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construct the associated Nicolai map. These sigma models admit a formulation with only
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1 Introduction and summary

The Nicolai map T [1-3] is a (generically nonlocal and nonlinear) field transformation
that relates supersymmetric theories at different values of their parameters, say coupling
constants g. In particular, it allows one to compute the expectation value of any operator Y
built from the bosonic fields ¢ at coupling g by evaluating a free-field (g=0) correlator of
the inversely transformed operator 7Y !

(Ylgh), = (T, 'V)e]), = (YT, ¢l),- (1.1)

g

Here, we indicated the value of the coupling as a subscript on the correlator and also on the
symbol of the map Ty : ¢ — ¢'[g, ¢] = Ty¢. The second equality expresses the distributivity
of the map, i.e. T(¢1¢2) = (T'p1) (T'p2). In the expectation values of (1.1) it is understood
that all anticommuting degrees of freedom v have been integrated out.? This means that
the Nicolai map operates in a nonlocal bosonic theory with an action

Sglé] = SPle] + hShle], (1.2)

where the local part S;f’ is the bosonic piece of the original supersymmetric action Ssygy[®, ¥]
and exp{iS;} arises from the path integral over the anticommuting fields in the partition
function, both at coupling g. In particular, S; is in general nonlocal and suppressed by h.
So far in the literature only theories with quadratic fermions have been considered, for
which the integration over fermions can be formally carried out. As a result, changing
path-integral variables Y +— T,Y on the right-hand side of (1.1) and sorting powers of A,
one recovers the original defining properties of the Nicolai map,

Se[Tyd] = Sp[¢] and SE—itrin 5§<gb¢ = St¢l, (1.3)

which are called the ‘free-action’ and ‘determinant-matching’ property, respectively. We
note that S§ = Si[T,¢] is a constant since this functional does not depend on the bosonic

IThe vanishing of the vacuum energy in supersymmetric theories properly normalizes (I)y = 1.
2 Auxiliary fields F may be kept as part of ¢ or eliminated, see below.



fields. The name ‘determinant-matching’ was indeed coined because in theories with a flat

target space integrating the quadratic fermions out produces a fermionic (or Matthews-
6Ty
5
Powers of A are fully explicit because the fermionic determinant sums all fermionic loops

Salam-Seiler) determinant, which has to be matched by the Jacobian determinant det

in the bosonic background which is a one-loop exact operation. As a consequence, in the
language of the ‘Nicolai rules’ to construct the map, only tree diagrams appear, and for
this reason it is sometimes considered a classical construction.

In this paper we will show that the assumption of quadratic fermions is not necessary;
Nicolai maps can be constructed for supersymmetric actions with higher-order fermion
terms as well. The price to pay is quantum corrections to the Nicolai map and a more
general dependence on h, which upsets the conditions (1.3). In other words, the Nicolai
map is a formal power series not only in g but also in A,

Ty¢ = T\%% + ) NI, (1.4)
r=1

where r counts the number of fermion loops in the diagrammatic representation. With
higher-order fermionic terms in the action, the path integral over the anticommuting fields
will produce an effective nonlocal action ), h"Sgr) [¢] extending the previous one-loop re-
sult hS; [¢] to all orders in h. Revising the argument leading from (1.1) to (1.3) we then
find the combined identity

5Ty
o)

Inserting (1.4) into (1.5) and comparing powers in i one obtains an infinite hierarchy of

SPIT,] + hSS — ihtrin = SPlg] + > KS[g]. (1.5)

‘Nicolai-map conditions’ The leading two represent the tree-level and one-loop contribu-
tions and read

o
SHTO%] = SPlg] and SolTy8) oy + 56 — 1 trin 59 = SWlg]. (1.6)

Clearly, the ‘free-action condition’ is still valid for the classical part of the Nicolai map, but
the ‘determinant-matching condition’ receives a free-action contribution from the one-loop
correction to the map, and there are further conditions, each one balancing expressions of
a fixed loop order.

For any off-shell supersymmetric theory, there exists a formalism and a universal for-
mula which provides a formal power series expansion (in g) of the map and its inverse [4—
11].3 The key player is the ‘coupling flow operator’

Rlol = [do (0,17 0 T)ota) 5= (L7)

where ‘x’ stands for all coordinates the fields depend on. This functional differential oper-
ator governs the infinitesimal Nicolai map,

0y (Y1el), = (95 + Ryle])Y[9]),, -

, (1.8)

3Under certain conditions the construction works also in the absence of off-shell supersymmetry, e.g. for
super Yang-Mills theory in dimensions 6 and 10 in the Landau gauge [8, 12—-14].



The first step towards its construction is the observation that, in off-shell supersymmetric
chiral theories,

Ssusy[®, Y] = daAald, V] = 8gSSUSY[¢77/}] = 5a8gAa[¢a Y], (1.9)

where « is a spinor index (we are being schematic here on the notation of spinors) and A, is
a certain anticommuting local functional. Super Yang-Mills theories are more complicated
because [0y,0,] # 0, and we exclude them in the following. Employing (1.9) and the
supersymmetric Ward identity we integrate out the anticommuting variables to read off
the coupling flow operator
i i 0

Rofé] = 4 08al6] da = [ 0,8al0] dudle) 5. (1.10)
where the contraction indicates a fermionic expectation value to be taken.

Exponentiating the action of 9,4+ R, generates the (finite-flow) inverse Nicolai map. Al-
ternatively, a g-ordered exponential of —[§ dg’ Ry directly yields the Nicolai map. In any
case, the R, action has to be iterated, Ry, Ry, - - - Ry, ¢, which grafts full fermionic 2k-point
functions onto previously generated diagrams. For the Wess-Zumino model (quadratic in
the fermions) this produces fermionic tree diagrams, dressed with bosonic ‘leaves’ Still,
fermion loops remain absent. For nonlinear sigma models, however, the graphical expansion
of the Nicolai map will feature fermionic trees with all kinds of fermion loops embedded.
Thus it can no longer be considered a classical map. Nevertheless, at any power of the
coupling ¢ a finite number of diagrams contributes to the Nicolai map, and we may still
employ the universal formula to write it down. In the following, this will be demonstrated
for four-dimensional supersymmetric sigma models, first in general and second for super-
symmetric CPY models. The latter, being maximally symmetric, admit a formulation with
only quadratic fermions via the introduction of an auxiliary vector field. We do not fully
explore its implications here, as this falls outside the scope of the present paper, which
presents a more general construction.

For the scope of this paper, relating the perturbative Nicolai map to the standard
perturbative (Feynman) expansion solely concerns the generation of diagrams. These are
in general divergent and in most applications require regularization. We assume that it
has been done in an appropriate way, e.g. via dimensional regularization or with a UV
cutoff.* These aspects, and more generally the interplay between the Nicolai map and
regularization or renormalization, deserve further study.

There are several ways in which the work presented here can be further expanded or
generalized. The implications of the auxiliary vector in the CPY model deserve further
study. It would be interesting to work out explicitly additional orders of the Nicolai
map for CPY models presented here and study in detail the higher-loop identities (1.5).

4In particular, the perturbative non-renormalizability of the nonlinear sigma models described here is
not of concern.

5For example, it might be possible to improve the construction presented here by choosing a different
normalization for the fields, which is crucial in the construction of the map in the super Yang—Mills case
[9]. Work in this direction is ongoing.



Conceivably, then, the formalism presented here can be naturally extended to gauge theo-
ries. Finally, a more ambitious goal is the application of the Nicolai map to supergravity,
which has been excluded so far owing to the four-fermion contributions, with the potential
application of shedding light on its UV behaviour.

The rest of the paper is organized as follows. Section 2 collects some general expressions
for supersymmetric nonlinear sigma models and its coupling flow operator. In section 3 we
specialize to CP™ and construct the associated Nicolai map in perturbation theory. A pos-
sibility of eliminating the four-fermion interactions via auxiliary (Hubbard-Stratonovich)
scalars or vectors is discussed in section 4. We then comment on the superfield origin of an
auxiliary vector in CPY models and its relevance for the construction of the perturbative
Nicolai map.

2 Supersymmetric nonlinear sigma model

The prototypical supersymmetric field theory with higher-than-quadratic fermion terms in
the action is the supersymmetric nonlinear sigma model in (3+1)-dimensional Minkowski
space [15], which is characterized by a Kihler potential K(®!, ®?) and a superpotential
W(P*) for a collection

{02} = {2° o1 = {a° @' &2 ... oV} (2.1)

of N+1 chiral superfields, i.e. a,b,¢,...=0,1,...,Nand A,B,C,...=1,...,N. Complex
conjugation raises or lowers target-space indices. Adopting the Wess-Bagger notation [16]
their component expansion (in x coordinates) reads

_ 1 o i _
"= 90070 Oy + 1 0°0° D¢a+\@a¢a—\%920mwame+e2pa — ¢U4E, (2.2)

where Weyl spinor indices o, & = 1,2 are suppressed. We note that Z3 = 0. For the
purpose of this paper the superpotential is not essential (although it can easily be added),
and thus we omit any F-term in the action and restrict ourselves to the Kahler potential
in the supersymmetric D-term action

Ssusy = / d'z £ with £ = / 420 d%0 K(®}, ). (2.3)

We further define the functional A given by

A :/d“xM with M = /d9d29K (@, 3%, (2.4)
so that
1,1 1-—
L = 4( +Hd°‘M + 15 M%) + total derivative, (2.5)
with a free parameter x controlling the relatlve weight of the chiral against antichiral
contribution.’

5This freedom is R symmetry: a D-term can be reached in two ways, by applying either 6% to M, or

Sd to .A;ld.



o 0 o 0
cd.. . ¥ Y . ...
Kab = 540 agh d¢r 097, i

We introduce the notation

K := K(¢:7 ¢a) and ab...
Expanding
_ 1 _
K = K+K,E*+KE, + K} =2, + Ka 20=b 4+ 51{‘“’ S
1 _
+ Kgc SEE + K EEE + 4K“b” =0E,Z, (2.7)
= . FOPOM+POM+ 00 L
and employing the identity
OK = K4 0,¢40"¢% + Kap 0n¢" 06" + 2K 0,650™¢" + K O¢% + K4 0%,
(2.8)
we read off the component lagrangian
£ = KL |-076"000} — 500" By + S0t Gy + FUF |
* 1 ab |:7. =m,_;c YRS c
g B | 4 K (i 6 O — Pathy P
(2.9)

1 _
+ 5Ky (100 e O
L Ked Yathy v

RRE %waamvmu?b v ivmw“amwb +FUE|
£ Dathy v

1 1
ch wawa* 5}'(ab waw FC

with target-space covariant derivative on spinors defined as
0Vt = K Oty + K2y 0o “y?, (2.10)
(2.11)

and we also obtain the penultimate component
_ 1 o
M = V2K Ff —io™ )y Omo?] + EK};C WV Py ,
which are both manifestly invariant under Kéhler transformations K — K 4+ A 4+ Af
In order to simplify the coupling-flow operator, it is advisable to also integrate out the

uxiliary F'* by inserting its classical value
1
Q(K_l)g Koy oot (2.12)

1 _
S veta = =

K'Fy =
back into £ and M, which produces
L = KL |-0m0"0n6} — 500" Vi + S Voomy| + (R duth 690 (2.13)
with the Riemann tensor
Rl = K — Kiy(K 1)K (2.14)



as well as

M = —iV2 K 0™y 0pd® + V2K e . (2.15)

We note that the invertibility of the Kéahler metric is not needed in the final expression
for the coupling-flow operator. Still, as we shall see, if redundant target coordinates are
employed we must constrain them (‘fix a gauge’) and also introduce a coupling g into the
Kaéhler potential K in order to obtain a perturbative expansion for the Nicolai map.

Suppose now that Ssygy features terms of order 2k in the v fields, with k = 1,2,....
Then, 04M,, has terms of the form ?*=1. Since 8, acting on ¢ is linear in 1, the contraction
in

R, — —Z%/dy/dx {1;"“89%&(:5) + 1;”09/\4&)5&(37)} (2.16)

signifies a fermionic 2k-point function in the ¢ background, with 2k—1 legs fused. For a flat
target space, we look at Wess-Zumino chiral models, and fermions appear only quadratically
in the action. Thus, k=1 implies only a full fermion propagator in (1.10),

WP (a) ve(z) = R(GY) (), (2.17)

which contains all Feynman diagrams connected by a single fermion line with external
¢ legs. Expanding the full fermion propagator in powers of g, one obtains chains of free
fermion propagators, with vertices encoding the coupling to the bosonic background. No
fermion loops arise. In case of a curved target space, instead, we face a nonlinear sigma
model, whence Sgysy has terms quadratic (k=1) as well as quartic (k=2) in the fermions. In
this case, a 13 contribution in M, produces a correlator of a composite > with another 1

in the bosonic background, which then occurs in (1.10),

(G (o) (2.18)

wh(a) 0l (@ i) va(a)

which contains all Feynman diagrams connecting a triple fermion vertex with another
fermion. We note that both Ggg ) and Gflg ) include diagrams with fermion loops generated
by the four-fermion coupling. Expanding in powers of g and taking into account the *
interaction in Sgysy, we encounter fermion loop diagrams in the graphical expansion of the
coupling flow operator and hence of the Nicolai map.

3 Supersymmetric CPY model

Let us become more concrete and specialize to a maximally symmetric Kéhler target,
namely the complex projective space CPY ~ % It is embedded into CN*! 5 ¢¢

by the identification ¢* ~ X ¢* with A € C*, which yields the K&hler potential

2
Ko7 = & 1og[52 ¢*¢} with %6 = ¢°¢°, (3.1)



where ¢ is a dimensionless coupling, and p is a mass parameter accounting for the di-
mensionality of ¢.” The superfield extension identifies ®* ~ A ®® with a complex chiral
superfield A. For later use, we introduce the abbreviations

b 1*
£t = %gb*qﬁ and m .= 6t — ¢

a7 G (3-2)

in terms of which the derivatives of K are as follows,

= fylly, K= 20y 500N, K= apy o Todh) — 205 5 T (33)

We remark that TI2 ¢% = 0 = o 1% implements the projection transversal to the ‘radial
direction’ of the identification ¢% ~ X ¢°.

As it stands, this Kéhler potential is singular in the ¢ — 0 limit. In order to set up a

perturbation theory around flat CV, we need to select a point on CP? and pick coordinates

¢4 € CV centered around it. An appropriate superfield choice fixing the above redundancy

0 _ M72 0 0 0y _ &2
Q" = g A {ﬁbﬂ/) 7F} - {\/;7070}7 (34)

which leaves us with N proper (super)coordinates

is

L 029,040™0 + 02FA  (3.5)

_ A | i mp A }2*2 A A
= ¢" +100™0 O™ + 16°0% ¢ + /204 7%

and a well-behaved Kéhler potential

N 1 9 5% n\2 . Tk 7 *
K@30") = Crog[1e §9] = b6 - [ L @O o) win bd=onot
(3.6)
Observing that (3.4) effectively reduces the summation ranges in (2.9) and (2.11) to

., N,ie a,b,... — A, B,..., we only need to insert
g C 29 +(CHD
Ki=f05, K3C= 2175 Q. KGR =ar3” i ” el o) — 2f EHEAHB))
(3.7)

with fg_1:1+%¢3*<;§ and
ni = 62—@%&@1 = TB¢t=f,6% and  ¢pIE=f,0%. (3.8)

The elimination of the auxiliary F' via (2.12) commutes with the coordinate choice
for M, - o
M = V2 K} 9o*dp + V2EXC z/f“ Vo

= —iV2f, T do* s — 2V2 255 TS 1B YA Y, 39

"There really is only one (dimensionful) parameter M? =12 /g; we introduce the dimensionless coupling g
only for later convenience. Also, ;% need not be positive.



but not so for the lagrangian (2.9) because (2.14) requires invertibility of the Kéhler met-
ric K, which is degenerate in the redundant coordinates. However, after choosing (3.4)
we simply obtain

1 o 1
KiFp = K§” vevp = A = 5(K‘l)gKCBD WOPP with (K- DAKE =64

(3.10)
with an inverse K1 on CP¥ and hence a four-fermion interaction
RGP Yavp 9P with  REP = Kop — K&p(K™RKEP. (3.11)
The CPY Riemannn tensor computes to (cf. (3.7))
2
RAB = 2f§% Ay = —%(K{}Kﬁ + KAKB) . (3.12)

Working out the details one arrives at
£ = 1y =000 076 = 50 Do+ D)+ 5 £y 2 (0 B + Um0 )
45 LT A 00— 600 ) D+ | fgﬁ[ Mda] [P0 5], (3.13)
where we have employed the Fierz identity
$ain] WOUP] =~ ompal [P n]. (3.14)
We now have all the ingredients for constructing the Nicolai map. Remembering that
= V295, daty =0, , 0%t =0, 0Yoh =205 (3.15)

the coupling-flow operator takes the form

Rg — _lﬁ/dy/dl' {MagMoz(y) wAa(x) 5¢j(x) + 1;K89MMA(&($)(W§@)}

= o [t [ 0,4, s ) 0) 47 @)
—2i, ( 12 92H§> O ()8 (W) YBaW)YE (y) PP () 5¢g @ }
i fao 5 {0, G010 Fone) 55
—ziag< 2 5211§> SCWIE W)Y (W)¥e (y) Ypale) 5¢*§ (2) } (310)

with full fermionic correlators indicated by the contractions, see (2.17) and (2.18).
Let us take a look at first order in the coupling g,

(Ty0) () = ¢Mz) — g(Red)lio(z) + O(g?). (3.17)



We compute

(Ryd)iola) = s [y {0b(6"Buad + 6Baad™ 0) ()
+ 216903 s v (y) (@)}
i Ba 0 (y) v°(2) } _ 1s)
(R @) = Gy [ {00506 + 00.8"0%) ¢ ) asla)
+ 265 0% 6P 4 (y) Paal@) }
where now the contractions are free-field ones,
Ohe Yo(y) ¥A@) = —2m05 0O (y—x) = " YY) Ypa(z) (3.19)
U Ypa Pe(y) v (x) = BX(N+1) 6 0,07 (y—2) 0"0 H(y—a) _, .
and arrive at the classical map
T @) = 04w) + 555 [ay 650,(070N)(0) 070 (r=a) + O(a?).
1 . g (3.20)

(I ala) = 63@) + 5" 5 [y 67 0,056 ()"0 (y=r) + ().

while the four-fermion contraction yields the leading (or one-loop) quantum contribution

1
(Tgfl)qﬁ)A(x)——lng; (N+1) /dy ¢ (y) 00 (y=2) 0O (y—2)]_,
+0(¢%),

(Tél)qb*)A(@:—lelQ (N+1) / dy ¢4(y) OmD " (y—2) 00 (y—2)|

+0(g%),

(3.21)

zZ=y

The generalized free-action condition in (1.6) means that

SYT0) = — [on(Te o (Tet)a & - [ fEonetons = Shiel. (322

which is met to first order in g because both sides are equal to
-/ {&n(bA 070y — 20 (67 00" +0%0,0%) 76y + o<92)} (3.23)

and  cancels out. For the one-loop matching in (1.6) we obtain the O(g) contributions

STl = 15 (V1) [{5046300) + F(*005 - oa06Y) D0
5T 1
St =2 = v [{Getens0) - 0406 - 6306 07 0) ], 820
sl) = i v+ [{o%6300)}



which verifies the condition again with the expected cancellation of k. In (3.24) we use
the regularization-dependent quantities §(0) = 6™ (z—z) and 01(0) = O~ (z—=z), which
contribute to a mass shift and wavefunction renormalization, respectively.® We kept them
in this form to maintain the discussion as general as possible and to illustrate the matching
at first order.

By choosing k=+1 or k=—1 we have the freedom to shift the Nicolai map entirely to
&4 or ¢ alone, respectively. A graphical representation of the Nicolai map to order g°
looks as follows,

+ 0(g®). (3.25)

Here, the thick dot at the left end of each diagram stands for the argument = of the map,
other vertex positions are integrated over. Solid lines are free fermion propagators /i
or 07!, and wavy lines represent bosonic field insertions ¢ or ¢*. One of the bosonic
legs emanating from each vertex not sourcing a loop carries a derivative (not shown). For
the full ‘Nicolai rules’, one of course needs to add target-space indices, spinor traces, and
weight factors. All diagrams shown above already appear in the first application of R,
on ¢. We see that in the A expansion of the map an r-loop contribution arises first at order
T

g", so that at each given order in perturbation theory only a finite number of diagrams
contribute, as expected.

8In dimensional regularization both contributions vanish in a massless theory such as the one under
consideration. With a UV cutoff they are quartically and quadratically divergent, respectively.

~10 -



4 Adding an auxiliary vector field

In some field theories with four-fermion interactions one can ‘resolve’ the latter through a
coupling with an auxiliary field A: the Hubbard-Stratonovich transformation. Schemat-
ically, one adds to an action with a (¢¢))? term an auxiliary-field coupling (¢ — A)2,
schematically

-, 1 - -, 1 - 1 -, i 1
DieH g0 = DI+ 39 AT oA = i (0 JgA) v oA, (4)

The four-fermion term has been cancelled, but eliminating A brings it back. Hence, the
only price is an additional auxiliary field (or several of them). Filling in the indices in our
schematic argument and allowing for the fierzing (3.14), we see that the transformation
requires our four-fermion term (3.11) to be ‘factorizable’; i.e.

RED = As(m)*P (m')ep + A () (¢)B) (4.2)

with some coefficients A\ and A\, and indices ¢ and I counting several such terms. For target
geometries with this property we can remove the four-fermion interaction by introducing
a bunch of complex scalar and real vector auxiliary fields

At = (mi)CDwC@/JD and AL = (EI)fSwDamz/?B, (4.3)

m

respectively.

This is actually the case for all hermitian symmetric spaces [17, 18].? Therefore, these
geometries allow for an auxiliary-field reformulation. The complex projective spaces CPY
treated above are the maximally symmetric compact examples, and indeed (3.12) shows
that a single real vector auxiliary A,, suffices. Actually, the Hubbard-Stratonovich trick
can be slightly generalized by shifting A by an arbitrary function of bosonic fields. We
make use of this option and choose

1 _
An = 51y [ 0O — i 0 O + v 11K 0 Y] (4.4)

where the form of the (arbitrary) bosonic contribution will be justified later on. With some
algebra this yields the enhanced lagrangian

~ 1
L=—f,50,¢%0m¢5 + ij%(w‘am% — 0md™)?
i 1
+ 509 (0" 0mdh — 40mo™) AT — Jgu A A

; 4.5
— T TR AP + Do) — L fy o TR 0 A i Y
+ WA Dot + Daoido ).
There exists an instructive superfield formulation [17, 18],
Ssusy = / d'z £  with L = / d20d%6 {9V @i — L2V}, (4.6)

9See [19] for a more general review on nonlinear realization and hidden local symmetries.

- 11 -



and corresponding expressions for A and M , where the auxiliary real vector superfield V'
with components (C, L, Ay, A, x, D) expands in z coordinates as

V =—C—ify+ify — %9% + %éQL* +00™0A,,
— 6% [X + ;éx} +i62%0 [)\ + ;&%2} - %9292 [D + ;DC} . (4.7)
The action (4.6) enjoys a complexified local U(1) invariance under
Vo= V 4+ 1A — AT and P s e 9A P (4.8)

with a chiral superfield parameter A. The coordinate choice (3.4) is not compatible with
the Wess-Zumino gauge, and it completely breaks the gauge symmetry. Indeed, eliminating
the vector superfield by its algebraic equation of motion,

Vo= —; log[;q)l(l)“} - —IulzK[@“,tbl], (4.9)
brings back the original action (2.3) with the CP" Kihler potential (3.1) (up to a con-
stant). We can interpret the action (4.6) and the gauge transformation (4.8) as a way of
performing the CP? identification of scalar superfields under complex chiral parameters:
the supergauge transformation realizes in a supersymmetric fashion a U(1) local trans-
formation, thus extending the standard gauge invariance to a U(1)c symmetry including
conformal rescaling.

Let us go now to the component level and eliminate auxiliary fields F, L, x, A, C and
D from the action by their equations of motion, e.g.

vy V2 Y
50 g o

After lengthy but straightforward computations we arrive at

F* = —y° ge 9% = p’. (4.10)

1
¢*¢

4 15 (0" Dl = 63D (411)

£ = 1y ] =D D"} = 5[0 B0y + 0] + 5 [0°6° Do + 3o |

where D,,, = O, — % g Ay, is a U(1)-covariant derivative. We note that 112 D,,¢® = I120,,¢.
For the penultimate components we find

M = —ivV2f,11 m“@z?bﬂﬂf;%(cbbmz—cbzmb) PP . (4.12)

Both £ and M are manifestly gauge invariant. We are left with the fields ¢%, ¥® and A,,.
Eliminating the latter via its equation of motion

WA = fy[i10°0nd; —10:0m¢ 1L W0 o] & 10 Dimdi—i0tDmd” = —1I Y oty
(4.13)
reverts to the four-fermion interaction, so we keep A,, in the lagrangian.
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Instead, we now employ the local supersymmetric U(1)¢ invariance to fix one of the

chiral superfields, ®° = \/’? , which explicitly connects the auxiliary-superfield formulation
with our coordinate choice (3.4) for the nonlinear sigma model. It is not hard to see that this
gauge fixing comes with a trivial Faddeev-Popov determinant. The gauge-fixed lagrangian
then indeed agrees with (4.5). Using the identities [IZ ¢4 = fy0P and 92 peY = =fy L1
as well as

0°DY: — GLDY" = 67007, — 61006 +if; WA, -
- - i _ 4.14
I, D"y = DG i + 3£, 9 A 6™

we also obtain

A A . n . g * * n n

M = —iv2f, 115 §o" ¥ + lﬁfjﬁ (6“D05 — dpdd°) pMba — V2fy g Ad™pa. (4.15)
Furthermore, after this gauge-fixing the value of A, in (4.13) is exactly (4.4).

Again, we can set up the Nicolai map. Employing

§Y §Y
5aY = V2o — 5 + 0 A i (4.16)

with a rather complicated expression for 0*A,,, which we shall not reproduce here, and
2
H Vi . * & g * e 74
75 0eMa = 176505 Baad™ U i (1= 50768) 6% Paadly 004 — 121y Aasd ™04
(4.17)
we may compose the coupling flow operator

Eg: 11+f€

/dya./\/l Y)a —il

WMy 6s,  (4.18)

with the contractions now being defined in a (¢, A) background.

It appears that we can arrive at a purely classical Nicolai map, in the sense described in
the Introduction. After all, the fermions appear just quadratically in the lagrangian (4.11).
To leading order in the coupling g, it looks as follows,

(Ty0) () = 0% (@) +- 5" 5 [y (67 (000" = 40,0) + 0 4] ()70 (y=0)

+ 0(¢%), (4.19)

and similarly for (T4 A)y,. Checking the free-action condition

Jonorton@orya £ [{ 0,00 07 - 11245 (60,00-000,0°)
. (4.20)
1
~ 5 1a 9 D G0m0%) A 4 Jgi A A |
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we obtain the first-order requirement

J{w o000+ 5 w061 (0067) + S5 (600 (5700)
I A6 007) -~ it A(5°00)

(4.21)

!

L [{@e)0s00) + (¢90)506)
124~ 600600 [i7A ~ (606" ~599)] .

where the dots indicate Lorentz contractions, and the round brackets enclose target coor-
dinate contractions. We observe that the left-hand side is linear in A while the right-hand
side is quadratic. Matching both sides (and cancelling k) requires putting

WP A, = 1(6C0m0E — 060meC) + O(g) + O(h), (4.22)

which agrees with the equation of motion (4.13) after integrating out the fermions! The
crux of the mismatch, however, lies in the absence of A in the free action, which renders
the ¢ — 0 limit singular for the auxiliary field. In other words, the propagator for A
is proportional to é, which upsets the perturbative expansion in g (not in powers of the
fields) of correlation functions, with or without the Nicolai map. The remedy is to integrate
out the auxiliary vector A and work with an effective theory of ¢ alone. This, however,
revives the four-fermion interaction: the classical solution (4.13) shows that A yields a
fermion loop, and the ultralocal propagator (A(x) A(y)) ~ d(x—y) glues two such loops
together, effectively reproducing the four-fermion interaction. It seems that the auxiliary-
field reformulation of the supersymmetric nonlinear sigma models does not simplify the
Nicolai map in the end. However, the situation is somewhat reminiscent of the super
Yang-Mills case [9], where one needs to use specific field redefinitions to define the map. A
similar construction might apply to this case too and deserves further study.

Let us conclude with a comment on the N=1 case. We have the accidental isomorphism
CP! ~ §2, the real 2-sphere, which is maximally symmetric in the real sense and whose
Riemann tensor admits therefore the standard decomposition Riem = gg — gg in real
coordinates. In this case indices A, B, ... have only one value and II = f,;. Correspondingly,
the four-fermion term of the lagrangian (3.13) takes the form

1 29 - -
Ly = ~3 0350009, (4.23)
which can be resolved by means of a standard Hubbard-Stratonovich auxiliary complex

scalar A ~ ). Of course, the clash with the perturbative expansion in g described
in (4.20)—(4.21) applies also in this case.
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