SUPPLEMENTAL MATERIAL

Testing the Renormalization of the von Klitzing Constant by Cavity Vacuum Fields

Josefine Enkner,!>2>* Lorenzo Graziotto,"?>* Felice Appugliese,!? Vasil Rokaj,®* Jie Wang,?
Michael Ruggenthaler, Christian Reichl,” Werner Wegscheider,” Angel Rubio,%® and Jéréme Faist! 2
! Institute of Quantum FElectronics, ETH Ziirich, 8093 Ziirich, Switzerland
2 Quantum Center, ETH Ziirich, 8093 Ziirich, Switzerland
SITAMP, Center for Astrophysics | Harvard & Smithsonian, MA 02138 Cambridge, USA
4 Department of Physics, Harvard University, MA 02138 Cambridge, USA
5 Department of Physics, Temple University, Philadelphia, Pennsylvania, 19122, USA
SMaz Planck Institute for the Structure and Dynamics of Matter, 22761 Hamburg, Germany
" Laboratory for Solid State Physics, ETH Ziirich, 8093 Ziirich, Switzerland
8 Center for Computational Quantum Physics, Flatiron Institute, NY 10010 New York, USA

I. WHEATSTONE BRIDGE CIRCUITAL RELATION

In Figure S1 we display the lumped-element circuit
model of the Wheatstone bridge, from which one can
obtain the relation given in Eq. 1 in the main text. By
Kirchhoft’s laws one obtains the unbalance voltage
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The measurement of the unbalance voltage is meaning-

ful only at the quantum Hall plateaux, where the value
of the resistance of the Hall bars not embedded in the
cavity is the same and equal to Ry = h/(e?v), with
v being the filling factor. By inverting the previous

FIG. S1. Circuital scheme of the Wheatstone bridge. equation one then obtains
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which is Eq. 1 of the main text, where the unbalance voltage |Vag| is given by the average value (V) at the plateau

of integer filling factor v.

II. UNBALANCE VOLTAGE TRACES OF ALL SAMPLES

In Figure S2 we report the measurement of the in-phase quadrature of the unbalance voltage Vi1 as a function
of filling factor (that is of magnetic field, to be read on the top axis) of the reference (S1-S2) and cavity (S3-S5)
samples. In order to highlight the values close to zero in the plateaux regions (at integer filling factors) we plot the
absolute value of V, in logarithmic scale. As explained in the main text, the averaging of the unbalance voltage is
performed at the integer filling factor plateaux, which are identified by taking the range of magnetic field in which
logyo(|Vabl/1V) < —8.5 (=170dB), i.e. |Vyp| < 3.2nV. This choice is made to ensure that the plateau region is
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FIG. S2. Absolute value of the unbalance voltage as a function of filling factor for the reference (S1-S2) and cavity (S3-S5)
samples. Notice that the voltage axis is in logarithmic scale, to clarify how close is the value to zero at the integer filling factor
plateaux.

flat for all the samples, and allows to clearly distinguish its boundaries. Notice that the extension of the plateaux
regions decreases with increasing filling factor, so that a plateau cannot be safely identified for filling factors greater
than 12. Moreover, we notice some variation in the extension of the plateaux also between different samples, which
will reflect in the higher standard deviation of the average, as shown below. As already discussed in the main text,
the differences in the values away from the plateaux regions arise due to the electronic density inhomogeneities of
the 2DES in which the Hall bars are etched. In Figure S3 we report the averages of the unbalance voltage for the
integer filling factor plateaux. The error-bars represent the standard deviation of the mean keeping into account
also systematic uncertainties, as discussed in Section III. We notice that for both reference and cavity samples the
values oscillate around zero, without showing any behaviour as a function of filling factor. Reference S1 and cavity S4
samples display the narrowest region of oscillation around zero, with a maximum distance of two standard deviations
(i.e. they are compatible with zero within a 95% confidence interval), except for filling factor 12 for S4, though cavity
sample S3 is zero within one standard deviation at this filling factor. Since no deviation is observed for at least one
cavity sample, this already provides an upper bound to the renormalized value of the von Klitzing constant. Reference
S2 and cavity S3 and S5 samples show a larger range of oscillation around zero, and S5 in particular is consistently
above zero, even if the distance is below three standard deviations (i.e. it is zero within a 99.7% confidence interval).
We ascribe this behaviour to the worse performance of the pre-amplifier channel employed to measure S5, which is
introducing a larger phase error, thus the out-of-phase component partially leaks into the in-phase component (see
Sec. I1I), giving a finite positive offset. To a lower extent, also S3 displays a similar issue.

III. NATURE OF THE UNCERTAINTIES

There are two main sources of uncertainty which limit the precision and the accuracy of the experiment: one is
statistical, and it is given by the fluctuations of the voltage in the plateaux regions due to the voltage noise of the
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FIG. S3. Average value of the unbalance voltage at the integer filling factor plateaux for the reference (S1-S2) and cavity
(S3-S5) samples. The error-bars are given by the standard deviation of the values measured in the plateaux regions, and they
have a similar length, given by the 0.7nV noise level.

AC pre-amplifier, the other one is systematic, and it arises due to inaccuracies of the measurement setup, or to
sample-specific characteristics, such as the different contact resistances, or capacitative effects arising in the 2DES.
Assuming that the uncertainty sources are independent, we can obtain, for each plateau, the total uncertainty on
the unbalance voltage (expressed with the standard deviation, which is represented via error-bars in Fig. S3) as

_ 2 2 2 . . . .
oy = \/Unoise + 05tiset T Tsamples and we proceed to discuss the meaning of the terms in the following.

The term oypise is the standard deviation of the average value of the unbalance voltage in the plateau, and it is
statistical in nature. If successive data points were uncorrelated it would simply be onoise = Opona™ = +/0Vun /N,
where N is the number of data points acquired in the plateau, and dVyy, is their sample variance, which is equal to
the 0.7nV pre-amplifier voltage noise (see the Materials and Methods appendix in the main text). However, the data
display some correlation due to the fact that the magnetic field is increased at a rate between 10 and 50 mT/min
(increasing with increasing field), and the fourth-order low pass filter employed for lock-in demodulation has a settling
time equal to about 10 times TC, that is 10s. Hence we perform a blocking statistical analysis to properly take into
account the correlations, and we obtain an uncertainty which is about an order of magnitude greater than o}oco™"
and, for filling factors greater or equal to 3, gives the dominant contribution to the total uncertainty.

The term oogset represents the offset which may be introduced by inaccuracies in the measurement setup. It is
systematic in nature, and to assess it we measure the unbalance voltage of a short positioned in place of the sample.



We obtain an estimate of oogset = 0.07nV. The pre-amplifier channel could however also introduce a slight phase
error, which combined with a non-zero out-of-phase component of the signal (see below) could give rise to a finite
offset in the in-phase component.

Finally, the term ogample is the systematic uncertainty arising from sample-specific characteristics. As already
discussed in the main text, the multiple connection technique [1] allows to reduce the relative inaccuracy introduced
by the different contact resistances down to (Rc/Rp)?*, where Ry = h/(e*v) is the quantized Hall resistance of
the plateau, and R¢ is the contact resistance, which varies between 200 and 300 (measured via the three-terminal
measurement scheme). Due to capacitative effects of the 2DES the out-of-phase quadrature of the signal V3~ is different
from zero in the plateau regions, with values between 2 and 10nV (increasing with decreasing filling factor). Being
it out-of-phase it should not bear any impact on the in-phase quadrature of the unbalance voltage Vx (displayed
in Fig. S2), however being the in-phase component much lower than the out-of-phase one, the latter can partially
contribute to a non-zero value of the former due to the slight phase shift introduced by the pre-amplifier channels. We
assess this uncertainty from the reference samples, where we estimate a deviation of the out-of-phase component from
the 90 degrees phase up to 10 degrees, so that the in-phase component Vx can acquire an offset of \/W sin (10°),
which we adopt as ogample. This uncertainty contribution dominates at the plateaux at filling factors 1 and 2, and we
interpret it as an higher reactance of the contacts to the 2DES at higher magnetic fields. The choice of measuring
more than one reference/cavity sample (on the same chip) is thus suitable to assess the sample-specific uncertainties,
and to statistically treat them. We display in Figure S4 the weighted mean of both reference and cavity samples, along
with their standard deviation (the error-bars are three standard deviation-long, so to display the 99.7% confidence

interval). The weighted mean (V;,5) and the standard deviation of the weighted mean oy are defined as

<Vub>z'
Zi (ov)?

(Van) = =1
2 v

where the sums are extended over all the reference/cavity samples. We can infer that no deviation is observed within
a range of 0.7nV for filling factor 1, which translates to a precision of 1 part in 10° for the Hall resistance deviation,
as discussed in the main text.
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FIG. S4. Weighted averages of the unbalance voltage for reference S1-S2 samples (top panel) and cavity S3-S5 samples (bottom
panel), as a function of filling factor. The error-bars are given here by three times the (weighted) standard deviation, i.e. they
refer to a 99.7% confidence interval.



IV. TEMPERATURE STUDY

To connect and compare the results of the present work with the ones reported in Ref. [2] we have performed
measurements of the unbalance voltage as a function of temperature, in order to extract the activation energy of the
Hall resistance deviation from the quantum Hall plateaux [3, 4]. In Ref. [2] we had indeed extracted the activation
energy by measuring instead the minima of the longitudinal resistivity as a function of temperature. In Figure S5
we show the unbalance voltage as a function of magnetic field and temperature for the plateaux at filling factor 5-7,
for reference S1-S2 and cavity S4-S5 samples (we exclude cavity S3 sample since, as already discussed in Sec. III, its
measurement is affected by a larger phase error). Observing the behaviour of the reference samples one can notice
how the increase in temperature reduces the length of the plateaux, but does not cause a consistent deviation from
quantization. Indeed, as already shown in Ref. [2] for a similar reference sample, which we remind it to be a small
40 pm-wide and 160 pm-long Hall bar, the activation energy at these magnetic fields is of the order of 6 K (therein we
had also measured at higher temperatures). On the other hand, cavity samples do display an activated behaviour,
with minima of the unbalance voltage lifting with increasing temperature, as shown in Fig. S6 (left). From the
exponential fitting of the Arrhenius plot we extract an activation energy (Fig. S6 right) which increases linearly with
magnetic field, and which is far lower than the reference one, and lower also than the one of cavity samples having a
lower normalized coupling.
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FIG. S5. Unbalance voltage for reference S1-S2 and cavity S4-S5 samples (varied along rows), as a function of magnetic field and
of temperature (displayed using color following the color-bars to the right), for filling factors v = 5 — 7 (varied along columns).
Observe how reference samples do not consistently display a loss of plateau quantization by increasing the temperature — though
increasing the temperature causes a reduction in the plateaux length — as opposed to cavity samples, where the minimum of
the unbalance voltage in the plateaux regions (white area in between the two vertical dashed lines) increases when increasing
the temperature. The minima are marked with a star, and are then displayed as a function of inverse temperature in Fig. S6.

V. THEORETICAL BACKGROUND
A. Homogeneous 2D Quantum Hall System Coupled to the Cavity

We consider a homogeneous, two-dimensional electron gas coupled to a strong magnetic field and a single-mode
homogeneous cavity field. The system is described by the Pauli-Fierz Hamiltonian [5, 6]

N N 7T,L+6A 2 1
H:Z(QT)J'_M%V (de+2) +ZW(ri_rj)7 (5)
i=1

i<j
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FIG. S6. Left: Arrhenius plots for cavity S4-S5 samples, i.e. absolute value of the minimum of the unbalance voltage (displayed
in log scale) as a function of inverse temperature. The minima are taken from the points marked with a star in Fig. S5. Right:
Activation energy as a function of magnetic field for cavity S4-S5 samples as extracted from the exponential fit of the absolute
value of the minima of the unbalance voltage. The black solid line indicates a linear fit of the activation energy as a function
of magnetic field for cavity S4-S5 samples studied in the present work, which display a normalized coupling §/wecav =~ 30%. In
the same plot we report the linear fits of the activation energy measured for a reference sample (zero coupling, dotted line), a
cavity sample with 16% normalized coupling (dashed-dotted line), and a cavity sample with 22% normalized coupling (dashed
line), as obtained in Ref. [2] (see supplemental material therein), employing a different measurement technique (as discussed in
the main text). Notice how the cavity activation energy is far below the reference one, and that the higher the coupling the
lower the activation energy.

where m; = 1AV, + eAcx(r;) are the dynamical momenta of the electrons and Ao (r) = —e, By describes the
homogeneous magnetic field B = V x A (r) = Be,. The cavity field A = 1/%%61 (d + dT) is characterized

by the in-plane polarization vector e, and the cavity frequency wc,y. The V and ¢y are the effective mode volume
and the dielectric constant, respectively, and the ladder operators @ and a! represent the bare photon fields. With
Galilean invariance in a purely homogeneous system, the center of mass (CM) is decoupled from the relative motion
of the electrons, regardless of the interaction strength [7]. To demonstrate this we use the CM and relative distance
coordinates

N

1 . ry—r;

R=—)> r; and T, = L with j > 1. (6)
\/N; ' VN

The Hamiltonian in the new frame is the sum of two parts: (i) the CM part ]:]cm which is coupled to the quantized

field A and (ii) the relative distances f[rel which does not couple to the cavity field, H = f[cm + H.e1 where each part
looks as

) 1 \2 1
_ 1 ata 4 1
Hom = 5— (lth +eAue(R) + e\/NA) + hweay <a i+ 2) (7)
. 1 L/ ik~ oo G o e (E i
Hrel = % ; (WVJ + eV NAext(rj)) — 72mN JZZZQ VJ . vl — % ; Aext(rj) + ; W(ri — I‘j) (8)

From the result above it becomes evident that in the homogeneous limit the quantum cavity field only couples to the
CM of the electron gas while the correlations decouple from it. This implies that all the cavity-matter phenomena
happen at the CM.



B. Collective Landau Polaritons

The Hamiltonian Hep, has the form of two coupled harmonic oscillators, one for the Landau level transition and
one for the photons. In many cases such a Hamiltonian is known as the Hopfield Hamiltonian which can be solved by
the Hopfield transformation [8]. After the Hopfield transformation we find

X ot n 1 L 1
Hem = nQ2 (bib+ + 2) + hQ_ (bTb_ + 2) (9)

where {Bl, l;i} are the creation and annihilation operators of the Landau polariton quasiparticles. The 24 are the
upper and lower Landau polariton modes respectively,

2 2,2 2 2
g _ W e \/wgwg EREEE w0

2 e 2

where wy = 1/€2N/meeoV is the diamagnetic frequency originating from the A2 which depends on the number of
electrons N and the effective mode volume V. To define the polariton operators we represent the photon annihilation
operator in terms of a displacement coordinate ¢ and its conjugate momentum as ¢ = (q + 9;)/ V2, with a' obtained

via conjugation. In this representation the polariton operators {Ei, Bl} can be written in terms of mixed, polaritonic
coordinates as Sy = /h/2Q4 (Bi + l;l) with

g VY + qA\/ B/ weay 4s —q\/ B/ Weay + /MAY
= an _ =
- VI+ A2 VI+AZ

where Y =Y + % is the guiding center and K, is the electronic wave number in the z-direction. Also we introduced

the parameter A = a« — /1 + a2 with a = (wgyc w2, - wﬁ) /2wqweye which quantifies the mixing between electronic
and photonic degrees of freedom. It is worth noticing that in the limit w¢,, — 0 the lower polariton frequency goes
to zero, 2_ — 0, which means that the system becomes gapless. In this limit the canonical transformation from the

electron and photon basis to the polariton basis becomes singular as it was explained also in Ref. [9].

C. Finite Temperature Kubo Transport

Here we present the Kubo linear-response formalism for the finite temperature transport of the light-matter system.
As we already showed the Hamiltonian of our system can be written as a sum of a CM gnd relative part H = Hey+Ho.
To proceed we assume that the eigenstates of He,, are |®,) and the eigenstates of H, are |Fy) such that it holds

ﬁcm|¢)n> - En|q)n> and ﬁrel|FI> - EI|FI> (11)

Then, the eigenstates of the full Hamiltonian H are |U,.;) = |P,) ®|Fr), and the full eigenspectrum is E,,; = E,, + Ej.
The Kubo formula for the optical conductivity of the system is [10, 11]

i e, Xab(w) i
O’ab(w)— wris < — Oab + A > 60— 0 (12)

where a,b = x,y, z. The first term in the optical conductivity is the Drude term, while the second term is the current-
current correlator in the frequency domain, which is defined as the Fourier transform of current-current correlator in
the time domain

xaolt) = Lo (6), (13)

The current operators are considered in the interaction picture J (t) = eft/ h§e—ift/h [10]. In the canonical ensemble
the expectation value of an operator O is defined as [11]

(0) = Tr{p0) = 2 3" (Wurle O (14)

n,I



where the partition function is Z = )", e PEne=BEL  We will use these formulas now for the computation of the
current correlation functions. The current response can be splitted into two parts

Xeolt) = O (o a1d) — (0. (15)

Let us compute first the first term (ja (t)jb>. We use the expression for the canonical ensemble and for the current
operator in the interaction picture and we have

7 7 1 - i 7 —iHt/h § 1 - i 7 —iHt/h
(Jo () ) = EZG BEut (@, et/ ] e Ht/th|\IlnI>:§Ze BEn1 oitEnt /0 1| ], e HYR W, 1), (16)
n,l

n,I
We introduce the identity I=73"_ ;|¥,,7)(¥,,s| in the above expression

A o 1 . A A A
(Ja)Ds) = 2 > e Pt g | e T ) (W gy W i)

n,m,J,I
1 ~ o ) .
-z > e P B En )G o [ ) (W g | T W) (17)
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Since we work in the CM frame in order to proceed we need examine how the current operator looks in the CM
frame. The full gauge-invariant current operator in the original frame is [12]

.. N N
N ieh e2N . e?
J=—— i——A— — Ay (). 1
me;W o m; o(r:) (18)
Then, the current operator in the CM frame takes the form
4 ieh e? N e? A
J=VN|-——Vr— —VNA - —A.R)| =Jcn. (19)
Me Me Me

The above result shows that the total current in the system is equal to current of the CM and depends only on CM
related operators. This property has the following important implication

<\Ijn1|j|\IJmJ> = 51J<q)n|j‘q)m> (20)

using the above the expression for the current correlator simplifies

~ 1 . ~ ~
(Jo (b)) = z > et En T En) (T, | B ) (B | S| D) (21)

n,m,I

To obtain the above we used that F,; — F,,; = E,, — E,,,. To complete the computation we need to multiply <ja (t)jb>

with %(t) and Fourier transform into the frequency space

*i@(t) 7 7 1 } : —BE <(I)n|ja|q)m><q)7n|jb|q)n> ZI e b —BE <<I)n|ja|q)m><q)m|jb|q>n>
. t = nl - — " "

h (Ja(t)-T) anIe W+ (By — Ep)/h+10 37 e PEr Y7, emFEx n;Ie w+ (Ey — Ep)/h+10

- RO IS LY RTINS (22)
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Following exactly the same procedure for the second term in Eq. 15 %(jbja (t)) we find the the expression for the

current-current response function

1
Xao(W) = s~—57
l

D Jo| D) (Br | 5| P

Z(e"BE” —e_ﬁEm) (Pn|Jo | D) (P S ,"> with 6 — 0. (23)
w+ (E, — Ep)/h+16

n,m

From the above expression we see that current response function solely depends on the CM eigenstates and the CM

eigenenergies. This is a consequence of homogeneity which implies the separability of the full Hamiltonian into CM



and relative parts. Finally, for completeness we provide the expressions for the components of the current operator
in terms of the polaritonic annihilation and creation operators

_ 62\/NB \/m . A+77 + 1*7]/\ - R
Jo = sy | Yo (Y ) + \/ﬁ@ +b)+ N (6} +54)

J, = —ie meg]im[\/m(+—b)+Af(_—z}1)}. (24)

With the above expressions one can use straightforwardly apply the Kubo formalism and compute the temperature
dependent current response functions in Eq. 23 and the corresponding conductivities defined in Eq. 12. For more
details on the finite temperature Kubo formalism for the Landau polariton states one can see Ref. [9].

VI. NO MODIFICATION OF QUANTUM HALL TRANSPORT AT T =0

Having derived the general formula for the current correlator yu,(w) at finite temperature, we will focus now at
the transport properties at zero temperature, 7' = 0, where the topological protection and the quantization of the
quantum Hall conductance are expected from the Thouless argument, as long as the system is gapped [13]. At T =0
the ground state of the polariton system is for n, = n_ = 0 and only the thermal prefactors corresponding to the
ground state e~ #F00 contribute to transport.

Z (00|J|mom_) (mym_]|J,|00)

_ _ P
w+ (Boo — By )/h+10 (00 & mym..) (25)

Xab(w> =

my,m_

Furthermore, the current operators are linear in the polaritonic annihilation and creation operators and thus allow
only for single-polariton transitions to occur, which implies that in the denominator of the response function only the
single polariton energies {4 show up. Finally, using the formulas for the matrix representation of the components of
the current operator we find the following analytically exact expressions for the transverse x, response function

Ne3B i 1 1 i 1 1
_ N5 TAA )t 1AL 2
Xoy(10) (1+A2)m§[ (A 4n)3 (w+Q+i§+w—Q+ié)+( )3 <w+Q++i(5+w—Q++15)}( 6)

With the above result and using the Kubo formula in Eq. 12 we find the Hall conductance by taking the limit w — 0

e?v { AA+n) 1—nA

Ty — h = cyc- 2
Oxy h(1+A2) QQ /w 52/w Qi/w 52/ :l where 1) Wd/UJ v ( 7)

cyc cyc cyc cyc
Where we introduced the Landau level filling factor ¥ = ns;h/eB, as defined in the main text. Taking the value of the
broadening parameter to zero 6 — 0 we find that the Hall conductance is quantized

62V

Ozy = o (28)

consistently with the Thouless flux insertion argument [13]. In the last step we used two properties of the mixing
parameter 1 —nA = Q3 /w2 . and A(Q? /wZ . — 1) = n which can be exactly deduced from the definition of A.

cyc

A. Singular Point

We also comment on the limit where the cavity frequency weay is much smaller than the other energy scales in the
light-matter system, namely the diamagnetic frequency wg, and the cyclotron frequency weyec, i.e. Weay K Wa, Weye. In
this limit, where the cavity frequency becomes negligible, it can be easily seen that the lower polariton mode goes
to zero, Q_ — 0, as it was found in Ref. [14]. Having the lower polariton gap closing circumvents the Thouless flux
insertion argument [13] which assumes the system to be gapped. The gap closing leads to the modification of the
Hall conductance as it was found in Ref. [15]. Finally, we note that in order to obtain the result in Eq. 28 the lower
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polariton mode 2_ needs to be non-zero at all steps of the calculation for the Hopfield transformation to the polariton
basis to be well-defined. This can be understood by taking 2_ — 0 in Eq. 27.
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