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A NEW APPROACH TO THE OPERATOR FORMALISM FOR
GROMOV-WITTEN INVARIANTS OF THE CAP AND TUBE

AJITH URUNDOLIL KUMARAN AND LONGTING WU

ABSTRACT. Based on Johnson’s operator formula for the equivariant Gromov-Witten
theory of P!-orbifolds, we give a new approach to the operator formalism by Okounkov
and Pandharipande regarding the C*-equivariant Gromov-Witten theory of P! relative
to one or two points. We also extend their operator formalism in the non-equivariant
specialization to the case where we allow negative contact orders.

1. INTRODUCTION

1.1. Overview. Let X be a smooth projective variety and D be a smooth divisor in
X. The relative Gromov-Witten (GW-) theory of the pair (X, D), roughly speaking,
(virtually) counts maps from domain curves to the target X with certain tangency
conditions along the divisor D. The theory was founded in [LRO1,IP03, EGHO00] on the
symplectic side and in [Li01,1.i02] on the algebraic side which plays an important role
in the development of GW-theory.

The recent works [ACW17,JPPZ17,JPPZ20,TY20, FWY20, FWY21] provide a new
perspective on relative GW-theory. The new point of view can be summarized in one
sentence: Relative GW-theory of the pair (X, D) can be treated as a certain large r
limit of the orbifold GW-theory of the root stack Xp,. Under the guidance of this new
perspective, the relative GW-theory has made great progress. For example, in [FWY20,
FWY21], relative GW-theory was enlarged to include negative contact and the enlarged
theory was shown to form a partial CohF'T (cohomological field theory). In addition,
relative quantum cohomology rings and Givental formalism were also constructed using
the genus-zero invariants of the enlarged theory.

But in general, it is quite hard to explicitly calculate the large r limit of the orbifold
GW-theory of the root stack Xp,, as it involves rather complicated combinatorics.
This limits the application of the new perspective. In this paper, we want to make a
first step towards explicit computations by considering the simplest pairings (X, D),
i.e., cap and tube. Here cap stands for P! relative to one point and tube stands
for P! relative to two points. Even in these simple cases, the explicit calculations of
the orbifold GW-theory of Xp, in the large r limit already give us some nontrivial
results. For example, it provides a new approach to the operator formalism' for the
C*-equivariant GW-theory of the cap in [OP06¢], which plays an important role in the
proof of Virasoro constraints for target curves. The original approach by Okounkov
and Pandharipande used a complicated induction while the new approach here is more
straightforward. The new approach can also be used to extend the operator formula

IThe operator formalism is expressed as a vacuum expectation on the infinite wedge space.
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for the non-equivariant tube theory in [OP06] to include negative contact which can be
further used to deduce an explicit formula for the one-point function of the tube with
negative contact.

Our new approach to the cap and tube theories relies on some knowledge of the
C*-equivariant GW-theory of the root stack C,,;. Here C,, is obtained by succes-
sively applying the r-th root and s-th root constructions along the divisors 0 and
oo respectively. Fortunately, the equivariant GW-theory of C,; has been studied in
[Joh09, Joh14, MT08, MT11]. In particular, Paul Johnson in his PhD thesis [Joh09]
(see also [Johl4] for its publication version) gave an explicit operator formula for it.
We then analyse the large r, s behavior of Johnson’s operator formula. After some ef-
forts, it turns out that the operator formalism for the equivariant cap and tube theories
naturally appear when we take suitable coefficients® of Johnson’s operator formula in
the large r, s limit. We also analyse Johnson’s operator formula in the non-equivariant
specialization. By taking the large r, s limit, we can extend the operator formalism for
the non-equivariant tube theory in [OP06] to include negative contact.

The explicit calculations in this paper also provide a new perspective on some known
results in the literature. For example, in [TY20], it was shown that for sufficiently large
r and X a curve, stationary orbifold invariants of Xp , are independent of . This result
can be verified in the case of C, s—; using our explicit computation (see Remark 4.17).
In [TY22], it was shown that genus g orbifold GW-invariants of Xp ., as a polynomial
of r for sufficiently large r, has r-degree bounded by max{0,2g — 1}. This result can
also be verified for C, s_; using our explicit computation (see Remark 4.7). Actually, in
our special case, the computation in Section 4.2 shows that the coefficients of such -
polynomials can be determined from the Hodge integrals in the moduli space of curves,
which might be of independent interest.

In order to give a more detailed account of our results, we need to introduce some
notations.

1.2. Basic setup.

1.2.1. The Chen-Ruan cohomology of C, s. First, we have an obvious C*-action on C,
such that 0 and oco are fixed points. It naturally induces a C*-action on the inertia
stack IC, s of C, 5. The fixed locus of the corresponding coarse moduli /C, s consist of r
copies of 0 and s copies of co.

The C*-equivariant Chen-Ruan orbifold cohomology H¢ g ¢+ (Cr.s, C) plays an impor-
tant role in the definition of the equivariant orbifold invariants of C, 5. As a vector space,
it is equal to the C*-equivariant cohomology Hg.(IC, s, C). But Hgp e (Crs, C) has a
shifted grading and deformed cup product which are not relevant in this paper. We
recommend the readers to see [ALR07] for an introduction to Chen-Ruan cohomology.

The C*-equivariant cohomology of a point H¢. (pt, C) is equal to C[t] where ¢ is the
first Chern class of the standard representation of C*. So H¢p ¢+ (Cr.s, C) is canonically
a C[t]-module. The Atiyah-Bott localization formula tells us that after localizing the
appropriate element of C[t], H¢pc-(Crs) has a basis given by the classes 0;/,, 00j/s

2In [TY20], it was shown that orbifold GW-invariants of Xp . (without large ages) are polynomials
of r when r become sufficiently large and the constant terms give the relative GW-invariants of (X, D).
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(0<i<r—1,0<j<s—1) where 0;/, is the Poincaré dual of the C*-fixed point
0 in the component of IC, ; with age 7%, and oo/, is the Poincaré dual of the C*-fixed
point oo in the component of IC, s with age %

1.2.2. Orbifold GW-invariants of C, 5. Let M%M(Cns, d) be the moduli space of stable
maps to C,s with genus g, m markings and degree d. The natural C*-action on C, ,
induces a C*-action on Mg,m(cm, d). The C*-equivariant orbifold GW-invariant can
be defined via an integration over the equivariant virtual cycle of the moduli space:

m

1) (s (1) T () 1= /W o e

DI =1
where ev; denotes the evaluation map of the i-th marking which allows us to pull

back the equivariant Chen-Ruan cohomology classes v; € H{g c-(Crs), W are psi-

classes pulled back from the corresponding psi-classes of M, ,, (P!, d) via the morphism
fi Mym(Crs,d) — Mg, (P, d) which forgets the orbifold structure. We add a bullet
to denote the corresponding disconnected invariant, that is, (...)*.

Remark 1.1. We notice that the above notation (1) does not specify the age infor-
mation of each marking. Such age information can be specified via the choosing of ~;.
For example, if we choose v; to be 0,,/, (1; > 0), then we know that the i-th marking
is mapped to 0 with age £*.

1.2.3. 7 function. The 7 function encodes all the disconnected GW-invariants of C, ;.
It is defined as

(2) T—ZZUQQ 2 d<exp (Zxk )05 /7 —i—Zxk Th ooj/s)>>

g€Z d>0

oCp s, C*

g,d
Here the formal variables {x(7)}, {z;(j)} are introduced so as to keep track of inser-

tions 75(0;/r), Tr(00,/s) respectively.

1.2.4. Johnson’s operator formula. Using the virtual localization and orbifold ELSV
formula, Johnson expressed the 7 function as a vacuum expectation on the infinite
wedge space:

Theorem 1.2 ([Joh09, Joh14]).

H
(3) T = <ezk,zxk() z/r[k]et:j: (W) eitSS ijétk(j) J/S[k]>

An explanation of the infinite wedge space and operators appearing in the above formula
will be given in Section 5.
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1.2.5. GW-invariants of the cap and tube. Let M, (P'/0,d, jiy) be the moduli space
which parametrizes relative stable maps from genus ¢, n-pointed curves to P! of degree
d with monodromy at 0 given by an ordered partition jiy = (u1,---,p,) of d. The
GW-invariants of the pair (P',0) can be defined as integrals against the virtual cycle

as before:
<,zo Hm(%)> = / [T vievi(n)
i=1

[Mg,n (Pl /O’d’ﬁo)]‘]ir =1

where v; € H*(P'). As before, we add a bullet or C* to denote the corresponding
disconnected or C*-equivariant invariant. Here we omit the degree d and genus g in
the bracket notation, since d can be determined from /iy and g can be determined from
the dimension constraint.

For the pair (P!, 00), we write the monodromy data on the right side of the bracket:

<Hm(%) ﬁoo> .

As for the pair (P',0U oo), we write the monodromy data of 0 on the left and write

that of oo on the right:

According to [ACW17,JPPZ17,JPPZ20, TY20], we can redefine GW-invariants of
the cap and tube as certain limits of orbifold GW-invariants of C, ; (see Section 2). A
little more precisely, by replacing each multiplicity u; € fip (resp. i € fis) with an
insertion 0y, /. (resp. Oou;/s) which stands for the identity element of the twisted sector

H Tk; (%)

i=1

over 0 (resp. oo) with age yu;/r (resp. p/s), we get a corresponding orbifold invariant
of C, 5. For example, the GW-invariant of the tube above corresponds to an orbifold
invariant

Cr,s

n

<H 70(0p;/r) H i, (Vi) H 7'0(00#;/3)>

=1 g9,d

Here ~; should be seen as cohomology classes in the untwisted sector. For the pair
(P',0) (resp. (P',00)), we get an orbifold invariant of C, -1 (resp. Cr—1).

For sufficiently large r, s, the corresponding orbifold invariant will be a polynomial
of r, s and the constant term matches with the relative GW-invariant we defined above.
Note that for the pair (P!,0) (resp. (P!, 00)), the polynomial will only depend on r
(resp. s).

In [FWY20, FWY21], relative GW-invariants were generalized to include negative
contact using the orbifold perspective. Specializing to the previous cap or tube case,
negative contact p; € fiy (resp. p. € fln) simply corresponds to the insertion 0riu;
(resp. 004 ).

s
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1.3. Main results. The orbifold perspective gives us a new approach to the operator
formalism for GW-invariants of the cap and tube. For technical reasons, we only
consider the following two cases.

(I) In the first case, we consider equivariant invariants without negative contact. We
always treat the cap case carefully since the tube case follows by a similar analysis. So
we want to compute the following equivariant GW-invariants of (P!, 0):

. . oC*
(7 [T T (o))

i=1
where 0, co are two natural equivariant classes in H¢. (P). By varying k; and [;, we
get a generating function

G(,E‘Zla T, 2p, W, 7wm)-

The orbifold perspective leads us to consider the following orbifold invariants:

" " 0Cro=1,C*
0 ([0 T o)

i=1 j=1

By [FWY21], it is still true that the equivariant orbifold invariants above are polyno-
mials of 7 and the constant terms give the equivariant relative invariants we want. So
we can use Johnson’s operator formula (3) to calculate the generating series of such
orbifold invariants in the large r limit. The explicit calculation will be done in Section
4.2. The generating series of (4) in the large r limit will be a function depends on r,
after taking the r%-coefficient we get the following operator formula:

Theorem 1.3 (=Theorem 4.5).

g

G(ﬁ|zla Tty Rn, Wyttt 7wn) = <H auiE(zla e 7Zn7t)6a71 HA*(U}])> .
j=1

The explicit forms of the above operators can be found in Sections 3 and 4.2.
Remark 1.4. The above equality holds only when we add the unstable contributions

to the generating function G(fi|z1, - ,2zn, w1, -+ ,w,) similar as in [OP0Gc, Section
2.3.4].

Remark 1.5. We can similarly calculate the generating function of the pair (P!, 00).
The resulting operator formula will recover the operator formula in [OP06c, Proposition
3.2] (see also Remark 4.6).

Similarly, by analysing Johnson’s operator formula in the large r, s limit, we have
the following operator formula for the equivariant GW-invariants of the tube:

Theorem 1.6 (=Theorem 4.8).

B Oy, .
G(ﬁl’Zl?'” y Any Wiyt anlﬁ) = <H aMIE(Zh”' ,Zn,t)E<w1,"' 7wm7_t)H U]>'

P jUj
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(IT) In the second case, we consider non-equivariant invariants with negative contact.
As before, we start from the cap case. So we want to compute the following non-
equivariant GW-invariant of (P!, 0):

(s
i=1

H Thk; (w) >

where fiy = (a1, ..., a;,b1,...,bn,) is an ordered partition of degree d such that a; > 0,
b; < 0, and w is the point class of P!. By definition of relative invariants with negative
contact in Section 2, we need to determine the large r limit of the following orbifold
invariant:

(5) "o <H 7-0(0(11'/7") H T0<O(7'+bi)/7") H Tk; (W)>

and take the r%-coefficient. It is equivalent to consider the following equivariant orbifold

invariant:
lo mo n °7Cr,s:1,(C*
r’e <H7—O(Oai/r) HTO(O(T—I—bi)/r) HTki (00/7“)> .
i=1 i=1 i=1

Again we apply Johnson’s operator formula (3) and analyse its large r behavior. The
explicit calculation will be done in Section 4.3. The final result is that

Theorem 1.7 (=Theorem 4.16).

(s
=1

11 (w>> = ﬁ <Haai(z N; &,[0]) Hé’o[ki](al)d>

0
7 lal

where we sum over all partitions P of {1,...,mg}.

A more detailed explanation of the operators in the above formula can be found in
Section 4.3.
Similarly, for the tube case, we have

Theorem 1.8 (=Theorem 4.18). Let

flo= (a1, -+, a1, b1, - b)), floo = (ay, -+ ,a;_, by, -+ by, )
such that a;,a; >0, b;, b <0, Vi,j. We have
/Loo> =

Jr7g
<Mo

Hl‘)lazn = a <H%ZN &l Hf‘?o[ki](ZNplggp/ D,ljo““9>

n

[ 7

=1

=1 =1

where we sum over all partitions P of {1,...,mq} and all partitions P" of {1,...,ms}.

Using the above operator formula for the tube, we deduce an explicit formula for the
one-point function of the tube with negative contact in Section 5
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Remark 1.9. The operator formula of the tube will specialize to that of cap (up to
the factor d!) once we set fioo = (1,---,1). If there are no negative contact orders, then
N——

d
it will specialize to the operator formula of the tube in [OP06]. The new thing here is

the operators of the form
> N &, [0]
P

which account for negative contact (see Definition 4.11 for more details on notations).

1.4. Organization of the paper. In Section 2, we give a brief review of relative
and orbifold GW-theories. In Section 3, we give an introduction to the infinite wedge
formalism. In Section 4, we give an analysis of large r, s behavior of Johnson’s operator
formula and prove our main results. In Section 5, we give an explicit formula for the
one-point function of the tube with negative contact. The Appendices A and B give
some technical results needed in Section 4.
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thor and Rahul Pandharipande. The first author is deeply indebted to Honglu Fan and
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pande, Georg Oberdieck and Dhruv Ranganathan for their helpful conversations and
comments. The second author was supported by grant ERC-2017-AdG-786580-MACI.
The second author was also grateful to Max Planck Institute for Mathematics in Bonn
for its hospitality and financial support.

This project has received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation program (grant agreement
No. 786580).

2. RELATIVE GW-THEORY VvS. ORBIFOLD GW-THEORY

2.1. General Theory. In this section we recall the basic notions of relative GW-

theory with possibly negative contact orders. The content and notation in this section
is largely based on [FWY20, FWY21].

Definition 2.1. A topological type I' is a tuple (g,n, [, p, i) where g,n are non-
negative integers, § € Hy(X,Z) is a curve class and i € (Z*)? is a partition (we
allow negative integers) of the intersection number | 8 D.

Let Xp, be the r-th root stack along the divisor D. We use I(Xp,) to denote the
coarse moduli space of the inertia stack of Xp,. It has the following form:

(6) I(Xp,)=Xul| |D.

We label the components of this inertia stack by % for i =0,...,7 — 1. These fractional
integers are called ages. The age 2 is reserved for the component isomorphic to X.
The other components are called twisted sectors. A topological type I' = (g, n, 8, p, ji)
determines a moduli space of stable maps into Xp, in the following way:
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g, B correspond to genus and curve class.

n is the number of markings without orbifold structure.

p is the number of markings with orbifold structure.

When p; > 0, the evaluation map of the corresponding marking lands on the
twisted sector with age £

e When p; < 0, the evaluation map of the corresponding marking lands on the
twisted sector with age “”".

Note that for this to make sense we need r > max;<;<,|u;|. We denote this moduli space
by MF(XD,’I‘). The domain curves of these stable maps are connected. If we also allow
disconnected domain curves we will write My (X p,r). In this case g in I' can be negative.
Let evy; : M (Xp,) — X denote the evaluation map at the i-th marked point without
orbifold structure for ¢ = 1,...,n. Similarly let evp; : MF(XD,T) — D denote the
evaluation map at the j-th marked point with orbifold structure for 7 = 1,..,p. We
consider the forgetful map

(7) 71 Mr(Xp,) = Mgni (X, B) Xxo D,
And we define the psi-class v; := 7*1; for i = 1,...,n + p.

Definition 2.2. Let I' = (g, n, 3, p, /i) be a topological type. Let a = (Y ay, ..., v a,,) €
(C[] @ H*(X))"™. Let € = ("¢, ...,wa’ep) € (Cly] ® H*(D))?. We define

Xpr .
®) o [ T T e
Mr(Xp, )" 521

where ¢p ;,¥x; are psi-classes of the corresponding markings. If we replace Mrp(X D)
*Xp.r

with My (Xp,) we get the disconnected invariant which we denote by (e, o)
Following [FWY21], we can now define relative invariants with possibly negative
contact orders as a limit of orbifold invariants.

Definition 2.3. We define
(9 (e )P = [tim (e
TO

T—>00
where [-],0 extracts the constant coefficient of a polynomial in r and p_ is the number

of negative integers in ji. The disconnected relative invariant (e, g);(X’D) can be defined
as the limit of the corresponding disconnected orbifold invariants.

Remark 2.4. Definition 2.3 makes sense since in [FWY21], it is shown that for large
enough r the expression inside the limit becomes a polynomial in . Moreover it is shown
in [TY20] that if there are no negative contact orders, then this definition agrees with
the definition of relative invariants in the traditional sense [LRO1, P03, EGHO00, Li0O1,
Li02]. In [FWY21], relative invariants with negative contact are also expressed using
relative invariants in the traditional sense. But we will not use the second definition in
this paper.

Remark 2.5. If the genus g equals to 0 in Definition 2.3 the expression inside the limit
becomes independent of r for r sufficiently large. This is Theorem 3.2 in [FWY20].
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We note that the disconnected relative invariant can be expressed as a sum of prod-
ucts of connected relative invariants. This just follows from the fact that the same
holds for orbifold invariants. More precisely, we have

(10) <§,ao(XD) Z H L ):D)

['={T;} =

where IV are finite collections of topological types I';, where the total genus is g and
total degree is # and all the interior markings and relative markings of I' are distributed
over these I';. The notation €™ and o™ just mean that we extract a subvector of € resp.
« according to I';.

2.2. Specializing to orbifold lines. In this paper, we focus on the case that X is
P! and D is the union of two points 0, oo in P'. In this case, the curve class 3 can
be replaced by a non-negative integer d. We also need to specify the orbifold markings
over () or co. So the topological type I' is changed to be

<g7 n, da IO07 poo’ ﬁO; ,Eoo)

where the new notations p°, p> indicate the number of markings with orbifold structure
over 0, 0o respectively, and jiy € (Z*)po, fiso € (Z*)P™ are the corresponding partitions
of d. We still use

(11) (6, )

to denote the corresponding orbifold GW-invariants of C, s (see Definition 2.2). Note
that here the insertion € can be written as a union of insertions

n * : p° 7 * : p
€ € (C[Y] @ H*(point))” , ex € (C[¢)] ® H*(point))
corresponding to markings over 0, oo respectively.
For large enough r and s, it is still true® that
7L P (e, Q>§ns

depends polynomially on 7 and s, where p° , p> are the number of negative integers in
[0, fiso Tespectively. So we can still extract the constant term and get the definition for
the relative invariant of the pair (P!, {0, 00}) with possibly negative contact:

@@?“ﬂ:[m”wf@@%}.
T,8—00 TOSO

If we set s = 1, then oo is no longer a stacky point. So p>* = 0 and [i, is empty. For
sufficiently large r, 7 (e, g>§’“1 becomes a polynomial in . The constant term gives
the definition for the relative invariant of (P!, 0) with possibly negative contact:

(Pl’o) - |: 3 p(l Cr,1:|
(eajr ™= | im e, a)p™ |

3Since 0 and oo are two distinct points, the argument of [FWY21] still works.
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Remark 2.6. If the insertion € is trivial, that is, ¢ = (1,1,---, 1), then the relative
1 _ _ )
invariant (e, g)ﬁp 1009 ith a= (Y"ay, ..., aq,) could also be denoted as®

<ﬁo 1 e () ﬁoo>.

i=1
Here we omit the notation I', because except for the genus the other data can be directly
read from the above notation and, moreover, the genus can be determined from the
dimension constraint. Similarly we use

)

(s
, 00) respectively when the inser-

HTai(ai)> ) <H7-ai(ai)

to denote the relative invariant of the pair (P*,0), (P!

tion ¢ is trivial.

3. ORBIFOLD GW-INVARIANTS VIA THE INFINITE WEDGE

In this section, we want to give a brief introduction of Johnson’s operator formula in
the half-infinity wedge space for the 7 function (2).

The half-infinity wedge space is deeply related with the representation theory of the
symmetric group. In his PhD thesis [Joh09], Johnson applied the localization formula
to the equivariant orbifold GW-potential (2) to express it as a potential of Hurwitz-
Hodge integrals. The orbifold ELSV formula [JPT11] expresses these integrals as double
Hurwitz numbers. As these numbers are naturally connected with the character theory
of the symmetric group, Johnson was able to express the equivariant orbifold potential
as an operator expectation on the half-infinity wedge space. We now give a short
introduction to the half-infinity wedge space. This section is based on [OP06].

Let V' be a vector space with basis {k} indexed by the half-integers:

V=P Ck

keZ+3i

For each subset S = {s; > s5 > ...} C Z + 5 satisfying:
(i) S4 =S\ (Z<o — %) is finite,
(i) S = (Z<o — 1) \ S is finite,

we denote by vg the following infinite wedge product:
vs = 81 A S /N ...

Then we define
AZV = P Cus.

4When there are no negative contact orders, such notation has been used by Okounkov and Pand-
haripande in their famous trilogy [OP06, OP06b, OP06¢].
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It is called the half-infinity wedge space. Let (-,:) be the unique inner product on
ATV such that those vg form an orthonormal basis. We now define some important
operators on this space.

Definition 3.1. Let k € Z + % We define the operator ¥, by the equation
Vv:=kAwv,
forallv € AT V.
Let W7 be the adjoint of W; with respect to the previously defined inner product.

Definition 3.2. We define normally ordered products:

g [ >0,
J —W,, if <0,

We now define a representation of the Lie algebra gl(V) on AZV. Fori,j € Z +
%, let E;; denote the standard basis element in gl(V'). We then define a projective
representation by the following assignment:

Eij = \I/Z\I/; :

Definition 3.3. We define the charge operator C to be the operator on A%V corre-
sponding to the identity matrix ), 1 Ey; via the previously defined representation.
2

The kernel of C' is called the zero charge space and is spanned by the vectors
1 3 5
=M —-AX—=-AX3s—=-A..
) 175 275 375 )
where \ varies over partitions of nonnegative numbers. We denote the zero charge

space by A? V.

Definition 3.4. We define the energy operator H to be the operator on the zero charge
space corresponding to the matrix ), ;. 1 kEyy.
2

One can check that we have the following equation:
H Uy = |/\|U>\.

We call the eigenspace of H corresponding to a nonnegative integer [ the energy [
subspace. The vacuum vector
L A 5 A > A
vp=—=A—=A—=A...
R R R
is an eigenvector of H with eigenvalue 0. The vacuum expectation of an operator A on
ATV is defined by the following inner product:
(A) == (Avp, vy)

We now define an important Laurent series whose coefficients are operators on Az V.
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Definition 3.5. For j € Z, we define

i 0;

1 — €
kGZ‘FQ

[SIEN

It can be shown that the we have the following equation:
&i(2)" = &.5(2),

for all 7 € Z. We now state an important commutation relation which will be used
throughout this paper. First we define:

ol
NI

(12) §(z) = ———

(13) §(z) = 28(2)

Then we can show for j and k arbitrary integers that the following equation is true:
(14) €5(2), Exlw)] = s(jw — k2)Eja(z + ).

Definition 3.6. For j # 0 we define

(15) a; = &(0).

From Eq. (14) we get the following relations: For j # 0 and k # 0 we have
(16) [y, o] = 50—k
We also have

Jjyk, if j+k#0,
17  Exl0]] =

where C' is the charge operator.

Definition 3.7. Let A be an operator on AZV. Let [ be an integer. We say A has
energy [ if

[H, A] = IA.

Remark 3.8. Note that up to some constant, H is just the z-coefficient of &(2). So
by the commutation relation (14), we see that &£;(z) has energy —j. This implies all
the coefficients of £;(z) have energy —j. In particular, we know that «; has energy —j.

Remark 3.9. Johnson deals with a more general target orbicurve in his thesis. The
orbifold C, s is what he calls effective which means that the generic point has trivial
isotropy group. He works with a generalization of C, . Let us call it X. This X is an
orbifold whose underlying topological space is P! with orbifold structure around 0 and
oo but the isotropy group of the generic point is allowed to be a nontrivial group K.
Such an orbifold is called ineffective (see [Joh09, Chapter II]).
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We now introduce important operators which are necessary to state a theorem from
[Joh09]. Due to the previous remark we will set K to be the trivial group in all the
statements and definitions we take from [Joh09]. We recall the Pochhammer symbol:

o (:U + 1)...(x+n), n >0,
(18) (1+2)n = {(m(w — 1. (z4+n+1)"t n<o.

where n is an integer.

Definition 3.10. Let a and r be integers with 0 < a < r — 1. If a = 0 we define the
following power series:

Aogjr(z,u,t) = %S(ruz)tf Z %&- (uz).

1=—00

And if @ > 0 we define

tr oz rta v (t28(ruz))
Aa/r(27u7t> = Etz—f—aS(TUZ) " Z %é}r—l—a(uz)'

i=—00

We also define A7, by taking the adjoint of A,/ and replacing ¢ by —t.

Note that these definitions come from [Joh09, Equation (5.19)]. We use A;/,[k] to
denote the z¥+!-coefficient in the expansion of A; Jr-

Theorem 3.11 ([Joh09, Johl14]). The full equivariant orbifold GW-potential of C, s can
be expressed as an operator expectation in the following way:

H
(19) T = <eZk,i$k(i)Ai/r[’f]eTf (tl/ (qt)1/ ) e—ts‘:s ek m’t(j)A;/s[k]>

4. OPERATOR FORMULAE FOR RELATIVE INVARIANTS

In this section, we want to study the large r, s behavior of the operator formula
(19) so as to get operator formulae for relative invariants of (P!, 0) and (P*,0 U oc).
Note that relative invariants of (P*,0) can be studied by setting s = 1 and taking r
sufficiently large.

We will mainly consider two cases. In one case, we will study the operator formula
with no large ages’. We will then recover the operator formula for equivariant relative
invariants by Okounkov and Pandharipande [OP06c]. In another case, we will study
the operator formula in the non-equivariant specialization. The limiting behavior of
the operator formula will then produce operator formulae for (non-equivariant) relative
invariants with negative contact.

We will begin with an analysis of the limiting behavior of the operator formula (19).

SAges in the form of “£2 b < 0.

r
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4.1. Limiting behavior of the operator formula. We only need to analyse the
large r behavior of (19) since the analysis for large s behavior is similar.

By Theorem 3.11 we know that the equivariant relative invariants of (P',0) with
fixed partition jiy of degree d:

ﬁO = (y’ii_a"'?#l—galu“l_v"'aﬂ:n()% :uj_ >0, :uj_ <0
can be determined by studying the following vacuum expectation®:
(20)

lo Noo
tar q —ta_g
<HA A HA<r+u /e (Zo+) HAO/T (Ztg-+mo-k)e <—t1/r( ) HA0/1 Wi >
=1

in the large r limit. Note that we set s = 11in (19). Here for simplicity we omit variables
u,t in the operators A/, Ag .

To extract the degree d orbifold invariants from (20) we have to extract the ¢?-term.
To do this we first note that

(i) = St

>0

where the operator P, is the orthogonal projection to the subspace of A%V with energy
l. Therefore we only need to consider those operators in the expansion of

(21) - HAO/1 (wr)

with energy d, and those operators in

tay

(22) HA +/T 2 HA(rJru r(Zlo+4) HAO/T 2ot motk)€ 4

=1 7j=1

with energy —d. Those operators in (22) with energy —d have the following form:
to, F
Qd*kr ( ) ) k 2 0
ur
where (Qq_x- i a certain operator with energy kr — d. If r > d, we know that the
energy of the dual Q}_,, will be negative except when k£ = 0. Note that the action of
a negative energy operator on the vacuum vector v@ is zero. So we can ignore the term

tayr

ewr when we study the large r behavior of the ¢?-term of (20).

Remark 4.1. We will often meet operators A on ATV with energy of the form kr 4.
We then call k to be the r-energy of A. For example, the r-energy of the operator &;, .,
is —i by Remark 3.8. Similarly, if the energy of an operator A is of the form k's + ',
then we call &’ to be the s-energy of A.

6The ordering of these operators A, /rs Aess Will not affect the vacuum expectation of (20) by the
commutator formula [Joh09, Lemma V.4]. But the specific ordering we chosen here will be important
to deduce the operator formulae for relative invariants.
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Let
lo mo no
Ajong = H A+ (2) H Ay (Zots) H Aosr(Z1g4mo+k)
i=1 j=1 k=1

From the previous discussion, we know that the study of the large r limit of the ¢%-term
of (20) is the same as the study of the large r limit of

(23) <Aﬁ07n0 (m) Pre™ ﬁA3/1(wk)> :

k=1

In order to study the large r limit of (23), we need the following structural result.
First, we need to introduce our notation convention. For r > |i|, we set

Ay >
(24) A= { it 120,

Agiyr, 1< 0.

Let @ = (aq, ..., a,) be an element in Z". For r > ). |a;|, we set
A; = HAai(zi,u,t).
i

For @ = {qi, - ,qs} an ordered subset of {1,2,--- n}, we will use the following
convention:

C_L)Q:(aqu"' 7aqs)a ZQ:(ZQU"'?ZCIS)

‘6Q|:ZCLQi7 ‘ZQ’:ZZ%'

Now we are ready to state our key lemma which will be established in Appendix A.

and

Lemma 4.2. Let Ly, Ly be any two operators on A2V with fized energies (do not
depend on r) and @ € Z". Then for sufficiently large r, we have the following formula:

(25) <L1A5L2> = Z <L1 H f(,_]:pi (ZPia Uu, ta T)5|5Pi|(u|ZPi ) L2>
=1, I(P)

P

where P = P, U ---LJ Pl(p)7 runs over all the partitions of {1,2,--- ,n}, the operators
5|‘7P¢\ in the product are ordered left-to-right by increasing smallest integers of P;. These
functions fapi do not depend on the choice of L1, Ly but only on the ordered set dp,
(see Equation (60) in the proof).

Remark 4.3. Note that the operators 5‘5&_‘ do not commute, so it is important to
indicate their ordering. If we assume that the smallest integer in P; is always smaller
than that of P;, Vi < j, then we could also denote the ordered product as

1(P)

H ft_iPi (ZPN u,t, 7")5|api|(u|ZPi |>
i=1

"Here elements in each P; are always ordered from small to large. Then each P; becomes an ordered
subset of {1,2,--- ,n}. So dp, and zp, make sense.
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Recall that we are interested in relative invariants. Therefore we consider

mo 1 “ted = *
T <Aﬂ‘07n0 <m) Pde w H Ao/l(wk)> .

for r sufficiently large. Note that m is the number of negative integers in jiy. Since

Pe i r1 Ag1(wy) is an operator with fixed energy d, we can apply Lemma 4.2
and get for sufficiently large r

td/r <ZHfaP 2P Us 1) | ( —t HAO/l Wy, >

P =1

where @ = (i, 0, ...,0). Note that
——

no

1(P)
Z H fﬁPi (ZPN u, t, T)g|5pi|(u|ZPi |)
P =1
is an operator with energy —d. This means only the energy d terms on the right side
of P, actually contribute to the operator expectation. So we can omit the projection
operator FPy.
For each partition P, if we could derive an explicit formula for the r’-term of

I(P)
(26) Tmo H ffz'pi (ZPi7u7t7r)7
i=1

then we would get an explicit formula for the equivariant relative GW-theory of (P!, 0)
with negative contact orders. But at the moment we are only able to determine the
rO-term of (26) for some special d.

4.2. Operator formulae for equivariant relative invariants. The first special case
where the r’-term of (26) can be explicitly computed is @ = (0, ...,0). The determina-
tion of the r-terms of (26) for all such @ will be the key step to establish the operator
formulae for the equivariant relative theory of the cap and tube (without negative
contact). We start from the cap case.

4.2.1. Cap case. We mainly consider equivariant relative invariants of (P! 0). The
case of (P!, 00) can be similarly determined which provides a new way to the operator
formula in [OP06c, Proposition 3.2] (see Remark 4.6).

So we are interested in the following generating series of equivariant GW-invariants
of (P*,0):

(27) G(ﬁ‘zlu Tty Rn, Wyttt 7wm) = szkﬁ_l Hwéj+1<ﬁ’ HTkz(O) HTl (OO)> ©

ki l; i=1 j=1 i= j=1

where ji = {1, -+ ,p,} is an ordered partition of d such that each p; > 0, 0 and
oo are two natural equivariant classes of P!, and the superscripts o, C* indicate that
we consider possibly disconnected equivariant relative invariants of (P!, 0). Here as in
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[OP06¢|, we omit the variable for genus in the definition of the generating series G
since it is redundant. We also need to add unstable contributions in (27) to achieve
uniformity (see [OP06c, Section 2.3.4)).

To compute (27), we need to consider the large r behavior of

(28) <A (td/r(l )Pdeti : HAO/I w; >

where

p n
i=1 =1

Note that we do not have any psi-class insertions along the relative markings. So we
only need to know the coefficient of x;:

o it e (t2;S(ruz;))
At = [ﬂxims““x” T2 g ), Sro()

1=—00 T;

where [-],, means that we take the coefficient of ;. It is easy to see from the expression

that only those summands with non-positive index 7 will contribute to A, /T[ |. But if
i < 0, the dual operator &, . has negative energy for r > p;, then &, vy = 0. So
only the term
i K
tr Z; tziti, tr
[ S(T’UZBZ) :’“ guz<uxl)] =y,
w tx; + _ Ufb;
will be needed in the large r behavior of (28). Recall that «,,, = £,,(0). So if we set
P b
L]. = H IU/Z aﬂz’
—ta_q
Ly = energy d part of the operator e = H Ag 1 (wy),
j=1

then (28) can be determined from

(29) (ﬁ)d <L1ile0/,,(zi)L2> .

We then apply Lemma 4.2 to (29) which gives us

1 d U(P)
(30) (m) ZP: <L1 gfdpi (ZPi7u7t7r)80( i ) L2>

for r sufficiently large. Note that in this case, all the @p, are in the form of

(Oa()?"' aO)
———
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where [; denotes the number of elements in P;. Since the operators &y(u|zp,|) commute
with each other, the ordering is not important in this case. Given such an a@p,, the
following lemma shows that fz, can be determined from the Hodge integrals on the
moduli space of curves:

Lemma 4.4. Let P, = {p1,pa,--- ,p,} and dp, = (0,0,---,0). We have

r2li r2u\¥ 7% (i, t2p,,
fon =stulen e () ()

g=>0
where
1— )\1 +A— A
H(ay,- - ,a / g
? H Mg,,] ;1= %%)
if 2g — 2+ 1; > 0. Otherwise, we set
Z1%2

31 Hy = Hy =
@1 ) = 2, Hyla) =

Note that ¢(z) is given by (13).
Proof. By (60), we know that
(fap,Eo(ulzp])) = (Ao/m(2p) - - Aosr(2p,))°

where (...)° denotes the connected part of the vacuum expectation (see Section 3.3 in
[OP06]). The trick here is to compare (Ag/(2p,) - - - Aosr(2p,))° With

<HA ( Tuzpj) >

Ala,b) =SO)*) %&(b).

keZ

where

Recall that functions S(z) and ¢(z) are given by (12) and (13) respectively. By com-
paring operators A and Ay, it is easy to see that

ul <1i[1,4 (@,ruzpj) >O = (fap, Eo(ru() _ 2)))

The RHS is further equal to g(m|zp N + fap,. Thus it gives a way to compute f5 once the
LHS is known. By [OP06b, Theorem 2], the LHS equals to

l; 2g—2
i Z 742_“ H° tzpl N tzpli
thi t I\ r r

920

The lemma then follows. [l
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Using Lemma 4.4, we can then extract the 7°-coefficient of (30) and get the operator
formula for G(fi|z1, -+, zp, w1, - ,w,). We need the following notation convention
from [OP06c¢]. Let

k k—2
T(xq, - o) =1+ 2y, E T ,
=1

Eo(xr, -+ ) =T (z1, -+ o) E0(x1 + -+ - + Tp).
We further set

U(m)
E(Ila s, T, S) - Z Sn_l(ﬂ—) HEO(xﬂk)
k=1

™

where m = m; Uy - - - U myr) takes over all the partitions of {1,2,--- ,n}.
Let
k
A — S tz (G(Z)) g
() =S 3 26

keZ
and A*(z) be the adjoint of A(z) with ¢ replaced by —t. We have

Theorem 4.5.

P m
G(ﬁ|zla Tty Rn, Wyttt 7wn) = <H auiE(zla e 7Zn7t)6a71 HA*(U}])> .
j=1

iy M

Proof. We only need to take the r'-coefficient of (30) and set w = 1. First note that
d
the factor (ﬁ) will cancel with the corresponding powers of ¢ in Ly and Lo. After

p
Hi

e*1 [~ A"(w;). By comparing the operators E(z1,- -+, 2,,t) and

cancelling with the t-powers and setting u = 1, L; becomes [[?_, =% and L, becomes®

U(P)
ST fan, o ust,r) o (ul 2,

P =1

)7

we only need to show that after setting u = 1, the r%-coefficient of f;, equals to

it H p; (|ZPi

p;EP;

)l¢72.

Note that here @p, has the form of (0,---,0). So by Lemma 4.4, we know that

r2i P2\ t2p, 1zp,
faPi :ZC(TU‘ZPZ. ) tli (T) Hg <T,,T) .

920

8Here in (30), L, (Hi(ﬁ) fap, (Zpi,u7t,’f’>50(u|2’pi‘)) has energy —d, so we could directly take Ly to

—ta_q

be e [[/L; Ag/1(w;) in (30).
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The key point is that only the genus zero summand will contribute to the r°-coefficient
of faz, . The reason is that for each summand

2; 2 292

r2i (r2y tz tzp,.
rulzp|)— | — He =22 o — ),
§(|Pl)tli<t) g(r 7’)

29—2
)"2“ (TQ—") will contribute at least 1+2[; +4g —4 to the powers of r and H;

<( t

will contribute at least —I; — (39 —3+1;) to the powers of . So totally, it will contribute
at least g to the powers of . Then for ¢ > 0, such a summand will not contribute
to the r%-coefficient. When g = 0, it is easy to compute that the contribution to the
rO-coefficient is exactly

li—1 1i—2
t H Zp; .

p;EP;

Here we have used the well-known equality

/[Mo,li} m (Z aj)

and the unstable convention (31). [l

Remark 4.6. We can similarly show that the generating series of equivariant relative
invariants of (P!, c0):

Glern s zmn ) = S]] - z“H L] 7 (0) [ 7, (00) 170

kil; =1

has the following operator formula:

<H A(Zi)ealE(wl, s, Wiy, —t) H O;jj > .

J

Up to an automorphism factor, it coincides with the operator formula in [OP06¢, Propo-
sition 3.2]. The extra automorphism factor arises because in [OP06c¢], relative markings
are unordered.

Remark 4.7. We may further write the function fz, in Lemma 4.4 as

21, 2 29—2
rh r’u tz tzp, tz tzp,
- ru e (P e Lge (Pmo TP
< ’)tlig;(t) (9’1(7“ r) 9’2(7“ r

where

—1)9A o o o
Hg,1<a’17 7ali> = Haj/ M? Hg,2 = Hg - Hg,l

- M, L1;(1 = a;0;)
if 29 — 2+ 1; > 0. Otherwise we set
Hg (21, 22) = H (21, 22), Hyo(21,22) = 0; Hyy(21) = Ho(21), Hgo(21) = 0.



OPERATOR FORMALISM FOR GW-INVARIANTS OF CAP AND TUBE 21

The integrals with insertion of A\, were explicitly calculated in [FP00, FP03], we have

) 2g—2 o
s(rulz )T% > riu)” o (e B\ _ 07 R 7
Pl) =7 — 1 e, | = 1" |zZp, .
tll t 9, r ’ ’ r u P, i

920

So the function fz, in Lemma 4.4 can be further decomposed as

I;i—1 2; 2 2g-2
¢ sz eni 2 4 o(rulze )T_E ( ru o [ P b,
U P 175 s t 92\ g 7 )

g=>1

Here the summation starts from g = 1 because H,_, , always equals to zero. The same
argument as in the proof of Theorem 4.5 shows that the power of r for each term in
the expansion of

21, 2 29—2
. et r*u o [tz tzp,
f(_ipi,Q = §(7“U|Zpi ) tli 5 (T) Hg72 ( , ey T)

g>1

is positive. Note that for a fixed g > 1, the r-degree of Hy , ranges from —(3g — 3+ 2;)

to —(2g — 2 + 21;), this will imply that the power of r is no bigger than that of u for

any term in the expansion of fz, ». In
tl,-—l

1;—2
)

fﬁpi,l =

the power of r is zero which is one bigger than that of u. So for each term with positive
power of r in the expansion of

2 2|2,

I(P) I(P)

H f&pi = H(fdPi71 + fd'Pi,Q)’

i=1 i=1
the power of r is at most [(P) — 1 greater than that of u. But if we compute the
connected part of the expectation:

o

d UP)

i=1

and compare with the number of functions of the form
§(U(a121 + -+ AnZn + blwl + - bmwm))a ai, -, Qp, b1> e abm € Za

created from the commutation relation (14) and the powers of u in the operators Ly, Lo,
we conclude that the power of u for each term in the expansion of (32) is at least [(P)—2
and no power of r appears.

So all in all, for each term with positive power of r in the expansion of the connected
part of the expectation (30), the power of r is at most one greater than that of u. Since
the connected part of the expectation (30) computes the connected orbifold invariants of
Cr 1, this implies that the connected genus g orbifold invariants of C, ;, as a polynomial
of r for sufficiently large r, have r-degree bounded by max{0,2g — 1} (because u has
power 2g — 2). The same r-degree bound was shown in [TY22] for arbitrary root stack
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Xp. Our explicit calculation provides a new perspective on the r-degree bound in the
case of C, ;.

4.2.2. Tube case. In this case, we consider the generating series of equivariant relative
invariants of (P*,0 U oo):

G(ﬁ|2’1, Tty Zn, W, 7wn|77) = Z H zfi+1 Hw;j+l<ﬂ| HTk’l(O) Hle (OO) |77>.’(C*
ki l; i=1

Jj=1

In order to compute it, we need to take both r and s limits of the operator formula
(19). But the analysis is parallel to the cap case. So we omit the details and just write
down the final result:

Theorem 4.8.
— — Oé,Ufz avj
G(,ulzh y Rpy W1yt ° 7wnly): H E(Zl7"' aznat)E(wla"' 7wm7_t)H .

oM ;Ui

4.3. Operator formulae for relative invariants with negative contact. In this
subsection, we consider relative invariants in the non-equivariant case. By analysing the
large r, s behavior of the operator formula (3.11) in the non-equivariant specialization,
we can determine the operator formulae for relative invariants of the cap and tube with
negative contact. The key step will be the explicit calculation of a certain coefficient
of the r%-term of (26) when all the elements of @ are negative. As before, we start from
the cap case.

4.3.1. Cap case. We are interested in computing the following relative invariant of
(P, 0):

& (s

where fip = (a,...,a,,b1,...,bn,) is an ordered partition of the degree d such that
a; >0, b; <0, and w is the point class of P'. It is equivalent to consider the following
equivariant invariant:

(34) <ﬁo |

H Tk, (w) >

i=1

H%(O)> .

So we need to analyse the large r behavior of the following vacuum expectation in the
non-equivariant specialization:

mo 1 —ta_1
(35) T <Aﬁ0’n (m) Pd€ u >

where

lo mo n
Aﬁom = H Aai/"’(xi) H A(r-‘rbj)/r(yj) H AO/T(Zk)'
i=1 j=1 k=1
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Since we have no psi-class insertions along the relative markings, a similar analysis as in
Section 4.2.1 shows that we could replace the product [[', Aq, /(2:) by ]2, &

=1 ua; Qs *

After plugging into (35) and cancelling certain powers of ¢, it becomes

o e T e
36) w5 TL v TT Ao 5 ).
i=1 j=1 =1 .

7
We observe that the t-power in the numerator of each summand of

b
T

t yj Tt " (y; S (ruy;))’
A _ A . SR . - J J 51‘ b ,
(r+b5)/7 (Y5) u ty; + 7+ (ruy;) z’:E—oo 1+ ty].+:+bj)i (i+Dr+b; (UY5),
1 = (2 S (ruzg))’
AO/r(Zk) = ES(ruzk) r E ngr(uzk)a

is the opposite to the r-energy of the corresponding operator, and only r-energy zero
operators in the expansion of the product

mo n
H A e,/ (Y5) H Aor(2k)
j=1 k=1

will contribute to the vacuum expectation (36). So we can omit those powers of ¢ and
define

Y ity o~ (yS(ruy))’
A’ , . —JS rUY; v NI\ II) it Db, (WY
(T+b])/7'<y]) ty; -1+ b, (ruy;) z_z_(:)o (1+ tyj+:+bj ); (i41) +b]< Y;)
= (2SS (ruzg))?

Now (36) is equal to

rmo o Yo, T L (a_q)?
(37) —rarmern LT 1T A v ) [T G (o)== )
i=1 ' j=1 k=1 ’

The good part of the above formula is that we can take the non-equivariant limit, i.e.,
set t = 0. By the definition of the Pochhammer symbol (18), we know that only those
summands in Ay ), (2;) with index ¢ > 0 will survive when we set ¢ = 0. So the r-energy
of each operator in the expansion of [[;_; Ap), (2, t = 0) is always non-positive. Let R

be an operator in the expansion of [[;_, Aj /r(zk, t = 0) with negative r-energy. Then

<R(O‘C‘Z;)d) v =0

when r becomes sufficiently large. So we only need to consider the zero r-energy
operator in [],_; A/, (2, = 0) which is just




24 AJITH URUNDOLIL KUMARAN AND LONGTING WU

So the non-equivariant limit of (37) is reduced to the following vacuum expectation:

Mo Oéal , n )d
(38) W<H HAHb e(ys,t =0) H (uz) >
Jj=1 k=1

’L

Lemma 4.2 still holds by replacing Az with [[") Af,, - (y;,¢ = 0). So (38) can be
written as

n d
(39) W Z <H e Hfbp B, | (ulyp,|) H (uz) ) >

where b = (b1, -+ ,bym,), and P = Py U --- U Pypy runs over all the partitions of
{1,2,--- ,mp}. Here we always assume that the smallest integer in P; is smaller than
that of P;, Vi < j.

Our aim is to compute (33) which has no psi-class insertions along the relative
markings. So we only need to determine the (yp,)!-coefficient of fb |(u|ypj|) for

each P;. Here we have used the convention that
i€P;
We have the following structural result for the (yp,)!-coefficient:

Lemma 4.9. The (yp,)!-coefficient of f; ‘gp_|(u]ypj|) has the following form.:
CPj(T)Ul(Pj)‘SE v\[o]

where Cp,(r) is a rational function of v which depends on P;, I(P;) denotes number of
elements in P, and Eg_|[0] denotes the z-coefficient of g\pr|<Z)'

Proof. The proof relies on some facts from Appendix A.
Let Ry, p,(yi) be the summand in Af, (vt = 0) with r-energy —m;. More
precisely, we have
1 (S(rug:)™*+
rb (14 TR
By Equation (60) and Definition A.12, we know that f,;P_E‘,;PW(u]ypj |) can be expressed
J J

Rmivbi (yz) = yznzgmlr—&—bl(uyz)

as
YooY IR, )
. K R J J
e, |=0 TER R, 5, )
J is conncctcd
where mp, = (mM;)icp;, Ry 5, = (R, )icp;, the interaction diagrams J indicate
FAAR
how the operators in R 5, interact with each other which yields the operators
FAN]
L(T)(R_ ;. ) (see Definition A.5). So we only take the (yp,)!-coefficient for each

bp.
P;;OP;

L(T)(Ry,, 5, ) which can be written as
(40) f](?/PjaU:T)g\gpj|(u|ij|)



OPERATOR FORMALISM FOR GW-INVARIANTS OF CAP AND TUBE 25

by the commutation relation (14) and the fact that J is connected.

We define the y-degree of a monomial in the variables yp, to be the total sum of
degrees of different y; € yp,. For example, (yp,)! has y-degree I(P;). We claim that
each monomial in the expansion of f7(yp,,u,r) has y-degree at least [(P;) —1 and there
is no monomial with y-degree [(P;).

The reason is that we can express f7 as

ST

L Sruwpms

Tib; Yi
i€ P; rb (1 +sz)mi—1
where ¢z is a product of [(P;) — 1 ¢ functions (see (13) for the definition of ¢ function)
which arises from the commutation relation (14). Each ¢ function appearing in the
product has the following form:

Slu Zci(r)yi

iEPj
where ¢;(r) are certain linear functions of . Since ¢(z) expands as
o
Z —_— .« ..
24 ’

we know that each ¢ function contributes at least 1 to the y-degree. So ¢; contributes
at least [(P;) — 1 to the y-degree. As for the term

?

= (Srug)"
S r+b (1 ™ %bi)mfl z
since |mp,| = Y, m; = 0, it always contribute at least 0 to the y-degree. So totally,
each monomial in f; has y-degree at least I(P;) — 1. And since the y-degree coming
from

jumps at least 2, we know that there is no monomial with y-degree I(F;).
Now in order to extract the (yp,)!-coefficient of (40) whose y-degree is [(F;), we have
to borrow one y-degree from € \(ulyp,[). It is now easy to see that (yp,)!-coefficient
J

of (40) has the following form:
Cq (e (0]
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where C7(r) is a certain rational function on 7. So the (yp,)!-coefficient of prj 5|5Pj (ulyp,))

has the following form

S Y Cul) | W e, ol

|mpj |=0 JeK(R’fﬁpj ’EPj )
J is connected

We define

(41) Cp(r)=| > Y. Caln)

Bp |=0 JEX(R .
P, |=0 ( mpj,bpj)

J is connected

Cp,(r) is still a rational function because it is a finite sum. O

Now we are left to determine the rational function Cp,(r). A priori, we have a com-
binatorial formula (41) to compute it. But it is too complicated for a real computation.
So we need to find a way around it. The new way relies on some knowledge of relative
invariants which will be computed in Appendix B using the WDVV equation. We need
some preparation before we compute Cp, (7).

Definition 4.10. Let P be a partition of the set {1,--- ,n}. Let P;,---, Py be the
parts of the partition P ordered by the smallest element each part contains. We further
require that elements in P; are ordered from small to big for Vj. Let b= (b, -+, by)
be an element of Z". We define

gp = (gpl, cee ’ng>‘
So bp is an element of ZIP) x ... x 7P

Definition 4.11. Let b and P be as in Definition 4.10. We define
k
&0 =1] €y, 0]
j=1

We further define
k (P

Ny, =T | @E) -0 [ ®e):

j=1 =2

~—

where (l;pj)i denotes the i-th element of l;pj.

Definition 4.12. Let a € Z. We define

{os &5, 100} = [+ [ | €5, 0] - €5 0] -+ &5, 0]
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Lemma 4.13. Let a be a positive integer and b= (b1, ,by) be a vector of negative
integers. We further assume that a + by + --- + b, > 0. Then we have the following
equation:

(42) > N {0a, & 10} = ala+ b+ +b,)" g
P

where we sum over all partitions P of {1,...,n}.

Proof. We repeatedly apply the commutation relation (17) to the LHS and then com-
pare with the expansion of the RHS. 0

We are ready to show that

Lemma 4.14. The rational function Cp,(r) in Lemma 4.9 equals to

Py
(U(Py) — DTS (Bp, )i
’]"l(Pj) ’

Proof. We will prove it via induction on the number of elements in P}, i.e., [(P;). The
case [(P;) = 1 is trivial. We assume that the lemma is true for [(P;) < m. We
will determine Cp,(r) when [(P;) = m by computing the following genus zero relative
invariant in two different ways:

(43) (fio] Ol fisc ) g—0,4

where fiy = (a, by, -+ ,by) such that @ > 0 and b; < 0 for Vi, fie = (d).

The first way is using the operator formula (19). By [FWY20], we know that genus
zero relative invariant (43) is equal to the corresponding orbifold invariants after mul-
tiplying ™. The latter can be computed via taking the zy; - - - ym2't"u=2¢%coefficient
of the following connected vacuum expectation when both r and s become sufficiently
large:

m H °
m tay q Zteos
r <Aa/T(x)HA(T’+bj)/T(yj)€ m (tl/r(_t)1/5> € v d/r(‘r/)> :

J=1

Using a similar large r,s analysis as before, we know that the xy; - - - ymz't%u=2¢%-
coefficient can also be computed by

m I(P")
r Qq GAYR .
u2+m Z < a H OPJ/(T)U ! g‘bP’.|[O] d >
P’ j=1 ’

where P’ runs over all the partitions of {1,--- ,;m}. Note that each vacuum expectation
in above summation equals to its connected one. By induction and using the notations
in Definition 4.11, we know that the above vacuum expectation can be further written
as

Qg Qg Qq Q_g
(44) > (i 8, 0 )+ (GO 08 (01

PI(P')>1

where we use the notation P; appearing in the induction to denote the unique part
{1,2,--- ,m} of the partition P’ s.t. [(P") = 1.
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The second way to compute (43) is using the WDVV equation. The result is that
(45) (fiol0lfisc)y—gq = (@ + by + -+ by)™ !

whose computation details are given in Appendix B. Now a direct comparison of (44)
and (45) plus Lemma 4.13 imply that

m (P 7
im0 b () = DTS (0
rm o rl(Pj) ’

So Lemma 4.14 also holds for I(F;) = m. By induction, it holds for all [(F;). O

Remark 4.15. At first glance it may be strange that the formula for Cp,(r) is not

symmetric among those (b p;)i- This asymmetry is due to the non-commutativity of the
operators Ep,[0]. After summing over all different partitions, the total sum

>,
P
will be symmetric. For example, when b has two elements, we have
b2gb1+b2 [O] + gbl [O] 5132 [O] = blngerl [0] + 51)2 [O]Sbl [O]

The above equality follows from the commutation relation (14).

Combining (39), Lemmas 4.9 and 4.14, it is easy to deduce the operator formula for
relative invariants of the cap with negative contact:

Theorem 4.16. Let jiy = (ay,...,a;,b1,...,bm,) be an ordered partition of a degree
d > 0 such that a; > 0,b; < 0, Vi,75. Using the notations in Definition 4.11, we have
the following operator formula:

(s

where we sum over all partitions P of {1,...,mo} and b= (by, ..., bing ) -

n

kai(w)> :<H ‘ ‘<HaalZN~€~ Hé’o[ki](a_l)d>,

=1

Remark 4.17. Notice that by Lemmas 4.9 and 4.14, r™° in

n d
Oéal
N 18| ) | COMET

cancels with the corresponding powers of  appearing in fgp_ . So the calculation actually
J

shows that the stationary relative invariants of (P!, 0) are equal to (up to some powers of
r) the corresponding stationary orbifold invariants in all genera. This recovers [TY20,
Theorem 1.9] in the special case when the target curve is P!
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4.3.2. Tube case. By analysing both large r and large s behavior of the operator for-
mula (3.11) in the non-equivariant limit, we can similarly derive the following operator
formula for the relative invariants of (P',0 U oo) with negative contact orders:

Theorem 4.18. Let

— — / / / /
Ho = (CL17"' aaloybla"' 7bm())7 Hoo = (ala"' alooabh"' 7bmoo)

be two ordered partitions of a degree d > 0 such that a;,a; > 0, b;, b; <0, Vi,j. Using

the notations in Definition 4.11, we have the following operator formula:

Oéal 50 k?z B E"E/ y Q,a;
HZO Hz 1 ’L<H Z :lel [ ](XP; e P! ])H >

zla’z =1

n

o || [ rwi(w)| 2

i=1

where we sum over all partitions P of {1,...,mo} and all partitions P’ of {1,...,m},

b= (b1, .cc,bpmy) and b = (b, -~ ¥, ).

Remark 4.19. If we set ji,, = (1,1,---,1), then the operator formula for the tube
will become the operator formula for the cap (up to the automorphism factor d!). This
shows the compatibility of the two formulae.

Remark 4.20. We notice that if there are no negative contact orders we recover (up
to some automorphism factors) the operator formula in [OP06]:

(46) <ﬁo 1E® uoo> - <H%Hfo 1f[a-a;>~

5. EXAMPLE

In this section, we use the operator formula in Theorem 4.18 to derive an explicit
formula for the generating function of stationary relative invariants of P! with one inner
marking. We write

(47) Fﬁo,ﬁoo (Zl7 ey Zn) = Z <ﬁ0

k1,---7kn20

n o n
[T uw> [T+
=1 =1

for the generating function of connected relative invariants of P'. If there are no
negative contact orders, then we have the following explicit formula for the generating
function of stationary relative invariants of P* with one inner marking by [OP06]:

l loo
[T s(aiz) Hj:l S‘(GQZ)
I loo :
(ITiZ; ai Hj:l a;)g(z)
Okounkov and Pandharipande prove this formula by computing the connected expec-

tation of their operator formula Eq. (46). We extend their formula to include negative
contact.

(48) Fe o (2) =
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Theorem 5.1. We have the following formula:
1 1

F2 - (2)= )
ot Hiolaz Hémla] <(2)
S
S [Tt + 100 T sta) [T sl + 2D
J1sdg s =1 tF£l ..l 1=1
ali+|bji\>0

Z Haf;(agg + |b/;|)l(‘]’()_1 H g(agz) Hg((agg + 160 1)2)
i=1

Iy dl =1 t#l .l

az,'+|blj{|>0
where the first summation takes over all different partitions Jy,--- ,Js of {1,2,--- ;mq}
and different l; € {1,2,--- ,lo} such that l; < lj4y (ordered) and a;, + |by,| > 0. The
second summation takes over all the partitions Ji,--- ,J, of {1,2,--+ ,ms} and dif-
ferent [ € {1,2,--+ I} such that I}, < I}, (ordered) and ay + 7] > 0. Here we recall

i = ZjeJi bj and ‘ng| = ZjeJ; bj.

Proof. We notice that Theorem 4.18 gives the operator formula for the generating
function of disconnected relative invariants of (P!, 0U oo):

F/—;(),ﬁoo (Z) =

l
Hz 1&,1_[ Haaz ZN#’J EP ZN /SZ’ & ga_a§>-

7,1111

To compute the explicit formula for the generating function of connected invariants,
we compute the connected expectation of this operator formula. To do this we recall
Eq. (17): For a and b nonzero integers we have

agyp, ifa+b+#0
49 Qg, &
(49) | b[0l) = {aC’, if a+b=0
where C' is the charge operator. In our operator formula, we are going to commute
the &, [0] operators to the left for ¢ = 1,...,mg resp. the & [0] operators to the right

for j = 1,...,mj. Equation (49) determines the interactions of &[0] operators with a,
operators. We can ignore the cases where a + b = 0 since the charge operator will kill
the operator expectation. Similarly we can ignore the cases where a + b < 0 since in
this case we can move the oy, to the left. If we happen to commute with an operator
Q_(q4+5) We get a constant factor. These terms we can ignore because it corresponds to
a disconnected commutation pattern. When «,, arrives at the left end it will kill the
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operator expectation. This means we only have to consider interactions where a+b > 0.

<H a“"(z N; &, [0])&(2)...)° =

s
Z H Qg H ( Z {qu, [ ]}> 50(2)"'>O =
J1,J9 Js 1#£l,.. 1 k=1 P =Jy,
ay, +|bJ [>
s
S Tlentan + 0D TT o T oy i (20"
J1,dg 0 ds i=1 £l el k=1
ali+\in|>0

where we sum over all partitions Ji, ..., Js of {1,....mp} and 1 <) <ly < ... <l <l
such that a;, + |bs,| > 0 for ¢ = 1,...,s. Note that we have used Lemma 4.13 in the
second equality. We can do the same calculation on the RHS of &(z) in the operator
expectation. The connected expectation of the remaining terms can be computed using
Eq.(48) and we get our claimed formula. O

Remark 5.2. By [FWY21], we know that relative invariants with negative contact
can also be computed using ordinary relative invariants and rubber invariants. More
precisely we sum over certain bipartite graphs where the two sides correspond to the
relative side and rubber side. For each bipartite graph, we get a fiber product of the
corresponding virtual classes of relative and rubber moduli spaces. The resulting class
for each of these bipartite graphs is then capped with an obstruction class. If we
consider relative invariants appearing in Theorem 5.1, this obstruction class will force
only certain types of bipartite graphs to appear.

Rubber Relative Rubber
side over co side side over 0

Namely the bipartite graphs of the form shown in this picture. Note that all genus
is concentrated in the unique vertex lying in the relative side. The -th vertex on
the rubber side over 0 (resp. over co) will contribute a factor (a;, + |bs,])!’) (resp.
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(a, + [¥/,,])!/). And the unique vertex on the relative side will contribute the factor

Ht;&ll,.l.,ls s(a2) Hf:1 s((ay, + [by,
s(2) Ht;ﬁll,...,ls at Hf:l(ali + [by,

By summing over all different bipartite graphs, we derive the formula in Theorem 5.1
again.

.....

)Ht;ﬁl’ v, ay Hf:l(afg + |b/;’)

R

APPENDIX A. LIE BRACKETS AND INTERACTION DIAGRAMS

In this Appendix, we want to prove our key lemma in Section 4, i.e., Lemma 4.2.
The key lemma gives a uniform way to compute

<L1 H Aai (ZZ', u, t)Lg)

when r becomes very large. Recall that L; and L, are two operators with fixed energies.
By Definition 3.10 and (24), we know that each A,, can be uniquely decomposed as
a summation of pure energy operators with energy in the form of —m;r — a;, m; € Z.
We use R,,, o, to denote the pure energy operator in the unique decomposition of A,,
with energy —m;r — a;. So its r-energy is —m,;. For example, if a; > 0, then we have

2T tZS 7 i
S(ruz) = LS lrus)
u tz; +a; (14 =),

i+ 2

Rmiyai =

gmir—i-a (Uzz)

So we only need to compute the vacuum expectation of the operators in the following
form:

(50) <L1 11 Rmi,aiL2> :

Note that if the summation ), m; # 0, then the total r-energy of the operator
Ly 1], R e L2 is nonzero because Ly and Lo have fixed energies (do not depend on
r). Then the energy of Ly [[; Ry, L2 is nonzero when r becomes sufficiently large.

This implies that the expectation of L; [[; Rm, e, L2 must be zero for large 7. So we

may assume that > .m; = 0. We will give a recursive way to compute (50). To

illustrate our general procedure, let us first see an example.

Example A.1. We want to compute
(51) (L1R1 a0, Roay Rojas R-1,0, L)

when r becomes sufficiently large. Using the commutators, we can move the positive
r-energy operator R_; ,, to the left:

(L1[R1,ay, R-1,04 Ro.a5 Ro,a5 L2) + (L1 R4, [R0,09: B—1,04) Ro,a5 L2) +

(L1 R0, Ro,05[Ro,a5, R-1,04]L2) + (L1R_1,0, R1,0, Ro,0, Ro,05 L2) -

Let us first see the last term (L1 R_1 o, R1 0, R0y Ro.a5L2). It equals to
(Rl,al RO,QQ RO,ag, LQU®7 Ril,adlL?U@)

(52)
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where L7, R*, ,, are the dual operators of Ly, R_y,, respectively. The r-energy of
R*, ,, is negative. So when r becomes sufficiently large, the energy of R*, , L7 is
negative. Then R*, , Livp = 0 because vy has the lowest energy.

The r-energy of each operator in the first term

<L1 [Rl,al I R*l,a4] RO,CLQ RO,ag L2>

of (52) is zero. We leave it unchanged.
As for the second term of (52)

(53) <L1R1,a1 [Ro,azu R*l,(h;]RO,ag L2> )

the energy of the bracket [Rp,, R_14,] is the summation of the energy of Ry,, and
R_y.,. So the r-energy of the bracket is 1. We can use the commutator to further
move the bracket to the left. Then (53) becomes

(L1 [Riay, [Roays R-1.4,)] Ro.asL2) + (L1[Ro.ays R-1.04) R1.0, Ro.asL2) -

Since the r-energy of the commutator [Ry,, R—1,4,] is positive, using a similar analysis
for the last term in (52), we know that the second term

<L1 [Ro,az ) R—l,a4] Rl,al RO,a3 L2>

vanishes when r become sufficiently large.
As for the third term of (52)

<L1R1,a1 RO,ag [R07a37 R—L(M]LQ) )

we always move the positive r-energy operator to the left using the commutators, which
yields

<L1 [Rl,ap [RO,(L:;) R—l,a4“ RO,az L2> + <L1 [Rl,ala [Ro,aza [Ro,aga R—l,a4“] L2> .

Finally, we may conclude that when r becomes sufficiently large (51) equals to
<L1 [Rl,a17 R—l,a4]R0,a2R0,a3L2> + <L1 [Rl,ala [Ro,aza R—17a4]] RO,a3L2>

<L1 [Rl,a17 [Ro,a37 R*l,a4]] RO,a2L2> + <L1 [Rl,a17 [RO,(Z27 [Ro,a37 Rfl,a4“] L2> .

Note that in the above example, we always move positive r-energy operators to the
left until all the operators have zero r-energy. This leads us to the following definition:

Definition A.2. Let Oy,---, 0, be operators on A2 V with energies given by kir +
bi, -+, knr + b, respectively. Assume that > . k; = 0. We define F,,(01,0,---,0,)
recursively: if k; > 0, then F,, = 0; if ky = --- = k,, = 0, then F,, = [[, O;; Otherwise,
let 7y be the smallest integer with k;, > 0, then

io—1

Fn(oh'" aon) :ZFn—l(Oly"' 7@ja[0j7oio]v"' 7@i07"' 7On)
j=1

where the hat indicates that we omit the corresponding term.
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Note that we could reinterpret the previous example as saying
(L1R1 0y Roay Roas R-1,0,L2) = (L1 Fy(Riay, Roay, Roas> Bo1,a0)L2)

for sufficiently large . And it is easy to show inductively that if there exists an integer
1 < jo < mnsuch that Y 7°, k; > 0, then F,,(Oy,---,0,) =0.

In order to keep track of the concatenated Lie bracket expressions appearing in the
recursive definition of F},, we need to introduce the so-called interaction diagrams. The
notation of interaction diagrams was first introduced in [OP06c| for similar reasons.

Definition A.3. We call a directed graph J with vertex set V' C Z-( an interaction
diagram if it satisfies the following properties:

(i) |V] < oc.

(ii) For every edge (j,1)"
outgoing edge.

we have 7 > ¢ and for every vertex there is at most one

Note that from the condition (ii), we can easily deduce that J is a forest, i.e. each
connected component is a tree.

Using the interaction diagrams, we can record the recursive process in the definition of
F,, as follows. Each summand in the final summation of F}, corresponds to an interaction
diagram. The vertex set is {1,2,--- ,n} which are in one-to-one correspondence with
the n inputs Oy,---,0,. The edges record how these operators interact with each
other. More precisely, if the operator at vertex a interacts with the operator at vertex
b with a > b, then we draw a directed edge from a to b.

For example, in the first step, we choose the smallest vertex iy such that the r-energy
of O, is positive, and then interact O;, with some operator O; before it. Correspond-
ingly, we draw a directed edge from iy to j. In the second step, we omit the vertex i
and replace the corresponding operator O; by [O;, O;,] at vertex j. We then choose the
smallest vertex i, among the remaining n — 1 vertices whose corresponding operator
has positive r-energy. The operator at vertex i(, will then interact with some operator
at vertex 7' with j° < 7). We then draw a directed edge from i to j' correspondingly.
This algorithm gives us an interaction diagram for each summand in F,.

Example A.4. From the Example A.1, we know that four summands are created in
the algorithm of Fy(Ry 4,, Ro,ay, Ro.as: B—1,0,):

<Z> [Rl,(l1 ) R—l,a4]R0,a2 RO,CL37 (ZZ) [Rl,al ’ [RO,CLQ7 R—La4]] R07a37
(”Z) [Rl,ala [RO,aga Rfl,a4“ RO,am (ZU) [Rl,ala [RO,aza [RO,aga Rfl,a4“] .

9The pair (j, i) stands for a directed edge which starts from the vertex j and ends on i.
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Their corresponding interaction diagrams are given respectively by

/\
/\/\
/\/\
/\/\/\

Conversely, given an interaction diagram J with n vertices, we could read off the
corresponding summand in F, (O, - ,0,) as follows.

(1) We start with the product [[,—; O;. We search for the smallest vertex a of J
with exactly one outgoing edge and no incoming edges and look at its unique
outgoing edge (a,b). Then in the product we switch O, to the right side of O,
and replace the 0,0, with [Oy, O,]. So after the first step our product looks
like

O1 oo - Op1[0p, O] Ops1 - oo - Oq—10441 - ... - O

(2) We contract the edge (a,b) along its direction. So the resulting graph does not
have the vertex a anymore. We think of the operator [Oy, O,] being assigned
to the vertex b. With this resulting graph and product we go back to step (1).
The recursion stops when there are no edges anymore.

Definition A.5. Given an interaction diagram J, we use L(J) to denote the operator
created by the previously described algorithm.

Remark A.6. The notation L(J) does not include the important information of which
operator corresponds to which vertex. We assume this is clear from the context.

In Example A.4, we have seen that not every interaction diagram will appear in

Fn(Ola e 7On)'

Definition A.7. We use (O, -+ ,0,) to denote all the interaction diagrams corre-
sponding to the summands which are created by the algorithm of F,(Oy,---,O,).

Clearly, we have
(54) Fo(O1,-+,00) = > L)
JEK(O1,++,0n)
Next, we want to describe the set K(Oy,- -+ ,O,,) more precisely.

Definition A.8. We call a step in the algorithm of L(J) valid if:
(a) the first factor in the product has non-positive r-energy:;
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(b) the factor that is chosen to be switched to the front is the first factor in the
product with positive r-energy.

Remark A.9. Actually, for each step in the algorithm of L(7), the factor that is chosen
to be switched to the front is never the first factor. So actually condition (b) implies

condition (a). Here we still include the condition (a) so as to match the algorithm of
Fn(Ola Tt >On)

Definition A.10. We call J wvalid for (O, ...,0,) if each step in the algorithm of
L(J) is valid and at the end of the algorithm each vertex corresponds to an operator
with r-energy 0.

It is easy to see from the the algorithm of F,,(Oy,---,0,) that
Lemma A.11.
J €K(Oy,--+,0,) < J iswvalid for (O4,...,0,).
Definition A.12. We define
Gu(01,...0,) = > L(J).

JEIC((91 4eoOn)
J is connected

Example A.13. From the Example A.4, we can easily see that
G4(R1,a17 Ro,a27 Ro,aga R—l,a4) = [Rl,a17 [Ro,ll27 [RO,GSJ R—l,a4“] .

Remark A.14. Each operator R,,, ., has the form ¢, o,Emirta, (uzi), Where ¢, o, is a
certain function. Then by the commutation relation (14), we know that G4(Rp, a1, - 5 Bimgas)
can always be written as

CsE5 o, (u Z 2i)
i
where ¢, is a function determined by ¢, o, and the commutation relation (14). Recall

that we always assume that the total r-energy is zero. That is why the energy of
Gs(Rpyars -+ Rmga,) 15 =D, a; (independent of r).

Definition A.15. Let J be an interaction diagram on the vertices {1,...,n}. Let
J1, ..., J; be the connected components of J ordered by the smallest vertex each com-
ponent contains. This induces a partition of {1,...,n}. We call this partition P the
combinatorial type of 7.

Let P = P, LU--- U P, be such a partition. It naturally induces a partition of the
operators (Oy,---,0,). We use Op, to denote the part corresponding to P;. We have
the following important lemma about the set K(Oq,---,O,,).

Lemma A.16. Let [Jq,...,J; be the connected components of an interaction diagram
J. Then

(55) T EK(Oy,-,0,) = J, € K(Op) Vi.
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Proof. Let us first show ” = ”: By Lemma A.11, we only need to show that each J; is
valid. Since J; is connected, we know that at the end of the algorithm of L(J;), there
is only one vertex. And this vertex corresponds to an operator with r-energy 0 since
J is valid. We now show each step in the algorithm of L(7;) is valid. If we go through
every step of the algorithm of L(J) and we ignore every step which does not use a
vertex from J; we exactly isolate the steps of L(J;) in the right order. So we assume
that we are at an arbitrary step in the algorithm of L(7;). As a valid step in L(J), we
know that it is a step in L(J) that satisfies (b) of Definition A.8. So it must also be
a step in L(J;) satisfying (b). By Remark A.9, this arbitrary step is a valid step for
L(T,).

Next, we show ” < ”: Because each connected component J; of J is valid, we know
that at the end of the algorithm of L(J), each vertex must correspond to an operator
with zero r-energy. We are left to show each step in the algorithm of L(7) is valid.
Let us assume we are at an arbitrary step in the algorithm of L(J). Let us call our
interaction diagram at this step J’. The connected components J/ for i = 1,...,¢
are the connected components of J’ ordered by the smallest vertex each component
contains. Let v be the smallest vertex of J’ which has exactly one outgoing edge and
no incoming edges. Let v; be the smallest vertex with the same property for J; for
1 =1,...,t. It is clear that we have:

(56) v =min{vy, ..., v }.

We know that each J/ is valid for the appropriate operators for i = 1, ..., ¢. This means
the first step of the algorithm of L(J) satisfies (b) of Definition A.8 for ¢ = 1, ..., ¢. This
means that v; is the smallest vertex of J/ whose corresponding operator has positive
r-energy for i = 1,...,t. By Equation (56), we know that the first step of L(J’) also
satisfies (b). By Remark A.9, we know that each step of J is valid. O

Note that we could easily express L(J) in terms of those connected ones L(J;):
(57) L(T) = L(J) - .- L(T).
We are ready to prove Lemma 4.2.

Proof of Lemma 4.2. By the analysis in the beginning of this Appendix, we know that
for sufficiently large r,

(58) <L1 H Aai(zh u, t)L2> = Z <L1Fn(Rm1,(l17 Ty Rmn,an)L2>~

i=1 ¥ mi=0
So we only need to analysis the operator
Z Fn<Rm1,a1’ e 7Rmn,an)
> m;=0
By (54), it equals to

(59) > > L(J).

Zmlzo jGK(le,al " 7Rmn7an)
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Each interaction diagram J with a fixed combinatorial type P = P, U --- U Pyp)

can be decomposed into connected components 71, -+, Jypy. It naturally induces two
partitions:
mPl L. Umpz(p) = {mla"' 7mn}7 6P1 L. ua:Pl(P) = {ala"' aa'n}

and a partition of operators
Rﬁ%m ap, U---u RT?ZPZ(P) APy py {Rmhaw T JRmn,an}'

Then we may further write (59) as

)R SIS SRR E R )

> m;=0 P=PiU--UPFyp) Ji€K(Rp ap )

ap.
k2 ’ P’L
J; connected

Here we have used the equation (57) and Lemma A.16. By exchanging the summation
order, it can be further written as

U(P)
> I 2 > w3
P:Pll_l--.UPl(p) =1 |T71P,|:0 JieK(RﬁPi!aPi)

J; connected

Each factor in the product equals to

Z Gl(Pi) (Rmpi ap; )

by Definition A.12. By Remark A.14, it can be written in the following form:

)

where fz, (zp,, u,t,r) is a function indexed by the ordered set dp,.
From the above discussion, we may conclude that

n I(P)
(Ly HA5L2> = Z <L1 H fap (2R, t,7)E G, (ul2p,]) L2>
=1 P

fEP,L- (ZPi7 u,t, r)g‘dpi | (UlZpi

=1

for sufficiently large 7 and these functions fz, can be determined by the equation

) = Z Gup,) (Riip, ap,)-

(60) fﬁpi (2P¢7u7t7r)5|api\<u|ZPi

Obviously, these functions fapi do not depend on the operators L, Ly but only on the
ordered set @p,.

O
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APPENDIX B. A COMPUTATION USING WDVYV EQUATION

In this appendix, we will use the WDVV equation in [FWY20, Proposition 7.5] to
calculate relative invariants of (P!, 0 U oo) of a certain type. Such invariants will be
used in the computation of Section 4.

To state the WDVV equation in our case, we need some preparation. First, we
choose the basis {1, H} for H*(P') where H is the hyperplane class. As for 0 U oo, we
use 0 (resp. 0o) to denote the identity class of H*(0) (resp. H*(00)). Let $0 = H*(P!)
and $; = H*(0U oco) = H*(0) @ H*(o0) for i # 0. The space of primary insertions for
relative invariants of (P, 0 U oo) is

H = @fh-

€7
For an element a € §);, we denote by [a]; the image in $) via the obvious embedding.
There is a natural basis for $:

1

0,0 == [1]o,
T0,1 = [H]o,
Tz’,o = [0];, i # 0,
T, 0 = [00li, i # 0
and a natural pairing:
0, ifi4+j #0,

([odi, [Bl;) = § Jp U B, ifi=j=0,
JiowaUB, ifitj=0,i,j#0.

Let {Tlvk} be the dual basis of {T};} under the above pairing. More precisely, we have

T(;fo = [H]O7
T()\fl = [1]07
7—;2\,/0 = [0]—1’ Z% 07
j%z\,/oo = [OO]_Z, 17& 0.
Let [oi]s,, -, [an)i, € {Tix}. We define
(61) ]d([al]ip [OéQ]im ) [an]zn)

to be the following genus zero relative invariants

(62) <ﬁo I 7o) ﬁm>
g=0,d

s€S
where the contact orders and the set of inner markings can be naturally read from (61):

fio = {islas =0}, [l = {islas = 00}, S = {s]is =0}.
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Note that the express (62) makes sense only if fiy and ji,, are two partitions of d. So if
this is not the case, we simply set I;([a1]i;, [@2)iys <<+ [@n)i,) = 0. Another constraint
comes from the dimension constraint of (62). So if the degree summation of all the
insertions in (62) does not match with the virtual dimension of the corresponding genus
zero relative moduli space, then we also have Iy([aq)y, [aoliy, -+ 5 [anli,) = 0.

We are ready to state the WDVV equation.

Proposition B.1 ([FWY20]).
Z [dl([al]il7 [a2]i27 H [Oéj]ij?Ti,k)[Cb (Tz\,/kv [043]2'3, [044]1'4, H [aj]ij)

jESl jGSQ
ZZ[dl([Oél]m [as]is, H [Oéj]z‘j>T~i,k)Id2(7~},vk, o]y, [ovalis H [a]3;),
JEST JES2

where each sum takes over all dy + do = d, all indices 1,k of basis, and Sy, Sy disjoint
sets with S; U Sy = {5,...,n}. Also, the [ symbol makes each factor as a separate
insertion, instead of multiplying them up.

Next, using the above WDVV equation, we can compute relative invariants in the
following form:

(63) (Hol0|Fio)
where iy = (a,by,...,b,) and [i, = (d) are two partitions of d > 0 such that by, ..., b,
are negative. We can rewrite (63) as

Id([o]m [0]51’ B [O]bm [oo]d)
We have the following explicit formula.

Proposition B.2.
(64) Id([o]av [O]bm B [O]bn’ [oo]d) =d"
Proof. We will prove it by induction on n. If n = 0, then a = d. In this case, the

corresponding genus zero relative moduli space has only one point with automorphism

group fig. SO
14([0]4, [00]a) = d7".

Let us assume that (64) holds for all n < m. We need to show that (64) also holds
for n = m + 1. We will use the WDVV equation of Proposition B.1 with the following
m —+ 4 insertions:

[0]a7 [oo]d, [H]O’ [OO]*ka? [O]bn [0]b27 T [O]bm'

In this case, the WDVV equation becomes

Z [dl([o]aa [oo]cb H [O]bwTi,k)Idz(Ti\,/k’ [H]O’ [OO]*bmH? H [O]bj>

JEST JES2
= Z [d1([0]a’ [H]O’ H [O]ij Ti,k)Idz (Tz\,/kv [Oo]dv [OO]_bm+1, H [O]bj)
JEST JES2

where each sum takes over all dy + dy = d — b,,,11, all indices ¢, k of basis, and Si, So
disjoint sets with S; U Sy = {1,...,m}. Let us first analyse the LHS of the equation.
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If S5 is not empty, then in order to make the total sum of contact orders over 0
in I, non-negative, TZV,C must be of the form [0]. with ¢ > 0. Then using the fact
that the total sum of contact orders over 0 and oo are the same, we may deduce that
¢=—3cs,bj — bms1. So Ty = [0]_c and dy = d, dy = —by1. Then by induction
and divisor equation, we have

Idl([o]w [oo]dv H [O]ij [0]—0) = dlsﬂv

JEST

]d2([0}ca [H]O’ [oo]—bm+17 H [O]bj) = (_bm+1)|52|

JES2

where |S1| and |S3| are the numbers of elements in S; and Sp. The different ways of
choosing the sets S7, Sy give the combinatorial number (@;). So when S, is not empty;,
the total contribution to the LHS of WDVV equation is

2 (|?2|)dm'52(—bmﬂ)ls2|.

|S2]>0

Here we have used the fact that |Si| + [So| =m.
If S, is empty, we could similarly deduce that T}, must be [oo]

If Tzvk = [00]p,.,1, then Iy, = 0 by dimension reason. If Tzvk = [0]
corresponding term on the LHS of WDVV equation becomes

Id([o]av [O]bw B [O]bm+17 [oo]d>ldm+1([0]—bm+17 [H](b [oo]—berl)'

bm+l or [0]_bm+1'

then the

—bm+1>

By divisor equation, the second term I, ., in the above product is 1. So we may
conclude that the total sum on the LHS of WDVV equation is

m

(65) La([00as 015+ Olnas[o0la) + D <|52V

[S2[>0

)dm_lSQ(_bm+1)|S2|-

A similar analysis to the RHS of WDVV equation also shows that only one term
survives in the total summation:

]d—bmﬂ([o]a? [H]07 [O]bl’ T [O]bm’ [oo]d—bm+1)]0([oo]—d+bm+17 [oo]dv [oo]—bmﬂ)'

The second term in the above product equals to 1 since there is only one negative
insertion (see [FWY20, Example 5.5]). As for the first term, it equals to

(66) (d - bm+l)m
by induction and divisor equation. Now LHS=RHS becomes (65)=(66). So

Id([O]a, [0]517 T [O]bm+1; [Oo]d) =d™.
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