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Over the last couple of decades, quantum simulators have been probing quantum many-body physics with un-
precedented levels of control. So far, the main focus has been on the access to novel observables and dynamical
conditions related to condensed-matter models. However, the potential of quantum simulators goes beyond the
traditional scope of condensed-matter physics: Being based on driven-dissipative quantum optical platforms,
quantum simulators allow for processes that are typically not considered in condensed-matter physics. These
processes can enrich in unexplored ways the phase diagram of well-established models. Taking the extended
Bose-Hubbard model as the guiding example, in this work we examine the impact of coherent pair injection, a
process readily available in, for example, superconducting circuit arrays. The interest behind this process is that,
in contrast to the standard injection of single excitations, it can be configured to preserve the U(1) symmetry
underlying the model. We prove that this process favors both superfluid and density-wave order, as opposed to
insulation or homogeneous states, thereby providing a novel route towards the access of lattice supersolidity.

Introduction. Macroscopic quantum states capable of sur-
viving decoherence constitute some of the most intricate
phases of matter. Understanding properties such as supercon-
ductivity and superfluidity holds the promise for key techno-
logical applications. These exotic types of behavior emerge
from the interplay between different microscopic processes
involving many particles and are typically associated to the
phenomenon of spontaneous symmetry breaking. Recently,
Feynman’s idea for quantum simulation in its modern incar-
nation [1–7] has become of central importance. In this emerg-
ing research field, many-body complexity relies on an ever
increasing number of degrees of freedom, and in fact, extraor-
dinary progress in the last decades has led to an explosion of
experimental quantum platforms over which we have unprece-
dented levels of control. It is now possible to engineer systems
that can simulate quantum models expected to exhibit a rich
variety of phases otherwise difficult to observe. A number of
lattice models, such as the Hubbard model [8–12], are suc-
cessful examples which can be experimentally implemented
with, e.g., cold atoms in optical lattices [2, 13, 14], photonic
devices [15–19], and superconducting circuits [5, 20–26].

Until now, a wide range of many-body models borrowed
from condensed-matter physics have been explored theoreti-
cally and experimentally in quantum simulators. In contrast,
much less attention has been given to processes that do not tra-
ditionally appear in condensed-matter systems, but are avail-
able in modern simulators. Examples of these are the coherent
injection of excitations or tailored dissipation [27–31]. In this
work we focus on one process that stands out among this class:
down-conversion, where a single excitation of a driving field
is coherently transformed into two excitations of the system

(and vice versa) [32–40]. In contrast to the common coherent
injection of single excitations, it can be configured to preserve
the symmetries that need to be spontaneously broken in order
to build the macroscopic quantum coherence present in, e.g.,
superfluidity. Down-conversion has been a fundamental tool
in quantum optics and modern technologies [41–44], and we
believe that it can become a powerful tool in modern quantum
simulators as well. Hence it is of paramount importance to
understand emergent physics induced by this process.

As a first step towards this goal, here we address the ques-
tion of which phases are favored by the presence of coher-
ent pair injection. We focus on its action on the extended
one-dimensional Bose-Hubbard model, where several types
of (lattice) insulating and superfluid ground-state phases have
been predicted to appear [45–49]. As a generic conclusion, we
find that pair injection favors both density wave order and su-
perfluidity, thus effectively extending the region of the phase
diagram where supersolid order is expected to appear. This
opens the possibility of stabilizing supersolid phases as robust
steady states once dissipation is included in the model.

Model and main results. To demonstrate the effects of pair
injection on a many-body bosonic system, we consider the
ground state of the extended soft-core Bose-Hubbard Hamil-
tonian in 1D with the periodic boundary condition L + 1→ 1

Ĥ =
L∑

j=1

[
− µn̂ j +

U
2

n̂ j(n̂ j − 1) −
ε

2

(
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) ]
, (1)

ar
X

iv
:2

31
2.

03
62

4v
1 

 [
qu

an
t-

ph
] 

 6
 D

ec
 2

02
3



2

where the bosonic operators satisfy canonical commutation
relations [â j, âl] = 0 and [â j, â

†

l ] = δ jl. The operator n̂ j = â†j â j
is the number operator, µ is the chemical potential, U (V) is
the on-site (nearest-neighbor) repulsion energy, J is the hop-
ping rate, and ε is the coherent pair injection rate. All param-
eters are taken real and positive throughout the work. This is
an effective model in the sense that the full driven-dissipative
problem will involve relaxation towards steady states that in-
herit their properties from this Hamiltonian (see [50] and the
conclusions for more details). It is also important to note
that the continuous U(1) symmetry characteristic of particle-
conserving Bose-Hubbard problems is replaced by a discrete
Z2 symmetry â j → −â j for ε , 0.

When ε = 0, we recover the standard extended Bose-
Hubbard Hamiltonian, which displays a global U(1) symme-
try under â j → eiθâ j ∀ j for any θ ∈ R, as well as translational
symmetry, â j → â j+d ∀ j for any d ∈ N. Setting aside for
the moment subtleties associated with the 1D nature of the
model, we review the structure of the mean-field (MF) phase
diagram [45, 47, 51, 52] in the (zJ/U, µ/U) plane (z is the lat-
tice coordination number; z = 2 in our 1D case) in Fig. 1,
which is convenient for introducing qualitative features of the
model. The MF ground-state phases can be characterized ac-
cording to which of the symmetries above are broken spon-
taneously. The boundary between phases with lattice super-
fluidity, which spontaneously break the U(1) symmetry, and
insulating phases, which do not, has the well-known ‘pancake
stack’ structure. In the presence of nearest-neighbor interac-
tions, both of these phases can be homogeneous or staggered,
leading to four types of phases: Mott insulator (MI), preserv-
ing both symmetries; density waves (DW), breaking transla-
tional symmetry only; superfluid (SF), breaking only U(1);
supersolid (SS), breaking both symmetries. For 0 < 2V/U < 1
the insulating domes alternate between MI and DW, with SS
phases appearing as a small region over DW domes. In con-
trast, for 2V/U > 1 MI phases disappear, and SS phases are
able to take over a larger portion of the superfluid region, gen-
erating a SS–SF boundary that tends to a straight line for large
densities.

We identify ground-state phases by analyzing the correla-
tion functions

CSF( j, l) = ⟨â†j âl⟩, (2a)

CDW( j, l) = ⟨δn̂ jδn̂l⟩, (2b)

with density fluctuations δn̂ j = n̂ j−
∑L

j=1⟨n̂ j⟩/L [47]. In the in-
sulating phases, CSF( j, l) decays exponentially (or faster) with
the distance | j − l|; in contrast, it remains finite or decays as a
power-law in superfluid phases. Moreover, spatially ordered
phases such as DW or SS present sub-exponential decay of
CDW( j, l).

In the presence of pair injection (ε , 0), the rigorous
presence of superfluid order is ruled out, but it still allows
for spontaneous Z2 symmetry breaking associated with the θ-
phase order. Whenever a remark on the discreteness of the
phase is needed, we denote its corresponding phases by Z2SF
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<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="Lu8fz0L5hGNDCB23f4wUl7wGIh4=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadnNU28BL3oQIphESZYwO5lNhszOLjO9YljyFV48KOLVz/Hm3zh5CCpa0FBUddPd5ceCa3CcDyuztLyyupZdz21sbm3v5Hf3WjpKFGVNGolI3fhEM8ElawIHwW5ixUjoC9b2R2dTv33HlOaRvIZxzLyQDCQPOCVgpNsusHtILy8mvXzBsUtF1z0tYkNKZbfqGFKtuJVaCbu2M0MBLdDo5d+7/YgmIZNABdG64zoxeClRwKlgk1w30SwmdEQGrGOoJCHTXjo7eIKPjNLHQaRMScAz9ftESkKtx6FvOkMCQ/3bm4p/eZ0EghMv5TJOgEk6XxQkAkOEp9/jPleMghgbQqji5lZMh0QRCiajnAnh61P8P2kVbbdqV67KhXp5EUcWHaBDdIxcVEN1dI4aqIkoCtEDekLPlrIerRfrdd6asRYz++gHrLdPVK+QvQ==</latexit>

MI

<latexit sha1_base64="Lu8fz0L5hGNDCB23f4wUl7wGIh4=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadnNU28BL3oQIphESZYwO5lNhszOLjO9YljyFV48KOLVz/Hm3zh5CCpa0FBUddPd5ceCa3CcDyuztLyyupZdz21sbm3v5Hf3WjpKFGVNGolI3fhEM8ElawIHwW5ixUjoC9b2R2dTv33HlOaRvIZxzLyQDCQPOCVgpNsusHtILy8mvXzBsUtF1z0tYkNKZbfqGFKtuJVaCbu2M0MBLdDo5d+7/YgmIZNABdG64zoxeClRwKlgk1w30SwmdEQGrGOoJCHTXjo7eIKPjNLHQaRMScAz9ftESkKtx6FvOkMCQ/3bm4p/eZ0EghMv5TJOgEk6XxQkAkOEp9/jPleMghgbQqji5lZMh0QRCiajnAnh61P8P2kVbbdqV67KhXp5EUcWHaBDdIxcVEN1dI4aqIkoCtEDekLPlrIerRfrdd6asRYz++gHrLdPVK+QvQ==</latexit>

MI

<latexit sha1_base64="uwnPx9B9aShHN5NLCZ4j0WjmjZ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETzWR+nERCl48VjBtoQ1ls520Sze7YXdTqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsTRpV23W+rsLa+sblV3C7t7O7tl+2Dw6YSqSTgE8GEbIdYAaMcfE01g3YiAcchg1Y4upv5rTFIRQV/1JMEghgPOI0owdpIPbvcHWMJiaJM8HP/1u3ZFbfqzuGsEi8nFZSj0bO/un1B0hi4Jgwr1fHcRAcZlpoSBtNSN1WQYDLCA+gYynEMKsjmh0+dU6P0nUhIU1w7c/X3RIZjpSZxaDpjrIdq2ZuJ/3mdVEc3QUZ5kmrgZLEoSpmjhTNLwelTCUSziSGYSGpudcgQS0y0yapkQvCWX14lzYuqd1W9fKhV6rU8jiI6RifoDHnoGtXRPWogHxGUomf0it6sJ+vFerc+Fq0FK585Qn9gff4ARduSzQ==</latexit>

"/U = 0
<latexit sha1_base64="rF0NuedRC16G13tN4sLKwsoguw0=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcTEU20NohcTEi8eMbFAAg3ZLlvYsN1tdrcYUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz88KEUaVd99sqrK1vbG4Vt0s7u3v7B3b5sKlEKjHxsWBCtkOkCKOc+JpqRtqJJCgOGWmFo9uZ3xoTqajgD3qSkCBGA04jipE2Us8ud8dIkkRRJvi5f+M6tZ5dcR13DrhKvJxUQI5Gz/7q9gVOY8I1ZkipjucmOsiQ1BQzMi11U0UShEdoQDqGchQTFWTz06fw1Ch9GAlpims4V39PZChWahKHpjNGeqiWvZn4n9dJdXQdZJQnqSYcLxZFKYNawFkOsE8lwZpNDEFYUnMrxEMkEdYmrZIJwVt+eZU0Lxyv5lzeVyv1ah5HERyDE3AGPHAF6uAONIAPMHgEz+AVvFlP1ov1bn0sWgtWPnME/sD6/AEzCJNF</latexit>

"/U = 0.6
<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5
<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/U

<latexit sha1_base64="w3W+CBSaqTir+BazTOYwYVj75xI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgxpDEJo27ghuXFWwrtLFMptN26OTBzEQooR/hxoUibv0ed/6N04egogcuHM65l3vvCVPOpLKsD6Owsrq2vlHcLG1t7+zulfcPWjLJBKFNkvBE3IZYUs5i2lRMcXqbCoqjkNN2OL6c+e17KiRL4hs1SWkQ4WHMBoxgpaW2bd3lZ+60V65Y5rlddTwfWabju67naOJfVGu+h2zTmqMCSzR65fduPyFZRGNFOJayY1upCnIsFCOcTkvdTNIUkzEe0o6mMY6oDPL5uVN0opU+GiRCV6zQXP0+keNIykkU6s4Iq5H87c3Ev7xOpgZ+kLM4zRSNyWLRIONIJWj2O+ozQYniE00wEUzfisgIC0yUTqikQ/j6FP1PWo5pe6Z7Xa3UnWUcRTiCYzgFG2pQhytoQBMIjOEBnuDZSI1H48V4XbQWjOXMIfyA8fYJx0uPMQ==</latexit>

10�5

<latexit sha1_base64="dbdL/P6UgOcI5z+1By/zXTDAJ5Q=">AAACFXicdZBNS8MwGMfT+TbnW9Wjl+AQPEhp13Vut4EXjxPcC2xlpFm2haVpSVJhlH0JL34VLx4U8Sp489uYdRuo6AOBP//f8yRP/kHMqFS2/Wnk1tY3Nrfy24Wd3b39A/PwqCWjRGDSxBGLRCdAkjDKSVNRxUgnFgSFASPtYHI15+07IiSN+K2axsQP0YjTIcVIaatvXthW2suu6YpR4Ke2VXZqnlvSfqXsup49F55XdWszd9Y3iysOVxyuOHQsO6siWFajb370BhFOQsIVZkjKrmPHyk+RUBQzMiv0EklihCdoRLpachQS6afZOjN4pp0BHEZCH65g5n6fSFEo5TQMdGeI1Fj+ZnPzL9ZN1LDqp5THiSIcLx4aJgyqCM4jggMqCFZsqgXCgupdIR4jgbDSQRZ0CKufwv9Fq2Q5Fcu7KRfrpWUceXACTsE5cMAlqINr0ABNgME9eATP4MV4MJ6MV+Nt0ZozljPH4EcZ71/BdZrA</latexit>

0.3

<latexit sha1_base64="TmVi7Fn2JPCU/iurWrSIzWffg+U=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFcDZlpx3ZZcOOyon1AO5RMmmlDMw+SjFCGfoIbF4q49Yvc+TemD0FFDyQczrmXe+8JUsGVxvjDWlvf2NzaLuwUd/f2Dw5LR8dtlWSSshZNRCK7AVFM8Ji1NNeCdVPJSBQI1gkmV3O/c8+k4kl8p6cp8yMyinnIKdFGusW2NyiVze85Lq4gbNdwte54hlRxxXHryLHxAmVYoTkovfeHCc0iFmsqiFI9B6faz4nUnAo2K/YzxVJCJ2TEeobGJGLKzxerztC5UYYoTKR5sUYL9XtHTiKlplFgKiOix+q3Nxf/8nqZDut+zuM00yymy0FhJpBO0PxuNOSSUS2mhhAqudkV0TGRhGqTTtGE8HUp+p+0Xdu5tL2barnhruIowCmcwQU4UIMGXEMTWkBhBA/wBM+WsB6tF+t1WbpmrXpO4Aest0+tT41g</latexit>

0.5

<latexit sha1_base64="d3+taAgtI8Q67S69At1HHL80W5o=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSSNbZcFNy4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPTDD4Zx7ufeeMOVMacf5sNbWNza3tgs7xd29/YPD0tFxWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh5Grud+6pVCwRd3qa0iDGI8EiRrA20q1jVwelsvn9St1zkCGVStX3DPGdilurI9d2FijDCs1B6b0/TEgWU6EJx0r1XCfVQY6lZoTTWbGfKZpiMsEj2jNU4JiqIF+sOkPnRhmiKJHmCY0W6veOHMdKTePQVMZYj9Vvby7+5fUyHdWDnIk001SQ5aAo40gnaH43GjJJieZTQzCRzOyKyBhLTLRJp2hC+LoU/U/anu1W7csbv9zwVnEU4BTO4AJcqEEDrqEJLSAwggd4gmeLW4/Wi/W6LF2zVj0n8APW2ye+0o1s</latexit>

0.6

<latexit sha1_base64="wmzew8bcEBlqgxzAg69ooDpeRlY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRN07oruHFZ0T6gDWUynbZDJ5MwMxFK6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk6u5376nUrFY3OlpQoMIjwQbMoK1kW4du9ovFB274vqu7yDHLvtlr3ZpSMnzvEoNubazQBFWaPQL771BTNKICk04VqrrOokOMiw1I5zO8r1U0QSTCR7RrqECR1QF2eLUGTo3ygANY2lKaLRQv09kOFJqGoWmM8J6rH57c/Evr5vqYS3ImEhSTQVZLhqmHOkYzf9GAyYp0XxqCCaSmVsRGWOJiTbp5E0IX5+i/0mrZLu+XbnxivXSKo4cnMIZXIALVajDNTSgCQRG8ABP8Gxx69F6sV6XrWvWauYEfsB6+wTM9o12</latexit>

0.7

<latexit sha1_base64="5BxCatwYJlNLNqep/g7pW/F6pc4=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiR9xV3BjcuK9gFtKJPppB06mYSZiVBCP8GNC0Xc+kXu/BunaQUVPXDhcM693HtPkHCmNEIf1tr6xubWdmGnuLu3f3BYOjruqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeYXi387j2VisXiTs8S6kd4LFjICNZGukW2NyyVkV1xvctKHSLbqSKnkRO35rkIOjbKUQYrtIal98EoJmlEhSYcK9V3UKL9DEvNCKfz4iBVNMFkise0b6jAEVV+lp86h+dGGcEwlqaEhrn6fSLDkVKzKDCdEdYT9dtbiH95/VSHnp8xkaSaCrJcFKYc6hgu/oYjJinRfGYIJpKZWyGZYImJNukUTQhfn8L/Sce1nbpdu6mWm+4qjgI4BWfgAjigAZrgGrRAGxAwBg/gCTxb3Hq0XqzXZeuatZo5AT9gvX0Cv02NbA==</latexit>

0.8

<latexit sha1_base64="4O181Pww367/Nh05WCzvYbUDPEc=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYhtnZXcOOyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSRtBRQ9cOJxzL/feEyScKY3Qh1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fs6vc791TqVgs7vQ8oX6EJ4KFjGBtpFtkN0fVGrLdehOhJkQ2WiInrtfwPOgUSg0UaI+q78NxTNKICk04VmrgoET7GZaaEU4XlWGqaILJDE/owFCBI6r8bHnqAp4ZZQzDWJoSGi7V7xMZjpSaR4HpjLCeqt9eLv7lDVIdXvoZE0mqqSCrRWHKoY5h/jccM0mJ5nNDMJHM3ArJFEtMtEmnYkL4+hT+T7qu7dTtixuv1nKLOMrgBJyCc+CABmiBa9AGHUDABDyAJ/BscevRerFeV60lq5g5Bj9gvX0CoiyNWA==</latexit>

0.9

<latexit sha1_base64="mmld3hTty+9RcmQgbzK1IV+IoDo=">AAACA3icbVDLSsNAFJ3UV62vqjvdBIvgqibia1nQhcsK9gFNKZPpbTt0kgkzN2IJBTf+ihsXirj1J9z5N07aLLT1wL0czrmXmXv8SHCNjvNt5RYWl5ZX8quFtfWNza3i9k5dy1gxqDEppGr6VIPgIdSQo4BmpIAGvoCGP7xK/cY9KM1leIejCNoB7Ye8xxlFI3WKe941CKSeGsjjtHUSD+EBEzked4olp+xMYM8TNyMlkqHaKX55XcniAEJkgmrdcp0I2wlVyJmAccGLNUSUDWkfWoaGNADdTiY3jO1Do3TtnlSmQrQn6u+NhAZajwLfTAYUB3rWS8X/vFaMvct2wsMoRgjZ9KFeLGyUdhqI3eUKGIqRIZQpbv5qswFVlKGJrWBCcGdPnif1k7J7Xj67PS1VKlkcebJPDsgRcckFqZAbUiU1wsgjeSav5M16sl6sd+tjOpqzsp1d8gfW5w/fZ5hV</latexit>

�⇢/⇢o

<latexit sha1_base64="b43Ig+GJI/osTygtg1JSov2dPlA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0xKq16EghePFUxbaEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRupUWxfejWvX++WKYztzoFXi5qQCOZr98ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfja/d4rOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDq/9jIkk1VSQxaIw5UjHaPY8GjBJieYTQzCRzNyKyAhLTLSJqGRCcJdfXiWtqu1e2vX7WqVRy+Mowgmcwjm4cAUNuIMmeECAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w8L4Y6j</latexit>

2V/U = 1.5

<latexit sha1_base64="qtaxJ1ibWZpHxHGz6RojmuyotVI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgKSalai9CwYvHCqattKFstpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDBhVGnX/bYKa+sbm1vF7dLO7t7+QfnwqKXiVGLi45jFshMiRRgVxNdUM9JJJEE8ZKQdjm9nfvuJSEVj8aAnCQk4GgoaUYy0kR6rrQv/xnOq9X654jruHPYq8XJSgRzNfvmrN4hxyonQmCGlup6b6CBDUlPMyLTUSxVJEB6jIekaKhAnKsjmB0/tM6MM7CiWpoS25+rviQxxpSY8NJ0c6ZFa9mbif1431VE9yKhIUk0EXiyKUmbr2J59bw+oJFiziSEIS2putfEISYS1yahkQvCWX14lrarjXTmX97VKo5bHUYQTOIVz8OAaGnAHTfABA4dneIU3S1ov1rv1sWgtWPnMMfyB9fkDgwGO4g==</latexit>

2V/U = 1.28

<latexit sha1_base64="nFcd6E+Pfu/pPF8aYeXZQLi6OV4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0xK1V6EghePFUxbaEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRupUWxfejWPX++WKYztzoFXi5qQCOZr98ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfja/d4rOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDut+xkSSairIYlGYcqRjNHseDZikRPOJIZhIZm5FZIQlJtpEVDIhuMsvr5JW1Xav7Mv7WqVRy+Mowgmcwjm4cA0NuIMmeECAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w8O546l</latexit>

2V/U = 0.8

<latexit sha1_base64="AZWfjq1cIMYQk3Xb0VaGcdGM/rY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qknx61jwIp4qmLbQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz321lZXVvf2Cxtlbd3dvf2KweHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJv77SeqNIvlo5kkNBB4KFnECDa5VL8/9/uVqltzZ0DLxCtIFQo0+5Wv3iAmqaDSEI617npuYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQTZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwVt8eZm06jXvqnb5cFFtNIo4SnAMJ3AGHlxDA+6gCT4QGMEzvMKbI5wX5935mLeuOMXMEfyB8/kDJyiNqg==</latexit>

2J/U

<latexit sha1_base64="0ltysKXpd8Y9/Qsncn6tk4cOoew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVH8FTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+51V654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw6gaTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8Jdf/kuaZ65/6V7cnVdq13kcRTiCYzgFH66gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGXvCNMA==</latexit>

0.8
<latexit sha1_base64="9WjA+z573CR23xhj4e+SlmKD0ng=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBF54CXjxGNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMBVcG8/7dlZW19Y3Ngtbxe2d3b390sFhQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIbD26nffEKleSIfzSjFIKZ9ySPOqLHSg+9WuqWy53ozkGXi56QMOWrd0lenl7AsRmmYoFq3fS81wZgqw5nASbGTaUwpG9I+ti2VNEYdjGenTsipVXokSpQtachM/T0xprHWozi0nTE1A73oTcX/vHZmoutgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I/uLLy6RRcf1L9+L+vFy9yeMowDGcwBn4cAVVuIMa1IFBH57hFd4c4bw4787HvHXFyWeO4A+czx9XXo0r</latexit>

1.2

<latexit sha1_base64="pzDZwaWCwxxHcnJyKTpqLexgXVo=">AAAB+XicjVDLSsNAFJ3UV62vqEs3g63gqqQFtcuCG5cV7APbECaTm3boZBLmUSihf+LGhSJu/RN3/o3Tx0JFwQMXDufcyz2cMONMac/7cApr6xubW8Xt0s7u3v6Be3jUUamRFNo05anshUQBZwLammkOvUwCSUIO3XB8Pfe7E5CKpeJOTzPwEzIULGaUaCsFrlu5D+oVrEwGMuaGRYFbrlW9BfDfpIxWaAXu+yBKqUlAaMqJUv2al2k/J1IzymFWGhgFGaFjMoS+pYIkoPx8kXyGz6wS4TiVdoTGC/XrRU4SpaZJaDcTokfqpzcXf/P6RscNP2ciMxoEXT6KDcc6xfMacMQkUM2nlhAqmc2K6YhIQrUtq/S/Ejr1au2yenFbLzcbqzqK6ASdonNUQ1eoiW5QC7URRRP0gJ7Qs5M7j86L87pcLTirm2P0Dc7bJ3LkkuI=</latexit>

Z2 superfluid

Z2 supersolid

<latexit sha1_base64="0ArTfOIbRhEAGzuJCfftXLDiMSE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkmpH8eCF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044ucv9zhNVmsXy0UwTGgg8kixiBJtcqrcv/UGl6tbcOdAq8QpShQKtQeWrP4xJKqg0hGOte56bmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2xD8JZfXiXtes27rl09NKrNRhFHCU7hDC7Agxtowj20wAcCY3iGV3hzhPPivDsfi9Y1p5g5gT9wPn8ANdSNqg==</latexit>

2V/U
<latexit sha1_base64="thjN7aKSIDtGB46Zq6hoDRmxztc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02kfhwLXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDZW8vsivfAH1Zpbd+dAq8QrSA0KtAbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nEguogmx87Q2dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XS010G2RMJqmhkiwWRSlHJkb552jIFCWGTy3BRDF7KyJjrDAxNp+KDcFbfnmVtC/r3nX96qFRazaKOMpwAqdwDh7cQBPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AHEEjmo=</latexit>

µ
/U

<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0
<latexit sha1_base64="RSWgEss9avRwS5tys+PnhZukkGA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmx6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+dWe6Wy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0U0wESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/lVu8vy7VKHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX/I0l</latexit>

0.5
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1
<latexit sha1_base64="HdzUuIkDjveZhfe0ISWAVKW8zOs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmx6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9We6Wy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0U0wESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/lVu8vy7VKHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBZgo0m</latexit>

1.5

<latexit sha1_base64="F4IU6EC79XX8mQXFjMsoiDrWl7A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1rqqXzYtKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fepGMsA==</latexit>

2

<latexit sha1_base64="xJctlLu3zGHm7yNRlPCpYMln1cg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbxeSTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3rFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IS3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJs1L2rstX9ctStZLFkYcTOIVz8OAGqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffBWMsQ==</latexit>

3

<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0

<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1

<latexit sha1_base64="ku3s/FFBZOsgH/c0sy29E5HJ9Ko=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDr2PAi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3lXl8v6iXKvmcRTgGE7gDDy4hhrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+JSjOY=</latexit>

�1

<latexit sha1_base64="fqfAJ5IL1RnH2fdyK7i04Ps5wvI=">AAACCHicbVBLSwMxGMz6rPW16tGDwVbwVHYLPi6FghfxVME+oF1KNs22oXksSbZQSo9e/CtePCji1Z/gzX9jtt2Dtg4EhpnvSzITxoxq43nfzsrq2vrGZm4rv72zu7fvHhw2tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwJvWbI6I0leLBjGMScNQXNKIYGSt13ZPiXcWrdEZIkVhTJkURxgN7H+xR1FeId92CV/JmgMvEz0gBZKh13a9OT+KEE2EwQ1q3fS82wQQpQzEj03wn0SRGeIj6pG2pQJzoYDILMoVnVunBSCp7hIEz9ffGBHGtxzy0kxyZgV70UvE/r52Y6DqYUBEnhgg8fyhKGDQSpq3YtIpgw8ZpbKyo/SvEA6QQNra7vC3BX4y8TBrlkn9ZurgvF6rlrI4cOAan4Bz44ApUwS2ogTrA4BE8g1fw5jw5L8678zEfXXGynSPwB87nD0jjmNo=</latexit>

J = 0 = " phase diagram

<latexit sha1_base64="i4IVWrQxh5LvSArskm0FOOuV48M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQLUTHDJWoYbwTqJYhgFgj0G45uZ//jElOaxfDCThPkRDiUPOUVjpfsqnvfLFbfmzkFWiZeTCuRo9stfvUFM04hJQwVq3fXcxPgZKsOpYNNSL9UsQTrGIetaKjFi2s/mp07JmVUGJIyVLWnIXP09kWGk9SQKbGeEZqSXvZn4n9dNTXjtZ1wmqWGSLhaFqSAmJrO/yYArRo2YWIJUcXsroSNUSI1Np2RD8JZfXiXtes27rF3c1SuNRh5HEU7gFKrgwRU04Baa0AIKQ3iGV3hzhPPivDsfi9aCk88cwx84nz+KsY1Q</latexit>

(a)

<latexit sha1_base64="rbaBGSYRlHgKP/QMMvC6ay4RStw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00n01OO+XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEra9Zp3Wbu4q1cajTyOIpzAKVTBgytowC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AjDaNUQ==</latexit>

(b)

<latexit sha1_base64="ei9/da4K4rIQFPEKOHXSO7VjoxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00n2VnffLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27rF3c1SuNRh5HEU7gFKrgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz+Nu41S</latexit>

(c)

<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5
<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/U

<latexit sha1_base64="w3W+CBSaqTir+BazTOYwYVj75xI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgxpDEJo27ghuXFWwrtLFMptN26OTBzEQooR/hxoUibv0ed/6N04egogcuHM65l3vvCVPOpLKsD6Owsrq2vlHcLG1t7+zulfcPWjLJBKFNkvBE3IZYUs5i2lRMcXqbCoqjkNN2OL6c+e17KiRL4hs1SWkQ4WHMBoxgpaW2bd3lZ+60V65Y5rlddTwfWabju67naOJfVGu+h2zTmqMCSzR65fduPyFZRGNFOJayY1upCnIsFCOcTkvdTNIUkzEe0o6mMY6oDPL5uVN0opU+GiRCV6zQXP0+keNIykkU6s4Iq5H87c3Ev7xOpgZ+kLM4zRSNyWLRIONIJWj2O+ozQYniE00wEUzfisgIC0yUTqikQ/j6FP1PWo5pe6Z7Xa3UnWUcRTiCYzgFG2pQhytoQBMIjOEBnuDZSI1H48V4XbQWjOXMIfyA8fYJx0uPMQ==</latexit>

10�5

<latexit sha1_base64="dbdL/P6UgOcI5z+1By/zXTDAJ5Q=">AAACFXicdZBNS8MwGMfT+TbnW9Wjl+AQPEhp13Vut4EXjxPcC2xlpFm2haVpSVJhlH0JL34VLx4U8Sp489uYdRuo6AOBP//f8yRP/kHMqFS2/Wnk1tY3Nrfy24Wd3b39A/PwqCWjRGDSxBGLRCdAkjDKSVNRxUgnFgSFASPtYHI15+07IiSN+K2axsQP0YjTIcVIaatvXthW2suu6YpR4Ke2VXZqnlvSfqXsup49F55XdWszd9Y3iysOVxyuOHQsO6siWFajb370BhFOQsIVZkjKrmPHyk+RUBQzMiv0EklihCdoRLpachQS6afZOjN4pp0BHEZCH65g5n6fSFEo5TQMdGeI1Fj+ZnPzL9ZN1LDqp5THiSIcLx4aJgyqCM4jggMqCFZsqgXCgupdIR4jgbDSQRZ0CKufwv9Fq2Q5Fcu7KRfrpWUceXACTsE5cMAlqINr0ABNgME9eATP4MV4MJ6MV+Nt0ZozljPH4EcZ71/BdZrA</latexit>

0.3

<latexit sha1_base64="TmVi7Fn2JPCU/iurWrSIzWffg+U=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFcDZlpx3ZZcOOyon1AO5RMmmlDMw+SjFCGfoIbF4q49Yvc+TemD0FFDyQczrmXe+8JUsGVxvjDWlvf2NzaLuwUd/f2Dw5LR8dtlWSSshZNRCK7AVFM8Ji1NNeCdVPJSBQI1gkmV3O/c8+k4kl8p6cp8yMyinnIKdFGusW2NyiVze85Lq4gbNdwte54hlRxxXHryLHxAmVYoTkovfeHCc0iFmsqiFI9B6faz4nUnAo2K/YzxVJCJ2TEeobGJGLKzxerztC5UYYoTKR5sUYL9XtHTiKlplFgKiOix+q3Nxf/8nqZDut+zuM00yymy0FhJpBO0PxuNOSSUS2mhhAqudkV0TGRhGqTTtGE8HUp+p+0Xdu5tL2barnhruIowCmcwQU4UIMGXEMTWkBhBA/wBM+WsB6tF+t1WbpmrXpO4Aest0+tT41g</latexit>

0.5

<latexit sha1_base64="d3+taAgtI8Q67S69At1HHL80W5o=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSSNbZcFNy4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPTDD4Zx7ufeeMOVMacf5sNbWNza3tgs7xd29/YPD0tFxWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh5Grud+6pVCwRd3qa0iDGI8EiRrA20q1jVwelsvn9St1zkCGVStX3DPGdilurI9d2FijDCs1B6b0/TEgWU6EJx0r1XCfVQY6lZoTTWbGfKZpiMsEj2jNU4JiqIF+sOkPnRhmiKJHmCY0W6veOHMdKTePQVMZYj9Vvby7+5fUyHdWDnIk001SQ5aAo40gnaH43GjJJieZTQzCRzOyKyBhLTLRJp2hC+LoU/U/anu1W7csbv9zwVnEU4BTO4AJcqEEDrqEJLSAwggd4gmeLW4/Wi/W6LF2zVj0n8APW2ye+0o1s</latexit>

0.6

<latexit sha1_base64="wmzew8bcEBlqgxzAg69ooDpeRlY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRN07oruHFZ0T6gDWUynbZDJ5MwMxFK6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk6u5376nUrFY3OlpQoMIjwQbMoK1kW4du9ovFB274vqu7yDHLvtlr3ZpSMnzvEoNubazQBFWaPQL771BTNKICk04VqrrOokOMiw1I5zO8r1U0QSTCR7RrqECR1QF2eLUGTo3ygANY2lKaLRQv09kOFJqGoWmM8J6rH57c/Evr5vqYS3ImEhSTQVZLhqmHOkYzf9GAyYp0XxqCCaSmVsRGWOJiTbp5E0IX5+i/0mrZLu+XbnxivXSKo4cnMIZXIALVajDNTSgCQRG8ABP8Gxx69F6sV6XrWvWauYEfsB6+wTM9o12</latexit>

0.7

<latexit sha1_base64="5BxCatwYJlNLNqep/g7pW/F6pc4=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiR9xV3BjcuK9gFtKJPppB06mYSZiVBCP8GNC0Xc+kXu/BunaQUVPXDhcM693HtPkHCmNEIf1tr6xubWdmGnuLu3f3BYOjruqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeYXi387j2VisXiTs8S6kd4LFjICNZGukW2NyyVkV1xvctKHSLbqSKnkRO35rkIOjbKUQYrtIal98EoJmlEhSYcK9V3UKL9DEvNCKfz4iBVNMFkise0b6jAEVV+lp86h+dGGcEwlqaEhrn6fSLDkVKzKDCdEdYT9dtbiH95/VSHnp8xkaSaCrJcFKYc6hgu/oYjJinRfGYIJpKZWyGZYImJNukUTQhfn8L/Sce1nbpdu6mWm+4qjgI4BWfgAjigAZrgGrRAGxAwBg/gCTxb3Hq0XqzXZeuatZo5AT9gvX0Cv02NbA==</latexit>

0.8

<latexit sha1_base64="4O181Pww367/Nh05WCzvYbUDPEc=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYhtnZXcOOyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSRtBRQ9cOJxzL/feEyScKY3Qh1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fs6vc791TqVgs7vQ8oX6EJ4KFjGBtpFtkN0fVGrLdehOhJkQ2WiInrtfwPOgUSg0UaI+q78NxTNKICk04VmrgoET7GZaaEU4XlWGqaILJDE/owFCBI6r8bHnqAp4ZZQzDWJoSGi7V7xMZjpSaR4HpjLCeqt9eLv7lDVIdXvoZE0mqqSCrRWHKoY5h/jccM0mJ5nNDMJHM3ArJFEtMtEmnYkL4+hT+T7qu7dTtixuv1nKLOMrgBJyCc+CABmiBa9AGHUDABDyAJ/BscevRerFeV60lq5g5Bj9gvX0CoiyNWA==</latexit>

0.9

<latexit sha1_base64="mmld3hTty+9RcmQgbzK1IV+IoDo=">AAACA3icbVDLSsNAFJ3UV62vqjvdBIvgqibia1nQhcsK9gFNKZPpbTt0kgkzN2IJBTf+ihsXirj1J9z5N07aLLT1wL0czrmXmXv8SHCNjvNt5RYWl5ZX8quFtfWNza3i9k5dy1gxqDEppGr6VIPgIdSQo4BmpIAGvoCGP7xK/cY9KM1leIejCNoB7Ye8xxlFI3WKe941CKSeGsjjtHUSD+EBEzked4olp+xMYM8TNyMlkqHaKX55XcniAEJkgmrdcp0I2wlVyJmAccGLNUSUDWkfWoaGNADdTiY3jO1Do3TtnlSmQrQn6u+NhAZajwLfTAYUB3rWS8X/vFaMvct2wsMoRgjZ9KFeLGyUdhqI3eUKGIqRIZQpbv5qswFVlKGJrWBCcGdPnif1k7J7Xj67PS1VKlkcebJPDsgRcckFqZAbUiU1wsgjeSav5M16sl6sd+tjOpqzsp1d8gfW5w/fZ5hV</latexit>

�⇢/⇢o

<latexit sha1_base64="pzDZwaWCwxxHcnJyKTpqLexgXVo=">AAAB+XicjVDLSsNAFJ3UV62vqEs3g63gqqQFtcuCG5cV7APbECaTm3boZBLmUSihf+LGhSJu/RN3/o3Tx0JFwQMXDufcyz2cMONMac/7cApr6xubW8Xt0s7u3v6Be3jUUamRFNo05anshUQBZwLammkOvUwCSUIO3XB8Pfe7E5CKpeJOTzPwEzIULGaUaCsFrlu5D+oVrEwGMuaGRYFbrlW9BfDfpIxWaAXu+yBKqUlAaMqJUv2al2k/J1IzymFWGhgFGaFjMoS+pYIkoPx8kXyGz6wS4TiVdoTGC/XrRU4SpaZJaDcTokfqpzcXf/P6RscNP2ciMxoEXT6KDcc6xfMacMQkUM2nlhAqmc2K6YhIQrUtq/S/Ejr1au2yenFbLzcbqzqK6ASdonNUQ1eoiW5QC7URRRP0gJ7Qs5M7j86L87pcLTirm2P0Dc7bJ3LkkuI=</latexit>

Z2 superfluid

<latexit sha1_base64="WjRArcbiC4UeO6KVSQyhAy7aMZc=">AAAB+XicjVDLSgMxFL1TX7W+Rl26CbaCqzItqF0W3LisYB/YDkMmk2lDM8mQZApl6J+4caGIW//EnX9j+lioKHjgwuGcc7mXE6acaeN5H05hbX1jc6u4XdrZ3ds/cA+POlpmitA2kVyqXog15UzQtmGG016qKE5CTrvh+HrudydUaSbFnZmm1E/wULCYEWysFLhu5T6oV5DOUhuSnEWBW65VvQXQ36QMK7QC930QSZIlVBjCsdb9mpcaP8fKMMLprDTINE0xGeMh7VsqcEK1ny8+n6Ezq0QolsqOMGihft3IcaL1NAltMsFmpH96c/E3r5+ZuOHnTKSZoYIsD8UZR0aieQ0oYooSw6eWYKKY/RWREVaYGNtD6X8ldOrV2mX14rZebjZWdRThBE7hHGpwBU24gRa0gcAEHuAJnp3ceXRenNdltOCsdo7hG5y3T32rkuk=</latexit>

Z2 supersolid

|0000...i

|1010...i
<latexit sha1_base64="2/CT+dSkI+TGzza7h0kEJZQkfds=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT76B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8yBkeQ=</latexit>

|1111.
..i
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Figure 1. (Color online) MF ground-state phase diagram in the
(2J/U, µ/U) plane for representative values of 2V/U. DW and MI
(SF and SS) refer to density-wave and Mott insulating (homogenous-
superfluid and supersolid) phases, respectively. The solid lines corre-
spond to ε = 0 while the dashed lines represent how the boundaries
move as ε increases. The phase boundaries have been artificially
smoothened out for clarity; see the raw data in [50]. The inset in (c)
shows the J = 0 = ε phase diagram in the (µ/U, 2V/U) plane, with
Fock states |n1n2n3n4...⟩.

and Z2SS. Nevertheless, we show in [50] that the model (1)
can be extended to restore a full U(1) symmetry without im-
pacting our main conclusions.

In the following we analyze the ground states of (1) us-
ing complementary approaches: density matrix renormaliza-
tion group (DMRG), a powerful variational optimization algo-
rithm for low-dimensional systems, to demonstrate our main
point conclusively; MF approximation for a more exhaustive
check of the parameter space; coherent-state ansatz to obtain
analytical insight; and finally Gaussian-state ansatz to con-
firm the robustness of the coherent-state ansatz predictions.
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All these methods converge to two basic conclusions. First,
pair injection ε generally favors the Z2 superfluid phases over
the insulating ones; in other words, the insulating regions of
the phase diagram shrink as we increase ε. Second, more in-
triguingly, deep in the region with broken phase symmetry, ε
favors Z2SS order over Z2SF order.

DMRG results. We run DMRG using a matrix-product-
state ansatz [53–55]. To simulate the soft-core bosonic model
we introduce a truncation in the maximum occupation number
per site, NL. The accuracy of the ansatz is controlled by the
bond dimension χ, which determines the degree of many-body
entanglement available in the ansatz. In the results presented
below, we have checked convergence of the correlation func-
tions (2), as well as the energy and the bipartite entanglement
entropy, requiring NL = 10 and χ = 4000 in the hardest cases.

To determine the ground state for a given parameter set, we
perform a finite-size scaling of the correlation ratios [56]

RSF =
CSF(L/2)
CSF(L/4)

and RDW =
CDW(L/2)
CDW(L/4)

, (3)

where CSF/DW(d) ≡ CSF/DW( j, j+d) and the ratios are indepen-
dent of j. These ratios are expected to approach 1 as L → ∞
when the system has long-range order, or fall to 0 if the corre-
sponding correlation function decays exponentially. We also
use the Binder cumulant [57]

BDW =
1
2

(
3 −
⟨ϕ̂4⟩

⟨ϕ̂2⟩2

)
, (4)

which is defined to behave as BDW → 1 (BDW → 0) for
L → ∞ in the phase with (without) density-wave order.
ϕ̂ =

∑L/2
l=1 (n̂2l−1−n̂2l) is the density-wave order parameter. BDW

turns out to be less sensitive to finite size effects in our model
and thus better suited for analyzing a density-wave transition.
BDW, as well as RSF and RDW, are expected to be system-size
independent at a critical point and therefore form a crossing
point between curves with different L.

In Fig. 2(a), we first examine the impact of the injection
rate ε on the phase boundary between the insulating and Z2
superfluid regions. We set 2V/U = 1.5 and µ/U = 1.8, and
show RSF as a function of 2J/U for different values of ε/U.
The observed tendency towards a step function for larger L
suggests a second-order transition. We also observe that the
superfluid phase is enlarged as ε increases (the crossing occurs
for lower 2J/U). The same conclusion is drawn for any other
set of parameters we have tested with DMRG.

In Figs. 2(b) and (c) we analyze the Z2SF–Z2SS boundary.
We set 2V/U = 1.5 and 2J/U = 0.8, for which we confirm
RSF → 1 as L → ∞ irrespective of the remaining parameters,
meaning that the ground state retains the Z2 superfluid order
in the entire (µ/U, ε/U) plane shown here. Figure 2(b) shows
RDW in the (µ/U, ε/U) parameter space for L = 16, together
with the critical points (thick solid line) that we determine by
performing a finite-size scaling analysis of BDW, as shown in
Fig. 2(c). Except for very low densities (small 2J/U and ε/U),
it is clear that the boundary separating the Z2SF (RDW → 0)
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<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3

<latexit sha1_base64="ad9SFCb8j3FVmAcSVgi/gQROR0A=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbrPZY8OKxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZ37nSeqNJPi0UwTGsR4JFjECDZWeqi6tUG54rneAmid+DmpQI7moPzVH0qSxlQYwrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsFTimOsgWp87QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgeZEwkqaGCLBdFKUdGovnfaMgUJYZPLcFEMXsrImOsMDE2nZINwV99eZ20q65/7dburyqNeh5HEc7gHC7BhxtowB00oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AXNaNLQ==</latexit>

2.5

<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2

<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5
<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="ad9SFCb8j3FVmAcSVgi/gQROR0A=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbrPZY8OKxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZ37nSeqNJPi0UwTGsR4JFjECDZWeqi6tUG54rneAmid+DmpQI7moPzVH0qSxlQYwrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsFTimOsgWp87QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgeZEwkqaGCLBdFKUdGovnfaMgUJYZPLcFEMXsrImOsMDE2nZINwV99eZ20q65/7dburyqNeh5HEc7gHC7BhxtowB00oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AXNaNLQ==</latexit>

2.5
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit>

µ/U

<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="BOLy/R2vidz4bshOSUROoY9hFyk=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgKiQ2jboruHFZ0T6gDWUynbSDk0mYmQgl9BPcuFDErV/kzr9x+kDUeuDC4Zx7ufeeMOVMacf5tAorq2vrG8XN0tb2zu5eef+gpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+3w/mrqtx+oVCwRd3qc0iDGQ8EiRrA20q1ju/1yxbE9r+bXPGRI1a9eVpFrOzN8kwos0OiXP3qDhGQxFZpwrFTXdVId5FhqRjidlHqZoikm93hIu4YKHFMV5LNTJ+jEKAMUJdKU0Gim/pzIcazUOA5NZ4z1SP31puJ/XjfT0UWQM5FmmgoyXxRlHOkETf9GAyYp0XxsCCaSmVsRGWGJiTbplEwISy8vk9aZ7fp27car1P1FHEU4gmM4BRfOoQ7X0IAmEBjCIzzDi8WtJ+vVepu3FqzFzCH8gvX+BaaPjV4=</latexit>

0.1

<latexit sha1_base64="ywk3EkoJQ6bEEUcnlA1iClbXv0Q=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgKqRNm7osuHFZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/j9IGo9cCFwzn3cu89QcKZ0o7zaeU2Nre2d/K7hb39g8Oj4vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrudx6oVCwW93qaUD/CI8FCRrA20p1jVwbFkmO7br3uesixa67nVh1Utp0FvkkJVmgOih/9YUzSiApNOFaqV3YS7WdYakY4nRX6qaIJJhM8oj1DBY6o8rPFqTN0YZQhCmNpSmi0UH9OZDhSahoFpjPCeqz+enPxP6+X6vDKz5hIUk0FWS4KU450jOZ/oyGTlGg+NQQTycytiIyxxESbdAomhLWX10m7Ypc9u3ZbLTW8VRx5OINzuIQy1KEBN9CEFhAYwSM8w4vFrSfr1Xpbtuas1cwp/IL1/gWfeY1Z</latexit>

0.2

<latexit sha1_base64="IbHwhEbZIe7z5UT79ED7tVWuPbw=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1LHsd0V3LisaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YPgQVPXDhcM693HtPmAquDUIfzsrq2vrGZmGruL2zu7dfOjhs6SRTlDVpIhLVCYlmgkvWNNwI1kkVI3EoWDscX8389j1TmifyzkxSFsRkKHnEKTFWukWu1y+VkVs593zsQeT6uOpjbIlXq1UQgthFc5TBEo1+6b03SGgWM2moIFp3MUpNkBNlOBVsWuxlmqWEjsmQdS2VJGY6yOenTuGpVQYwSpQtaeBc/T6Rk1jrSRzazpiYkf7tzcS/vG5momqQc5lmhkm6WBRlApoEzv6GA64YNWJiCaGK21shHRFFqLHpFG0IX5/C/0mr4mLfvbjxynV/GUcBHIMTcAYwuAR1cA0aoAkoGIIH8ASeHeE8Oi/O66J1xVnOHIEfcN4+AbiljWs=</latexit>

0.4<latexit sha1_base64="HxK21etgb1QWPiTUiNty4xXJZME=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqSyXYLePEY0SyQDKGn00ma9Cx09whhyCd48aCIV7/Im39jZxFU9EHB470qqur5seBKY/xhZTY2t7Z3sru5vf2Dw6P88UlbRYmkrEUjEcmuTxQTPGQtzbVg3VgyEviCdfzp1cLv3DOpeBTe6VnMvICMQz7ilGgj3WK7NMgXsO0UaxgXEbZdp16tlQwpuyW3XkaOjZcowBrNQf69P4xoErBQU0GU6jk41l5KpOZUsHmunygWEzolY9YzNCQBU166PHWOLowyRKNImgo1WqrfJ1ISKDULfNMZED1Rv72F+JfXS/So5qU8jBPNQrpaNEoE0hFa/I2GXDKqxcwQQiU3tyI6IZJQbdLJmRC+PkX/k3bRdip2+cYtNCrrOLJwBudwCQ5UoQHX0IQWUBjDAzzBsyWsR+vFel21Zqz1zCn8gPX2CcIQjXI=</latexit>

0.3

<latexit sha1_base64="AY9OU4INS4HHVPWulqz0XRlqxi8=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrGyeIt4MVjRLNAMoSeTidp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKoXJIIrjfGHlVtb39jcym8Xdnb39g+Kh0ctFaeSsiaNRSw7AVFM8Ig1NdeCdRLJSBgI1g4mV3O/fc+k4nF0p6cJ80MyiviQU6KNdIvtcr9YwrbnYrd6gbBdcb1LjA1xax4u15Bj4wVKsEKjX3zvDWKahizSVBClug5OtJ8RqTkVbFbopYolhE7IiHUNjUjIlJ8tTp2hM6MM0DCWpiKNFur3iYyESk3DwHSGRI/Vb28u/uV1Uz2s+RmPklSziC4XDVOBdIzmf6MBl4xqMTWEUMnNrYiOiSRUm3QKJoSvT9H/pOXaTsUu33ilemUVRx5O4BTOwYEq1OEaGtAECiN4gCd4toT1aL1Yr8vWnLWaOYYfsN4+AbhljWs=</latexit>

0.5

<latexit sha1_base64="/tAzh/wabh4or7TRuJQxoXl5wJo=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ9LamS4LblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe5829MH4KKHkg4nHMv994TpoJrg9CHs7a+sbm1Xdgp7u7tHxyWjo7bOskUZS2aiER1Q6KZ4JK1DDeCdVPFSBwK1gknV3O/c8+U5om8M9OUBTEZSR5xSoyVbpHrDUpl+yNcqfoQubU6rvkVS3DVx8iD2EULlMEKzUHpvT9MaBYzaaggWvcwSk2QE2U4FWxW7GeapYROyIj1LJUkZjrIF6vO4LlVhjBKlH3SwIX6vSMnsdbTOLSVMTFj/dubi395vcxE9SDnMs0Mk3Q5KMoENAmc3w2HXDFqxNQSQhW3u0I6JopQY9Mp2hC+LoX/k3bFxZ5bu7ksN7xVHAVwCs7ABcDABw1wDZqgBSgYgQfwBJ4d4Tw6L87rsnTNWfWcgB9w3j4BuMqNaw==</latexit>

0.6

<latexit sha1_base64="xIUrouTvzIU1obMvvMrH4VDBMJI=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ6Kdqd0V3LisaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YPgQVPXDhcM693HtPmAquDUIfzsrq2vrGZmGruL2zu7dfOjhs6SRTlDVpIhLVCYlmgkvWNNwI1kkVI3EoWDscX8389j1TmifyzkxSFsRkKHnEKTFWukVutV8qI9erVDHGELkXCFc8zxJU82ueD7GL5iiDJRr90ntvkNAsZtJQQbTuYpSaICfKcCrYtNjLNEsJHZMh61oqScx0kM9PncJTqwxglChb0sC5+n0iJ7HWkzi0nTExI/3bm4l/ed3MRJdBzmWaGSbpYlGUCWgSOPsbDrhi1IiJJYQqbm+FdEQUocamU7QhfH0K/yetcxf7rndTKdf9ZRwFcAxOwBnAoArq4Bo0QBNQMAQP4Ak8O8J5dF6c10XrirOcOQI/4Lx9AsPVjXM=</latexit>

0.7

<latexit sha1_base64="JGqvX/mea8gxuFmXCkRfCjkio3M=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnriZJxjwIvHiGaBZAg9nZ6kSc9Cd48QQj7BiwdFvPpF3vwbO4ugog8KHu9VUVUvzARXGuMPq7C2vrG5Vdwu7ezu7R+UD49aKs0lZU2ailR2QqKY4Alraq4F62SSkTgUrB2Or+Z++55JxdPkTk8yFsRkmPCIU6KNdIttv1+uYNv1aq5bRdjGruf4S+Jf+Bg5Nl6gAis0+uX33iClecwSTQVRquvgTAdTIjWngs1KvVyxjNAxGbKuoQmJmQqmi1Nn6MwoAxSl0lSi0UL9PjElsVKTODSdMdEj9dubi3953VxHfjDlSZZrltDloigXSKdo/jcacMmoFhNDCJXc3IroiEhCtUmnZEL4+hT9T1pV2/Hs2o1bqXurOIpwAqdwDg5cQh2uoQFNoDCEB3iCZ0tYj9aL9bpsLVirmWP4AevtE8GnjXE=</latexit>

0.8

<latexit sha1_base64="VwhndBB4WBt88uqg7ssOGSumK+A=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZk1cZPcAl48RjQPSEKYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoraJEUtaikYhk1yOKCR6yluZasG4sGQk8wTre9CrzO/dMKh6Fd3oWs0FAxiH3OSXaSLfYrg+LJWyXy3XXcRC2Ma6WKzgjlVrNrSPHKBlKsEJzWHzvjyKaBCzUVBCleg6O9SAlUnMq2LzQTxSLCZ2SMesZGpKAqUG6OHWOzowyQn4kTYUaLdTvEykJlJoFnukMiJ6o314m/uX1Eu3XBikP40SzkC4X+YlAOkLZ32jEJaNazAwhVHJzK6ITIgnVJp2CCeHrU/Q/aV/Yjmtf3lRKDXcVRx5O4BTOwYEqNOAamtACCmN4gCd4toT1aL1Yr8vWnLWaOYYfsN4+Acb0jXU=</latexit>

0.9

<latexit sha1_base64="0VpafjFvFhyWQKryRovdZH9sDYw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB0DXjxGMA9MljA7mSRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+85FrIyJ1j+OY+yEdKNEXjKKVHjrInzAt09NJt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVDbnx09nFE3JilR7pR9qWQjJTf0+kNDRmHAa2M6Q4NIveVPzPayfYv/ZToeIEuWLzRf1EEozI9H3SE5ozlGNLKNPC3krYkGrK0IZUsCF4iy8vk8ZZxbusXNydl6rVLI48HMExlMGDK6jCLdSgDgwUPMMrvDnGeXHenY95a87JZg7hD5zPH1FikLE=</latexit>

(a)

<latexit sha1_base64="yEptMjNApVsu/XlBYyyHYo2XJaU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB0DXjxGMA9MljA7mSRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+85FrIyJ1j+OY+yEdKNEXjKKVHjrInzAts9NJt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVDbnx09nFE3JilR7pR9qWQjJTf0+kNDRmHAa2M6Q4NIveVPzPayfYv/ZToeIEuWLzRf1EEozI9H3SE5ozlGNLKNPC3krYkGrK0IZUsCF4iy8vk8ZZxbusXNydl6rVLI48HMExlMGDK6jCLdSgDgwUPMMrvDnGeXHenY95a87JZg7hD5zPH1RukLM=</latexit>

(c)

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit>

µ/U

<latexit sha1_base64="qD9K9rW6Q4B5ho9zlWAa/89SJ7A=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhCswl3UaCMEbCwsIpgPSI6wt9lLluzuHbt7QjjyF2wsFLH1D9n5b9xLrtDEBwOP92aYmRfEnGnjut/Oyura+sZmYau4vbO7t186OGzpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYxvM7/9RJVmkXw0k5j6Ag8lCxnBJpPub86r/VLZrbgzoGXi5aQMORr90ldvEJFEUGkIx1p3PTc2foqVYYTTabGXaBpjMsZD2rVUYkG1n85unaJTqwxQGClb0qCZ+nsixULriQhsp8BmpBe9TPzP6yYmvPZTJuPEUEnmi8KEIxOh7HE0YIoSwyeWYKKYvRWREVaYGBtP0YbgLb68TFrVilerXD5clOu1PI4CHMMJnIEHV1CHO2hAEwiM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJFo2O</latexit>

L = 32
<latexit sha1_base64="1T/xVw7r+iv0eDLYR1jq+zRfItg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CjDZCwMbCIoIxgeQIe5u9ZMnu3rG7J4Qjf8HGQhFb/5Cd/8a95ApNfDDweG+GmXlBzJk2rvvtFNbWNza3itulnd29/YPy4dGjjhJFaJtEPFLdAGvKmaRtwwyn3VhRLAJOO8HkJvM7T1RpFskHM42pL/BIspARbDLp7rpWH5QrbtWdA60SLycVyNEalL/6w4gkgkpDONa657mx8VOsDCOczkr9RNMYkwke0Z6lEguq/XR+6wydWWWIwkjZkgbN1d8TKRZaT0VgOwU2Y73sZeJ/Xi8x4ZWfMhknhkqyWBQmHJkIZY+jIVOUGD61BBPF7K2IjLHCxNh4SjYEb/nlVfJYq3qN6sV9vdJs5HEU4QRO4Rw8uIQm3EIL2kBgDM/wCm+OcF6cd+dj0Vpw8plj+APn8wcKmY2P</latexit>

L = 24

<latexit sha1_base64="IoJ2p7LlooIc+IJGlpAUPaZSN9Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v6m5g3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwxRGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPZTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVa9evXyoVRr1PI4inMApnIMHV9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHk42N</latexit>

L = 40

<latexit sha1_base64="E15XZkZ9sSI4dYaTarOq3kS2hYU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeVeMtA==</latexit>

0

<latexit sha1_base64="tdXVQLcAlxApHpzX+mMmkqWE3Is=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBR44BLx4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmEph0PO+nbX1jc2t7cJOcXdv/+CwdHTcNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmd+64lrIxL1iOOUBzEdKBEJRtFKD55b6ZXKnuvNQVaJn5My5Kj3Sl/dfsKymCtkkhrT8b0UgwnVKJjk02I3MzylbEQHvGOpojE3wWR+6pScW6VPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRtVgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/avbq/LNeqeRwFOIUzuAAfbqAGd1CHBjAYwDO8wpsjnRfn3flYtK45+cwJ/IHz+QNVPo0o</latexit>

0.2

<latexit sha1_base64="ytD+qZMmI4f3mhKuFZIwqOyp29s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVHzkGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjz3sleueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGFWDiVBphlyxxaIokwQTMvub9IXmDOXYEsq0sLcSNqSaMrTplGwI/vLLq6R54frX7tX9ZaVWzeMowgmcwjn4cAM1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9YRo0q</latexit>

0.4

<latexit sha1_base64="OGBjWXkY59nYWRv7FtqPdhB9jbQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEa48FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpV9+ruslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbTo0s</latexit>

0.6

<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3
<latexit sha1_base64="ad9SFCb8j3FVmAcSVgi/gQROR0A=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbrPZY8OKxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZ37nSeqNJPi0UwTGsR4JFjECDZWeqi6tUG54rneAmid+DmpQI7moPzVH0qSxlQYwrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsFTimOsgWp87QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgeZEwkqaGCLBdFKUdGovnfaMgUJYZPLcFEMXsrImOsMDE2nZINwV99eZ20q65/7dburyqNeh5HEc7gHC7BhxtowB00oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AXNaNLQ==</latexit>

2.5
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5

<latexit sha1_base64="JdFsgdwIQHbhH9c8SJ05t53gZ5M=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzFxNRYCAyxMSNy4xESEBAjplAINnXbSdjAE+RQ3LjTGrV/izr+xA5io0ZPc5PSce9N7TxBxpg1CH05qbX1jcyu9ndnZ3ds/cLOHt1rGitAGkVyqVoA15UzQhmGG01akKA4DTpvB+DLxmxOqNJPixkwj2g3xULABI9hYqedmOxOsaKQZl+K8cVHwSj03hzy/ilC5AJFXrFYQKlpi375V8pYkyIEV6j33vdOXJA6pMIRjrdt5FJnuDCvDCKfzTCfWNMJkjIe0banAIdXd2WL1OTy1Sh8OpLIlDFyo3ydmONR6Gga2M8RmpH97ifiX147NoNKdMRHFhgqy/GgQc2gkTHKAfaYoMXxqCSaK2V0hGWGFibFpZWwIX5fC/8ltwcv7Xum6mKv5qzjS4BicgDOQB2VQA1egDhqAgDvwAJ7As3PvPDovzuuyNeWsZo7ADzhvn5wNk48=</latexit>

"/
U

=
2.
5

<latexit sha1_base64="3bCAX6wtvCz6rlVZCRfCf8xMWnc=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWbGPnQhFNy4rOC0hXYomTTThmYyQ5Ip1NIvceNCEbd+ijv/xvQhqOiBC4dz7uXee8KUM6UR+rBWVtfWNzZzW/ntnd29gr1/0FBJJgn1ScIT2QqxopwJ6mumOW2lkuI45LQZDq9nfnNEpWKJuNPjlAYx7gsWMYK1kbp2oTPCkqaK8USc+Vde1y4ip+peeghB5HhVVHZLhqCKV3bPoeugOYpgiXrXfu/0EpLFVGjCsVJtF6U6mGCpGeF0mu9kiqaYDHGftg0VOKYqmMwPn8ITo/RglEhTQsO5+n1igmOlxnFoOmOsB+q3NxP/8tqZji6CCRNppqkgi0VRxqFO4CwF2GOSEs3HhmAimbkVkgGWmGiTVd6E8PUp/J80PMetOOXbUrFWWcaRA0fgGJwCF1RBDdyAOvABARl4AE/g2bq3Hq0X63XRumItZw7BD1hvn5k/kwg=</latexit>

"/
U

=
2

<latexit sha1_base64="WbkPWeDUVCh69gJFD9FWVAE4VOU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVHzkGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjy32itXPNebg6wSPycVyFHvlb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjKrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVdK8cP1r9+r+slKr5nEU4QRO4Rx8uIEa3EEdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdeVo0u</latexit>

0.8
<latexit sha1_base64="UsLm2GCuOYUalOHPJZOod4nwVvQ=">AAAB+nicdVDLSsNAFJ3UV62vVpduBovgKiZpE9uFUHDjsoJpC20pk+m0HTqZhJlJpcR+ihsXirj1S9z5N04fgooeuHA4517uvSeIGZXKsj6MzNr6xuZWdju3s7u3f5AvHDZklAhMfByxSLQCJAmjnPiKKkZasSAoDBhpBuOrud+cECFpxG/VNCbdEA05HVCMlJZ6+UJnggSJJWURP/cvbdPt5YuWaZcqFc+BlumUKk7Z08S1q261DG3TWqAIVqj38u+dfoSTkHCFGZKybVux6qZIKIoZmeU6iSQxwmM0JG1NOQqJ7KaL02fwVCt9OIiELq7gQv0+kaJQymkY6M4QqZH87c3Fv7x2ogaVbkp5nCjC8XLRIGFQRXCeA+xTQbBiU00QFlTfCvEICYSVTiunQ/j6FP5PGo5pe6Z7Uy7WvFUcWXAMTsAZsMEFqIFrUAc+wOAOPIAn8GzcG4/Gi/G6bM0Yq5kj8APG2yev15Od</latexit> "/
U

=
1.
5

<latexit sha1_base64="eyqf3GcwsJM0zEUGeBl/b9Y0x0I=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQDx4jmAdklzA76SRDZmeXmV4xLPkNLx4U8erPePNvnCR70GhBQ1HVTXdXmEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVHBo8lrFuh8yAFAoaKFBCO9HAolBCKxxdT/3WA2gjYnWP4wSCiA2U6AvO0Er+VddHeESa3bQm3XLFrboz0L/Ey0mF5Kh3y59+L+ZpBAq5ZMZ0PDfBIGMaBZcwKfmpgYTxERtAx1LFIjBBNrt5Qo+s0qP9WNtSSGfqz4mMRcaMo9B2RgyHZtGbiv95nRT7l0EmVJIiKD5f1E8lxZhOA6A9oYGjHFvCuBb2VsqHTDOONqaSDcFbfPkvaZ5UvfPq2d1ppVbL4yiSA3JIjolHLkiN3JI6aRBOEvJEXsirkzrPzpvzPm8tOPnMPvkF5+MboxSRbw==</latexit>

BDW

<latexit sha1_base64="AZWfjq1cIMYQk3Xb0VaGcdGM/rY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qknx61jwIp4qmLbQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz321lZXVvf2Cxtlbd3dvf2KweHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJv77SeqNIvlo5kkNBB4KFnECDa5VL8/9/uVqltzZ0DLxCtIFQo0+5Wv3iAmqaDSEI617npuYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQTZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwVt8eZm06jXvqnb5cFFtNIo4SnAMJ3AGHlxDA+6gCT4QGMEzvMKbI5wX5935mLeuOMXMEfyB8/kDJyiNqg==</latexit>

2J/U
<latexit sha1_base64="7JrN07hRrw23dA+pRSvCOHfhP7U=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ll+Y1itea63AFonfkFqUKA1rH4NRjFJBZWGcKx13/cSE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qokaQMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEf/XlddK5cv0bt/5wXWs2ijjKcAbncAk+3EIT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPOEY1p</latexit>

0.18
<latexit sha1_base64="eBPHVpHsE6Bk81G4PDzx9FI04RE=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiTFR5cFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y5984abPQ1gMXDufcy733hAln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkufW68NqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fVv3OuHq1qzUcRRhjM4h0vw4RaacA8taAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx/Gfo1k</latexit>

0.22
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3.5

Figure 2. (Color online) (a) RSF as a function of 2J/U for different
values of L and ε/U with µ/U = 1.8 and 2V/U = 1.5. As ε/U in-
creases, a smaller value of 2J/U can bring the system to a quantum
critical point separating insulating and Z2 superfluid phases. (b) RDW

in the (µ/U, ε/U) plane with 2J/U = 0.8 for L = 16. The Z2 phase
symmetry is broken in the entire region shown here. (c) Binder pa-
rameter BDW as a function of µ/U for different values of L and ε/U
with 2J/U = 0.8. The crossing points determine the critical µ/U for
each ε/U and are shown in (b) as black dots. The latest two plots
show that ε clearly favors density-wave order in the superfluid re-
gion, that is, supersolidity.
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and the Z2SS (RDW → 1) regions moves down as ε increases,
concluding that pair injection extends the supersolid region.
Moreover, for larger ε there is a clear linear tendency of the
boundary on ε. Indeed, our coherent-state ansatz (see below
and [50]) predicts a critical µ given by

µc = 4J(2V/U − 1)−1 − ε, (5)

and existing for 2V/U > 1. Note that Eq. (5) also predicts a
linear relation between µc and 2J with slope 2/(2V/U − 1),
which is consistent with previous ε = 0 numerical results [48]
and with the MF picture described above. Hence, our high-
precision DMRG calculation allows to univocally conclude
that pair injection favors Z2SS.

MF approach. To show that the enhancement of superso-
lidity via pair injection can be expected for a wider param-
eter range, we extend the well-known [51, 58, 59] MF ap-
proach by incorporating the ε term [50]. By assuming a site-
separable state with an alternating odd-even (o-e) site symme-
try, |ψMF⟩ =

⊗L/2
j=1 |ψo⟩ ⊗ |ψe⟩, we turn (1) into a sum of local

Hamiltonians, which for even and odd sites read

ĥm = −µn̂m − 2Jϕm̄(â†m + âm) −
ε

2
(â†2m + â2

m)

+
U
2

n̂m(n̂m − 1) + 2Vρm̄n̂m, m ∈ {e, o}, (6)

where ϕm = ⟨âm⟩, ρm = ⟨n̂m⟩, ē ≡ o, and ō ≡ e. Determining
the ground state becomes then a nonlinear problem that we
solve numerically in a self-consistent manner [50]. Z2SF order
is signaled by ϕm , 0 for any m, while density-wave order is
signaled by ∆ρ = ρo − ρe , 0, which allows us to distinguish
all the phases of our interest.

The results shown in Figs. 1 and 3 support the conclusions
drawn with DMRG. The (2J/U, µ/U) phase diagram of Fig.
1 illustrates how the insulating lobes shrink as ε increases.
Moreover, for 2V/U > 1 the Z2SF-Z2SS phase boundary for
large 2J/U asymptotically follows the coherent-state predic-
tion (5), demonstrating that the supersolid phase is enlarged
with ε. This linear tendency is most clearly observed in Fig.
3, where we fix 2J/U = 0.8 (for which ϕm , 0) and represent
∆ρ/ρo in the (ε/U, µ/U) plane (for definiteness we assume
ρo ≥ ρe). The critical boundary separating ∆ρ = 0 (Z2SF)
from ∆ρ , 0 (Z2SS) has a positive slope for small ε/U, but
very early the slope changes sign, quickly adhering to the ex-
pected linear relation of Eq. (5), similarly to the DMRG re-
sults of Fig. 2(b). We remark that the region with initial posi-
tive slope shrinks as 2J/U increases.

Coherent-state ansatz. Finally, we briefly mention on
another variational treatment using a coherent-state ansatz
[35, 36, 44], |ψCS⟩ =

⊗L
j=1 |α j⟩ with â j|α j⟩ = α j|α j⟩. For

large 2J/U, the ground state can be expected to develop a
large superfluid order parameter ϕm, therefore, to be domi-
nated by a strong coherent component αm. Indeed, we find
that the overlap between the MF state and the coherent-state
ansatz is above 90% at all investigated points, increasing with
2J/U and ε/U. In the coherent state ansatz, the uniform su-
perfluid and supersolid phases are distinguished by whether
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<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/
U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="AkxawLikm+iKFOWBA2leYH9M5wI=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadndmGy8BfTgMYJ5SLKE2ckkGTL7YKZXDEu+wosHRbz6Od78G2eTCCpa0FBUddPd5ceCK7CsDyO3srq2vpHfLGxt7+zuFfcPWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7k4vMb98xqXgU3sA0Zl5ARiEfckpAS7c9YPeQXrZn/WLJMqvOuV1xsWWWy65bzohTc8sVB9umNUcJLdHoF997g4gmAQuBCqJU17Zi8FIigVPBZoVeolhM6ISMWFfTkARMeen84Bk+0coADyOpKwQ8V79PpCRQahr4ujMgMFa/vUz8y+smMKx5KQ/jBFhIF4uGicAQ4ex7POCSURBTTQiVXN+K6ZhIQkFnVNAhfH2K/yctx7SrZuX6rFR3lnHk0RE6RqfIRi6qoyvUQE1EUYAe0BN6NqTxaLwYr4vWnLGcOUQ/YLx9AoA6kNk=</latexit>

DW

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="TUKkWLcBHLWaIQhvjsiM4Fc1z/0=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmayTOIt4MVjJGaRZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMza+sbmVnY7t7O7t3+QPzxqqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNLud+545JxaPwBqYxcwMyCrnPKQEt3faB3UPabM4G+YJlOqViybGxJsWy41Q0KV3Uqk4V26a1QAGt0Bjk3/vDiCYBC4EKolTPtmJwUyKBU8FmuX6iWEzohIxYT9OQBEy56eLgGT7TyhD7kdQVAl6o3ydSEig1DTzdGRAYq9/eXPzL6yXg19yUh3ECLKTLRX4iMER4/j0ecskoiKkmhEqub8V0TCShoDPK6RC+PsX/k3bRtB2zcl0u1MurOLLoBJ2ic2SjKqqjK9RALURRgB7QE3o2pPFovBivy9aMsZo5Rj9gvH0ClTCQ6Q==</latexit>

SS

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="qUtWHN7TaPrfoGmaOQsQmNfFlbo=">AAAB8HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYLCOIxokmUZAg9nZ6kSc9Cd40YhnyFFw+KePVzvPk3dhZBRR8UPN6roqqeFwuuwLI+jMzK6tr6RnYzt7W9s7uX3z9oqyiRlLVoJCJ54xHFBA9ZCzgIdhNLRgJPsI43Ppv5nTsmFY/Ca5jEzA3IMOQ+pwS0dNsDdg/p1fm0ny9YZtGp16tFbJlOpVguVTUp2zW7VMG2ac1RQEs0+/n33iCiScBCoIIo1bWtGNyUSOBUsGmulygWEzomQ9bVNCQBU246P3iKT7QywH4kdYWA5+r3iZQESk0CT3cGBEbqtzcT//K6Cfg1N+VhnAAL6WKRnwgMEZ59jwdcMgpiogmhkutbMR0RSSjojHI6hK9P8f+kXTTtilm+dAoNZxlHFh2hY3SKbFRFDXSBmqiFKArQA3pCz4Y0Ho0X43XRmjGWM4foB4y3T3mzkNY=</latexit>

SF

<latexit sha1_base64="Lu8fz0L5hGNDCB23f4wUl7wGIh4=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadnNU28BL3oQIphESZYwO5lNhszOLjO9YljyFV48KOLVz/Hm3zh5CCpa0FBUddPd5ceCa3CcDyuztLyyupZdz21sbm3v5Hf3WjpKFGVNGolI3fhEM8ElawIHwW5ixUjoC9b2R2dTv33HlOaRvIZxzLyQDCQPOCVgpNsusHtILy8mvXzBsUtF1z0tYkNKZbfqGFKtuJVaCbu2M0MBLdDo5d+7/YgmIZNABdG64zoxeClRwKlgk1w30SwmdEQGrGOoJCHTXjo7eIKPjNLHQaRMScAz9ftESkKtx6FvOkMCQ/3bm4p/eZ0EghMv5TJOgEk6XxQkAkOEp9/jPleMghgbQqji5lZMh0QRCiajnAnh61P8P2kVbbdqV67KhXp5EUcWHaBDdIxcVEN1dI4aqIkoCtEDekLPlrIerRfrdd6asRYz++gHrLdPVK+QvQ==</latexit>

MI

<latexit sha1_base64="Lu8fz0L5hGNDCB23f4wUl7wGIh4=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgadnNU28BL3oQIphESZYwO5lNhszOLjO9YljyFV48KOLVz/Hm3zh5CCpa0FBUddPd5ceCa3CcDyuztLyyupZdz21sbm3v5Hf3WjpKFGVNGolI3fhEM8ElawIHwW5ixUjoC9b2R2dTv33HlOaRvIZxzLyQDCQPOCVgpNsusHtILy8mvXzBsUtF1z0tYkNKZbfqGFKtuJVaCbu2M0MBLdDo5d+7/YgmIZNABdG64zoxeClRwKlgk1w30SwmdEQGrGOoJCHTXjo7eIKPjNLHQaRMScAz9ftESkKtx6FvOkMCQ/3bm4p/eZ0EghMv5TJOgEk6XxQkAkOEp9/jPleMghgbQqji5lZMh0QRCiajnAnh61P8P2kVbbdqV67KhXp5EUcWHaBDdIxcVEN1dI4aqIkoCtEDekLPlrIerRfrdd6asRYz++gHrLdPVK+QvQ==</latexit>

MI

<latexit sha1_base64="uwnPx9B9aShHN5NLCZ4j0WjmjZ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETzWR+nERCl48VjBtoQ1ls520Sze7YXdTqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsTRpV23W+rsLa+sblV3C7t7O7tl+2Dw6YSqSTgE8GEbIdYAaMcfE01g3YiAcchg1Y4upv5rTFIRQV/1JMEghgPOI0owdpIPbvcHWMJiaJM8HP/1u3ZFbfqzuGsEi8nFZSj0bO/un1B0hi4Jgwr1fHcRAcZlpoSBtNSN1WQYDLCA+gYynEMKsjmh0+dU6P0nUhIU1w7c/X3RIZjpSZxaDpjrIdq2ZuJ/3mdVEc3QUZ5kmrgZLEoSpmjhTNLwelTCUSziSGYSGpudcgQS0y0yapkQvCWX14lzYuqd1W9fKhV6rU8jiI6RifoDHnoGtXRPWogHxGUomf0it6sJ+vFerc+Fq0FK585Qn9gff4ARduSzQ==</latexit>

"/U = 0
<latexit sha1_base64="rF0NuedRC16G13tN4sLKwsoguw0=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcTEU20NohcTEi8eMbFAAg3ZLlvYsN1tdrcYUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz88KEUaVd99sqrK1vbG4Vt0s7u3v7B3b5sKlEKjHxsWBCtkOkCKOc+JpqRtqJJCgOGWmFo9uZ3xoTqajgD3qSkCBGA04jipE2Us8ud8dIkkRRJvi5f+M6tZ5dcR13DrhKvJxUQI5Gz/7q9gVOY8I1ZkipjucmOsiQ1BQzMi11U0UShEdoQDqGchQTFWTz06fw1Ch9GAlpims4V39PZChWahKHpjNGeqiWvZn4n9dJdXQdZJQnqSYcLxZFKYNawFkOsE8lwZpNDEFYUnMrxEMkEdYmrZIJwVt+eZU0Lxyv5lzeVyv1ah5HERyDE3AGPHAF6uAONIAPMHgEz+AVvFlP1ov1bn0sWgtWPnME/sD6/AEzCJNF</latexit>

"/U = 0.6
<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5
<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/
U

<latexit sha1_base64="w3W+CBSaqTir+BazTOYwYVj75xI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgxpDEJo27ghuXFWwrtLFMptN26OTBzEQooR/hxoUibv0ed/6N04egogcuHM65l3vvCVPOpLKsD6Owsrq2vlHcLG1t7+zulfcPWjLJBKFNkvBE3IZYUs5i2lRMcXqbCoqjkNN2OL6c+e17KiRL4hs1SWkQ4WHMBoxgpaW2bd3lZ+60V65Y5rlddTwfWabju67naOJfVGu+h2zTmqMCSzR65fduPyFZRGNFOJayY1upCnIsFCOcTkvdTNIUkzEe0o6mMY6oDPL5uVN0opU+GiRCV6zQXP0+keNIykkU6s4Iq5H87c3Ev7xOpgZ+kLM4zRSNyWLRIONIJWj2O+ozQYniE00wEUzfisgIC0yUTqikQ/j6FP1PWo5pe6Z7Xa3UnWUcRTiCYzgFG2pQhytoQBMIjOEBnuDZSI1H48V4XbQWjOXMIfyA8fYJx0uPMQ==</latexit>

10�5

<latexit sha1_base64="dbdL/P6UgOcI5z+1By/zXTDAJ5Q=">AAACFXicdZBNS8MwGMfT+TbnW9Wjl+AQPEhp13Vut4EXjxPcC2xlpFm2haVpSVJhlH0JL34VLx4U8Sp489uYdRuo6AOBP//f8yRP/kHMqFS2/Wnk1tY3Nrfy24Wd3b39A/PwqCWjRGDSxBGLRCdAkjDKSVNRxUgnFgSFASPtYHI15+07IiSN+K2axsQP0YjTIcVIaatvXthW2suu6YpR4Ke2VXZqnlvSfqXsup49F55XdWszd9Y3iysOVxyuOHQsO6siWFajb370BhFOQsIVZkjKrmPHyk+RUBQzMiv0EklihCdoRLpachQS6afZOjN4pp0BHEZCH65g5n6fSFEo5TQMdGeI1Fj+ZnPzL9ZN1LDqp5THiSIcLx4aJgyqCM4jggMqCFZsqgXCgupdIR4jgbDSQRZ0CKufwv9Fq2Q5Fcu7KRfrpWUceXACTsE5cMAlqINr0ABNgME9eATP4MV4MJ6MV+Nt0ZozljPH4EcZ71/BdZrA</latexit>

0.3

<latexit sha1_base64="TmVi7Fn2JPCU/iurWrSIzWffg+U=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFcDZlpx3ZZcOOyon1AO5RMmmlDMw+SjFCGfoIbF4q49Yvc+TemD0FFDyQczrmXe+8JUsGVxvjDWlvf2NzaLuwUd/f2Dw5LR8dtlWSSshZNRCK7AVFM8Ji1NNeCdVPJSBQI1gkmV3O/c8+k4kl8p6cp8yMyinnIKdFGusW2NyiVze85Lq4gbNdwte54hlRxxXHryLHxAmVYoTkovfeHCc0iFmsqiFI9B6faz4nUnAo2K/YzxVJCJ2TEeobGJGLKzxerztC5UYYoTKR5sUYL9XtHTiKlplFgKiOix+q3Nxf/8nqZDut+zuM00yymy0FhJpBO0PxuNOSSUS2mhhAqudkV0TGRhGqTTtGE8HUp+p+0Xdu5tL2barnhruIowCmcwQU4UIMGXEMTWkBhBA/wBM+WsB6tF+t1WbpmrXpO4Aest0+tT41g</latexit>

0.5

<latexit sha1_base64="d3+taAgtI8Q67S69At1HHL80W5o=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSSNbZcFNy4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPTDD4Zx7ufeeMOVMacf5sNbWNza3tgs7xd29/YPD0tFxWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh5Grud+6pVCwRd3qa0iDGI8EiRrA20q1jVwelsvn9St1zkCGVStX3DPGdilurI9d2FijDCs1B6b0/TEgWU6EJx0r1XCfVQY6lZoTTWbGfKZpiMsEj2jNU4JiqIF+sOkPnRhmiKJHmCY0W6veOHMdKTePQVMZYj9Vvby7+5fUyHdWDnIk001SQ5aAo40gnaH43GjJJieZTQzCRzOyKyBhLTLRJp2hC+LoU/U/anu1W7csbv9zwVnEU4BTO4AJcqEEDrqEJLSAwggd4gmeLW4/Wi/W6LF2zVj0n8APW2ye+0o1s</latexit>

0.6

<latexit sha1_base64="wmzew8bcEBlqgxzAg69ooDpeRlY=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRN07oruHFZ0T6gDWUynbZDJ5MwMxFK6Ce4caGIW7/InX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk6u5376nUrFY3OlpQoMIjwQbMoK1kW4du9ovFB274vqu7yDHLvtlr3ZpSMnzvEoNubazQBFWaPQL771BTNKICk04VqrrOokOMiw1I5zO8r1U0QSTCR7RrqECR1QF2eLUGTo3ygANY2lKaLRQv09kOFJqGoWmM8J6rH57c/Evr5vqYS3ImEhSTQVZLhqmHOkYzf9GAyYp0XxqCCaSmVsRGWOJiTbp5E0IX5+i/0mrZLu+XbnxivXSKo4cnMIZXIALVajDNTSgCQRG8ABP8Gxx69F6sV6XrWvWauYEfsB6+wTM9o12</latexit>

0.7

<latexit sha1_base64="5BxCatwYJlNLNqep/g7pW/F6pc4=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiR9xV3BjcuK9gFtKJPppB06mYSZiVBCP8GNC0Xc+kXu/BunaQUVPXDhcM693HtPkHCmNEIf1tr6xubWdmGnuLu3f3BYOjruqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeYXi387j2VisXiTs8S6kd4LFjICNZGukW2NyyVkV1xvctKHSLbqSKnkRO35rkIOjbKUQYrtIal98EoJmlEhSYcK9V3UKL9DEvNCKfz4iBVNMFkise0b6jAEVV+lp86h+dGGcEwlqaEhrn6fSLDkVKzKDCdEdYT9dtbiH95/VSHnp8xkaSaCrJcFKYc6hgu/oYjJinRfGYIJpKZWyGZYImJNukUTQhfn8L/Sce1nbpdu6mWm+4qjgI4BWfgAjigAZrgGrRAGxAwBg/gCTxb3Hq0XqzXZeuatZo5AT9gvX0Cv02NbA==</latexit>

0.8

<latexit sha1_base64="4O181Pww367/Nh05WCzvYbUDPEc=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYhtnZXcOOyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSRtBRQ9cOJxzL/feEyScKY3Qh1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fs6vc791TqVgs7vQ8oX6EJ4KFjGBtpFtkN0fVGrLdehOhJkQ2WiInrtfwPOgUSg0UaI+q78NxTNKICk04VmrgoET7GZaaEU4XlWGqaILJDE/owFCBI6r8bHnqAp4ZZQzDWJoSGi7V7xMZjpSaR4HpjLCeqt9eLv7lDVIdXvoZE0mqqSCrRWHKoY5h/jccM0mJ5nNDMJHM3ArJFEtMtEmnYkL4+hT+T7qu7dTtixuv1nKLOMrgBJyCc+CABmiBa9AGHUDABDyAJ/BscevRerFeV60lq5g5Bj9gvX0CoiyNWA==</latexit>

0.9

<latexit sha1_base64="mmld3hTty+9RcmQgbzK1IV+IoDo=">AAACA3icbVDLSsNAFJ3UV62vqjvdBIvgqibia1nQhcsK9gFNKZPpbTt0kgkzN2IJBTf+ihsXirj1J9z5N07aLLT1wL0czrmXmXv8SHCNjvNt5RYWl5ZX8quFtfWNza3i9k5dy1gxqDEppGr6VIPgIdSQo4BmpIAGvoCGP7xK/cY9KM1leIejCNoB7Ye8xxlFI3WKe941CKSeGsjjtHUSD+EBEzked4olp+xMYM8TNyMlkqHaKX55XcniAEJkgmrdcp0I2wlVyJmAccGLNUSUDWkfWoaGNADdTiY3jO1Do3TtnlSmQrQn6u+NhAZajwLfTAYUB3rWS8X/vFaMvct2wsMoRgjZ9KFeLGyUdhqI3eUKGIqRIZQpbv5qswFVlKGJrWBCcGdPnif1k7J7Xj67PS1VKlkcebJPDsgRcckFqZAbUiU1wsgjeSav5M16sl6sd+tjOpqzsp1d8gfW5w/fZ5hV</latexit>

�⇢/⇢o

<latexit sha1_base64="b43Ig+GJI/osTygtg1JSov2dPlA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0xKq16EghePFUxbaEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRupUWxfejWvX++WKYztzoFXi5qQCOZr98ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfja/d4rOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDq/9jIkk1VSQxaIw5UjHaPY8GjBJieYTQzCRzNyKyAhLTLSJqGRCcJdfXiWtqu1e2vX7WqVRy+Mowgmcwjm4cAUNuIMmeECAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w8L4Y6j</latexit>

2V/U = 1.5

<latexit sha1_base64="qtaxJ1ibWZpHxHGz6RojmuyotVI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgKSalai9CwYvHCqattKFstpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDBhVGnX/bYKa+sbm1vF7dLO7t7+QfnwqKXiVGLi45jFshMiRRgVxNdUM9JJJEE8ZKQdjm9nfvuJSEVj8aAnCQk4GgoaUYy0kR6rrQv/xnOq9X654jruHPYq8XJSgRzNfvmrN4hxyonQmCGlup6b6CBDUlPMyLTUSxVJEB6jIekaKhAnKsjmB0/tM6MM7CiWpoS25+rviQxxpSY8NJ0c6ZFa9mbif1431VE9yKhIUk0EXiyKUmbr2J59bw+oJFiziSEIS2putfEISYS1yahkQvCWX14lrarjXTmX97VKo5bHUYQTOIVz8OAaGnAHTfABA4dneIU3S1ov1rv1sWgtWPnMMfyB9fkDgwGO4g==</latexit>

2V/U = 1.28

<latexit sha1_base64="nFcd6E+Pfu/pPF8aYeXZQLi6OV4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0xK1V6EghePFUxbaEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKa+sbm1vF7dLO7t7+QfnwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRupUWxfejWPX++WKYztzoFXi5qQCOZr98ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfja/d4rOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDut+xkSSairIYlGYcqRjNHseDZikRPOJIZhIZm5FZIQlJtpEVDIhuMsvr5JW1Xav7Mv7WqVRy+Mowgmcwjm4cA0NuIMmeECAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w8O546l</latexit>

2V/U = 0.8

<latexit sha1_base64="AZWfjq1cIMYQk3Xb0VaGcdGM/rY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qknx61jwIp4qmLbQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz321lZXVvf2Cxtlbd3dvf2KweHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJv77SeqNIvlo5kkNBB4KFnECDa5VL8/9/uVqltzZ0DLxCtIFQo0+5Wv3iAmqaDSEI617npuYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQTZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwVt8eZm06jXvqnb5cFFtNIo4SnAMJ3AGHlxDA+6gCT4QGMEzvMKbI5wX5935mLeuOMXMEfyB8/kDJyiNqg==</latexit>

2J/U

<latexit sha1_base64="0ltysKXpd8Y9/Qsncn6tk4cOoew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVH8FTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+51V654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw6gaTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8Jdf/kuaZ65/6V7cnVdq13kcRTiCYzgFH66gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGXvCNMA==</latexit>

0.8
<latexit sha1_base64="9WjA+z573CR23xhj4e+SlmKD0ng=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBF54CXjxGNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMBVcG8/7dlZW19Y3Ngtbxe2d3b390sFhQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIbD26nffEKleSIfzSjFIKZ9ySPOqLHSg+9WuqWy53ozkGXi56QMOWrd0lenl7AsRmmYoFq3fS81wZgqw5nASbGTaUwpG9I+ti2VNEYdjGenTsipVXokSpQtachM/T0xprHWozi0nTE1A73oTcX/vHZmoutgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I/uLLy6RRcf1L9+L+vFy9yeMowDGcwBn4cAVVuIMa1IFBH57hFd4c4bw4787HvHXFyWeO4A+czx9XXo0r</latexit>

1.2

<latexit sha1_base64="pzDZwaWCwxxHcnJyKTpqLexgXVo=">AAAB+XicjVDLSsNAFJ3UV62vqEs3g63gqqQFtcuCG5cV7APbECaTm3boZBLmUSihf+LGhSJu/RN3/o3Tx0JFwQMXDufcyz2cMONMac/7cApr6xubW8Xt0s7u3v6Be3jUUamRFNo05anshUQBZwLammkOvUwCSUIO3XB8Pfe7E5CKpeJOTzPwEzIULGaUaCsFrlu5D+oVrEwGMuaGRYFbrlW9BfDfpIxWaAXu+yBKqUlAaMqJUv2al2k/J1IzymFWGhgFGaFjMoS+pYIkoPx8kXyGz6wS4TiVdoTGC/XrRU4SpaZJaDcTokfqpzcXf/P6RscNP2ciMxoEXT6KDcc6xfMacMQkUM2nlhAqmc2K6YhIQrUtq/S/Ejr1au2yenFbLzcbqzqK6ASdonNUQ1eoiW5QC7URRRP0gJ7Qs5M7j86L87pcLTirm2P0Dc7bJ3LkkuI=</latexit>

Z2 superfluid

Z2 supersolid

<latexit sha1_base64="0ArTfOIbRhEAGzuJCfftXLDiMSE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkmpH8eCF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044ucv9zhNVmsXy0UwTGgg8kixiBJtcqrcv/UGl6tbcOdAq8QpShQKtQeWrP4xJKqg0hGOte56bmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2xD8JZfXiXtes27rl09NKrNRhFHCU7hDC7Agxtowj20wAcCY3iGV3hzhPPivDsfi9Y1p5g5gT9wPn8ANdSNqg==</latexit>

2V/U

<latexit sha1_base64="thjN7aKSIDtGB46Zq6hoDRmxztc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02kfhwLXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDZW8vsivfAH1Zpbd+dAq8QrSA0KtAbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nEguogmx87Q2dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XS010G2RMJqmhkiwWRSlHJkb552jIFCWGTy3BRDF7KyJjrDAxNp+KDcFbfnmVtC/r3nX96qFRazaKOMpwAqdwDh7cQBPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AHEEjmo=</latexit>

µ
/U

<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0
<latexit sha1_base64="RSWgEss9avRwS5tys+PnhZukkGA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmx6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+dWe6Wy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0U0wESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/lVu8vy7VKHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX/I0l</latexit>

0.5
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1
<latexit sha1_base64="HdzUuIkDjveZhfe0ISWAVKW8zOs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmx6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9We6Wy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0U0wESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/lVu8vy7VKHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBZgo0m</latexit>

1.5

<latexit sha1_base64="F4IU6EC79XX8mQXFjMsoiDrWl7A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1rqqXzYtKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fepGMsA==</latexit>

2

<latexit sha1_base64="xJctlLu3zGHm7yNRlPCpYMln1cg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbxeSTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3rFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IS3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJs1L2rstX9ctStZLFkYcTOIVz8OAGqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffBWMsQ==</latexit>

3

<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0

<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1

<latexit sha1_base64="eNC5Fp+TGitVbEQI5lFV5L5ldw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT56B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8ZDkeA=</latexit>

|0000...i

<latexit sha1_base64="WJID5OFM0RWPMecYSFcVlZajhKo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT77ne67rdiQRfY5du+K53gzOMvFzUoEcta791eklNItRaMqJUm3fS3UwJlIzynFS6mQKU0KHpI9tQwWJUQXj2eET59goPSdKpCmhnZn6e2JMYqVGcWg6Y6IHatGbiv957UxHV8GYiTTTKOh8UZRxRyfONAWnxyRSzUeGECqZudWhAyIJ1SarkgnBX3x5mTROXf/CPb87q1Sv8ziKcAhHcAI+XEIVbqEGdaCQwTO8wpv1aL1Y79bHvLVg5TMH8AfW5w/JY5Hi</latexit>

|1010...i
<latexit sha1_base64="2/CT+dSkI+TGzza7h0kEJZQkfds=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT76B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8yBkeQ=</latexit>

|1111.
..i

<latexit sha1_base64="yVF1wbDyEcrLY9AsThgqaCjMfMM=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxW/4ruu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmlUXP/CPb87K1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/PoZHm</latexit>

|2121
...i

<latexit sha1_base64="MbyMUD/tsl9ec3cnQsbSEmgm5sE=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFstpN26WYTdjdCrf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTnfVsrq2vrG5uFreL2zu5eyd4/aKgkkxTrNOGJbIVEIWcC65ppjq1UIolDjs1weDP1mw8oFUvEvR6lGMSkL1jEKNFG6tqlp4qB67odSUSfY9cue643g7NM/JyUIUeta391egnNYhSacqJU2/dSHYyJ1IxynBQ7mcKU0CHpY9tQQWJUwXh2+MQ5MUrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapoQvAXX14mjYrrX7jnd2fl6nUeRwGO4BhOwYdLqMIt1KAOFDJ4hld4sx6tF+vd+pi3rlj5zCH8gfX5A9K/keg=</latexit>

|222
2...

i

<latexit sha1_base64="5nKMfnaY8su6R0QMdzBylAM/1uw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyHx++Ch4MVjBfsBbSib7aRdutmE3Y1Qa3+JFw+KePWnePPfuG1z0OqDgcd7M8zMC1POlPa8L6uwtLyyulZcL21sbm2X7Z3dhkoySbFOE57IVkgUciawrpnm2Eolkjjk2AyH11O/eY9SsUTc6VGKQUz6gkWMEm2krl1+PDFwXbcjiehz7NoVz/VmcP4SPycVyFHr2p+dXkKzGIWmnCjV9r1UB2MiNaMcJ6VOpjAldEj62DZUkBhVMJ4dPnEOjdJzokSaEtqZqT8nxiRWahSHpjMmeqAWvan4n9fOdHQZjJlIM42CzhdFGXd04kxTcHpMItV8ZAihkplbHTogklBtsiqZEPzFl/+SxrHrn7tnt6eV6lUeRxH24QCOwIcLqMIN1KAOFDJ4ghd4tR6sZ+vNep+3Fqx8Zg9+wfr4Btj9kew=</latexit> |33
33
...
i

<latexit sha1_base64="e/zyG2ubXlGvCy7Rnd89zafYmrg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxWv4rmu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmlUXP/CPb87K1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/Mg5Hk</latexit>

|2020...i

<latexit sha1_base64="q7K3h7pvjrPmuRNtaUHXeTp49F0=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5BYXwsXBTcuK9gHtKFMpjft0MkkzEyEGvslblwo4tZPceffOG2z0NYDFw7n3Mu99wQJZ0q77rdVWFldW98obpa2tnd2y/beflPFqaTQoDGPZTsgCjgT0NBMc2gnEkgUcGgFo5up33oAqVgs7vU4AT8iA8FCRok2Us8uP1Xdqus4TlcSMeDQsyuu486Al4mXkwrKUe/ZX91+TNMIhKacKNXx3ET7GZGaUQ6TUjdVkBA6IgPoGCpIBMrPZodP8LFR+jiMpSmh8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhlZ8xkaQaBJ0vClOOdYynKeA+k0A1HxtCqGTmVkyHRBKqTVYlE4K3+PIyaZ463oVzfndWqV3ncRTRITpCJ8hDl6iGblEdNRBFKXpGr+jNerRerHfrY95asPKZA/QH1ucPz6OR5g==</latexit>

|3030...i

<latexit sha1_base64="9tlWRKLCc0V3RamFWnwtoSNivuQ=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRSPw4eCl48VrAf0Iay2U7bpZtN2N0INfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHCmdKe922trK6tb2wWtorbO7t7JXv/oKHiVFKs05jHshUShZwJrGumObYSiSQKOTbD0c3Ubz6gVCwW93qcYBCRgWB9Rok2UtcuPVW8iue6bkcSMeDYtcue683gLBM/J2XIUevaX51eTNMIhaacKNX2vUQHGZGaUY6TYidVmBA6IgNsGypIhCrIZodPnBOj9Jx+LE0J7czU3xMZiZQaR6HpjIgeqkVvKv7ntVPdvwoyJpJUo6DzRf2UOzp2pik4PSaRaj42hFDJzK0OHRJJqDZZFU0I/uLLy6Rx5voX7vldpVy9zuMowBEcwyn4cAlVuIUa1IFCCs/wCm/Wo/VivVsf89YVK585hD+wPn8A0sOR6A==</latexit>

|4040...i

<latexit sha1_base64="XBxuljWSo0hB+uhn5dH+8EAffco=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRi1YOHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxWv4rmu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmmcuf6FW7k7L1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/V45Hq</latexit>

|5050...i

<latexit sha1_base64="yQAOCTPmEKtuHUdToxruwdSfHFc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT2cGrut2JBF9jl274rneDM4y8XNSgRy1rv3V6SU0i1FoyolSbd9LdTAmUjPKcVLqZApTQoekj21DBYlRBePZ4RPn2Cg9J0qkKaGdmfp7YkxipUZxaDpjogdq0ZuK/3ntTEdXwZiJNNMo6HxRlHFHJ840BafHJFLNR4YQKpm51aEDIgnVJquSCcFffHmZNE5d/8I9vzurVK/zOIpwCEdwAj5cQhVuoQZ1oJDBM7zCm/VovVjv1se8tWDlMwfwB9bnD987kfA=</latexit> |44
44
...
i

<latexit sha1_base64="We74EoDwW5h6drqu8PuZ1Uo43qI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiStr4WLghuXFewD2lAm00k7dDIJMxOhxn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKu+22trK6tb2wWtorbO7t7JXv/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz9VsPVCoWi3s9Tqgf4YFgISNYG6lnl56qlWrFcZyuxGLAac8uu447A1omXk7KkKPes7+6/ZikERWacKxUx3MT7WdYakY4nRS7qaIJJiM8oB1DBY6o8rPZ4RN0YpQ+CmNpSmg0U39PZDhSahwFpjPCeqgWvan4n9dJdXjlZ0wkqaaCzBeFKUc6RtMUUJ9JSjQfG4KJZOZWRIZYYqJNVkUTgrf48jJpVhzvwjm/OyvXrvM4CnAEx3AKHlxCDW6hDg0gkMIzvMKb9Wi9WO/Wx7x1xcpnDuEPrM8f1d+R6g==</latexit> |32
32
...i

<latexit sha1_base64="ku3s/FFBZOsgH/c0sy29E5HJ9Ko=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDr2PAi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3lXl8v6iXKvmcRTgGE7gDDy4hhrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+JSjOY=</latexit>

�1

<latexit sha1_base64="fqfAJ5IL1RnH2fdyK7i04Ps5wvI=">AAACCHicbVBLSwMxGMz6rPW16tGDwVbwVHYLPi6FghfxVME+oF1KNs22oXksSbZQSo9e/CtePCji1Z/gzX9jtt2Dtg4EhpnvSzITxoxq43nfzsrq2vrGZm4rv72zu7fvHhw2tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwJvWbI6I0leLBjGMScNQXNKIYGSt13ZPiXcWrdEZIkVhTJkURxgN7H+xR1FeId92CV/JmgMvEz0gBZKh13a9OT+KEE2EwQ1q3fS82wQQpQzEj03wn0SRGeIj6pG2pQJzoYDILMoVnVunBSCp7hIEz9ffGBHGtxzy0kxyZgV70UvE/r52Y6DqYUBEnhgg8fyhKGDQSpq3YtIpgw8ZpbKyo/SvEA6QQNra7vC3BX4y8TBrlkn9ZurgvF6rlrI4cOAan4Bz44ApUwS2ogTrA4BE8g1fw5jw5L8678zEfXXGynSPwB87nD0jjmNo=</latexit>

J = 0 = " phase diagram

<latexit sha1_base64="i4IVWrQxh5LvSArskm0FOOuV48M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTJdtMu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQLUTHDJWoYbwTqJYhgFgj0G45uZ//jElOaxfDCThPkRDiUPOUVjpfsqnvfLFbfmzkFWiZeTCuRo9stfvUFM04hJQwVq3fXcxPgZKsOpYNNSL9UsQTrGIetaKjFi2s/mp07JmVUGJIyVLWnIXP09kWGk9SQKbGeEZqSXvZn4n9dNTXjtZ1wmqWGSLhaFqSAmJrO/yYArRo2YWIJUcXsroSNUSI1Np2RD8JZfXiXtes27rF3c1SuNRh5HEU7gFKrgwRU04Baa0AIKQ3iGV3hzhPPivDsfi9aCk88cwx84nz+KsY1Q</latexit>

(a)

<latexit sha1_base64="rbaBGSYRlHgKP/QMMvC6ay4RStw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00n01OO+XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEra9Zp3Wbu4q1cajTyOIpzAKVTBgytowC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AjDaNUQ==</latexit>

(b)

<latexit sha1_base64="ei9/da4K4rIQFPEKOHXSO7VjoxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpS8ONY8OKxoq2FNpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00n2VnffLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27rF3c1SuNRh5HEU7gFKrgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz+Nu41S</latexit>

(c)

<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5
<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0
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Z2 supersolid

Figure 3. (Color online) MF results for the DW order parame-
ter ∆ρ/ρo = (ρo − ρe)/ρo (odd-even relative density difference) for
2J/U = 0.8, illustrating that pair injection in the case of a relatively
small hopping rate favors Z2SS over the homogeneous Z2SF, except
for the perturbative region (small ε). We assume ρo ≥ ρe for definite-
ness.

the coherent amplitude is uniform (α j = α, ∀ j) or staggered
(|α j| , |α j+1| and α j = α j+2). The variational energy func-
tional ⟨Ĥ⟩ assumes a polynomial form as a function of the
coherent amplitudes α j, which allows for deriving the for-
mula (5) for the Z2SF–Z2SS boundary [50]. These results
are confirmed also when considering a fully general Gaussian
ansatz [50].

Conclusions and discussion. As a first step towards un-
derstanding its effect on quantum simulators, we have an-
alyzed how coherent pair injection affects the ground-state
phase diagram of the extended Bose-Hubbard model. We have
shown that it favors supersolid order over both insulating and
homogeneous superfluid order, albeit in a model with Z2 sym-
metry. Our results are however extensible to models with U(1)
symmetry. For example, we can consider a two-component
extended Bose-Hubbard model, say, with bosonic species a
and b, and introduce pair injection

∑L
j=1 ε(â†j b̂

†

j + â jb̂ j) in a
flavor-selective way. This is known as non-degenerate down-
conversion in quantum optics, and can be implemented in a
way similar to that of the degenerate case [50]. The result-
ing model has U(1) symmetry â j → eiθâ j, b̂ j → e−iθb̂ j, cor-
responding to the phase difference between the local modes.
We have confirmed with a coherent ansatz that ε also favors
supersolid order in this model [50].

Driven-dissipative quantum optical platforms have become
the focus of intense research during recent decades due to their
potential for realizing unexplored many-body models. Re-
garding our model, it is important to point out that the in-
jection term usually comes from some sort of tunable external
field that makes the injection rate time dependent [50]. The
time-independent Hamiltonian (1) is appears only in a picture
rotating at the driving frequency. Moreover, when integrating
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out the degrees of freedom of the driving field, additional dis-
sipative terms are generated that cannot be strictly described
within this simple Hamiltonian formalism [50, 60, 61]. Nev-
ertheless, the interplay between coherent and dissipative pro-
cesses makes the system settle into a non-equilibrium (steady)
state that inherits properties present in the ground state of the
rotating-picture Hamiltonian [44, 62]. Hence, we hope that
our work, which proves that pair injection provides a control-
lable knob to access supersolid phases, will trigger a further
effort on the stabilization of supersolidity as a steady state
through a dissipative phase transition [63–68].
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J. Palomo, M. Rosticher, A. Denis, P. Morfin, M. Delbecq,
T. Kontos, N. Pankratova, F. Rautschke, T. Peronnin, L.-A.
Sellem, P. Rouchon, A. Sarlette, M. Mirrahimi, P. Campagne-
Ibarcq, S. Jezouin, R. Lescanne, and Z. Leghtas, PRX Quantum
4, 020350 (2023).
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Supplemental material
We provide here important details that have been omitted in the main text for brevity. In Section I we carefully introduce a

model for pair injection via coupling to a driven environment, discussing the relation of the final driven-dissipative model with
the time-independent Hamiltonian model that we have studied in the main text. In Section II we provide the exact ground states
of the extended Bose-Hubbard model in the J = 0 limit. In Section III we provide all details about the mean-field method,
including the self-consistent numerical approach as well as an analytical approach based on perturbation theory to determine
the boundary between insulating and superfluid phases. Section IV provides a detailed derivation of the theory based on a
coherent-state ansatz. In Section V we consider completely general Gaussian state Ansatzes and confirm their consistency with
the coherent-state predictions as we get deeper into the superfluid region. Finally, in Section VI we provide an extension of the
model studied in the main text in which pair injection preserves U(1) symmetry and analyze it via a coherent state ansatz.

I. CONNECTION OF OUR WORK TO DRIVEN-DISSIPATIVE EXPERIMENTAL PLATFORMS

A. Driven-dissipative model for pair injection and connection to our analysis

In the main text we have studied the ground state of the extended Bose-Hubbard Hamiltonian onto which we add a coherent
pair injection term −ε(â2

j + â†2j )/2 at each lattice site j. As explained there, the motivation behind our study comes from the
fact that such process is accessible in modern experimental quantum simulation platforms such as superconducting circuits
[32–34, 37–40], photonic devices [15, 16, 19, 73], and even cold atoms [74–79]. However, our description based on adding
that time-independent Hamiltonian is a simplification, not aimed at truly modeling experiments, but just at understanding the
generic effect of ε, in particular proving that it favors supersolidity. Here we introduce a more rigorous theoretical model for
pair injection as implemented in experiments and connect it to our simplified description.

Our starting point is a system consisting of a set of identical bosonic modes with characteristic energy ω0. In an experiment,
these can correspond, for example, to the microwave modes of a superconducting circuit [5, 20–26], the photonic modes of an
optical cavity array [16, 80], or the Wannier modes of cold atoms trapped in optical lattices [2, 13, 14]. In this experimental
platforms ω0 is usually the dominant energy scale, so that any other processes such as hopping or interactions is implemented
effectively as some sort of perturbation. We thus assume that a model including all the particle-conserving terms present on the
extended Bose-Hubbard Hamiltonian has been implemented in one of such platforms:

Ĥ0 =
∑

j

[
ω0n̂ j +

U
2

n̂ j(n̂ j − 1) − J
(
â†j â j+1 + â†j+1â j

)
+ Vn̂ j+1n̂ j

]
. (7)

Let us remark that at this point, ω0 does not have the significance of a chemical potential, and is the scale that dominates over
the rest ω0 ≫ J,U,V . However, we will show shortly that an effective chemical potential on the scale of the rest of parameters
appears in these systems when driven by an external field.

Let us now explain how coherent pair injection is implemented on these systems. Being a particle non-conserving process,
it requires coupling the system to some sort of environment from which we can feed and extract excitations. This implies that,
in general, the description of the system has to be made in terms of a mixed state ρ̂ rather than a pure one [44, 81–83] (since
correlations emerge with the environment), which will then be subjected to both driving and dissipation. In the next section
we provide a generic description for such a system + environment model, and rigorously integrate out the environment under
standard Born-Markov assumptions [44, 81–83] to find a dynamical equation for the state of the system alone. The resulting
system dynamics is governed by a so-called master equation that reads

∂tρ̂ = −i
[
Ĥ(t), ρ̂

]
+

∑
j

γ(2â2
j ρ̂â†2j − â†2j â2

j ρ̂ − ρ̂â†2j â2
j ), (8)

with time-dependent Hamiltonian

Ĥ(t) = Ĥ0 −
∑

j

ε

2

(
e−2iωdtâ†2j + e2iωdtâ2

j

)
. (9)

Here γ is real and positive and we assume the same for ε for definiteness. Driving corresponds to the time-dependent term of
(9), where ε ≪ ω0 provides the rate at which an external drive at tunable frequency 2ωd exchanges pairs of excitations with the
system through the environment; in order for this term to play a role, |ωd − ω0| must not be much larger than the driving rate
ε, as otherwise it is highly suppressed by energy conservation (rotating-wave or secular approximation [44]). The coupling to
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the environment has another important effect, corresponding to the second term in (8): the incoherent loss of pairs of system
excitations at rate γ, as signaled by the presence of the â2

j ρ̂â†2j which effect random quantum jumps removing two excitations at
a time [44].

Hence, experiments deal with a driven-dissipative problem that deviates from the problem that we have analyzed in the main
text in two ways. First, the Hamiltonian is time dependent. This, however, is avoided by moving to a picture rotating at frequency
ωd. The state in the new picture is ρ̂R = R̂†(t)ρ̂R̂(t), with R̂ = exp(−iωdtN̂) where N̂ =

∑
j â†j â j is the total number operator. This

state is easily shown [44] to evolve according to the same master equation (8), but with a time-independent Hamiltonian

ĤR = eiωdtN̂[Ĥ(t) − ωdN̂]e−iωdtN̂ (10)

=
∑

j

[
(ω0 − ωd)n̂ j −

ε

2

(
â2

j + â†2j
)
+

U
2

n̂ j(n̂ j − 1) − J
(
â†j â j+1 + â†j+1â j

)
+ Vn̂ j+1n̂ j

]
,

where we have used R̂†(t)âR̂(t) = e−iωdtâ. This is precisely the Hamiltonian that we have used in the main text. Note that an
effective chemical potential µ = ωd − ω0 emerges in this type of driven-dissipative experiments, which can be controlled via the
detuning between the driving frequency ωd and the characteristic energy ω0 of the bosonic modes.

The presence of dissipation at rate γ is the second way in which the experiments deviate from the situation that we have ana-
lyzed in the main text, in which we have just considered the Hamiltonian part. In general, the interplay between the Hamiltonian
and dissipation will make the system settle into some kind of steady state defined by ∂tρ̂R = 0; finding such state should be the
ultimate goal of any theoretical approach aiming at making precise experimental predictions. Unfortunately, being a many-body
driven-dissipative problem, this is an exceedingly hard task. However, it is well known in the few-body realm of quantum optics
that the properties of such steady states are typically inherited from the properties found in the Hamiltonian when dissipative
processes involved are of the simple type we deal here with. For example, Hamiltonian systems possessing squeezed coherent
ground states in the rotating picture lead to squeezed coherent mixed steady states when dissipation is added [44, 62]. Hence,
understanding the effect that pair injection has on the phases of the system’s rotating-picture Hamiltonian is a crucial step in
determining the type of steady states that will be available via dissipative state preparation. In our case, we have shown that
supersolid states are favored at the Hamiltonian level, so our work suggests that pair injection should help stabilizing super-
solid phases in driven-dissipative setups. We plan on proving this statement rigorously in the near future by applying stochastic
phase-space techniques [84, 85] to the master equation (8).

B. Derivation of the master equation

Let us here explain how the master equation (8) is obtained as a model that closely describes how pair injection is implemented
experimentally. While the specifics of the environment and its coupling to the system might differ on each experimental platform,
we can use a generic model that has the essential ingredients that are found on all platforms. To ease the notation, let us simplify
the system to a single bosonic mode with annihilation operator â and energy ω0 (the generalization to the full bosonic array
will be easily carried later). We consider an environment consisting of a continuous set of bosonic modes with annihilation
operators b̂(ω), labeled by their characteristic frequency ω, satisfying canonical commutation relations [b̂(ω), b̂(ω′)] = 0 and
[b̂(ω), b̂†(ω′)] = δ(ω − ω′) [44]. As specific examples, for an optical cavity this environment models the external field in empty
space [86, 87]; for a superconducting circuit, it might be the microwave field propagating in a transmission line or the modes
of a lossy circuit [32]; for cold atoms trapped in optical lattices, it might correspond to the same atoms in another internal
state [74–76, 88, 89] or to diatomic molecules [77–79] trapped in a shallow potential. The Hamiltonian describing the whole
system+environment is given by

Ĥs+e = ω0â†â︸︷︷︸
Ĥsys

+

∫
ω∈O(2ω0)

dω ωb̂†(ω)b̂(ω)︸                           ︷︷                           ︸
Ĥenv

+

∫
ω∈O(2ω0)

dω
√

g(ω)
[
â†2b̂(ω) + â2b̂†(ω)

]
︸                                               ︷︷                                               ︸

Ĥint

. (11)

where we have included a coupling between the system’s mode and each environmental mode with strength g(ω) ≪ ω0 (note that
the square root is added in the definition of the interaction so that g has units of energy). Any interaction aimed at implementing
pair injection needs to exchange environmental excitations with pairs of system excitations, a process that is only efficient for
environmental modes with energies ω around 2ω0. We emphasize this by limiting the integration domain to O(2ω0), understood
as frequencies around 2ω0 within a bandwidth proportional to the energy g provided by the interaction. Of course, linear coupling
to environmental degrees of freedom around frequencies ω0 will most likely exist as well in experiments, say a term∫

ω∈O(ω0)
dω

√
g(ω)

[
â†b̂(ω) + âb̂†(ω)

]
. (12)
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As we comment at the end of this section, would induce conventional linear damping in the system. We focus here in the
quadratic coupling of (11) because it is the one we use to drive the system, ultimately generating coherent pair injection.

The way in which this type of interaction is accomplished between the system and the environment varies from platform to
platform. Photonic systems systems are the neatest one, since this interaction naturally occurs inside materials with a second
order nonlinear polarization response to the electric field [44, 62, 86, 90] so the electromagnetic energy inside them (the polar-
ization field times the electric field) contains a term cubic in the field, ultimately leading precisely to (11). In this context, such
interaction is referred to as down-conversion or three-wave mixing with more generality, since one excitation of the environment
is converted into two excitations of the system and vice versa, involving three ‘waves’ in the process. In other platforms the
coupling between the system and the environment takes a four-wave mixing form, ∼ b̂+(ω)b̂−(ω)â†2 + H.c., where now the
environment has two modes per frequency, which satisfy canonical commutation relations [b̂σ(ω), b̂†σ′ (ω

′)] = δσσ′δ(ω − ω′)
and [b̂σ(ω), b̂σ′ (ω)] = 0. In superconducting circuits [32–34, 37–40] this interaction emerges when the coupling between the
system’s mode at frequency ω0 and two environmental modes close to the sidebands ω0 ± ∆ω (with ∆ω ≫ g) occurs through
a Josephson junction, whose stored energy has a quartic response to the flux crossing it. In cold atoms [74–76], this quartic
interaction comes about when, for example, the atoms trapped in the optical lattice have 0 hyperfine magnetic number, while the
environmental atoms moving in a shallow trap have ±1 hyperfine magnetic number, so conservation of angular momentum forces
s-wave scattering to have the quartic form introduced above. From the theoretical point of view, this quartic system-environment
just complicates slightly the technical derivation that we present below, but without adding any conceptual difference. Hence we
stick with the form (11) to illustrate how the master equation (8) comes about.

Before integrating out the environment, we need to discuss its state in the absence of coupling to the system. Here is where the
word “driving” gains a definition: this usually refers to the fact that a coherent state is generated in the environment, for example,
by making it correspond to the output of a laser or a microwave generator in, respectively, optical systems or or superconducting
circuits, or to a Bose-Einstein condensate in cold atoms. Coherent states are the most classical (pure) states one can build in
quantum field theory, essentially leading when used as an ansatz to classical field theory onto which vacuum fluctuations are
superimposed. Such coherent states are characterized by the complex amplitude ⟨b̂(ω)⟩ ≡ β(ω)e−iωt that they produce on the
environmental modes, where |β(ω)|2dω is the number of excitations present in the infinitesimal interval [ω,ω + dω]. As Hilbert
space vectors, these coherent environmental states are written as the functional [44]

|ψenv[β](t)⟩ = e
∫
ω∈O(2ω0) dω[β(ω)e−iωt b̂†(ω)−β∗(ω)eiωt b̂(ω)]︸                                     ︷︷                                     ︸

D̂(t)

|vac⟩, (13)

where we have defined the environmental vacuum state that satisfies b̂(ω)|vac⟩ = 0 and the so-called displacement operator D̂(t).
It’s not difficult to see that these states satisfy the environmental Schrödinger equation i∂t |ψenv⟩ = Ĥenv|ψenv⟩ [CNBnotesQO]. For
our purposes, we will choose β(ω) = −βdδ(ω−2ωd), which corresponds to an environment that drives the system monochromat-
ically at frequency 2ωd as we will see explicitly shortly (the factor 2 in the driving frequency and the negative driving amplitude
are chosen for later convenience). In the following we take βd real and positive for definiteness.

In order to integrate out the environmental degrees of freedom, it is more convenient to work in a picture where the environ-
ment is in the vacuum state. Denoting by ρ̂(s+e)(t) the state of the system+environment in the Schrödinger picture, we then work
in a new picture where the displacement (13) is removed. To this aim, we define a new state ρ̂(s+e)

D = D̂†(t)ρ̂(s+e)D̂(t) that evolves
according to the Hamiltonian [44]

ĤD(t) = D̂†(t)Ĥs+eD̂(t) − iD̂†(t)∂tD̂(t) (14)

= Ĥsys −
√

g(ωd)βd

(
e−2iωdtâ†2 + e2iωdtâ2

)︸                                      ︷︷                                      ︸
Ĥd(t)

+Ĥenv + Ĥint,

where we have used

D̂†(t)b̂(ω)D̂(t) = b̂(ω) + β(ω)e−iωt, (15a)

∂tD̂(t) = D̂(t)
{
−i

∫ +∞

−∞

dω ωβ(ω)e−iωt
[
b̂†(ω) +

β∗(ω)eiωt

2

]
− H.c.

}
. (15b)

This picture deals with a simplified environmental state (vacuum) at the expense of working with a more complicated system
Hamiltonian Ĥ′sys(t) = Ĥsys + Ĥd(t), but leaving the environmental Hamiltonian Ĥenv and the interaction Ĥint untouched.

Since we are about to use perturbation theory as a last step, the integration of the environmental degrees of freedom is better
performed in the interaction picture. This is defined by discounting all dynamics but the one generated by Ĥint. We then define
the unitary operator (T is the time-ordering symbol [44])

Û(t) = T
{
e−i

∫ t
0 dt′Ĥ′sys(t

′)
}

e−iĤenvt, (16)
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which transforms the environmental operators as

Û†(t)b̂(ω)Û(t) = e−iωtb̂(ω). (17)

The transformed state ρ̂(s+e)
I = Û†(t)ρ̂(s+e)

D Û(t) evolves then according to the von Neumann equation

i∂tρ̂
(s+e)
I = [ĤI(t), ρ̂

(s+e)
I ], (18)

with an interaction-picture Hamiltonian

ĤI(t) = Û†(t)
[
ĤD(t) − Ĥ′sys(t) − Ĥenv

]︸                         ︷︷                         ︸
Ĥint

Û(t) =
∫
ω∈O(2ω0)

dω
√

g(ω)
[
e−iωtâ†2I (t)b̂(ω) + eiωtâ2

I (t)b̂†(ω)
]
, (19)

where we have defined the interaction-picture system operators âI(t) = Û†(t)âÛ(t).
We now find an evolution equation for the reduced state of the system ρ̂I = trenv{ρ̂

(s+e)
I }, by keeping effects on its dynamics up

to second order in the interaction. To this aim, let us first consider the integral form of the von Neumann equation (18)

ρ̂(s+e)
I (t) = ρ̂I(0) ⊗ |vac⟩⟨vac| − i

∫ t

0
dt′[ĤI(t′), ρ̂

(s+e)
I (t′)], (20)

where we have assumed that the system and the environment start in an uncorrelated state. Inserting this back on the right-hand-
side of (18) and performing the partial trace over the environmental modes, we obtain

∂tρ̂I(t) = −
∫ t

0
dτ trenv{[ĤI(t), [ĤI(t − τ), ρ̂(s+e)

I (t − τ)]]}, (21)

where we have used ⟨vac|ĤI|vac⟩ = 0 and made the integration variable change τ = t − t′ for later convenience. This equation
is explicitly second-order on the interaction. Hence, if we want to stay at that order of approximation, we can neglect all effects
on ρ̂(s+e)

I (t − τ) beyond trivial order. This is known as the Born-Markov approximation. The Born approximation can be seen
as a combination of two approximations: first, the correlations between the system and the environment are neglected; then,
the back-action of the system onto the (comparatively larger) environment is neglected [44, 82, 83]. Hence, within the Born
approximation, the state on the right-hand-side is approximated by ρ̂(s+e)

I (t − τ) = ρ̂I(t − τ)⊗ |vac⟩⟨vac|, which allows performing
the environmental trace explicitly, obtaining

∂tρ̂I(t) =
∫ t

0
dτ

{
C(τ)

[
â2

I (t)ρ̂I(t − τ)â†2I (t − τ) − ρ̂I(t − τ)â†2I (t − τ)â2
I (t)

]
(22)

+C∗(τ)
[
â2

I (t − τ)ρ̂I(t − τ)â†2I (t) − â†2I (t)â2
I (t − τ)ρ̂I(t − τ)

]}
,

where we have defined the environmental correlation function C(τ) =
∫
ω∈O(2ω0) dω g(ω)eiωτ. In most common situations, the

couplings g(ω) vary slowly with ω, so this is a function that decays quite fast with τ as we show shortly. One invokes then the
Markov approximation [44, 82, 83], where it is assumed that this decay is much faster than any evolution rate of the system, so
that we can set τ→ 0 in the state ρ̂I(t−τ) and the bosonic operators âI(t−τ). In order to justify this assumption, let us remember
that only frequencies around 2ω0 contribute to the physics of the problem, so that we should not make a big error by extending
the integration domain to ω ∈ [−∞,∞] and setting the value of the couplings to g(2ω0) ∀ω. This is sometimes called the ‘strong’
Markov approximation and leads to C(τ) = 2πg(2ω0)δ(τ), that is, a correlation function that decays infinitely fast (infinite decay
rate), allowing for contributions only at τ = 0. Performing the Markov approximation (in its strong form for simplicity), we turn
(22) into

∂tρ̂I(t) = g(2ω0)π
[
2â2

I (t)ρ̂I(t)â
†2
I (t) − â†2I (t)â2

I (t)ρ̂I(t) − ρ̂I(t)â
†2
I (t)â2

I (t)
]
. (23)

Finally, moving back to the original Schrödinger picture, the system’s state ρ̂(t) = Û(t)ρ̂I(t)Û†(t) evolves according to the master
equation

∂tρ̂ = −i
[
Ĥ(t), ρ̂

]
+ γ(2â2ρ̂â†2 − â†2â2ρ̂ − ρ̂â†2â2), (24)

with Hamiltonian

Ĥ(t) = ω0â†â −
ε

2

(
e−2iωdtâ†2 + e2iωdtâ2

)
, (25)
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where we made the identifications ε = βdg(2ωd) and γ = πg(2ω0). Note that the Markov approximation requires that these
parameters must be much smaller than the decay rate of the environmental correlator. This is a condition that one has to be
careful to satisfy in experiments unless specifically looking for non-Markovian effects.

The master equation (24) is the single-mode equivalent of the one we were set to derive, Eq. (8). The generalization to a
bosonic array is straightforward, assuming that each mode of the array is connected to its own environment and that the extended
Bose-Hubbard Hamiltonian (10) satisfies the Markov conditions (meaning that, in addition to ε and γ, the rest of parameters J,
U, V , and µ are also much smaller than the decay rate of the environmental correlator).

Finally, let us comment on the effect that a linear coupling of the system to the environment of the type (12) would have.
Following the same procedure derived above for the quadratic coupling, we would obtain an extra dissipative term on (24) of the
type κ(2âρ̂â† − â†âρ̂ − ρ̂â†â), with κ = πg(ω0)

II. GROUND STATE IN THE J = 0 = ε LIMIT

Our work focuses on the analysis of the ground-state properties of the Hamiltonian

Ĥ =
∑

j

[
−µn̂ j −

ε

2

(
â2

j + â†2j
)
+

U
2

n̂ j(n̂ j − 1) − J
(
â†j â j+1 + â†j+1â j

)
+ Vn̂ j+1n̂ j

]
. (26)

While no analytic solution exists for this problem in all parameter space, it is interesting to consider the J = 0 = ε limit, where
the problem is readily solvable. In this limit, the Hamiltonian depends solely on number operators n̂ j, so it is diagonalized in the
Fock basis {

⊗L
j=1 |n j⟩}n j=0,1,...,N , with n̂ j|n⟩ = n|n⟩. It is not difficult to show that the ground state is given by alternating Fock

numbers, particularly
⊗L/2

j=1 |n̄o⟩ ⊗ |n̄e⟩ with

n̄o =


⌈
µ
U

⌉
for 2V/U > 1⌈

µ
U+2V

⌉
for 2V/U < 1

, (27a)

n̄e =

{
0 for 2V/U > 1⌈

µ−2V
U+2V

⌉
for 2V/U < 1 , (27b)

where ⌈x⌉ is the ceiling function, which corresponds to the smallest integer not smaller than x. Of course, owed to the translational
invariance of the model, the state

⊗L/2
j=1 |n̄e⟩ ⊗ |n̄o⟩ has the same energy, but we take the density of odd sites larger than that of

even sites for definiteness. We represent the ground state in the (2V/U, µ/U) phase diagram in Fig. 4.
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<latexit sha1_base64="PXlvSCgVQ6ML/M8dMZcXUaIlPtc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERrR4LXjxWsB/QhrLZTtqlm03Y3Qi19pd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bRXW1jc2t4rbpZ3dvf2yfXDYVEkmKTZowhPZDolCzgQ2NNMc26lEEoccW+HoZua3HlAqloh7PU4xiMlAsIhRoo3Us8tPvud7rut2JREDjj274rneHM4q8XNSgRz1nv3V7Sc0i1FoyolSHd9LdTAhUjPKcVrqZgpTQkdkgB1DBYlRBZP54VPn1Ch9J0qkKaGdufp7YkJipcZxaDpjoodq2ZuJ/3mdTEfXwYSJNNMo6GJRlHFHJ84sBafPJFLNx4YQKpm51aFDIgnVJquSCcFffnmVNM9dv+pe3l1UatU8jiIcwwmcgQ9XUINbqEMDKGTwDK/wZj1aL9a79bFoLVj5zBH8gfX5A8eVkdw=</latexit>|1010...i
<latexit sha1_base64="pH6i9e1BqQOtUT4XYj+84z19CRg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERrR4LXjxWsB/QhrLZTtqlm03Y3Qi19pd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bRXW1jc2t4rbpZ3dvf2yfXDYVEkmKTZowhPZDolCzgQ2NNMc26lEEoccW+HoZua3HlAqloh7PU4xiMlAsIhRoo3Us8tPvoHrul1JxIBjz654rjeHs0r8nFQgR71nf3X7Cc1iFJpyolTH91IdTIjUjHKclrqZwpTQERlgx1BBYlTBZH741Dk1St+JEmlKaGeu/p6YkFipcRyazpjooVr2ZuJ/XifT0XUwYSLNNAq6WBRl3NGJM0vB6TOJVPOxIYRKZm516JBIQrXJqmRC8JdfXiXNc9evupd3F5VaNY+jCMdwAmfgwxXU4Bbq0AAKGTzDK7xZj9aL9W59LFoLVj5zBH9gff4AyrOR3g==</latexit> |1111..

.i

<latexit sha1_base64="AJU/9WX8pGS8ZqbmluIxzYRVkUU=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRFq8eCF48V7Ae0oWy203bpZhN2N0KN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHCmtOd9W2vrG5tb24Wd4u7e/kHJPjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbDygVi8W9niQYRGQo2IBRoo3Us0tPFb/iu67blUQMOfbssud6czirxM9JGXLUe/ZXtx/TNEKhKSdKdXwv0UFGpGaU47TYTRUmhI7JEDuGChKhCrL54VPnzCh9ZxBLU0I7c/X3REYipSZRaDojokdq2ZuJ/3mdVA+ug4yJJNUo6GLRIOWOjp1ZCk6fSaSaTwwhVDJzq0NHRBKqTVZFE4K//PIqaVZcv+pe3l2Ua9U8jgKcwCmcgw9XUINbqEMDKKTwDK/wZj1aL9a79bFoXbPymWP4A+vzB83TkeA=</latexit> |2121
...i

<latexit sha1_base64="9RK9s/bS1OM9TMjv+BDFIKWf66U=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRFq8eCF48V7Ae0oWy2k3bpZhN2N0Kt/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHKmtOd9W2vrG5tb24Wd4u7e/kHJPjxqqiSTFBs04Ylsh0QhZwIbmmmO7VQiiUOOrXB0M/NbDygVS8S9HqcYxGQgWMQo0Ubq2aWnioHrul1JxIBjzy57rjeHs0r8nJQhR71nf3X7Cc1iFJpyolTH91IdTIjUjHKcFruZwpTQERlgx1BBYlTBZH741DkzSt+JEmlKaGeu/p6YkFipcRyazpjooVr2ZuJ/XifT0XUwYSLNNAq6WBRl3NGJM0vB6TOJVPOxIYRKZm516JBIQrXJqmhC8JdfXiXNiutX3cu7i3KtmsdRgBM4hXPw4QpqcAt1aACFDJ7hFd6sR+vFerc+Fq1rVj5zDH9gff4A0PGR4g==</latexit> |222
2..

.i

<latexit sha1_base64="4g4n84orK/qJ2nT0qYjvfZGiQNU=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT00Lih5JvHjERMAEGrJdprBhu212tyZY+SVePGiMV3+KN/+NC/Sg4EsmeXlvJjPzgoQzpV332yqsrW9sbhW3Szu7e/tl++CwreJUUmjRmMfyPiAKOBPQ0kxzuE8kkCjg0AnG1zO/8wBSsVjc6UkCfkSGgoWMEm2kvl1+qlVrVcdxepKIIYe+XXEddw68SrycVFCOZt/+6g1imkYgNOVEqa7nJtrPiNSMcpiWeqmChNAxGULXUEEiUH42P3yKT40ywGEsTQmN5+rviYxESk2iwHRGRI/UsjcT//O6qQ6v/IyJJNUg6GJRmHKsYzxLAQ+YBKr5xBBCJTO3YjoiklBtsiqZELzll1dJu+p4defi9rzSqOdxFNExOkFnyEOXqIFuUBO1EEUpekav6M16tF6sd+tj0Vqw8pkj9AfW5w/UEZHk</latexit> |323
2..

.i

<latexit sha1_base64="bKQG+P3jzH7N1DYSSTiUPPaUQMM=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSR+VI8FLx4r2A9oQ9lsp+3SzSbsboQa+0u8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MOFMac/7tlZW19Y3Ngtbxe2d3b2SvX/QUHEqKdZpzGPZColCzgTWNdMcW4lEEoUcm+HoZuo3H1AqFot7PU4wiMhAsD6jRBupa5eezg1c1+1IIgYcu3bZc70ZnGXi56QMOWpd+6vTi2kaodCUE6XavpfoICNSM8pxUuykChNCR2SAbUMFiVAF2ezwiXNilJ7Tj6UpoZ2Z+nsiI5FS4yg0nRHRQ7XoTcX/vHaq+9dBxkSSahR0vqifckfHzjQFp8ckUs3HhhAqmbnVoUMiCdUmq6IJwV98eZk0zly/4l7eXZSrlTyOAhzBMZyCD1dQhVuoQR0opPAMr/BmPVov1rv1MW9dsfKZQ/gD6/MH1y+R5g==</latexit> |33
33

...
i

<latexit sha1_base64="LI8/K0s6Xb+3pR5SLYglATfb0EY=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRFq8eCF48V7Ae0oWy203bpZhN2N0KN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHCmtOd9W2vrG5tb24Wd4u7e/kHJPjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbDygVi8W9niQYRGQo2IBRoo3Us0tPFa/iua7blUQMOfbssud6czirxM9JGXLUe/ZXtx/TNEKhKSdKdXwv0UFGpGaU47TYTRUmhI7JEDuGChKhCrL54VPnzCh9ZxBLU0I7c/X3REYipSZRaDojokdq2ZuJ/3mdVA+ug4yJJNUo6GLRIOWOjp1ZCk6fSaSaTwwhVDJzq0NHRBKqTVZFE4K//PIqaVZcv+pe3l2Ua9U8jgKcwCmcgw9XUINbqEMDKKTwDK/wZj1aL9a79bFoXbPymWP4A+vzB8q1kd4=</latexit>|2020...i

<latexit sha1_base64="YDsLs0S9CL3jphpzLxhach++nbY=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkJitXosePFYwX5AG8pmO2mXbjZhdyPU2F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/bL9sFhS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAfjm5nffgCpWCzu9SQBPyJDwUJGiTZS3y4/Vd2q6zhOTxIx5NC3K67jzoFXiZeTCsrR6NtfvUFM0wiEppwo1fXcRPsZkZpRDtNSL1WQEDomQ+gaKkgEys/mh0/xqVEGOIylKaHxXP09kZFIqUkUmM6I6JFa9mbif1431eG1nzGRpBoEXSwKU451jGcp4AGTQDWfGEKoZOZWTEdEEqpNViUTgrf88ippnTtezbm8u6jUa3kcRXSMTtAZ8tAVqqNb1EBNRFGKntErerMerRfr3fpYtBasfOYI/YH1+QPN1ZHg</latexit>|3030...i

<latexit sha1_base64="jarQgyojT9sFGMIxZJuDzjz03wA=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRSq8eCF48V7Ae0oWy203bpZhN2N0KN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHCmtOd9W2vrG5tb24Wd4u7e/kHJPjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbDygVi8W9niQYRGQo2IBRoo3Us0tPFa/iua7blUQMOfbssud6czirxM9JGXLUe/ZXtx/TNEKhKSdKdXwv0UFGpGaU47TYTRUmhI7JEDuGChKhCrL54VPnzCh9ZxBLU0I7c/X3REYipSZRaDojokdq2ZuJ/3mdVA+ug4yJJNUo6GLRIOWOjp1ZCk6fSaSaTwwhVDJzq0NHRBKqTVZFE4K//PIqaV64ftW9vKuUa9U8jgKcwCmcgw9XUINbqEMDKKTwDK/wZj1aL9a79bFoXbPymWP4A+vzB9D1keI=</latexit>|4040...i

<latexit sha1_base64="mphyUOTqYQYmovWMxTjU7QHzVSQ=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRiq8eCF48V7Ae0oWy203bpZhN2N0KN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHCmtOd9W2vrG5tb24Wd4u7e/kHJPjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbDygVi8W9niQYRGQo2IBRoo3Us0tPFa/iua7blUQMOfbssud6czirxM9JGXLUe/ZXtx/TNEKhKSdKdXwv0UFGpGaU47TYTRUmhI7JEDuGChKhCrL54VPnzCh9ZxBLU0I7c/X3REYipSZRaDojokdq2ZuJ/3mdVA+ug4yJJNUo6GLRIOWOjp1ZCk6fSaSaTwwhVDJzq0NHRBKqTVZFE4K//PIqaV64ftWt3F2Wa9U8jgKcwCmcgw9XUINbqEMDKKTwDK/wZj1aL9a79bFoXbPymWP4A+vzB9QVkeQ=</latexit>|5050...i

<latexit sha1_base64="cGtgtpBKvAOJtQQALIuj3HwWOqk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERrR4LXjxWsB/QhrLZTtqlm03Y3Qi19pd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bRXW1jc2t4rbpZ3dvf2yfXDYVEkmKTZowhPZDolCzgQ2NNMc26lEEoccW+HoZua3HlAqloh7PU4xiMlAsIhRoo3Us8tPFwau63YlEQOOPbviud4czirxc1KBHPWe/dXtJzSLUWjKiVId30t1MCFSM8pxWupmClNCR2SAHUMFiVEFk/nhU+fUKH0nSqQpoZ25+ntiQmKlxnFoOmOih2rZm4n/eZ1MR9fBhIk00yjoYlGUcUcnziwFp88kUs3HhhAqmbnVoUMiCdUmq5IJwV9+eZU0z12/6l7eXVRq1TyOIhzDCZyBD1dQg1uoQwMoZPAMr/BmPVov1rv1sWgtWPnMEfyB9fkD3W2R6g==</latexit> |44
44

...
i

<latexit sha1_base64="vCYND47rSFnQyfnCObXNPAZM3sU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEqngqePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4upn5rUeujUjUA45THsR0oEQkGEUr3XtutVeueK43B/lL/JxUIEe9V/7s9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msv/yXNM9e/cKt355XadR5HEY7gGE7Bh0uowS3UoQEMBvAEL/DqSOfZeXPeF60FJ585hF9wPr4BWmSNLQ==</latexit>

0.5
<latexit sha1_base64="/Nkm3CuATeXKf01pVlIoLvJAinU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEqngqePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4upn5rUeujUjUA45THsR0oEQkGEUr3ftutVeueK43B/lL/JxUIEe9V/7s9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msv/yXNM9e/cKt355XadR5HEY7gGE7Bh0uowS3UoQEMBvAEL/DqSOfZeXPeF60FJ585hF9wPr4BW+qNLg==</latexit>

1.5

<latexit sha1_base64="eNC5Fp+TGitVbEQI5lFV5L5ldw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT56B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8ZDkeA=</latexit>|0000...i

<latexit sha1_base64="WJID5OFM0RWPMecYSFcVlZajhKo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT77ne67rdiQRfY5du+K53gzOMvFzUoEcta791eklNItRaMqJUm3fS3UwJlIzynFS6mQKU0KHpI9tQwWJUQXj2eET59goPSdKpCmhnZn6e2JMYqVGcWg6Y6IHatGbiv957UxHV8GYiTTTKOh8UZRxRyfONAWnxyRSzUeGECqZudWhAyIJ1SarkgnBX3x5mTROXf/CPb87q1Sv8ziKcAhHcAI+XEIVbqEGdaCQwTO8wpv1aL1Y79bHvLVg5TMH8AfW5w/JY5Hi</latexit>|1010...i
<latexit sha1_base64="2/CT+dSkI+TGzza7h0kEJZQkfds=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT76B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8yBkeQ=</latexit> |1111..

.i

<latexit sha1_base64="yVF1wbDyEcrLY9AsThgqaCjMfMM=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxW/4ruu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmlUXP/CPb87K1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/PoZHm</latexit> |2121
...i

<latexit sha1_base64="MbyMUD/tsl9ec3cnQsbSEmgm5sE=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFstpN26WYTdjdCrf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTnfVsrq2vrG5uFreL2zu5eyd4/aKgkkxTrNOGJbIVEIWcC65ppjq1UIolDjs1weDP1mw8oFUvEvR6lGMSkL1jEKNFG6tqlp4qB67odSUSfY9cue643g7NM/JyUIUeta391egnNYhSacqJU2/dSHYyJ1IxynBQ7mcKU0CHpY9tQQWJUwXh2+MQ5MUrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapoQvAXX14mjYrrX7jnd2fl6nUeRwGO4BhOwYdLqMIt1KAOFDJ4hld4sx6tF+vd+pi3rlj5zCH8gfX5A9K/keg=</latexit> |222
2..

.i
<latexit sha1_base64="5nKMfnaY8su6R0QMdzBylAM/1uw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyHx++Ch4MVjBfsBbSib7aRdutmE3Y1Qa3+JFw+KePWnePPfuG1z0OqDgcd7M8zMC1POlPa8L6uwtLyyulZcL21sbm2X7Z3dhkoySbFOE57IVkgUciawrpnm2Eolkjjk2AyH11O/eY9SsUTc6VGKQUz6gkWMEm2krl1+PDFwXbcjiehz7NoVz/VmcP4SPycVyFHr2p+dXkKzGIWmnCjV9r1UB2MiNaMcJ6VOpjAldEj62DZUkBhVMJ4dPnEOjdJzokSaEtqZqT8nxiRWahSHpjMmeqAWvan4n9fOdHQZjJlIM42CzhdFGXd04kxTcHpMItV8ZAihkplbHTogklBtsiqZEPzFl/+SxrHrn7tnt6eV6lUeRxH24QCOwIcLqMIN1KAOFDJ4ghd4tR6sZ+vNep+3Fqx8Zg9+wfr4Btj9kew=</latexit> |33

33
...
i

<latexit sha1_base64="e/zyG2ubXlGvCy7Rnd89zafYmrg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxWv4rmu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmlUXP/CPb87K1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/Mg5Hk</latexit>|2020...i

<latexit sha1_base64="q7K3h7pvjrPmuRNtaUHXeTp49F0=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5BYXwsXBTcuK9gHtKFMpjft0MkkzEyEGvslblwo4tZPceffOG2z0NYDFw7n3Mu99wQJZ0q77rdVWFldW98obpa2tnd2y/beflPFqaTQoDGPZTsgCjgT0NBMc2gnEkgUcGgFo5up33oAqVgs7vU4AT8iA8FCRok2Us8uP1Xdqus4TlcSMeDQsyuu486Al4mXkwrKUe/ZX91+TNMIhKacKNXx3ET7GZGaUQ6TUjdVkBA6IgPoGCpIBMrPZodP8LFR+jiMpSmh8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhlZ8xkaQaBJ0vClOOdYynKeA+k0A1HxtCqGTmVkyHRBKqTVYlE4K3+PIyaZ463oVzfndWqV3ncRTRITpCJ8hDl6iGblEdNRBFKXpGr+jNerRerHfrY95asPKZA/QH1ucPz6OR5g==</latexit>|3030...i

<latexit sha1_base64="9tlWRKLCc0V3RamFWnwtoSNivuQ=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRSPw4eCl48VrAf0Iay2U7bpZtN2N0INfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHCmdKe922trK6tb2wWtorbO7t7JXv/oKHiVFKs05jHshUShZwJrGumObYSiSQKOTbD0c3Ubz6gVCwW93qcYBCRgWB9Rok2UtcuPVW8iue6bkcSMeDYtcue683gLBM/J2XIUevaX51eTNMIhaacKNX2vUQHGZGaUY6TYidVmBA6IgNsGypIhCrIZodPnBOj9Jx+LE0J7czU3xMZiZQaR6HpjIgeqkVvKv7ntVPdvwoyJpJUo6DzRf2UOzp2pik4PSaRaj42hFDJzK0OHRJJqDZZFU0I/uLLy6Rx5voX7vldpVy9zuMowBEcwyn4cAlVuIUa1IFCCs/wCm/Wo/VivVsf89YVK585hD+wPn8A0sOR6A==</latexit>|4040...i

<latexit sha1_base64="XBxuljWSo0hB+uhn5dH+8EAffco=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRi1YOHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxWv4rmu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmmcuf6FW7k7L1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/V45Hq</latexit>|5050...i

<latexit sha1_base64="yQAOCTPmEKtuHUdToxruwdSfHFc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT2cGrut2JBF9jl274rneDM4y8XNSgRy1rv3V6SU0i1FoyolSbd9LdTAmUjPKcVLqZApTQoekj21DBYlRBePZ4RPn2Cg9J0qkKaGdmfp7YkxipUZxaDpjogdq0ZuK/3ntTEdXwZiJNNMo6HxRlHFHJ840BafHJFLNR4YQKpm51aEDIgnVJquSCcFffHmZNE5d/8I9vzurVK/zOIpwCEdwAj5cQhVuoQZ1oJDBM7zCm/VovVjv1se8tWDlMwfwB9bnD987kfA=</latexit> |44
44

...
i

<latexit sha1_base64="We74EoDwW5h6drqu8PuZ1Uo43qI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiStr4WLghuXFewD2lAm00k7dDIJMxOhxn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKu+22trK6tb2wWtorbO7t7JXv/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz9VsPVCoWi3s9Tqgf4YFgISNYG6lnl56qlWrFcZyuxGLAac8uu447A1omXk7KkKPes7+6/ZikERWacKxUx3MT7WdYakY4nRS7qaIJJiM8oB1DBY6o8rPZ4RN0YpQ+CmNpSmg0U39PZDhSahwFpjPCeqgWvan4n9dJdXjlZ0wkqaaCzBeFKUc6RtMUUJ9JSjQfG4KJZOZWRIZYYqJNVkUTgrf48jJpVhzvwjm/OyvXrvM4CnAEx3AKHlxCDW6hDg0gkMIzvMKb9Wi9WO/Wx7x1xcpnDuEPrM8f1d+R6g==</latexit> |323
2..

.i <latexit sha1_base64="FWrtxnV+TffLFcify+LhXiJjhM4=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PAi8cIrgkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63V1pZXVvfKG9WtrZ3dveq+wePOrWK0JCkPFXtGGvKmaShYYbTdqYoFjGnrXh0O/VbT1RplsoHM85oJPBAsoQRbJwUdoU9C3vVml/3Z0DLJChIDQo0e9Wvbj8lVlBpCMdadwI/M1GOlWGE00mlazXNMBnhAe04KrGgOspnx07QiVP6KEmVK2nQTP09kWOh9VjErlNgM9SL3lT8z+tYk9xEOZOZNVSS+aLEcmRSNP0c9ZmixPCxI5go5m5FZIgVJsblU3EhBIsvL5PH83pwVb+8v6g1GkUcZTiCYziFAK6hAXfQhBAIMHiGV3jzpPfivXsf89aSV8wcwh94nz90oI52</latexit> µ
/U

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="DTuqp9naHMCZq3WDWQRttnZUMxc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU02KX8eCF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0uNdoX/qBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWPc9NTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6DjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheMsvr5J2o+5d168eLmvNZhFHGU7gFM7Bgxtowj20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz85cI22</latexit>

2V/U
<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="Jd4urBxK+NGBKxKZI47PTk7YC5U=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBC8GHbFF54CXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ34zSeujYjVI44S7ke0r0QoGEUrPZx63VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6aXjsmxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPYzoZIUuWKzRWEqCcZk8jbpCc0ZypEllGlhbyVsQDVlaMMp2hC8+ZcXSeOs4l1WLu7Py9WbPI4CHMIRnIAHV1CFO6hBHRiE8Ayv8OYMnRfn3fmYtS45+cwB/IHz+QPkuozu</latexit>�1
<latexit sha1_base64="vCYND47rSFnQyfnCObXNPAZM3sU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEqngqePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4upn5rUeujUjUA45THsR0oEQkGEUr3XtutVeueK43B/lL/JxUIEe9V/7s9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msv/yXNM9e/cKt355XadR5HEY7gGE7Bh0uowS3UoQEMBvAEL/DqSOfZeXPeF60FJ585hF9wPr4BWmSNLQ==</latexit>

0.5
<latexit sha1_base64="/Nkm3CuATeXKf01pVlIoLvJAinU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEqngqePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4upn5rUeujUjUA45THsR0oEQkGEUr3ftutVeueK43B/lL/JxUIEe9V/7s9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msv/yXNM9e/cKt355XadR5HEY7gGE7Bh0uowS3UoQEMBvAEL/DqSOfZeXPeF60FJ585hF9wPr4BW+qNLg==</latexit>

1.5

<latexit sha1_base64="eNC5Fp+TGitVbEQI5lFV5L5ldw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT56B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8ZDkeA=</latexit>|0000...i

<latexit sha1_base64="WJID5OFM0RWPMecYSFcVlZajhKo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT77ne67rdiQRfY5du+K53gzOMvFzUoEcta791eklNItRaMqJUm3fS3UwJlIzynFS6mQKU0KHpI9tQwWJUQXj2eET59goPSdKpCmhnZn6e2JMYqVGcWg6Y6IHatGbiv957UxHV8GYiTTTKOh8UZRxRyfONAWnxyRSzUeGECqZudWhAyIJ1SarkgnBX3x5mTROXf/CPb87q1Sv8ziKcAhHcAI+XEIVbqEGdaCQwTO8wpv1aL1Y79bHvLVg5TMH8AfW5w/JY5Hi</latexit>|1010...i
<latexit sha1_base64="2/CT+dSkI+TGzza7h0kEJZQkfds=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyERvw4eCl48VrAf0Iay2U7apZtN2N0ItfaXePGgiFd/ijf/jds2B219MPB4b4aZeWHKmdKe920VVlbX1jeKm6Wt7Z3dsr2331BJJinWacIT2QqJQs4E1jXTHFupRBKHHJvh8GbqNx9QKpaIez1KMYhJX7CIUaKN1LXLT76B67odSUSfY9eueK43g7NM/JxUIEeta391egnNYhSacqJU2/dSHYyJ1IxynJQ6mcKU0CHpY9tQQWJUwXh2+MQ5NkrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapkQvAXX14mjVPXv3DP784q1es8jiIcwhGcgA+XUIVbqEEdKGTwDK/wZj1aL9a79TFvLVj5zAH8gfX5A8yBkeQ=</latexit> |1111..

.i

<latexit sha1_base64="yVF1wbDyEcrLY9AsThgqaCjMfMM=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFsttN26WYTdjdCjf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphwprTnfVsrq2vrG5uFreL2zu5eyd4/aKg4lRTrNOaxbIVEIWcC65ppjq1EIolCjs1wdDP1mw8oFYvFvR4nGERkIFifUaKN1LVLTxW/4ruu25FEDDh27bLnejM4y8TPSRly1Lr2V6cX0zRCoSknSrV9L9FBRqRmlOOk2EkVJoSOyADbhgoSoQqy2eET58QoPacfS1NCOzP190RGIqXGUWg6I6KHatGbiv957VT3r4KMiSTVKOh8UT/ljo6daQpOj0mkmo8NIVQyc6tDh0QSqk1WRROCv/jyMmlUXP/CPb87K1ev8zgKcATHcAo+XEIVbqEGdaCQwjO8wpv1aL1Y79bHvHXFymcO4Q+szx/PoZHm</latexit> |2121
...i

<latexit sha1_base64="MbyMUD/tsl9ec3cnQsbSEmgm5sE=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSTFr4OHghePFewHtKFstpN26WYTdjdCrf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTnfVsrq2vrG5uFreL2zu5eyd4/aKgkkxTrNOGJbIVEIWcC65ppjq1UIolDjs1weDP1mw8oFUvEvR6lGMSkL1jEKNFG6tqlp4qB67odSUSfY9cue643g7NM/JyUIUeta391egnNYhSacqJU2/dSHYyJ1IxynBQ7mcKU0CHpY9tQQWJUwXh2+MQ5MUrPiRJpSmhnpv6eGJNYqVEcms6Y6IFa9Kbif14709FVMGYizTQKOl8UZdzRiTNNwekxiVTzkSGESmZudeiASEK1yapoQvAXX14mjYrrX7jnd2fl6nUeRwGO4BhOwYdLqMIt1KAOFDJ4hld4sx6tF+vd+pi3rlj5zCH8gfX5A9K/keg=</latexit> |222
2..

.i
<latexit sha1_base64="5nKMfnaY8su6R0QMdzBylAM/1uw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyHx++Ch4MVjBfsBbSib7aRdutmE3Y1Qa3+JFw+KePWnePPfuG1z0OqDgcd7M8zMC1POlPa8L6uwtLyyulZcL21sbm2X7Z3dhkoySbFOE57IVkgUciawrpnm2Eolkjjk2AyH11O/eY9SsUTc6VGKQUz6gkWMEm2krl1+PDFwXbcjiehz7NoVz/VmcP4SPycVyFHr2p+dXkKzGIWmnCjV9r1UB2MiNaMcJ6VOpjAldEj62DZUkBhVMJ4dPnEOjdJzokSaEtqZqT8nxiRWahSHpjMmeqAWvan4n9fOdHQZjJlIM42CzhdFGXd04kxTcHpMItV8ZAihkplbHTogklBtsiqZEPzFl/+SxrHrn7tnt6eV6lUeRxH24QCOwIcLqMIN1KAOFDJ4ghd4tR6sZ+vNep+3Fqx8Zg9+wfr4Btj9kew=</latexit> |33

33
...
i
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Figure 4. Phase diagram of the J = 0 = ε model (extended Bose-Hubbard model at zero hopping). The labels of the states refer to the Fock
numbers on each lattice site, that is,

⊗L/2
j=1 |n̄o⟩ ⊗ |n̄e⟩ = |n1n2n3...⟩. as given by (27).
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III. MEAN FIELD APPROXIMATION

In this section we explain in detail the mean field (MF) approach. We use a numerical method (self-consistent Hartree-Fock)
to determine the MF phase diagram, but also explain how to analytically obtain the insulator/superfluid boundaries in the ε = 0
case, which serve to benchmark our numerics.

A. Numerical mean field: self-consistent Hartree-Fock method

The MF approximation is based on a separable ansatz of the type
⊗L

j=1 |ψ j⟩, which ensures that the coupling between the
quantum fluctuations at different lattice sites is negligible, so that given two operators Â and B̂ acting on different sites, we have

ÂB̂ = (⟨Â⟩ + δÂ)(⟨B̂⟩ + δB̂) ≈ ⟨Â⟩⟨B̂⟩ + ⟨Â⟩δB̂ + ⟨B̂⟩δÂ = ⟨Â⟩B̂ + ⟨B̂⟩Â − ⟨Â⟩⟨B̂⟩, (28)

where we have defined the fluctuation operator δÂ = Â − ⟨Â⟩ and similarly for B̂. In our Hamiltonian (26) we find two of such
type of terms, the hopping and the nearest-neighbors interaction, which we rewrite under the MF approximation as

â†j â j+1 ≈ ϕ
∗
j â j+1 + â†jϕ j+1 − ϕ

∗
jϕ j+1, with ϕ j = ⟨â j⟩, (29a)

n̂ jn̂ j+1 ≈ ρ jn̂ j+1 + n̂ jρ j+1 − ρ jρ j+1, with ρ j = ⟨n̂ j⟩. (29b)

The Hamiltonian takes then the form

Ĥ ≈
L∑

j=1

ĥ j + E ≡ ĤMF, (30)

with local Hamiltonian operators

ĥ j = −µ jn̂ j −
ε

2

(
â2

j + â†2j
)
+

U
2

n̂ j(n̂ j − 1) − J[(ϕ∗j−1 + ϕ
∗
j+1)â j + H.c.], (31)

where µ j = µ − V(ρ j−1 + ρ j+1), and a constant term

E =

L∑
j=1

[J(ϕ∗jϕ j+1 + ϕ jϕ
∗
j+1) − Vρ jρ j+1]. (32)

The Hamiltonian has then turned into a collection of local Hamiltonians coupled through the {ϕ j, ρ j} j=1,2,...,L expectation values.
Hence, finding the ground state becomes a nonlinear problem, since the ĥ j’s depend on the state one is trying to determine. The
problem is simplified even further by noting that we expect the ground state to be invariant under translations by an even number
of sites. Denoting by j = e and j = o some reference odd and even sites, respectively, so that the ansatz can be rewritten as⊗L/2

j=1 |ψo⟩ ⊗ |ψe⟩, finding the MF ground state becomes then equivalent to finding the common ground states |ψo⟩ and |ψe⟩ of,
respectively, the local operators

ĥo(|ψe⟩) = −(µ − 2Vρe)n̂o −
ε

2

(
â2

o + â†2o

)
+

U
2

n̂o(n̂o − 1) − 2J(ϕ∗eâo + ϕeâ†o), (33a)

ĥe(|ψo⟩) = −(µ − 2Vρo)n̂e −
ε

2

(
â2

e + â†2e

)
+

U
2

n̂e(n̂e − 1) − 2J(ϕ∗oâe + ϕoâ†e). (33b)

The notation emphasizes that ĥo and ĥe depend, respectively, on the state of the even and odd sites, |ψe⟩ and |ψo⟩. Starting from
an initial guess for these states, or rather the expectation values {ϕ j, ρ j} j=o,e, we find the ground state of ĥo(|ψe⟩) and ĥe(|ψo⟩),
update the states |ψe⟩ and |ψo⟩, and iterate the procedure as many times as required for ⟨Ĥ⟩ to converge. This is sometimes
called a self-consistent Hartree-Fock procedure. We perform the calculation in the local (truncated) Fock basis {|n⟩}n=0,1,...,N ,
with n̂ j|n⟩ = n|n⟩, where N is a suitable truncation (N = 20 is usually enough to reach large accuracy in the parameter region
analyzed in this work). For a given parameter set, we perform the self-consistent Hartree-Fock procedure starting from several
educated or random guesses {ϕ j, ρ j} j=o,e, and then choose among all final states the one leading to the smallest ⟨Ĥ⟩. The phase
of the system is then characterized by the following conditions

Mott insulator (MI) : ϕo = 0 = ϕe, ρo = ρe,
Density-wave insulator (DW) : ϕo = 0 = ϕo, ρo , ρe,

Homogeneous Z2-superfluid (SF) : ϕo = ϕe , 0, ρo = ρe,
Z2-supersolid (SS) : ϕo , ϕe, ρo , ρe.

(34)
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<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="VWH3Am2iFacA85Ee3UW2GshVpDs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/e3WMtw==</latexit>

1

<latexit sha1_base64="iBH0DlXeUPenAKyxOkjVURJKNKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX3gKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3z5jLg=</latexit>

2

<latexit sha1_base64="FDw2RXDmVpf/CE3H6BhntyzBWg0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6xlPAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH59jLk=</latexit>

3

<latexit sha1_base64="iEUBz3w4OaIANsCCIMWtzIhDfOw=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPNVd8esiFLx4rOC2hXYp2TTbhmaTJckWaukv8eJBEa/+FG/+G9N2D1p9MPB4b4aZeVHKmTae9+UUVlbX1jeKm6Wt7Z3dsru339AyU4QGRHKpWhHWlDNBA8MMp61UUZxEnDaj4e3Mb46o0kyKBzNOaZjgvmAxI9hYqeuWOyOsaKoZl+I0uPG6bsWrenOgv8TPSQVy1LvuZ6cnSZZQYQjHWrd9LzXhBCvDCKfTUifTNMVkiPu0banACdXhZH74FB1bpYdiqWwJg+bqz4kJTrQeJ5HtTLAZ6GVvJv7ntTMTX4cTJtLMUEEWi+KMIyPRLAXUY4oSw8eWYKKYvRWRAVaYGJtVyYbgL7/8lzTOqv5l9eL+vFKr5XEU4RCO4AR8uIIa3EEdAiCQwRO8wKvz6Dw7b877orXg5DMH8AvOxzdJd5LZ</latexit>

"/U = 0

<latexit sha1_base64="W9l7923E0ptkyFlimyPimJ9hDrw=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4iknx6yIUvHisYNpCG8pmu2mXbnbD7qZSan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6WMKu1539bK6tr6xmZhq7i9s7u3b5cO6kpkEpMACyZkM0KKMMpJoKlmpJlKgpKIkUY0uJ36jSGRigr+oEcpCRPU4zSmGGkjdexSe4gkSRVlgp8FN55b6dhlz/VmcJaJn5My5Kh17K92V+AsIVxjhpRq+V6qwzGSmmJGJsV2pkiK8AD1SMtQjhKiwvHs9IlzYpSuEwtpimtnpv6eGKNEqVESmc4E6b5a9Kbif14r0/F1OKY8zTTheL4ozpijhTPNwelSSbBmI0MQltTc6uA+kghrk1bRhOAvvrxM6hXXv3Qv7s/L1WoeRwGO4BhOwYcrqMId1CAADI/wDK/wZj1ZL9a79TFvXbHymUP4A+vzBzCUk00=</latexit>

"/U = 0.2

<latexit sha1_base64="p6U05YEMEI4KR7wegRm+QLQKqMA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0ykflyEghePFUxbaEPZbDft0s1u2N1USu1P8eJBEa/+Em/+G7dtDlp9MPB4b4aZeVHKqNKe92UVVlbX1jeKm6Wt7Z3dPbu831Aik5gEWDAhWxFShFFOAk01I61UEpREjDSj4c3Mb46IVFTwez1OSZigPqcxxUgbqWuXOyMkSaooE/w0uPbcateueK43h/OX+DmpQI561/7s9ATOEsI1Zkiptu+lOpwgqSlmZFrqZIqkCA9Rn7QN5SghKpzMT586x0bpObGQprh25urPiQlKlBonkelMkB6oZW8m/ue1Mx1fhRPK00wTjheL4ow5WjizHJwelQRrNjYEYUnNrQ4eIImwNmmVTAj+8st/SePM9S/c87tqpVbL4yjCIRzBCfhwCTW4hToEgOEBnuAFXq1H69l6s94XrQUrnzmAX7A+vgEznJNP</latexit>

"/U = 0.4

<latexit sha1_base64="iEUBz3w4OaIANsCCIMWtzIhDfOw=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPNVd8esiFLx4rOC2hXYp2TTbhmaTJckWaukv8eJBEa/+FG/+G9N2D1p9MPB4b4aZeVHKmTae9+UUVlbX1jeKm6Wt7Z3dsru339AyU4QGRHKpWhHWlDNBA8MMp61UUZxEnDaj4e3Mb46o0kyKBzNOaZjgvmAxI9hYqeuWOyOsaKoZl+I0uPG6bsWrenOgv8TPSQVy1LvuZ6cnSZZQYQjHWrd9LzXhBCvDCKfTUifTNMVkiPu0banACdXhZH74FB1bpYdiqWwJg+bqz4kJTrQeJ5HtTLAZ6GVvJv7ntTMTX4cTJtLMUEEWi+KMIyPRLAXUY4oSw8eWYKKYvRWRAVaYGJtVyYbgL7/8lzTOqv5l9eL+vFKr5XEU4RCO4AR8uIIa3EEdAiCQwRO8wKvz6Dw7b877orXg5DMH8AvOxzdJd5LZ</latexit>

"/U = 0
<latexit sha1_base64="iEUBz3w4OaIANsCCIMWtzIhDfOw=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPNVd8esiFLx4rOC2hXYp2TTbhmaTJckWaukv8eJBEa/+FG/+G9N2D1p9MPB4b4aZeVHKmTae9+UUVlbX1jeKm6Wt7Z3dsru339AyU4QGRHKpWhHWlDNBA8MMp61UUZxEnDaj4e3Mb46o0kyKBzNOaZjgvmAxI9hYqeuWOyOsaKoZl+I0uPG6bsWrenOgv8TPSQVy1LvuZ6cnSZZQYQjHWrd9LzXhBCvDCKfTUifTNMVkiPu0banACdXhZH74FB1bpYdiqWwJg+bqz4kJTrQeJ5HtTLAZ6GVvJv7ntTMTX4cTJtLMUEEWi+KMIyPRLAXUY4oSw8eWYKKYvRWRAVaYGJtVyYbgL7/8lzTOqv5l9eL+vFKr5XEU4RCO4AR8uIIa3EEdAiCQwRO8wKvz6Dw7b877orXg5DMH8AvOxzdJd5LZ</latexit>

"/U = 0

<latexit sha1_base64="p6U05YEMEI4KR7wegRm+QLQKqMA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0ykflyEghePFUxbaEPZbDft0s1u2N1USu1P8eJBEa/+Em/+G7dtDlp9MPB4b4aZeVHKqNKe92UVVlbX1jeKm6Wt7Z3dPbu831Aik5gEWDAhWxFShFFOAk01I61UEpREjDSj4c3Mb46IVFTwez1OSZigPqcxxUgbqWuXOyMkSaooE/w0uPbcateueK43h/OX+DmpQI561/7s9ATOEsI1Zkiptu+lOpwgqSlmZFrqZIqkCA9Rn7QN5SghKpzMT586x0bpObGQprh25urPiQlKlBonkelMkB6oZW8m/ue1Mx1fhRPK00wTjheL4ow5WjizHJwelQRrNjYEYUnNrQ4eIImwNmmVTAj+8st/SePM9S/c87tqpVbL4yjCIRzBCfhwCTW4hToEgOEBnuAFXq1H69l6s94XrQUrnzmAX7A+vgEznJNP</latexit>

"/U = 0.4
<latexit sha1_base64="p6U05YEMEI4KR7wegRm+QLQKqMA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0ykflyEghePFUxbaEPZbDft0s1u2N1USu1P8eJBEa/+Em/+G7dtDlp9MPB4b4aZeVHKqNKe92UVVlbX1jeKm6Wt7Z3dPbu831Aik5gEWDAhWxFShFFOAk01I61UEpREjDSj4c3Mb46IVFTwez1OSZigPqcxxUgbqWuXOyMkSaooE/w0uPbcateueK43h/OX+DmpQI561/7s9ATOEsI1Zkiptu+lOpwgqSlmZFrqZIqkCA9Rn7QN5SghKpzMT586x0bpObGQprh25urPiQlKlBonkelMkB6oZW8m/ue1Mx1fhRPK00wTjheL4ow5WjizHJwelQRrNjYEYUnNrQ4eIImwNmmVTAj+8st/SePM9S/c87tqpVbL4yjCIRzBCfhwCTW4hToEgOEBnuAFXq1H69l6s94XrQUrnzmAX7A+vgEznJNP</latexit>

"/U = 0.4

<latexit sha1_base64="W9l7923E0ptkyFlimyPimJ9hDrw=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4iknx6yIUvHisYNpCG8pmu2mXbnbD7qZSan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6WMKu1539bK6tr6xmZhq7i9s7u3b5cO6kpkEpMACyZkM0KKMMpJoKlmpJlKgpKIkUY0uJ36jSGRigr+oEcpCRPU4zSmGGkjdexSe4gkSRVlgp8FN55b6dhlz/VmcJaJn5My5Kh17K92V+AsIVxjhpRq+V6qwzGSmmJGJsV2pkiK8AD1SMtQjhKiwvHs9IlzYpSuEwtpimtnpv6eGKNEqVESmc4E6b5a9Kbif14r0/F1OKY8zTTheL4ozpijhTPNwelSSbBmI0MQltTc6uA+kghrk1bRhOAvvrxM6hXXv3Qv7s/L1WoeRwGO4BhOwYcrqMId1CAADI/wDK/wZj1ZL9a79TFvXbHymUP4A+vzBzCUk00=</latexit>

"/U = 0.2
<latexit sha1_base64="W9l7923E0ptkyFlimyPimJ9hDrw=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4iknx6yIUvHisYNpCG8pmu2mXbnbD7qZSan+KFw+KePWXePPfuG1z0NYHA4/3ZpiZF6WMKu1539bK6tr6xmZhq7i9s7u3b5cO6kpkEpMACyZkM0KKMMpJoKlmpJlKgpKIkUY0uJ36jSGRigr+oEcpCRPU4zSmGGkjdexSe4gkSRVlgp8FN55b6dhlz/VmcJaJn5My5Kh17K92V+AsIVxjhpRq+V6qwzGSmmJGJsV2pkiK8AD1SMtQjhKiwvHs9IlzYpSuEwtpimtnpv6eGKNEqVESmc4E6b5a9Kbif14r0/F1OKY8zTTheL4ozpijhTPNwelSSbBmI0MQltTc6uA+kghrk1bRhOAvvrxM6hXXv3Qv7s/L1WoeRwGO4BhOwYcrqMId1CAADI/wDK/wZj1ZL9a79TFvXbHymUP4A+vzBzCUk00=</latexit>

"/U = 0.2

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0
<latexit sha1_base64="2hgubvDJkHCshdKpEpr4Ock7iEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX3gKePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB88975YrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuhf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AWOCNLA==</latexit>

0.4
<latexit sha1_base64="AZWfjq1cIMYQk3Xb0VaGcdGM/rY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qknx61jwIp4qmLbQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz321lZXVvf2Cxtlbd3dvf2KweHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJv77SeqNIvlo5kkNBB4KFnECDa5VL8/9/uVqltzZ0DLxCtIFQo0+5Wv3iAmqaDSEI617npuYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQTZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwVt8eZm06jXvqnb5cFFtNIo4SnAMJ3AGHlxDA+6gCT4QGMEzvMKbI5wX5935mLeuOMXMEfyB8/kDJyiNqg==</latexit>

2J/U

<latexit sha1_base64="0ltysKXpd8Y9/Qsncn6tk4cOoew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVH8FTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+51V654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw6gaTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8Jdf/kuaZ65/6V7cnVdq13kcRTiCYzgFH66gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGXvCNMA==</latexit>

0.8
<latexit sha1_base64="9WjA+z573CR23xhj4e+SlmKD0ng=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBF54CXjxGNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMBVcG8/7dlZW19Y3Ngtbxe2d3b390sFhQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIbD26nffEKleSIfzSjFIKZ9ySPOqLHSg+9WuqWy53ozkGXi56QMOWrd0lenl7AsRmmYoFq3fS81wZgqw5nASbGTaUwpG9I+ti2VNEYdjGenTsipVXokSpQtachM/T0xprHWozi0nTE1A73oTcX/vHZmoutgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I/uLLy6RRcf1L9+L+vFy9yeMowDGcwBn4cAVVuIMa1IFBH57hFd4c4bw4787HvHXFyWeO4A+czx9XXo0r</latexit>

1.2
<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0
<latexit sha1_base64="2hgubvDJkHCshdKpEpr4Ock7iEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX3gKePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB88975YrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuhf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AWOCNLA==</latexit>

0.4
<latexit sha1_base64="AZWfjq1cIMYQk3Xb0VaGcdGM/rY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qknx61jwIp4qmLbQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbVz321lZXVvf2Cxtlbd3dvf2KweHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJv77SeqNIvlo5kkNBB4KFnECDa5VL8/9/uVqltzZ0DLxCtIFQo0+5Wv3iAmqaDSEI617npuYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQTZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwVt8eZm06jXvqnb5cFFtNIo4SnAMJ3AGHlxDA+6gCT4QGMEzvMKbI5wX5935mLeuOMXMEfyB8/kDJyiNqg==</latexit>

2J/U

<latexit sha1_base64="0ltysKXpd8Y9/Qsncn6tk4cOoew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVH8FTwIvHiOYByRJmJ7PJkNnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuClMpDHrel1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmtx65NiJRDzhOeRDTgRKRYBStdO+51V654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw6gaTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8Jdf/kuaZ65/6V7cnVdq13kcRTiCYzgFH66gBrdQhwYwGMATvMCrI51n5815X7QWnHzmEH7B+fgGXvCNMA==</latexit>
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Figure 5. Numerical MF phase diagrams (color code: blue = SF, yellow = SS, red = DW, purple = MI). The thick black line in the first row
corresponds to the analytical perturbative expression for the insulating/superfluid boundary, Eq. (48).

This is the procedure that we have used to produce the phase diagrams of Fig. 1 in the main text. Note that the boundaries of
those diagrams have been smoothened for ease of presentation. For completeness, in Fig. 5 of this section we provide the same
diagrams plotted from the raw data without any smoothing.

B. Analytic MF theory for the insulating/superfluid boundary

For ε = 0 it is possible to find the boundaries between insulating (MI or DW) and superfluid (SF or SS) phases analytically.
In short, the idea is to interpret the MF approximation to E = ⟨Ĥ⟩ as sort of a Landau potential that depends on the complex
parameters ϕ = (ϕo, ϕe)T that we collect into a column vector for later convenience. In the insulating phases, the potential has a
minimum at ϕ = 0, but this minimum flattens out as the boundary towards the superfluid phases is approached, until it becomes
unstable once we cross it and new minima emerge at ϕ , 0. Hence, in this section we let the parameters ϕ of the MF Hamiltonian
vary freely, using them as Landau ‘order parameters’ and seeking the points of the phase diagram at which the curvature of E(ϕ)
vanishes. This will provide analytic expressions for the insulating/superfluid boundary. Note that throughout this section the
other MF parameters keep their ρ j = ⟨n̂ j⟩ definition. Let us now elaborate on the details of this procedure.

Given the MF variational ansatz
⊗L/2

j=1 |ψo⟩ ⊗ |ψe⟩, we begin by defining the variational energy per pair of sites associated to
the Hamiltonian (26)

e =
⟨Ĥ⟩
L/2
= −µ(⟨n̂o⟩ + ⟨n̂e⟩) +

U
2

(⟨n̂o(n̂o − 1)⟩ + ⟨n̂e(n̂e − 1)⟩) − 2J
(
⟨â†o⟩⟨âe⟩ + ⟨â†e⟩⟨âo⟩

)
+ 2V⟨n̂o⟩⟨n̂e⟩. (35)
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Similarly, writing the MF Hamiltonian per pair of sites from (30) and (33) as

ĥMF ≡
ĤMF

L/2
= − µ(n̂o + n̂e) +

U
2

[n̂o(n̂o − 1) + n̂e(n̂e − 1)] (36)

+ 2V(⟨n̂e⟩n̂o + ⟨n̂o⟩n̂e − ⟨n̂o⟩⟨n̂e⟩)

− 2J(ϕ∗eâo + ϕeâ†o + ϕ
∗
oâe + ϕoâ†e − ϕ

∗
oϕe − ϕ

∗
eϕo),

we can define the MF energy per pair of sites as

eMF ≡⟨ĥMF⟩ (37)

= − µ(⟨n̂o⟩ + ⟨n̂e⟩) +
U
2

(⟨n̂o(n̂o − 1)⟩ + ⟨n̂e(n̂e − 1)⟩) + 2V⟨n̂o⟩⟨n̂e⟩

− 2J(ϕ∗e⟨âo⟩ + ϕe⟨â†o⟩ + ϕ
∗
o⟨âe⟩ + ϕo⟨â†e⟩ − ϕ

∗
oϕe − ϕ

∗
eϕo).

We then have the following relation between the variational energy and the MF energy

e = eMF − 2J[(⟨âo⟩
∗ − ϕ∗o)(⟨âe⟩ − ϕe) + c.c.]. (38)

The goal is to relate e to ϕ and then check its curvature at ϕ = 0, which is built from the second-order derivatives K jk =

∂2e/∂ϕ j∂ϕk

∣∣∣
ϕ=0. Hence, we don’t care about the full dependence of e on ϕ, but just about its quadratic expansion around ϕ = 0.

This is consistent with performing second-order perturbation theory in J on ĥMF, which indeed leads to a quadratic form in ϕ
as we show next. Moreover, remember from Section II that for J = 0 = ε we know the exact eigenstates of Ĥ, and they have
⟨â j⟩ = 0, so J is precisely the parameter that brings in the coherence ϕ , 0. However, applying perturbation theory to ĥMF is not
as straightforward as it might seem, since it is a function of ⟨n̂ j⟩, so it defines a nonlinear eigenproblem, where the operator we
want to diagonalize depends on its eigenstates. We carefully perform such perturbation theory in the next section, but here we
just provide the final result for the ground state energy, which reads

eMF(ϕ) ≈ e(0)
n̄on̄e
+ 2J(ϕ∗oϕe + ϕoϕ

∗
e) −

4J2

U
χo|ϕe|

2 −
4J2

U
χe|ϕo|

2, (39)

where

e(0)
n̄on̄e
= −µ(n̄o + n̄e) + 2Vn̄on̄e +

U
2

[n̄o(n̄o − 1) + n̄e(n̄e − 1)], (40)

is the ground-state energy of the system in the J = 0 limit, with {n̄ j} j=o,e given by (27), and

χo =
n̄o

µ/U − 2n̄eV/U + 1 − n̄o
+

n̄o + 1
n̄o − µ/U + 2n̄eV/U

, (41a)

χe =
ne

µ/U − 2n̄oV/U + 1 − n̄e
+

n̄e + 1
n̄e − µ/U + 2n̄oV/U

. (41b)

Note that χ j ≥ 0.
In order to turn the variational energy per pair of sites e of Eq. (38) into a function of ϕ, we also have to relate the expectation

values ⟨â j⟩ to ϕ. We do this by considering the Hellmann-Feynman theorem [93] within the MF approximation, which states

∂eMF

∂ϕ j
=

〈
∂ĥMF

∂ϕ j

〉
. (42)

Evaluating the right-hand side from (36) and the left-hand side from (39), we obtain

⟨âo⟩ =
2J
U
χoϕe, (43a)

⟨âe⟩ =
2J
U
χeϕo, (43b)

to leading order in J. Putting expressions (39) and (43) together in (38), and keeping terms only up to quadratic order in ϕ, we
obtain the quadratic form

e ≈ e(0)
n̄on̄e
+

4J2

U
[χe|ϕo|

2 + χo|ϕe|
2 − 2Jχoχe(ϕ∗eϕo + ϕeϕ

∗
o)] = e(0)

n̄on̄e
+ ϕ†Kϕ, (44)
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with real, symmetric curvature matrix

K =
4J2

U

(
χe −2Jχoχe/U

−2Jχoχe/U χo

)
. (45)

We can diagonalize the curvature matrix as K = STdiag(κ+, κ−)S, where S is an orthonormal matrix (whose specific form is
irrelevant for our purposes) and the eigenvalues read

κ± =
2J2

U

(
χe + χo ±

√
(χe − χo)2 + 16J2χ2

oχ
2
e/U2

)
. (46)

Defining then new complex parameters (ϕ+, ϕ−)T = Sϕ, the ‘Landau potential’ e(ϕ) can be written as

e(ϕ) ≈ e0 + κ+|ϕ+|
2 + κ−|ϕ−|

2. (47)

Therefore, the condition for stability of the ϕ = 0 configuration is κ± > 0 (which J = 0 satisfies), while as soon as the curvature
κ− turns negative, that trivial configuration becomes unstable (which happens for sufficiently large J). Hence, the boundary
between insulator and superfluid phases is determined by the condition

κ− = 0 ⇐⇒
J
U
=

1
2
√
χoχe

. (48)

As shown in Fig. 5, this simple analytic condition fits perfectly the insulating/superfluid boundaries found via self-consistent
Hartree-Fock in the previous section.

C. Perturbation theory on the MF nonlinear eigenproblem

Before proceeding to the next section, we need to present the perturbative solution to the nonlinear eigenproblem defined by
ĥMF(⟨n̂o⟩, ⟨n̂e⟩), proving that it leads to Eq. (39). We start by writing the Hamiltonian as ĥMF = ĥ0 + ŵ, where

ĥ0 = (−µ + 2V⟨n̂e⟩J=0)n̂o + (−µ + 2V⟨n̂o⟩J=0)n̂e +
U
2

[n̂o(n̂o − 1) + n̂e(n̂e − 1)] − 2V⟨n̂o⟩J=0⟨n̂e⟩J=0, (49)

is the MF Hamiltonian per pair of sites at J = 0, which we take as our unperturbed Hamiltonian, and

ŵ = − 2J(ϕ∗eâo + ϕeâ†o + ϕ
∗
oâe + ϕoâ†e − ϕ

∗
oϕe − ϕ

∗
eϕo) (50)

+ 2V[(⟨n̂e⟩ − ⟨n̂e⟩J=0)n̂o + (⟨n̂o⟩ − ⟨n̂o⟩J=0)n̂e − (⟨n̂o⟩⟨n̂e⟩ − ⟨n̂o⟩J=0⟨n̂e⟩J=0)],

is the perturbation. Even though ĥ0 defines also a nonlinear problem, its eigenstates are trivially found to be the Fock states
{|no, ne⟩ ≡ |no⟩ ⊗ |ne⟩}n j=0,1,2,..., as it depends solely on number operators. We thus have ĥ0|no, ne⟩ = e(0)

none |no, ne⟩, with

e(0)
none
= −µ(no + ne) + 2Vnone +

U
2

[no(no − 1) + ne(ne − 1)]. (51)

These coincide with the eigenenergies of the full Hamiltonian per pair of sites Ĥ/(L/2) for J = 0 = ε. Hence, |n̄o, n̄e⟩, with Fock
numbers provided by (27), is the ground state of ĥ0. We already found that this ground-state energy has a degeneracy related to
the translational invariance of the model. In addition, for 2V > U it is also degenerate when µ/U is a positive integer or zero,
leading to the same energies for |n̄o, 0⟩ and |n̄o + 1, 0⟩. Similarly, for 2V < U the degeneracy appears when µ/(U + 2V) is a
positive integer or zero. Nevertheless, we will see that non-degenerate perturbation theory gives sensible results even at those
degeneracy points, so there is no need to treat them separately with degenerate perturbation theory.

We consider the full MF eigenproblem

ĥMF|ψnone⟩ = enone |ψnone⟩, (52)

and assume as usual in perturbation theory that the eigenstates and eigenenergies admit a series expansion in J

|ψnone⟩ = |no, ne⟩ + J|ψ(1)
none
⟩ + J2|ψ(2)

none
⟩ + ..., (53a)

enone = e(0)
none
+ Je(1)

none
+ J2e(2)

none
+ ... . (53b)
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As we will see, we can choose ⟨no, ne|ψ
(1)
none⟩ ∈ R. Moreover, we can demand that the eigenstates are normalized at all orders, so

that

1 = ⟨ψnone |ψnone⟩ =

1︷          ︸︸          ︷
⟨no, ne|no, ne⟩+J(⟨no, ne|ψ

(1)
none
⟩ + ⟨ψ(1)

none
|no, ne⟩) (54)

+ J2(⟨no, ne|ψ
(2)
none
⟩ + ⟨ψ(2)

none
|no, ne⟩ + ⟨ψ

(1)
none
|ψ(1)

none
⟩) + ...,

implies

⟨no, ne|ψ
(1)
none
⟩ = 0, (55a)

⟨no, ne|ψ
(2)
none
⟩ + ⟨ψ(2)

none
|no, ne⟩ = −⟨ψ

(1)
none
|ψ(1)

none
⟩. (55b)

These expressions will be useful later. Next we evaluate the expectation values appearing in the Hamiltonian:

⟨n̂ j⟩ =

n j=⟨n̂ j⟩J=0︷              ︸︸              ︷
⟨no, ne|n̂ j|no, ne⟩+J(

n j⟨no,ne |ψ
(1)
none ⟩=0︷             ︸︸             ︷

⟨no, ne|n̂ j|ψ
(1)
none
⟩+

n j⟨ψ
(1)
none |no,ne⟩=0︷             ︸︸             ︷

⟨ψ(1)
none
|n̂ j|no, ne⟩) (56)

+ J2(⟨no, ne|n̂ j|ψ
(2)
none
⟩ + ⟨ψ(2)

none
|n̂ j|no, ne⟩︸                                      ︷︷                                      ︸

−n j⟨ψ
(1)
none |ψ

(1)
none ⟩

+⟨ψ(1)
none
|n̂ j|ψ

(1)
none
⟩) + ...,

so

⟨n̂ j⟩ − ⟨n̂ j⟩J=0 = J2⟨ψ(1)
none
|(n̂ j − n j)|ψ(1)

none
⟩ + ... (57a)

⟨n̂o⟩⟨n̂e⟩ − ⟨n̂o⟩J=0⟨n̂e⟩J=0 = J2[no⟨ψ
(1)
none
|(n̂e − ne)|ψ(1)

none
⟩ + ne⟨ψ

(1)
none
|(n̂o − no)|ψ(1)

none
⟩] + ... . (57b)

It is then convenient to split the perturbation as ŵ = Jĥ + J2v̂, with

ĥ = −2(ϕ∗eâo + ϕeâ†o + ϕ
∗
oâe + ϕoâ†e − ϕ

∗
oϕe − ϕ

∗
eϕo), (58a)

v̂ = 2V[⟨ψ(1)
none
|(n̂e − ne)|ψ(1)

none
⟩(n̂o − no) + ⟨ψ(1)

none
|(n̂o − no)|ψ(1)

none
⟩(n̂e − ne)], (58b)

so that the MF Hamiltonian is written as

ĥMF = ĥ0 + Jĥ + J2v̂, (59)

with all terms showing explicitly the order in J to which they contribute. Inserting (59) and (53) in (52), and matching like orders
in J, we obtain

ĥ0|no, ne⟩ = e(0)
none
|no, ne⟩, (60a)

ĥ0|ψ
(1)
none
⟩ + ĥ|no, ne⟩ = e(0)

none
|ψ(1)

none
⟩ + e(1)

none
|no, ne⟩, (60b)

ĥ0|ψ
(2)
none
⟩ + ĥ|ψ(1)

none
⟩ + v̂|no, ne⟩ = e(0)

none
|ψ(2)

none
⟩ + e(1)

none
|ψ(1)

none
⟩ + e(2)

none
|no, ne⟩, (60c)

...

The first identity is just the unperturbed eigenproblem. On the other hand, projecting (60b) onto |no, ne⟩, and using â j|n j⟩ =
√n j|n j − 1⟩ and â†j |n j⟩ =

√
n j + 1|n j + 1⟩, we obtain the first-order correction to the eigenenergies,

e(1)
none
= ⟨no, ne|ĥ|no, ne⟩ = 2(ϕ∗oϕe − ϕ

∗
eϕo), (61)

while projecting (60b) onto |mo , no,me , ne⟩, we find the first-order corrections to the eigenvectors,

⟨mo,me|ψ
(1)
none
⟩ =

hmome,none

e(0)
none − e(0)

mome

, (62)

with

hmome,none = ⟨mo,me|ĥ|no, ne⟩ = −2(
√

noϕ
∗
eδmo,no−1δme,ne +

√
no + 1ϕeδmo,no+1δme,ne (63)

+
√

neϕ
∗
oδmo,noδme,ne−1 +

√
ne + 1ϕoδmo,noδme,ne+1).
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Finally, the second-order correction to the eigenenergies is found by projecting (60c) onto |no, ne⟩, leading to

e(2)
none
= ⟨no, ne|ĥ|ψ(1)

none
⟩ + ⟨no, ne|v̂|no, ne⟩ =

∑
mo,no

∑
me,ne

|hmome,none |
2

e(0)
none − e(0)

mome

, (64)

where we have used

⟨no, ne|ĥ|ψ(1)
none
⟩ =

∑
mo,no

∑
me,ne

hmome,none

e(0)
none − e(0)

mome

⟨no, ne|ĥ|mo,me⟩︸              ︷︷              ︸
h∗mome ,none

, (65a)

⟨no, ne|v̂|no, ne⟩ ∼ ⟨no, ne|(n̂ j − n j)|no, ne⟩ = 0. (65b)

Recombining the eigenenergies up to order J2 as in (53b) and particularizing to the ground state (no = n̄o,ne = n̄e), we obtain
the perturbative expression (39) that we wanted to prove.

IV. COHERENT STATE ANSATZ

A. Analytic solutions and superfluid/supersolid phase boundary

As explained in the main text, deep in the region with Z2-superfluid order we expect the amplitudes ⟨â j⟩ , 0 to be dominated
by a strong coherent component. Hence, in this region it makes sense to consider a coherent-state ansatz [44] of the form⊗L

j=1 |α j⟩, where â j|α j⟩ = α j|α j⟩ and {α j ∈ C} j=1,2,...,L are the variational parameters. Considering the Hamiltonian (26), the
energy functional ⟨Ĥ⟩ takes the form

E =
L∑

j=1

[
−µ|α j|

2 − J(α jα
∗
j+1 + α

∗
jα j+1) −

ε

2
(α2

j + α
∗2
j ) +

U
2
|α j|

4 + V |α j|
2|α j+1|

2
]
. (66)

The J term is minimized when all sites have the same phase, so that Re{α jα
∗
j+1} ≥ 0. On the other hand, in order to minimize the

ε term, the amplitudes α j must be real. Hence, we conclude that the amplitudes are real and either all positive or all negative.
On the other hand, since the energy functional is invariant under the Z2 transformation α j → −α j ∀ j, we can take the positive
sign for the amplitudes for definiteness, just keeping in mind that from any minimizing configuration {α j ≥ 0} j=1,2,...,L we can
build an equally valid configuration simply inverting the sign of all amplitudes. The minimization condition becomes then

∂E
∂α j
= 0 ⇒ [−(µ + ε) + Uα2

j + Vα2
j+1 + Vα2

j−1]α j = J(α j+1 + α j−1), (67)

with α j real and positive ∀ j. These equations possess three types of analytic solutions, which happen to be the only relevant
minima according to our exhaustive exploration, as we discuss in the next section. The simplest among these is the trivial one,
α j = 0 ∀ j, with null energy E = 0 in all parameter space. One can also easily find in (67) a nontrivial homogeneous solution
(that we simply denote by ‘Z2-superfluid’ or SF in this coherent context)

α j =

√
µ + ε + 2J

U + 2V
≡ αSF ∀ j, (68)

with energy

E = −2LJ2 (ν + 1)2

U + 2V
≡ ESF < 0, (69)

where we have defined the parameter ν = (µ+ ε)/2J that will reappear throughout this section on occasion. This SF solution has
then lower energy than the trivial one. If we would allow for negative chemical potentials, the superfluid solution would cease
to exist as soon as µ < −(ε+ 2J) or ν < −1, parameter region where the trivial solution takes over (actually, for ν < −1 the trivial
solution is a minimum, while for ν > −1 it becomes an unstable saddle point). However, this is not relevant to our current work
where we are analyzing the µ > 0 region, since this is the usual accessible region in condensed matter physics.

The third analytic solution is the staggered one (that we denote by ‘Z2-supersolid’ or SS)

α j =

{
αSS for j ∈ odd
rαSS for j ∈ even , (70)
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Figure 6. Phase diagram arising from the coherent-state ansatz, which is fully characterized by two reduced parameters only, ν = (µ + ε)/2J
and V/U. The trivial phase refers the α j = 0 configuration for all coherent amplitudes (vacuum state). SF refers to a configuration with all
amplitudes are equal and non-zero (homogeneous superfluid-like). SS refers to a configuration with alternating amplitudes, different for even
and odd sites (supersolid-like). The boundary between the trivial and SF phases is ν = −1. The boundary between SF and SS phases is
2V/U = 1 + 2/ν, and exists only for ν > 0 and 2V/U > 1.

where we assume that the density is larger at odd sites (0 ≤ r ≤ 1) for definiteness, but the opposite case is also a solution, owed
to the translational invariance of the Hamiltonian. Particularizing (67) to odd j leads to

α2
SS =

µ + ε + 2rJ
U + 2r2V

, (71)

which inserted into (67) particularized now to even j leads to an equation for r that reads

(1 − r2)(1 + r2 − ar) = 0, (72)

where we have defined a = ν(2V/U − 1). Apart from the r = 1 root that simply leads to the SF solution discussed above, we
obtain only another root satisfying 0 ≤ r ≤ 1, namely 2r = a −

√
a2 − 4 that exists only for a ≥ 2, condition that can be recasted

as

V
U
≥

1
2
+

1
ν
⇔ µ ≥

4J
2V/U − 1

− ε. (73)

Let us remark that the equality in this expression leads precisely to the SF/SS boundary that we have presented in the main
text. Indeed, for a = 2 we get r = 1, meaning that the staggered solution converges to the homogeneous one at the boundary.
Moreover, inserting the staggered solution into the coherent energy functional (66) leads to

E = −
LJ2

U

(
ν2 +

2
2V/U − 1

)
≡ ESS, (74)

which is easily shown to be smaller than ESF in all the domain of existence of the solution. Hence, we conclude that a = 2 is
the coherent-state prediction for the phase boundary between the SF and SS regions. This method predicts a continuous second-
order phase transition, since ESF and ESS and their first-order derivatives are continuously connected at the phase boundaries,
with the discontinuity appearing at the second-order derivative.

The coherent-state ansatz provides then a phase diagram that is easily summarized in terms of just two relevant parameters ν
and 2V/U, as we show in Fig. 6.

B. Numerical search of other minima

The question remains about whether there exist other solutions to (67) with an even lower energy. We have performed an
exhaustive numerical search, finding many local minima, but never with energies below ESF or ESS of Eqs. (69) and (74),
respectively. In this section we want to present the way in which we have performed the numerical search.

We have relied on imaginary-time evolution. In particular, we know that the energy of the state

|ψ(τ)⟩ =
e−Ĥτ|ψ(0)⟩

⟨ψ(0)|e−2Ĥτ|ψ(0)⟩
, (75)
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should converge at τ → ∞ to that of the system’s ground state, assuming that |ψ(0)⟩ projects onto the ground subspace. The
differential form of (75) is

∂τ|ψ(τ)⟩ = −
[
Ĥ − ⟨ψ(τ)|Ĥ|ψ(τ)⟩

]
|ψ(τ)⟩, (76)

which has the form of a (non-linear) Schrödinger equation where time has been replaced by an imaginary time −iτ. We can
particularize this equation to the coherent-state manifold by considering the ansatz of the previous section,

|ψ(τ)⟩ =
L⊗

j=1

|α j(τ)⟩, (77)

but now with τ-dependent coherent amplitudes α j(τ). We can then turn (76) into an evolution or ‘flow’ equation for these
amplitudes by considering

∂τ⟨ψ(τ)|â j|ψ(τ)⟩ =
[
∂τ⟨ψ(τ)|

]
â j|ψ(τ)⟩ + ⟨ψ(τ)|â j

[
∂τ|ψ(τ)⟩

]
(78)

= −⟨ψ(τ)|Ĥâ j + â jĤ|ψ(τ)⟩ + 2⟨ψ(τ)|Ĥ|ψ(τ)⟩⟨ψ(τ)|â j|ψ(τ)⟩

= −⟨ψ(τ)|[â j, Ĥ]|ψ(τ)⟩ + 2
[
⟨ψ(τ)|Ĥ â j|ψ(τ)⟩︸   ︷︷   ︸

α j |ψ(τ)⟩

−⟨ψ(τ)|Ĥ|ψ(τ)⟩ ⟨ψ(τ)|â j|ψ(τ)⟩︸           ︷︷           ︸
α j

]
,

so that (here, the dot denotes derivative with respecto to τ)

α̇ j = −⟨[â j, Ĥ]⟩ =
[
µ − U |α j|

2 + V
(
|α j+1|

2 + |α j−1|
2
)]
α j + εα

∗
j + J(α j+1 + α j−1), (79)

where, after performing the commutator, we have used

⟨â†j1 â†j2 ...â
†

jJ
â jJ+1 â jJ+2 ...â jJ+K ⟩ = α

∗
j1α
∗
j2 ...α

∗
jJ
α jJ+1α jJ+2 ...α jJ+K , (80)

for the normally-ordered product of J creation operators with K annihilation operators in a coherent state. From any initial
configuration {α j(0)} j=1,2,...,L (different than a fixed point), this nonlinear system will deterministically flow towards one of its
attractors, corresponding to a local (or global) minimum of the energy functional of Eq. (66). We have tried a huge number of
random initial configurations for sizes L as large as few hundreds, always flowing either into the analytical solutions presented
in the previous sections, or other configurations with higher energy.

V. GENERAL GAUSSIAN-STATE ANSATZ

In order to confirm the predictions from the coherent-state ansatz, we now extend the variational space by considering all
possible Gaussian states. We will show that the predictions from this general ansatz converge to the analytical ones obtained in
the previous section as we move deeper into the region with Z2-superfluid order.

Gaussian states refer to those with a Gaussian Wigner function [44, 69–72], such that their statistics are completely charac-
terized by first and second order moments. It is customary to refer these moments to the position and momentum quadratures
x̂ j = â†j + â j and p̂ j = i(â†j − â j), rather than the annihilation and creation operators, which we collect in the column vector
r̂ = (x̂1, ..., x̂L, p̂1, ..., p̂L)T, where T transposes the array without altering the operators that form it. Note that the canonical
commutation relations read

[r̂m, r̂n] = 2iΩmn, with Ω =
(

0 I

−I 0

)
, (81)

with I the L × L identity matrix and Ω known as the symplectic form. First and second order moments are characterized,
respectively, by the mean vector dm = ⟨r̂m⟩ and the covariance matrix Vmn = ⟨δr̂mδr̂n + δr̂nδr̂m⟩/2, where we have defined the
quadrature fluctuations δr̂m = r̂m − dm. In a more compact notation

d = ⟨r̂⟩ ∈ R2L, (82a)

V = ⟨δr̂δr̂T⟩ − iΩ ∈ R2L × R2L, (82b)

where we have used the commutation relations (6) in the second line. Higher-order moments can be found from first and second
order ones via the Gaussian moment theorem [44, 91]. Consider a set of K operators {L̂k}k=1,2,...,K all arbitrary linear functions of
the quadrature fluctuations; this theorem states that

⟨L̂1L̂2...L̂K⟩ =

{
0 for odd K∑{k1,k2,...,kK }∈

all (K−1)!! pairings⟨L̂k1 L̂k2⟩...⟨L̂kK−1 L̂kK ⟩ for even K . (83)
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Together with the relation ⟨δr̂mδr̂n⟩ = Vmn+ iΩmn, this allows connecting the expectation value of any polynomial function of the
quadratures to a polynomial of the elements of the mean vector and covariance matrix of the Gaussian state. Crucially, since the
Hamiltonian (26) is a fourth-order polynomial in the annihilation and creation operators (or the quadratures, since 2â j = x̂ j+i p̂ j),
the energy functional E(d,V) = ⟨Ĥ⟩ can be found as a function of the mean vector and covariance matrix by using this Gaussian
moment theorem (83). While this can be a tedious task, it is conceptually simple. The Binder parameter as defined in the main
text is determined from the ratio between eighth-order polynomials in the quadratures, and it is another quantity that we will use
extensively in this section and we compute via the Gaussian moment theorem.

It is not difficult to prove [44, 69–72] that any pure Gaussian state |ψ(V, d)⟩ characterized by its mean vector and covariance
matrix can be generated by applying some Gaussian unitary Ĝ onto the vacuum state

|ψ(V, d)⟩ = Ĝ|vac⟩, with â j|vac⟩ = 0, (84)

where Gaussian unitaries are defined as those that perform a linear transformation on the quadratures

Ĝ† r̂Ĝ = S r̂ + d. (85)

Preservation of the canonical commutation relations imposes that the matrix S is constrained to the special symplectic group of
L modes, S p(2L,R), that is, it has unit determinant and must leave invariant the symplectic form Ω,

SΩS T = Ω. (86)

Taking into account that the covariance matrix of vacuum is the 2L × 2L identity, (82b), (84), and (85) imply the relation

V = S S T, (87)

between the covariance matrix of the Gaussian state and the Gaussian unitary that defines it. The coherent states of the previous
section, Eq. (77), correspond to Gaussian states with V equal to the identity, d j = 2Re{α j}, and dL+ j = 2Im{α j}.

In order to find the ground state within the Gaussian variational manifold we make use again of imaginary-time evolution.
Considering a Gaussian state with τ-dependent variational parameters d(τ) and V(τ), it is possible to show [92] using (84) that
the imaginary-time Schrödinger equation (76) is transformed into

ḋ = −2V
δE
δd
, (88a)

V̇ = 4ΩT δE
δV
Ω − 4V

δE
δV

V, (88b)

where we have defined a vector and a matrix containing the derivatives of the energy functional with respect the variational
parameters (

δE
δd

)
m
=
∂E
∂dm

, (89a)(
δE
δV

)
mn
=

∂E
∂Vmn

. (89b)

For a given parameter set, we simulate this ‘flow’ equations (88) starting from many random mean vectors and covariance
matrices, up to a sufficiently long time τ that ensures convergence to a fixed point of the equations (corresponding, as in the
coherent case, to a local minimum of the energy landscape). We then select the one providing the lowest energy.

Before presenting the results, let us comment on one subtle point related to how we generate random (but physical) covariance
matrices. We exploit the Bloch-Messiah reduction or Euler decomposition of symplectic matrices [69–71], so that Eq. (87)
allows us to sample covariance matrices as

V = KTDK, (90)

where D = diag(e−2r1 ,...,e−2rL ,e2r1 ,...,e2rL ) is a diagonal matrix with real and positive random numbers r j (technically D is the
covariance matrix of L independent squeezed vacuum states [44, 69–72]), and K is a symplectic orthogonal matrix (so-called
interferometer) that can be built as [69]

K =
(

X −Y
Y X

)
, (91)
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<latexit sha1_base64="Pw/RfQIZnkQdwXaKpUsnlgcM8Fk=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNIEcSLx7RyCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT27nffkKleSQfzTTGfkhHkgecUWOlh0p1UCy5ZXcBsk68jJQgQ2NQ/OoNI5aEKA0TVOuu58amn1JlOBM4K/QSjTFlEzrCrqWShqj76eLSGbmwypAEkbIlDVmovydSGmo9DX3bGVIz1qveXPzP6yYmqPVTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ62rslctV+6vS/VaFkcezuAcLsGDG6jDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD33Iz5</latexit>

56
<latexit sha1_base64="Q8STmXEHx1FAcfaGL3rt7uh+lHQ=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJCkcSLx7RyCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT27nffkKleSQfzTTGfkhHkgecUWOlh2plUCy5ZXcBsk68jJQgQ2NQ/OoNI5aEKA0TVOuu58amn1JlOBM4K/QSjTFlEzrCrqWShqj76eLSGbmwypAEkbIlDVmovydSGmo9DX3bGVIz1qveXPzP6yYmqPVTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ61K2bspX99fleq1LI48nME5XIIHVajDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD01oz3</latexit>

72
<latexit sha1_base64="qPRulg6MIhz+KInqaAzNu5GP7Q0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjz0GvHiMYh6QLGF20psMmZ1dZmaFEPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dYSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSg+/3yhW36s5BVomXkwrkqPfKX91+wrIYpWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsVTSGHUwmV86JWdW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJ/GDCZZoZlGyxKMoEMQmZvU36XCEzYmwJZYrbWwkbUkWZseGUbAje8surpHlR9a6rV/eXlZqfx1GEEziFc/DgBmpwB3VoAIMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP/9zjP4=</latexit>

88
<latexit sha1_base64="G9sJHJ09Q6g4KLWcosbmlr/xYCc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg+de9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt519er+slKv5XEU4QRO4Rw8uIE63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdc1o0t</latexit>

104
<latexit sha1_base64="RuSSbKjNnCdaBsVni5/Ahq+Pops=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3gI8eAF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1Fjpwau6/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuuXN1fluu1PI4CnMIZXIAHN1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFZ0I0r</latexit>

120

<latexit sha1_base64="tdXVQLcAlxApHpzX+mMmkqWE3Is=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBR44BLx4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmEph0PO+nbX1jc2t7cJOcXdv/+CwdHTcNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmd+64lrIxL1iOOUBzEdKBEJRtFKD55b6ZXKnuvNQVaJn5My5Kj3Sl/dfsKymCtkkhrT8b0UgwnVKJjk02I3MzylbEQHvGOpojE3wWR+6pScW6VPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRtVgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/avbq/LNeqeRwFOIUzuAAfbqAGd1CHBjAYwDO8wpsjnRfn3flYtK45+cwJ/IHz+QNVPo0o</latexit>

0.2
<latexit sha1_base64="ytD+qZMmI4f3mhKuFZIwqOyp29s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVHzkGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjz3sleueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGFWDiVBphlyxxaIokwQTMvub9IXmDOXYEsq0sLcSNqSaMrTplGwI/vLLq6R54frX7tX9ZaVWzeMowgmcwjn4cAM1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9YRo0q</latexit>

0.4
<latexit sha1_base64="OGBjWXkY59nYWRv7FtqPdhB9jbQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEa48FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpV9+ruslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbTo0s</latexit>

0.6
<latexit sha1_base64="WbkPWeDUVCh69gJFD9FWVAE4VOU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVHzkGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjy32itXPNebg6wSPycVyFHvlb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjKrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVdK8cP1r9+r+slKr5nEU4QRO4Rx8uIEa3EEdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdeVo0u</latexit>

0.8
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="jy66si7ptKVwRdlNMsa4qUHRKpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7n232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdbUI0s</latexit>

1.5

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="u1C4xYhxfQNLzVd4tx5Xa1D0Rlo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEao8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fpXbvXuslKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdZyo0r</latexit>

0.5

<latexit sha1_base64="jdHD9QprII4AHjUwLr7pIz9Nhb0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ83tlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvevq1f1lpV7L4yjCCZzCOXhwA3W4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/NTjPY=</latexit>

80

<latexit sha1_base64="s4csZlvY4pCkIaokSwLsbWbVQvU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbB07Ir1tZbwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek7u533miSrNYPpppQgOBR5JFjGAzl2q3bnVQrniutwBaJ35OKpCjOSh/9YcxSQWVhnCsdc/3EhNkWBlGOJ2V+qmmCSYTPKI9SyUWVAfZ4tYZurDKEEWxsiUNWqi/JzIstJ6K0HYKbMZ61ZuL/3m91ET1IGMySQ2VZLkoSjkyMZo/joZMUWL41BJMFLO3IjLGChNj4ynZEPzVl9dJ+8r1b9zqw3WlUc/jKMIZnMMl+FCDBtxDE1pAYAzP8ApvjnBenHfnY9lacPKZU/gD5/MH4GmNdQ==</latexit>

79.5

<latexit sha1_base64="XZoC/pZVL0XoFxJ06iSSDVyZuRM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKmngLePEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8pNr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5OasOpPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvyt51+er+slSrZnHk4QRO4Rw8qEAN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wf/coz+</latexit>

79

<latexit sha1_base64="/nOwGHTzwoAiihe2e+QA4wAW4b0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qon4dSx48VjBtIU2lM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjis6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTf3GEJXmiXw0oxSDmPYkjzijxkpBe0gVppqLRJ77nVLZrbgzkGXi5aQMOWqd0le7m7AsRmmYoFq3PDc1wZgqw5nASbGdaUwpG9AetiyVNEYdjGdHT8ipVbokSpQtachM/T0xprHWozi0nTE1fb3oTcX/vFZmottgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FW0I3uLLy6R+UfGuK1cPl+VqNY+jAMdwAmfgwQ1U4R5q4AODJ3iGV3hzhs6L8+58zFtXnHzmCP7A+fwB1/OSJw==</latexit>

"/U

<latexit sha1_base64="IUZJiaCaP09wRtj0NSiiWF0BjYU=">AAACBnicbVBNS8NAEN34WetX1KMIwSJ4Kon4dSx48VjBtIUmhs120y7dbMLuRCwhJy/+FS8eFPHqb/Dmv3Hb5qCtDwYe780wMy9MOVNg29/GwuLS8spqZa26vrG5tW3u7LZUkklCXZLwRHZCrChngrrAgNNOKimOQ07b4fBq7LfvqVQsEbcwSqkf475gESMYtBSYB14kMcm9OAs8oA+Qk+LOYyKCUZG7RWDW7Lo9gTVPnJLUUIlmYH55vYRkMRVAOFaq69gp+DmWwAinRdXLFE0xGeI+7WoqcEyVn0/eKKwjrfSsKJG6BFgT9fdEjmOlRnGoO2MMAzXrjcX/vG4G0aWfM5FmQAWZLooybkFijTOxekxSAnykCSaS6VstMsA6F9DJVXUIzuzL86R1UnfO62c3p7VGo4yjgvbRITpGDrpADXSNmshFBD2iZ/SK3own48V4Nz6mrQtGObOH/sD4/AHpZ5oP</latexit>

µ1
c

U

<latexit sha1_base64="U3kp6s/dpnwvLvXRoX9NrIcs8IQ=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLxo8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOnhalCpejVvAbJO/IJUoUBzUPnqDxOWxSgNE1Trnu+lJsipMpwJnLn9TGNK2YSOsGeppDHqIF8cOiPnVhmSKFG2pCEL9fdETmOtp3FoO2NqxnrVm4v/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vyb2nW1US/CKMMpnMEF+HALDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxT9i44=</latexit>

4
<latexit sha1_base64="qm1SOGt4G23D0ejBVWf5CPrV1X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipUe2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasKqn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8m8p146pcq+ZxFOAUzuACPLiFGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPhXeMvA==</latexit>

8

<latexit sha1_base64="3XhGcsq5VLdg2ePnLtr9LgkE4Y4=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EieCqJ+HUsePFYwbSFJoTNdtMu3U3C7kQsMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRemnCmw7W+jsrS8srpWXa9tbG5t75i7e22VZJJQlyQ8kd0QK8pZTF1gwGk3lRSLkNNOOLqe+J17KhVL4jsYp9QXeBCziBEMWgrMAy+SmOSeyAIP6APkpChytwjMut2wp7AWiVOSOirRCswvr5+QTNAYCMdK9Rw7BT/HEhjhtKh5maIpJiM8oD1NYyyo8vPp/YV1rJW+FSVSVwzWVP09kWOh1FiEulNgGKp5byL+5/UyiK78nMVpBjQms0VRxi1IrEkYVp9JSoCPNcFEMn2rRYZYBwI6spoOwZl/eZG0TxvOReP89qzebJZxVNEhOkInyEGXqIluUAu5iKBH9Ixe0ZvxZLwY78bHrLVilDP76A+Mzx86lZbl</latexit>µc

U

<latexit sha1_base64="2XyOh7kJDL/oJshRc5nd+Guwc3U=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBR44BLx4jmgckS5iddJIhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmAiujed9O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVKNgktsGG4EthOFNAoFtsLx7cxvPaHSPJaPZpJgENGh5APOqLHSQ8Wt9Eplz/XmIKvEz0kZctR7pa9uP2ZphNIwQbXu+F5igowqw5nAabGbakwoG9MhdiyVNEIdZPNTp+TcKn0yiJUtachc/T2R0UjrSRTazoiakV72ZuJ/Xic1g2qQcZmkBiVbLBqkgpiYzP4mfa6QGTGxhDLF7a2EjaiizNh0ijYEf/nlVdKsuP61e3V/Wa5V8zgKcApncAE+3EAN7qAODWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8wdYSo0q</latexit>

2.2

<latexit sha1_base64="1OrgUPL0PwEel2B/upUT5qKltss=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbqvZY8OKxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZ37nSeqNJPi0UwTGsR4JFjECDZWeqi6tUG54rneAmid+DmpQI7moPzVH0qSxlQYwrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsFTimOsgWp87QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgeZEwkqaGCLBdFKUdGovnfaMgUJYZPLcFEMXsrImOsMDE2nZINwV99eZ20q65/7V7d1yqNeh5HEc7gHC7BhxtowB00oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AW1KNLA==</latexit>

2.4

<latexit sha1_base64="/0WPeI2whhO9YU8OpVo7SCEq4aQ=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbtPZY8OKxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZ37nSeqNJPi0UwTGsR4JFjECDZWeqi6tUG54rneAmid+DmpQI7moPzVH0qSxlQYwrHWPd9LTJBhZRjhdFbqp5ommEzwiPYsFTimOsgWp87QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgeZEwkqaGCLBdFKUdGovnfaMgUJYZPLcFEMXsrImOsMDE2nZINwV99eZ20q65fc6/vryqNeh5HEc7gHC7BhxtowB00oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AXlqNLg==</latexit>

2.6

<latexit sha1_base64="xKWK5Cj1RnDhO1Iul495oZqUpLA=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbvBR44BLx4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmEph0PO+nbX1jc2t7cJOcXdv/+CwdHTcNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmd+64lrIxL1iOOUBzEdKBEJRtFKDxW32iuVPdebg6wSPydlyFHvlb66/YRlMVfIJDWm43spBhOqUTDJp8VuZnhK2YgOeMdSRWNugsn81Ck5t0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjKrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0ijYEf/nlVdKsuP61e3V/Wa5V8zgKcApncAE+3EAN7qAODWAwgGd4hTdHOi/Ou/OxaF1z8pkT+APn8wdhYo0w</latexit>

2.8

<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3

<latexit sha1_base64="itAgIZ6Wsci0AAcUNXwbIcFuAbY=">AAACIHicbVDLSsNAFJ3UV62vqks3wSK4KomodVlw47KCfUBTy2R60w6dTMLMTbGEfIobf8WNC0V0p1/j9AFq9cCFwzn3ztx7/FhwjY7zYeWWlldW1/LrhY3Nre2d4u5eQ0eJYlBnkYhUy6caBJdQR44CWrECGvoCmv7wcuI3R6A0j+QNjmPohLQvecAZRSN1ixUvUJSlXkwVciq8MOl6CHeYsuzW4zLAcfZtjqiCWHMRyaxbLDllZwr7L3HnpETmqHWL714vYkkIEpmgWrddJ8ZOOnmZCcgKXqIhpmxI+9A2VNIQdCedHpjZR0bp2UGkTEm0p+rPiZSGWo9D33SGFAd60ZuI/3ntBIOLTsplnCBINvsoSISNkT1Jy+5xBQzF2BDKFDe72mxATWJoMi2YENzFk/+SxknZPS+fXZ+WqtV5HHlyQA7JMXFJhVTJFamROmHknjySZ/JiPVhP1qv1NmvNWfOZffIL1ucX63il7w==</latexit>

@µ1
c

@"

<latexit sha1_base64="4Ye3+aSF22vJs67qWUjWGN5HXBo=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBC8GHbFR44BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHs69XqnsVtwZyDLxclKGHPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7NLJ+TUKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYVv1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nCKNgRv8eVl0ryoeNeVq/vLcq2ax1GAYziBM/DgBmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDkIIzs</latexit>�1

<latexit sha1_base64="ajgxZFpjhF/sKYUbJJ5r83krvnA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyERrfVW8OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkI9EvNYdgOsKGeCepppTruJpDgKOO0Ek7vc7zxRqVgsHvU0oX6ER4KFjGBtJO/CsW/rg2rNsZ050CpxC1KDAq1B9as/jEkaUaEJx0r1XCfRfoalZoTTWaWfKppgMsEj2jNU4IgqP5sfO0NnRhmiMJamhEZz9fdEhiOlplFgOiOsx2rZy8X/vF6qw4afMZGkmgqyWBSmHOkY5Z+jIZOUaD41BBPJzK2IjLHERJt8KiYEd/nlVdK+tN26ff1wVWs2ijjKcAKncA4u3EAT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwBBEo2m</latexit>�0.96

<latexit sha1_base64="/fJBTrm+6xzRzQomQvFCt5QZIks=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBiyEpftRbwYvHCqYttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphyprTrflultfWNza3ydmVnd2//wD48aqkkk4T6JOGJ7IRYUc4E9TXTnHZSSXEcctoOx3czv/1EpWKJeNSTlAYxHgoWMYK1kfwL17mt9e2q67hzoFXiFaQKBZp9+6s3SEgWU6EJx0p1PTfVQY6lZoTTaaWXKZpiMsZD2jVU4JiqIJ8fO0VnRhmgKJGmhEZz9fdEjmOlJnFoOmOsR2rZm4n/ed1MR/UgZyLNNBVksSjKONIJmn2OBkxSovnEEEwkM7ciMsISE23yqZgQvOWXV0mr5njXztXDZbVRL+Iowwmcwjl4cAMNuIcm+ECAwTO8wpslrBfr3fpYtJasYuYY/sD6/AE7Ao2i</latexit>�0.92

<latexit sha1_base64="tXqeL996akkmwU2ZDKSb0tvdMu4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyERP3IsePFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1POlHacb6uytr6xuVXdru3s7u0f1A+P2irJJKE+SXgiuyFWlDNBfc00p91UUhyHnHbCyd3M7zxRqVgiHnWe0iDGI8EiRrA2kn/h2J43qDcc25kDrRK3JA0o0RrUv/rDhGQxFZpwrFTPdVIdFFhqRjid1vqZoikmEzyiPUMFjqkKivmxU3RmlCGKEmlKaDRXf08UOFYqj0PTGWM9VsveTPzP62U68oKCiTTTVJDFoijjSCdo9jkaMkmJ5rkhmEhmbkVkjCUm2uRTMyG4yy+vkval7d7Y1w9XjaZXxlGFEziFc3DhFppwDy3wgQCDZ3iFN0tYL9a79bForVjlzDH8gfX5A0KVjac=</latexit>�0.88

<latexit sha1_base64="gv6gb3lIvYLQqwvdqkPgyxZoXJw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyGRqj0WvHisYGyhDWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2njet1NaW9/Y3CpvV3Z29/YPqodHj1pmitCASC5VJ8KaciZoYJjhtJMqipOI03Y0vp357SeqNJPiwUxSGiZ4KFjMCDZWCi48t1HvV2ue682BVolfkBoUaPWrX72BJFlChSEca931vdSEOVaGEU6nlV6maYrJGA9p11KBE6rDfH7sFJ1ZZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJG2HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Op2BD85ZdXyeOl61+7V/f1WrNRxFGGEziFc/DhBppwBy0IgACDZ3iFN0c4L86787FoLTnFzDH8gfP5AzyFjaM=</latexit>�0.84

<latexit sha1_base64="gRPx2K++07gmeoQXSqJZqz1OoDg=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgapzpy+lCKLhxWcFpC20pmTRtQzPJkGQqpfZT3LhQxK1f4s6/MX0IKnrgwsk595J7TxgzqrTrfliptfWNza30dmZnd2//wM4e1pVIJCYBFkzIZogUYZSTQFPNSDOWBEUhI41wdDX3G2MiFRX8Vk9i0onQgNM+xUgbqWtn22MkSawoE/w8uHSdfNfOuY5X8P1yHppnwc8Xy4aUvEqpUoSe4y6QAyvUuvZ7uydwEhGuMUNKtTw31p0pkppiRmaZdqJIjPAIDUjLUI4iojrTxeozeGqUHuwLaYpruFC/T0xRpNQkCk1nhPRQ/fbm4l9eK9F9vzOlPE404Xj5UT9hUAs4zwH2qCRYs4khCEtqdoV4iCTC2qSVMSF8XQr/J/W845Wd0k0xV/VXcaTBMTgBZ8ADF6AKrkENBACDO/AAnsCzdW89Wi/W67I1Za1mjsAPWG+fql+Tmw==</latexit>

"/U = 0.2

<latexit sha1_base64="+bBaaXQzlXxqQaw8WrYkp/RG0ns=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgasz0Ma0LoeDGZQWnLbSlZNK0Dc1khiRTKbWf4saFIm79Enf+jelDUNEDFw7n3Mu99wQxZ0oj9GGl1tY3NrfS25md3b39Azt7WFdRIgn1ScQj2QywopwJ6mumOW3GkuIw4LQRjK7mfmNMpWKRuNWTmHZCPBCszwjWRura2fYYSxorxiNx7l8ip9i1c8gpu4VKvgKRky+XvIuyIajkFQsedB20QA6sUOva7+1eRJKQCk04Vqrlolh3plhqRjidZdqJojEmIzygLUMFDqnqTBenz+CpUXqwH0lTQsOF+n1iikOlJmFgOkOsh+q3Nxf/8lqJ7lc6UybiRFNBlov6CYc6gvMcYI9JSjSfGIKJZOZWSIZYYqJNWhkTwten8H9Szzuu55RuirlqZRVHGhyDE3AGXFAGVXANasAHBNyBB/AEnq1769F6sV6XrSlrNXMEfsB6+wSyDpOg</latexit>

"/U = 0.4

<latexit sha1_base64="5BpU0l2NYSvB6SnLl9YDzhdM5hc=">AAAB+nicdVDLSsNAFJ3UV62vVpduBovgKiah6WMhFNy4rGBsoQ1lMp20QyeTMDOplNhPceNCEbd+iTv/xulDUNED93I4517mzgkSRqWyrA8jt7a+sbmV3y7s7O7tHxRLh7cyTgUmHo5ZLDoBkoRRTjxFFSOdRBAUBYy0g/Hl3G9PiJA05jdqmhA/QkNOQ4qR0lK/WOpNkCCJpCzm596FZVb7xbLuDddxXGiZlUbNdRuaWI5br9ahbVoLlMEKrX7xvTeIcRoRrjBDUnZtK1F+hoSimJFZoZdKkiA8RkPS1ZSjiEg/W5w+g6daGcAwFrq4ggv1+0aGIimnUaAnI6RG8rc3F//yuqkK635GeZIqwvHyoTBlUMVwngMcUEGwYlNNEBZU3wrxCAmElU6roEP4+in8n9w6pl013etKuVlfxZEHx+AEnAEb1EATXIEW8AAGd+ABPIFn4954NF6M1+VozljtHIEfMN4+AcCMk6o=</latexit>

"/U = 0.6

<latexit sha1_base64="N1ybFk9Y6JLsK1rfagrrY44VCZ0=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgasyUTh8LoeDGZQXHFtqhZNK0Dc1khiRTKbWf4saFIm79Enf+jelDUNEDFw7n3Mu994QJZ0oj9GFl1tY3Nrey27md3b39Azt/eKviVBLqk5jHshViRTkT1NdMc9pKJMVRyGkzHF3O/eaYSsVicaMnCQ0iPBCszwjWRura+c4YS5ooxmNx7l8gp9q1C8gpuQgVKxA5nlerlRbE9bxiGboOWqAAVmh07fdOLyZpRIUmHCvVdlGigymWmhFOZ7lOqmiCyQgPaNtQgSOqguni9Bk8NUoP9mNpSmi4UL9PTHGk1CQKTWeE9VD99ubiX1471f1qMGUiSTUVZLmon3KoYzjPAfaYpETziSGYSGZuhWSIJSbapJUzIXx9Cv8nt0XHLTvedalQr67iyIJjcALOgAsqoA6uQAP4gIA78ACewLN1bz1aL9brsjVjrWaOwA9Yb5+mSpOY</latexit>

"/U = 0.8

<latexit sha1_base64="tUkIYWIHq0DjLhcXTJUNZWd2QQ0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoifvQiFLx4rGDaQhvKZjtpl242YXdTqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tl+2Dw6aKU0nBozGPZTsgCjgT4GmmObQTCSQKOLSC0d3Mb41BKhaLRz1JwI/IQLCQUaKN1LPL3TGRkCjGY3Hu3bo9u+JUnTnwKnFzUkE5Gj37q9uPaRqB0JQTpTquk2g/I1IzymFa6qYKEkJHZAAdQwWJQPnZ/PApPjVKH4exNCU0nqu/JzISKTWJAtMZET1Uy95M/M/rpDqs+RkTSapB0MWiMOVYx3iWAu4zCVTziSGESmZuxXRIJKHaZFUyIbjLL6+S5kXVva5ePVxW6rU8jiI6RifoDLnoBtXRPWogD1GUomf0it6sJ+vFerc+Fq0FK585Qn9gff4ASJOS0g==</latexit>

"/U = 1

<latexit sha1_base64="fSun1YpZrgpZPRRX337lboUMlt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKj1yEgBcPHiKaByRLmJ10kiGzs8vMrBCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1cQC66N6347uZXVtfWN/GZha3tnd6+4f9DQUaIY1lkkItUKqEbBJdYNNwJbsUIaBgKbwehm6jefUGkeyUczjtEP6UDyPmfUWOnh7rrSLZbcsjsDWSZeRkqQodYtfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nZ06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpV/yUyzgxKNl8UT8RxERk+jfpcYXMiLEllClubyVsSBVlxqZTsCF4iy8vk8ZZ2bssX9yfl6qVLI48HMExnIIHV1CFW6hBHRgM4Ble4c0Rzovz7nzMW3NONnMIf+B8/gCfyY1Z</latexit>

L = 8
<latexit sha1_base64="pRMpHcTI7cJ2qs9eYT+irIzM0OE=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GpLSdupCKLhx4aKCfUA7lEyatqHJzJBkhDL0F9y4UMStP+TOvzHTVlDRAxcO59zLvfcEseDaIPTh5NbWNza38tuFnd29/YPi4VFbR4mirEUjEaluQDQTPGQtw41g3VgxIgPBOsH0KvM790xpHoV3ZhYzX5JxyEecEpNJN5e4NiiWkFvBCHkeRG61euHhckbKCFdqELtogRJYoTkovveHEU0kCw0VROseRrHxU6IMp4LNC/1Es5jQKRmznqUhkUz76eLWOTyzyhCOImUrNHChfp9IidR6JgPbKYmZ6N9eJv7l9RIzqvspD+PEsJAuF40SAU0Es8fhkCtGjZhZQqji9lZIJ0QRamw8BRvC16fwf9Iuu7jmVm8rpUZ9FUcenIBTcA4w8EADXIMmaAEKJuABPIFnRzqPzovzumzNOauZY/ADztsnbDyN1A==</latexit>

L = 16<latexit sha1_base64="uZ+yDpGEU1MVQX7nVfSIb4/Anh4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6noVQcOPCRQVbC+1QMmmmDU0yQ5IRytBfcONCEbf+kDv/xkxbQUUPXDiccy/33hPEjCrtOB9Wbm19Y3Mrv13Y2d3bPygeHnVVlEhMOjhikewFSBFGBeloqhnpxZIgHjByF0wvM//unkhFI3GrZzHxORoLGlKMdCZdX1TKw2LJseterVlxoWNXvbJXqxriuG7Fa0DXdhYogRXaw+L7YBThhBOhMUNK9V0n1n6KpKaYkXlhkCgSIzxFY9I3VCBOlJ8ubp3DM6OMYBhJU0LDhfp9IkVcqRkPTCdHeqJ+e5n4l9dPdNj0UyriRBOBl4vChEEdwexxOKKSYM1mhiAsqbkV4gmSCGsTT8GE8PUp/J90y7Zbt2s31VKruYojD07AKTgHLmiAFrgCbdABGEzAA3gCzxa3Hq0X63XZmrNWM8fgB6y3T4aCjeY=</latexit>

L
=

32
<latexit sha1_base64="37R9uioLS97VtuTIFXNaMaLwVII=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQpI+0o1QcOPCRQX7gDaUyXTSDp2ZhJmJUEJ/wY0LRdz6Q+78GydtBRU9cOFwzr3ce0+YMKq043xYa+sbm1vbhZ3i7t7+wWHp6Lij4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji9yv3uPZGKxuJOzxIScDQWNKIY6Vy6uaxXh6WyY/tu1W340LE93/U81xCn5tcqFejazgJlsEJrWHofjGKcciI0ZkipvuskOsiQ1BQzMi8OUkUShKdoTPqGCsSJCrLFrXN4bpQRjGJpSmi4UL9PZIgrNeOh6eRIT9RvLxf/8vqpjhpBRkWSaiLwclGUMqhjmD8OR1QSrNnMEIQlNbdCPEESYW3iKZoQvj6F/5OOZ7t1u3ZbLTcbqzgK4BScgQvgAh80wTVogTbAYAIewBN4trj1aL1Yr8vWNWs1cwJ+wHr7BHD2jdc=</latexit>

L
=

64

<latexit sha1_base64="cYqjoVvmLZD+9yIOcCJ/TpqgNt4=">AAAB7HicdVDJSgNBEK2JW4xb1KOXxiB4GmYmi5ODEPDiwUMEs0AyhJ5OJ2nS0zN09wgh5Bu8eFDEqx/kzb+xswgq+qDg8V4VVfXChDOlHefDyqytb2xuZbdzO7t7+wf5w6OmilNJaIPEPJbtECvKmaANzTSn7URSHIWctsLx1dxv3VOpWCzu9CShQYSHgg0YwdpIjZtL1/N7+YJju0Xfr3jIsb2i75UqhpTdarlaQq7tLFCAFeq9/Hu3H5M0okITjpXquE6igymWmhFOZ7luqmiCyRgPacdQgSOqguni2Bk6M0ofDWJpSmi0UL9PTHGk1CQKTWeE9Uj99ubiX14n1QM/mDKRpJoKslw0SDnSMZp/jvpMUqL5xBBMJDO3IjLCEhNt8smZEL4+Rf+Tpme7Fbt8WyrU/FUcWTiBUzgHFy6gBtdQhwYQYPAAT/BsCevRerFel60ZazVzDD9gvX0C/Y+OJg==</latexit> L
=

12
8
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2J/U

Figure 7. Results from the general Gaussian ground-state ansatz for 2V/U = 1.5. (a) Binder parameter B as a function of µ/U for increasing
system sizes L; 2J/U = 0.8 and ε/U = 0.4 have been chosen for this plot, but similar plots are emerge for other values. It is evident that a
transition from homogeneous to staggered superfluid (Z2-SF to Z2-SS) is predicted at some critical chemical potential. (b) Largest value of the
chemical potential for which the Binder parameter is zero, which we define as µc/U, as a function of the system size L, for different values of
ε/U and 2J/U = 0.8. It is clear that µc/U converges towards some value µ∞c /U as L increases. In (c) we plot this value as a function of ε/U
for two values of 2J/U. We can appreciate a linear relationship that is also found for any other value of 2J/U. Finally, in (d) we plot the slope
of the previous straight lines, ∂µ∞c /∂ε, for different values of 2J/U. The slope tends to −1 as 2J/U increases, confirming the coherent-state
prediction µc ∼ −ε.

being X and Y the real and imaginary parts of a random L × L unitary matrix Q = X + iY that we can generate from the QR
decomposition of any random complex matrix.

Our results are summarized in Fig. 7. Our goal is showing that the general Gaussian ansatz is compatible with the coherent-
state ansatz deep in the superfluid region. In particular, we aim at showing that there is an asymptotic µ ∼ −ε relation between
the chemical potential and the pair injection at the critical boundary separating the SF and SS phases as 2J/U increases. To this
aim, we proceed as follows. We fix 2V/U = 1.5. Then, for any value of 2J/U and ε/U we expect a transition from SF to SS for
some value of µ/U. We use the Binder parameter to perform a finite-size scaling and determine the critical µ/U as a function
of ε/U for different values of J/U. An example of the behavior of this parameter is shown in Fig. 7a for J/U = 0.4 = ε/U
(similar figures are found for any other values). We check system sizes ranging from L = 8 to 128, as specified in the figure.
For all of them, the Binder parameter changes from zero (or right below zero), to a positive increasing function closer to a step
function the larger L is. For a given system size L, we then define the critical chemical potential µc as the largest µ for which B is
zero (we estimate it by interpolating the points via the Makima algorithm, consisting of piecewise third-order polynomials with
continuous first-order derivatives). In Fig. 7b we show this µc as a function of L (for different values of ε and J = 0.4), which
is expected to adhere to a power law of the type µc = µ

∞
c + βL−η for some positive parameters {µ∞c , β, η}. Indeed, we find that

such curve fits nicely to our data, allowing us to estimate the critical chemical potential µ∞c /U and find a nice linear dependence
on ε/U, Fig. 7c, for each value of J/U. Finally, we consider the slope ∂µ∞c /∂ε of those linear curves as a function of J/U,
finding that it approaches −1 as J/U increases, that is, as we move deeper into the superfluid region. This serves as support for
the coherent-state predictions.
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VI. MODEL WITH FULL U(1) SYMMETRY

The pair-injection term −
∑

j ε(â2
j + â†2j )/2 considered in our work explicitly breaks the U(1) symmetry of the extended Bose-

Hubbard model, leaving only a Z2 symmetry â j → −â j ∀ j. As we mentioned in the conclusions, one can consider more elaborate
extensions of the Bose-Hubbard model with pair-injection terms that still possess full U(1) symmetry. Here we put forward one
of such models and show that at the coherent-state-ansatz level, pair injection has the same effect as in the simpler model studied
in the main text.

Consider a chain with two bosonic modes per site, with annihilation operators {â j, b̂ j} j=1,2,...,L, satisfying canonical commuta-
tion relations, [â j, â

†

l ] = δ jl = [b̂ j, b̂
†

l ] with any other commutator vanishing. Each set of bosonic modes is subject to an extended
Bose-Hubbard Hamiltonian,

Ĥa =

L∑
j=1

[
−µâ†j â j +

U
2

â†2j â2
j − J

(
â†j â j+1 + â†j+1â j

)
+ Vâ†j+1â j+1â†j â j

]
, (92a)

Ĥb =

L∑
j=1

[
−µb̂†j b̂ j +

U
2

b̂†2j b̂2
j − J

(
b̂†j b̂ j+1 + b̂†j+1b̂ j

)
+ Vb̂†j+1b̂ j+1b̂†j b̂ j

]
, (92b)

with the different modes coupled locally through the particle non-conserving term

Ĥab = −

L∑
j=1

ε(â jb̂ j + â†j b̂
†

j ). (93)

Just as in the previous model, this term injects pairs of excitations in the system, but now the excitations are distinguishable
(non-degenerate pair injection). The resulting Hamiltonian Ĥ = Ĥa + Ĥb + Ĥab is invariant under continuous transformations of
the relative phase between the modes, that is, {â j → eiθâ j, b̂ j → e−iθb̂ j} ∀ j and θ ∈ R, providing a U(1) symmetry to the model.

We consider now a coherent-state ansatz of the form
⊗L

j=1 |α j, β j⟩, with â j|α j, β j⟩ = α j|α j, β j⟩ and b̂ j|α j, β j⟩ = β j|α j, β j⟩,
where {α j ∈ C, β j ∈ C} j=1,2,...,L are the variational parameters. The energy functional ⟨Ĥ⟩ takes the form

E =
L∑

j=1

[
−µ

(
|α j|

2 + |β j|
2
)
− 2JRe

{
α jα

∗
j+1 + β jβ

∗
j+1

}
− 2εRe

{
α jβ j

}
(94)

+
U
2

(
|α j|

4 + |β j|
4
)
+ V

(
|α j|

2|α j+1|
2 + |β j|

2|β j+1|
2
)]
.

As in our original model, the J term is minimized when the complex amplitudes of all sites have the same phase. In addition,
the ε term is minimized when each product α jβ j is real and positive, that is, the phase sum of α j and β j is an integer multiple of
2π. Of course, the symmetry of the model allows the relative phase between α j and β j to be arbitrary, that is, given a minimizing
configuration {α j, β j} j=1,2,...,L, the configuration {eiθα j, e−iθβ j} j=1,2,...,L is also a minimum for any value of θ. To simplify the
derivation, let us take θ = 0 as the representative minimum, specifically taking α j and β j real and positive. The minimization
condition reads now

1
2
∂E
∂α j
=

(
Uα2

j − µ
)
α j + Vα j(α2

j+1 + α
2
j−1) − J(α j+1 + α j−1) − εβ j = 0, (95a)

1
2
∂E
∂β j
=

(
Uβ2

j − µ
)
β j + Vβ j(β2

j+1 + β
2
j−1) − J(β j+1 + β j−1) − εα j = 0. (95b)

These equations possess “balanced” solutions with α j = β j, as well as “unbalanced” ones with α j , β j. The variational energy
of the balanced ones is equal to twice the one we studied in Section IV for the single-local-mode model, Eq. (66). Hence,
such balanced configurations have the same energy landscape and phase diagram as the one we studied in the previous case.
Specifically, a homogeneous solution dominates when V/U ≤ 1/2+ 1/ν, with ν = (µ+ ε)/2J, while a staggered solution appears
when V/U > 1/2 + 1/ν. Hence, the coherent-state ansatz predicts a transition from a homogeneous superfluid to a supersolid
phase in the balanced sector, in both cases breaking a continuous U(1) symmetry spontaneously.

It is possible to find analytically or semi-analytically unbalanced solutions to (95). For example, it is easy to see that homo-
geneous solutions exist only when 2ε ≤ µ + 2J, with

2α2
j = µ + 2J ±

√
(µ + 2J)2 − 4ε2 ∀ j, (96a)

2β2
j = µ + 2J ∓

√
(µ + 2J)2 − 4ε2 ∀ j. (96b)
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These have an energy E = −L[3ε2 + (µ + 2J)2/2]/(U + 2V), which is easily proven to be larger than that of the balanced
homogeneous solutions, corresponding to twice that in Eq. (69). It is possible to find staggered unbalanced solutions semi-
analytically, but these are also shown to have larger energy than the balanced solutions in the region of parameters that we have
discussed in this work. The same conclusion is drawn from the exhaustive search that we have carried by numerically simulating
the imaginary-time dynamical equations equivalent to those derived in Section IV B for the previous model starting from random
initial conditions,

α̇ j = −⟨[â j, Ĥ]⟩ =
[
µ − U |α j|

2 + V
(
|α j+1|

2 + |α j−1|
2
)]
α j + εβ

∗
j + J(α j+1 + α j−1), (97a)

β̇ j = −⟨[b̂ j, Ĥ]⟩ =
[
µ − U |β j|

2 + V
(
|β j+1|

2 + |β j−1|
2
)]
β j + εα

∗
j + J(β j+1 + β j−1). (97b)

In summary, we have argued via a coherent-state ansatz that it is possible to extend the model studied in the main text in such
a way that pair injection retains a full U(1) symmetry while still leading to the same enhancement of supersolidity in the phase
diagram.
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