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Supporting Information Text
Theorems and proofs
Equilibria of the system.
Theorem 1. The possible equilibria in our behavioral-epidemiological model are as follows.
1. There is a disease-free equilibrium with no adherence Péo), with So =1, Io =0 and xa,0 = 0.
2. There is a disease-free equilibrium with complete adherence P<1), with S(l) 1, I(l) =0, and xi‘l)o =1.

3. Suppose Ro > 1.

(a) T(l(z)?re is+an endemic equilibrium with no adherence Pfo) that exists, with xffy)* =0, I,EO> = vi:ié (1 — %), and
S0 — atu
(b) If p > 72 , then there is an endemic equilibrium with complete adherence P that exists, with 13(1) =1, I =
+6 + (0) _ o+
%‘tuﬂi ( - %)’ and S, = ’YPBM'

(c) If either

. c )
1.p>%0andp(1f )ﬂ’v+u+6( 7%)<E<( )’Bvi:ﬂ?( 774—7“)’07”

ii. p< p= and § < (1—p)B ptd (1 — 2de),

v+p+é B
then there is an endemic equilibrium with partial adherence P*(m) that exists, with
. 1 v+ 1 Y+p+s )]
Ty=—|1—-— (14 , 1
* 1p[ E ( P&+ mto) 1]
1 = pto 2
=Py +m)(u+8)s+v+pu+5
50m) (y+ )+ 6)%(1 —p) 3]

C-pEO WO+ +utd

Proof. We begin by proving {1} and {3 (a)}. Setting model equations (see Main Text) equal to zero, we see that x4 =  —9

T4 x
satisfies dfg—tA = 0, in turn giving a regular SIRS model with transmission rate 8. Thus, solving the remaining equations gives
that either I = Ip =0and S=So=1,0or [ = LEO) = % (1 — %) and S = Sﬁo) = 7%0 Note that LEO) and Sio) exist in

the feasible region only when Ry > 1.

Similarly (to prove {2} and {3 (b)}), if x4 = qul)* =1, dxtA = 0, which leaves a regular SIRS model with transmission rate
pB and corresponding basic reproduction number pRo. As before the S and I equations give that either I = I(l) = 0 and
S = Sél) =1l,or [ = I,El) = wijj-é (1 — “’;—ﬁ“) and S = S’(l) pR . Note that this latter equilibrium exists in the feasible
region only when pRo > 1, i.e. Ro > 1 and p > R—O.

Furthermore (to prove {3 (¢)}), when w4 — 7y = 0, then dz—*‘ = 0. Solving w4 —7ny = 0 with g — [pra + (1 —z4)]BSI —
wS+6(1—S—I)=0and [pra+ (1 —za)|BSI— (v+p)l = O gives Egs. [1]-[3]. Using the fact that 0 < 27 < 1 gives the
inequalities in (¢) (and noting that ¢ > 0, for {(c)ii}). O

Stability.
Theorem 2. The local stability of the possible equilibria are as follows:

1. PO(0> is locally asymptotically stable when Ro < 1 and unstable when Ro > 1.
2. Pél) is always unstable.

3. Suppose Ro > 1.

(a) If ¢ > (1 - )Bvi:i(; ( %), then P is locally asymptotically stable, whereas it is unstable if g < (-
)/3 put+é ( _ M)
v+p+é B )

(b) Suppose also that p > 7%0:
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i If% < p(l— p)ﬁwi:j-(i ( — %), then PV is locally asymptotically stable, whereas it is unstable zf% >

+6 +
p(l_p)@viw—é ( - %)

. If p(1 —p)ﬁ7$:ié ( W"'”) < <(1- )/Bvi:ié ( - %), then P\™ s locally asymptotically stable.

(c) On the other hand, suppose that p < —:

i If§<(1- )Bvi:ié ( — W'*'”) then, PX™ is locally asymptotically stable (and P s unstable)

Proof. First, note that the Jacobian matrix about any equilibrium Pis

[(-BI0 = (1= p)Ta) ~ (n+9) —BS(1— (1 - p)a) - (1-p)BIS
J(P) = BI(1—(1—p)za) U—ﬂ—) WS w+m —(1—p)BSI
0 Ta(1=74)1-p)BEQ — (1 =p)Ta) (1-2Ta)(ma —7n)=Ta(l = Ta)(1 —p)*BIE
(4]
We begin by proving {1}. The Jacobian matrix for P(go) is
—(p+d0)  —B-6 0
J(Py”) = 0 B=(y+m 0 |. (5]
0 0 —c
Since the eigenvalues are —(pu+9) < 0, —¢ < 0, and 5 — (v + p), P( ) is stable when Ro = 7 <1 and unstable when Ro > 1.
To prove {2}, the Jacobian matrix for Pél) is
—(u+d) -pB-56 0
JRD) = 0 B-(rm 0] 6]
0 0 c
Since one of the eigenvalues of J (P(gl)) is ¢ > 0, then P(l) is always unstable.
To prove {3}, we begin by examining the {(a)} case. The Jacobian matrix at P is
—BI — (u+5) —BSPV -5 (1-pprYs®
J(PY) = BI 0 ~(1-p)BSV1? | . [7]
0 0 (1-p)BIY¢ —c
Since J(P”) is block diagonal, two eigenvalues of .J (P*(O)) are those of the matrix
(8]

Ao [P () —ps s
N BI® 0 '

A has a negative trace and a positive determinant, and so both of its eigenvalues have negative real part by the Routh-
Hurwitz criterion. The third eigenvalue of J(P(O)) is (1 — )61(0)5 ¢, which is negative when ¢ > (1 — p)ﬁ[io)f. Thus, if

> (1 7p)f8wi:ié ( - M) &, then P is locally asymptotically stable, whereas if ¢ > (1 — )/Bvijﬁ& (1 - %) &, P is

unstable.

To prove the {(b)i} case, consider the Jacobian matrix

—pBIM — (u+06) —pBSY -5  (1-p)BIVsY
J(PM) = pBI" 0 —(1—p)BIMsH | . [9]
0 0 —p(1 - p)BIYE+ ¢

As previously, two eigenvalues of J (P*(l)) are eigenvalues of

B=<ﬂM9‘W+“‘W“9‘g

10
pBIY 0 [10]
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Since tr(B) < 0 and det(B) > 0, it follows that both eigenvalues of B have negative real part. The last eigenvalue of J (P*(l)) is

—p(1— p)ﬁ[ﬁ”ﬁ + ¢, which is negative when ¢ < p(1 — p)ﬂﬂ/i:‘?_(S ( — %) £. Thus, P s locally asymptotically stable when

c < p(l _p)ﬂyiﬁm ( - %) &, whereas it is unstable when ¢ > p(1 _p)ﬁvitié (1 — “’;’—B") £
We now prove the {(b)ii} and {(c)i} cases. For P{™ | the Jacobian matrix is
—BL™(1— (1= p)ah) = (u+9) —BSI (1= (1= p)zi) -6 (1—p)BI™ 5™
J(PM) = BIE™ (1= (1 = p)ai) 0 ~(1—p)Bs I [11]
0 #a(1—a3)(1 = p)BE(L — (L —p)at)  —wa(l—ah)(1 —p)°BI™E
Thus,
tr(J(P™)) = =BII™ (1= (1 = p)ai) — (u+ 0) -z (1 — 2})(1 — p)*BI™E. [12]

Computing the determinant gives that

det(J(P{™)) = = BIL™ (1 = (1 = p)2i) (BS™ (1 — (1 = p)aa) + )z (1 — %) (1 — p)°BI™¢
— (1 +8)(1 = p)BSI Ik (1 — 2a) (1 - p) BE(L — (1 — p)aa). [13]
Computing the sum of the 2 x 2 principal minors of J(P*(m)) gives that
az =BI" (1 (1 = p)ai)[BST™ (1 = (1 - p)aa) + ]
+ AL (1= (1= p)zk) + p+ 82 (1 = 22) (1 - p)* AL
+ (1= p)BSI LM i (1 - i) (1 - p)BEL — (1 - p)ah). [14]
Note that whenever P\"™ exists, 2 is such that 0 < z% < 1. Thus, when P{™ exists, tr(J(P*(m>)) <0, det(J(P*(m))) < 0, and

it can be seen that tr(J(P*(m)))ag — det(J(P*(m))) < 0. Therefore, by the Routh-Hurwitz criterion, P{™ is locally asymptotically

stable whenever it exists, 7.e., when

w40 v+ c w6 v+ i . 1
p(l—p)67+u+5<1— e ><§<(1—p)ﬁw+ﬂ+6<1— 3 ) it p> o [15]
c w44 Y+ p .
f<(1_p)5'7+,u+5(1_ 3 ) if p<RO. [16]

O

Vaccination.

Theorem 3. With vaccination, the possible equilibria are analogous to those without vaccination, but with

o the disease-free equilibria P(go) and Pél) having instead So = %;

o the endemic equilibria P°) and PV having instead, respectively, 19 = % (1 — Rg”’) and IV = “%‘:jﬁ‘s (1 — pvzlé”)

e and the endemic equilibrium with partial adherence P*(m> having instead

I(m) _ /J’(]- — q) +46 [17}

(=P +mn+v+)+y+p+s
g _ (0 +m@l—a) +6)e(1—p) 18]

I=pi+mutv+0) +y+p+d

. 1 u+v+o y+p 1 ¢ YA+ p+d
Th = — 1+ - . 19
AT 1 ml—q)+6 B L=p&(y+m)(p+v+9) (19
[20]
Note also that the conditions change so that P*(l) exists when p > ﬁ, and P*(m> exists when either p > sz) and p(1 —
0 0
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(1—q)+6 (1—q)+6 1 (A—q)+4 1
)ﬂ”H:Jr& <1 R(”))< <(1- )ﬁ”wﬂ:ﬂr(S <1R((;’)) orp< (v) and § < (1— )B”W+Mq+5 <1Rg”>)'

Proof. This result follows from using the equations at equilibrium in the model with vaccination, and following the same
approach as in Theorem 1 (SI Appendiz). O

Theorem 4. With vaccination, the stability of each equilibria is analogous to that in the model without vaccination, but the

conditions change so that "R(”) s used instead of Ro and % vi:ié'

is used instead of

~ o~

Proof. The Jacobian matrix for any equilibrium P= (S,1,74) in the model with vaccination is

(BT == p)Ta) ~ (n+ v +0) ~BS(1— (1 - p)Ta) ~ 6 (1-p)BIS
J(P) = BI(1—(1—p)za) (1= (1 =pza)BS—(y+n) —(1—p)BSI
0 Ta(l=2a)(1=p)BE(L = (1 = p)za) (1—22a)(ma —7n)~Ta(l —Ta)(l —p)*BIE
(21]
O
At Pé1)7 it then follows that
—(u+rv+9) —pBSY =5 0
J(PgY) = 0 pBSe™ — (y+p) 0 [22]
0 0 c
As without vaccination, since ¢ > 0, Pél) is always unstable.
At Péo), it follows that
—(u4v+6)  —BSY -5 0
J(Py”) = 0 BSe® —(y+p) 0 |, [23]
0 0 —c

so that the eigenvalues are —c < 0, —(u+ v +6) < 0, and BSém — (v + ). Note that ,BSéO) —(y+p)<O0if ”Ré”) <1, and
BSSO) —(y+up) >0if Rév) > 1. Thus, PO(O) is locally asymptotically stable if Rév) <1, and PO(O) is unstable if Ré“) > 1.
At P*(O), the Jacobian matrix is

—BI — (u+v+5) —BSY -5 (1-p)pIVs”
J(PL) = BIL” 0 —(1-p)BS 1Y [24]
0 0 ~(1-p)BI% +c

Thus, two eigenvalues are those of the 2 X 2 matrix

(—Blff’) —(u+v+05) B - 6)

31© 0 (25]

which has negative trace and positive determinant. Therefore, both of these eigenvalues have negative real part. The third

eigenvalue of J(Pfo)) is —(1 — p)BIY¢ + ¢, which is negative when ¢ < (1- )B”E;Vql}"s

&. Thus, it follows that

P is locally asymptotically stable when £ <(1-p)p* Lﬂﬂﬁ;a <1 - Ré’” >

At P*(l)7 the Jacobian matrix is

—pBIY — (u+v+38) —pBSY -5  (1-p)BIYsY
J(PM) = pBIY 0 ~(1—p)Bs 1Y [26]
0 0 (1 —p)pBIVe — ¢
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Note that the matrix

—pBIY — (u+v+5) —pBSY —5
pBIY 0

has negative trace and positive determinant, and that (1 — p)pﬂ],ﬁl)ﬁ — ¢ is negative if ¢ > (1 — p)pB “Lﬂ;ﬁgé <1 — pRlév)> £.

Thus, analogous to the case without vaccination, P*(l) is locally asymptotically stable if % > (1-— p)pﬂ% 1-— Rl(v) >
P

For P*(m)7 the Jacobian matrix is

—BI™ (1~ (1 - p)ah) — (u+v+0) B8 (1 — (1 - p)asy) — 9§ (1 —p)pIi™sim
J(P) = BIM (1= (1= p)ay) 0 ~(1=p)BsL
0 (1 —a5) (1 —p)BE(l — (1 —p)zh) —za(l—z4)(1 —p)?BL™e

28]

Similar calculations to the analysis without vaccination shows that tr(J(P{™)) < 0, det(J(P{™)) < 0, and tr(J(P{™))as —
det(J(P*(m))) < 0 when P{™ exists, i.e., 0 < 2% < 1. Thus, as in the model without vaccination, P{™ is locally asymptotically

stable whenever it exists.
Maximal adherence to the NPI
In the model with no vaccination, if there is no complete adherence for the range of p, i.e. the maximum adherence happens

with the partial equilibrium, then we can solve ag—pf‘ = 0, giving

9xtue ytutd
~ B & (v+up)(utd)

6 of 6 Chadi M. Saad-Roy and Arne Traulsen



