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Understanding the origin of superconductivity in correlated two-dimensional materials is a key
step in leveraging material engineering techniques for next-generation nanoscale devices. The recent
demonstration of superconductivity in Bernal bilayer and rhombohedral trilayer graphene [1, 2], as
well as in a large family of graphene-based moiré systems, indicate a common superconducting
mechanism across these platforms. Here we combine first principles simulations with effective low-
energy theories to investigate the superconducting mechanism and pairing symmetry in rhombohe-
dral stacked graphene multilayers. We find that a phonon-mediated attraction can quantitatively
explain the main experimental findings, namely the displacement field and doping dependence of
the critical temperature and the presence of two superconducting regions whose pairing symmetries
depend on the parent normal state. In particular, we find that intra-valley phonon scattering favors
a triplet f-wave pairing out of a spin and valley polarized normal state. We also propose a new
and so far unexplored superconducting region at higher hole doping densities ny ~ 4 x 10'? cm™2,
and demonstrate how this large hole-doped regime can be reached in heterostructures consisting of

monolayer a-RuCls and rhombohedral trilayer graphene.

Recently, superconducting phases have been discovered
both in Bernal bilayer graphene (BBG) and in rhombo-
hedral trilayer graphene (RTG) [1-3]. These discover-
ies follow an intense investigation into superconducting
states of twisted bilayer and trilayer graphene, where the
superconducting mechanism has been ascribed to either
electron-phonon interactions or the enhanced electron-
electron correlations arising in flat bands [4-6]. Similar
explanations have been proposed for RTG [7-12], where
a high density of states at the Fermi energy can be ob-
tained via gate tuning in a perpendicular displacement
field, leading to van Hove singularities at small but fi-
nite doping. More recently, the proximity to WSey has
been shown to increase the critical temperature of BBG
by a factor ten [13, 14], which may be explained by the
suppression of order parameter fluctuations due to an in-
duced Ising spin-orbit coupling [15].

The similar phenomenology across these material plat-
forms indicates a common mechanism underlying their
superconductivity. To gain further insight into the su-
perconducting mechanism of rhombohedral multilayer
graphene, we have performed extensive first princi-
ples calculations of RTG and rhombohedral hexalayer
graphene (RHG) to evaluate the phonon contribution
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to the superconducting pairing within Eliashberg the-
ory. The results are in good quantitative agreement
with experimental findings in RTG [1, 2], and predict
two superconducting regions with critical temperatures
T. ~ 100 mK whose gap symmetries depend on the par-
ent normal state. In particular, for a spin- and valley-
polarized (SVP) parent state we find for the first time
a gap with triplet f-wave symmetry stabilized purely
through electron-phonon interactions. The quantitative
improvement over previous studies of phonon-mediated
pairing [11, 12] can be assigned to the additional retar-
dation effects included in the Eliashberg function, which
localize the gap function to the electronic Fermi surface.
We analyze the symmetry of the superconducting gap
and find an extended s-wave pairing domain arising from
inter-valley scattering and originating from a spin- and
valley-unpolarized normal state. In addition, we find a
smaller superconducting region with f-wave symmetry
at lower doping levels, which is due to intra-valley scat-
tering and arises out of an SVP normal state. This is in
good agreement with the superconducting regions identi-
fied in recent experiments [1, 2]. Compared to RTG, we
find RHG shows a slightly increased critical temperature.

We also discover a new superconducting region in both
RTG and RHG at higher hole doping densities. This re-
gion coincides with a second set of van Hove singularities
further below the Dirac cone, arising from the top of
the split-off valence bands. We investigate the symme-


mailto:emil.bostrom@mpsd.mpg.de
mailto:angel.rubio@mpsd.mpg.de

C
|
) . —
% . e 2 00 00 2
4 ts| t1 g ’ B~
-9 7? —05
e 0.1 0 0.1 0.5 1
kya pe (a. )
3 <& < d
k/l k' k' —
£ Z 00 00 2
w w
< <& &
—0.5 =05
) -0.1 0 0.1 L2 3
k, ke ky k.a pe (a. )

FIG. 1. Electronic structure of rhombohedral stacked trilayer and hexalayer graphene. a, Side view of the unit cell
of rhombohedral stacked trilayer and hexalayer graphene. The inter-layer hopping amplitudes ¢; included in the tight-binding
description of the system are indicated. b, Top view of rhombohedral stacked multi-layer graphene. The intra-layer hopping
amplitude t¢ is indicated. ¢, Low-energy band structure and density of states (DOS) of rhombohedral trilayer graphene (RTG)
around the K point. d, Low-energy band structure and DOS of rhombohedral hexalayer graphene (RHG) around the K

point. e, Electronic Fermi surface of RTG for zero displacement field at Fermi levels ex = —7.4 meV, e = —7.8 meV and
er = —10.2 meV. f, Electronic Fermi surface of RHG for zero displacement field at Fermi levels ez = —3.9 meV, ep = —4.5
meV and e = —10.7 meV. The Fermi level is measured from the Dirac cone and the DOS is calculated with a Gaussian

smearing of width o = 2 meV.

try of this new superconducting region, and again find
a dominant s- or f-wave pairing depending on the spin-
and valley-polarization of the parent normal state. As a
mean to reach the high-doping regime we consider a het-
erostructure consisting of RT'G and monolayer a-RuCls,
where the large work function mismatch leads to signif-
icant doping of both structures. We finally discuss the
interplay of RuCls and RTG superconductivity in the
high doping regime.

Trilayer and hexalayer rhombohedral graphene in a
finite displacement field

The first principles electronic structure of multi-
layer rhombohedral stacked graphene, as obtained from
density functional theory (DFT) calculations, is well-
captured around the Dirac cones by a tight-binding de-
scription of the C p,-orbitals including the hopping pro-
cesses illustrated in Fig. 1 [16, 17]. Depending on the
stacking order, the bands around the Fermi level have
different characteristics: For rhombohedral stacking the
highest valence band is approximately flat for k ~ K,

leading to a sharp van Hove singularity in the density
of states (DOS). This is in contrast to Bernal stacked
graphene layers, where the highest valence band ap-
proximately retains the linear dispersion of an isolated
graphene sheet. The band structure and density of states
(DOS) of RTG and RHG are shown in Fig. 1.

The DOS at the van Hove singularity can further be
tuned by applying a displacement field perpendicular to
the graphene layers [1] (see Supplementary Fig. S1). To
lowest order in the electronic screening, such a displace-
ment field can be treated as a symmetric potential A ap-
plied across the layers. For RTG the displacement field
leads to an increase in the DOS due to a gap opening at
K and the highest valence band bending into a double-
well shape. In contrast, for RHG the DOS decreases with
increasing displacement field, since the highest valence
band is approximately flat already at A = 0.

Recent experiments have found two superconducting
regions in rhombohedral trilayer graphene (RTG) as a
function of displacement field and doping [1], denoted
SC1 and SC2. These superconducting phases were found
to be associated with a change in the Fermi surface topol-
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FIG. 2. Superconducting critical temperature of rhombohedral tri- and hexalayer graphene. a-b, Superconducting
critical temperature T, of rhombohedral trilayer graphene (RTG, a) and rhombohedral hexalayer graphene (RHG, b) as a

function of electron doping density n. and displacement potential A.

c-d, Electronic density of states (DOS, blue) and

superconducting critical temperature T, (red) of RTG (c¢) and RHG (d) as a function of doping density in the high doping
regime. Here A = 0 since the bands far below the Dirac cone are insensitive to the displacement field, and the DOS is calculated

with a Gaussian smearing of width o = 2 meV.

ogy, which for finite displacement field and as a function
of doping evolves from three well-separated hole-pockets,
via an annular Fermi surface, to an approximately circu-
lar Fermi surface (see Fig. 1). Similarly, the Fermi sur-
face of RHG undergoes a transition from three isolated
and strongly warped hole pockets into first an annular
Fermi surface, and subsequently into a single large hole
pocket. Compared to RTG the trigonal warping of the
Fermi surface in RHG is more pronounced, and the total
Fermi surface area larger leading to a larger DOS.

Eliashberg theory of phonon-mediated
superconductivity

To obtain the superconducting critical temperature in
RTG and RHG resulting from phonon-mediated pair-
ing, we use Eliashberg theory. Crucially, this approach
takes into account the frequency dependence of the re-
tarded electron-phonon interaction, which is found to
have important consequences for the present systems.
The key quantity of this approach is the Eliashberg func-
tion a?F(w), which is obtained from the spectral func-
tion of the electron-phonon self-energy II,q(w,T) (see
Methods for a detailed discussion). To evaluate the self-
energy it is sufficient to calculate the electronic dispersion

€nk, the phonon frequencies w,q, and the electron-phonon
couplings gmn. (k, q).

Due to the structure of the Eliashberg equations, elec-
tronic states contributing to the formation of a low-
temperature superconducting instability are highly re-
stricted to the Fermi surface. In both RTG and RHG
this constitutes a very small region of the Brillouin zone
(see Fig. 1), and therefore only phonons with q = 0
or q = K4 contribute significantly to the supercon-
ducting pairing. The Eliashberg function can then be
represented as a series of peaks, such that the effective
electron-phonon coupling A is given by A = qu Avg-
Here A\yq = Yuq/(Tprwiy) is the contribution to A from
the phonon mode in branch v and with momentum q,
Yvq is the phonon linewidth, and pr the density of states
at the Fermi level. The superconducting critical tem-
perature follows from the McMillan equation [18], where
the average screened electron-electron interaction is ac-
counted for by the effective parameter p*. All quantities
needed to evaluate T, have been calculated from first
principles as discussed in the Methods.



Critical temperature

First, we calculate the critical temperature 7, of the
superconducting transition in RTG (RHG) assuming an
unpolairzed normal state as shown in Fig. 2. The results
for RTG are in good quantitative agreement with the ex-
periments of Ref. [1], although the critical temperature
is overestimated by about a factor of four. This discrep-
ancy is expected due to the shortcomings of Eliashberg
theory to incorporate the effect of strong quantum fluc-
tuations in two-dimensional systems, which tend to sup-
press the critical temperature. Due to the higher DOS
of RHG as compared to RTG, the critical temperature
in this system is enhanced by a factor 2 — 3. To ac-
count for the superconducting region SC2 arising out of
an SVP state, we assume that the effective DOS in the
active channel is increased by a factor of four (since all
electrons are accumulated in one spin and valley sector),
and that inter-valley scattering is negligible. This gives
a superconducting region at lower doping with slightly
lower T, compared to the phase SC1, in good agreement
with experiment.

For both RTG and RHG the critical temperature is
found to closely follow the electronic DOS, which is a
consequence of the self-energy scaling like II ~ p2, such
that a?F(w) ~ pp. Since the DOS increases (decreases)
with increasing displacement field in RTG (RHG) (see
Supplementary Fig. S1), the critical temperatures show
the same trends. We note that compared to conventional
BCS theory [11, 12], the main consequence of including
phonon retardation effects is an overall reduction of the
critical temperature by a factor 5 — 10 and the range of
dopings over which superconductivity is found.

The DOS and critical temperature in the high doping
regime are also shown in Fig. 2. The density of states
is similar to that found in the low doping regime, and
the corresponding critical temperature is therefore of the
same order. Since the active bands in the high doping
regime arise from the intermediate layers of the RT'G and
RHG stacks, their energies are largely insensitive to the
displacement field.

Linearized gap equation

Next, we analyze the symmetry of the leading super-
conducting order parameter in both doping regimes. The
gap function can be obtained by solving the linearized
gap equation [19, 20]

Amk = WZankptangéﬁgnp)Anpv (1>
np P

where  is the inverse temperature, {,x = €,k — €F and
the susceptibility is

2 mnv k? 2
Xmnkp — ; Wé(gmk)(;(gnp) (2)

Here it is implicitly assumed that the phonon momentum
satisfies q = p — k. This equation is of the same form as
the standard BCS gap equation, however with the inter-
action restricted to the Fermi surface. The main differ-
ence between BCS and Eliashberg theory is that the lat-
ter includes retardation effects from the electron-phonon
interaction, which give rise to a non-trivial frequency
dependence in the effective electron-electron interaction
(see Methods). This frequency dependence significantly
improves the temperature dependence of the theory, and
in the low temperature limit localizes the susceptibility
to the Fermi surface [19, 20]. For many systems, where
the Fermi surface occupies a significant portion of the
Brillouin zone, this effect is rather small. For RTG and
RHG however, where the Fermi surface occupies a tiny
portion of the full Brillouin zone, the quantitative differ-
ence between the two approaches is quite dramatic. In
general Eliashberg theory is expected to be more accu-
rate than BCS theory, since it captures the dynamical
aspects of the electron-phonon interaction.

Superconducting symmetry in the low-doping
regime

Fig. 3 shows the superconducting gap of RT'G for a dis-
placement field potential A = 20 meV and the Fermi level
at ep = —26 meV, corresponding to a hole doping density
of nj, = 0.4 x 10'2 cm™2. As can be clearly seen the gap
is symmetric under inversion, A_x = Ay, indicating a
singlet pairing. Further, in each valley the gap has three-
fold rotational symmetry with a non-trivial nodal struc-
ture. Together these observations are consistent with an
extended s-wave symmetry. A similar gap structure is
found for RHG, again consistent with an extended s-wave
symmetry (see Supplementary Fig. S2). This dominant
pairing is found to arise from inter-valley scattering, cor-
responding to the exchange of virtual phonons with mo-
menta q ~ K, as expected from a symmetry analysis (see
Methods for an extended discussion).

Artificially suppressing the inter-valley scattering, as
appropriate for a superconducting state arising out of an
SVP normal state, we find an odd gap A_x = —Ay.
This indicates an unconventional triplet f-wave pairing,
and that superconductivity in RTG arises from a com-
petition between inter- and intra-valley scatterings fa-
voring different superconducting symmetries. Again, the
results for RHG are qualitatively similar (see Supplemen-
tary Fig. S2). These findings are in good agreement with
the experimental results of Ref. [1], where the supercon-
ducting region SC2 was found to violate the Pauli limit



K_ K.
a
a— — 0.10
.|".. I|| |r "-ll. 0.05 —
-
Q
0.00 £
"l.__ __.l" N
—0.05 4
. —
—0.10
0.10
b i -— .
....- i -._. 0.05 -
: 3
0.00 £
| d =
LY ! 5
e - ~0.05
—0.10

K_ K,
0.10
C
0.05
i;
o
0.00 2
<
<
—0.05
—0.10
0.10
d
= .= 0.05
e .h-. =
1 L
4 b 0.00 &
- N A
- > ;
- — —0.05
—0.10

FIG. 3. Superconducting gap of rhombohedral trilayer graphene. a-b, Superconducting gap Ak of rhombohedral
stacked trilayer graphene for a hole doping density nn, ~ 0.4 x 10?2 ¢cm™2, including the attractive interaction from both

inter- and intra-valley phonon scattering (a) or only intra-valley scattering (b).

The dominant inter-valley scattering favors

s-wave pairing (a), while the sub-dominant intra-valley scattering favors f-wave pairing (b). c-d, Superconducting gap Ak of

rhombohedral stacked trilayer graphene for a hole doping density n, ~ 3.9 x 10'? cm™

2 including the attractive interaction

from both inter- and intra-valley phonon scattering (c), or only intra-valley scattering (d). The dominant inter-valley scattering
favors s-wave pairing (c), while the sub-dominant intra-valley scattering favors f-wave pairing (d). In all panels the momentum

runs over a region ka € [—0.1,0.1] around the K point.

by more than an order of magnitude, strongly indicating
unconventional superconducting pairing.

The f-wave pairing is likely stabilized by a combina-
tion of Fermi surface topology and the spin and valley
polarization of the parent state. In fact, for an unpolar-
ized parent state with momentum-independent electron-
phonon scattering, the s- and f-wave pairings are found
to be degenerate (see Supplemental Material). This in-
dicates a highly non-trivial interplay of electronic corre-
lations and phonon-mediated pairing, where the former
stabilizes the parent state and the latter the f-wave pair-
ing.

Superconducting symmetry in the high-doping
regime

Similar results are found for both RTG and RHG in
the high-doping regime, where inter-valley (intra-valley)
scattering is found to favor an extended s-wave (f-wave)
pairing. The superconducting gap for RTG at zero dis-
placement field and a Fermi level of e = —350 meV,
corresponding to a hole doping density of nj, ~ 3.9 x 102
cm ™2, is shown in Fig. 3. We note that the critical tem-
perature in the high doping regime is comparable but
slightly lower than that of the low doping regime, as ex-
pected from the respective DOS. These results indicate

a new and so far unexplored region of superconductivity
in RTG, arising from the van Hove singularities of the
lower valence bands.

Reaching the high-doping regime

To reach the high doping regime, we consider a het-
erostructure consisting of RT'G and a monolayer of the
Mott-Slater insulator a-RuClz. This heterostructure
has recently been found to realize a heavily hole-doped
regime of graphene, with a Fermi level ~ 0.6 eV below
the Dirac cone [21]. More specifically, due to the large
work function mismatch of about 1.6 €V, there is a signif-
icant charge transfer from the graphene multilayer into
a-RuCls resulting in an overall doping of approximately
—0.07e per Ru atom [21, 22]. Since the charge transfer
is mainly localized to the interface, the charge transfer
corresponds to a hole doping of 0.0le per C atom, or
equivalently a doping density of 4.2 x 10'2 cm™2, in the
layer adjacent to a-RuCls.

The band structure of the heterostructure was calcu-
lated in a 5 x 5 and 2 x 2 supercell for the RTG and
a-RuCls sub-systems respectively, is shown in Fig. 4.
The local interactions in the active Ru manifold are de-
scribed by a Hubbard-Kanamori Hamiltonian [23, 24]
treated within the unrestricted Hartree-Fock approxima-
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FIG. 4. Superconductivity of a rhombohedral trilayer
graphene and a-RuCl; heterostructure. a, Supercell of
the rhombohedral trilayer graphene (RT'G) and monolayer -
RuCls heterostructure considered, containing 8 Ru atoms (or-
ange) and 150 C atoms (gray). b, Electronic band structure of
the heterostructure, with the flat bands originate from the Ru
tag orbitals and the dispersive bands from the C p. orbitals.
¢, Estimated electron-phonon coupling Aest (blue) for the
electron-phonon couplings grre = 200 meV and gruci; = 20
meV, and a phonon frequency w = 200 meV, as well as the
corresponding critical temperature 7.. The gray dashed line
indicates the Fermi level of the heterostructure.

tion. The interaction between the subsystems is treated
as a position and orbital dependent hybridization [17],
which largely restricts the coupling to the graphene layer
adjacent to a-RuCl; (see Supplemental Material). We
note that the band structure displays clear avoided cross-
ings at the band intersections, and that a gap opens at
the Dirac cone of the RT'G bands. This effect is in agree-
ment with first principles calculations (see Supplemen-
tary Fig. S3), indicating that the heterostructure sets up
an intrinsic displacement field through the charge trans-
fer process.

Superconductivity of the RTG-RuCl;
heterostructure

We now use Eliashberg theory to obtain the critical
temperature of the heterostructure. To estimate T, we
calculate the dimensionless variable Aost = ng/ Q (see
Fig. 4), which is closely related to the dimensionless
electron-phonon coupling A. The electron-phonon cou-
plings of the separate subsystems, obtained from first
principles density functional perturbation theory calcu-
lations, are found to be on the order of ggrrg ~ 200

meV [25] and gruci; = 20 — 40 meV, and assuming a
typical optical phonon energy of 2 = 200 meV as appro-
priate for graphene, we find A\est =~ 1 around the graphene
van Hove singularities. This estimate is in good agree-
ment with the more detailed calculations for RTG based
on the Eliashberg function. The resulting critical tem-
perature agrees well with Fig. 2 around the van Hove
singularities, and is on the order of a few mK close to the
heterostructure Fermi level.

Depending on the electron-phonon coupling in «-
RuCl; as well as on the sub-system hybridization
strength, the effective coupling Aes; of the heterostruc-
ture can be modified by a few percent. However, while
a stronger electron-phonon coupling in a-RuClj is found
to enhance Aggt, a stronger hybridization predominantly
reduces the effective electron-phonon coupling in RTG
dominated bands. This effect can be attributed to the
much smaller Fermi surface of RT'G as compared to a-
RuCl3, which makes the contribution to Aes; from RTG
much more sensitive to the hybridization than the contri-
bution from a-RuClz. A small enhancement of T, with
increasing hybridization can be observed for bands with
a dominant projection on a-RuCls.

DISCUSSION

By combining first principles calculations with effective
low-energy models, we have investigated the phenomenol-
ogy of phonon-mediated superconductivity in RTG, RHG
and RTG-a-RuCl;s heterostructures. Including retarda-
tion effects of the phonon-mediated attraction we find
a substantial reduction of both the critical tempera-
ture and the region of doping and displacement fields
in which superconductivity appears. These effects lead
to a substantial improvement between theory and exper-
iments [1, 2], promoting phonon mediated superconduc-
tivity as a strong contender to explain superconductivity
across a wide range of graphene platforms [1, 2, 4-6].

More surprisingly, we find that inter-valley and intra-
valley phonon scattering favors superconductivity with
different symmetry, such that phonon mediated pairing
can stabilize both extended s-wave as well as unconven-
tional f-wave triplet pairing. More specifically, we find
that s-wave pairing is dominant when superconductivity
arises out of an unpolarized parent state, while f-wave
pairing dominates when the parent state is SVP. If veri-
fied, this would be the first time phonons are found to sta-
bilize unconventional triplet superconductivity [26]. Fur-
ther, the interplay of electronic correlations and phonon-
mediated pairing demonstrated by the f-wave pairing,
indicates a path to realize unconventional triplet pairing
in conventional phonon-mediated extended s-wave super-
conductors.

We finally demonstrate that a new and so far unex-
plored superconducting region, stemming from the van



Hove singularity of the lower valence bands, can be
reached in heterostructures of RTG and monolayer a-
RuCls. Although a strong inter-layer hybridization is
found to suppress superconductivity in the supercell con-
sidered here, it is possible that maximizing the Fermi sur-
face overlaps of the two subsystems [17], e.g. via layer
twisting, could lead to an enhancement of T,. It might
also be the case that reducing spin fluctuations in the het-
erostructure by breaking the spin rotational symmetry
could lead to an enhancement of the critical temperature
for spin triplet pairings, as have recently been proposed
for Bernal bilayer graphene in proximity to WSey [2, 15].
In fact, our first principle calculations show a small in-
duced Ising spin-orbit coupling of ~ 1 meV in the het-
erostructure (see Supplementary Fig. S3).

Further work is needed to conclusively determine the
superconducting mechanism in RTG and RHG, taking
into account electron-phonon as well as electron-electron
interactions on an equal footing. In any case our work
shows that the exotic and unconventional superconduct-
ing phenomenology of RT'G is consistent with a phonon-
mediated pairing.

[1] Zhou, H., Xie, T., Taniguchi, T., Watanabe, K. &
Young, A. F. Superconductivity in rhombohedral tri-
layer graphene. Nature 598, 434-438 (2021). URL
https://doi.org/10.1038/s41586-021-03926-0.

[2] Zhou, H. et al. Isospin magnetism and spin-polarized
superconductivity in bernal bilayer graphene. Science
375, 774-778 (2022). URL https://doi.org/10.1126/
science.abm8386.

[3] Pantaleén, P. A. et al. Superconductivity and correlated
phases in non-twisted bilayer and trilayer graphene. Na-
ture Reviews Physics (2023). URL https://doi.org/
10.1038/s42254-023-00575-2.

[4] Cao, Y. et al. Correlated insulator behaviour at half-
filling in magic-angle graphene superlattices. Nature
556, 80-84 (2018). URL https://doi.org/10.1038/
nature26154.

[5] Cao, Y. et al. Unconventional superconductivity in
magic-angle graphene superlattices. Nature 556, 43-50
(2018). URL https://doi.org/10.1038/nature26160.

[6] Chen, G. et al. Signatures of tunable superconductiv-
ity in a trilayer graphene moiré superlattice. Nature
572, 215-219 (2019). URL https://doi.org/10.1038/
s41586-019-1393-y.

[7] Ghazaryan, A., Holder, T., Serbyn, M. & Berg, E.
Unconventional superconductivity in systems with an-
nular fermi surfaces: Application to rhombohedral
trilayer graphene. Phys. Rev. Lett. 127, 247001
(2021). URL https://link.aps.org/doi/10.1103/
PhysRevLett.127.247001.

[8] Szabd, A. L. & Roy, B. Metals, fractional metals, and
superconductivity in rhombohedral trilayer graphene.
Phys. Rev. B 105, L081407 (2022). URL https://link.
aps.org/doi/10.1103/PhysRevB.105.L081407.

[9] Dong, Z., Davydova, M., Ogunnaike, O. & Levitov,

L. Isospin- and momentum-polarized orders in bilayer
graphene. Phys. Rev. B 107, 075108 (2023). URL https:
//link.aps.org/doi/10.1103/PhysRevB.107.075108.

[10] Huang, C. et al. Spin and orbital metallic magnetism
in rhombohedral trilayer graphene. Phys. Rev. B 107,
L121405 (2023). URL https://link.aps.org/doi/10.
1103/PhysRevB.107.L121405.

[11] Chou, Y.-Z., Wu, F., Sau, J. D. & Das Sarma, S.
Acoustic-phonon-mediated superconductivity in rhom-
bohedral trilayer graphene.  Phys. Rev. Lett. 127,
187001 (2021). URL https://link.aps.org/doi/10.
1103/PhysRevLett.127.187001.

[12] Chou, Y.-Z., Wu, F., Sau, J. D. & Das Sarma,
S. Acoustic-phonon-mediated superconductivity in
moiréless graphene multilayers. Phys. Rev. B 106,
024507 (2022). URL https://link.aps.org/doi/10.
1103/PhysRevB. 106.024507.

[13] Chou, Y.-Z., Wu, F. & Das Sarma, S. Enhanced su-
perconductivity through virtual tunneling in bernal bi-
layer graphene coupled to WSez. Phys. Rev. B 1086,
L180502 (2022). URL https://link.aps.org/doi/10.
1103/PhysRevB.106.L180502.

[14] Zhang, Y. et al Enhanced superconductivity in
spin—orbit proximitized bilayer graphene. Nature 613,
268-273 (2023). URL https://doi.org/10.1038/
s41586-022-05446-x.

[15] Curtis, J. B. et al Stabilizing fluctuating spin-
triplet superconductivity in graphene via induced
spin-orbit coupling.  Phys. Rev. Lett. 130, 196001
(2023). URL https://link.aps.org/doi/10.1103/
PhysRevLett.130.196001.

[16] Zhang, F., Sahu, B., Min, H. & MacDonald, A. H. Band
structure of ABC-stacked graphene trilayers. Phys. Rev.
B 82, 035409 (2010). URL https://link.aps.org/doi/
10.1103/PhysRevB.82.035409.

[17] Shi, J. & MacDonald, A. H. Magnetic states of
graphene proximitized kitaev materials. Phys. Rev. B
108, 064401 (2023). URL https://link.aps.org/doi/
10.1103/PhysRevB. 108.064401.

[18] Allen, P. B. & Dynes, R. C. Transition temperature of
strong-coupled superconductors reanalyzed. Phys. Rev.
B 12, 905-922 (1975). URL https://link.aps.org/
doi/10.1103/PhysRevB.12.905.

[19] Allen, P. B. & Mitrovié, B. Theory of superconducting
te. In Solid State Physics, 1-92 (Elsevier, 1983). URL
https://doi.org/10.1016/s0081-1947(08)60665-7.

[20] Giustino, F. Electron-phonon interactions from first prin-
ciples. Rev. Mod. Phys. 89, 015003 (2017). URL https:
//link.aps.org/doi/10.1103/RevModPhys.89.015003.

[21] Rizzo, D. J. et al. Charge-transfer plasmon polari-
tons at graphene/a-RuCls interfaces. Nano Letters 20,
8438-8445 (2020). URL https://doi.org/10.1021/
acs.nanolett.0c03466.

[22] Biswas, S., Li, Y., Winter, S. M., Knolle, J. & Va-
lenti, R. Electronic properties of a—rucls in prox-
imity to graphene. Phys. Rev. Lett. 123, 237201
(2019). URL https://link.aps.org/doi/10.1103/
PhysRevLett.123.237201.

[23] Winter, S. M., Li, Y., Jeschke, H. O. & Valent{, R.
Challenges in design of kitaev materials: Magnetic in-
teractions from competing energy scales. Phys. Rev. B
93, 214431 (2016). URL https://link.aps.org/doi/
10.1103/PhysRevB.93.214431.

[24] Bostrém, E. V., Sriram, A., Claassen, M. & Rubio, A.


https://doi.org/10.1038/s41586-021-03926-0
https://doi.org/10.1126/science.abm8386
https://doi.org/10.1126/science.abm8386
https://doi.org/10.1038/s42254-023-00575-2
https://doi.org/10.1038/s42254-023-00575-2
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/s41586-019-1393-y
https://doi.org/10.1038/s41586-019-1393-y
https://link.aps.org/doi/10.1103/PhysRevLett.127.247001
https://link.aps.org/doi/10.1103/PhysRevLett.127.247001
https://link.aps.org/doi/10.1103/PhysRevB.105.L081407
https://link.aps.org/doi/10.1103/PhysRevB.105.L081407
https://link.aps.org/doi/10.1103/PhysRevB.107.075108
https://link.aps.org/doi/10.1103/PhysRevB.107.075108
https://link.aps.org/doi/10.1103/PhysRevB.107.L121405
https://link.aps.org/doi/10.1103/PhysRevB.107.L121405
https://link.aps.org/doi/10.1103/PhysRevLett.127.187001
https://link.aps.org/doi/10.1103/PhysRevLett.127.187001
https://link.aps.org/doi/10.1103/PhysRevB.106.024507
https://link.aps.org/doi/10.1103/PhysRevB.106.024507
https://link.aps.org/doi/10.1103/PhysRevB.106.L180502
https://link.aps.org/doi/10.1103/PhysRevB.106.L180502
https://doi.org/10.1038/s41586-022-05446-x
https://doi.org/10.1038/s41586-022-05446-x
https://link.aps.org/doi/10.1103/PhysRevLett.130.196001
https://link.aps.org/doi/10.1103/PhysRevLett.130.196001
https://link.aps.org/doi/10.1103/PhysRevB.82.035409
https://link.aps.org/doi/10.1103/PhysRevB.82.035409
https://link.aps.org/doi/10.1103/PhysRevB.108.064401
https://link.aps.org/doi/10.1103/PhysRevB.108.064401
https://link.aps.org/doi/10.1103/PhysRevB.12.905
https://link.aps.org/doi/10.1103/PhysRevB.12.905
https://doi.org/10.1016/s0081-1947(08)60665-7
https://link.aps.org/doi/10.1103/RevModPhys.89.015003
https://link.aps.org/doi/10.1103/RevModPhys.89.015003
https://doi.org/10.1021/acs.nanolett.0c03466
https://doi.org/10.1021/acs.nanolett.0c03466
https://link.aps.org/doi/10.1103/PhysRevLett.123.237201
https://link.aps.org/doi/10.1103/PhysRevLett.123.237201
https://link.aps.org/doi/10.1103/PhysRevB.93.214431
https://link.aps.org/doi/10.1103/PhysRevB.93.214431

[25

[28

Controlling the magnetic state of the proximate quantum
spin liquid a-RuCls with an optical cavity. npj Compu-
tational Materials 9 (2023). URL https://doi.org/10.
1038/s41524-023-01158-6.

Piscanec, S., Lazzeri, M., Mauri, F., Ferrari, A. C. &
Robertson, J. Kohn anomalies and electron-phonon in-
teractions in graphite. Phys. Rev. Lett. 93, 185503
(2004). URL https://link.aps.org/doi/10.1103/
PhysRevLett.93.185503.

Schrodi, F., Oppeneer, P. M. & Aperis, A. Uncon-
ventional superconductivity mediated solely by isotropic
electron-phonon interaction. Phys. Rev. B 104, 1.140506
(2023). URL https://doi.org/10.1103/PhysRevB.104.
L140506.

Vanderbilt, D. Berry Phases in Electronic Structure The-
ory (Cambridge University Press, 2018). URL https:
//doi.org/10.1017/9781316662205.

Pickett, W. E., Krakauer, H. & Allen, P. B. Smooth
fourier interpolation of periodic functions. Phys. Rev.
B 38, 27212726 (1988). URL https://link.aps.org/
doi/10.1103/PhysRevB.38.2721.


https://doi.org/10.1038/s41524-023-01158-6
https://doi.org/10.1038/s41524-023-01158-6
https://link.aps.org/doi/10.1103/PhysRevLett.93.185503
https://link.aps.org/doi/10.1103/PhysRevLett.93.185503
https://doi.org/10.1103/PhysRevB.104.L140506
https://doi.org/10.1103/PhysRevB.104.L140506
https://doi.org/10.1017/9781316662205
https://doi.org/10.1017/9781316662205
https://link.aps.org/doi/10.1103/PhysRevB.38.2721
https://link.aps.org/doi/10.1103/PhysRevB.38.2721

METHODS

Electronic structure, phonon dispersion and
electron-phonon coupling

The electronic structure of rhombohedral and Bernal
stacked trilayer and hexalayer graphene were calculated
as a function of displacement field using the ABINIT elec-
tronic structure code. The electronic ground state was
calculated within the local density approximation (LDA)
on a 72 x 72 k-point grid, using a plane wave cut-off of 20
Ha. The displacement field was included via a coupling to
the polarization as described within the modern theory of
polarization [27]. The Kohn-Sham Bloch functions were
subsequently transformed to maximally localized Wan-
nier functions using the WANNIERIO code, including the
lowest lying 15 (30) bands for trilayer (hexalayer) sys-
tems. The Wannier functions were used to interpolate
the electronic band structure to arbitrary k-points, al-
lowing to calculate the density of state (DOS) on a very
dense k-point grid with 1200 x 1200 grid points.

The phonon band structure was obtained using den-
sity functional perturbation theory (DFPT) as imple-
mented in the ABINIT electronic structure code. The
atomic structure was first relaxed to obtain maximal
forces below 5 - 10~% Ha/Bohr, after which the phonon
frequencies where calculated on a 12 x 12 g-point grid.
To calculate the electron-phonon coupling the electronic
bands were interpolated using star functions [28], allow-
ing to densely sample the region of the Brillouin zone
around the K* points (with a density corresponding to
a 720 x 720 k-point grid). Similarly, the derivatives of the
Kohn-Sham potential were Fourier interpolated to obtain
the electron-phonon coupling on an arbitrarily dense q-
point grid, here taken to consist of 72 x 72 points.

Eliashberg theory of phonon-mediated
superconductivity

To obtain the superconducting critical temperature in
RTG and RHG resulting from phonon-mediated pair-
ing, we use Eliashberg theory. Crucially, this approach
takes into account the frequency dependence of the re-
tarded electron-phonon interaction, which is found to
have important consequences for the current systems.
The key quantity of this approach is the Eliashberg func-
tion a?F(w), defined as

LS a5, 0,y @)

2
a’F(w) =
Nypr o Wyq

where NN, is the number of g-points for the phonons, pr
the electronic density of states (per spin) at the Fermi
energy, and 7,q and w,q is the linewidth and frequency
of phonon mode (rq). The phonon linewidth is related to

the phonon self-energy by 7,q = 2ImII,4(wyq, T), where
the self-energy results from electron-phonon scattering is
given by

I Z |gmnw (&, @2 (frk = frktq)
va( — €nk — Emktq — W — i

(4)

To evaluate the self-energy it is sufficient to calculate
the electronic dispersion €k, the phonon frequencies w,q,
and the electron-phonon couplings g,,n. (k, q).

Due to the presence of the Fermi functions in Eq. 4,
the sum over momenta is at low temperatures highly re-
stricted to the electronic Fermi surface. In both RTG and
RHG this constitutes a very small region of the Brillouin
zone (on the order of 1073G, see Fig. 1), and therefore
only phonons with q =0 orq = Q = K; — K_ con-
tribute significantly to the superconducting pairing. The
Eliashberg function can then be represented as a series of
peaks, such that the effective electron-phonon coupling A

is given by
a?F(w)
= | —dw= Avg-
A= [ > (5)

Here A\yq = Yuq/(Tprwi,) is the contribution to A from
mode (rvq). The superconducting critical temperature
can now be obtained from the McMillan equation [18]

log ~1.04(1 4+ N)
c = exp )
1.2 A1 —0.62u*) — px

(6)

where wiog is a logarithmic average of the phonon fre-
quencies, and p* is the average screened electron-electron
interaction strength (here taken to have the typical value
w* =0.2). All the quantities needed to evaluate T, have
been calculated from first principles as discussed below.

Gap equation

Within Eliashberg theory, the gap equation is of the
form [19, 20]

. (W /W)
Ik (lwy) =1+ wkgT
(1wm) m;k, VW2, + A2, (i)
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where U]’(’lﬁ,’ is the screened Coulomb interaction between
momenta k and k’ on the Fermi surface, and the electron-
phonon coupling is
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In this equation the phonon momentum has to satisfy
q =k’ — k. Assuming Z =~ 1 and taking the static limit,
we find the gap equation

Apk = kT Z B

= Kk —
Pyl «/w + AZ, k,

. 2 nn’ ka
)\nk,n’k’ (’LW) = Z wé(q( — 6F)6(6k/ — EF).
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U] (10)

Linearizing this equation we find an equation of the same
form as the BCS gap equation,

tanh n'k’
nk = T Z )\nk n'k’ éﬂg k )An/k/7 (11)
n'k’ n’k’

although with the interaction restricted to the Fermi sur-
face.

As a check on this result, the effective electron-phonon
coupling can be compared to that derived from the
electron-phonon self-energy. Recalling that the phonon
linewidth is

2Wqy
’Yglny(T) = 7701 Z |gmnu(ka q)‘za(ekn - GF) (12)
k kk’mn
X O(€xrm — €F).

This results in the electron-phonon coupling

2 nn’ k7 2
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From these considerations, we note that the approximate
Eliashberg gap equation is obtained from the BCS gap
equation by including a factor NEl(S(Eknftfp)(S(Ek/n/ —€ep)
in the susceptibility. The main difference between these
approaches is therefore that the Eliashberg treatment lo-
calizes the susceptibility to the Fermi surface. For most
metallic systems, where the Fermi surface occupies a
significant portion of the Brillouin zone, this difference
might not be so severe. For multilayer graphene systems
however, where the Fermi surface is a tiny portion of the
full Brillouin zone, the difference between the approaches
is quite dramatic.

Gap symmetry analysis

The symmetry of the gap is determined by the point
group of the material, and rhombohedral multilayer
graphene belongs to the point group Dsg. The wave
functions at Ky and K_ therefore have to satisfy the
symmetry constraint C’gw(r)Cg_1 = emi/3)7m=024)(Rar),
where 7, (0,) is a Pauli matrix in valley (sublattice)
space. In both RTG and RHG, intra-valley pairing is
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associated with finite momentum Cooper pairs and will
therefore be strongly suppressed. This follows from the
inequivalence €, (k) # €;,(—k), where 7 and n are val-
ley and band indexes, such that no nesting conditions are
met (see Fig. 1). It is therefore expected that inter-valley
pairing is the dominant mechanism in these systems.

For inter-valley Cooper pairs, the symmetry constraint
implies that intra-sublattice pairings are invariant under
C3 symmetry, while inter-sublattice pairings will acquire
a net phase. The former property is expected of s- and
f-wave pairings (C5AxCy 1= Ay), while the later is ex-
pected for p- and d-wave pairings (C5AKCy ! = e Ay).
Therefore, s- and f-wave symmetries can be distin-
guished from p- and d-wave symmetries by looking at
how the gap transforms under three-fold rotations. Simi-
larly, s-wave symmetry can be distinguished from f-wave
symmetry by the behavior under inversion, since s- and
d-wave gaps have to be singlets (A_x = Ay), while p-
and f-waves gaps have to be triplets (A_x = —Ay).

For the low-energy bands of RTG and RHG, the wave
function is mainly localized to the dangling sites A; and
By (with N the number of layers), such that inter-
sublattice pairings are strongly suppressed. Therefore,
the dominant pairing in these bands is expected to be ei-
ther s- or f-wave. However, for the lower valence bands
at ~ —0.5 eV, other pairing channels might become com-
petitive through inter-sublattice scattering in the inter-
mediate layers.
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