence quared and population become vis-
ible. As a result, time-dependent ratios of the coher-
ently and incoherently scattered light intensities can be
expected in the non-impulsive driving case beyond the
LER.
From these results we find that a first signature for

dynamics slightly beyond the LER is a relative shift in the
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peak maxima of the two time-dependent intensities. This
relative shift arises from the competition of the coherent
excitation dynamics and the incoherent decay dynamics.
To analyze this shift more quantitatively, we define the
two corresponding times tcohmax and tpopmax with maximum
intensities via the conditions

|ρge(tcohmax)|2 = max
t∈[0,∞)

(|ρge(t)|2) , (37a)

ρee(t
pop
max) = max

t∈[0,∞)
(ρee(t)) . (37b)

We further consider a peak deviation defined as

∆t/tpopmax =
|tcohmax − tpopmax|

tpopmax
. (38)

Note that multiple maxima may appear due to Rabi oscil-
lations at stronger x-ray driving. In this case, we consider
the respective maxima appearing first after the onset of
excitation.

Figure 4 shows the times tcohmax and tpopmax [panel (a)] and
the corresponding peak deviation [panel (b)] as a func-
tion of the total pulse area A. The deviations in case
of dynamics beyond the LER are clearly visible. In par-
ticular, the steep increase of the peak deviation at small
pulse areas renders it a promising signature for charac-
terizing dynamics at the onset of the nonlinear excitation
regime.

B. Non-resonant case ∆ ̸= 0

Next, we generalize to the non-resonant case ∆ ̸= 0.
To this end, we analyze the coherence squared |ρge|2 and
the population ρee as a function of time and detuning
∆. This correlated analysis of temporal- and spectral
properties has proven to be a powerful tool in analyzing
nuclear resonant scattering [25, 29, 88]. However, it is
important to note that the experimental setup underly-
ing the theoretical analysis of this manuscript is differ-
ent from previous approaches to record such time- and
frequency-resolved spectra. Previous studies considered
an impulsive x-ray excitation of the nuclear ensemble.
The frequency resolution in these setups is achieved via
an additional frequency-tunable reference absorber with
an approximately exponential temporal decay. As a re-
sult, the time-frequency spectra are dominated by the in-
terference of the light scattered by the reference absorber
and the target, respectively [88].

In contrast, here, we consider time-frequency spec-
tra for the target driven by a non-impulsive frequency-
tunable driving pulse of the form Eq. (36), in the absence
of additional reference absorbers. This setup could be
realized, e.g., using a synchrotron-Mössbauer-source, by
correlating the detuning ∆ of the source with the time-
dependence of the scattered photons.

Figure 5 compares the time-frequency spectra for dif-
ferent pulse areas A. Again, a pulse decay rate of
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FIG. 5. Time- and frequency-resolved coherence squared (left
panels (a) - (d)) and populations (right panels (e) - (h)) for
the case of non-impulsive excitation with an exponentially
decaying pulse Eq. (36). The pulse envelope decays with Γa =
2.5γ. The rows from top to bottom are calculated for pulse
areas of A ∈ {0.01π, 0.2π, π, 2π}.

Γa = 2.5γ is chosen in the calculation. The left pan-
els (a-d) show the coherence squared, whereas the right
panels (e-h) depict the population. In the LER, the two
signatures agree, as expected [top row, panels (a,e)]. Dif-
ferences between the spectra appearing at larger pulse ar-
eas [panels (c,g) or (d,h)] are most pronounced at small
detunings, which can be understood by noting that the
excitation of the nuclei for a given pulse area is high-
est towards resonance, such that the deviations from the
LER are more pronounced while higher excitation orders
are suppressed further off-resonance. The visible devia-
tions are a consequence of the Rabi oscillations discussed
in the previous Section (cf. Fig. 3). Therefore, we con-
clude that also the energy-time correlation spectra may
be used to identify the presence of excitation beyond the
LER. However, it turns out that these spectra contain
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FIG. 6. Frequency-frequency correlation spectra. The re-
sults are obtained via Fourier transforms along the time axes
of the time-frequency spectra in Fig. 5. Data is shown in
color-coded logarithmic scale for the coherence squared [left
panels, (a)-(d)] and for the populations [right panels, (e)-(h)].
As in Fig. 5, the rows from top to bottom refer to different
pulse areas of A ∈ {0.01π, 0.2π, π, 2π}. The yellow [red] lines
indicate slope one [two] as guide to the eye to facilitate the
interpretation.

additional signatures for a non-linear excitation, which
can be revealed using a Fourier transform along the time
axis, as discussed next.

C. Frequency-frequency correlation-spectra
analysis of the non-resonant case ∆ ̸= 0

The interpretation of the time- and frequency-resolved
spectra in Fig. 5 is facilitated by a Fourier transform
along the time axis, which yields a frequency-frequency
correlation (FFC) spectrum [88]. In particular, the hy-
perbolic structures in the time-frequency spectra convert

into diagonal lines in the FFC spectra, which greatly as-
sists their analysis. However, we stress again that the
present manuscript considers non-impulsive x-ray driv-
ing pulses without additional reference absorbers, such
that the results cannot directly be compared to previous
studies (see the discussion in Sec. VB).
Results for the FFC spectra are shown in Fig. 6. For

lower pulse areas, the diagonal structures in the FFC
spectra are suppressed as compared to the impulsive
case [88], since the nuclear excitation at off-resonant en-
ergies is negligible, which is in contrast to the impulsive
case, where resonant contributions from the reference
absorber give rise to visible contributions at all detun-
ings. Towards higher pulse areas and stronger excitation,
we recognize two distinct features. First, on resonance
∆ = 0, the population and the coherence squared show
qualitatively different behavior, because of their differ-
ent Rabi oscillation frequencies in the time domain (cf.
Sec. III A). The appearance of these differences again
serves as a signature for dynamics beyond the LER. Sec-
ond, off-resonance (∆ ̸= 0), diagonal structures start to
appear. Interestingly, the population only exhibit diago-
nals of slope one (yellow lines), corresponding to a depen-
dence of its dynamics on the detuning [88]. In contrast,
the coherence squared exhibits diagonals with slope one
(yellow lines) and two (red lines), corresponding to con-
tributions oscillating with frequencies ∆ and 2∆. The
additional pair of diagonals with slope two arises from a
frequency-mixing of different scattering orders in squar-
ing the coherence. In Appendix D, we analyze this fea-
ture further, and show that in the LER, only the di-
agonals of slope one appear in the coherence squared.
Starting from the next higher order, diagonals of both
slopes become visible. Therefore, the appearance of di-
agonals with slope two are a clear qualitative signature
for excitation beyond the LER. At even higher pulse ar-
eas, the Rabi oscillations dominate, and the diagonals in
the FFC spectra develop an anti-crossing-like feature to-
wards their center, which can be attributed to the onset
of an Autler-Townes splitting of the resonance.

VI. DISCUSSION AND SUMMARY

In this work we have developed methods to verify the
excitation of an ensemble of Mössbauer nuclei beyond the
low-excitation regime (LER). This is motivated by the
recent availability of x-ray free-electron lasers which are
capable of delivering many resonant photons per pulse,
such that the as-yet unexplored regime of stronger exci-
tation of the nuclei comes within reach. Since source lim-
itations will likely persist at least in the near future, we
focused our analysis on practically relevant and experi-
mentally robust approaches which are applicable already
in a regime where the linear x-ray-nuclei interaction is
only slightly surpassed.
Our approach is based on the comparison of two ob-

servables, which can be measured concurrently in an ex-
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periment: the coherently scattered light, which features
a directional emission in a narrow angular range, and the
incoherently emitted internal conversion signatures (pho-
tons or electrons) which are emitted essentially into the
full solid angle. The latter signature is proportional to
the sum of the excited-state populations of the nuclei,
while the former is related to the absolute value squared
of the coherent sum of the induced dipole moments aug-
mented by phase factors related to the excitation and
de-excitation of the nuclei.

As a key step, we established that the time-dependent
intensities emitted into the coherent and the incoherent
channels are equivalent up to second-order in the driving
x-ray field for a wide range of systems, such that their
ratio is constant in time. To this end, we first proved the
corresponding equivalence between the populations and
coherences for an effective single-particle system describ-
ing a nuclear ensemble embedded in a waveguide environ-
ment. Subsequently, we extended the proof to a general
homogeneous N -body system of interacting nuclei. As a
result, we found that any deviations in the ratio between
the x-rays coherently and incoherently scattered off of
the nuclei can directly be traced back to an excitation
beyond the LER.

Throughout our analysis, we considered two relevant
cases: First, a near-instantaneous impulsive excitation,
e.g., via an XFEL. Second, a more general non-impulsive
excitation, such as an exponentially decaying pulse from
a synchrotron-Mössbauer-like source. The general results
for the coherence-population equivalence in second-order
of the driving x-ray field hold in both cases. We further
focused on the case of nuclei embedded in waveguides,
for which the observables are largely unaffected by prop-
agational effects. It remains an interesting open question
whether a generalized equivalence between coherently-
and incoherently scattered intensity can also be estab-
lished in the presence of propagational effects.

We found that the various considered settings feature
different dynamics in case of excitation beyond the LER.
For an impulsively excited single effective level scheme,
the ratio between coherently and incoherently scattered
intensity changes with the degree of excitation, but it
remains constant over time. Analogously, the ratio also
depends on the degree of initial impulsive excitation in
the interacting many-body system. However, the many-
body system further exhibits a time-dependence of the
intensity ratio if the excitation exceeds the LER and if
simultaneously the inter-particle coupling is sufficiently
enhanced beyond the free-space value, e.g., via a suitable
waveguide environment.

In case of non-impulsive excitation, we found that the
time-dependence of the intensity ratio becomes much
richer. To this end, we numerically studied the temporal
dynamics of a single effective level scheme driven by an
exponentially-decaying x-ray pulse. Based on the results,
we proposed several signatures which can be used to iden-
tify excitation beyond the LER. In the case of a resonant
driving field, the first indication are the respective times

at which the two intensities become maximal. These
times agree in case of low excitation, but characteristic
deviations appear for stronger excitation. At even higher
excitation Rabi oscillations typical for the strongly non-
linear regime dominate the dynamics of both scattering
observables, however, with different respective oscillation
frequencies. We further studied off-resonant excitation,
using time-frequency correlated and frequency-frequency
correlated spectra. In the time-frequency spectra, near
resonance again resonant Rabi oscillations appear as the
strongest indicator of excitation beyond the LER, while
the off-resonant regime strongly resembles the LER even
at higher excitations. In the frequency-frequency corre-
lation spectra, characteristic diagonal structures appear.
We could show that the incoherent intensity only exhibits
a single pair of diagonals, with slope one. In contrast,
at excitation beyond the LER, the coherently-scattered
intensity shows two pairs of diagonals at slopes one and
two. Thus, the characteristic diagonal structure may also
serve as a signature for stronger excitation of the nuclear
ensemble.

Overall, we therefore conclude that the ratio of the
coherently and incoherently scattered intensities serves
as a strong indicator for excitation of a nuclear ensemble
beyond the LER. Its time structure can further reveal
the presence of dipole couplings between nuclei.

In general, our approach has the advantage that
both observables, the coherently and the incoherently
scattered light, are well-established in experiments
with Mössbauer nuclei. Most related experiments at
accelerator-based x-ray sources have focused on the co-
herently scattered intensity, but the incoherently scat-
tered intensity typically could be measured in addition
without changing the original setup significantly. This
suggests the usefulness of our approach even for experi-
ments in which the degree of excitation is not the primary
research goal. A comparable situation existed in the
traditional distinction between Mössbauer experiments
measuring either in the time or in the energy domain.
It was recently shown [25, 29, 88] that combined spectra
correlating temporal and spectral information of the co-
herently scattered x-rays provide significant advantages
over the individual time or frequency spectra, in partic-
ular also related to the comparison between theory and
experiment. Also in that case, the original experimental
setup could remain largely unchanged, and only had to be
augmented by an event-based detection electronics. We
envision that similar progress will be achieved in future
experiments by the additional correlation of the coher-
ently and incoherently scattered radiation proposed in
the present work.
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Appendix A: Derivation of self-consistent equations
for the coherence and population of a single

two-level system

In this appendix, we derive the self-consistent equa-
tions Eqs. (17). Our approach is based on similar self-
consistent approaches in quantum optics [81, 82] and non-
linear optics [89, 90].

For a single two-level atom, the optical Bloch equations
can be derived from the general N -body equations of
motion Eq. (3) as

ρ̇ee = −γρee +
i

2
[Ω(t)ρge − Ω∗(t)ρeg] , (A1a)

ρ̇ge =
(
iω0 −

γ

2

)
ρge +

iΩ∗(t)

2
(2ρee − 1) , (A1b)

ρeg = ρ∗ge , ρgg = 1− ρee , (A1c)

where we have dropped the atom indices for notational
simplicity, and γ is the total natural line-width. Note
that the same equations of motion govern the dynamics
of effective two-level systems in the low-excitation sector
of nuclear resonant scattering, however, with collectively
modified parameters ω0, γ and Ω(t).

To solve these equations self-consistently, we start by
a formal integration. To this end, we introduce new vari-
ables

ρ̃ge(t) = e(−iω0+
γ
2 )tρge(t) , (A2a)

ρ̃ee(t) = eγtρee(t) . (A2b)

Their time evolution is described by

˙̃ρge(t) =
i

2
Ω∗(t) [2ρee(t)− 1] e−iω0t+

γ
2 t , (A3a)

˙̃ρee(t) = −Im [Ω(t)ρge(t)] e
γt . (A3b)

An integration from an initial time t0 on yields

ρ̃ge(t)− ρ̃ge(t0) =
i

2

∫ t

t0

dt′ Ω∗(t′) [2ρee(t
′)− 1]

× e−iω0t
′+ γ

2 t
′
, (A4a)

ρ̃ee(t)− ρ̃ee(t0) =−
∫ t

t0

dt′ Im [Ω(t′)ρge(t
′)] eγt

′
. (A4b)

Rewriting these equations in terms of the untransformed
density matrix elements gives

ρee(t, t0) = e−γ(t−t0) ρee(t0)

−
∫ t

t0

dt′ eγ(t
′−t) Im

[
Ω(t′)ρge(t

′, t0)
]
, (A5a)

ρge(t, t0) = e(iω0− γ
2 )(t−t0)ρge(t0) +

i

2

∫ t

t0

dt′ Ω∗(t′)

× e−(iω0− γ
2 )(t

′−t) [2ρee(t
′, t0)− 1] ,

(A5b)

where the initial density matrix element is defined as
ρij(t0) := ρij(t0, t0). Inserting the second equation into
the first one and vice versa yields:

ρee(t, t0) = e−γt

{
eγt0ρee(t0) + e

γ
2 t0

∫ t

t0

dt′e
γ
2 t

′

× Re
[
ieiω0(t

′−t0)Ω(t′)ρge(t0)
]

− Re
[ ∫ t

t0

dt′ eγt
′
Ω∗(t′)

∫ t′

t0

dt′′ e(iω0+
γ
2 )(t

′′−t′)

×Ω(t′′)

(
ρee(t

′′, t0)−
1

2

)]}
, (A6a)

ρge(t, t0) = eiω0te−
γ
2 t
{
e−iω0t0e

γ
2 t0ρge(t0)

+ i

∫ t

t0

dt′e−iω0t
′
Ω∗(t′)

(
eγ(t0−

t′
2 )ρee(t0)−

e
γ
2 t

′

2

)
− i

∫ t

t0

dt′e−iω0t
′
e−

γ
2 t

′
Ω∗(t′)

∫ t′

t0

dt′′eγt
′′

×Im [Ω(t′′)ρge(t
′′, t0)]} . (A6b)

Finally, assuming the nucleus to be in its ground state
initially, ρee(t0) = 0 = ρeg(t0), the self-consistent equa-
tions (17) in the main text are obtained.

Appendix B: Solution of the self-consistent equations

The self-consistent Eqs. (17) can be expanded itera-
tively in orders of the (time-dependent) nucleus-field in-
teraction Ω(t). In zeroth order, starting from an initial
ground state, the solution is

ρ(0)ee (t) = 0 , (B1a)

ρ(0)ge (t) = 0 . (B1b)

In first order, inserting the zeroth-order solution into
the right hand side of the self-consistent equations, one
readily finds

ρ(1)ee (t, t0) = 0 , (B2a)

ρ(1)ge (t, t0) =

∫ t

t0

dt′ f(t, t′) , (B2b)

f(t, t′) = − i

2
e−

γ
2 (t−t′)eiω0(t−t′) Ω∗(t′) . (B2c)

Iterating once more, we find for the second-order correc-
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tions

ρ(2)ge (t, t0) = 0 , (B3a)

ρ(2)ee (t, t0) = 2Re

[∫ t

t0

dt′ f(t, t′)

∫ t′

t0

dt′′ f∗(t, t′′)

]

=

∣∣∣∣∫ t

t0

dt′ f(t, t′)

∣∣∣∣2 =
∣∣∣ρ(1)ge (t, t0)

∣∣∣2 . (B3b)

The first relation in Eq. (B3b) follows from a simple re-
arrangement of the different terms in the self-consistent
Eq. (17a). In the second step, we have used a general re-

lation for complex-valued functions. Note that ρ
(2)
ge (t, t0)

in our notation is the second-order correction, and not
the result up to second order.

Appendix C: Solution of the N-body system

To derive the time-dependent coherences and popula-
tions of the N -body system in their respective leading
order of the externally applied x-ray field, we rewrite the
master equation Eq. (3) as

d

dt
ρ̂NB =

1

iℏ

[
Ĥ0 + Ŵ , ρ̂NB

]
−
{
Γ̂, ρ̂NB

}
+ L′[ρ̂NB] , (C1)

where

Ĥ0 = ℏ
N∑

n=1

ω0 σ̂
+
n σ̂

−
n − ℏ

N∑
n,n′=1

Jnn′ σ̂+
n σ̂

−
n′ , (C2a)

Γ̂ =
∑
nn′

(Γnn′ + δnn′ ΓIC) σ̂
+
n σ̂

−
n′ , (C2b)

Ŵ = −ℏ
2

N∑
n=1

[
Ω(rn, t) σ̂

+
n + h.c.

]
, (C2c)

L′[ρ̂NB] = 2

N∑
n,n′=1

(Γnn′ + δnn′ ΓIC) σ̂−
n′ ρ̂

NBσ̂+
n . (C2d)

Note that we have written part of the Lindblad contri-
bution as an anti-commutator {·, ·} with the density op-
erator, for reasons which will become apparent later.

We aim at a perturbative expansion of the density op-
erator in orders of Ŵ [89, 91],

ρ̂NB(t) =

∞∑
j=0

ρ̂(j)(t) (C3)

While treating Ŵ (t) perturbatively, the intrinsic nuclear
and incoherent dynamics described by the master equa-
tion Eq. (C1) should be included nonperturbatively to all

orders. For this, we employ an approach similar to the
interaction picture used extensively in time-dependent
perturbation theory in quantum mechanics and quantum
field theory [92–94] by defining the transformation oper-
ator

T̂t = exp

(
−Γ̂t+

i

ℏ
Ĥ0t

)
. (C4)

Note that T̂t is not self-adjoint,

T̂ †
t = exp

(
−Γ̂t− i

ℏ
Ĥ0t

)
, (C5)

T̂−1
t = T̂−t = exp

(
Γ̂t− i

ℏ
Ĥ0t

)
, (C6)

because of the contribution of Γ̂. For later reference, we
note that T̂t can be expressed as

T̂t = exp

(∑
n,m

κnm σ+
n σ

−
m t

)
, (C7a)

κnm = −(Γnm + i Jnm)− (ΓIC − iω0)δnm . (C7b)

We note that the following derivation also applies to un-
equal two-level systems which differ in their respective
single-particle decay rates Γnn or transition frequencies
ω0. However, since the desired equivalence between the
coherently and incoherently scattered intensities in sec-
ond order of the driving x-ray field can only be estab-
lished for identical two-level systems, we restrict the anal-
ysis to this case in the following.
By rewriting the master equation in terms of

ρ̂I(t) = T̂ †
−t ρ̂

NB(t) T̂−t (C8)

we obtain

˙̂ρI(t) =
1

iℏ

[
ŴI(t) ρ̂I − ρ̂I Ŵ

†
I (t)

]
+ T̂ †

−t L′[ρ̂NB] T̂−t, (C9)

with the (non-Hermitian) transformed interaction part

ŴI(t) = T̂ †
−tŴ (t)T̂ †

t . (C10)

One can show, e.g., by explicit calculation, that the
Lindblad contribution L′ does not contribute in zeroth
and first order in Ŵ . In second order, it gives a con-
tribution to the ground state part |G⟩⟨G| of the density
operator, where |G⟩ is the state with all 2-level systems
in their ground state. This can be understood by not-
ing that L′ describes the feeding back of the spontaneous
decay from the excited states into the respective ground
states. The excited state population, however, only be-
comes non-zero in second order. Then, population de-
cays into the ground state, but it can only be re-excited
in higher-order of the expansion. As a result, we do not
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have to consider the L′ contribution for our analysis, in
which we are only interested in calculating the excited
state populations and the coherences up to second order
in Ŵ . Hence, in the following, we neglect the L′ contri-
bution.

We continue by solving Eq. (C9) by formal integration,
followed by a transformation back to the original density
operator,

ρ̂(t) = T̂ †
t−t0 ρ̂(t0) T̂t−t0

− i

ℏ

∫ t

t0

dτ T̂ †
t−τ

[
Ŵ (τ), ρ̂(τ)

]
T̂t−τ . (C11)

In lowest order in Ŵ , we obtain

ρ̂(0)(t) = T̂ †
t−t0 ρ̂

(0)(t0) T̂t−t0 . (C12)

The first-order contribution becomes

ρ̂(1)(t) = − i

ℏ

∫ t

t0

dτ T̂ †
t−τ

[
Ŵ (τ), ρ̂(0)(τ)

]
T̂t−τ . (C13)

Similarly, the second-order contribution is obtained by a
further iteration,

ρ̂(2)(t) = − i

ℏ

∫ t

t0

dτ T̂ †
t−τ

[
Ŵ (τ), ρ̂(1)(τ)

]
T̂t−τ . (C14)

Using these expressions for the density operator, the rel-
evant density matrix elements for each nuclear two-level
system can be obtained as

ρ(1)gx,ex(t) = Tr
[
σ̂+
x ρ̂(1)(t)

]
, (C15a)

ρ(2)ex,ex(t) = Tr
[
σ̂+
x σ̂−

x ρ̂(2)(t)
]
. (C15b)

One approach is to transfer to a basis in which the time
evolution operator T̂t becomes diagonal [56, 64]. Here,
we instead proceed with a direct calculation in the single-
particle basis.

We start with the coherence, assuming that all nuclei
initially are in their ground states, ρ̂(0)(t0) = |G⟩⟨G|,

ρ(1)gx,ex(t) =− i

ℏ

∫ t

t0

dτ Tr
[
σ̂+
x T̂

†
t−τ

[
Ŵ (τ), ρ̂(0)(τ)

]
T̂t−τ

]
.

(C16)

The trace in the integral of Eq. (C16) is evaluated to

Tr
[
σ̂+
x T̂

†
t−τ

[
Ŵ (τ), ρ̂(0)(τ)

]
T̂t−τ

]
= ⟨G|T̂t−τ σ̂

+
x T̂

†
t−τŴ (t)|G⟩ − ⟨G|Ŵ (τ)T̂t−τ σ̂

+
x T̂

†
t−τ |G⟩

= −⟨G|Ŵ (τ)T̂t−τ σ̂
+
x |G⟩ (C17)

where we have used the cyclic permutation property
Tr(AB) = Tr(BA) in the first step, and

T̂ †
t |G⟩ = |G⟩ = T̂t|G⟩ , (C18)

⟨G|T̂t = ⟨G| = ⟨G|T̂ †
t , (C19)

as well as

⟨G|σ̂+
x = 0 (C20)

in the second step. We further evaluate Eq. (C17) by in-

serting the explicit form of the interaction part Ŵ which
yields

−⟨G|Ŵ (τ)T̂t−τ σ̂
+
x |G⟩

=
ℏ
2

N∑
n=1

Ω∗(rn, τ)⟨G|σ̂−
n T̂t−τ σ̂

+
x |G⟩

=
ℏ
2

N∑
n=1

Ω∗(rn, τ)
[
δnx + κnx(t− τ)

+
∑
j

κnjκjx(t− τ)2/2 + . . .
]

=
ℏ
2

N∑
n=1

Ω∗(rn, τ)
[
eK(t−τ)

]
nx

. (C21)

In the second step, we perform a series expansion of
the time evolution operator and calculate the expecta-
tion values. In the last step, we re-sum the result. For
this, we introduce the matrix exponential of the coef-
ficient matrix K = (κnm) with entries κnm defined in
Eq. (C7), and [A]xy is the x, y-element of the matrix A.
Using Eq. (C21) in Eq. (C16), we obtain

ρ(1)gx,ex(t) =

N∑
n=1

∫ t

t0

dτ gnx(τ) , (C22a)

gnx(τ) = − i

2
Ω∗(rn, τ)

[
eK(t−τ)

]
nx

. (C22b)

Analogously, the excited-state population evaluates to

ρ(2)ex,ex(t) = Tr
[
σ̂+
x σ̂−

x ρ̂(2)(t)
]

=
2

ℏ2
Re

{∫ t

t0

dτ2

∫ τ2

t0

dτ1 M
}

, (C23)

with the matrix element

M = ⟨G|Ŵ (τ2)T̂t−τ2 σ̂
+
x σ̂

−
x T̂

†
t−τ1Ŵ (τ1)|G⟩

=
ℏ2

4

∑
nm

Ω∗(rn, τ2)Ω(rm, τ1)

× ⟨G|σ̂−
n T̂t−τ2 σ̂

+
x σ̂

−
x T̂

†
t−τ1 σ̂

+
m|G⟩

=
ℏ2

4

∑
nm

Ω∗(rn, τ2)Ω(rm, τ1)

×
∑
N

⟨G|σ̂−
n T̂t−τ2 σ̂

+
x |N ⟩⟨N | σ̂−

x T̂
†
t−τ1 σ̂

+
m|G⟩

=
ℏ2

4

∑
nm

Ω∗(rn, τ2)Ω(rm, τ1)

× ⟨G|σ̂−
n T̂t−τ2 σ̂

+
x |G⟩⟨G|σ̂−

mT̂t−τ1 σ̂
+
x |G⟩∗
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=
ℏ2

4

∑
nm

Ω∗(rn, τ2)Ω(rm, τ1)

×
[
eK(t−τ2)

]
nx

[
eK(t−τ1)

]∗
mx

. (C24)

In this derivation, the crucial step is the insertion of an
identity operator 1̂ =

∑
N |N ⟩⟨N | in the center of the

matrix element where the |N ⟩ form a basis of the many-
body Hilbert space. Of this sum, only the ground state
projector |G⟩⟨G| contributes for the following reason: σ̂+

m

creates a single excitation in the state it is acting on,

while the time evolution operator T̂ †
t−τ1 conserves the to-

tal number of excitations. Then, σ̂−
x annihilates a single

excitation such that only initial and final states with the
same number of excitations can contribute to M which
means that only the ground state projector remains in
the center of the matrix element.

By inserting Eq. (C24) into Eq. (C23), we obtain

ρ(2)ex,ex(t) =
1

2
Re

{∫ t

t0

dτ2

∫ τ2

t0

dτ1
∑
nm

Ω∗(rn, τ2)Ω(rm, τ1)

×
[
eK(t−τ2)

]
nx

[
eK(t−τ1)

]∗
mx

}

= 2 Re

{∫ t

t0

dτ2
∑
n

gnx(τ2)

×
∫ τ2

t0

dτ1
∑
m

g∗mx(τ1)

}

=

∣∣∣∣∣
∫ t

t0

dτ2
∑
n

gnx(τ2)

∣∣∣∣∣
2

=
∣∣∣ρ(1)gx,ex(t)

∣∣∣2 , (C25)

where we have used Eqs. (C22) and the general rela-
tion for complex-valued functions already employed in
the derivation of Eq. (B3b).

In summary, from Eqs. (C22) and (C25) we thus obtain

ρ(1)gx,ex(t) =

N∑
n=1

∫ t

t0

dτ gnx(τ) , (C26a)

ρ(2)ex,ex(t) =
∣∣∣ρ(1)gx,ex(t)

∣∣∣2 , (C26b)

gnx(τ) = − i

2
Ω∗(rn, τ)

[
eK(t−τ)

]
nx

, (C26c)

as the desired solution of the N -body dynamics.
As a consistency check, we can reduce the expression

Eqs. (C26a) to the single-particle case. Then, the matrix
exponential reduces to a scalar exponential with

κxx = −Γxx − ΓIC + iωx = −γ

2
+ iω0, (C27)

such that

ρ(1)gx,ex(t) = − i

2

∫ t

t0

dτ Ω∗(τ) e−
γ
2 (t−τ) eiω0(t−τ) , (C28)

which agrees with the single-particle result Eqs. (B2).

Appendix D: Nonresonant excitation of two-level
systems beyond the low-excitation regime

In Fig. 6 we found that the FFC spectra of the pop-
ulation exhibit diagonal structures with slope one, while
the corresponding coherence squared may feature diago-
nals of slope one and two. In this Appendix, we explain
this difference, based on the exact solution to a two-level
system near-resonantly driven by a continuous light field
with constant Rabi frequency Ω0 [82].
The population and the coherence squared for this sys-

tem can be written in terms of the generalized Rabi fre-
quency Ω∆ =

√
Ω2

0 +∆2 as

ρee(t) =
Ω2

0

4Ω2
∆

(
2− eiΩ∆t − e−iΩ∆t

)
,

|ρge(t)|2 =
Ω2

0

16Ω4
∆

[
6∆2 + 2Ω2

∆ − Ω2
0

(
e2iΩ∆t + e−2iΩ∆t

)
−4∆2(eiΩ∆t + e−iΩ∆t)

]
. (D1)

Here, we have rewritten the usual form of the expres-
sions [82] in terms of exponential functions, since they
directly reveal the different contributing frequency com-
ponents. We find that the population features oscilla-
tions with the generalized Rabi frequency ±Ω∆ only. In
contrast, the absolute square of the coherence evolves
with frequency ±Ω∆ and ±2Ω∆. Note that the coher-
ence ρge(t) itself does not comprise components oscillat-
ing at ±2Ω∆. This suggests that the origin of the os-
cillation with double frequency in the coherence squared
is a frequency-mixing between the negative and positive
frequency component of the dipole oscillation.

In the limit ∆ ≫ Ω0 of large detunings, Ω∆ ≈ ∆, and
thus oscillations with ±∆ and ±2∆ appear that convert
into the diagonal lines in the FFC spectra in Fig. 6 upon
Fourier transformation along the time axis (cf. [88]).

To demonstrate that the second pair of diagonal lines
with slope two is a consequence of an excitation beyond
the LER, we use the self-consistent Eqs. (17) to derive the
lowest and next-to-leading order results for the coherence
squared. In order to focus on detuning-dependent effects,
we again assume a pulse with constant envelope Ω0. The
results read:(

|ρge(t)|2
)(0−2)

=
Ω2

0

4∆2

(
2− ei∆t − e−i∆t

)
, (D2)

(
|ρge(t)|2

)(4)
=2Re

[
ρ∗(1)ge (t)ρ(3)ge (t)

]
(D3)
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=− 7

8

Ω4
0

∆4
+

(
Ω4

0

16∆4
− i

Ω4
0 t

8∆3

)
ei∆t

+

(
Ω4

0

16∆4
+ i

Ω4
0 t

8∆3

)
e−i∆t

− Ω4
0

16∆4

(
e2i∆t + e−2i∆t

)
. (D4)

As expected from the general proof of the equivalence

of population and coherence squared in second order of
the x-ray-nucleus interaction, the lowest order contribu-
tion to the coherence squared features oscillations with
±∆ only, like the population. In contrast, already in
fourth order the coherence squared oscillates with both
frequencies ±∆ and ±2∆. Therefore, we conclude that
the diagonals with slope two only appear in the FFC in
case of excitation beyond the LER. This suggests to use
the appearance of the diagonal lines of slope two in the
coherently scattered intensity as a feature to characterize
dynamics beyond the LER.
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[45] E. Gerdau, R. Rüffer, H. Winkler, W. Tolksdorf, C. P.
Klages, and J. P. Hannon, Nuclear Bragg diffraction of
synchrotron radiation in yttrium iron garnet, Physical
Review Letters 54, 835 (1985).

[46] G. V. Smirnov, U. van Bürck, A. I. Chumakov, A. Q. R.

https://doi.org/10.1103/PhysRevLett.114.203601
https://doi.org/10.1103/PhysRevLett.114.207401
https://doi.org/10.1038/nphoton.2016.77
https://doi.org/10.1126/science.aan3512
https://doi.org/10.1007/s10751-017-1461-3
https://doi.org/10.1007/s10751-017-1461-3
https://doi.org/10.1038/s41566-017-0013-3
https://doi.org/10.1038/s41586-021-03276-x
https://doi.org/10.1038/s41586-022-04870-3
https://doi.org/10.1038/s41586-022-04871-2
https://doi.org/10.1103/PhysRevLett.129.213602
https://doi.org/10.1038/nphoton.2012.180
https://doi.org/10.1038/nphoton.2012.141
https://doi.org/10.1038/s41566-019-0365-y
https://doi.org/10.1038/s41566-019-0365-y
https://doi.org/10.1038/s41566-020-0607-z
https://doi.org/10.1038/s41566-020-0607-z
https://doi.org/10.1038/s41566-021-00777-z
https://doi.org/10.21203/rs.3.rs-2487501/v1
https://doi.org/10.21203/rs.3.rs-2487501/v1
https://doi.org/10.21203/rs.3.rs-2487501/v1
https://doi.org/10.21203/rs.3.rs-2487501/v1
https://doi.org/10.1103/PhysRevLett.100.244802
https://doi.org/10.1103/PhysRevResearch.4.L032007
https://doi.org/10.1103/PhysRevResearch.4.L032007
https://doi.org/10.1103/RevModPhys.69.1085
https://doi.org/10.1038/s41567-017-0001-z
https://doi.org/10.1103/PhysRevLett.54.835
https://doi.org/10.1103/PhysRevLett.54.835


20
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[50] R. Röhlsberger, Nuclear Condensed Matter Physics with
Synchrotron Radiation (Springer, Berlin Heidelberg,
2004).

[51] O. Diekmann, D. Lentrodt, and J. Evers, Inverse design
approach to x-ray quantum optics with Mössbauer nuclei
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