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JACOBI-EISENSTEIN SERIES OVER NUMBER FIELDS

HATICE BOYLAN

ABSTRACT. For any given totally real number field K, we compute the Fourier
developments of the Jacobi Eisenstein series over K at the cusp at infinity. As a
main application we prove, for any K with class number 1, that the L-series of
the Jacobi Eisenstein series of weight & > 3 for indices with rank and modified
level 1 coincide with the L-series of the Eisenstein series of weight 2k — 2 on
the full Hilbert modular group of K. Moreover, under this correspondence the
Fourier coefficients of the Jacobi Eisenstein series are related to the twisted
L-series of the Hilbert Eisenstein series at the critical point by a Waldspurger
type identity.
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2 HATICE BOYLAN

1. INTRODUCTION AND STATEMENT OF RESULTS

In [Boyl5] we developed a theory of Jacobi forms over (totally real) number
fields and determined explicitly all Jacobi forms of singular weight over any given
field. However, an essential part is still missing in this theory, namely, a Hecke
theory and the precise relation to usual Hilbert modular forms. We expect a lifting
of Jacobi forms over a given field K of weight k and index of rank 1 and modified
level m to Hilbert modular forms of weight 2k — 2 on the subgroup T'o(m) of the
Hilbert modular group of K. This is justified by examples and by the intimate
relation between Jacobi forms and half integral weight modular forms and the work
of Shimura, Tkeda et al. on half integral weight Hilbert modular forms and their
relation to integral weight forms. Moreover, we expect Waldspurger type identities
between the Fourier coefficients of Jacobi Hecke eigenforms and the values of the
twisted L-series of its associated Hilbert modular forms at the critical point. In
short, we hope to extend the lifting theory of Skoruppa and Zagier [SZ88] for Jacobi
forms over the rational numbers to Jacobi forms over arbitrary totally real number
fields including the Waldspurger type identities as developed in [GKZ87].

In this article we do a step towards such a theory by considering the case of
Jacobi Eisenstein series. The general (and much deeper case) including cusp forms
will very likely afford a trace formula. First steps towards such a trace formula
are done by Stromberg and Skoruppa [SS16]. For Eisenstein series the proposed
extension of Skoruppa and Zagier’s lifting can be done more explicitly once one has
closed formulas for their Fourier coefficients. In this article we shall derive such
formulas.

We explain our main result. Let K be a totally real number field with ring of
integers o and different 9. Moreover, let ¢ be an integral o-ideal and w be a totally
positive element of K such that m := %wczb is integral. Then, [¢,w] := (¢, 3), where
B:iexc— 0t B(x,y) = wry, defines an even totally positive definite o-lattice
of modified level m. For any integer k, let Jj, [ ) denote the space of Jacobi forms
of weight k£ and index [c,w]. Assume that the modified level m of [¢,w] equals o
and that & > 3. Assume furthermore that k is even if K has a unit of norm —1.
Then there are exactly hx-many Eisenstein series in Jj, [ .) [Boy15, §4.5], where hg
denotes the class number of K. (If k£ is odd and K possesses a unit of norm —1
then every Jacobi form in J | . is a cusp form; see Prop. 2.4). In this note we are
mainly interested in calculating the Fourier expansion of the Eisenstein series

Eyew) = Z Z Q%WtZCthk,LA,

AEG4m\ SL(2,0) tEc

where G|, for a given integral ideal [, denotes the subgroup of all upper triangular
matrices [dgl b] in SL(2,0) with d in the subgroup o, of units d in o with d =
1 mod [ (for the other notations see Section 2).

Since we assume that the index [c,w] has modified level m = o the Fourier

expansion of Ej [ is of the form (see §2.4 and Theorem 3.1).

1.,r2 @ (2 _A) L1
Ek7[c,w] _ [OX : 04] Zq2wr er + Z ek7[c,w](A)q8(r )<2wr.
ree Aec? rec
A0, A=r? mod 4¢?

Main Theorem. For any totally negative A in ¢? which is a square mod 4¢?, we
have

N(A/40f3)F 32 G~ L (¥ (2)y k= 1)

I - L(¢2,2]{1—2) ’yw(fA/c)v

€k, [c,w] (A) =C
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where for any integral ideal ,

Y = 3 uOu(t) (2) NP2 ok (/).
t|f

Here (%)0 is the Grofencharacter associated to the extension K(v/A) of K, and fa
denotes the largest integral ideal in K whose square divides A such that A is a square
modulo 4f%. The sum is over all characters v of the class group of K, and, for any
Grifencharakter x of K, we use L(x, s) for its L-series.

Moreover, N(t) denotes the norm of the ideal t, hx denotes the class number

of K, u is the Mobius p-function' of K, and 0,?2 f) = quN(t)ka(f/t)'
Finally, C is a constant whose precise value is given in (11).

In the formula for 4% (f) we use (é)o = 0 if t is not relatively prime to A/fA.

t
The Groflencharakter (%)O was studied in detail in [BS]. In particular, it is shown
loc.cit. that its conductor equals A/f3.

As already explained we expect that there should be a Hecke equivariant lift
of Jy e to the space May_ (SL(2,0)) of Hilbert modular forms on SL(2,0) of
weight 2k —2 with respect to a suitable Hecke theory for Jacobi forms over arbitrary
totally real number fields, which has still to be developed. (Here we assume still
that the modified level of [¢,w] is 1.) In terms of L-series this lifting should work
as follows. Call a number A in K a discriminant if it is integral and a square
modulo 4. We say that two disriminants fall into the same class if their square roots
generate the same quadratic extension over K. For any class © of totally negative
discriminants and any Jacobi form ¢ in Jj [ ) with Fourier coefficients Cy(A) we
set

Lo(¢,s)=L((2), s—k+2) Y C¢(AZ.
0 > N(fa)
A€ED /o
A

(Note that Cy(A) depends only on AUXQ, see (4), and note that Jy (o) = 0if & is
odd and K possesses a unit of norm —1.) If the class number hx of K is 1 and ¢
is a Hecke eigenform we expect that these Dirichlet series are all proportional, and
in fact are proportional to the L-series of a Hecke eigenform in Msp_o (SL(2, 0)).

Using the formula of the main theorem this can be easily checked for Ey, . For
hx =1 the form Ej | . is the only Eisenstein series in Jj, [, and should therefore
be Hecke eigenform. For hx = 1 we can also assume that ¢ = 0. The formula of
the main theorem simplifies then to

o L((2)
i o (B) = € N(wA /814 )2 =0t

where v(f) = y1(f) = 2o A0 (%)ON({)’“_2 ook—3 (f/t). Moreover, for hxg = 1,
every class of discriminants coincides with the nonzero multiples of a fundamental
discriminant Ay, i.e. a discriminant Ay with fa, = 1. Accordingly we find

1)
5 (Fa),

021@73(&)

Lo (Ek o0, 5) =const.z ey
—  N(a)

where the sum is over all integral ideals a. Note that the Dirichlet series is indeed
the L-function of the unique Eisenstein series Fog_2 in Mak_o (SL(2, 0)).

LThis means u(a) = (—1)Y if a is squarefree, where v equals the number of prime divisors of a,
and p(a) = 0 otherwise.
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Moreover, if we twist the L-series of the Eisenstein series in Ma;_o (SL(2,0)) by
(2), with a fundamental A (i.e. fo = 1), we obtain the series
L (Eaz® (2)y05) = L((2)g05) L((&)05— 2043
= CiL((2)g:8) L((2):2k =5 -2)

(where C is a constant, and where the second equality, we applied the functional
equation for L ((A)O , s) under s — 1 — s). In particular,

0°

*

L(Ena® (8)g k1) = GL((2) k~1)°.

Therefore,
N<A)2k—3L (E2 ® (%)0 k- 1) =Cs ek,[o,w](A)%

(where Co = C1Ck (2k — 2)?/C? N(w/8)F~3/2), which is the desired Waldspurger
type identity.

The plan of the article is as follows: in Section 2 we provide the notations that
we use throughout the article and also some basic facts which will be needed in the
article. In Section 3 we study, first of all, the basic properties of the general Jacobi
Eisenstein series at the cusp at infinity, which is

Brps= Y. > PG LA,

A€G\SL(2,0) reL?
r=s mod L

where L = (L, 8) is an arbitrary even totally positive definite o-lattice, s an isotropic
element of L and [ the level of L. In Section 4 we calculate the Fourier coefficients
of E} 1.5, which are given in Theorem 4.1 and, with some further simplifications
for s = 0, in Theorem 4.3. These calculations are straight-forward and depend
essentially on the generalized Lipschitz formula of Lemma 4.2. The essential part
in the formula for s = 0 is identified as a Dirichlet series whose coefficients are
representation numbers of the quadratic form induced by 8 on the finite abelian
group L/aL (see (15)). Calculating these numbers for arbitrary L would lead us to
far away from the main goal of this article and we do not pursue this. In Sections 5
and 6 we restrict ourselves to the case of lattices L of index of rank and modified
level one. In Proposition 5.2 we calculate the mentioned representation numbers.
This calculation is not straight-forward and depends on Theorem 5.1, whose non-
trivial proof is given in a separate note [BS]. In Section 6 we conclude with the
proof of the main theorem. In Section 7 we calculate some integrals whose exact
values are needed for the proof of the generalized Lipschitz formula Lemma 4.2.

2. NOTATIONS AND BASIC FACTS

2.1. The algebras C and R. Throughout this article K denotes a totally real
number field over Q with discriminant Dy, ring of integers o, group of units o*
and different 9. We use tr and N for the trace and the norm from K to Q. Set
C =C®g K and R = R®qg K. Note that C carries the structure of an algebra
over C and of an algebra over K. We identify K and C with its canonical images
in C (under the maps a — 1 ® a and z — z ® 1), respectively. In this way the
product of e.g. a complex number with an element of K is meaningfully defined as
an element of C. In particular, SL(2, K) acts on C via (A = [24] ,2) = Az = 28
Note that R is a K-subalgebra of C. We extend the Q-linear map tr (.) and every
embedding ¢ : K — C to a C-linear map C — C. We let H to be the Poincaré
upper half plane attached to K, i.e. the subset of all z in C such that S(o(z)) > 0
for all embeddings ¢ of K. Finally N denotes the norm of the C-algebra C, i.e., for
¢ € C, we have N(c) = [[, o(c). We use e {x} := e?™") Moreover, for n and r

(o2
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in K, we use ¢" and (" for the functions ¢"(7) = e{n7} (r € H) and ("(z) = e {rz}
(z €C).

2.2. Jacobi forms of lattice index over K. From now on unless otherwise stated
L = (L, ) will denote a totally positive definite even o-lattice with level [, rank 71
and det L = [L* : L] (see [Boyl5, §3.1] for definition). We extend the o-bilinear
map 3 : L x L — 27! to a C-bilinear map on L¢ := C ®, L taking values in C. We
use H(L) for the Heisenberg group associated to L [Boy15, Def. 3.14]. Recall that
H(L) = {(z,y,&) : z,y € L x L,¢ € C*} with multiplication (z,y,£) - (¢/,y',¢&') =
(@+a'y+y,&e{(B(z,y) — B(',y))/2}). The groups SL(2,0) and H(L) act on
the space of holomorphic functions on H x L¢ via

(élk,LA)(r,2) = N(er +d)~Fe {* s } AT, Z5a),
(Slk,2(x,9,6))(7,2) = Ee {TB8(x) + B(x,2) + LB(z,y)} ¢(r, 2 + 2T + ).

Here and in the following we use

Blx) = %B(x,x).

Occasionally we need “|; 1 A” also for half integral k (which defines then no longer a
proper action). The factor N(cr +d)~* is then evaluated according to the following
convention which we shall use throughout the article. For complex numbers w # 0
and r we let

w” = exp(r Log w),

where Log is the main branch of the logarithm, i.e. that branch such that Logw = it
with —7 < ¢t < 47 for |w| = 1.

Recall from [Boyl5, Def. 3.45] that the space Ji  of Jacobi forms over K of
integral weight k& and index L consists of all holomorphic functions on H x L¢
which satisfy ¢|x,Lg = ¢ for all g in SL(2,0) and all g in H(L). (If K equals the
field of rational numbers we also have to impose the usual regularity condition at the
cusps, which is automatically fulfilled by a Kocher type principle for K # Q [Boy15,
Thm. 3.2].)

2.3. Fourier expansions of Jacobi forms. Every element ¢ in Jj  possesses a
Fourier development of the form

(2) p= > co(n,1)q"¢h
ned L reLt
n—pB(r)>0

where, for z in Lc, we use (5(z) = e{B(r,2)}. For D in K and r in L* such that
D = —B(r) mod 971, we set Cy(D,r) = cy(D + B(r),r). Then

(3) Cy(D,r) =Cy(D,s) for r=smodL

(see [Boylh, remark after Them. 3.3]). Moreover, let u be a unit of K. Applying
the matrix [ ugl] to ¢ € Ji, 1, we see that

4) C’¢(u2D,ur) = N(u)kC’¢(D,r)

holds true. Here we use the identity in (2).
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2.4. Jacobi forms with rank one index. Every positive definite even o-lattice
of rank one is isomorphic to a lattice of the form

(6, = (¢, (2,9) > way),
where ¢ is a nonzero fractional o-ideal, w is a totally positive element of K such
that the modified level

m:= %wbcz
of [¢,w] is an integral ideal ([Boy15, Prop. 3.10]). Note that m depends only on the
isomorphism class of the lattice [c,w]. Indeed, if a runs through K>, then [ac, a=2w]
runs through the isomorphism class of [¢,w] (see [Boy15, §3.1, Prop. 3.9]), and all
members of this isomorphism class have obviously the same modified level. A simple
calculation shows
[c,w]’ = ¢/2m.

The Fourier expansion (2) of any ¢ in Jj [ ) can therefore be written in the form

E n~Wwr W(pZ_A) %y
('b: C¢(Tl,7”)q C = Z O¢(A,7’)q8( )<2 .
n€371,’r‘€€/2m AEcz/m27 reéc/m
”_%"”'220 A<0, A=r? mod 4¢? /m

The coefficient Cy(A,7) = ¢4 (£(r? — A), 5) depends only on the coset r 4 2¢ as
we saw in the previous section. We can assume if convenient that ¢ is integral and
divisible by m (after replacing ¢ by ac with a suitable a in K*).

Lemma 2.1. If m = o, the class of r in ¢/2¢ is already uniquely determined by the
congruence A = r2 mod 4¢?.

Proof. Namely, if r and s in ¢, the congruence 7> = s? mod 4¢? implies (2ac)

(ar + as)(ar — as), where a is any element of K* such that ac is integral; since
2ac | 2as, so that (ar + as) = (ar — as) mod 2ac, we conclude 2ac | ar — as, ar + as,
and hence in any case r — s € 2c. U

2|

We write therefore in the following simply Cy(A) for Cy(A, r).

2.5. The theta expansion of Jacobi forms. We shall also need the Jacobi-theta
function from [Boyl15, Def. 3.32]. For 7 in H and z in L¢ it is defined as

ﬁL,s = Z qﬁ(t)c,g

teL!
t=s mod L

Here s is an element of the dual L of L, i.e. an element of K ®, L such that
B(s,x) €07! for all o in L.

If ¢ is a Jacobi form in Jj, f, then, on using (3) we can write its Fourier expansion
in the form

o= Z hy V5, where hy = Z Cy(D, x) q°.
z€L!/L D>0
D=—p(z) mod 2!

One can show that ¥y, ; is a Jacobi form of weight 77 /2 and index L on some
subgroup of SL(2,0). More generally, ©(L) = (Jr, : © € L) is invariant under
the (projective) action of SL(2,0) defined by (A,9) — 9|, /2 A" (see [Boyls,
Thm. 3.1]), in other words, for any y in L*/L,

(5) Oyl j2nA™ = Y Vrow(A)ey,
x€LY/L

where A — w(A) 1= (W(A)z,y), yer:, 1, defines a projective representation of SL(2,0).
From [Boyl5, Thm 3.4 (ii)] we have
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Lemma 2.2. The image of w is finite.
Later we shall also need:
Lemma 2.3. Let s € LF, k be integral and A = [d_l b] € SL(2,0). Then,

Opsle,A=N(d) Fe{LB(s)} Ip,s/a-
Remark. If s € Iso(L), then clearly, e {2 £B(s)} =1 (since d is a unit).
Proof. Using the definition of the slash action | 1 in (1), we obtain

IpslheAd=Nd)™ > e{(FT+5BM"}e{8(3)}

teLt
t=s mod L
=N@™* Y PN e (Lp()} = N(d) Fe {88(s)} Upssa-
teLt
t=s mod L

For the last identity we used that g,@(t) = % (s) mod L whenever ¢ = s mod L.
Indeed, write t = s+1 (I € L). Then we have (t) = B(s+1) = B(s)+B8(1) + B(s,1).
But 8(s,l) € 07! (since t € L* and I € L). Also 8(I) € 971, since L is an even
integral o-lattice. The claimed congruence follows now from the fact that d is a
unit. (]

2.6. The subspace Jg . For a Jacobi form ¢, we define the singular part of ¢ by
¢sing = Z CqS(Oa S)QB(T)CE,

s€lso(L)
where
Iso(L) = {s € L* : B(s) € 0 '}.
Denote by Jg7, the subspace of ¢ in Ji 1 such that ¢ging = 0.

The group of units 0* of o acts on Iso(L) and on the set Iso(L)/L of L-orbits
s+ L. If ¢ is a Jacobi form in Jy 1, then Cy(0, s) depends only on s+ L in Iso(L)/L,
and by (4) we have Cy(0,us) = N(u)*Cy4(0, s) for any u in 0* and s in Iso(L). In
particular, Cy(0, s) = 0 if there is a unit u with us = s mod L and N(u)* = —1.
Set

(6)

Isox(L) = {s € Iso(L) : for all u € 0™ with us = s mod L one has N(u)" = +1}
From the preceding discussion it is clear that
¢sing = Z Cd) (07 S) ﬁL,Sv
s€lsox(L)/L

and that ¢gng is contained in the subspace OF—sing(L) of all ¥ in (L) such that
|k, A = 9 for all upper triangular matrices A in SL(2,0). We have then the exact
sequence

(7) 0 — 3, —= Jpp 2By @Fsing(L),

where sing maps a Jacobi form ¢ to its singular part ¢gng. As an immediate
consequence of Theorem 3.1 below we have

Proposition 2.4. For k > 2+ %, the map sing in (7) is surjective.
In particular,
dim J5%, = dim ©F5"&(L) = card ((Isox(L)/L) /0*) .

If the class number of K is one, then Jp7 is a complement of the subspace of cusp
forms in Jy, 1, [Boyl5, remark after Def. 3.47].
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3. JACOBI-EISENSTEIN SERIES

Throughout this section L = (L, 8) denotes a totally positive definite even inte-
gral o-lattice of level [ and rank r;. We shall use G = SL(2, 0).

Definition. For integral k& and s € Iso, (L) (see (6)), we define

(8) Bips= Y. YpsrrA
AeG\G

where G denotes the subgroup of all [dal Z] in G such that d =1 mod [.

The sum in (8) is well-defined, i.e. the Ath term ¥ |k, A in the sum defin-
ing Ej 1 s depends indeed only on G(A, as is easily deduced from Lemma 2.3 (for
the deduction note that ds = s mod L for all s in L and d = 1 mod [ since the
level [ lies in the annihilator of L [Boyl5, Prop. 1.5]).

We shall show in a moment that the sum defining Fy, 1, , is absolutely convergent
for k > 2+ ry/2. Note that Ey s = E s for s = ¢ mod L (since then ¥ s =
Y1.s). Moreover, one has Ejrs = N(u)*Eg s for all u in 0 (as one sees
by replacing A by [g
applying Lemma 2.3).

ugl] A, which is allowed since [g ugl] normalizes Gy, and

Theorem 3.1. Suppose k —rr/2 > 2. The series (8) is absolutely and uniformly
convergent on compact subsets of H, and converges towards an element of Ji 1. Its
singular part equals

(Ek’L’S)Sing = Z N(u)kﬁé’us,

u€oX /oy
where oy denotes the group of units u in 0> such that u =1 mod .

Proof. Write (8) in the form

_ —(k—rL/2) -
Erps= Y, N(er+d) ¢ Ipolrg A
AeG\G

Using (5) we have

Epps= Z N(er +d)~(F=re/2) Z Vg0 wes(AT).
AeG\G z€L!/L

Let S =V xC, where V' C H is a cusp sector in the sense of [Fre90, Ch. 1, §2, p. 29]
and C is a compact subset of Le. We shall show in a moment that the sum in (8)
is normally convergent on S. Since every compact subset of H X L¢ is contained in
such an S, this implies the first part of the theorem.

For verifying the normal convergence on S we note that each ¥ , is bounded
to above on S as follows from its Fourier expansion. Since the image of w is
finite (see Lemma 2.2) we have then that the absolute value of the inner sum in
the last expression for Ej 1 s is bounded to above by a constant y independent
of A (but dependent on S). Therefore, on S the sum of |19L,s|k,LA| over a set of
representatives A for G(\G is bounded to above by

v Y sup |N(er+d) Tk,
AEG[\G(T’Z)ES

But this sum is convergent [Fre90, Chap. 1, Lemma 5.7].

The first part implies that Fj 1 s is holomorphic. From the definition it is im-
mediate that Ey 1, s satisfies Ey p s|k,09 = Ek,1,s for all g in G and all g in H(L).
Hence Ej p s defines an element of Ji p (for K = Q we still need to check that
Ey. s is holomorphic at infinity, which will follow from the considerations below).
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For verifying the formula for the singular part of Ej 1 s we consider the theta
expansion of Ey, 1, s, i.e. we write

Eips= Z hy0p,5, where hy = Z WA, N(er + d)~k=re/2),
z€L!/L AeG\G

For r in Iso(L) the coefficient Cg, , ,(0,7) equals the constant term of h,, which
can be computed by setting 7 = it for real t and let ¢ tend to infinity. Since the
sum defining h, is uniformly convergent on cusp sectors we can interchange the
limit and the sum and obtain

Cpp.(0,7) = > WAV, N(d)~(k=e/2)
A=[gb]ec\G.

(where G, is the subgroup of G of all matrices of the form [g SD. A set of rep-

1/d 0

5 d}, where d runs through a

resentatives of Gi\G, is given by the matrices [
set of representatives for 0™ /o;. By Lemma 2.3 w ({g 1(/)‘1}) equals N(d)~"2/2 if
T8

r = s/d mod L, and 0 otherwise. The claimed formula is now obvious. O

For calculating the Fourier coefficients of Jacobi-Eisenstein series we write their
definition (8) in a slightly different way. For this we need, first of all, a description
of G[\G

Lemma 3.2. The application A — (0,1)A indices a bijection
(9) GI\G — {(c,d) € 0® : ged(e,d) = o0} /oy

Remark. Note that representatives for the orbits of the right hand side of (9) are
given by (0,d), where d is a representative in 0* /o, and by (¢, d) (¢ # 0), where ¢
is a representative in 0/0; and d € o such that (¢,d) = 1.

Proof of Lemma 38.2. First we prove the well-definedness. For that suppose A =
(5 4]and B =[2 }/]lie in the same coset, i.e. we have A =[] B for some v € 0*
with d = 1 mod [. Hence, (¢,d) = 7(c,d’), which shows that (0,1)A and (0,1)B lie
in the same orbit under the action of oy.

Now we prove the injectivity. For that suppose (0,1)A = (¢,d) and (0,1)B =
(d,d') (A:=[;5], B:=[2y] € G) lie in the same orbit under the action of o;.
Hence, ¢ = d'u and d = d'u for some u € o0;. Therefore, one can form a matrix
U=1[§7r] € Gysuch that A = UB. Surjectivity follows from Bezout’s theorem. O

Lemma 3.3. Let s € L' and k be integral. Then, we have
(10) Ipe = ("¢ k.L(x,0,1).
zeLl
Proof. We shall calculate the right hand side of the claimed identity, and show that
it equals ¥ . Using the slash actions |, as in (1), we have
(@”9¢E) kL(@,0,1)(7,2) = e {78(x) + B(z,2)} ¢"Pe {B(s, 2 + 27)}
= P ()E(2).

Now inserting qB(IJFS)CgH into the right hand side of (10) and doing the substitu-
tion x — x — s yields the result. O
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Proposition 3.4. We have

By s(1,2) = Z N(u)* 9 us(T, 2)

u€oX /oy

£ Y Nertd F Y e{ o s) + hgBle +s.20) - 25602 )

c€o/o; dEo xeL
c#£0 (c,d)=1

Here for a given (c,d), the pair (a,b) denotes any solution of ad — be = 1.

Proof. Using the expression for ¥ ; from Lemma 3.3 the defining formula of the
Jacobi-Eisenstein series (8) can be written in the form

Eprps= Z I sle.L A+ Z Z )Cg )e,L(z,0,1)A.

A:[g Z]GG[\G A:[g g]ec \grEeL
c#0
We have

{(qﬁ(s)éfé) lk,(,0, 1)A} (r,2) =
N(er +d)"e {%-‘r%)} e {,B(CC)AT + B(z, CTj_ d)} y
G{B(S)AT} 6{ ( 85 C‘r+d + IAT)}

Inserting this into the second sum of the last formula for Ej, 1, s, and using the rep-
resentatives for G{\G according to the remark after Lemma 3.2 proves the propo-
sition. O

4. FOURIER COEFFICIENTS OF JACOBI-EISENSTEIN SERIES

In this section we shall calculate the Fourier coefficients of Jacobi-Eisenstein
series Ei, 1 s at the cusp at infinity. A first formula is given by the following theorem.

Theorem 4.1. Let k be integral, let L be a totally positive deﬁm’te even integral
o-lattice of o-rank rp, and let s in Isox(L). Assume that k — 77'L > 2. Then, we
have

Bips= Y Nwfidp.+C Y [N i 3 %TCS} ",

u€o* /o (n,r)yco~tx L* c€o/o;
D:=n—p(r)>0 c#0

where
males) = D5 D e{8Bets) — Hrwt ) + dn},

dmod cx€L/cL
(e,d)=1

where the a in the inner sum denotes any element in 0 with ad = 1 mod ¢, and
where C is given by (11) below.

For the proof of the theorem we use the following formula.

Lemma 4.2. For k — = > 1, one has
3 N(T—i—t)_ e{—iﬂ(jjf)} —c Y NDF g,
(t,p)EoxL (nyry€o~tx Lt
D:=n—p(r)>0
where

i_an(Qﬁ)k+1_%T£ 1 1

(11) C= I‘( —%TL)HK D,.? det(tr (L))_i.
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Proof. Let F(1,z) denote the left hand side of the claimed formula. Since F is
periodic and holomorphic in (7, z) with respect to the period lattice o x L, we can
write it in the form

(12) F(r,z)= > y(nr)q"¢
(n,r)€0—1xLt

for suitable coefficients y(n,r). For finding the v(n,r) we apply the Poisson sum-
mation formula (see e.g. [Ser79, Part II, §6, Prop. 15]), which in this case implies
that, for all 7 and z, one has

13 = [ F(t.p) e {~nt — 5(r.p)} dt dp.

RX(R®,L)
Here, f(t,p) denotes the (¢,p)-th term of the sum defining of F(r,z2), and dt and
dp are Haar measures on R and R ®, L, respectively. Moreover,

Oy = volg(R/0) ! volg, (R ®, L)/L) ™ .

Inserting the formula for f(¢,p) we obtain
y(n,r) =C4 / N(t+t) e {—n(r + 1)} x
R

B(z+p)
eq— e{—p0B(r,z+p)} dtdp.
/®0L { T+t } { ( )}

Note that v(n,r), being a coefficient in the Fourier development (12), does neither
depend on z nor on 7. In other words, for evaluating the integral defining ~(n, r)
we are free to choose z and 7. Denote the inner integral by J. After completing
the square J becomes

J=e{(r 40} [ of-Aztrrzindg,
RRoL

Choosing z = —(7 + t)r, we have J = e{(7 +t)8(r)} A(T + t), where, for any 7

in H, we set
A(T) ::/ e{—@}dp.
R®oL

This is a standard Gaussian integral with respect to the (complex-valued) quadratic
form p — tr (—B(p)/T) on the real vector space R®, L. Its value equals Cy N(7)"L/?
with

Cy = A(i) N(i)~"2/2,

(For this note that the integral and N(7)"2/2 are holomorphic functions of 7, and
it suffices therefore to prove the claimed identity for 7 = v with v in R, which is
quickly checked by substituting py/v for p.) We therefore obtain

(n,r) = 0102/RN(TH)*H@/%{(TH) (B(r) — n)} dt.

Recall that (n,r) does not depend on 7.

Let D :=n — B(r). If o(D) < 0 for at least one embedding o we can choose T
such that o(7) = v with a positive real v and let v tend to infinity. But then the
integral on the right tends to 0, and we have y(n,r) = 0. If D > 0, we replace 7
by 7/D and substitute ¢/D for ¢, which yields

v(n, 7“) = ClCQCgN(D)k_l_TL/Z,

where
03=/ N(r + 1) F72/2 {_(7 + 1)} dt.
R
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Using the formulas for C5 and C3 from Corollary 7.2 and Proposition 7.3, we obtain
the claimed formula. O

Proof of Theorem 4.1. From Proposition 3.4 we have
Errs= Y N dpus+1,,

u€oX /oy
where
L= 3 NO™* 3 N+ 93 e {58z - £2) + 28+ s) }
c€o/oy d€o xeL
c#0 (C’d)zl
(and where we used % — W = g:ig) Replacing d by d + ct, where d runs

through a set of representatives for d mod ¢ and ¢ through o, and replacing = by
x — ¢p with z running through a set of representatives for L/cL and p through L,
the sum I can be rewritten in the form

(14) Z N(c Z Z e{9B(x+s)} F(r + ¢,z — 2E3),

c€o/oy dmod ¢ xe€L/cL
c#0 (c,d)=1

where
F(rz)= Y N(r+t)re{-21,
(t,p)Eox L
Inserting the Fourier expansion of F' from Lemma 4.2 into (14) gives

I,=C Y No™ > Y

c€o/o; dmod cz€L/cL
c#0 (c,d)=1

S N { 28+ s) + 2 - B 2E)} ¢

(n,r)yco"txL?
D:=n—p3(r)>0

Changing the order of summation and collecting the exponential together yields
the formula given in the theorem. O

If we take s = 0 then Ej s can be further simplified. Namely, we have

Theorem 4.3. Under the same assumptions and notations as in Theorem 4.1 we
have for s =0

ﬁEk,L,O = 19;,0 + ﬁ Z N(D)k_l_%’l[/(ll rik— 1) qncg

(n,ry€o~tx LF
D:=n—pB(r)>0

Here, for D € K* and r in L* such that D + 3(r) = 0 mod 9!, we use L(D,r;s)
for the Dirichlet series

W= ¥ (2 ) (S )
CeCl(K) beC-! acC

where the first sum is over all ideal classes C' of K, and the inner sums are over
all integral ideals b in C~' and a in C, respectively. Moreover, i is the Mdbius
function on the semigroup of nonzero integral ideals of K, and

(15) No(D,r) =card ({z € L/aL: Bz —r) = —D mod ad™'}) .

Remark. Note that the assumption s = 0 € Iso,(L) implies k is even if K contains
a unit of norm —1, and vice versa.
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Proof of Theorem 4.3. 1t is easy to see that the first summand in Theorem 4.1 for
s =0reads [0 : 0{] ¥, 0. We now simplify the second summand. For that we have
to calculate the sum

(16) S:=Y N > 3 e{2B(z) - B(r,2)+ n}.
c dmod czeL/cL
(e,d)=1
Here we replaced the sum of ¢ in o/o; by [0* : 0(] times the sum over ¢ € o0/0*,
which becomes then a sum over all integral principal ideals ¢ = oc.
We replace = by dx in the inner sum and write

28(dx) — B(r, %) + 4n = 4(B(x) — B(r,z) +n) mod 27,

where we use that ad = 1 mod ¢. Note that N := 3(z) — B(r,x) + nis in 27 1. We
change the order of the last two sums in (16), and calculate the sum

> cfint.

d mod ¢

(c,d)=1

For this we write

S= > | Do n@ ) e{iNt=> nl@) Y e{N}.

dmod ¢ \ a|(e,d) ale dea/c

Since x : d — e {gN} defines a linear character, the sum Zdea/c e {%N} equals
zero unless x is trivial, when it equals card (a/c). But the character x is trivial if and
only if %N cdlforalld e aie. if N € 971, or, equivalently if N € ca= 07!,
Moreover, the order of the group a/c equals N(ca™1) (as follows from the exact
sequence 0 — a/co — o/co — o/a — 0).

Therefore (16) becomes

S = Z Z u(c/a)N(a) card ({x € L/cL: B(x—r)+ D =0mod aD_l}) ;

¢ alc

where we replaced a by ca™! and wrote 3(x) — B(r,x) +n = B(x —r) + D.

Interchanging the summation and writing ¢ = ab, we obtain (recall that ¢ runs
through principle ideals, so that for fixed a the ideal b runs through the integral
ideals in the ideal class cl(a™!) of a=?!)

S-F X e (o € Lot o)+ D =m0
a bpecl(a)—?

Since the defining congruence of S depends only on z mod al, we can suppress
the b when counting S and multiply the result by the cardinality of the kernel
of the natural map L/abL — L/aL, which equals N(b)"= (since L is isomorphic
as o-module to s x 0”271 for some integral ideal s, so that the kernel aL/abL is
isomorphic as o-module to as/abs x (a/ab)"2~1 which in turn is isomorphic as
o-module to (0/6)"%). Thus,

p(b)  Na(D,r
S = Z Z N(b)k—@N(a)kq'

a becl(a)—

The formula of the theorem becomes now obvious. U
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5. EXPLICIT FORMULAS FOR THE Ny (D,r) IN THE RANK ONE CASE

For rank one o-lattices of modified level o the numbers N, (D, ) defined in (15)
can be calculated explicitly using a result in [BS]. For explaining this result and
our formulas for Nq(D,r) we need to introduce some notations.

Let K denotes an arbitrary (not necessarily totally real) number field. Let A
be a non-zero integer in K which is a square modulo 4. For a prime ideal p { A,

we set (%) = +1 or = —1 accordingly as A is a square modulo 4p or not. Of

course, for p t 2 the number A is a square modulo 4p if and only if it is square
modulo p as follows from the Chinese remainder theorem. We continue (%) to a
homomorphism of the group Ja of fractional ideals relatively prime? to A onto the
group {+1}.

As is shown in [BS, Thm. 4] the homomorphism (%) defines a Grolencharakter
modulo A. Its conductor equals A/fAQ, where fa is the maximal integral ideal
dividing A such that A is a square modulo 44 (and where mazimal refers to
the partial ordering defined by division of ideals). We use (é) o for the primitive

*

GroBencharakter modulo A/f% induced by (%) Using the Grofencharakter (%)0

we define a function xa on the semigroup of all integral ideals a by setting

N(g) (%) if (a, A) = g% and A is a square mod 4g?

xal(a) = /8 )
0 otherwise.

Note that, for an integral square g2 | A, the condition that A is a square mod 4g?

is equivalent to g | fa. Of course, xa is no longer a homomorphism, but it re-

mains multiplicative in the sense that xa(ab) = xa(a)xa(b) whenever a and b are
relatively prime.

Theorem 5.1. [BS, Thm. 6] For any integral ideal a, one has

(17) card ({z € 0/2a: 2> = Amod 4a}) = Z xa(b).

bla
a/b squarefree

(The sum is over all integral ideals diving a and such that a/b is squarefree.)
Remark. In terms of Dirichlet series the formula of the theorem can be rewritten

as

card ({z € 0/2a:2° = Amod 4a})  (k(s)
zu: N(a)® = Crelas) H0xa?)

The L-series L(xa,s) coincides up to a finite number of Euler factors with the

L-series
L((£)e5) = D (2)N@)

(a,A/§3)=1
of the Grofiencharakter (%) 0 (the sum being over all integral ideals relatively prime
to A/f4). More precisely, one has (see Lemma 6.1)

A
Hoas) = L((2)y9) 5 A0 010,

t]fa

where we use (%)O = 0 if t is not relatively prime to A/f4, and where p(a) is the

Mobius p-function of K.

2A fractional ideal is called relatively prime to A, if it is of the form a/b with integral ideals a
and b both of which have no prime ideal common with A.
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We are now ready to prove our explicit formulas for the numbers Ny (D, r) defined
in (15) in the case of rank one lattices. For this let

[e,w] = (¢, (2,y) = wy)

be an even rank one lattice. Recall that this means that ¢ is a nonzero fractional
o-ideal, and w is a totally positive element of K such that the modified level of [c, w]

m = 1wc?d
is an integral ideal. The numbers N4(D,r) of (15) take here the form
Nao(D,r) = card ({z € ¢/ac: 3w(z —r)> = —D mod ad ™ '}).

Proposition 5.2. Assume m = o. For any integral ideal a, any D € K* and

r € LY such that D = —%wrg mod 71, one has
No(D,r)=N(©)™' > xal(be?),
bla

a/b squarefree
where A = —8D /w.

Proof. Multiplying the congruence defining N, (D, r) by 8/w and setting y = 2r—2x
gives

Na(D,r) = card ({y € ¢/2ac : y = 2r mod 2¢, y*> = A mod 4ac’}),

(where we also used m = Jwc?® = o0 and L = lem™' = J¢). Note that by
assumption (2r)2 = A mod 4¢?, so that the second congruence y? = A mod 4ac?
implies y? = (2r)2 mod 4¢%. But this implies the first congruence y = 2r mod 2¢
(for the short argument see the proof of Lemma 2.1). We conclude that

Na(D,r) = card ({y € ¢/2ac : y? = A mod 4ac2}) .

After replacing [c,w] by [ac,a™2w] with a suitable a in K* we can assume that ¢
is integral. We then have available the natural reduction map ¢/2ac? — ¢/2ac, and
hence we can count the solutions y in ¢ of A = y? mod 4ac? modulo 2ac? instead
of 2ac, so that

Na(D,r) =N(c) "' card ({y € ¢/2ac® : y* = A mod 4ac®}) .

Since A is in (2r)2 +4¢? and 27 is in ¢, any integral solutions y of A = y? mod 4ac?
is already in ¢. Hence

Na(D,r) =N(c)" ' card ({y € 0/2ac® : y* = A mod 4ac*}),

and we can apply Theorem 5.1 to conclude

Nao(D,7) =N(e)™! > xa®) =N Y xa(be).
b|ac2 bla
ac? /b squarefree a/b squarefree

For the second identity note that any b | ac? such that ac?/b is squarefree and
(b,A) is a square, is necessarily divisible by ¢? (Otherwise there would exist a
prime ideal p with 5 < 27, where 8 and 7 are the orders of b and ¢ at p. But
¢ | A and (b, A) being a square implies then that 3 is even, whence 2y — 3 > 2,
contradiction that ac?/b is squarefree.) O
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6. FOURIER COEFFICIENTS IN THE RANK ONE CASE

In this section we finally derive the formulas for the Fourier coefficients of Jacobi-
Eisenstein series for lattices of rank and modified level one which we discussed in § 1
(see Main Theorem).

Proof of Main Theorem. Let D = —Aw/8 and write D = n — swr? (r € ¢/2 and
n € 9~ 1). From Theorem 4.3

ek,[c,w](D) = CN(D)kig/QL(DaT; k — l)a

where

L(D,7:5) ZZ“:ZN

CeCl(K) beC—1 aeC
with
No(D,7) = card ({z € ¢/ac: 3w(z —r)> = —D mod ad'}).

(Note that from the formula of the numbers Nq (D, r) in Proposition 5.2 we see that
they don’t depend actually on 7. Therefore, from now on we use instead of N4(D,r)
and L(D,r;s), No(D) and L(D; s), respectively.)

In the series L(D;s) we write the sum over a € C as h' Y, D0 P(a)p(C)1,
where a runs through all integral ideals of K and v runs through all characters
of the class group of K (we write t(a) for the value of ¢ at the class of a), and
where hg is the class number of K. Exchanging sums and moving the sum over v
to the front, L(D;s) becomes

hiL(D;s) = ZZ” Zw ZL Zw S,

where b is now also running through all integral ideals. We now insert our formula
for Ny(D), which gives

o) — 1 P(a) < ¥(a)xa(ac®)/N(c)
hxL(D;s) = Zw: L(¥,s) Z N(a)s za: N(a)* .

a squarefree

Note that

N(a)s  L(¢2,2s)’

2 1/}(( ) L(w7é)
a squareiree

(a@)xa(ac?)/N(e)
hixL(D;s) = %: A0 QSZ o) :

In other words, we have

hi L(D; s) = 1(¢) ?N(¢)* ! Z mLcl’ (¥xa,s),
w )

so that

where L.2(1xa,s) is defined in (18) below. The theorem follows now using the
subsequent lemma. O

Let A be an integer in K, let ¢ be an integral ideal of K such that ¢ | A and A
is a square modulo 4¢2. We set

(18) Le(bxa,s) Z¢ XA

c2la
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Lemma 6.1. For the L-series (18), one has in the notations of Theorem 1

9s—1 L2 (¢XA, 5)
L% (3)g:5)

= N(a/O)' 72 3 u0w(t) (2) NO oty (a/ct).
t{fa/c

(c) " N(c)

Proof. Since ¥xa is multiplicative L.2(¢xa, s) has an Euler product, say

%ZJ(C) 2N(C)25 1 ch wXAa HFp

Lo (2),.0 ik
Note that the Euler product is only over the prime ideals dividing A, since for p
k
not dividing A, we have xa (p*) = (%) . For p | A, we have
2 .
0%323 (pvp(fA)) if p | AOa p 1/ ¢,
o1 o (7 2/9) it p | Ao, p e,

Fy(s) = ¥ i
. 01’”2 ( vp(fA)/{) if ptAo, pte,

Zt|p”p(fA) ‘LL( )1/} (%)
(%o <t>— 075 (0 Ua/9/8) i pt Ao, p | ¢,

qu”p(m#) N(t t

where Ag = A/f, and o775, (f) = Sy N 292(1) = N() 208, (7).

Indeed, for verifying the first two rows it suffices to note that, for p | Ag, the
coefficient ya (p¥) equals N(p)*¥/2 if k < 2v,(fa) and k is even, and it equals 0
otherwise.

For the last two lines, i.e. for p { Ag, we find xa(p*) = N(p)*/2 if k < 20,(fa)

k
and k is even, and ya (p*) = N(p)v»(Fa) (%)0 for k > 2v,(fa). Hence, if p { ¢, we
obtain
x1)? v
Fys) = (1= w(p) (&) Np) ™) 7%, (p702)
N(p)vr (f2) 2vp (fa)+1 N(p)~2ve(fa)+1)s
+ N(p) 24 p) (%), N0 ,

which equals the claimed expression. Finally, for p | ¢, the calculation is similar.
The lemma is now obvious. O

7. APPENDIX

In this appendix we calculate some integrals which we needed in the proof of
Lemma 4.2.

Proposition 7.1. Let L = (L, ) be a positive definite (not necessarily integral)
Z-lattice, and p a Haar measure on R ®z L. Then

e—QTrB(p) — /J’<V/L)
/}R®ZL du(p) Wik

where det(L) is the determinant of L (i.e. the determinant of any Gram matriz of
the bilinear form B with respect to a given Z-basis of L).

Proof. Let a; be a Z-basis of L, let z; be the dual basis, and let z = (z1,...,2y,)
be the isomorphism of V' := R ®z L with R" with coordinate functions ;. Then
q(p) = %B(p,p) becomes ¢ = %xet with the Gram matrix F = (B(ai,aj))m., and
there is a A > 0 such that pu(A) = )\fx(A) dz for all measurable A in V, where
dzx is the usual Lebesgue measure on R". In particular, x maps a fundamental
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mesh of L in V to a fundamental mesh of Z™ in R™ (since x maps L to Z"), and
therefore A = p(V/L). In the coordinates z; our integral becomes

/ e 2P du(p) = A e~ gy — Adet(F)~1/2,
v R7Z

which is the claimed formula. O

As immediate consequence we obtain

Corollary 7.2. For any totally positive definite o-lattice L = (L, 8) and any Haar
measure v on R ®, L, one has

[ etiswnaniy) -
R®o L

where tr L is the Z-lattice (L,trof).

Proposition 7.3. For any real r > 1 and 7 € ‘H, we have

v((R®, L)/L)
det(tr L)

T (r+1)nk
(19) /R N(r+0) e {~(r + 1)} dt = N(i— E " F)(T)W 7

where dt denotes the Haar measure on R, which becomes the usual Lebesque measure
when we identify R with R™X using the R-linear continuations of the embeddings o
of K to R as coordinate functions.

Proof. First of all note that v := LogN(7) — >__Logo(7) does not depend on 7
(since « is holomorphic in H with values in 27iZ). Choosing 7 = i, we find
e = e(rng /4)/N(i)", hence N(7)™" = e(rng/4)N(i)~"[[, o(7)”" Extending
the embeddings o of K to R-linear maps on R they become coordinate functions
of an isomorphism of R with R"¥. Applying the isomorphism whose coordinate
functions are the R-linear extensions of the embeddings o, the integral in question
becomes the product e(rng /4) N(i)~" ], I, where

+oo —2mi(To+u) —2miu -1
I, = / 67,4 du = / € du = —— / 27T dz,
—o0 (TG + u) S(u)=c u” " R(z)=c

with 7, = o(7) and ¢ = 3(7,) (which is positive), and where, for the last identity

we set u = iz. But f(t) := ﬁ f%(z):c 27 "et* dz is the inverse Laplace transform

of 27", whence 2" = [¥ f(t)e~*"dt. On the other hand z~"T'(r) = [ e * ¢ 4L,

and hence f(t) =t"/T'(r). O
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