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Lorentz microscopy of optical fields

John H. Gaida 1,2, Hugo Lourenço-Martins1,2, Sergey V. Yalunin1,2,
Armin Feist 1,2, Murat Sivis 1,2, Thorsten Hohage 3,
F. Javier García de Abajo 4,5 & Claus Ropers 1,2

In electron microscopy, detailed insights into nanoscale optical properties of
materials are gained by spontaneous inelastic scattering leading to electron-
energy loss and cathodoluminescence. Stimulated scattering in the presence
of external sample excitation allows for mode- and polarization-selective
photon-induced near-field electron microscopy (PINEM). This process
imprints a spatial phase profile inherited from the optical fields onto the wave
function of the probing electrons. Here, we introduce Lorentz-PINEM for the
full-field, non-invasive imaging of complex optical near fields at high spatial
resolution. We use energy-filtered defocus phase-contrast imaging and itera-
tive phase retrieval to reconstruct the phasedistribution of interfering surface-
bound modes on a plasmonic nanotip. Our approach is universally applicable
to retrieve the spatially varying phase of nanoscale fields and topologi-
cal modes.

The primary source of contrast in transmission electron microscopy
(TEM) is elastic scattering at magnetic and electric potentials in an
investigated specimen. Atomic-scale and elemental variations of the
Coulomb potential imprint a phase profile onto a transmitted electron
wave function. Transforming this Aharanov-Bohm phase1 to measur-
able intensities, contrast is obtained by defocused imaging, beam
deflection (differential phase contrast), off-axis holography or the use
of Zernike phase plates2–4. In particular, Lorentz microscopy encom-
passes TEM variants designed to image phase shifts induced by
nanoscale fields in electric and magnetic devices, primarily involving
spin textures containing domain walls5, vortices6 and skyrmions7,8.

These approaches were previously extended to image time-
dependent potentials, employing pulsed electronbeams synchronized
to an external excitation9–13. At sufficiently low frequencies, typically in
the radio-frequency range, the electron beam samples the instanta-
neous potential, with just a marginal net change in electron energy. In
contrast, when an electron’s interaction time with an oscillating field
becomes comparable to the period, both its transverse and long-
itudinal momentum distributions may be altered as a function of the
electron arrival time within the cycle. Such conditions are often ful-
filled at terahertz frequencies, facilitating applications in electron
acceleration14, pulse compression15,16 and spectral reshaping17,18.

At even higher frequencies in the optical domain, a further regime
is encountered when the electron coherence time exceeds the optical
period, or equivalently, the kinetic energy distribution of the electron
beam is narrower than one photon energy. For sufficiently strong
interaction, inelastic electron–light scattering produces sidebands on
the electron energy spectrum19,20. Corresponding experiments are
typically carried out in an ultrafast transmission electron microscope
(UTEM), allowing for femtosecond optical excitations to be probed
with a pulsed beam of electrons19,21–26. The underlying scattering pro-
cess was shown to be quantum-coherent in nature27, which facilitates
Ramsey-type sequential interactions28 yielding holographic inter-
ference in imaging29, as well as the longitudinal and transverse phase
modulation of electron beams30–32, and the generation of attosecond
electron pulse trains33–35. In the form of Photon-Induced Near-field
Electron Microscopy (PINEM)36, spatial maps of the total transition
probability20,22 or single sideband orders37–39 yield a direct measure of
the optical near-field intensity.

However, the spatially varying phase information associated with
the optical field, for example from interfering optical modes, is gen-
erally lost in these techniques. In electron energy-loss spectroscopy
(EELS), recent progress was made toward accessing phase gradients
and nonlocal field correlations during the measurement of
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spontaneous inelastic scattering. Specifically, transverse deflections of
a focused probe filtered with EELS in reciprocal space provided a map
of the self-induced electron field40. Moreover, EELS with tailored and
phase-shaped electron beams was shown to be sensitive to two-point
field correlations and the symmetries of modes excited by swift
electrons41,42. In contrast, stimulated interactions used in PINEM, are
more advantageous because the illuminating fieldprovides anexternal
phase reference, with a longitudinal and spatial variation imprinted on
the electron beam.

In this study, we harness the preservation of coherence in stimu-
lated interactions and introduce Lorentz-PINEM to image both the
intensity and phase of optical nearfields. In particular, we demonstrate
defocus phase contrast in the imaging of standing nanoplasmonic
modes on a tapered gold structure. Exploiting the conjugate sym-
metric relationship between electron energy-gain and -loss sideband
orders, we iteratively reconstruct the optically induced electron phase
profile.

Results
The principle of Lorentz imaging of optical fields
As schematically displayed in Fig. 1, the principle of Lorentz-PINEM
combines energy-filtering of sidebands with Fresnel-mode phase-
contrast microscopy. For illustration, we discuss a scenario for
imaging the fields at a spherical dipolar nanoparticle. Under oblique
incidence, p-polarized illumination at frequencyω induces in- and out-
of-plane dipole fields E around the nanosphere given by
Eðx, y, z, tÞ=RefEðx, y, zÞe�iωz=ve g. The coherent scattering process of
stimulated inelastic electron–light scattering is described by the
complex coupling coefficient

gðx,yÞ= e
2_ω

Z 1

�1
Ez ðx,y,zÞe�iωz=ve d z, ð1Þ

representing the electricfield component along the electron trajectory
at the spatial frequency Δk = ω

ve
, where ve is the electron velocity19,20.

The interaction generates discrete harmonic sidebands, denoted by
the order N, in the electron energy spectrum, with amplitudes20

ΨN = JNð2jgjÞeiN argf�gg: ð2Þ

Notably, gain and loss sidebands of equal order are conjugate sym-
metric to each other (i.e., Ψ�N =ΨN).

For a dipolar field distribution, an analytical expression for the
complex coupling coefficient g(x, y) is given in terms of modified
Bessel functions37,43. Quantitative spatial maps of the near-field
strength are obtained by energy filtering the gain or loss side of the
spectrum, recording electron density maps Iðx,yÞ=PN2N filter

jΨN j2,
shown for the nanosphere andN filter = f1g in Fig. 1b. It is evident that, in
the absence of aberrations, the image intensity in focus is independent
of the phase of the coupling coefficient g. However, under Fresnel-
mode (i.e., defocus) Lorentz imaging conditions, phase sensitivity is
gained from local phase gradients leading to deflections. The intensity
at a defocus distance Δz becomes

IΔz ðx,yÞ=
X

N2N filter

����D ΨN

� �����
2

, ð3Þ

resulting from the action of the the Fresnel propagator DðΨÞ on each
of the complex sideband amplitudes ΨN(x, y). The Fresnel propagator
can be expressed in terms of the physical defocus Δz = 960μm, or
equivalently, using a dimensionless Fresnel number F (see Methods
section). In a spatial representation, the propagator is then
expressed as convolution in the form DðΨÞ : = χF*Ψ, with
χFðx,yÞ : = F=ðia2Þ exp iπFa�2ðx2 + y2Þ� �

. This representation also

allows for a small imaginary part of the Fresnel number, which
accounts for a finite transverse coherence length in the experiment
and leads to a damping in the propagation of very high spatial fre-
quencies (see Methods section for details).

In Fig. 1d, e, simulated defocused images under overfocus (Δz >0)
imaging conditions are shown. Fresnel diffraction of the nanosphere
produces a bright intensity peak near its centre, the well-known Arago
or Poisson spot in the shadow of a circular opaque screen44. Addi-
tionally, however, the precise location of this spot depends on the
local phase gradients in the PINEM field g(x, y), imprinted onto the
spatial wave function of the first sideband. Deflected from the geo-
metrical centre of the nanosphere, the peaked feature as well as other
more subtle asymmetries exhibit opposite displacements for loss- and
gain-filtered images (Fig. 1d,e). As illustrated in this example, phase
contrast in Lorentz-PINEM is governed by coupling-induced amplitude
contrast and local phase gradients, jointly affecting the Fresnel dif-
fraction within each coherent sideband wave function.

Imaging polarization-dependent near-field strengths
In the following, we experimentally investigate Lorentz-PINEM contrast
and phase retrieval. As a prototypical nanostructure, we study a conical
gold nanotip excited by ultrashort near-infrared pulses. Supporting
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Fig. 1 | Principle of Lorentz imaging of optical fields. a A plane-wave electron
beam probes the near field of a nanostructure, here a nanosphere with a dipolar
field induced by external illumination. Stimulated inelastic scattering populates
sidebands in the electron spectrum and imprints a spatial phase profile. b, c
Simulated magnitude of the first electron sideband (b) after energy-filtering and
associated phase profile (c) with lineouts shown below (green = 0 and blue = π/2;
see also phase lineouts of gain and loss sidebands below). d, e Simulated Lorentz
images under overfocus conditions for loss (−ℏω) and gain (ℏω) filtered sidebands,
exhibiting sensitivity to the phase profile.
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bound surface-plasmon polariton (SPP) modes and facilitating
nanofocusing45–48, these structures are used in various nano-optics
applications, serving as sources for localized ultrafast electron
emission49,50 and as probes in apertureless near-field optical
microscopy51–53. The measurements are carried out in the Göttingen
UTEMfeaturinga laser-triggeredfield emitter54. Ultrashort near-infrared
laser pulses (1.8 ps duration, 800 nm centre wavelength) excite the
nanotip sample for variable polarization, while temporally coincident
femtosecond electron pulses probe the resulting inelastic scattering
using electron imaging and spectroscopy (cf. sketch in Fig. 2a).

For any given structure, the extraction of field-induced phase
profiles first requires a precise measurement of the position-
dependent scattering probability. To quantitatively characterize this
amplitude contrast, we first map the coupling coefficient by recording
spectra in scanning TEM (STEM)mode, obtaining ∣g(x, y)∣ by a fit to the
spectrum at each raster-scanned point (schematic in Fig. 2a). The
experimental results are shown in Fig. 2b–e for two linear and two
circular illuminating polarizations as an external control parameter.
For each polarization, we find a standing wave pattern with nodes and
local minima along the tip shaft, evidencing a superposition of bound
plasmon modes excited at the apex and the tip-supporting shaft, as
well as the scattered field. The symmetry of the distributions, the
effective node spacing and position, and the strength of modulation
are externally controlled by the incident polarization, and are arising
from different coupling efficiencies of the far-field onto the tip. Spe-
cifically, themaximumcoupling strength at the apex strongly depends
on polarization and can be moved from the upper to the lower shaft
boundary (Fig. 2b, c). These measurements strongly suggest a
polarization-dependent excitation of different azimuthal SPP modes.
For example, the asymmetry between top and bottom implies con-
tributions from SPP modes circulating the tip shaft in different direc-
tionsm = ± 1, where the electron beam typically most strongly couples
to the co-propagating fields39,55,56.

Lorentz contrast of plasmonic fields at a gold nanotip
With the completedmeasurement of themagnitude ∣g∣, we now turn to
obtain the phase-contrast of the optical field. In principle, several
measurement options exist, involving different trade-offs in resolution,
contrast and signal-to-noise ratio. For example, phase gradients are
expected to produce small yet measurable shifts of the diffraction disk
associated with the focused probe in energy-filtered STEM, as recently
demonstratedbyKrehl et al. for spontaneousplasmonexcitations40. For
the coherent population of multiple sidebands by stimulated interac-
tion, as studiedhere,we found that energy-filtered full-field imaging at a
well-selected defocus provides the best practical solution.

We thus switch the electron microscope operation to TEMmode,
while keeping the optical excitation of the nanotip unchanged. The
near-field interaction with the incident electron plane wave results in a
superposition of sideband wave functions, each with an imprinted
spatial phase profile (see Eq. (1)), as illustrated in Fig. 3a. Figure 3b
shows an energy-filtered (N >0) in-focus image for close to p-polarized
optical illumination identical to Fig. 2e. Proving the consistency
between the different measurements, apart from a somewhat higher
noise level, we find that the image intensity closely corresponds to that
predicted from the g-map measured by STEM-PINEM (cf. Fig. 2f.)

For comparison with the experiment, we carry out boundary-
element method (BEM) simulations (see Methods) for an idealized
conical gold nanotip illuminated with parameters (frequency, polar-
ization, angle of incidence) taken from the experiment (Fig. 3c). We
find very good qualitative agreement in the modulated pattern arising
from SPP excitation and scattering despite the idealised simulation
geometry.

Representing a key observation of the present work, Fig. 3d–g
displays experimentally measured and simulated energy-filtered ima-
ges for both loss (d, e) and gain (f, g) filtering under defocus imaging
conditions, in a side-by-side comparison. The Lorentz-mode phase-
contrast PINEM images exhibit bright spots of enhanced intensity near
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Fig. 2 | Polarization-dependent near-field strength. a Scanning TEM imaging of
inelastic scattering at a laser-illuminated gold nanotip, recording an electron
spectrum at every scanned position. An SEM image shows the nanostructure with
themeasurement area indicated as a dashed rectangle. b–eMaps of themagnitude
of the near-field coupling coefficient g

�� �� for different polarizations, extracted from

the electron spectrum at each position. The shadow of the tip is overlaid in dark
grey. Arrows indicate the polarization of the incident beam and the projected
incident light wave vector (red). f Total electron scattering probability into gain
orders (N >0), obtained from the map shown in (e).
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the tip apex, as well as caustics along the shaft in both experiment and
simulation (Fig. 3d, e). Notably, the images for gain- and loss-filtered
electrons significantly differ in the caustics bent towards opposite
directions (see also Supplementary Movie 1), and a far weaker bright
spot at the apex in gain. These features, qualitatively reproduced by
the BEM simulations, are a direct consequence of distinct gain vs. loss
phase contrast, as expected from the reversedphases imprinted by the
near field.

Iterative retrieval of an optically induced electron phase profile
In conventional Lorentz microscopy of magnetic samples, phase-
contrast images from a series of known defoci can be used to recon-
struct the phase and correspondingly the sample magnetization57–59. In
our approach, the combination of a ∣g∣map and two correlated defocus
micrographs at a single defocus, originating from reversed phases,
contains sufficient information for reliable phase retrieval. In the fol-
lowing, we use these data to implement an iterative reconstruction

algorithmof the near-field phase distribution, schematically depicted in
the flow chart of Fig. 4a. Specifically, we compare Fresnel-propagated
intensities with the experimental data, using an iterative regularized
reconstruction approach for ill-posed problems introduced in Ref. 60
which is known to be locally convergent under appropriate assump-
tions. A similar method has successfully been applied to phase retrieval
problems61 (details of the algorithm are given in Methods).

The algorithm retrieves the complex amplitude of g(x, y) in the
focus plane based on the measured defocus gain and loss intensities
and the in-focus magnitude ∣g(x, y)∣. The reconstruction result is
displayed in Fig. 4b, with a lineout of the phase argfgðx,yÞg plotted in
Fig. 4c. The phase exhibits a modulated gradient along the shaft,
alternating between phase jumps near the nodes of ∣g∣ and more
extended plateaus at the antinodes. This agrees well with the phase
profile of the simulated phase (Supplementary Fig. S5) that is plotted
for comparison. In contrast to the behaviour along the shaft, only
weak phase changes are found in the radial direction, as expected
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Fig. 3 | Optical near-field Lorentz contrast at a gold nanotip. a Schematic of
Lorentz-PINEM at the gold nanotip. Inelastic scattering creates a superposition of
gain- and loss-scattered sideband wave functions with order-dependent optical
phase profiles imprinted. b Gain-filtered in-focus TEM image. c, Corresponding

boundary-element method simulation. d–g Measured (d, f) and simulated (e, g)
defocus Lorentz images of gain (blue frame) and loss (red frame)filtered sidebands,
illustrating distinct phase-contrast features at the tip apex and shaft.
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from the exponential decay of the SPP modes. These observations
suggest a model of two counter-propagating SPP waves with the
same k-vector but different amplitudes (dashed line in Fig. 4b),
yielding relative amplitudes of 1: 0.315(15) for forward- and
backwards-propagating modes. A comparison of the experiments
with BEM simulations suggests that the primary modes responsible
for the contrast are m = 0 (symmetric contribution with respect to
the tip axis) and m = ± 1 (asymmetric contributions), featuring a
substantial relative shift (along the shaft) in the position of the nodes
of their respective coupling coefficients (cf. Supplementary Fig. S4).

Discussion
In conclusion, by introducing Lorentz-mode PINEM, we demonstrated
the imaging of a spatial phase profile imprinted onto an electron beam
by coherent inelastic interaction at a nanostructure. Direct access to
two conjugate electron wave functions at a single defocus and iden-
tical microscope settings represents a unique and intriguing

characteristic of inelastic phase-contrast imaging. Future imple-
mentationsmay apply the concept to varied electron energies for a full
three-dimensional reconstruction of the field. It should be noted that
the performance of Lorentz microscopy, and equally our variation
thereof, generally involves a compromise between resolution and
contrast. Larger defoci yield higher contrast at the expense of lower
spatial resolution (cf. Supplementary Fig. S6). A key factor determining
the achievable contrast at a given defocus is the coherence of the
probing electron beam. In the current implementation, the use of a
laser-triggered field emitter in UTEM54 proves to be an instrumental
advantage in resolving the comparatively small phase gradients
induced by optical fields. Our approach is broadly applicable and can
be used to image arbitrary near fields of current interest such as those
in chiral structures37 and in excitations exhibiting topological char-
acter, including optical skyrmions62–64 and merons65,66, as well as
topologically protected modes67, bound states in the continuum68 (to
which free electrons can naturally couple), and the 2π scattering phase
shift range required to realize full-range compact metasurfaces69.

Methods
Specimen preparation
The gold nanotip is prepared from an annealed gold wire using
focused ion beammilling. The tip has a shaft opening angle of 5.7° and
an apex radius of 22.8 nm.

Ultrafast transmission electron microscopy
The experiments are conducted at the Göttingen UTEM, equipped
with a laser-triggered Schottky field emission electron gun delivering
500 fs electron pulses of high spatial coherence54. The UTEM allows
for the study of ultrafast processes with nanoscale resolution,
offering a wide range of imaging techniques and contrast
mechanisms54. A non-colinear optical parametric amplifier pumped
by a regenerative laser amplifier delivers 200 femtosecond laser
pulses at 609 kHz repetition rate, 800 nm central wavelength and
131/cm bandwidth which are dispersively stretched to 1.8 ps pulse
duration. The nanotip’s apex is illuminated with the stretched pulses
under an angle of 55° and a focal spot size of 150 μm resulting in a
peak intensity of 0.96 GW/cm2, as shown in Fig. 2a. A quarter-wave
plate and a half-wave plate control the incident polarization which
strongly influences the near field at the nanotip as shown in Fig. 2b–e
and Supplementary Fig. S2. The incident polarization is measured
outside the TEM and then calculated at the specimen using Jones
matrices of the incoupling optical components.

We use a post-column imaging energy filter CEFID from CEOS
GmbH (technical details can be found in Ref. 70). The CEFID filter is
equipped with a single-electron-sensitive hybrid pixel detector (ASI
Cheetah with four stitched TimePix3 chips).

Mapping of near-field strength
The spatial and temporal overlap of the electron and laser pulses
is reached by aligning the laser focus to the TEM field of view
with a focusing lens on a translation stage, adjusting the timing of the
electron and laser pulses with a delay stage. In scanning TEM mode,
we record electron energy spectra at every scanned position, with
the energy filter set to spectral mode. To extract the coupling
constant ∣g∣ at every scan position, we fit each measured spectral
distribution to the sideband populations ∣ΨN∣2, according to Eq. (2),
and including an overall prefactor for the transmission and the
broadening of the sidebands (i.e., by convolution with the incident
kinetic energy spectrum). While such a fit already yields a reliable
determination of the spatially varying coupling constant, the spectra
are best described by including some variation Δ∣g∣ of the coupling
constant around the respective mean value of ∣g∣ at each point,
implemented as averaging spectra with a Gaussian distribution of
coupling constants. The observed relative uncertainty (standard
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Fig. 4 | Retrieval of optically induced electron phase profile. a The regularized
reconstruction takes the measured coupling magnitude ∣g∣ and the transmission T
of the nanostructure as an input, and retrieves the phase argfgg by comparison of
the resulting propagated intensity images with the experimental data, in a reg-
ularized iteration. b Resulting complex amplitude of the coupling coefficient g.
c Lineout (along the dashed line in (b) of the phase, together with fit to a model of
counter-propagating waves of unequal amplitude. The sketch indicates the main
interfering components of the standing-wave pattern (see text). The lineout of the
phase from the BEM simulation (Supplementary Fig. S5) is shown for comparison.
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deviation over mean) is below 20% for the majority of the spectra
measured.

Energy-filtered Lorentz-PINEM
Lorentz-PINEM (Fig. 1) is implemented in LowMAG TEM mode (indi-
cated magnification ×1000) with a low convergence plane wave illu-
mination. A defocus series of the sample without inelastic
electron–light scattering (at a timing delay of -10 ps) is shown in
Supplementary Fig. S1. In our experiment, we record images at in- and
defocus imaging conditions, at an indicated defocus distance of 192
μm and 960 μm, respectively.

The zero-loss peak spectral width of 0.6 eV yields spectra with
clearly identified spectral sidebands separated by an energy of 1.55 eV.
The high isochromaticity of the used filter (<30meV r.m.s. electron
energy spread over the 5 mm field of view of the recorded images)
allows for homogeneously energy-filtered images. For improved
signal-to-noise ratio, in Fig. 3b, d, and f, using motorized slits in the
dispersion plane of the filter, we record images integrating over the
entire gain and loss regions, respectively, and excluding electrons in
the zero-loss peak within a spectral interval of [−0.78, 0.78] eV.

Image processing
In post-processing, the hot pixels of the camera and the stitching line
of the four quadrants are replaced with the average intensities of
neighbouring pixels. A drift resulting from the total acquisition timeof
40 min per image is compensated by rigid-body image registration,
and the changing magnification due to the defocusing is balanced by
scaling the images. The scaling factor is determined with the defocus
series shown in Supplementary Fig. S1 where we average the intensity
around the tip for each image. By assuming that the illuminating
electron intensity stays constant we can calculate the scaling factor for
each defocus.

To combine the measurements with STEM and LowMag TEM
mode, we interpolate the STEM data to the pixel size of the energy-
filtered TEM (EFTEM) images. We reference a calculated EFTEM image
from the g-map to the experimental infocus EFTEMdatawhere we also
compensate for slightly rectangular scan pixels (1%)

Simulation of PINEM coefficient maps
The PINEM coupling coefficient under illumination with quasi-
monochromatic light of frequency ω is given by the integral
gðx,yÞ= ðe=2_ωÞ R dz Ez ðx,y,zÞ e�iωz=ve for each lateral position (x, y) of
the electron beam (directed along z), where the optical electric-field
amplitude is defined such that it yields a time dependence
Ez ðx,y,z,tÞ=RefEzðx,y,zÞe�iωtg. We adopt a more computationally effi-
cient procedure to calculate g(x, y) by relating it, in virtue of recipro-
city, to the cathodoluminescence (CL) far-field f ð�k̂Þ eikr=r produced
by an electronmoving with opposite velocity − ve along a direction�k̂
(the opposite of the PINEM incident light wave vector direction).
Namely71, gðx,yÞ= ðic2=4_ω2Þ f ðk̂Þ � E0, where E0 is the laser-field
amplitude. We use BEM to obtain the CL amplitude, modelling the
tip as an axially symmetric object to reduce the computation to a one-
dimensional self-consistent boundary problem for each azimuthal
numberm (Ref. 72), and thus cope with the large size of the structure,
which we parametrize as a conical tip (25.8 nm apex radius of curva-
ture, 4.35° half-cone angle, 5.255 μm length) supported on a disk (670
nm radius, 200 nm thickness) as shown in Supplementary Fig. S7.

Iterative phase reconstruction
The task to recover the phase of the coupling coefficient argfgg in the
exterior of the nanotip from the observed intensities I is an ill-posed
inverseproblem.To fully explain Iwehave to treat the full complex g in
the interior of the nanotip as additional unknowns. More precisely, we
chose a function f = lng = ln jgj+ i argðgÞ in the interior and f = i argðgÞ
in the exterior of the nanotip as unknown of the inverse problem. The

corresponding forward operatorGmapping f onto the data I is built up
from the (highly nonlinear) relation in Eq. (2) between g and the
amplitudesΨN scaled by the electron transmission, and the incoherent
sum in Eq. (3) involving the Fresnel propagator. The image formation is
demonstrated in Supplementary Fig. S3. The Fresnel propagator is
implemented using a fast Fourier transform (FFT) approximation of
the Fourier transform operator F which allows the calculation of the
convolution numerically as multiplication

D Ψð Þ : =F�1 exp � iπa2k2

F

 !
F ðΨÞðkÞ

 !
:

The dimensionless Fresnel number is given by

F =a2ðΔzλe � iθcΔz
2= ln 2Þ�1

≈ 17 +0:23i

using a characteristic sample dimension a = 200nm, defocus Δz =
960μm, electron wavelength λe = 2.5 pm and beam divergence semi-
angle of the electron source θc = 5μrad (Ref. 73).

The inverse problem Gðf Þ= I is solved by the Newton-CG
method60, a standard approach in this field. Here the Newton equa-
tions DG½f k �Δf k = I � Gðf kÞ for updates Δfk = fk+1 − fk are solved by the
conjugate gradient (CG) method applied to the normal equation
DG½f k �*DG½f k �Δf k =DG½f k �*ðI � Gðf kÞÞ. We also obtained very similar
results by the iteratively regularized Gauss-Newton method61,74 where
regularization of the Newton equations is achieved by Tikhonov reg-
ularization rather than early stopping of the inner CG iteration. In
comparison, Newton-CG has the advantage that tuning of an (initial)
Tikhonov regularization parameter is not necessary due to scaling
invariance of the Newton and the CG methods. The unknown ln g is
penalized by a Sobolev norm of order 2 to enforce smoothness. The
data fidelity norm is chosen as a quadratic approximation to the
negative Poisson log-likelikhood function. Following Morozov’s dis-
crepancy priniciple74, before the Newton step starts to fit the noise, we
take the previous step as the result of the reconstruction algorithm.

Computational efficiency has been significantly improved by
using a simplified Newton method. We started with the approximate
Newton equations DGð4Þ½f k �Δf k = I � Gðf kÞ for the Jacobian of a sim-
plified forward operator Gð4Þ corresponding the filters
N filter = f1,2,3,4g,f�1,� 2,� 3,� 4g in (3) as long as these simplified
Newton steps reduced the difference between propagated defocus
intensities and experimental data by at least a factor of 0.98.When this
criterion was violated, we gradually improved the approximation to G
by doubling the number of sidebands and using operators Gð8Þ,Gð16Þ

and Gð30Þ =G.
The reconstruction shown in Supplementary Fig. S5 required 11

Newton-CG iterations until termination by the discrepancy principle. It
shows that it is possible to reliably reconstruct the phase profile argfgg
in a connected region from out-of-focus intensities averaged over gain
and over loss sidebands up to an additive constant. For two or more
spatially disconnected fields with disjoint compact supports, there is a
further undetermined or at least not stably determined relative phase
for each region. For such field configurations, one would likely record
an additional measurement with large defocus and low resolution to
uniquely determine these relative phases.

Data availability
The data shown in the manuscript and used for the reconstruction are
available on Edmond - the Open Research Data Repository of the Max
Planck Society (https://doi.org/10.17617/3.AY9WSD) (Ref. 75).

Code availability
The reconstruction was carried out using the code available on
Edmond - the Open Research Data Repository of the Max Planck
Society (https://doi.org/10.17617/3.AY9WSD) (Ref. 75).
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