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I. DIAGONALIZING THE MAGNON
HAMILTONIAN

We here discuss the procedure to derive and diago-
nalize the magnon Hamiltonian of a general non-colinear
spin structure.

Defining the local spin axes

To write the spin operators in terms of bosonic oper-
ators, we first need to define the local spin axes. This is
achieved by starting from a ferromagnetic configuration,
where all spins are directed along the positive z-azis, and
rotating the local spin axes at site ¢ to the local spin
direction S;. Following Refs. [1, 2] we can write the rela-
tion between the Cartesian frame and local spin axes as
a rotation r, = foﬁfé, where f! are the local spin axes
at site ¢ with fi = S;. We assume that an orthonormal
coordinate system e, defining the spin spiral state can
be written as

e; = (cosacos 3, cos asin B, — sin «v) (1)
ey = (—sin 3, cos 3, 0)
e; = (sinacos B, sin asin 3, cos a)

in the Cartesian basis. The the spin at site ¢ can then be
written as

S; = cos(q - r;)e; + sin(q - r;)es (2)
cos a.cos 3 —sin g
=cos(q-r;) | cosasinf | +sin(q-r;) | cosf
—sina 0

This equation implicitly defines the local spin axis via
the relation

sin 0; cos ¢;
sin; sing; |, (3)
cos 0;

fi=8, =

which allows to solve for §; and ¢; in terms of «, 8 and
(q-r;). The rotation matrix relating the Cartesian and
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local spin axes is then

cos 6; cos ¢; —sin ¢; sinb; cos ¢;
cosf;sing; cos¢; sinf;sing; | . (4)
—sin 6; 0 cos b;

i
af —

In the particular case discussed in the main text, where
the propagation vector of the spiral lies along the wire
axis (q = z), we have o = 8 = 0 if the spiral is in the zy-
plane, a = 8 = —7/2 if the spiral is in the zz-plane, and
a =7/2 and = 0 if the spiral is in the yz-plane. This
in turn gives the rotation angles 6; = /2 and ¢; = q-r,
0;=q-r;and ¢; =0, or §; = q-r; and ¢; = 7/2 in the
respective cases.

The rotation matrix in each of the above cases simpli-
fies to

_ 0 —sinq-r; cosq-r;
R'=| 0 cosq-r; sinq-r; (xy-plane)  (5)
-1 0 0
_ cosq-r; 0 sinq-r;
R = 0 1 0 (xz-plane)  (6)

—sinq-r; 0 cosq-r;

0 -1 0
Ri=| cosq-r; 0 sing-r; (yz-plane) (7)
—sinq-r; 0 cosq-r;

Expanding the Hamiltonian in bosonic operators

Having defined the local spin axes, our goal is now
to obtain the low-energy excitations of the magnetic sys-
tem. This is achieved by performing a Holstein-Primakoff
expansion of the spin operators around the local spin
axis S;. In terms of the rotation matrices R?, 5, the spin
Hamiltonian is given by

Hy = =7 3 (RepSip) (Rhs i) (8)

=Y " €apyDijo(Rb55i) (R Sje),
(i5)
where S;, = S; - f/ is the component of the spin along
the local a-axis.

The Holstein-Primakoff transformation is given to
leading order in S~ by

S = /S/2(a} + a;) 9)

Sig =1 S/Q(CL;L — ai)
Sig =5 - aj»ai.

Inserting this expansion into the spin Hamiltonian, and
using that f are columns of R;, we find

H, = Z (bf]ajal - fb% i ] - fbf aTaj + H.c.)

i

bl = JS(Ei-£]) + SDy; - (£ x £]) (10)
be = JS(£ - 1) + SDy; - (£} x £])
bl; = JS(£L - £7) + SDy; - (£} x £7)

Here we have defined the vectors f{ = f} £if} to simplify
the notation.

Transforming to momentum space

To write the Hamiltonian in momentum space, we note
that H, is periodic in the magnetic unit cell (mUC) of
length La, where a is the lattice constant of the electronic
system. This implies that we can write r; = r; + R, and
break the sum over lattice sites ¢ into a sum over sites [
within the mUC, and a sum over vectors R,, connecting
different mUC’s. Similarly, we let the momentum p run
over the magnetic Brillouin zone (mBZ) [—n/La,7/La].
We can now write the Fourier transformed operators as

ipr;

a; = ap, (11)

1
—_— e
AT
and the first term of the Hamiltonian becomes

S b ala; = 303 bl Pl g

(i7) pp’'n I{l’)
= Z (Zbu') Ay Qpl- (12)
pl {1y

Similarly, the second and the third terms of the Hamil-
tonian become

. / -
_ a —i(p'+p)(ri+Rn) ,—ip" 8y T T
E bwala] = E E by e (P 4P (it Bn) o W, Gy

(i7) pp'n (")

7221)(1 zp(?”/ T T o (13)
pl

/

Zbe

pp'n (")

_%:be

i(p'=p)(m+Ra) oip 5u’aT aprr

me a;a

zpéll/an apir (14)

’

Putting the pieces together we have

H, ZZ (b”,aplapg fbfl/e’p‘s“'a]h al ol (15)
pl

/

zpéw T

— §blfl Ay aplr + H.c.)

Thus, for a spin spiral of wavelength La, we have a Bo-
goliubov tight-binding Hamiltonian of size 2L x 2L to



solve for each momentum p. Due to the degeneracy of
the Bogoliubov formalism, this gives rise to L physical
magnon bands with positive energies.

Diagonalizing the magnon Hamiltonian

To diagonalize the magnon Hamiltonian, we write it in
block form as

Hy =Y 0[H,®,, (16)
p
where @L = (a;gl ajﬁ a;L G_p1 G_p2 ... a_pr,) and the
Hamiltonian matrix at momentum p is
Hp HE
Hop = (170 72 ). 17
o= (3 3 17)

Compared to the fermionic analog, additional complica-
tions arise when diagonalizing quadratic boson Hamil-
tonians of the Bogoliubov form [3], stemming from the
fact that care must be taken to preserve the bosonic
commutation relations. This in particular means that
the magnon Hamiltonian cannot be diagonalized by a
standard unitary transformation, but instead by a para-
unitary matrix satisfying T;l = TZT; T, with 7, the third
Pauli matrix in Nambu space. A general procedure to
diagonalize such Hamiltonians is described in detail in
Ref. [3].

In brief, the procedure is as follows: (1) Write the
Hamiltonian Hs, on the form H,, = K]ZKZ,7 where K,
is an Hermitian upper diagonal matrix. Numerically
this step can be achieved by a Cholesky factorization.
(2) Diagonalize the Hermitian matrix KPTZK; by some
standard numerical method. (3) Order the 2L energy
eigenvalues from largest to smallest in a vector E, =
(€Lps €L—1,ps-- -, €1p, —€lp, —€2ps - - ., —€Lp), and store the
corresponding 2L eigenvectors w;, as columns of a matrix
Wp. (4) Construct the diagonal matrix D, = \/|Ep|. (5)
Find the inverse transformation diagonalizing the Hamil-
tonian from Tp_1 = szleDp.

The outlined scheme results in the diagonal magnon
operators \I/;f, = (a;rjl a;ﬂ ... a;L Q_pl Q_p2 - .. O_pL),
which are related to the original bosonic operators by
¥, = T,®, via the matrices

v, V*
T, = (vr *P) 18
, (Vp b (18)
_ Ut -yt
T = (—Vpr UT’Z;)' (19)

This finally gives the diagonal magnon Hamiltonian

Hs = Zﬂnkalkanka (20)
nk

where Q. = |€nk]-



II. DIAGONALIZING THE ELECTRONIC
HAMILTONIAN

Electronic structure in presence of a spin spiral

We now consider the effect of the static spin spiral S;
on the itinerant electrons. In the local coordinate frame,
the spin-electron coupling is given by

Hsfe =—9g Z [ngaéixgia + R;agiygia + Riagizgia] .
pres (21)

We initially focus on the terms proportional to S;3 (the
local z-axis), which lie along the local moments. Expand-
ing the spin operators as S;3 = S — a;rai, and assuming
that the quadratic terms can be neglected (i.e., we as-
sume a low average magnon occupation), these terms are
independent of the magnon operators and determine the
coupling to the static spin spiral. Explicitly this term is
given by

. in@.e i

Hoe = =295 Z CZ" (siﬁ(;sizg‘f”' i f%oes 0; ) Cio' (22)
100

where 6; and ¢; are the polar and azimuthal angles of the

spin at site ¢ in the global Cartesian frame. We denote

the matrix in this equation by M;,,, and note that it

carries both site and spin indexes.

To write the Hamiltonian in momentum space, we use
that the matrix M is periodic over the mUC of length La.
This motivates us to write r; = r;+R,, and break the sum
over lattice sites ¢ into a sum over sites [ within the mUC,
and a sum over vectors R, connecting different mUC’s.
Similarly, the sum over momenta in the electronic Bril-
louin zone (eBZ) can be split according to p = k + vgq,
where k runs over the mBZ and vq connects the different
mBZ’s within the eBZ. For this sum to cover the original
eBZ we should take ¢ as the momentum of the magnetic
spiral and v € {0,1,...,L — 1}.

We can now write the coupling Hamiltonian in k-space
by utilizing the Fourier transform

1 . 1 .
Cic = elpmcka - el(k+l/q)rick+u o
D 7F q

(23)
The resulting expression is
H,_ .= _295 Z Z 6i(k+uqfk’7u'q)(n+Rn) (24)
kk'vv’ Inoo’
X kg0 Mizor it i

S
= —2¢S Z Z elv=v )‘mc£+yq,Ule/ck+,,q7U,,

kvv! loo’

where in the second line we have used that ¢R,, € 2/7rZ to
perform the sum over R,,. We note that elv=rian —
0y, so that if M is periodic in the electronic unit cell

4

(eUC), such that we can perform the sum over [, this
expression reduces to the expected diagonal form.

We can now use that (v —v")qg = v"q¢+ G, where G is a
reciprocal lattice vector of the electronic system, to bring
the sum over k back to the eBZ. Shifting k — k — vq/2,
relabeling v/ = v and defining ¢,; = —2ge~*9"*S/\/N,
we find

_ i oo’
e = Z Ck+vq/2,afu Ck—vq/2,0" (25)

koo'v
oo! Z C cosf; sinfe
v l v\ sin @,e?®  —cos®), |-

We note that this Hamiltonian is Hermitian since ¢, =
Cful and fJ = f*l/'

General diagonalization scheme

In general, to diagonalize the Hamiltonian of Eq. 25,
it is necessary to write it in terms of the four-component
spinor

Dy = (Chsgr Chpyg) Ch-sar Chonp ). (26)

Also including the kinetic energy term H., the electronic
Hamiltonian in presence of a static spin spiral becomes

1
- - E T
H, .= 2 - cI)kVFV(I)k:V (27)

F, = €k+vq/2 fV ]
f—l/ €k—vq/2
Here €j4,4/2 is a diagonal 2 x 2 matrix, and f, is the
coupling matrix of Eq. 25. We note that expanding the
two-component spinor notation to a four-component for-

malism introduces an artificial redundancy, such that the
eigenvalues of Eq. 27 are doubly degenerate.

Explicit solution for a perpendicular spiral

Specializing to a spin spiral in the xy-plane, prop-
agating along wire axis in the z-direction, we have
0; = w/2 and ¢; = qr;. The spin-electron coupling in
this case simplifies considerably, and we have 51‘7/ =
Co(e7 18,4050 +€97 55 6r1). Performing the sum over
[, we find that the Hamiltonian can be cast on the form

1 €p_a —gS
Ho=—Y & [ F 2 Dy, 28
VN zk: k (-95 €k+g) g (28)

Here @) = (cp_g4 ck+%7l)T is a two-component spinor,
and the bare energies are ¢, = —2tcosk. Since any
matrix on the form hy = arl + by - T has eigenvalues
exr = ap = (by - bk)l/z7 the energies of the electronic



system are given by

_ Ch—g T Cheg

-
€kt = 5 + 5\/(€k+g —€p—g)? + 49752,

(29)

These energy bands are illustrated in Fig. 2 of the main
text. The operators for the corresponding eigenstates are
found by a rotation of the original basis,

Ok iy @
(3’”) = ( i bmé{) (ck‘q/“), (30)
ku —Ssin 5° COS 5 Ck+q/2,{
where the rotation angle 6 is implicitly defined via the
relations

2
sin 0, = 95 > == (31a)
V (€ktq/2 — €k—g/2)? +49°S
cosfy = Chta/2 — h-a/2 (31b)

V (€rrq/2 — €k—q2)* + 49257



IIT. ELECTRON-MAGNON COUPLING

We now consider the parts of the spin-electron coupling
proportional to S;; and S;2, giving rise to the electron-
magnon interaction. These terms can be written as [1, 2]

Hs e = _29\/§Z [(cosb; — o)e el i pa;+ H.c]
e

+ 29\/§Z [osinbjcl, cioa; + H.el, (82)

where ; and ¢; are the polar and azimuthal angles of the
spin spiral in the global Cartesian frame. Decomposing
the lattice vector r; and the electronic Fourier transform
as discussed above, the operator part of this expression
is

Zczgcwz a; (33)

/ 1 [ Z Z - /

o —i(v—v")gr T

= & Qap1C Ck+v'q,07 -
P —+k+ q,

N p+k+vq,o

pk vv'l

Here the sum over [ runs over the L electronic sites within
a mUC. Noting that we can always write (v — v')q =
v"'q + G, where G is a reciprocal lattice vector of the
electronic system, the above expression becomes

1 .
1 _ —ivgr; T
E CigCio’ Ui = ——= E E e AplClypt g oCho' -
@ NL pk vl
(34)

Here it is implied that the electronic momentum k runs
over the full eBZ, while the magnon momentum p runs
over the mBZ. Collecting all the terms of the spin-
electron coupling, we have the Hamiltonian

Hs—e = Z Z [ggldlaplcl+p+uq,ock‘7/ + H'C'] (35)

pkoo’ vl

oo’ —ivqr S
gl =2ge” " SN (36)

o sin 0 —[cos @ — 1]e~ i
—[cos O + 1]et —sin 6, ‘
This expression agrees with those derived in Refs. [1, 2].

We can now expand the operators a;;, in terms of the
magnon operators ayp. Due to the non-collinear mag-
netic structure, these operators are related by a Bogoli-
ubov transform, and we can write

Qip = Z(Ullfnpanp - ‘/lllpa;rz,—p) (37)

n

a;p = Z(Ulj;lpaizp - ‘/lz;pan)—P)'

n

Here U and V are L x L blocks of the para-unitary matrix
that diagonalizes the magnon Hamiltonian [3]. The new

form of the electron-magnon coupling is then

Hs—e = Z Z [(T’ZZpanP + ﬁggpajt,—p)cz-&-pﬁ-uq,ackol]
pkoo’ nv
ingp =21 957 Ul — (0750 Vi)
l
Moy = 2 [ = 9% Vi + (075Ul )
l

From here the remaining step is to expand the elec-
tronic operators in the eigenstate basis. To do this, we
first need to shift the momentum k to bring the electronic
Hamiltonian into the form of Eq. 28, in a manner that
depends on the spin projections of the operators. More
specifically, for 0 = ¢’ we can just shift k to write

oo’ —oo’ f T
Z(nnvpanp + nnvpanﬁp)ck+p+uq¢cm (38)
kv
_ oo’ —oo’ t T
- Z(nwpo‘"? + nnl/pan,—p)ck+p+uq—%7 k-4,
kv

> 5 0mp + NS0 ek Ory (39)

kv

_ oo’ —oo’ T T
= E (NmopCenp + nnl,pan’,p)ckwwﬁ%7¢Ck+g,¢
kv

For ¢ = —o’, we can bring the Hamiltonian into the
correct form by shifting both k£ and v, such that

Do LA Yo B (40)
kv

_ oo’ —oo’ t T
- § :(nnl/po‘"l’ + nﬂl/pan,—p)ck+p+(u+1)q—%7 Cr+g.d
kv

> 5 0mp + NS0 ek Okt (41)

kv

_ oo’ —oo’ T T
= § :(nm/pa"l’ + nnvpan,fp)ck—kpﬂu—1)q+%,¢ck—%:
kv

This results in the coupling Hamiltonian

Hs—e = Z Z [(nlzchwa”l’ + ﬁgﬂwail,fp)d£+p+uqy'rdk7'}

kptT’ nv

(42)
where

Moy = 3 Sro(k+p + v@)n5ey Noor Sorrr (k) (43)
_ 51/1/’ 51/—1,1/’
No’a’ — <5U+1’V, 51”/ ) .

Here S is the matrix relating the original electronic ba-
sis with the eigenbases, and N is a matrix taking into
account the shift of the Umklapp index v for the off-
diagonal components. We note that for a spiral in the
zy-plane, where ¢; = qr;, the matrix N can be absorbed



by redefining the spin-electron coupling matrix as

S

2NL

y sin 6, —[cosb; — 1]
—[cosf, +1]  —sinb, :

—ivqry

9ol = 2ge

Ferromagnetic limit

For a collinear ferromagnet, we have only one magnetic
sub-lattice and so L — oo and ¢ = 0. This implies that
the magnon operators are given by the Fourier transform
of the spin-flip operators, o, = a,, such that U =1
and V' = 0. Further, assuming § = 7/2 as above, the
spin-electron coupling matrix becomes

S 1 1

Consequently we have 1,5 = ¢4/, and since the elec-

tronic eigenstates are given by the trivial rotation cx, =
2_1/2(dk¢ + Udki), we find

Hsfe = Z [(g(ro’ap + g;g’atp)02+p,ack0/] (46)

pkoo’

240 Z (ap + O‘T—p)de,rdkﬁr

pkTT!

Therefore, in the ferromagnetic limit, magnon scatter-
ing only couples states within different electronic bands,
which generically favors s-wave pairing.



IV. EFFECTIVE ELECTRON-ELECTRON
ATTRACTION AND GAP EQUATION

Using the electron-magnon coupling derived above, we
can now write the total Hamiltonian as

1= bt 3 0upalyonn T
k

T np
+ Z Z [(nl:;nuanp + ﬁl:;nuajz,—p)ler(—i-p—f—uq,TdkT/} :

kprt/ nv

Here, to distinguish the momenta from the four-momenta
to be introduced shortly, we use a bold font even though
we are working with a one-dimensional system. We
note that apart from the non-trivial spin structure of
the electron-magnon coupling, the Hamiltonian above is
analogous to the standard electron-phonon Hamiltonian
employed within Bardeen-Cooper-Schrieffer (BCS) and
Eliashberg theory, and can therefore be handled with
similar methods. To integrate out the magnons we define
the finite temperature functional integral [4, 5]

7= / Dd, d, &, a]eSldda0l, (48)

The action S[d,d,@,a] is given in terms of the inverse
propagators Gg'(k) = iw, — € + p and Dy l(p) =
1y, — Qyp, Where wy, and €, are fermionic and bosonic
Matsubara frequencies, respectively, and k = (iwn,, k)
and p = (i, p) are momentum four-vectors. Explic-
itly, we have

S=Y drGy; (k)dei + Y GnpDyy (p)ctny (49)

Tk np
’ ’ —
TT nTT v
- E : E [(nnl/pkanp + nnl/pk:an’*P)dk‘H?JrVq’TdkT'] .

T7'n vkp

Defining the generalized electronic density operators

;=
TT
Jnp = E nnupkdk+p+V(I»TdkT/ (50)
kvTT!
_ P
_ § —TT
fnp - nnupkdk+P+Vq,TdkT’a
kvrT!

we can write the magnon-dependent part of the partition
function as

Zled = / Dla, aeSe-n (51)
Se—m = Z @npDo_nl (p)anp - Z(ﬁwdn,—p + fnpanp)-
np np

Since this action is quadratic, we can diagonalize it by
shifting the magnon variables as v, — Gnp + frupDon (P)
and app = Qnp + fn,—pDon(p), resulting in

Se—m = Z [anpDo_nl (p)anp - fnpfn,—pDOH(p)]'

np

Noting that f,,fn._, is an even function of p, we can
replace Dy, (p) with the symmetric combination

Don(p) = 5 =9 )Qi’m . (52)
m np

Integrating over the magnon modes now results in the
effective electronic action

Se = Z Jq-kGaTl(k)d‘rk - Z fnp.fn,—pDOH(p) (53)
Tk

np
7 -1
DNACHCTEED S 3D
Tk kk'p vv!' T1T2T3T4
T1T2T3T4 7 7
X Uplik%ui/4dk+p+l/qﬂ'1dk‘rzdk’prrV’q,‘radk’m,
Working in the static limit w,, — 0 and Q,, — 0, the
effective electron-electron interaction is

T1T2 »T3T4

o T, n n.. _ ’
Upiiirt = =2 ) —e g, (54)
n np
Assuming that ¥ = —k and v/ = —v, as appropriate for

zero-momentum Cooper pairs, and using that GaTl(k:) =
1 — €,k in the static limit, we arrive at the effective BCS
Hamiltonian

Hpcs = Z(Grk — p)d!dox (55)

Tk
71727374 gT i
- E , E UG My diryd gy o,

kk’/ T1T2T3Ta
Here we have defined the new momentum variable k&' =
k + p + vq, and the interaction is given by

T1T2 »T3T4

Ul:iz‘z‘r;sm —_9 Z n”VPkng,*V,*n*k. (56)
n np

This is the effective interaction used to obtain the results
in the main text.

Linearized gap equation

Following the procedure outlined in Refs. [2, 6], the gap
equation can be obtained by minimizing the free energy
F, which has the form

1 1 T1T:
F=Y - 3 > By + 3 SOART . (57)
kT kn

1T
— %Zln (1 + e_ﬁE’“”).

kn

Here Ej, are the eigenvalues of the mean-field decoupled
BCS Hamiltonian (the so-called Bogoliubov-de Gennes
[BAG] Hamiltonian), and has the structure

1
Egr = \/eﬁd + et g TrARAL + gJAT. (58)



The index n takes values (%), and the function Ay is a
complicated expression with the key feature that Ay —
(€2 —€2)? as A — 0. Therefore, in the limit A — 0
the BAG eigenvalues Ejy — €gy and Eyp_ — €xq. The

expression bLTm = (d;rw2 dT_k )

Differentiating the free energy with respect to the gap
AJ'™ results in the gap equation

AT = Y URTTTY (AR +0BE™)  (59)
k'T3T4 n
% tanh(ﬂEkn)
2B,

In the limit A — 0 the term proprtional to By, is expected
to be sub-dominant, and so the linearized gap equation
reads

ATlTQ _ Z UTlT273T4AT3T4 Z ta’nh(ﬁ€k7)
— ’ ’
k kk k 2pr ’
k/T3T4 T



V. ANALYTICAL SOLUTION FOR THE ZERO
TEMPERATURE GAP

In the zero temperature limit, where 5 — oo, the
single-band linearized gap equation simplifies to

1 Ukk’vu/
AL, = — Apryr. 60
kv N ; 2Ekl k'v ( )
Here v = + is an index denoting the two points on

the Fermi surface. Replacing the sum with an integral,
N=13", — [dep(e), and assuming the density of states
is constant over the energy range [u — Q, u + ], we find

1Y UTT’ 1
A=) F2 AT//de (61)

Vie— P+ AL

Here () is the characteristic magnon energy, and all quan-
tities are implicitly dependent on the chemical potential
. The momentum dependence of the gap has been ne-
glected since its variation over the Fermi surface is as-
sumed to be negligible.

Restricting the integral to the region [, Q], we have

L ! =In(Q/A).  (62)

2/ le—pwP a7

Further assuming a gap with triplet symmetry A, =

—A_ = A, as is necessary for a single non-degenerate
band, we have
1= ppIn(Q/A)(Usy = Uso). (63)

Defining Uy = U; 4 — U4 _ and rewriting this equation,
the solution for the gap becomes

A = Qe V/relo, (64)

This expression is of the standard BCS form, and shows
that the magnitude of the gap scales exponentially with
the density of states at the Fermi level and with the spin-
electron coupling.
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VI. TOPOLOGICAL PHASE DIAGRAM
Topology in the effective single-band limit

We here discuss the topological phases of the super-
conducting system in the effective single-band limit. In
this limit, we can write the Hamiltonian as

t [ dsk
H= Zcp <Ak d3k> By, (65)

where @L = (CL c_j) is a Nambu spinor field, ds; =

(1/2)(erk — 1), and Ag = dyj + idax. The Hamiltonian
can be written more compactly on the form

Hi = dix0oz + dopoy + dzro, (66)

from which its eigenvalues are obtained as Ej+ = +dj

with d, = \/d3,, + d5;, + d3,. For later convenience, we

perform a 7 /2 rotation around the z-axis, such that the
resulting Hamiltonian is
HZ: — e*idzﬂ'/‘leriU:‘cﬂ/‘l (67)
= dy,0; + doy,0y + d3y,02,
where d} = di, d) = —d3 and dj = dy. In the follow-
ing, we neglect the primes since all calculations will be
performed in the new rotated basis.

Assuming that the gap function is real, Ay = dyg, the
eigenstates of the Hamiltonian are

[vrk) =

1 Td
vV 2d2 (Ak — iETk> (68)
and the corresponding Berry connections are
A7 (k) = i(vrk| Ok |vrk) (69)

1
=55 (€rkOkAk — AgOkerg).

To check the validity of this definition, we calculate
the Berry phase ¢ = f:r A(k)dk for the Kitaev chain [7],
where €, = 2tcosk — p and A = sink. This gives the
Berry connection

2tA — Apcosk
2tcosk — p)2 + A2sin? &’

1
A(k) = 5 ( (70)
which integrates to 7 in the interval pu € [—2¢, 2¢] and zero
otherwise. Therefore, the Berry phase can be identified
with the Zs index expected for a time-reversal breaking
superconductor, measuring the winding of the vector d =
(d1 da d3) on the unit sphere.

Since the effective single-band model discussed in the
main text can be adiabatically connected to the Kitaev
model by continuous deformation of the dispersion and
gap function, its topological phase diagram can be ob-
tained by counting the number of intersections N of a
line at constant chemical potential with the dispersion
€x. The topological index is then given by Zs = (N/2)
mod 2.
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Topology in the full two-band model

To obtain the topological phase diagram of the full two-
band model, we first consider the case with Ay = A, = 0.
In this limit, the model corresponds to two independent
copies of the Kiteav model, and a Zs, invariant can be de-
fined separately for each band. Denoting these invariants
by Z; and Z,,, the Zy index of the full system is given by
the product Z,7,.

Since the addition of inter-band pairings cannot close
the superconducting gap, the full two-band model is
therefore adiabatically connected to the Ay = A, =0
limit. The topological phase diagram of the two-band
model is hence determined by the topology in this limit.
The phase diagram then follows by noting that when the
chemical potential is in the effective single-band regime,
the system is in a topological phase, while outside this
regime the system is trivial. Consequently, the phase
diagram can be constructed by counting the number of
times a line at constant chemical potential p crosses the
bands €., and is shown in Fig. 3 of the main text. For
g = 0 the system is always in a trivial regime, while for
g # 0 two regions with non-trivial topology grow out of
the upper and lower band edges. The size of these regions
increase linearly with the magnitude of g.

Properties of the open chain

To study the qualitative properties of the spectrum
and edge mode wavefunctions of a quantum wire with
open boundary conditions, we construct an effective Ki-
taev chain mimicking the properties of the real supercon-
ducting wire. In fact, since the gap equation is solved in
momentum space, and takes into account the full effects
of the static spin structure with periodic boundary con-
ditions, it is a highly non-trivial task to reconstruct an
exact real-space model describing our system. To gener-
ate the results in Fig. 1, we have solved the Kitaev model
for a chain with L = 4000 sites and with open boundary
conditions, as described by the Hamiltonian [7]

N—1
H= —,uZm — Z |:tCZCi+1 + Aciciv1 + Hc] (71)

i=1

The Kitaev model is a model of spinless fermions, as
effectively realized by our model within the single-band
regime. For the numerical results we assume an electronic
hopping of ¢ = 1 eV and a gap magnitude of A = 2
meV, with the chemical potential chosen to reproduce
the Fermi level density of states of our full superconduct-
ing model. Although we expect these results to give a
faithful representation of the qualitative superconduct-
ing properties (due to the topological nature both of the
spectrum and the edge modes), these results do not arise
from the same exact model as our bulk results.

As expected, we find two degenerate Majorana zero
modes inside the superconducting gap of size 2A. The
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FIG. 1. Eigenvalue spectrum and edge mode wave functions
of an effective Kitaev chain with L = 4000 sites, electronic
hopping amplitude ¢ = 1 eV and gap magnitude A = 2 meV,
mimicking the properties of the superconducting state.

wave functions corresponding to these modes are local-
ized to the edges of the wire, whose spread decreases
exponentially with the gap magnitude A. For a macro-
scopic wire with a typical length of 400 nm (correspond-
ing to a = 1 A), we therefore estimate a gap of ~ 1
meV is necessary to avoid mixing of the Majorana zero
modes. However, we also note that it is possible to fabri-
cate substantially longer quantum wires, such that edge
mode mixing can be avoided also for smaller gaps.
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