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Excitonic enhancement of cavity-mediated interactions in a two-band Hubbard model
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We study cavity-mediated interactions that are generated in a two-dimensional two-band Hubbard model
coupled to an optical cavity, when it is driven in-gap by a strong laser. Starting from a Floquet description of
the driven system, we derive effective low-energy Hamiltonians by projecting out the high-energy degrees of
freedom and treating intrinsic interactions on a mean-field level. We then investigate how the emergence of
high-energy Frenkel excitons from the electronic interband coupling, which form near the upper electronic
band, affects the interactions as well as the laser-induced Floquet renormalization of the electronic band
structure. Cavity-mediated interactions are enhanced strongly when the light couples to an excitonic transition.
Additionally, the interaction as well as the Floquet renormalization are strongly broadened in reciprocal space,
which could further boost the impact of cavity-mediated interactions on the driven-dissipative steady state.
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I. INTRODUCTION

The laser control of low-energy degrees of freedom in
complex quantum many-body systems has emerged as one
of the most active fields of condensed-matter and many-body
physics. It is referred to as Floquet engineering of quan-
tum materials [1,2] if the control is based on the coherent
manipulation of the system’s degrees of freedom, or optical
switching [3] if it relies on the deposition of energy and,
e.g., the melting of competing order in a transient nonthermal
state. Laser excitation can stabilize coherent phases such as
superconductivity above their equilibrium critical temperature
[4–6], or transiently change the crystal structure to unlock
new ground states [7,8]. Moreover, new phenomena, which
are sometimes not present in the equilibrium material, such as
Floquet-induced topology [9], or transient superconductivity
[10–13], have been reported.

Recently, cavity control of quantum materials [14–18],
where the quantum fluctuations of light in an undriven cavity
act as a tailored environment of the material, is also re-
ceiving extensive interest. First experiments report inter alia
the polaritonic manipulation of chemical reaction rates [16],
cavity-modified carrier mobility in organic semiconductors
[19] and in Landau levels [20], the change of supercon-
ducting critical temperatures [21] and the metal-insulator
transition [22], and the breakdown of topological protection
of edge states under strong light-matter coupling [23]. Theo-
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retically proposed effects include cavity-mediated long-range
interactions [24–28], the renormalization of electronic band-
widths [29,30] and magnetic interaction strengths [31,32],
the shift of phase transitions [33–38], or the opening of
topological gaps [39–41] when the cavity is coupled off-
resonantly to a quantum material. Resonant coupling may
generate exotic superconductor-polaritons [42] or Mott polari-
tons [43] and enable the control of exciton properties [44].
Transport properties of excitonic [45] or electronic systems
[46–50] are predicted to be strongly influenced. In an ultra-
strong coupling regime, where nonperturbative light-matter
coupling may give rise to a superradiant phase transitions
[51–55], exotic many-body phases of matter are predicted to
emerge [56–59].

When a hybrid cavity-many-body system is driven by
lasers, more exotic Floquet engineering effects can emerge,
which can be realized by neither bare-laser control nor
bare-cavity control. First pioneering applications include
the generation of supersolid phases of matter through
the use of cavity-mediated long-range interactions in cold
atoms [60] or room-temperature exciton-polariton condensa-
tion in two-dimensional (2D) semiconductor heterostructures
[61,62]. Recent theory work further proposes important
new directions for material control, which include photo-
assisted tunable electron pairing in the Cooper channel [63],
laser-assisted cavity-mediated topological superfluidity [64],
cavity-induced quantum spin liquids [65], and a largely unex-
plored crossover between the quantum and a classical Floquet
regime [30].

In this paper we show how electronic interactions can
strongly enhance Floquet engineering effects and cavity-
mediated interactions between electrons in the valence
band of a weakly hole-doped semiconductor. We focus on
the dispersive light-matter coupling regime, where no real
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excitations are created by the driving. Yet even in this case,
we find that when the detuning between light and excitonic
resonances becomes smaller than the exciton binding energy,
many-body effects become important and the treatment of
the excitons as effective two-level emitters breaks down. This
finding could have important consequences for the optical
control of quantum materials. We have checked that our re-
sults encompass the results one obtains from a generalized
random-phase approximation (GRPA) calculation of near-
resonant light-matter processes. In addition, our approach
allows us to describe strong-field effects such as the Bloch-
Siegert shift, which cannot be captured in the GRPA method,
and it can be extended to include a self-consistent treatment
of the low-energy degrees of freedom, when the adiabaticity
condition is violated.

In the itinerant electron system considered here, the cavity-
mediated interaction takes the form of a forward-scattering
density-density interaction [65]. It can be enhanced by a small
laser-cavity detuning and a large laser driving strength, and
thereby can become much stronger than direct cavity-induced
changes to the ground state, which require ultrastrong cou-
pling to become relevant [66]. This scheme is thus very similar
to established schemes in atomic cavity QED [17]. This
regime separates our work from the highly active research
on exciton-polaritons [67–70], which is mainly concerned
with a resonant coupling regime, and from Floquet engineer-
ing of excitons [71–73], which is concerned with changes
of the excitonic states rather than the low-energy degrees
of freedom. To describe the impact of cavity-mediated in-
teractions on the electronic many-body state, they have to
be treated on equal footing with other laser-induced Floquet
engineering effects, namely, the Stark and Bloch-Siegert shifts
[74], which are unavoidable. In addition, all these effects are
screened by electronic interactions, which will further affect
their magnitude and range. Here we explore this interplay
for the specific case of screening by local interband interac-
tions in a two-band semiconductor model, which give rise to
Frenkel excitons. We extend a Floquet approach developed by
Vogl et al. [75] to study the cavity-material setup and com-
bine it with a Hartree-Fock-like mean-field treatment of the
electronic interactions. We systematically study how Floquet
engineering effects are affected by these interactions. Remark-
ably, rather than reducing the Floquet-induced effects, we
find that cavity-mediated interactions are strongly enhanced
compared with a noninteracting model with identical laser and
cavity detuning to the material resonances. In addition, the
induced interaction is strongly broadened in reciprocal space.
We trace both the enhancement and the broadening back
to the momentum-space structure of the localized Frenkel
excitons.

The paper is structured as follows: in Sec. II, we introduce
the model Hamiltonian and the Floquet formalism used in this
paper. In Sec. III, we describe the main steps of the screen-
ing calculation. To improve the accessibility of this work,
technical aspects are moved to supplementary sections. The
effective low-energy Hamiltonian, which we obtain from the
screening calculation, is then analyzed in Sec. IV, where we
present a detailed study of the influence of electronic interac-
tions on the emerging Floquet physics. We finally conclude
with Sec. V.

II. SETUP AND MODEL

A. The model

The static Hamiltonian. In this paper, we focus on a two-
dimensional electron system coupled to a single-mode cavity.
The electrons are described by a two-band Hubbard model,
such that the Hamiltonian of this hybrid light-electron system
is given by

Ĥ = ĥ + Û , (1)

where the single-electron Hamiltonian ĥ of the electronic sys-
tem and the cavity is given by (we set h̄ = 1)

ĥ = ωcâ†â +
∑
k,b,s

(εk,b − μ)ĉ†
kb,sĉkb,s + igc(Ĉ − Ĉ†), (2)

with

Ĉ = 1√
N

â
∑
k,s

ĉ†
k2sĉk1s. (3)

Here, the bosonic operator â annihilates a cavity photon with
frequency ωc, the fermionic operator ĉkbs annihilates an elec-
tron with band index b = 1, 2, spin s and quasimomentum
k, and N denotes the number of lattice sites. The quasimo-
mentum k is dimensionless, measured in units of the lattice
constant.

In Eq. (2), we also added the dipole coupling defined in
Eq. (3) between the interband transition of the two electronic
bands and the cavity (for a derivation of this coupling, see
Refs. [76,77]). The cavity-electron coupling is quantified by
the vacuum Rabi frequency gc. In the optical regime, we
have gc � ωc, which allowed us to neglect counter-rotating
terms in Eq. (2) and only include near-resonant interactions,
where a photon annihilation is accompanied by an excitation
of an electron into the upper band (and vice versa). We also
introduced the chemical potential μ in Eq. (2). Throughout
this paper, we chose μ to describe a weakly doped band
insulator, where the lower electron band is nearly fully filled.
In addition, electronic interactions are collected in the second
term of Eq. (1), which reads

Û = Û11 + Û22 + Û12, (4)

where Ûbb = Ubb
∑

r n̂r,b,↑n̂r,b,↓ denotes a local electron re-
pulsion for two electrons in band b, both residing on lattice
site r. Û12 = U12

∑
r,s,s′ nr2,snr,1,s′ denotes the local repulsion

between electrons residing in distinct bands. Laser driving.
The static cavity-electron system is additionally driven by an
external laser field with frequency ωL, which is propagating
perpendicularly to the 2D electron system and thus couples
only to vertical band transitions where the electron momen-
tum is conserved. The laser is sufficiently detuned from the
cavity resonance to directly interact with the electrons. The
corresponding driving Hamiltonian is given by

Ĥdrive(t ) = D̂e−iωLt + D̂†eiωLt , (5)

where

D̂ = −D̂† = −i
∑
k,s

(gLĉ†
k2sĉk1s + H.c.) (6)

115137-2



EXCITONIC ENHANCEMENT OF CAVITY-MEDIATED … PHYSICAL REVIEW B 109, 115137 (2024)

is the dipole operator with gL denoting the effective Rabi
frequency of the laser drive. In this paper, we consider a situ-
ation where gL is much larger than the cavity coupling of gc,
i.e., where the laser field amplitude is larger than the vacuum
field strength of the cavity field. Hence, it is not apparent that
counter-rotating terms can be neglected, and we retain them
for now.

B. Low-energy Floquet Hamiltonians

The full Hamiltonian of the laser-driven cavity-
electron system reads Ĥ (t ) = Ĥ + Ĥdrive(t ). As shown
in Refs. [75,78,79], this time-dependent problem can be
solved by finding the self-consistent solution of a static
quasi-eigenenergy Floquet problem,

ĤFl
(Eα )|α〉 = Eα|α〉, (7)

where Eα is the Floquet quasi-eigenenergy and the effective
Floquet Hamiltonian Ĥ eff

(Eα ) reads

ĤFl
(Eα ) = Ĥ + D̂† 1

Eα − Ĥ + ωL − D̂† 1
Eα−Ĥ+2ωL−··· D̂

D̂

+ D̂
1

Eα − Ĥ − ωL − D̂ 1
Eα−Ĥ−2ωL−··· D̂

†
D̂†. (8)

ĤFl
(Eα ) is an effective Hamiltonian which acts only on the phys-

ical Hilbert space. This simplification comes at the price that
ĤFl

(Eα ) has to be determined self-consistently.
Treating the light-matter coupling perturbatively, we can

expand the effective Floquet Hamiltonian (8) in orders of D̂
and D̂†. This is appropriate, as long as the Rabi frequency gL is
much smaller than the laser’s detuning to material resonances.
To the lowest order, we obtain the following Hamiltonian:

ĤFl
(Eα ) ≈ Ĥ + D̂†Ĝ(Eα + ωL )D̂ + D̂Ĝ(Eα − ωL )D̂†, (9)

where the Green operator (i.e., resolvent) Ĝ reads

Ĝ(E ) = 1

E − Ĥ
. (10)

But even this simplified expression represents a correlated
many-body hybrid light-matter Hamiltonian, which contains
electronic interactions to arbitrary orders and which cannot
be evaluated straightforwardly. In the literature, the high-
frequency expansion [80,81] is frequently used to further
simplify Eq. (9). It is valid when ||Eα − Ĥ || � ωL, such that
the Floquet Hamiltonian is reduced to [80]

ĤFl
high-freq ≈ Ĥ + [D̂†, D̂]

ωL
+ [D̂, [Ĥ , D̂†]] + [D̂†, [Ĥ , D̂]]

2ωL
2

+ · · · . (11)

In this limit, the self-consistency requirement disappears, i.e.,
ĤFl

high-freq no longer depends on Eα , which greatly simplifies the
eigenvalue problem (7). However, this high-frequency limit
becomes problematic when describing in-gap driving of the
two-band model considered here.

Consequently, we solve this problem by adopting a
projector technique akin to similar techniques in strongly
correlated systems [82,83]: As the driving will be considered
off-resonant from any material resonance, we assume the

self-consistent solution to Eq. (7) lies closely to the static
(no-driving) limit. We thus introduce the many-body energy
filter for the unperturbed Hamiltonian (see Appendix A)

P̂Eα
= δ(Eα − Ĥ ), (12)

and focus our attention on the low-energy limit of the pro-
jected Hamiltonian given by P̂Eα

ĤFl
(Eα )P̂Eα

. In this limit, as we
see, the self-consistency can also be dropped and we obtain
low-energy models which can be analyzed with the usual
equilibrium methods.

III. SCREENING CALCULATION AND
THE EFFECTIVE HAMILTONIAN

We now wish to evaluate the projected effective low-energy
Hamiltonian

Ĥeff (Eα ) ≡ P̂Eα
ĤFl

(Eα )P̂Eα
. (13)

Inserting Eq. (9), we have to evaluate the action of the low-
energy projector P̂Eα

on the dipole operator D̂ followed by
Green operator Ĝ(E ). We carry out this evaluation in sev-
eral steps. First, as we consider a cavity-electron coupling gc

which is weak compared with the bare cavity frequency ωc,
we expand the effective Hamiltonian to its leading order in gc,

Ĥeff (Eα ) 
 P̂Eα
ĤP̂Eα

+ P̂Eα
D̂†Ĝ(0)(Eα + ωL )D̂P̂Eα

+ P̂Eα
D̂Ĝ(0)(Eα − ωL )D̂†P̂Eα

+ |gc|2P̂Eα
D̂†Ĝ(0)(Eα + ωL )ĈĜ(0)(Eα + ωL )

× Ĉ†Ĝ(0)(Eα + ωL )D̂P̂Eα
. (14)

As we see below, the terms in the second line will give rise
to the Stokes (i.e., optical Stark) and Bloch-Siegert shifts,
and the |gc|2-contribution in the third line corresponds to
a cavity-mediated, laser-stimulated electron interaction. Any
other expansion term will be suppressed relative to these lead-
ing contributions by at least ≈gL/ωL or ≈gc/ωc. In Eq. (14),
we added the superscript “0” to indicate quantities evaluated
at gc = 0, i.e.,

Ĥ (0) = Ĥ
∣∣
gc=0, (15)

Ĝ(0)(E ) = Ĝ(E )
∣∣
gc=0. (16)

We next present a procedure to simplify the effective Hamil-
tonian (14) and derive a simplified Hamiltonian, where the
electronic interband interactions are treated on a mean-field
level and give rise to excitonic screening of the Floquet Hamil-
tonian. Our strategy is as follows:

Dyson equation. First, we expand the Green operator using
the Dyson equation,

Ĝ(0)(E ) = ĝ(0)(E ) + ĝ(0)(E )Û Ĝ(0)(E ), (17)

where we defined the noninteracting Green operator

ĝ(0)(E ) ≡ Ĝ(E )
∣∣
gc=0,Û=0. (18)

We apply the Dyson equation recursively to write the interact-
ing Green operator as

Ĝ(0)(E ) =
∞∑

n=0

[ĝ(0)(E )Û ]nĝ(0)(E ). (19)
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Commutators. Second, we move the (de-)excitation op-
erators Ĉ (Ĉ†) and D̂ (D̂†) past the Green operators and
interaction operators. Previously, this idea has been applied
to study the scattering between semiconductor excitons and
impurities [84,85]. Following an approach pioneered by An-
derson in his seminal paper on BCS theory [86], we only
retain the contributions to the commutator, which are expected
to give a finite expectation value, and neglect terms such as the
intraband polarization 〈ĉ†

k,b,sĉk′,b,s〉 when k = k′. In particular,
we use the following approximation (see Appendix B for the
full expression):

Û b̂†
q,s ≈

∑
k

b̂†
k,s f̂ s

k,q, (20)

where b̂†
k,s ≡ ĉ†

k,2,sĉk,1,s denotes the interband polarization
operator at momentum k and spin s, which occurs in the
operators Ĉ and D̂, and

f̂ s
k,q = δk,q

(
Û − U11ν̂s̄ + U12

∑
s′

ν̂s′

)
− U12

N
n̂q,1,s. (21)

We also defined the spin-resolved filling operator in the lower
band:

ν̂s ≡ 1

N

∑
k′

n̂k′,1,s. (22)

For the noninteracting Green operator ĝ, we find exact
commutation relations (see Appendix B 2),

ĝ(0)(E )ĉ†
kbs = ĉ†

kbsĝ
(0)(E − εk,b + μ),

ĝ(0)(E )â† = â†ĝ(0)(E − ωc). (23)

Thus, for instance, in the term

D̂†Ĝ(0)(E )D̂ = D̂†
∞∑

n=0

[ĝ(0)(E )Û ]nĝ(0)(E )D̂, (24)

moving the operator D̂ ∼ ∑
q b̂†

q,s left shifts the argument of
the noninteracting Green operators from E to E − εq,2 + εq,1.
During this process, the commutator with each interaction
vertex Û , according to Eq. (20), also transforms Û into the op-
erator f̂ in Eq. (21) with summations over internal momenta.

Low-energy restriction. Third, we invoke a low-
temperature (and weak-coupling) approximation, whereby
the low-energy state does not contain cavity photons nor
upper band electrons, i.e.,

âP̂Eα
= 0 and ĉk,2,sP̂Eα

= 0 ∀ k, s. (25)

This restricts us to an adiabatic driving regime, which does not
generate cavity or electronic band excitations that may lead
to heating. It further implies that in the undriven case cavity-
induced changes of the lower electron band are neglected.

Resummation. Fourth, we carry out a resummation of the
series of internal interaction vertices to arrive at, e.g. (the

explicit resummation is shown in Appendix C),

P̂Eα
D̂†Ĝ(0)(Eα )D̂P̂Eα

= |gL|2
∑

s

P̂Eα

∑
k

n̂k,1,sĜ
s
H

(
Eα − �0

k

)

×
(

1 + U12

N

∑
k′

n̂k′,1,sĜ
s
H

(
Eα − �0

k′
))−1

P̂Eα
, (26)

where

Ĝs
H (E ) = 1

[Ĝ(0)(E )]−1 + U11ν̂s̄ − U12
∑

s′ ν̂s′
, (27)

and we introduced the laser–band-gap detuning �0
k ≡ εk,2 −

εk,1 − ωL. The subscript “H” stands for “Hartree,” since in
the mean-field limit below this result becomes identical to a
resummation of Hartree-type Feynman diagrams.

We then invoke the low-energy restriction again, and use
the definition of the low-energy projector in Eq. (12) to write
(see Appendix D 3)

Ĝ(0)(Eα − �0
k

)
P̂Eα

≈ −(
�0

k

)−1P̂Eα
, (28)

where �0
k is the laser–band-gap detuning introduced above.

Hence, in this regime, the self-consistency condition of the
Hamiltonian in Eq. (9) is removed, and we obtain an effective
low-energy Hamiltonian which is similar, but not identical, to
a high-frequency expansion. The crucial difference is that the
resulting Hamiltonian contains the effective impact of elec-
tronic interactions (i.e., screening) on the low-energy degrees
of freedom.

Mean-field decoupling. Finally, we carry out a mean-field
decoupling of the internal interaction vertices of the previ-
ous step, and neglect the impact of charge fluctuations on
the effective Hamiltonian. This means we replace the filling
operator by its expectation value,

ν̂s → νs = 〈ν̂s〉, (29)

which is evaluated at equilibrium. Here we assume that
changes to this mean-field value are negligible, such that we
do not need to determine it self-consistently. Likewise, the mi-
croscopic electronic occupation is replaced by its equilibrium
expectation value,

n̂k,1,s → 〈n̂k,1,s〉. (30)

Overall, these steps result in an effective low-temperature
Hamiltonian, which we analyze in the following section. In
Appendix D 4, we check that our approach is equivalent to a
generalized RPA calculation for near-resonant interactions.

We note that, during the derivation of the semiconductor
Bloch equations (SBE) [87], i.e., the differential equations for
the dynamics of the expectation value of b̂k,s, the approxima-
tion (20) to simplify the commutator [Û , b̂k,s] is employed,
too. However, unlike in the derivation of the SBEs where
Eq. (20) is used only once before the mean-field decoupling,
in our approach this commutator approximation is repeatedly
used, followed by a resummation. This repeated application of
Eq. (20) results in an effective Hamiltonian governing the low-
energy dynamics of the lower-band electrons, which cannot
be captured by SBE. We refer to Appendix D 5 for a detailed
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comparison to the SBE method. In the following, we analyze
the effective mean-field Hamiltonian and investigate how the
emergence of excitons affects the low-energy physics.

IV. THE SCREENED EFFECTIVE HAMILTONIAN

Combining the calculations discussed in Sec. III (for
details see Appendix D), we derive the screened Floquet low-
energy Hamiltonian for electrons in the lower electronic band
as

Ĥeff = ĥeff + Ûeff , (31)

with

ĥeff =
∑
k,s

(
εk − |gL|2

�k,s
− |gL|2

�BS
k,s

− μ

)
ĉ†

ksĉks, (32)

and

Ûeff = Û11 − 1

N

∑
k,s

k′,s′

|gLgc|2
�c�k′,s′�k,s

ĉ†
k′,s′ ĉk′,s′ ĉ†

k,sĉk,s. (33)

To reduce clutter, we neglected the electronic band index
(b = 1) here and in the following. In these equations we
introduce the laser-cavity detuning �c = ωc − ωL, as well
as the screened denominators �k,s and �BS

k,s, which are
defined as

�k,s ≡ �0
k − U11νs̄ + U12

∑
s′

νs′

− U12

N

∑
k′

〈n̂k′,s〉 �0
k − U11νs̄ + U12

∑
s′ νs′

�0
k′ − U11νs̄ + U12

∑
s′ νs′

, (34)

and

�BS
k,s = �0

k + 2ωL − U11νs̄ + U12

∑
s′

νs′

− U12

N

∑
k′

〈n̂k′,s〉 �0
k + 2ωL − U11νs̄ + U12

∑
s′ νs′

�0
k′ + 2ωL − U11νs̄ + U12

∑
s′ νs′

.

(35)

Here, �0
k = εk,2 − εk,1 − ωL is the bare laser–band-gap de-

tuning introduced above. The detunings are renormalized by
the interband interaction U12 and the intraband interaction U11

of the lower band. Interactions in the upper band, described
by U22, are not significant in the present weak-driving limit,
where no real population is created in the upper band.

Let us discuss the Hamiltonian structure: The single-
particle sector ĥeff contains the band dispersion εk − μ of
the bare material, which is renormalized by two terms. We
identify the first term −|gL|2/�k,s as the optical Stark shift,
i.e., the laser-induced renormalization of the electronic band
energy. In semiconductor quantum wells, this effect was first
reported in Ref. [88]. The second term −|gL|2/�BS

k,s is the
Bloch-Siegert shift in materials [74,89] which further de-
creases the energy of electrons in the lower band. It stems
from the non rotating-wave approximation (non-RWA) terms
in the laser-electron coupling. The Bloch-Siegert shift in two-
level systems has been previously derived by various Floquet
methods [90–93], our Floquet Hamiltonian method general-
izes this derivation to a many-body system.

In the interaction term Ûeff , the local intraband repulsion
Û11 is not screened by projecting out the high-energy degrees
of freedom—as one would expect intuitively. However, the
presence of the optical cavity gives rise to a cavity-mediated
laser-stimulated interaction ≈|gLgc|2/(�c�k�k′ ). It is in-
duced by the scattering of a laser photon into and out of the
cavity via the virtual excitation of two lower band electrons
into the upper band. A very similar effect was recently pro-
posed theoretically in quantum spin systems [65], and it is also
closely connected to well established methods in cold atoms
to generate and control long-ranged interactions [17,94].

We illustrate our theory with parameters which are cho-
sen appropriate for a tetracene-type molecular crystal [95].
This material is known to host Frenkel excitons and can be
modeled by the local Hubbard-type interactions considered
here.1 The strength of the on-site interactions are thus chosen
as U11 = 1.6 eV, U12 = 0.8 eV. We further consider a simple
square lattice band structure

εk,b = εb + 2tb[cos(kx ) + cos(ky)], (36)

which entail the momentum-dependent band gap ε21k = ε21 +
2t21[cos(kx ) + cos(ky)] with t21 ≡ t2 − t1 and ε21 ≡ ε2 − ε1.
Unless specified otherwise, the band parameters are cho-
sen as ε21 = 3.7 eV, t21 = −0.2 eV, with t1 = 0.05 eV, t2 =
−0.15 eV. This results in a band gap which can be driven
in-gap by an optical laser. We note, finally, that all of the
analytical results derived below remain valid for arbitrary
band structures εq,b.

In our approach, to simplify the Floquet Hamiltonian, we
start from a noninteracting band model and carry out a re-
summation over RPA-type interband interaction vertices. This
approximation is reliable (see, e.g., Refs. [96,97]) only if the
undriven system can be described as a Fermi liquid, which is
indeed the case in our weakly hole-doped semiconductor sys-
tem: the strong on-site repulsion cannot create Fermi-surface
instabilities as the charge carriers (holes in the lower-band in
our case) are dilute [98]. More precisely, one can define the
diluteness parameter 1/ ln(1/n), which in our case (the hole-
occupancy is n ≈ 5 × 10−4, corresponding to a hole-density
of 1010–1011 cm−2 in tetracene-type molecular semiconduc-
tors) evaluates to ≈1/8, which is too small for Fermi-surface
instabilities to appear. Previous cluster perturbation simula-
tions [99] also agree that the Fermi liquid is a valid description
for the parameters considered here up to a doping level of
n ≈ 0.3. However, we note that this diluteness is sensible to
the interaction range: The diluteness parameter becomes no
longer small when the interaction becomes long ranged [100],
which makes Fermi-liquid instability easier to trigger.

A. The screened denominator

The different terms in the screened denominator (34) can
be readily interpreted physically: In the absence of electron
interactions, the energy required to excite a Bloch electron

1Here we ignore the local-field effect, which could be important,
for instance, when there are several molecules in a unit cell (creating
bands with exchange interactions) and the material shows strong
Davydov splitting and anisotropic optical absorbance [95].
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with quasimomentum k is given by the energy difference
εk,2 − εk,1, such that the energy mismatch to the laser drive
is the bare detuning �0

k. This detuning is reduced by U11νs̄,
which originates from the absence of the intraband repulsion
Û11, once a hole is created below the Fermi surface. It is
counteracted by U12νs̄ and U12νs. This third term in Eq. (34)
originates from the opposite (same) spin part of the inter-
band repulsion Û12 after an electron is excited to the upper
band. The final term has the most complex structure. It is the
interband electron-hole excitonic attraction stemming from
fermionic statistics: Once a fermion with spin-momentum
quantum numbers (k, s) is excited to the upper band, it leaves
a hole at the same momentum (k, s). This hole counteracts the
third term, but since the electrons can hop between adjacent
lattice sites, the energy shift cannot completely compensate
the previous effect.

The screened detuning (34) is also contained in the low-
temperature absorbance spectrum of the bare material, where
it emerges from the Kubo formula (see Appendix E). Ab-
sorbance resonances are found when the detuning vanishes,
i.e., �k,s = 0. This is the case when

�0
k − U11νs̄ + U12

∑
s′

νs′ = 0, (37)

i.e., when the laser resonantly couples to the interband
transition, which is shifted by the Hartree-type mean-field
contribution −U11νs̄ + U12

∑
s′ νs′ , or when

U12

N

∑
k′

〈n̂k′,s〉
�0

k′ − U11νs̄ + U12
∑

s′ νs′
= 1. (38)

This latter condition describes the formation of an exci-
ton, it can also be derived from the Wannier equation (see
Refs. [101,102]) for the case of on-site interactions: For a fully
occupied lower band where 〈n̂k,s〉 = νs = νs̄ = 1, Eq. (38) is
equivalent to the semiconductor excitonic optical resonance
derived in Refs. [101–104].2 For the parameters chosen above,
Eq. (38) predicts an exciton resonance at ωex ≈ 2.71 eV, and
we denote the laser-exciton detuning as �ex ≡ ωex − ωL. Cru-
cially, the condition Eq. (38) is independent of the momentum
index k in �k,s = 0. This will have profound consequences
for the emergent Floquet physics, as we explore in the remain-
der of this paper.

2The Wannier equation in Ref. [102], in our on-site repulsion model
with a fully occupied lower band, becomes

(εk,2 − εk,1 − U11 + 2U12 )φ(k) − U12

N

∑
k′

φ(k′) = ωexφ(k),

which has a solution φ(k) = (εk,2 − εk,1 − ωex − U11 + 2U12)−1 rep-
resenting the exciton’s momentum-distribution. The eigenvalue ωex

satisfies

U12

N

∑
k

(εk,2 − εk,1 − ωex − U11 + 2U12 )−1 = 1,

which is identical to our result Eq. (38) when 〈n̂k,s〉 = νs = 1.

FIG. 1. (a) The change of the single-electron energy of the lower-
band according to Eq. (32) is shown along the path Y → 	 → M in
the first Brillouin zone. Since this change is proportional to |gL|2, this
constant is removed. (b) The effective hopping rate t̃ , as extracted
from the electronic dispersion at the 	 point, is plotted vs the laser
driving strength gL .

B. Band-structure Floquet engineering

Band structure renormalization. We next explore how this
peculiar resonance structure is reflected in the Floquet band
structure in the single-particle sector ĥeff of Eq. (14). The ex-
citonic screening behavior in our interacting model is revealed
by comparing with an unscreened case in the noninteracting
model where U11 = U12 = 0. To allow for a fair compari-
son between the screened and the unscreened cases, we fix
the detuning to the respective resonances, i.e., we chose the
driving frequency such that we have the same detuning to
the excitonic resonance (in the screened case) and to the 	

point of upper electron band (unscreened case). That is, we let
�ex in the screened case to be equal to �gap ≡ �0

k=(0,0) in the
unscreened case. Consequently, the Stokes term |gL|2/�k,s in
ĥeff has approximately the same size, and the major deviation
stems from the distinct momentum dependence of the exciton
resonance.

The change of the band structure is shown along the
high-symmetry points of the first Brillouin zone in Fig. 1(a).
Naturally, the largest renormalization effect can be achieved
in the vicinity of the 	 point for the unscreened case. The
reason is obvious, as changes in different regions of reciprocal
space are suppressed by a much larger detuning. In contrast,
the screening changes the band structure in a much larger
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region of reciprocal space. This behavior can again be ex-
plained easily: due to the lack of momentum dependence in
Eq. (38), the detuning at momentum far from the 	 point still
vanishes as ωL approaches ωex. Hence, the screening enables
the driving to renormalize the band structure at larger regions
of reciprocal space. If we take �ex → 0 in Fig. 1(a), the
shape of the (blue) interacting curve will converge to φ(k),
which is the exciton’s broadened momentum distribution. On
the contrary, if we take �gap → 0, the shape of the (red)
noninteracting curve becomes a narrow delta peak at the 	

point. Naively, this would suggest an overall enhanced renor-
malization effect.

In Fig. 1(b), we demonstrate that this is not necessarily
true: We plot the renormalization of the effective hopping rate
t̃ at the 	 point, which we extract from the curvature of the
Floquet band structure, versus the driving strength gL. For a
weakly hole-doped lower electron band, as we consider here,
this hopping rate describes the effective kinetic energy at the
Fermi surface, i.e., it is proportional to the electron mobility.
In both screened and unscreened case, the driving leads to
a reduction of the hopping rate, indicating the dynamical
localization of the mobile charge carriers due to the driving
[105]. But we find that screening reduces the renormalization
of this hopping rate—even though the overall change of the
band structure is increased. If we reduce the detuning to the
resonance to be 0.03 eV, the unscreened calculation predicts
a vanishing of the effective hopping rate at gL 
 0.015 eV.
This calculation would indicate indicate a photoinduced van
Hove singularity [106], where the density of states diverges
(even though higher orders in |gL| will likely shift or destroy
this singularity). The screening counteracts the reduction of
the hopping rate, such that a singularity (to leading order in
gL) only occurs at very large driving strengths |gL| ∼ �ex

where the weak driving approximation in Eq. (9) becomes
very questionable and Floquet heating becomes a fundamental
problem.

Ratio between Stark and Bloch-Siegert shifts. We next
explore how the relative size of the Stark effect and the Bloch-
Siegert shift are affected by electronic interactions. Recent
experiments [73] on monolayer WS2 revealed a enormous
enhancement of the Bloch-Siegert shift compared with what
one would expect from treating the exciton resonance as an
effective two-level atom (TLA), where we have

�εTLA
Stark = |gL|2

ωL − ωex
, (39)

and

�εTLA
BS = |gL|2

ωL + ωex
, (40)

where ωex is the excitonic resonance extracted from Eq. (38).
In Fig. 2, we plot the ratio

rSt−BS ≡ �εStark

�εBS
(41)

vs the detuning. We find that, at the 	 point, the ratio ac-
cording to Eqs. (34) and (35) is strongly enhanced compared
with the TLA treatment in Eqs. (39) and (40). The excitonic
enhancement benefits the Stark effect to a greater degree
than the Bloch-Siegert shift, where the enhancement is sup-

FIG. 2. The ratio between the Stark shift (34) and the BS shift
(35) is plotted vs the detuning between laser and exciton resonance
for selected points in the Brillouin zone. For comparison, the same
ratio for a two-level treatment (TLA), Eqs. (39) and (40), is shown
in blue. The dependence of the ratio on the electronic interactions is
shown at selected points in the top panels, where the laser-exciton
detuning is fixed at �ex = 0.03 eV.

pressed by the large prefactor 2ωL [see Eq. (35)]. However,
at momenta (Y and M points) far from the 	 point, our
many-body approach indeed gives ratios smaller than the TLA
prediction. If we scan the strength of the intra- and interband
interactions (see the top panels of Fig. 2), we further find
a remarkable nonmonotonic dependence of this ratio at the
	 point. Note that there is a weak dependence even in the
TLA treatment, because we have fixed �ex = 0.03 eV and let
ωex vary with different interaction strengths, then we cannot
change ωex without changing the ratio (41). Remarkably, the
ratio (41) displays a clear resonance-like feature, peaking at
U12 
 0.5 eV. This interesting phenomenon will be discussed
in more detail in the following Sec. IV C.

A direct comparison of our results with Ref. [73] will
require a simulation of the two-dimensional spectroscopy per-
formed in this work. But as the optical signal will involve
an integration over the Brillouin zone, our results already
show that a many-body treatment of the excitonic resonance
fundamentally can easily changes the relative size of Stark and
Bloch-Siegert shifts by an order of magnitude.

C. Cavity-mediated interactions

We next investigate how electronic screening affects the
cavity-mediated interaction in Ûeff , Eq. (33), in forward-
scattering direction when k = k′, where it is proportional to
≈1/�2

k,s. In Fig. 3(a), we plot the inverse square of Eq. (34)
with the momentum k along the path Y → 	 → M. In addi-
tion, we provide the unscreened interaction for comparison.
As before, in order to keep the comparison fair, we fix the
detuning to the resonance (i.e., either to the exciton or to
the upper electronic band). Remarkably, we find that the
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FIG. 3. (a) Strength of cavity-mediated interaction in Eq. (33)
in the forward scattering direction along a cut of the first Brillouin
zone. The constant prefactor |gcgL|2, which appears in Eq. (33), is
removed. (b) The excitonic enhancement, i.e., the ratio between the
cavity-mediated interaction of the interacting and the noninteracting
model is, plotted vs the detuning of the respective resonance at the
	 [k = (0, 0)], Y [k = (0, π )], and M points [k = (π, π )]. (c) The
strength of cavity-mediated interaction in Eq. (33) at the 	 point
(kx, ky ) = (0, 0) is plotted vs the interband interaction strength U12.
The noninteracting model is plotted as a dashed line for comparison.

screening drastically enhances the cavity-mediated interac-
tion. This is clearly seen in Fig. 3(b), where we show the ratio
between the two cases as a function of the detuning to the
respective resonances. The enhancement decreases with in-
creasing detuning, but remains finite even for large detunings
of half an electronvolt.

This naturally leads us to investigate optimal conditions to
maximize the excitonic enhancement, which we illustrate in

FIG. 4. The screened denominator (34) is plotted vs the driving
frequency ωL . The model parameters are given in Sec. II A, with t1

changed to obtain t21 as indicated in the panels. The black dashed
line indicates the detuning in the noninteracting model at the 	 point
with �gap = �ex, which is equivalent to the two-level treatment of
the Stark shift in Eq. (39). The shaded region represents the upper
electronic band, where the effective Hamiltonian (14) diverges due
to resonant coupling.

Fig. 3(c). At a fixed detuning � = 0.05 eV and fixed intra-
band repulsion U11 = 1.6 eV, we find a pronounced peak of
the excitonic enhancement at U12 
 0.5 eV. In this optimal
regime, a massive enhancement of a factor �10 relative to
the noninteracting model with the same detuning and driving
strength is observed. This enhancement is tied to the emer-
gence of the exciton resonance in Eq. (38), and therefore the
mixing of electronic momenta via the scattering of the virtual
exciton. It has a nontrivial dependence on electron dispersion:
If we neglect the electronic band dispersion and replace εk21

in Eq. (38) by the constant detuning ε21, the exciton binding
energy is simply given by U12. However, because this exciton
does not have a momentum structure, which is distinct from
the electrons, the enhancement vanishes in this case and we
recover the same interaction strength as the noninteracting
model. This dependence on the electron dispersion makes it
difficult to find a simple analytical expression for the op-
timal detuning. Nevertheless, with the help of the effective
Hamiltonian (14) one can straightforwardly optimize the laser
detuning to maximize the possible enhancement for a given
material.

D. Discussion

We finish with a discussion of the excitonic resonance
structure, which we already touched upon in Sec. IV A. Ev-
idently, all our results can be traced back to the momentum
structure of the detuning (34). Thus, we plot the denominator
(34) in Fig. 4 as a function of the driving frequency ωL at
several points in the Brillouin zone.

In the vicinity of the 	 point (blue line), the detuning is
strongly reduced relative to the TLA treatment, which gives
rise the observed enhancement of the cavity-mediated inter-
action. When the bandwidth of the lower band is reduced
in the smaller panels on the right, this reduction is lost and
the detuning (at every point in the Brillouin zone) approaches
the TLA.

Moreover, Fig. 4 also illustrates the origin of the broaden-
ing of the interaction: the detuning vanishes at the excitonic
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resonances for all momenta. In contrast, at the band edge, the
detuning only ever vanishes at a single resonant momentum,
while the remaining momenta are off-resonance. This is what
creates the broadening of the Floquet renormalization of the
band structure, which we observed in Fig. 1, as well as of the
broadening of the cavity-mediated interaction in Fig. 3.

V. CONCLUSIONS

In this work, we investigate the electronic screening Flo-
quet engineering effects and cavity-mediated interactions. We
show how exciton formation due to electronic interactions
enhances these driving-induced effects by carrying out an
interband screening calculation in combination with a mean-
field decoupling of the interactions. Altogether, we find that
the screened Floquet Hamiltonian looks superficially similar
to one of a noninteracting system [which we obtain readily
from Eq. (31) by simply setting U11 = U12 = 0]. However,
the Floquet-induced change of the band structure is enhanced
by the interaction across much of reciprocal space. Both the
electronic dispersion and the cavity-mediated interactions are
strongly changed in both amplitude and range: In the direct
vicinity of the 	 point, the dynamical localization due to
Stark and Bloch-Siegert shifts is reduced, and their relative
strength is shown to depend on the electronic interaction
strengths. Additionally, cavity-mediated electronic interac-
tions in the conduction band are enhanced by up to one order
of magnitude and broadened in reciprocal space, such that the
enhancement is even greater in other parts of the Brillouin
zone. Our observations are readily explained by the mixing
of momenta associated with the exciton, which introduces a
dispersionless resonance in the Hamiltonian, and which can
be targeted by an optimized choice of driving parameters
from any point in reciprocal space, and thus gives rise to a
strong enhancement of the interactions. They are reminiscent
of the well-established Coulomb enhancement of light-matter
coupling in 2D semiconductors [68,107].

Our results show how it is possible to incorporate static
screening effects into effective low-energy Floquet Hamiltoni-
ans without the need to use the rotating wave approximation.
The present Hartree-type screening calculation could be ex-
tended to account for other many-body orders in the bare
ground state of a correlated material. Going beyond the low-
energy projection we used in our present work, it will be
interesting to analyze these screening effects in stronger-
driving or ultrastrong cavity-coupling regimes, where the
present approximations cease to be valid and a self-consistent
evaluation of the effective Hamiltonian will be essential. Fur-
thermore, we focus our attention on Frenkel excitons, which
emerge from local interactions. It will be interesting to ex-
tend this method to Wannier excitons and investigate how

the excitonic enhancement is related to the screening of the
Coulomb interaction in materials. This is also necessary to
allow for quantitative comparisons with recent experiments
in dichalcogenides [73] as well as for future optical control
applications which exploit the coupling to cavities, such as
the proposed cavity quantum spin liquids [65].

As we are considering a near fully occupied lower band, the
doublon density therein is almost one per site and the holon
density can be ignored, and thus we mainly have the inter-
band excitonic excitation. When the hole doping in the lower
band becomes higher (e.g., ≈1012/cm2 in tetracene-type, or
≈1013/cm2 in TMDC materials), the charge-carriers (holes)
in the lower band will begin interacting with the excitonic ex-
citation, and intraband excitations will become relevant. This
will result in many highly nontrivial effects: trion excitation
resonances and exciton-trion polaritons [108], smoothing of
the excitonic resonant peak in the absorption spectrum [109],
exciton-hole Auger recombination [110], etc. In the extreme
doping limit where the lower band becomes half filled, it will
be very interesting to study how the doublon-holon pairs will
interact with the interband excitations.
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APPENDIX A: MANY-BODY PROJECTOR

According to Eq. (9), the Floquet Hamiltonian has the form
ĤFl

(Eα ) = Ĥ + |gL|2V̂(Eα ), where the static Hamiltonian Ĥ rep-
resents the unperturbed system, and the perturbation operator
V̂(Eα ) becomes independent of driving strength. The effective
Hamiltonian of ĤFl

(Eα ) near eigenenergy Eα , according to the
second-order Kato expansion in Refs. [82,83], is given by

Ĥeff (Eα ) = P̂Eα

⎛
⎝Ĥ + |gL|2V̂(Eα ) + |gL|4V̂(Eα )

×
∑

Eβ =Eα

P̂Eβ

Eα − Eβ

V̂(Eα )

⎞
⎠P̂Eα

, (A1)

where P̂Eα
= δ(Eα − Ĥ ) is the energy projector of the

unperturbed system. Consistent with the weak-driving ap-
proximation made in Eq. (9), we only retain to the |gL|2 order,
thus we get Ĥeff (Eα ) = P̂Eα

ĤFl
(Eα )P̂Eα

, which is the starting
point of Sec. III.

APPENDIX B: COMMUTATOR RELATIONS

1. Exact interacting commutator

The commutation relation in Eq. (20) of the main text is our central approximation. It discards all noncommuting terms other
than the Hartree-Fock-type terms. We justify it in detail here: Using the definition (4) of the interaction term Û = Û11 + Û12 +
Û22 in momentum space and neglecting the Umklapp scattering terms, which is consistent with ignoring the local field effect
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(i.e., the dipole-dipole interaction) [103,111], we have

Û ĉ†
q2sĉq1s = ĉ†

q2sĉq1sÛ + [Û11, ĉ†
q2sĉq1s] + [Û12, ĉ†

q2sĉq1s] + [Û22, ĉ†
q2sĉq1s]

= ĉ†
q2sĉq1sÛ − 2

U11

2N
ĉ†

q2s

∑
k′,q′

ĉ†
k′−q′,1,s̄ ĉk′,1,s̄ ĉq−q′,1,s − U12

N

∑
q′

ĉ†
q+q′,2,sĉq+q′,1,s

+ U12

N

∑
k′,q′,s′

ĉ†
q+q′,2,sĉq,1,sĉ

†
k′−q′,1,s′ ĉk′,1,s′ − ĉ†

q,2,sĉ
†
k′+q′,2,s′ ĉk′,2,s′ ĉq+q′,1,s − 2

U22

2N

∑
k′,q′

ĉ†
k′,2,s̄ ĉ

†
q−q′,2,sĉk′−q′,2,s̄ ĉq1s

= ĉ†
q2sĉq1s

⎛
⎝Û − U11

N

∑
k

n̂k,1,s̄ + U12

N

∑
k,s′

n̂k,1,s′

⎞
⎠ − U12

N

(∑
k

ĉ†
k2sĉk1s

)
n̂q,1,s

+ · · · , (B1)

where s̄ = −s. In the last line we keep only three terms:
(1) In [Û11, ĉ†

q2sĉq1s], we only keep the q′ = 0 term

−U11

N
ĉ†

q2s

∑
k′,q′=0

ĉ†
k′−q′,1,s̄ ĉk′,1,s̄ ĉq−q′,1,s = −U11

N
ĉ†

q2sĉq,1,s

∑
k′

n̂k′,1,s̄ (B2)

corresponding to the intraband Hartree term. The semiclassical justification for this treatment is as follows: When q′ = 0, the
expectation value

∑
k′ 〈ĉ†

k′−q′,1,s̄ ĉk′,1,s̄〉 represents the charge density wave of the lower-band electron with spin s̄ at wave vector q′.
However, this expectation value becomes much stronger at q′ = 0, because, in this case, the expectation value

∑
k′ 〈ĉ†

k′,1,s̄ ĉk′,1,s̄〉
represents the total electron number in the lower-band with spin s̄. Thus when the electron occupancy approaches one, we can
ignore all terms in [Û11, ĉ†

q2sĉq1s] except for the q′ = 0 contribution.

(2) In [Û12, ĉ†
q2sĉq1s], we only keep two terms: the first term is the interband Hartree term where (as justified above) we take

q′ = 0 in the following summation:

U12

N

∑
k′,q′=0,s′

ĉ†
q+q′,2,sĉq,1,sĉ

†
k′−q′,1,s′ ĉk′,1,s′ = U12

N
ĉ†

q2sĉq,1,s

∑
k′,s′

n̂k′,1,s′ . (B3)

The second term is the interband Fock term, where we take q′ = k′ − q in the following part of [Û12, ĉ†
q2sĉq1s]:

− U12

N

∑
q′

ĉ†
q+q′,2,sĉq+q′,1,s + U12

N

∑
q′=k′−q
k′ ,s′=s

ĉ†
q+q′,2,sĉq,1,sĉ

†
k′−q′,1,s′ ĉk′,1,s′

= −U12

N

∑
limitsq′ ĉ†

q+q′,2,sĉq+q′,1,s + U12

N

∑
k′

ĉ†
k′,2,s(1 − n̂q,1,s)ĉk′,1,s

= −U12

N

∑
k′

ĉ†
k′,2,sn̂q,1,sĉk′,1,s

= −U12

N

(∑
k

ĉ†
k,2,sĉk,1,s

)
n̂q,1,s + U12

N
ĉ†

q,2,sĉq,1,s

≈ −U12

N

(∑
k

ĉ†
k,2,sĉk,1,s

)
n̂q,1,s when the electron number � 1.

In the last line we discard the term U12
N ĉ†

q,2,sĉq,1,s because it is much smaller than the interband Hartree term

−U11
N ĉ†

q2sĉq,1,s
∑

k′ n̂k′,1,s̄ (which has the same form), when the total electron number in the lower-band with spin s̄ is large.
The semiclassical justification for only keeping the q′ = k′ − q and s′ = s parts in the above summation is that, when ignoring
the electron correlation in the lower band, the expectation value will vanish, i.e., 〈ĉq,1,sĉ

†
k′−q′,1,s′ 〉 = 0, unless q′ = k′ − q and

s′ = s.
In the commutator [Û12, ĉ†

q2sĉq1s], we discard the last term

ĉ†
q,2,sĉ

†
k′+q′,2,s′ ĉk′,2,s′ ĉq+q′,1,s

because this term vanishes in the low-energy limit where ĉk′,2,s′P̂Eα
= 0.

(3) For the same reason, the commutator [Û22, ĉ†
q2sĉq1s] can be ignored in the low-energy limit.
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Altogether, in the last line of Eq. (B1), we keep the intraband Hartree term, interband Hartree term and the interband Fock
term of the commutator [Û , ĉ†

q2sĉq1s]. The approximation made in Eq. (B1) is analogous to the random-phase approximation in
the equation-of-motion method, as elucidated in Ref. [112], where the commutator terms are discarded if their expectation value
in the noninteracting ground state vanishes.

2. Noninteracting Green operator

a. Proving ĝ(0)(E )ĉ†
kbs = ĉ†

kbsĝ
(0)(E − εk,b + μ)

We first evaluate ĝ(0)(ω)ĉ†
qbs for an arbitrary electron quasimomentum q, band-index b, and spin s. The noninteracting Green

operator ĝ(0)(ω) is defined in Eq. (18). It is the resolvent of the following free Hamiltonian ĥ(0), defined as

ĥ(0) = ĥ
∣∣
gc=0 = ωcâ†â +

∑
k,b,s

(εk,b − μ)ĉ†
kb,sĉkb,s. (B4)

ĥ(0) commutes with the kinetic Hamiltonian Ĥq,b,s, [ĥ(0), Ĥq,b,s] = 0, where we define

Ĥq,b,s ≡ (εq,b − μ)ĉ†
qbsĉqbs. (B5)

This allows us to write the following simplified Dyson expansion:

ĝ(0)(ω) = 1

ω − (ĥ(0) − Ĥq,b,s) − Ĥq,b,s
=

∞∑
n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(Ĥq,b,s)n, (B6)

and therefore

ĝ(0)(x)ĉ†
qbs =

∞∑
n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ)n(ĉ†
qbsĉqbs)nĉ†

qbs

=
∞∑

n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ)nĉ†
qbs(ĉqbsĉ

†
qbs)n

=
∞∑

n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ)nĉ†
qbs(1 − ĉ†

qbsĉqbs)n

= ĉ†
qbs

∞∑
n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ)n(1 − ĉ†
qbsĉqbs)n

= ĉ†
qbs

∞∑
n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ − Ĥq,b,s)n. (B7)

In the second line we just shifted the position of n parentheses without moving any operator, and in the third line we use the
fermionic commutation relation {ĉqbs, ĉ†

qbs} = 1. In the fourth line, we use the fact that Ĥq,b,s is the only part in ĥ(0) that acts

nontrivially on ĉ†
qbs, i.e., we use [ĥ(0) − Ĥq,b,s, ĉ†

qbs] = 0 to move ĉ†
qbs to the very left. In the fifth (last) line we use the definition

of Ĥq,b,s in Eq. (B5).
However, since [ĥ(0), Ĥq,b,s] = 0, we can reverse the following Dyson expansion:

∞∑
n=0

(
1

ω − (ĥ(0) − Ĥq,b,s)

)n+1

(εq,b − μ − Ĥq,b,s)n = 1

ω − (ĥ(0) − Ĥq,b,s) − (εq,b − μ − Ĥq,b,s)

= 1

(ω − εq,b + μ) − ĥ(0)
= ĝ(0)(ω − εq,b + μ). (B8)

Thus we derive the exact equation in Eq. (23) which reads

ĝ(0)(ω)ĉ†
qbs = ĉ†

qbsĝ
(0)(ω − εq,b + μ). (B9)

Taking the Hermitian conjugate of both sides, and then shifting the argument ω → ω + εq,b − μ, we get

ĝ(0)(ω)ĉqbs = ĉqbsĝ
(0)(ω + εq,b − μ). (B10)

115137-11



WANG, JAKSCH, AND SCHLAWIN PHYSICAL REVIEW B 109, 115137 (2024)

b. Proving ĝ(0)(E )â† = â†ĝ(0)(E − ωc)

Similarly, we next evaluate ĝ(0)(ω)â†, where this time â† is a bosonic operator creating a cavity photon. Since [ĥ(0), ωcâ†â]=0,
we have the following simplified Dyson expansion:

ĝ(0)(ω) = 1

ω − (ĥ(0) − ωcâ†â) − ωcâ†â
=

∞∑
n=0

(
1

ω − (ĥ(0) − ωcâ†â)

)n+1

(ωcâ†â)n, (B11)

and thus

ĝ(0)(ω)â† =
∞∑

n=0

(
1

ω − (ĥ(0) − ωcâ†â)

)n+1

(ωc)n(â†â)nâ†

=
∞∑

n=0

(
1

ω − (ĥ(0) − ωcâ†â)

)n+1

(ωc)nâ†(ââ†)n

=
∞∑

n=0

(
1

ω − (ĥ(0) − ωcâ†â)

)n+1

(ωc)nâ†(â†â + 1)n

= â†
∞∑

n=0

(
1

ω − (ĥ(0) − ωcâ†â)

)n+1

(ωcâ†â + ωc)n

= â† 1

ω − (ĥ(0) − ωcâ†â) − (ωcâ†â + ωc)
. (B12)

In the second line we again shift the position of n parentheses without moving any operator. In the third line we used the
bosonic commutation relation [â, â†] = 1, in the fourth line we used the commuting relation [ĥ(0) − ωcâ†â, â†] = 0 to move
â† to the very left. In the fifth line we reverse the Dyson expansion, whose validity is guaranteed by the commutation relation
[ĥ(0), ωcâ†â] = 0. Thus,we derive the following equation:

ĝ(0)(ω)â† = â†ĝ(0)(ω − ωc). (B13)

Taking the Hermitian conjugate of both sides followed by a shift of argument ω → ω + ωc, we find

ĝ(0)(ω)â = âĝ(0)(ω + ωc). (B14)

APPENDIX C: RESUMMATION OF INTERACTION VERTICES

We first consider the vertex Ĝ(0)(Eα + ωL )D̂P̂Eα
in the term P̂Eα

D̂†Ĝ(0)D̂P̂Eα
. It contains infinite orders of the interaction Û

and evaluates to

Ĝ(0)(Eα + ωL )D̂P̂Eα
= gL

∑
q,s

∞∑
n=0

(
ĝ(0)

(Eα+ωL )Û
)n

ĝ(0)
(Eα+ωL )b̂

†
q,sP̂Eα

= gL

∑
q,s

∞∑
n=0

(
ĝ(0)

(Eα+ωL )Û
)n

b̂†
q,sĝ

(0)
(Eα−�0

q )P̂Eα

≈ gL

∑
q,s

∞∑
n=0

∑
k1,k2,...,kn

b̂†
kn,s

(
ĝ(0)

(Eα−�0
kn

)
f̂ s
kn,kn−1

)(
ĝ(0)

(Eα−�0
kn−1

)
f̂ s
kn−1,kn−2

)

× · · ·
(

ĝ(0)(
Eα−�0

k2

) f̂ s
k2,k1

)(
ĝ(0)(

Eα−�0
k1

) f̂ s
k1,q

)
ĝ(0)

(Eα−�0
q )P̂Eα

= gL

∑
q,s

∞∑
n=0

∑
kn

b̂†
kn,s

[(g ∗ fs)n ∗ g]kn,qP̂Eα
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= gL

∑
q′,s

b̂†
q′,s

∑
q

∞∑
n=0

[(g ∗ fs)n ∗ g]q′,qP̂Eα

= gL

∑
q′,s

b̂†
q′,s

⎛
⎝∑

q

[(g−1 − fs)−1]q′,q

⎞
⎠P̂Eα

. (C1)

In the first line of Eq. (C1), we insert the definition (6) of the driving operator D̂, and then discard the deexcitation part of D̂
because b̂q,sP̂Eα

= 0, which follows from the low-energy limit (25). We also expand Ĝ(0) into a Born series containing infinite
orders of Û , according to the Dyson expansion (19). In the second line, we use Eq. (23) to move the far-right b̂† leftward. In the
third line, we keep moving this b̂† further leftward until it is adjacent to the b̂ at the far left. We use Eq. (23) whenever b̂† crosses
ĝ(0), and the approximation (20) whenever b̂† crosses Û . For the nth order expansion of Ĝ(0), the repeated application of Eq. (20)
creates summations over n internal momenta (k1, k2, . . . , kn), and the momentum carried by b̂† is changed from the initial q to
the final kn. In the fourth line, we introduce the matrices fs and g, with operator-valued matrix elements3

[g]k,q ≡ δk,qĝ(0)
(Eα−�0

q ), [fs]k,q ≡ f̂ s
k,q. (C2)

where f̂ s
k,q is defined in Eq. (21). Hence, the inverse matrix of g is simply [g−1]k,q = δk,q(ĝ(0)

(Eα−�0
q ) )

−1. We can directly check

that this g−1 satisfies the definition of inverse, i.e., [g ∗ g−1]k′,k = [g−1 ∗ g]k′,k = δk′,k. In the fifth line of Eq. (C1), we replace
the dummy index kn by q′, and rearrange the sequence of summation. In the sixth (final) line of Eq. (C1), we use the formula

∞∑
n=0

(g ∗ fs)n ∗ g = (g−1 − fs)−1,

which is a matrix Taylor expansion (i.e., a matrix Born series).
To further simplify the structure in the final line of Eq. (C1), we recombine the matrix fs and g by two new matrices fs

F and
gs

H , respectively defined as [
fs
F

]
k,q = −U12

N
n̂q,1,s ≡ [

fs
F

]
∗,q independent of k,

[
gs

H

]
k,q = δk,q

([
Ĝ(0)

(Eα−�0
q )

]−1
+ U11ν̂s̄ − U12

∑
s′

ν̂s′

)−1

. (C3)

Here the characters F and H stand for “Fock” and “Hartree.” Note that the new matrix element [fs
F ]k,q depends only on its second

momentum index q, so it can be represented by a simpler symbol, denoted by [fs
F ]∗,q in Eq. (C3).

According to Eq. (C3), the expression (g−1 − fs) in Eq. (C1) can be recombined as [(gs
H )−1 − fs

F ] because

[g−1]k,q − [(
gs

H

)−1]
k,q = δk,q

(
Û − U11ν̂s̄ + U12

∑
s′

ν̂s′

)
= [fs]k,q − [

fs
F

]
k,q,

where in the first line we use (Ĝ(0) )−1 = ĝ−1 − Û , and the second line directly follows from the definition (21).
This recombination (C3) allows the following evaluation of the term in parentheses in the last line of Eq. (C1),∑
q

[(g−1 − fs)−1]q′,q =
∑

q

[((
gs

H

)−1 − fs
F

)−1]
q′,q

=
∑

q

[
gs

H

]
q′,q +

∑
q

[
gs

H ∗ fs
F ∗ gs

H

]
q′,q +

∑
q

[
gs

H ∗ fs
F ∗ gs

H ∗ fs
F ∗ gs

H

]
q′,q + · · ·

= [
gs

H

]
q′,q′ + [

gs
H

]
q′,q′

∑
q

[
fs
F

]
q′,q

[
gs

H

]
q,q + [

gs
H

]
q′,q′

∑
q1

[
fs
F

]
q′,q1

[
gs

H

]
q1,q1

∑
q

[
fs
F

]
q1,q

[
gs

H

]
q,q

+ [
gs

H

]
q′,q′

∑
q1

[
fs
F

]
q′,q1

[
gs

H

]
q1,q1

∑
q2

[
fs
F

]
q1,q2

[
gs

H

]
q2,q2

∑
q

[
fs
F

]
q2,q

[
gs

H

]
q,q + · · ·

= [
gs

H

]
q′,q′ + [

gs
H

]
q′,q′

⎛
⎝∑

q

[
fs
F

]
∗,q

[
gs

H

]
q,q

⎞
⎠ + [

gs
H

]
q′,q′

⎛
⎝∑

q1

[
fs
F

]
∗,q1

[
gs

H

]
q1,q1

⎞
⎠

⎛
⎝∑

q

[
fs
F

]
∗,q

[
gs

H

]
q,q

⎞
⎠

3Here, we define the multiplication between two matrices (with operator-valued matrix elements) A and B as

[A ∗ B]k′,k ≡
∑

k′′
[A]k′,k′′ [B]k′′,k,

where we sum over k′′ in the first Brillouin zone.
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+ [
gs

H

]
q′,q′

⎛
⎝∑

q1

[
fs
F

]
∗,q1

[
gs

H

]
q1,q1

⎞
⎠

⎛
⎝∑

q2

[
fs
F

]
∗,q2

[
gs

H

]
q2,q2

⎞
⎠

⎛
⎝∑

q

[
fs
F

]
∗,q

[
gs

H

]
q,q

⎞
⎠ + · · ·

= [
gs

H

]
q′,q′

∞∑
n=0

⎛
⎝∑

q′′

[
fs
F

]
∗,q′′

[
gs

H

]
q′′,q′′

⎞
⎠

n

= [
gs

H

]
q′,q′

⎛
⎝1 −

∑
q′′

[
fs
F

]
∗,q′′

[
gs

H

]
q′′,q′′

⎞
⎠

−1

. (C4)

In the first line we replace g−1 − fs by (gs
H )−1 − fs

F , in the second line we use the matrix Taylor expansion. In the third line we
expand the matrix multiplication, and then use the diagonal property of matrix gs

H to reduce the number of momentum indices to
be summed. In the fourth line we use [fs

F ]k,q = [fs
F ]∗,q, then the summation over momentum indices decouple from one another

and can be evaluated separately (as we did in this line). All these parenthesized terms are identical, so we collect them order by
order and in the sixth (final) line replace this infinite summation by the inverse of a single operator.

Based on Eqs. (C4) and (C1), we obtain

P̂Eα
D̂†Ĝ(0)

(Eα+ωL )D̂P̂Eα
= |gL|2P̂Eα

∑
q′′,s′

b̂q′′,s′
∑
q′,s

b̂†
q′,s

⎛
⎝∑

q

[(g−1 − fs)−1]q′,q

⎞
⎠P̂Eα

= |gL|2P̂Eα

∑
q′,s

n̂q′,1,s

⎛
⎝∑

q

[(g−1 − fs)−1]q′,q

⎞
⎠P̂Eα

= |gL|2P̂Eα

∑
q′,s

n̂q′,1,s
[
gs

H

]
q′,q′

⎛
⎝1 −

∑
q′′

[
fs
F

]
∗,q′′

[
gs

H

]
q′′,q′′

⎞
⎠

−1

P̂Eα
, (C5)

where last line is Eq. (26). In the first line we insert Eq. (C1), as well as the definition of D̂† and use the low-energy restriction
P̂Eα

b̂† = 0. In the second line we use P̂Eα
b̂q′′,s′ b̂†

q′,s = δq′′,q′δs′,sP̂Eα
ĉ†

q′,1,sĉq′,1,s, which also follows from the low-energy restriction
(25). In the third (last) line we insert Eq. (C4).

APPENDIX D: MEAN-FIELD HARTREE APPROXIMATION AND EFFECTIVE LOW-ENERGY HAMILTONIAN

1. Hartree approximation

To further simplify Eq. (26), we next eliminate the operator Ĝ(0) in [gs
H ]q,q using Eq. (28). We find

[
gs

H

]
q,qP̂Eα

=
([

Ĝ(0)
(Eα−�0

q )
]−1 + U11ν̂s̄ − U12

∑
s′

ν̂s′

)−1

P̂Eα

=
∞∑

n=0

(
−U11ν̂s̄ + U12

∑
s′

ν̂s′

)n[
Ĝ(0)

(Eα−�0
q )

]n+1
P̂Eα

≈
∞∑

n=0

(
−U11ν̂s̄ + U12

∑
s′

ν̂s′

)n(−1

�0
q

)n+1

P̂Eα

=
(

−�0
q + U11ν̂s̄ − U12

∑
s′

ν̂s′

)−1

P̂Eα

≈
(

−�0
q + U11νs̄ − U12

∑
s′

νs′

)−1

P̂Eα
, (D1)

where in the first line we insert into the definition of gs
H in (C3). In the second line we apply a Dyson expansion of the operator,

in this expansion, we can put all Ĝ(0) to the far-right because Ĝ(0) commutes with the electronic occupation in the lower band,
[Ĝ(0), ν̂s] = 0. In the third line we use Eq. (28) to reduce Ĝ(0) into the denominator, which eliminates the degree of freedom of
the upper band and the cavity. In the fourth line we turn the infinite Dyson expansion back to the inverse of a single operator.
In the last line, we replace each filling operator ν̂s by its expectation value, which is the spin-resolved filling factor νs. This
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approximation (29) treats filling factors as mean fields, which reduces [gs
H ]q,q to a screened denominator when it lies adjacent to

P̂Eα
.

Based on Eq. (D1), in Eq. (C5) we further simplify∑
q

[
fs
F

]
∗,q

[
gs

H

]
q,qP̂Eα

≈ −U12

N

∑
q

n̂q,1,s
1

−�0
q + U11νs̄ − U12

∑
s′

νs′
P̂Eα

≈ −U12

N

∑
q

〈n̂q,1,s〉 1

−�0
q + U11νs̄ − U12

∑
s′

νs′
P̂Eα

, (D2)

where in the first line we insert the approximation (D1). In the second line we further replace the number operator of the
lower-band electron n̂q,1,s by its expectation value. This is the second step of the mean-field decoupling (30). Based on the
approximations (D2) and (D1), the expansion term (C5) in the effective Hamiltonian is finally reduced to

P̂Eα
D̂†Ĝ(0)

(Eα+ωL )D̂P̂Eα
≈ |gL|2P̂Eα

∑
q′,s n̂q′,1,s

(−�0
q′ + U11νs̄ − U12

∑
s′ νs′

)−1

1 + U12
N

∑
q′′ 〈n̂q′′,1,s〉

(−�0
q′′ + U11νs̄ − U12

∑
s′ νs′

)−1 P̂Eα

≡ −|gL|2P̂Eα

∑
q,s

1

�q,s
n̂q,1,sP̂Eα

, (D3)

where in the last line, the screened denominator �q,s is defined in Eq. (34) of the main text.

2. Low-energy Hamiltonian

Above we have evaluated the term P̂Eα
D̂†Ĝ(0)D̂P̂Eα

in the Floquet Hamiltonian (14), which results in a screened optical Stark
shift. We next study the term P̂Eα

D̂†Ĝ(0)ĈĜ(0)Ĉ†Ĝ(0)D̂P̂Eα
in Eq. (14). Based on the expression for the vertex

Ĝ(0)(Eα + ωL )D̂P̂Eα
≈ gL

∑
q,s

b̂†
q,s

(−�q,s
)−1P̂Eα

, (D4)

which follows from Eqs. (C1), (C4), (D1), and (D2). We have

|gc|2P̂Eα
D̂†Ĝ(0)

(Eα+ωL )ĈĜ(0)
(Eα+ωL )Ĉ

†Ĝ(0)
(Eα+ωL )D̂P̂Eα

≈
∑
q,s

q′,s′

|gLgc|2
�q,s�q′,s′

P̂Eα
b̂q′,s′ĈĜ(0)

(Eα+ωL )Ĉ
†b̂†

q,sP̂Eα

=
∑

q,s,k,s′′
q′,s′,k′,s′′′

|gLgc|2
N�q,s�q′,s′

P̂Eα
b̂q′,s′ âb̂†

k′,s′′′Ĝ
(0)
(Eα+ωL )â

†b̂k,s′′ b̂†
q,sP̂Eα

=
∑
q,s

q′,s′

|gLgc|2
N�q,s�q′,s′

P̂Eα
ĉ†

q′,1,s′ ĉq′,1,s′ âĜ(0)
(Eα+ωL )â

†ĉ†
q,1,sĉq,1,sP̂Eα

=
∑
q,s

q′,s′

|gLgc|2
N�q,s�q′,s′

P̂Eα
ĉ†

q′,1,s′ ĉq′,1,s′Ĝ(0)
(Eα−�c )ĉ

†
q,1,sĉq,1,sP̂Eα

≈
∑
q,s

q′,s′

|gLgc|2
N�q,s�q′,s′

P̂Eα
ĉ†

q′,1,s′ ĉq′,1,s′ ĉ†
q,1,sĉq,1,sĜ

(0)
(Eα−�c )P̂Eα

≈ − 1

N

∑
k,s

k′,s′

|gLgc|2
�c�k′,s′�k,s

ĉ†
k′,1,s′ ĉk′,1,s′ ĉ†

k,1,sĉk,1,s. (D5)

In the first line we insert Eq. (D4), in the second line we use
the definition of Ĉ in Eq. (3), in the third line we use the
low-energy restriction b̂k,s′′ b̂†

q,sP̂Eα
= δk,qδs′′,sĉ

†
q,1,sĉq,1,sP̂Eα

,
in the fourth line we use Eq. (23) to move â† leftward, and

then use the low-energy restriction P̂Eα
ââ† = P̂Eα

. In the fifth
line we assume [Ĝ(0)

(Eα−�c ), ĉ†
q,1,sĉq,1,s] ≈ 0, which ignores the

screening effect on the cavity mode given by the electron
on-site repulsion. In the sixth (last) line we use Eq. (28) to

115137-15



WANG, JAKSCH, AND SCHLAWIN PHYSICAL REVIEW B 109, 115137 (2024)

replace Ĝ(0) by the inverse of the laser-cavity detuning, which
evaluates this Floquet Hamiltonian term into the cavity-
mediated interaction.

We finally focus on the term P̂Eα
D̂Ĝ(0)

(Eα−ωL )D̂
†P̂Eα

in the
Floquet Hamiltonian (14). Following the same procedure in
the previous evaluations, we find this term results in another
energy shift, with the same form as Eq. (D3), apart from a
substitution �0

q → �0
q + 2ωL. Specifically, this means

P̂Eα
D̂Ĝ(0)

(Eα−ωL )D̂
†P̂Eα

≈ −|gL|2P̂Eα

∑
q,s

1

�BS
q,s

n̂q,1,sP̂Eα
, (D6)

which is the screened Bloch-Siegert shift, with denominator
�BS

q,s defined in Eq. (35).
Inserting the result of Eqs. (D3), (D5), and (D6) into

Eq. (14), we construct the low-energy Floquet Hamiltonian
in Eq. (31). Note that the Û11 term in Eq. (33) comes from the
direct projection term P̂Eα

ĤP̂Eα
in Eq. (14).

3. Corrections to the low-energy Hamiltonian

Below we estimate the corrections to the Floquet Hamil-
tonian (31). First, we analyze the accuracy of Eq. (28) as
the electron-cavity coupling becomes ultrastrong and cavity-
induced changes to the ground-state manifold can no longer
be ignored. Since [Ĝ(0)]−1 = [Ĝ]−1 + igc(Ĉ − Ĉ†), we have

Ĝ(0)
(Eα−�0

k )
P̂Eα

=
[
1 + igcĜ(0)

(Eα−�0
k )

(
Ĉ − Ĉ†)]Ĝ(Eα−�0

k )P̂Eα

≈ −(
�0

k

)−1P̂Eα
− igc

(
�0

k

)−1
Ĝ(0)

(Eα−�0
k )(Ĉ − Ĉ†)P̂Eα

.

(D7)

In the second line we use the definition of the projector P̂Eα
=

δ(Eα − Ĥ ) to replace Ĝ(Eα−�0
k ) by −(�0

k )−1. Under weak

electron-cavity coupling, Eq. (25) implies ĈP̂Eα
= Ĉ†P̂Eα

=
0, which reduces Eq. (D7) to Eq. (28). However, for ultra-
strong electron-cavity coupling gc ∼ ωL, the electron-cavity
vertex Ĉ in Eq. (3) must include the counter-rotating terms
(simultaneously creating cavity photons and band excitation),
and P̂Eα

will no longer project to the zero-excitation man-
ifold as in Eq. (25). Consequently, the term Ĝ(0)

(Eα−�0
k )

(Ĉ −
Ĉ†)P̂Eα

in Eq. (D7) contributes to a correction with prefactor
1/(ωc + ωL ).

Next, as the cavity-electron term Ĉ is expanded only
to the lowest order in Eq. (14), terms of order |gc|4 such
as P̂D̂†ĈĜ(0)Ĉ†Ĝ(0)ĈĜ(0)Ĉ†Ĝ(0)D̂P̂ , as well as higher-order
terms, are ignored in the effective Hamiltonian. These terms

renormalize the laser-cavity detuning 1
�c

→ 1
�c

(1 − g2
c

�c
χ )

where χ denotes the Lindhard function for the interband
response. They are thus analogous to interband polarization
bubbles which appear in Feynman treatments. This screening
is weak because the bubble comprises two electron-cavity
vertices connected by an interband electron-hole propagator
(together with an additional photon propagator), giving rise
to a factor ∼|gc|2/(�c�q,s) which is negligible under the
off-resonating driving condition considered in this work.

We finally focus on the screening of the cavity-electron
vertex by the electron repulsion, which we ignored in the fifth
line of Eq. (D5) by assuming [Ĝ(0)

(Eα−�c ), n̂q,1,s] ≈ 0. Since Û12

and Û22 has no influence in P̂Eα
n̂q′,1,s′Ĝ(0)n̂q,1,sP̂Eα

, we only
need to evaluate

[Û11, n̂q1s] = U11

N

∑
k′,q′

ĉ†
k′−q′1s̄ ĉk′1s̄(ĉ

†
q+q′1sĉq1s − ĉ†

q1sĉq−q′1s)

≈ U11

N

∑
k′,(q′=0)

ĉ†
k′1s̄ ĉk′1s̄(ĉ

†
q1sĉq1s − ĉ†

q1sĉq1s)

= 0. (D8)

In the second line, consistent with our treatment in
Eq. (B1), we only retain the q′ = 0 part, which makes
the expectation values of charge waves 〈ĉ†

k′−q′1s̄ ĉk′1s̄〉 and

〈ĉ†
q+q′1sĉq1s〉 nonzero. Consequently, after canceling the

equivalent terms in the second line, we have [Û11, n̂q1s] ≈ 0.
Since [ĝ(0)

(Eα−�c ), n̂q,1,s] = 0, we conclude from Eq. (17) that,
in the absence of the charge order in the lower-band, we
can safely ignore the corrections given by the commutator
[Ĝ(0)

(Eα−�c ), n̂q,1,s].

4. Generalized random-phase approximation calculation

Below we compare our screened Floquet Hamiltonian (31)
with an alternative method using the Matsubara formalism,
where we construct Feynman diagrams in the laser-rotating
frame. We move to the laser-rotating frame by applying the
following unitary transformation to the full driven Hamilto-
nian (5), H (t )→Ut H (t )U †

t +ih̄(∂tUt )U
†
t , and |ψ〉t →Ut |ψ〉t ,

where

Ut = e
iωLt (â†â+∑

q,s
ĉ†

q2sĉq2s )
. (D9)

Then, after discarding the counter-rotating terms (i.e., ap-
plying the RWA in the laser-matter interaction), the dipolar
Hamiltonian becomes static in the rotating frame,

Ĥ rot
dip =

∑
q,s

(εq,1 − μ)n̂q1s + (εq,2 − μ − ωL )n̂q2s

+ (ωc − ωL ) â†â

+
∑
q,s

−i (gL − gcâ)ĉ†
q2sĉq1s + H.c.

+ Û11 + Û22 + Û12. (D10)

We next apply the usual Feynman diagrammatic approach to
this Hamiltonian to study its effective low-energy response.
We sum over a series of Feynman diagrams in the irreducible
two-particle vertex, which in the static limit gives the equiv-
alent result to Eq. (34). As shown in Fig. 5, the electron and
hole propagators in the Hamiltonian (D10) are first dressed by
the Hartree terms. The dressed propagators for the lower- and
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upper-band respectively read

G1,q,s,iqn = 1

iqn − (εq,1 − μ + U11ν1,s̄)

G2,q,s,iqn = 1

iqn − (
εq,2 − ωL − μ + U12

∑
s′ ν1,s′

) , (D11)

where the fermionic Matsubara frequency is defined as qn =
(2n + 1)π/β for all integer n ∈ (−∞,∞). At low tem-

perature we assume β → ∞. The asymmetry between G1

and G2 arises from the fact that the upper-band is empty,
so that ν2,s = 0. The Fock self-energy disappears in these
single-particle propagators because we only consider on-site
electron-electron interactions.

The effective attraction between the screened electrons
and holes, represented by the so-called GRPA polarization
diagrams [96], are shown in Fig. 6. All of these diagrams
contain an opened polarization bubble [113] with an interband
electron-hole t-matrix [114], as shown in Fig. 7. It reads

T =
∞∑

n=0

⎛
⎝U12

βN

∑
q′′,iqn

1

iqn − (εq′′,1 − μ + U11ν1,s̄)

1

iqn − (
εq′′,2 − ωL − μ + U12

∑
s′ ν1,s′

)
⎞
⎠

n

=
∞∑

n=0

⎛
⎝U12

N

∑
q′′

−nF (εq′′,1 − μ + U11ν1,s̄) + nF (εq′′,2 − ωL − μ)

(εq′′,1 − μ + U11ν1,s̄) − (
εq′′,2 − ωL − μ + U12

∑
s′ ν1,s′

)
⎞
⎠

n

=
∞∑

n=0

⎛
⎝−U12

N

∑
q′′

〈n̂q′′,1,s〉
−�0

q′′ + U11ν1,s̄ − U12
∑

s′ ν1,s′

⎞
⎠

n

=
⎛
⎝1 + U12

N

∑
q′′

〈n̂q′′,1,s〉
−�0

q′′ + U11ν1,s̄ − U12
∑

s′ ν1,s′

⎞
⎠

−1

, (D12)

where the Fermi distribution function is defined as nF (x) ≡
1/[1 + exp(βx)]. In the third line, a geometric series similar
to the infinite sum in Eq. (C4) appears. Note that in the non-
interacting model where U12 → 0, this electron-hole t matrix
reduces to unity T → 1, which is understood as a two-particle
δ function (for both the upper-band electron line and the
lower-band hole line). Meanwhile, note that when the exciton
resonance requirement (38) is fulfilled, it diverges, T → ∞.

FIG. 5. The dressed single-particle propagators of two bands in
the rotating frame. Note that the b = 1 line will be used as the hole
propagator in the lower-band. The Hartree contribution of U22 term
is ignored in the b = 2 line, for the reason discussed below Eq. (20).

The t matrix allows us to calculate the renormalized opti-
cal Stark shift, the effective one-band electron-cavity vertex,
and the cavity-mediated interaction (but not the Bloch-Siegert
shift). The expressions are represented by the Feynman dia-
grams in Fig. 6. For example, the closed GRPA bubble for
the optical Stark shift in Fig. 6, contributes to a self-energy
term for the lower-band electron, whose value at the four-
momentum q, iqn evaluates to

�q,iqn = |gL|2 1

iqn − (
εq,2 − ωL − μ + U12

∑
s′ ν1,s′

)T,

(D13)

and thus the laser-dressed propagator of the lower-band elec-
tron reads

GFl
1,q,s,iqn

= 1

G−1
1,q,s,iqn

− �q,iqn

= 1

iqn −
(
εq,1 − μ + U11ν1,s̄+ |gL |2T

iqn−(εq,2−ωL−μ+U12
∑

s′ ν1,s′ )

) ,

(D14)
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which has a pole at

iqn → εq,1 − μ + U11ν1,s̄ + |gL|2T

iqn − (
εq,2 − ωL − μ + U12

∑
s′ ν1,s′

)
≈ εq,1 − μ + U11ν1,s̄ + |gL|2T(

εq,1 − μ + U11ν1,s̄
) − (

εq,2 − ωL − μ + U12
∑

s′ ν1,s′
)

= εq,1 − μ + U11ν1,s̄ − |gL|2(
�0

q − U11ν1,s̄ + U12
∑

s′ ν1,s′
)(

1 + U12
N

∑
q′′

〈n̂q′′ ,1,s〉
−�0

q′′+U11ν1,s̄−U12
∑

s′ ν1,s′

)
= εq,1 − μ + U11ν1,s̄ − |gL|2

�q,s
, (D15)

which exactly reveals the lower band’s energy shift given
by the screened optical Stark effect at spin orbital (q, s) in
Eq. (32). Compared with the optical Stark shift in the non-
interacting case, an excitonic enhancement with factor T is
observed. This shows that the renormalized denominator �q,s,
which appears in the renormalized optical Stark shift and the
cavity-mediated interaction in the effective Floquet Hamilto-
nian (31), corresponds to the GRPA graphs in the retarded
interaction formalism.

One can include more ladder diagrams in the self-energy
calculation, e.g., as shown in Fig. 8(a), however, this would
end up in a T 2 enhancement of the optical Stark shift �q,s

showing several nonphysical features: this enhancement is
not consistent with the exact result in the flat-band-gap limit
(see the three right panels in Fig. 4), and it also restricts
the sign of the detuning �q,s to be non-negative even when
ωL > ωex. As discussed in Ref. [115], in order to include all
possible ladder diagrams, one must simultaneously include
other diagrams, e.g., the “line-crossing” graphs in Fig. 8(b)

FIG. 6. The renormalized optical Stark shift, effective one-band
electron-cavity vertex, and cavity-mediated interaction in the rotating
frame. The wavy arrow denotes the cavity photon. The incoming and
outgoing straight arrows denote the lower-band electron.

and the “excitonic tadpole” graphs in Fig. 8(c), which could
cancel the nonphysical effects but are analytically uneasy to
tract. In our Green-operator approach, the T 2 enhancement
can be reproduced by a consecutive mean-field decoupling on
Eq. (C5), but before including these additional terms, we must
first retain more terms in the commutator relation Eq. (B1),
so as to keep the resulting Floquet Hamiltonian valid in the
flat-band-gap limit. This improvement is left for future study.

5. Comparison with semiconductor Bloch equation

Here we compare our Floquet method with the semicon-
ductor Bloch equation (SBE) method. The starting point for
the SBE is the RWA Hamiltonian (D10), from which the
Heisenberg equations of motion (EOM) of the polarization
operators b̂k,s and the occupancy operators n̂k,b,s are ob-
tained, i.e., i∂t b̂k,s = [b̂k,s, Ĥ rot

dip] and i∂t n̂k,b,s = [n̂k,b,s, Ĥ rot
dip].

We further simplify the [b̂k,s, Û ] commutators in these EOMs
by the commutator approximation (20) and simplify the
[n̂k,b,s, Û ] commutators by the equivalent RPA-type treatment
(see Ref. [116]), which amounts to ignoring the scattering
term in SBE.

Upon mean-field decoupling of these simplified EOMs,
we get the SBE (see, e.g., Ref. [116]). But once this mean-
field approximation is made, we can no longer find the
effective low-energy Hamiltonian from the resulting SBEs
(i.e., mean-field differential equations). Since we are in the
large-detuning limit, one may instead try if it is possible to
skip the mean-field treatment in SBE and adiabatically elim-
inate the original operator EOM for b̂k,s to get the effective
Hamiltonian: Specifically this means we take i∂t b̂k,s → 0, and
then based on the commutator approximation (20), we get a

FIG. 7. The electron-hole t-matrix, which describes the attrac-
tion between the upper-band electron and the lower-band hole. The
Matsubara frequency is not shown for simplicity.
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FIG. 8. The additional Ladder diagrams for the self-energy in the
lower band, which are not included in our result. Merely including
the analytically tractable diagrams in panel (a) gives the nonphysical
result (�q,s )−1 ∝ T 2.

relation between b̂k,s and n̂k,b,s, i.e.,4∑
k′ [	ACS]k,k′ b̂†

k′,s − ig∗
L(n̂k,2,s − n̂k,1,s) → 0,

where 	ACS is a matrix with elements defined as

[	ACS]k,k′ = (εk′,21 − ωL − U11 + 2U12)δk,k′ − U12

N
.

This relation results in

b̂†
k,s → ig∗

L

∑
k′

[
1

	ACS

]
k,k′

(n̂k,2,s − n̂k,1,s), (D16)

which allows us to replace the operator b̂k,s and b̂†
k,s in

Hamiltonian (D10) by n̂k,b,s.5 The effective Hamiltonian Ĥ ′
given by this adiabatic elimination produces the same ex-
citonically enhanced optical Stark shift, but it is too large
by a factor of two compared with our Floquet Hamiltonian
result. The reason for this error is clear: after the elimination

4For a clear comparison, below we ignore the cavity and only
consider the laser-material coupling, and we also assume the hole
doping in the lower band is very weak.

5The replacement (D16) in Eq. (D10) gives exactly the same ex-
citonically enhanced Stark shift as our Floquet Hamiltonian result
in Eq. (D3). However, note that b̂k,s is also contained in Eq. (D10),
including the substitution b̂k,s → . . . leads to the error compared with
our Floquet Hamiltonian result.

of b̂k,s, there is still upper-band degree of freedom in Ĥ ′,
i.e., the term (εq,2 − μ − ωL )n̂q,2,s, which is not eliminated.
This error can in principle be fixed, if we instead eliminate
the EOM of the operator ĉk,2,s rather than the EOM of b̂k,s,
such that the upper-band degree of freedom is completely
eliminated.

In short, the mean field SBE cannot be used to derive the
effective low-energy Hamiltonian derived in this paper, but
the adiabatic elimination of operator EOM can, in principle,
achieve this.

APPENDIX E: LOW-TEMPERATURE ABSORBANCE

The optical absorbance spectrum α(ω) for our model is
defined as the imaginary part of the dipole-dipole correlation
function in frequency domain, which, in the low-temperature
limit, reads [103,117]

α(ω) = − 1

π
Im〈G| 1

g∗
L

D̂† 1

ω + EG − Ĥ + iγ

1

gL
D̂|G〉

= − 1

|gL|2π Im〈G|P̂EG D̂†Ĝ(ω+EG+iγ )D̂P̂EG |G〉. (E1)

Here γ is a tiny positive number broadening the ab-
sorbance spectrum, |G〉 is the ground state of the static
Hamiltonian Ĥ with eigenenergy EG, and in the second
line we use P̂EG |G〉 = |G〉 which follows from the defi-
nition of the projector P̂EG = δ(EG − Ĥ ). Compared with
Eq. (9), the same Floquet low-energy Hamiltonian struc-
ture P̂D̂†ĜD̂P̂ appears in Eq. (E1) if we set ω = ωL in
α(ω). This means that, to determine the absorbance at the
driving frequency α(ωL ), we just need to calculate the ground-
state expectation value of (the RWA part of) our Floquet
Hamiltonian.

When the driving frequency ωL becomes large enough
so that �q,s approaches zero (at an arbitrary momen-
tum q with finite lower-band population) in Eq. (34), the
screened optical Stark shift in P̂D̂†ĜD̂P̂ will diverge (be-
cause its strength is inversely proportional to �q,s). This
divergence of our Floquet Hamiltonian propagates into its
ground-state expectation value, 〈G|P̂D̂†ĜD̂P̂|G〉. Thus, the
absorbance spectrum α(ωL ) in Eq. (E1) will also peak (or
diverge if we take γ → 0). An optical absorption peak at
in-gap frequency indicates the exciton resonance. Conse-
quently, the excitonic resonance frequency ωex is the smallest
ωL for which the screened denominator �q,s equals to
zero.
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