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Abstract

We provide a framework for relating certain g-series defined by sums over partitions
to multiple zeta values. In particular, we introduce a space of polynomial functions on
partitions for which the associated g-series are g-analogues of multiple zeta values. By
explicitly describing the (regularized) multiple zeta values one obtains as ¢ — 1, we
extend previous results known in this area. Using this together with the fact that other
families of functions on partitions, such as shifted symmetric functions, are elements
in our space will then give relations among (g-analogues of) multiple zeta values.
Conversely, we will show that relations among multiple zeta values can be ‘lifted’ to
the world of functions on partitions, which provides new examples of functions for
which the associated g-series are quasimodular.
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1 Introduction

The purpose of this note is to introduce a framework that can be seen as a bridge
between the theory of functions on partitions and (g-analogues of) multiple zeta val-
ues. Multiple zeta values (see (1.5)) are real numbers appearing in various areas of
mathematics and theoretical physics. These real numbers satisfy numerous relations,
such as the so-called double shuffle relations [20]. For these numbers, there exist var-
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ious different g-analogue models, which are g-series degenerating to multiple zeta
values as ¢ — 1. For most of these g-analogues, there exist counterparts for the dou-
ble shuffle relations, and their algebraic setups are well-understood [6, 11, 13,27, 32].
In this note, we will generalize this setup even further. We will show that there is a
natural analogue of the double shuffle relations on all functions on partitions and then
introduce a class of functions that we call partition analogues of multiple zeta values.
These functions can be seen as the counterpart of g-analogues of multiple zeta values
after applying the so-called g-bracket, introduced by Bloch and Okounkov in [8]. The
space of partition analogues of multiple zeta values contains various classical types of
functions on partitions, such as the shifted symmetric functions, which then, by using
the results in this work, provide new tools to obtain relations among (g-analogues of)
multiple zeta values.

Denote by & the set of all partitions of integers. To a function f : & — Q, we
associate (i) a degree, (ii) a limit Z92( f) and (iii) a power series (f )q € Q[g], in
such a way that asymptotically

(1 — @)D (), =Z%(f)+ 0(1 — q)

for real gq.
To start with the latter, the g-bracket of f is defined as

PRYLY
g = E2 O < qpg) (11)
60

where | 1| denotes the integer that A is a partition of. In case f(A) has at most polynomial
growth in |A|, its g-bracket is holomorphic for |¢| < 1. Moreover, we can associate a
degree to f by

deg(f) = in}%{ liml(l — q)*(f)q converges}. (1.2)
acR ‘g—

We, then, define Zcfeg( f) € R U {#£o0} to be the value of the corresponding limit!
limg 1 (1 — q)deg(f ) (f)q whenever it exists (as it does for all functions in our work).
For example, for f (1) = |A| we have

(flg =) om)q", deg(f) =2, Z8(f)=¢(),

n=1

where o (n) =) 4jn d denotes the divisor sum of n and ¢ (k) = Do # a Riemann
zeta value.

Such limits Z%2( £) occur as the volumes of certain moduli spaces, e.g., in the
case of the stratum of one-cylinder square-tiled surfaces [16] or in the case of flat
surfaces [14]. In both cases, there are associated functions f in A*, the space of

! Here and in the rest of the work we understand q — 1 as the limit where ¢ isrealand 0 < g < 1.
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shifted symmetric functions. That is, A* = Q[Q3, Q3,...], where Q; : & — Qs
given by

1 > . k—1 . k—1
Qk()»)IZﬂk'F(k_l)!igl:(()»i—l-l-%) —(-i+ 1) ) (1.3)

where A = (A1, A2, ...) and By = (2k 1 1)}‘2 with By the k-th Bernoulli number.
By the Bloch—Okounkov theorem [8] (going back to work of Dijkgraaf and Kaneko—
Zagier [15, 21]) the g-brackets (f), for f € A* are quasimodular forms. The space
of quasimodular forms M = Q[Gy | k = 2,4, 6, ...] is generated by the Eisenstein
series G for all even k > 2

Bk 1 k—1_mr
=2k , 1.4
Gr(g) == T * =D Z m-q (1.4)
m,r>1

which are holomorphic functions for || < 1 (or equivalently, for 7 in the complex
upper half plane, with g = €2™iT) In fact, M = QI[G», G4, Ggl. As 298 (Gy) = ¢ (k)
and every modular form can be written as the sum of an Eisenstein series and a
cusp form F, for which 74deg (F) = 0, it follows that for f € A* the correspond-
ing limits Z9°€( f) are single zeta values. Besides the shifted symmetric functions
there are various other functions on partitions which give rise to quasimodular forms
(see [30]). All of these have limits which lie in Q[£(2)]. We will introduce a space
P c Q7 of partition analogues of multiple zeta values, whose elements always have
multiple zeta values as their limit. Multiple zeta values are defined for r > 1 and
ki1 >2,ky, ..., k> 1by

(hivook) = Y o € R (15)

my>esmyp>0 M

A natural subspace of P is the space M = {f € P | (f), € A?} C P, containing A*,
whose elements have a quasimodular g-bracket and a limit in Q[£(2)]. In particular,
the space P completes the following diagram:

lim ’
—1
Q” — Q4] —— R
U U U
P > 24 > Z (1.6)
U U U
A*CM y M Qlz(2)]

Here, Z denotes the Q-vector space generated by multiple zeta values, Z, denotes the
space of g-analogues of multiple zeta values, studied by many authors (see e.g., [6,

) Birkhauser
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12, 32] for an overview of different types of g-analogues; in this work, we define Z,
in (3.3), following [6]), and the map lim,, _, | is between quotation marks to indicate that
it concerns infinitely many maps f +lim,_, (1 — ¢)“ f, which are well-defined/ill-
defined/regularized depending on f and the value of a.

Polynomial functions on partitions

Let p € Q[x, y]. In [28], the second author studied functions T, : & — Q (not to be
confused with Hecke operators) of the form

oo Im(A)

T,00 =) Y plm,r),

m=1 r=1

where 7, (A) denotes the number of times m occurs as a part in the partition A. Similar
to the Bloch—Okounkov theorem, for every f € Q[T | p € Q[x, y], deg(p) is odd],
the g-bracket ( f), is a quasimodular form. Motivated by this construction, we define
the space of partition analogues of multiple zeta values P as the following space which
can be thought of as a space of polynomial functions on partitions.

Definition 1.1 Let PP be the image of

v @PQhxi. . X yie vl > Q7

n>0
where W maps the polynomial p(xy, ..., x,, y1,..., yu) to

T'my ) T'my (9]

A= Z Z---Zp(ml,...,m,,,rl,...,rn).

m1>..>m,>0 ri=1 rp=1

Moreover, define M = {f e P | (f), € 1\7}.

We show that this space P completes the diagram (1.6). In particular, we are able
to compute the degree and limit of elements of [P:

Theorem 1.2 Givenr > 1 and d;,l; € Zxo fori = 1,...,r, let f = W([], xfliyff).
Then,
deg(f) = max }{E di+1+ § (1,-+1)}.
J€0,....r) | =
i<j

i>j

Moreover, if the maximum is attained for a unique value of j, then Z%€(f) € Z<deg(f)»
where Z<y denotes the Q-vector space of multiple zeta values ¢ (ki, ..., k.) with
ki+...+k <k

W Birkhauser
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We will see that the regularized limit of polynomial functions on partitions always
gives regularized multiple zeta values. These limits will be given by bi-multiple zeta

.....

Definition 4.22, and which generalize (harmonic regularized) multiple zeta values in
the sense that for k; > 2, kp, ...,k > 1

ki,.oook\
éh(O,...,o>—4“("‘1,...,/7@),

The other special case of dy,...,d,—1 > 0,d- > land k] = --- = k, = 1 is given
by

N A
gdl,...,dr _E(  ERRI }’)a

where we define the conjugated zeta values & as follows:

Definition 1.3 For di,...,d,—1 > 0,d, > 1, define the conjugated multiple zeta
value by

&dy,...,d) = Z mllm Q[H(%‘i‘-n-FmL)di],

O<mi<...<m, i=1

where Q : @[ml_l, ...,m;l] — Q[ml_l, e, m,’l] is the linear mapping
1 Ih!---10!
sz[ ; zr] = (1.7)
ml ...mr ml ...mr

By definition it is clear that the conjugated zeta values can be written as linear
combinations of multiple zeta values and as a result of Theorem 4.23 their product
can be expressed by the index-shuffle product formula, e.g., £(d1)&(d>) = &(d1, do) +
&(d», dy) for dy, dy > 1. In general, the bi-multiple zeta values will be given by sums
of products of multiple zeta values and their conjugated analogues &, e.g., we have
(forky > 2,d, > 1)

(1,...,1,k1,...,kr

=&y, ..., d ki,...., k).
dl,...,dm,o,...,o> Edi, .. dw) ¢k, k)

The product of the bi-multiple zeta values can be expressed by a generalization of the
usual harmonic product, e.g. we have

ki ka\ (ki k2 ko, ki ki + ko
C(d1)§<d2> B é‘(dl, dz) " éQ<dz, d1> " C<dl +d2) '

Further, we will see in Theorem 4.23 that the bi-multiple zeta values are invariant
under a certain involution ¢g, which will appear naturally when considering functions

) Birkhauser
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on partitions. In particular, these give a realization of the so-called formal double
Eisenstein space introduced in [7].

In Sect. 4.2, we will introduce an algebraic setup for the elements in P, which can
be seen as a generalization of the classical algebraic setup for multiple zeta values
and their double shuffle relations (cf., [17, 20]). Starting with a linear combination
of multiple zeta values which evaluates to an element in Q[¢(2)], we then show,
with diagram (1.6) in mind, how to ‘lift’ these to obtain new families of functions
on partitions with quasimodular g-bracket (see Proposition 4.14 and Example 5.2).
In Sect.5, we will show that not only the analogue of the double shuffle relations
give relations among (g-analogues of) multiple zeta values, but also how families of
polynomial functions on partitions with quasimodular g-bracket can be used to obtain
relations. For example, we will see that the shifted symmetric functions imply a special
case of the Ohno—Zagier relations and that the arm-leg moments of Zagier ([30]) imply
the sum formula for multiple zeta values.

2 Functions on partitions
2.1 Multiplication, conjugation, brackets and derivations

Denote by & the set of all partitions of integers. We make use of the following
equivalent definitions of partitions:

(i) Finite non-increasing sequences of positive integers (A1, Az, ..., A¢), where we
write £(A) for the length £ of the partition A and |A| = A1 + ...+ A, for the size.
(ii) Infinite sequences (Ag, A2,...) with Ay > A > ... and A; = O for all but
finitely many j;
(iii) (Stanley’s multi-rectangular coordinates) Two sequences r and m of non-negative
integers, of the same length d, and of which m is strictly decreasing. These
sequences correspond to the partition

rxm:(ml,...,m1,...,md,...,md)

ri rd

in the first definition. This representation is unique if the elements of r and m

are positive. Often, given A € &, we write r(A) = (r1,...,rg) and m(A) =

(mq, ..., mg) for such sequences. The integer d is called the depth of the partition.
(iv) Multisets of integers, in which the integer m has

rm(A) =#{j | Aj =m}

appearances.

Example 2.1 The smallest partition is the empty partition (of the integer 0), writ-
ten as (), (0,0, ...), ) x O, ¥ respectively. The Stanley coordinates of the partition
A=1(6,4,4,3,2,2,2,1) can be read of by the decomposition A = (1,2,1,3,1) x
6,4,3,2,1).

W Birkhauser
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There are two elementary operations on the space of functions f, g € Q7

(i) pointwise multiplication, i.e., the multiplication (f © g)(A) = f(}) g() induced
by the multiplication on @, 3 B

(ii) conjugation, i.e., o (f)(X) = f(X), where A denotes the transpose of the parti-
tion A.

We adapt both operations to make them equivariant with respect to the g-bracket (1.1).
To do so, we introduce the u-bracket [28, Definition 3.2.1].

Definition 2.2 The vector space isomorphism ( ), : Q7 — Q[ui, uz, ...] is given
by

e OV
(f)ui=% Wy, =y, Upy -+, ug = 1).

For f € Q‘@ we call ( f), the u-bracket of f.Forall A € & we write a, (f) to denote
the coefficient of uy in (f)u,i.e., (flu =Y e ar(f) us.

Note that the u-bracket reduces to the g-bracket (1.1) by specializing u; = ¢' for
all integers i.

The u-bracket is not an algebra homomorphism with respect to the pointwise
product on Q'@ . Therefore, we introduce the harmonic product on Q7 , makin gthe u-
bracket into an algebra homomorphism. Even so, we introduce a conjugation ¢ making
the u-bracket equivariant.

Definition 2.3 Given F, G € Q[uj, uy, .. .], we define

(i) the harmonic product as the multiplication FF ® G = FG, where FG denotes
the standard product of F and G in Q[uy, uz, .. .|,
(i) the conjugation of F =), . » ayuy by «(F) =), . » ayu; , where 2 denotes
the transpose of the partition A,
(iii) the shuffle product as the multiplication F © G = ((t(F) ® ((G)),
(iv) the derivative of F =), _payuy, by DF =), _ 5 a) |l uj,.

We extend these definitions to Q7 by the isomorphism given by the u-bracket, i.e.,
for f, g € Q7 we define

(1) the harmonic product by (f ® g)u = {f)u(&)u,
(ii) the conjugation by (t(f))u = t{f)u,
(iil) the shuffle product as the multiplication (f @ g)u = (f)u © (g)u,
(iv) the derivative of f by (Df), = D{f)u.

Remark 2.4 In [28] the harmonic product was called the induced product, as it is
induced from the product on Q[uy, ua, ...J. In the context of the present work, the
name harmonic product is more appropriate, as will be indicated in Example 5.1.

Proposition 2.5 Forall f, g € Q7

0l
(fNg =g, (f®&q=(flg(8)q=(fOg)y and qﬁ(fhj =(Df)q.

) Birkhauser
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Proof The first equality follows directly by noting that a partition A and its conjugate A
are of the same size, so that substituting ¢’ for u; has the same effect on u; and uy.
By definition of the shuffle product, the second identity follows from the first. The last
equality follows directly by noting that {f)ul,,—s = (f)q- O

The harmonic product, conjugation, shuffle product and derivative can be given by
explicit formulas on the level of functions in ng . For this, recall that a strict partition
is a partition for which all (non-zero) parts are distinct. Let the Mobius function
u: &P — {1} be given by

(=DM ) is strict
A =
) 0 else.

Denote the convolution product of f, g € Q7 by x (we reserve the symbol * for the
harmonic product), i.e.,

(M) = Y f@)gB),

aUB=A

where in the summation we take the union of partitions considered as multisets.
Write 1 : & — Q for the inverse of the Mdbius function under convolution, i.e.,
1(X) = 1. Then, by a direct computation, for all f, g € ng , we have (see also [28,
Proposition 3.2.3])

f®g= frgxu
L(f) = o(frpu)xl
SO g =o(w(f*xu)xo(gxun))*l, 2.1

where we recall w(f)(L) = f(X). Also, by [28, Proposition 5.1.1] for all f € ng
we have

Df() = fMIA = (f@]-D@).

Two subspaces of Q7 are particularly well-behaved with respect to these opera-
tions.

Definition 2.6 We define

A = {f €Q” | f() = f(p)ifr(t) =r(p) forall , p € 2)
J={f € Q7| (fa)() = (fxu)(p) if m() = m(p) forall &, p € P},
where r(A) and m(A) are the Stanley coordinates for A.

For example, the M&bius function w is in 57, and for any m > 1 the function
A > 1y(X) is an element of 7.

W Birkhauser
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Lemma 2.7 The space S is closed under the harmonic product ® and ¢ is closed
under the shuffle product @. In fact, the spaces are conjugate, i.e., L7 = ¢ .

Proof Suppose A = r x m and p = r x s for some sequences r, m, s. Given « C A
(where we consider & and A to be multisets), there is some sequence a such that
o = a x m. Then, a x s C p. This gives a bijection between subsets of A and of p.
Moreover, if f € 7, then f(a x m) = f(a x s). Hence, by the expression in (2.1),
we conclude that .77 is closed under the harmonic product.

Next, we show that # and _# are conjugate under ¢. By the same argument as
above, if f € 2, then also fxu. Note that a,(f) = (f*u)(A), where a, (f) is
defined by Definition 2.2. Hence, if f € s or f € _Z,then a;(f) and a,(f) agree
whenever r(A) = r(p) orm(}) = m(p) respectively. The statement now follows from
the definition of ¢ using the fact that the conjugate of (r,...,rg) x (my,...,mg) is
givenby (my,my —my,...,mg—mg_1) X (r1+...+rq,...,r1). O

Remark 2.8 A more explicit definition of the space ¢ is as follows. Given A € & of
depth d, write A = r x mand for I C [d] := {1, ..., d}, let mj be the strict partition
with parts m; for i € I. Then f € _# precisely if f()) is determined by the value
of f on all strict partitions contained in A in the following way:

fo= Y oY Tr]]ei -1 fmp).

1UJ=[d] iel jeJ

2.2 Degree and limits

Recall from (1.1) and (1.2) the definition of the g-bracket, degree deg(f) and limit
7% ( £) of a function f on partitions.

Example 2.9 et us consider several examples of degree limits of interesting functions
on partitions:

(i) Let d(A) equal the number of different parts of A, i.e., d is the depth of A. As

Y dogH = (3 o™
reP reP
we have (d), = ﬁ. Hence, deg(d) = 1 and Zdeg(d) =1.
(ii) Next, consider f(A) = £(A). Then (f), = Zm>1 T qm (see, e.g., [28, Proposi-
tion 3.1.4]). Hence, for all € > 0 one has

. e . e =9 g”
lim (1= )™*(f)g = lim(1 =) ), —— 2=

m
m>1 q

Note that lim,_, (11__‘2,1‘{'" = %, so that ), - (ll__q;,ffm diverges as ¢ — 1 at
logarithmic rate (see, also, [25]). Hence, lim,_1 (1 — q)“r€ (f)q converges to 0
for € > 0 and diverges to oo for € = 0. In other words, the degree of f is 1 and

Z%8(f) = 00

) Birkhauser
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(iii) Thirdly, let f (1) be equal to the number of even parts in A minus the number of odd
parts. Thatis, f(A) = Zm (=1 rp(1). Then, (see again [28, Proposition 3.1.4])

md—q)q" (="
(1= (f)g =D (=D o T > =log(2).

m>1 m>1

Hence, in this example, the corresponding degree limit, conjecturally, is not a
multiple zeta value.
(iv) The degree may be any real number x € R. Namely, let

fo= > n” (2) =D =" (2) 8ry ()21

mem(L) m>1

Then (also by [28, Proposition 3.1.4])

(g =Y (=1)" (;) q" = (1—q)".

m=>0

(v) It may happen that deg( f) = —oo0, as is the case for the Mobius function:

(w)g = (Z q'”)fz =[]a-qm>

reP m>1

(vi) If f is such that g(zv) = (f)4 is a cusp form of weight k (with ¢ = €277 the

modular transformation g(t) = v ¥ g(— %) implies that

) ) (1 _ eZnir)k 1 . '
lim (1= ) (£)g = lim, T—kg(—;) = lim (~27i)* (), =0.

This illustrates the fact thatif ( /), is a quasimodular form of weight k, the degree
of f is k and the limit can be computed using the quasimodular transformation
(in fact, for quasimodular forms one can recover the full asymptotic expansion
as g — 1 using growth polynomials; see [14, Section 9]).

Remark 2.10 Given F = ), _,a,q" € Q[q] there are infinitely many functions
f % — Q for which (f), = F (the only condition on f is that Dp=n fO) =
> >0 am p(n —m) with p(i) the number of partitions of ;). Hence, one could define
the degree and the degree limit of F as the degree and degree limit of f for one such f.
However, in the generality of this section, one does not discover a lot of structure in the
values Z9€( F). In the next section, we see how this situation alters when one restricts
to a certain polynomial subspace of Q7.

W Birkhauser
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3 Partition analogues of multiple zeta values
3.1 Polynomial functions on partitions

The spaces of polynomials and modular forms are graded algebras with the property
that after fixing the degree, or weight and a congruence subgroup respectively, the
corresponding vector spaces are finite dimensional. Similarly, the algebra P admits a
weight filtration such that the vector subspace of elements of a fixed weight is finite
dimensional.

This weight filtration is most naturally introduced after giving an equivalent defi-
nition for IP. That is, let ® be the composition of the u-bracket (see Definition 2.2),
and the mapping W from Definition 1.1. Then, ® denotes the linear map

@ : P QLxt, o, X0, V15 Yal > Qui,ua, . ]

n>0
uniquely determined by

n

8(X1, ey Xy Y1y e v ey Vi) > Z UMy, oo My, Ly ) Uy o U

miy>...>m, >0
ety >1

(see Proposition 3.9). Now, Im® is an algebra with respect to the natural product
on Q[uy, uz, ...J, and ® becomes an algebra homomorphism if one defines a corre-
sponding product on the domain. Even more, this domain admits a weight and a depth
filtration, determined by assigning to g(x1, ..., Xu, y1, ..., ¥») weight deg g + n and
depth n. The main advantage of ® over W is that the natural product on the codomain of
® (in contrast to the natural product on the codomain of W) behaves well with respect
to the g-bracket (see Proposition 2.5). This yields the following natural definition for
the weight and depth filtration on P.

Definition 3.1 We call a function f € Q7 a polynomial function on partitions of
weight < k and depth < p if (f), = ®(g) for some g of weight < k and depth < p
(where werecall that g(xq, ..., x5, Y1, ..., Yn) has weight < deg g+n and depth < n).

Note that the vector space of polynomial functions on partitions of bounded weight
is finite dimensional. Recall, we denote the Q-vector space of all polynomial functions
on partitions by

P = (f €Q” | fisapolynomial function)g
and write for the subspace of all polynomial functions of weight < k

P :=(f €P| fisof weight <k)g.

In the next section, we provide a basis for IP (or, in fact, several), which one can
easily find because of the following two results. Note that this contrasts the situation

) Birkhauser
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for multiple zeta values, as well as for g-analogues of multiple zeta values, where so
far it has not been possible to prove that a certain generating set forms a basis.

Proposition 3.2 The linear map ® is injective.

Proof Suppose ®(g) = 0 and write g = (go, g1, -..) with g, € Q[x1, ..., X, V1,
..+ Yn]. Suppose there exists a minimal n such that g, % 0. Then, there are integers
m;>...>my, >0andry,...,r, > 1suchthat

gﬂ(mlv"'vmnvrl9"'srﬂ)#O'

Hence, the coefficient of uy,, - - - u,, in ®(g) is non-zero, contradicting our assump-
tion. O

Corollary 3.3 Let f € Q7. Then f € P precisely if there exist a po € Q and for
n > 1 polynomials p, € y1...v,Qlx1,..., X4, Y1, ..., yul with p, = 0 for all but
finitely many n, such that for any partition A we have

FO=po+Y Y palmi, o mu ), (). B

n>1my>->my>0

Moreover, the function f
(i) is of weight < k if deg(p,) < k foralln > 0.

(ii) is of depth < r if p, =0 forn > r,
(iii) uniquely determines the polynomials p,,.

Proof Here, we use that Zle r? is a polynomial which is of degree d + 1 in R and
divisible by R. For (iii) we use the previous proposition. O

Remark 3.4 The function

fO =Y mmyrm Q) (32)

m1>my>0

is a polynomial function on partitions, although xixo2y; ¢ y1y2Qlx1, x2, y1, y21.
Namely, observe that

fO)= D" gmi(mi = D)rm ).

m1>0

Observe that f is of weight < 4 and depth < 1; a fact one could not easily read of
from the expression (3.2).
More generally, one could relax the condition p, € y;---y,Qlx1, ..., X, y1,
- Yl by pn € y1Qlxy, ..., Xn, Y1, - - -, Ynl, at the cost of breaking the uniqueness
of the representation (3.1)—as we will see in Corollary 3.8—and making it harder to
read of the degree and depth.

W Birkhauser
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Remark 3.5 There exist natural extensions P(N) of P to higher levels, i.e., such that
M(N) is the subspace of P(N) for which the g-brackets are quasimodular forms of
level N and for which the corresponding limits as g tends to an Nth root of unity
are multiple polylogarithms at roots of unity (sometimes called colored multiple zeta
values). For example, the alternating multiple zeta value log 2 can be obtained in this
way: see Example 2.9(iii). More concretely, one would take

PQlxr, - xw v,y ¢ O Y =1

n>0

as the domain in the definition of ®. We do not pursue working out all details here but
instead refer to [29], where this has been worked out in a similar setting.

3.2 Bases for the space of polynomial functions on partitions

We define a basis of P, or rather different bases. These bases depend on a polynomial
sequence in the following way.

Definition 3.6 LetF = { fi};2, be apolynomial sequence (i.e., fx € Q[x]is of degree
k) such that fo = 1 and f;(0) =0fork > 1.Forr > 0,k; > 1,k2,...,k > 0 and
di,...,d, > 0, we define the map

kiy .ok
P P
f(dl,...,d,> - Q

by

ki, ...k o
Pf(dl,,,,,dﬁ):: Y TImY s tmo0)

my>--->m,>0 j=1
and by Pr(A) = 1 if r = 0. We write

ki,....k, 1,...,1
Hr(ky,..., k)= Pr 0 0 ) Jrldy,...,d;) = Pr di 4 )
PR s eee Ay

Note that P (5 %) € P, Hr(ki.....k) € PN and Jr(dy,....d,) €

5o

PN _#, where # and _# were defined in Definition 2.6.

Definition 3.7 A polynomial sequence F = { fx};2, with fo = 1 and f;(0) = O for
k > 1 is called well-normalized if the leading coefficient of f; equals % In Table 1,
we define four families of polynomials of which the last three are well-normalized.

Corollary 3.8 (of Proposition 3.2) For all polynomial sequences F, a basis for P<y is
given by the functions P}-(S' """ S'i)forallr >0,ky,....k>1,andd,,...,d, >0

Loeees ¥

such thatky + ...+ k- +di +...+d, <k.
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Table 1 Overview of different models of partition analogues

F Name Definition of f; for k > 1

m Monomial model fr(x) = xk

s Bernoulli-Seki model! fi®) — frilx = 1) = (k%mxkfl and f(0) =0
b Binomial model fr(x) = (x)

bt Shifted binomial model fi(x) = (X'H) — k.1

I The corresponding polynomials are often referred to as Faulhaber polynomials, but here we use the name
which we believe is historically more correct

3.3 Multiplication, conjugations and brackets of partition analogues

In Sect. 2.1 we introduced the u-bracket, two natural conjugation operations, and three
natural product operations on the space of all functions on partitions. We will now
explain how the space of polynomial functions on partitions behaves under these
operations.

First of all, the u-bracket of elements of P is given in Proposition 3.9 below. As a
corollary, the g-bracket of such an element can be seen as a g-analogue of multiple
zeta values as introduced in [2] and further discussed in [6]. In [6] the authors denote
by Z, the space spanned by all g-series of the form

Y ot 33

mi>-->m,>0 j= 1

for ky,...,k > 1 and polynomials ij (X) € Q[X] with deg ij < kj and
Ok, (0) = 0. There it was shown ([6, Theorem 1]) that Z; is spanned by the g-series
(3.4), whose corresponding polynomial functions on partition also span our space P
(see Example 3.10(i)). That is, (IP), equals the space of g-analogues Z,. In Sect.4.1,
we show that the (regularized) limit g — 1 of elements in Z; is always a (regularized)
multiple zeta value.

Given a polynomial f, for an integer n, denote by d f(n) = f(n) — f(n — 1) if
n > 1andlet d f(0) = f(0). Then [28, Proposition 3.1.4 and Lemma 3.5.2] yields:

Proposition 3.9 The u-bracket of P]:(zi """ 5’) is given by

,,,,,

e T

mp>--->m, >0 j=I n>0

Recall that fo = 1, so that d fo(n) = 8,,0. Moreover, for k > 1, we have f;(0) =0,
so that d f;(0) = 0.

Example 3.10 For some particular choices of F, the g-bracket of partition analogues
of multiple zeta values gives rise to several models for g-analogues of multiple zeta
values:
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(i) The Bernoulli-Seki model F = s corresponds, up to a factor, to the bi-brackets
introduced by the first author in [2]

k—l

ki ..k . .
<P‘<di,...,d,>>,,= > [n m e k=D G4

my>..>m;>0 j=1
Nlyenny nr>0

For r = 1,d; = 0 and even k; > 2 these are, up to the constant term, the

Eisenstein series Gy, = ;fll, + (Ps( )) , defined in (1.4). In the case r =

1,k1 > 1,d; > 0 and k1 + d; even, they are essentially the d-th derivative of
G —q, - For example for k > d > 0 we have

K\\  (k—d-D!( d\*
<Ps<d>)q R (q@) Gr—a - (3.5)

Together with

(), =tm G = 5

(R (), = w=mtn (50,

we see that all g-brackets of P (S) with k 4+ d even are in the ring M of quasi-

and

modular forms.
(i1) The binomial model 7 = b corresponds to the so-called Schlesinger—Zudilin
g-analogues of multiple zeta values [26, 33] given by

(Hp(k1, ... kr))g = Z l—[ = ’m,)k (ki > 1,k; > 0).

my>-->mp>0 j=I1

(iii) Shifted binomial polynomials correspond to the g-analogues of multiple zeta
values introduced by Bradley [11] and Zhao given by

mj(k-—l)
(Hyr (k1o klg = ) H —  kiz2kz .

mp>--->m,>0 j= 1

The three products on the space of all functions on partitions naturally reduce to PP.
That is, we obtain three commutative Q-algebras (P, ®), (P, ©®) and (P, ®) with a
natural involution, as stated in the following result.

Proposition 3.11 The space P of polynomial function on partitions
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(i) is closed under the conjugation t.
(ii) is closed under the harmonic, shuffle and pointwise products ®, © and ©.
(iii) has D (see Definition 2.3) as a derivation on both (P, ®) and (P, ©).
(iv) admits the algebra homomorphisms given in the following commutative diagram
of differential Q-algebras (with the derivation qf—q on Z;)

P, ®) ()q
I Nt
L 2, .
-7
P,o
Proof The first statement follows since the conjugate of (ry, ..., rg) X (my, ..., my)
is given by (my,my —my,...,mg —mg_1) X (r1 + ...+ rq, ..., r;) and therefore

the conjugate of a polynomial in Stanley coordinates is again a polynomial in Stanley
coordinates. Statement (ii) follows from Proposition 3.9 together with Corollary 3.8,
since the harmonic, as well as the pointwise product, of two u-brackets of P]:(::) can
again be expressed as a linear combination of u-brackets of P]—‘( ::). We will see this
explicitly in Proposition 4.13. Together with (i) this then also shows that the space is
closed under @. Since D is the derivation on Q[u1, uy, .. .], defined on the generators
by Du, = nu,, (iii) follows immediately by the fact that both ® and @ are defined
via the u-bracket. Finally (iv) follows from (i)—(iii) and the definition of ® by the
u-bracket after setting u, = q". O

Remark 3.12 The space M C Pis also closed under ¢ and the products ®, ©. Moreover,
since the space of quasimodular forms is closed under q%, the space M is closed
under D as well, i.e., M satisfies almost all properties of Proposition 3.11. But one can
check that M is not closed under ©. In general, it is not clear how M can be described
explicitly as a subspace of . Since it contains the kernel of the g-bracket, it might be
difficult to give an explicit description. In this note, we will give several examples of
explicit elements in M, but expect that there are many more (see, e.g., Example 5.2).
Another open question is if there are other interesting subalgebras of P, which satisfy
(some of) the properties of Proposition 3.11.

Remark 3.13 The space PP is not closed under the conjugation w. For example, for F
well-normalized @ (P].-((l)))()») = )1 equals the biggest part of the partition 1. Itis a
small computation to verify that

Ay =— Z w) Aeuy ¢ (P)y (£ =£(X)is the length of X).
re

The subspace A* of P, defined in the introduction, however, has the remarkable prop-
erty that it is closed under w but not under ¢.
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Remark 3.14 For the Bernoulli-Seki model F = s the involution ¢ is explicitly given
by

klv"'9kr) a.k ai,...,dar
! PS( = > > CyuP . (3.6
dy,...,d, P P S bi,..., b,

lal=id|Tr 1bI={k|—r

where for a, b, d, k € Z" the constant Cf’g is given by

ok |b] sjd—s! (@+j-1 kr—jp1—1 (a;j—D! () +s7 (B)+j
Coa =D l_[ ar—jt1—1 )(Sj@fs]-f@ﬂfl)W(_I)SJU S

and where for£ € Z" and j = 1, ..., r, we write

J r
s;i©=Y "t so= )
i=1

i=r—j+2

Since the g-bracket is (-invariant, (3.6) gives explicit linear relations among the g-
brackets of the Bernoulli—Seki model (3.4). This corresponds to the partition relation
in [2, Theorem 2.3]. There it was also conjectured that these families of relations
together with the stuffle product are enough to write any g-series (3.4) as a linear
combination of those with eitherd; = --- =d, =0ork; =--- =k, = 1. In our
setup here this translates to the following model independent conjecture:

Conjecture 3.15 We have
Z, =Py, =PNIt), =({PN ),

Notice that the first equation here is known as explained in the remark at the begin-
ning of Sect. 3.3 and the last equation is clear since (PN J7°) = PN _¢Z . The functions
in P N JZ are exactly those polynomial functions on partitions where the polynomi-
als in Definition 1.1 are independent of the variables x;. This conjecture was also
discussed in more detail for the Bernoulli-Seki model in [6] and [13].

3.4 Some remarks about the Méller transform

In contrast to the conjugation, products and derivation above, some natural operations
on functions on partitions do not leave the space of polynomial functions invariant.
One of the most interesting such operators is the Moller transform M : Q7 - Q7
in [14]:

Definition 3.16 Given f : & — Q, its Méller transform M f : & — Q is the
function given on a partition A of size n by
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1
MG =— 3 1Cul 6 £ (),

" uePn)
where |C, | denotes the size of the conjugacy class associated to u in the symmetric
group &, and x; () denotes value of the character of the irreducible representation
of &,, associated to A at any element in the conjugacy class associated to .
The key property of the Moller transform (which follows directly from the second

orthogonality relation for the characters of the symmetric group) is that for all f :
P — QQ one has

<Mf)q = <f>q

For the following subvectorspace of IP, the Moller transform is known to preserve the
space of polynomial functions:

Proposition 3.17 Let f € P. Then M(f) € Pif f is in the vector space generated by
the constant function 1 and

o, L)er(y)eor())

foranyk > 2 andm > 0.

Remark 3.18 As the statement of this proposition does not depend on the choice of F,
we also omit it from the notation.

Proof For all k > 1, the Moller transform MP( kll) equals the hook-length
moment T, given by

To(h) = Y hE*2,

EeY)

where Y, denotes the Young diagram of A, & a cell in this diagram and % (€) the
hook-length of this cell. Note that for even k this function lies in the space of shifted
symmetric functions defined in the introduction, as is shown in [14, Thm. 13.5]. For

all k > 2, the results of Sect.5.3 imply that MP( kil) is a polynomial function on
partitions.

Also, any polynomial in ||, that is, any polynomial in P(} with respect to © is
invariant under the Moller transform—as follows easily from the first orthogonality
relation. In fact, M(f © P( i )) = M(f)O P( }) from which the result follows. O
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Remark 3.19 For MP(é), the situation is totally different. In this case

1 -
MP(O) @)= hE™"

§ely

As the g-bracket of a function and its Moller transform agree, we would expect this
function to be of weight 1 as well, if it were a polynomial function on partitions. It

is a matter of linear algebra to check that MP(é) is not a polynomial function on
partitions of weight < 1.

In fact, the 233-dimensional vector space of polynomial functions on partitions of
weight < 6 only has a 10-dimensional subspace for which the Moller transform is again

apolynomial function on partitions—this subspace is generated by 1, P kll fork =

1 1 1 1 1 1 1 1 1
2o () or(:). () or(1). (i Yor(})or(} s r(E) o ().
Lemma3.20 For f € P<g the converse in Proposition 3.17 holds.

Note that this lemma can be proven by finding the kernel of a matrix containing at
least 2 - 233 + 1 values of all these polynomial functions as well as of their Moller
transforms, as we did in Pari/GP. Hence, it seems the converse of Proposition 3.17
holds for all f € P.

4 From partitions to multiple zeta values

4.1 Weight and degree limits of partition analogues

For functions f € P, recall Z4¢( ) and deg( f) are defined such that
(1= )" (f)g =2°(f) + 01 —q)

asymptotically for real g. We will see that the degree is a non-negative integer bounded
above by the weight of f. In this section, we prove Theorem 1.2. That is, we compute
this degree and show that Z9°2( ) is a multiple zeta value, which justifies calling the
elements of P partition analogues of multiple zeta values. From now on, we omit the
well-normalized family F from the notation and write P instead of Pr, unless the
results depend on the choice of F.

To get started we discuss two examples. First of all, we consider the degree of
derivatives of polynomial functions on partitions.

Lemma 4.1 Given f € P, we have
deg(Df) =deg f +1, Z%8(Df) =deg f - Z%¢(f).
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Proof. This follows directly from L"Hopital’s rule, as for all k£ # O one has

: .1 0 .1
lim (1= )" (f)g = lim 21 =) g7 (/g = lim £ (1 =)D )y

Da |

As another example, we consider polynomial functions on partitions of depth < 1,
corresponding to single zeta values. To calculate degree limits explicitly we define for
k > 1 the (slightly modified) Eulerian polynomials Ej by

Ex(X) -y =l

i @.1)
— )k _
(1-X) - (k—1)!

Also, write [n]y = =4 = 14 g+ - +¢"7".
Lemmad4.2 Letk > 1,d > 0. Then,

k k k—d k>d+1
deg P = max(k,d + 1), z%ep = C(d' ) Zat

d d (kT'l)!C(d—k—i—Z) k<d+1.

Proof Consider the limit ¢ — 1 of the function (1 — ¢)* Y, , Z5;n¢g™", which
is the only term contributing to the degree limit for any well-normalized family. For
a = k, this equals

an Eila™) 4.2)

k
orert [n]g
By Proposition 4.5 below the terms in the sum (4.2) are bounded by (k + Dn?=* and

therefore the sum converges absolutely if k —d > 1. As lim,_,4 Efn(]qkn) = nlk’ in that
q

case it follows that

lim (1 — ¢)* P(k> =¢(k — d).

q—1 d

Conversely, one obtains the case k —d < 1 by the same argument interchanging
the roles of k and d. Finally, in case k — d = 1, a more careful analysis as in [25],
shows the limit diverges—in accordance with the divergence of £ (1). Also, after letting
a = k + € and k — € for some € > 0, the limit converges to 0 and diverges to +00
respectively. O

Remark 4.3 Note that Lemma 4.1 and Lemma 4.2 are in agreement with the relation

DP(g) = kPu(gi1).

In the previous lemma, the proof of absolute convergence of the sum (4.2) was
postponed. Note that by applying the techniques for asymptotics of sums of the form
Zn f(nt) in [31], as was previously observed in [34, Lemma 1], one obtains the
following lemma (where the Eulerian polynomials Ej are defined by (4.1)).
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Lemma4.4 Fork,n>1

1

=—+
nk

ol -

Q, (q—17).

We will give an upper bound for the left-hand side for all ¢ € [0, 1] in the following
proposition. The special cases k = 1, 2 were obtained before in [5, Lemma 6.6(ii)].

Proposition4.5 Fork,n > 1 and q € [0, 1] we have

Ex(q") -

[n]%

k+1
nk -

Proof. By continuity, we may assume g € (0, 1). By definition, we have

Ex(q")  Ex(q"

[nk (1

Thus, it suffices to show

(Z < qd")a—q)k <
] =

We have

d>1

k+1

—  kanzlge@OD

de_lqdnz <10g )de 1/ q" du

d>1

() (5 )

1<d<u/n

) (l—q)"z(z a q"")(l—q)".
— g 22— D)

).

where interchanging the sum and integral is allowed since the sum Zdzl dk=1gdn
converges (absolutely) for g € (0, 1). For u > n, we now have

2

Z dk—]

1<d<u/n

IA

IA

k—1
— dk_l + (Z)
1<d<|u/n]—1 n

d+1 k—1
Yo [T (t)
n

1<d<|u/n]—1

u/ k—1
/ V= lay + <Z>

1 n

u k

n .

k+1
k
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We thus have
a1 k+11 1\ (™
Z 1 'qd” < L'—k<log—)/ g" u* du
- (k—1)! k! n q/ J,
k411 1\ 7% e
_ il log — / e " ukdu
k! nk q nlogl
k411 1\ 7% [
< i—,{(log—) / e " ukdu
k! n q 0
k41 1\ *
— - log —
n q
By using the bound
1 /1 u
log — = — >1-—gq,
q u
we get
k—1 _ N\k
(Z e )a-ot < () < 2
=1 ' O 8y O
Remark 4.6 The stronger bound
Er(q") 1
< — 4.3
[nls = nk @3

fails for k divisible by 4, large n and g close to 1. Namely, setting e’

that this inequality is equivalent to

= g", one finds

ﬂeidt < ;'
= k=1 (n(1 —e~t/my)k

Note, (n(1 — e~!/")) is bounded from below by ¢ and converges to f as n — 0o. As
t | 0, one would deduce from this inequality that { (1 — k) < 0, which fails if 4 | .

107 and n = 10* provides a counterexample to (4.3).

Concretely, k = 4,q = e~

To determine the degree of a polynomial function on partitions, we start with two
estimates on this degree. Together, these statements are an improvement of the state-
ment that the degree is bounded by the weight. In fact, in most cases, the degree is
strictly smaller than the weight, so that the weight limit, defined below, vanishes in
most cases.
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Definition 4.7 For f € P of weight < k which is not of weight < k — 1, the weight
limit Z(f) is given by

Z(f) = lim (1 = ) (fq.

Notice that Z is not a linear map.

Lemma 4.8 For all k and d one has

. ki,....k
(i) degP(di,wdi) < lZmax(ki,diH);

ki,....kivy,..., k ki,....ki,...,k
(ii) degP( 1 i+1 r >§ degP( 1 i r );
di,....dis1+1,...,4d, di,....di+1,...,d,
Moreover, if there is no index t such thatk; = 1 foralli <t andd; =0 foralli > t,

one has
ki,....k
zp( ! ") =o.
dy,....d;
Proof Given F € Q[q], write [¢"]F for the coefficient of ¢" in F. Forgetting the
inequalities m| > my > ... > m,, one obtains

lq"] <P(2];)>q <1lq"] (P<Zi )L (P (2)%

forall n € N, from which the first part of the statement follows using Lemma 4.2. The
second statement follows by estimating m;jj:’]'ﬂ < m?fll m; . Finally, if such a ¢ does
not exist, then the first two properties imply that the degree of the function at hand is

strictly less than the weight, so that the weight limit vanishes. O

We now prove Theorem 1.2, which determines the degree of a polynomial function
ki,....k
f —p 1 r )
di,...,d,
That is,

deg(f) = max }{Z(di +D+Y Kk } (4.4)
yeens 15/

i>j

Recall thatif r = 1, by Lemma 4.2 the degree limit diverges if k1 = d; + 1. In general,
this is the case when k, + ...+ k, = (d, + 1) + ... + (dp + 1) for some indices
a < b. If such indices do not exist, the maximum in (4.4) is unique and we show the
corresponding degree limit is a sum of multiple zeta values. For this, we first show that
multiple zeta values are also well-defined for certain indices with negative integers
(cf., [22, Theorem 3]).
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Lemma4.9 Forr > landky, ...,k € Z with Z{:] ki > jforall j > 1,

1
(et k)= Y m M

my>->mp>0" 1

is a well-defined real number. Moreover, it is an element of Z<\|.

—Kkr+1

T m;vif k. < 0 and obtain

Proof First, we estimate m; " by m
0 < é‘(Kla"-vKr) = é‘(KlaKZa"'aKr—l + Kk — 171)

if k, < 0. Iteratively (at most » — 1 times) performing this procedure by estimating
i

—K] -+l . . . .
m; 'bym;_| m; ! for the largest index i for which the exponent «/ of m; is non-
positive, we find

0 < (K. k) < Skt K2+t — 4 1,..) < 00

for some j > 1, where by the nature of this iterative process only the first entry may
be non-positive. By our assumption Z{:] ki > j, we find that the first entry is at least
equal to 2, from which we indeed conclude that ¢(kq, ..., k) is a well-defined real
number.

By iteratively using that 251:(1 m~* for k < 0is a polynomial in a and b, it is not
hard to show that ¢ (k, ..., k) € Z<|, with |«| = Zi ki . Observe, here, again we
make use of the assumption Z{:l kj > j to ensure all multiple zeta values in this
linear combination are convergent. O

Proof of Theorem 1.2 Let j = ¢t be the smallest index for which the maximum in (4.4)

is attained. Write g = P(Sl’::”;’t) and h = P(siii‘:::";{). We will show that Z4°€ g and

79¢¢ j are multiple zeta values in case j = ¢ is the unique index for which the maximum
in (4.4) is attained. In that case, we also show that Z¢ f = (zd°¢ g)(zdee p).

Since the degree limit only depends on the leading term we can choose any well-
normalized family F. Observe that if we choose the Bernoulli-Seki model we have

- Er. (g™
hg= Y. mf’(lf(—;m))ki. (4.5)

mip1>...>m>0 i
By Lemma 4.4 we get for all i

Ey (™) di—k;
—_— = m .

3 di k,’
gy = A g =
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First, assume j = ¢ is the unique index for which the maximum in (4.4) is attained.
Then, we know that for all ¢/ > ¢

t t
Y oki> ) (di+1). (4.6)

i=t+1 i=t+1

By Proposition 4.5 we find that the sum in (4.5) is absolutely bounded by a constant
(depending on the k;) times ¢ (k1 —di+1, - . ., kr —d,-). Using (4.6), this multiple zeta
value is well-defined by Lemma 4.9, so (4.5) converges absolutely. By interchanging
the sum and limit, we conclude

,
degh= Y ki and Z%h=¢(k1 —dig1, ...k —dp).
i=t+1

Hence, Z%8 /1 is a linear combination of multiple zeta values of weight < >/_ ki
In case the index j = ¢ is not unique, let € > 0. Then, as

. E. (g™

lim m® (1 — gyki+e Eld™)
g—1 " (1 — gmi)ki
if g — 1, we see that degh < Z;:t 11 k; in this case. Moreover, as

, Ey (g™ ki
lim m& (1 — gy @D _ ok g
g1 (1 —gm)ki
we conclude that also in this case we have degh = Y i, | k;.
Next, (again working with the Bernoulli-Seki model) observe that

Z md rk lqmiri

mi>..>m;>0 i
Flyee, >0

Z l_[(m; +...+m;)d"(ri/—ri/fl)k"_lqmﬁri/,

O<ri<..<r{ i

(g>q

) . ) d d
where we set r(’) = (0. Given a ‘monomial’ mll ---m,"', we have

m;r; / d l(q)
Z Hml = Z 1_[' +)d’+1

q"
O<ri<..<ry i O<ri<..<ry i
mi,....,m;>0

which is of degree ) ; (d/+1) and (in case d; > 0) with degree limit £ (d;+1, ..., d]+
1) (as follows from above). Hence, by expanding []; (m/ + ... +m})% in monomials,
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we see that

degg =) (di+ 1),
i

provided that the corresponding limit
(ri —ri—pki™! L1 1\di
L= LR ] § (e
I N I TR
O<ri<..<ry i i=1

converges, where Q : Q[rl_l, ...,rt_l] — Q[rl_l, . ..,rt_l] is the linear map-
ping (1.7), i.e.,

1 hleel
Q[ I rtlr] = Lol (; € ZZO)-

rl I

Note that (g), is bounded by a constant (only depending on the d;) times L, which
justifies interchanging the sum and limit in this computation (if L converges). We
estimate

ri—ric1<rp and —4...4+—<—

to obtain

L=< > nr,."’_ditdid,-lz(th"dl-!>~§(d,—k,,...,d1—k1).
i

O<ri<..<ry i

Note that if for some s we have that Zﬁ:s (d; — ki + 1) < 0, then the sum (4.4) is
also maximized for j = s — 1, contradicting the definition of ¢. Hence, Lemma 4.9
implies that L is a well-defined real number. Therefore, L = Z9%°€ g and Z%€ g is a
well-defined linear combination of multiple zeta values of weight < > !_,(d; + 1)
(the latter one reads of from the definition of L).

Finally, we relate the degree and limits of g and & to the degree and limits of f.
Consider the difference f — g ® h, and observe that deg(g ® h) = deg g + degh (as
(g ® h)y = (g)q(h)g; see Proposition 2.5). First, we assume again that j = ¢ is the
unique index for which the maximum in (4.4) is attained. In that case, we claim that
f —g®his of smaller degree than g ® A. It follows from this claim that the function f
has the same degree, as well as degree limit, as g ® &. Hence, in case j = t is the
unique index for which the maximum in (4.4) is attained, it suffices to prove the claim.

To prove the claim, we write this difference f — g ® & in terms of the basis elements
of P. Then, we will see it contains two types of terms. We show that all these terms
are of degree smaller than the degree (4.4) in the statement.

First of all, there are terms in f — g ® h where the column with k; and d; is on
the right of the column with k;1 and d;+1 (note that possibly some other column is
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stuffled on the columns containing these values). We apply Lemma 4.8(ii) repeatedly,
so that:

e The values d; are replaced by d} such that k; < d} +1ifj <trandk <d + 1,
and with k; > d} + 1if j > t and k1 > d; | + 1. That this is always possible
follows from the construction of 7. For the strict inequalities, we use the uniqueness
of the maximum defining 7.

e Additionally, the values d; and d; 4 arereplaced by d, — /—landd] 41T 1respectively.

Lemma 4.8(i) now implies that these terms are of lower degree.

Secondly, there are terms of depth < r, for which a certain column is given by
(k’;_]f_’gzi | a) for some @ > 0. Then, similarly, Lemma 4.8 also implies that these terms
are of lower degree.

Now, the case that j = ¢ is not the unique index for which the maximum in (4.4)

is attained remains. By a similar argument as in Lemma 4.8(i), we have
deg f < degg + degh.

Namely, for this inequality, we forget all inequalities m; > m; ifi < tand j > t.
Let j = ¢’ be the maximal index for which the maximum in (4.4) is obtained, and

write
f/=P( kl"--’kt/flv kt/’ k[’+],...,kr )
O,...,O,dl+...+dt/,dt/+1,...,dr
Now, we apply Lemma 4.8(ii) for i = 1, ..., — 1, to obtain a lower bound for the

degree of f. That is,

degf:degP(kl"”’kr> > deg f/ = Z(d +1)+ Z k;.

di,...,d, i

Here, the last equality holds as for f’ the maximum in (4.4) is uniquely attained at
Jj = t’, and we already computed the degree and corresponding limit in that case.
Hence, deg f is bounded from both sides by the value (4.4), which completes the
proof in the case that j = ¢ is not the unique index for which the maximum in (4.4) is
attained. O

Recall that by Lemma 4.8 we have

ki, ... ke
ZP =0
di,...,d,
if there is no index ¢ such that k; = 1 foralli < ¢ and d; = O for alli > ¢. By going

through the proof above for those basis elements in [P for which there does exist such
a t, we find that the weight limits of such elements do not vanish:

Corollary 4.10 For all dy,...,di—1 > 0,d; > 1, k41 > 2 and kys2, ...,k > 1,
write
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fop Lo Lk, oo ke
' \dy,....d;, 0,...,0 '

We have

t r
degf=>di+D+ Y ki=wtf

i=1 i=t+1

and
Z% f =&y, ....d) ¢k, ... k) = Zf.
4.2 Algebraic setup

We will now introduce the algebraic setup for our space P by generalizing the classical
setup introduced by Hoffman in [17] and used in [20] for the regularization of multiple
zeta values. For each model F = {fi}2, of well-normalized polynomials we will
describe the harmonic product as well as the shuffle product on the level of words
in analogy to [17]. For the Bernoulli-Seki model the algebraic setup described here
coincides with the one described in [2, Section 3]. Define the set A, also called the set

of letters, by
k
A::{[ Nkzl,dzo}.
d

We will define a product * £ on the space Q(A) of non-commuting polynomials in A
and we will call a monic monomial in Q(A) a word. This product on the space of
words will depend on a product ¢~ on the space QA of letters, which depends on F.
Recall that as F is well-normalized, the fi are polynomials of degree k with leading
coefficient % Then, for k1, kp; > 1l and 1 < j < ki 4+ kp — 1 there exist rational
numbers oz (ky, k2, j) € Q such that for alln > 1

ki+ky—1
3 0 )8 fi 1) = D fisrn )+ Y arkiikae, )OS, (4T)
ni+ny=n j=1

ni,np>1

where as before d f (n) = f(n) — f(n — 1) for integers n > 1.

Example 4.11 (i) If F = bisthe binomial model, i.e., fx(x) = (i) we have 9 fy (x) =
(x_l) for k > 1 and since

k—1
< 1 l>< 2 1) ( 1 )
nlznz . k1 1 ko — 1 ki +ky—1

ny,np>1

we obtain ap(k1, k2, j) = 0.
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(ii) For the Bernoulli-Seki model F = s we find that a(k1, k2, j) equals

_((_1)k1 <k1+k2—1—j> +(_1)k2<k1+k2—1—j)> Biyhoj
ko —j ky—j (ki +hkr— !’

(4.8)

which can be proven by using Bernoulli’s/Seki’s/Faulhaber’s formula for the sum
of powers (see, e.g., [28, Lemma 6.1.2(ii)]).

On QA we define the product ¢ £ for kj, k» > 1 and dy, d» > 0 by
ki+ky—1 .
ky kz} [kl +k2} . [ J }
o = + arky, ko, . 4.9
|:d1i|]-‘|:d2 0+ dy ; Flke Dl 4.9)

In the case 7 = b we just write ¢ = op, which is given by

el =1 1)
d do di+da]’

For each well-normalized family of polynomials F this gives a commutative non-
unital Q-algebra (QA, ¢r). We will be interested in Q-linear combinations of words
in the letters of A and we define

P =Q(A4)

In the following we will use for kq, ..., k, > 1,d, ..., d, > 0O the following notation

to write words in ‘J3:
ki,..., kr o ki k1
di,....d-| " ldi] T Ldi]’

where the product on the right is the usual non-commutative product in Q(A).

Definition 4.12 For a well-normalized family of polynomials F we define the quasi-
shuffle product xz on ‘B as the Q-bilinear product, which satisfies l x rw = w*xr1 =
w for any word w € 3 and

aw xF bv = a(w xF bv) + b(aw *r v) + (a oF b)(w * v) (4.10)

for any letters a, b € A and words w, v € .

We obtain a commutative Q-algebras (J3, *£), as shown in [17] (see also [19]). In
the case F = b we just write % = . As an example for the product (4.10) we have

|:kli| [kz} [kl, kz} [k2, k1j| [kl +k2}
| 7= + + .
d d> dy,dy da, d, di+d
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The algebra (I3, %) is graded by weight, where the weight is defined by

ki k
we( [T =k ke di 4+ dy
di.....d,

and it is filtered by depth, which is defined by

ki, ... .k
d =r.
P ([dl,...,er ’
In general the algebra (3, % r) is not graded but filtered by weight.

Proposition 4.13 For any well-normalized family of polynomials F the maps

Er: (B, xr) — P, ®)

ki, ..., kr ki,....k,
— Pr
di,...,d, dy,...,d,

(B, %) — (P, 0)
ki, ... ke ki,.... kr
—> Pn
di,...,d, di,...,d,
are algebra-isomorphisms of filtered algebras. Recall that m stands for the monomial
model (see Table 1).

Proof Assume F is a well-normalized family of polynomials. First, notice that when-
ever one has a sum of the form

Yoo [mY hmykp) 4.11)

my>--->m,>0 j=1

and

in a Q-algebra (A, x) with some function # satisfying

ki+ky—1
h(m, ki) x h(m, ka) = h(m, ki + k2) + Z ar(ki, k2, j)h(m, j), (4.12)
j=1

.....

e(w) x (v) = @(w *xx v) for all w, v € B. This can be shown by truncating the sum
over the m; by some M and then doing induction on M together with the definition
of xr (see for example [3, Lemma 2.18]). To show the first statement we consider the
u-bracket of a generator of P, which by Proposition 3.9 is given by

(N = 2 [ Sonw,) @

my>-->m,>0 j=1 n>0
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Since the harmonic product ® is defined by the u-bracket (see Definition 2.3) we
see that E r is an algebra homomorphism, as (4.13) is a sum of the form (4.11) with
h(im, k) = Zn>0 d fr(n) ul, and the property (4.12) is satisfied due to (4.7). With a
similar argument, we see that also the second map is an algebra homomorphism since

ki,....k " ,
LR EY ED S ) CNC
di,...,d,

mp>--->my>0 j=1

is a sum of the form (4.11) with h(m, k) = r, (L)X, All maps are also isomorphisms
among the elements in 3 and in P (Corollary 3.8). O

As a direct consequence of describing the product ® in terms of a quasi-shuffle
product is the following.

,,,,,

q-brackets are quasimodular forms (of mixed weight).

Proof Suppose a (Q-algebra R and an algebra homomorphism ¢ : (B3, *x) — R are
given. Using [19, (32)] (see also [3, (2.13)]) we have for a € A the following equation
in R[X]:

00 X" 0
exp (Z(—l)”]go(a”f”)7> =14+ p@Hx", (4.14)
n=1 n=1

where a® " =aor---oracQAanda" =a---a € P.

Now, let R = Q[¢] and let ¢ be the composition of the algebra homomorphism E
in Proposition 4.13 with the g-bracket, so that we obtain an algebra homomorphism
¢ : (P, *x) — Q[q] (see Proposition 3.11). We call a letter [}] € A even if k > 2,
d > 0 and k + d is even. In the case F = s one then checks using (4.8) and (4.9) that
for two even letters a, a’ € A, the product a osa’ is again a linear combination of some
even letters (the Bernoulli numbers By for k > 3 odd vanish). This inductively gives
that for an even letter a the element a®7" is also a linear combination of even letters.
Then (4.14) implies that the g-bracket of Ps(f;::::];), which is ¢(a") for a = [Z], can

be written as a polynomial in the g-brackets of PS(S;) with k' + d’ even. By (3.5)
for F* = s these are exactly given by derivatives of Eisenstein series and therefore we
obtain a quasimodular form (of mixed weight). O

Example 4.15 For example, in the case k = 2, d = 0 we get in depth two

2,2 1 , 1 17 31
P =-G5— =G4+ —Gr+ —
q

0,0/ 27272712077 T 5760
where we used Gy = —% + (PS((];)M
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The above algebraic setup can be seen as a generalization of the algebra $)! defined
in [17], as we explain now. Setting zj = [g] for k > 1 we define

H'=Q+(z oz I r = Lk ke = 1)g C R
and its subspace of admissible words
O =Q+ (... €9 | r =1,k >2)q.

The quasi-shuffie product on 3 reduces to a product on 9! and on $°. Moreover, the
product * reduces to the classical harmonic product introduced in [17]. One can then
define the following Q-linear map?

e :560 — Z
Zhy oo Ty > k1, k) 4.15)

By the definition of multiple zeta values (1.5) as nested sum one then checks that this
map is an algebra homomorphism from ($°, ) to the algebra of multiple zeta values Z.
Since H! = Y)O[zl] ([20, Proposition 1]) one can extend this algebra homomorphism
uniquely to an algebra homomorphism ¢* : (§!, %) — Z[T] which satisfies ¢*(z1) =
T and Cltﬁo = ¢.This gives the definition of (harmonic) regularized multiple zeta values
forky,..., k. > 1.

In the following we will generalize this result and the goal is to obtain an algebra
homomorphism (3, x) — Z[T]. First, we define the analogue of admissible words
in our larger space ‘P.

Definition 4.16 (i) For d > 0 set vy = [é] As an counterpart of .‘?)1 and 350 we
define

(vay -..vg, |7 =1,d1,...,d = 0)g C P

1=Q+
O=Q+(vgy...vq, €I |r=1,d > 1)g.

(SRR ]

(i) We set ‘.]31 :=3'9', which is the space spanned by all words of the form

Lo, [V Tkr, - ke @16
w = .
di,...,dy]|0 0,...,0
forsome j > 0,m,r >0,d,, > 1 (ifm > 1),and ky > 2 (if r > 1).

(iii) A word w € ‘}31 of the form (4.16) is called admissible if j = 0. The subspace
of admissible words will be denoted by

PO =39 = (weP' | wis admissible)q .

2 By abuse of notation, we use ¢ for the name of the map as well as for the name of the object. From the
context, it should always be clear if we are talking about the map or the object.
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Notice that this notion of admissibility coincides with the classical notion of admis-
sibility on the subspace 561, namely, we have YJO = ,61 N ‘)30. However, in contrast
to the classical setup, the spaces P! and %0 are not closed under * (or any *r) and
therefore they are not subalgebras of 3.

Lemma 4.17 Let N be the subspace of B spanned by all words in B\P'. Then N is
an ideal in (3, *).

Proof We need to show that for any w € 3 which is not of the form (4.16) the product
w kv isin N forany v € L. If w € P is not of the form (4.16) then w either contains
a letter [5] or it contains a letter [16] which is on the left of a letter [[11] with k > 2
and d > 1 in both cases. In the first case, the product of w with any element v will
be a sum of words which also contain either a letter [Z] ora [S] ¢ b with some other
letter b of v. Since ¢ is the component-wise addition we see that each word therefore
also contains a letter with top entry > 2 and bottom entry > 1. In the second case, all

words either also have a letter [g] which is on the left of a letter 5], or a letter [’5] ob

on the left of a letter [01[] & ¢, where b, ¢ are letters of v, etc. In all cases, the words are

not of the form (4.16) and are therefore elements in 1. O
As a generalization of f_)l = ﬁo[zl ], we will now show that any element in ‘Bl can

be written as a polynomial with respect to the quasi-shuffle product * with coefficients
in 9° up to elements in the ideal M. We write

o] =la] - [i]

J

Proposition 4.18 For any word w € ‘]31 of length r there exist unique w; € ‘]30 such
that

r l *]
w = jX(:)wj * [0] mod M. (4.17)

Moreover, if wt(w) = k then the w; are linear combinations of words of weight k — j.

Proof A word in w € P! can be written as

1j . ~0 0
w:uo v (j=0,ueg,veHn).

Write u = [dlll}m] and v = [k(‘) """ /6’] with d,; > 0 and k; > 1. By definition of the

,,,,,,,,,,

i—1
quasi-shuffle product * for j > 1 we have that u[}]’” v * [}] equals
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m—1 i—1
. ,....,11][1 1,...,1 171/
]w+§[dl,...,d,}[O}[d,-H,...,dm}[O} 0
r i—1
V7 Tky, o kT Tkt - ke
+§”[0] [o,...,o][o}[ 0,...,0 }

’"[ ..., 1 }(H [1])[ ..., 1 ]HH
+ O v
i—1 d]v"-a i—1 O dl di+17-"7dm 0

1

SO

£ H I e [ 1 )

i=

Here every displayed term, except for jw, is either an element in 91 or is of the

form u’[(l)]] v/, where ' € 3% and v’ € $° and j/ < j — 1. By induction on j we

therefore see that w can be written as in (4.17).

. *j
For the uniqueness assume that 3_;_qw; * [}]” = 0 mod 9 for some w; €

‘,130. Then the term w, * [(1)] " is the only summand which contains classes of the
form (4.16) with j = r. Since there are no relations among elements in 3! modulo
2N we immediately obtain w, = 0 and therefore w; = Oforall j =1,...,r. O

Example 4.19 For k > 2,d > 1 we have

1,1,k 1,k 1 1,k, 1 1,1,k 1,k+1 2,k
= *k — — —_ J— .

d,0,0 d,0 0 d,0,0 0,d,0 d,0 d,0
S—— S———

wi wo eMn

Here wo, w1 € ‘]30 and the last term is in 9 due to the 2 in the top left entry.
We end this subsection by defining an analogue of the involution ¢ on the space 3.
Since Proposition 4.13 gives as for any well-normalized family of polynomials 7 an

isomorphism Er : (B, xr) — (P, ®) we give the following definition.

Definition 4.20 For any well-normalized family of polynomials F we define the linear
map ¢ by

tr:B— P

wr— (EF oto Ex)(w).

When we choose the Bernoulli-Seki model F = s, then the involution ¢g can be
described nicely using generating series. That is, given a depth r > 1 we write 2 for
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the formal power series in B[ X1, Y1, ..., X, ¥,] given by

di d,
X1,..., X, kiy.oooske | k21 k1 Y, Y,r
Yi,...., Y, k 1y .--ylr 1: re

Proposition 4.21 We have
X, ..., X, YN+ 4+Y,....01+ 1,1
s | A =2 ,
Ylv"'5Yr XF9X7'71_XV""7X1_X2
where the involution is on the left is applied coefficient-wise.

Proof This can be proven by using the same change of variables as it was done in [2,
Theorem 2.3] by replacing the g-series there with the u-bracket of Ps and then using
the explicit description of ¢ mentioned in the proof of Lemma 2.7. O

4.3 Bi-multiple zeta values

We now combine the results of Sect.4.1 and 4.2 to define a bi-variant of multiple zeta
values. These can be seen as regularized limits of polynomial functions on partitions,
since they are defined for arbitrary words w € ‘3.

Definition 4.22 We define the linear map

P — Z[T]
_[kl,...,k,]'_) ) = <k1,...,k,>
YSla. . d cw) =8

(i) For w € 9 we set ¢(w) = 0.
(i) For w € PB° we write w = [, kl’:::’l(‘)’ ] and set

as follows:

..., k1, oo ke
=&, ...,q ki,.... k),
g(dl,...,dm,O,...,O ) 5(1 m){(l )

where k1 > 2, d,, > 1 and where £ is the conjugated multiple zeta value defined
in Definition 1.3. i
(iii) Forw =3 _qw; * [(1)] ! with w; € P we set

tw) =Y ¢w,) T/,
j=0

Notice that due to Proposition 4.18 and part (i) the value ¢ (w) in (iii) is well-defined.
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Theorem 4.23 For any well-normalized family of polynomials F the map
¢ (P,ox) — Z[T]

is an (r-invariant algebra homomorphism.

Proof First, we show that ¢ is an algebra homomorphism. Since 91 is an ideal
(Lemma 4.17) and ¢(w) = 0 for w € N, we can restrict to the case when w ¢ N,
i.e., w € P'. Moreover, we can restrict to the elements in §3° due to the definition in
(iii). If w € P° we can assume that we can write w = [d ,,,,, »1 dkl’o"" o] with dy, > 1 (or
m = 0) and k; > 2 (or r = 0). Then we have by Corollary 4.10 that

L ..., kt,..., kr

Zdeg P
{w) = <mw”@ﬁwwo

>=zamy (4.19)

where the weight limit Z is introduced in Definition 4.7. Now for k > 1 and f € P
set

Zi(f) = lim (@ =) (f)q

i.e., if k is the weight of f then Z;(f) is exactly the weight limit of f.

Let wy, wy € ‘BO be given and write k1 = wt(w), ko = wt(wz) and k = kj + k».
Then, we have by Proposition 4.13 that Es(w %5 w2) = Eg(wi) ® Es(wy) and
Ep(wy * wy) = Ep(wy) ® Ep(wy). Comparing the definition of x = %, and g, we
see that they are the same up to lower weight terms. In particular, their image under
Z is the same. Moreover, since Zj is defined via the g-bracket, which is an algebra
homomorphism with respect to ® (Proposition 3.11), we get

C(w1)E(w2) = Zy, Es(w) Zi, Bs(w2) = Zi (Es(wr) ® Eg(w2))
= Zy (Es(wy x5 w2)) = Zg (Es(wy * wy)) .

But this also equals ¢ (w1 * wy), since w * wy is a linear combination of words which
are either in ‘,BO (i.e., they can be written as in (4.19)) or which are in 91. For the latter,
the weight limit, and therefore the image under Zj, vanishes as seen in Lemma 4.8.

It remains to show that ¢ is ¢ r-invariant for any well-normalized family of poly-
nomials F. Let w = 3_w; [}]7 with w; € B and define the w; € B by
wrw) =37 bj#[3]”. Weneed to show that ¢ () = ¢ (i) forall j =0, ...,
Since the g-bracket is ¢ invariant we have (Ex(w))y = (Ex(tr(w)))q, €., we get,
up to g-series which vanish under the weight limit (elements in (¢ #(91))4), that

r 1 j r 1 j
Z(E;(w,-»q(Ef[OD = Z<Ef<wj)>q<sf[o]> :

Jj=0 4q j=0 q

W Birkhauser



Partitions, multiple zeta values and the g-bracket Page 37 of 46 3

For any well-normalized family of polynomials F we have

(= lo]) - 27
0 q n>01_qn

o ad o _log(l—gq) = ) 1
Since’ Y, 127 =~ (see[25Dand (Ex(w)))q =< ) (by Sect.4.1)

as ¢ — 1, we see that for j > 0 the weight limits of (Ex(w;)), and (Ex(w;)), are
equal. By the discussion above applying ¢ to words in ‘}30 exactly yields the weight
limits, which are also independent of the choice of (well-normalized) F, from which
we deduce {(w;) = ¢(w;) forall j =1,...,r. O

5 Induced relations among multiple zeta values

Here we interpret and provide relations among multiple zeta values using our partition
analogues.

5.1 Double shuffle relations

In this section, we want to explain why the relations (f © g — f ® g), = 0 for any
f,g € @‘@ (see Proposition 2.5) can be seen as an analogue of the double shuffle
relations for multiple zeta values. For this, we first try to indicate why the product ©
can be seen as the correct analogue of the shuffle product of multiple zeta values. We
first recall the classical shuffle product. Setting $ = Q(x, y) the spaces $' and §°
from the previous section can be identified with the subspaces Q + $Hy and Q + xHy
of $ viaz; = xk=1 y. On these spaces, one can then define the shuffle product as the
Q-bilinear product, which satisfies 1 L w = w LW 1 = w for any word w € $) and

ajw Waywy = ap(wy Waxwy) + az(aywy LW wy)

for any letters a;, a» € {x, y} and words wy, wy € $). The spaces 5’)1 and 5’)0 are closed
under this product and a classical result is (see [3, Corollary 2.10]) that the Q-linear
map ¢ : $° — Z defined in (4.15) is also an algebra homomorphism with respect
to the shuffle product L. For w, v € 5’)0 this then implies the (finite) double shuffle
relations ¢(w W v — w *xv) = 0.

By the definition of ® together with Proposition 4.13 and Theorem 4.23, it becomes
clear why ® can be seen as the analogue of the stuffle product. On the other hand, the
definition of © in Definition 2.3 as F © G = (t(«(F) ® ((G)) is completely different to
the definition of L above and it is not obvious why this is the correct analogue. This
was recently shown by Brindle in [12], in a slightly different context, by showing that
the involution ¢ (which is called the partition relation) corresponds to a certain duality
introduced by Singer in [27]. With this one can then show (see [12, Theorem 3.46])

3 Here f(q) =< g(g) means there exist constants c1, ¢3 with c1|g(q)| < |f(g)| < c2]g(g)] asq¢ — 1.
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that the product defined by combining this duality with the stuffle product indeed gives
the correct analogue of the shuffle product.

In [4] it will be shown that one not only gets the finite double shuffle relations,
but also the extended double shuffle relations, i.e., conjecturally all relations among
multiple zeta values.

We will leave out the details here and just indicate this with two examples.

Example 5.1 The harmonic product of z; and z3 is given by z *z3 = 2223 + 2322 + 23,
ie.,(2)¢(3) = ¢(2,3)+£(3, 2)+£(5). The harmonic product & of Py ((2)) and P, (3)
is given by

r(2)er(D)=r(22) s (>2)+n (> La(?
*\o *\o) " "*\o,0 *\0,0 *\o 12°°\0/)"

which gives exactly the harmonic product among multiple zeta values after applying
the weight 5 limit (defined by Definition 4.7), since the last term vanishes. The shuffle
product of zo and z3 is given by zo LLizz = xyLUxxy = xyxxy+3xxyxy+06xxxyy =
2223 + 32322 + 6z4z1. In particular, this implies the following shuffle relation for
multiple zeta values

£(2)53) =¢(2,3) +35(3,2) + 654, 1). (.1

The shuffle product © of P (S) and P (8) is given by

() () G) () () (1)
=3 (+ (1) () 2 6) ()
“r(Ga) oo eon (i) +on(0)2n(3)

From the results in Sect.4 we see that this exactly implies the shuffle product (5.1)
by taking the weight 5 limit (observe that the weight 5 limit of Py(}) and of Py(g)
vanish).

Example 5.2 Recall Z9°¢( f) is a rational multiple of an even power of 7 for f € M.
Therefore, having diagram (1.6) in mind, given a linear combination of multiple zeta
values which is a rational multiple of 7%, one might ask if there exists a ‘natural lift’
to a polynomial function in P whose g-bracket is quasimodular. One such family is

given by a special case of Proposition 4.14, since Ps(z'?)’::’(z)m) is quasimodular for
m > 1 with limit Q2m, ---,2m) = ¢({2m}") € Qr?™". Another famous family

of multiple zeta values which evaluates to a rational multiple of 7% are given by the
3-1-formula, which states that for any n > 1 we have

27[411

¢(3,1,...,3, ) =¢({3, 1} )=m'
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The proof of this fact was first conjectured by Zagier, then proven in [9], and later
reduced to the following argument [10] using the shuffle product. One can show that
one has the following identity in the algebra (£°, LL)

n
Y=g wh =4 )" (5.2)
j=—n
The statement then follows after using ¢(2,...,2) = (22—1”1)' We can consider the

left-hand side of this expression in our setup and get, by using again Proposition 4.14,
that for any n > 1 the g-bracket of

n—j n+j
n ——— e e,
rm= 3 e Don(> ) cm
= o,....0/ = "\o.....0

is quasimodular. Similar to (5.2) this sum evaluates to 4" P (3(1)3 ]) plus some extra

terms with vanishing weight 4n limit. For example, we have

T(1) =4P 31 +2P, 3 2P, 3
= S 0’ 0 S 1 S 0 s
T(2) =16P 31,31 + 8P, 33,1
—°\0,0,0,0 "\1,0,0
3,3,1 3,3,1
— 8P, — 8P,
S<0,1,0> s(o,o,o)Jr
3,1,3 3,1,3 3,3 3,3
8P, — 8P, — 4P, 4P,
+ S<1,0, 1) S<1,0,0> S(o,z)Jr 5(1,1>Jr
3,3 3,3
— 4P, 4P, .
(o) ++2(5)
5.2 Bloch-Okounkov relations
The exponential isomorphism, introduced in [18] (see also [19]), maps any quasi-
shuffle algebra to a shuffle algebra on the same words. We give an analogous definition
of an exponential map on our space of polynomial functions on partitions. It turns out

that the corresponding basis is convenient for expressing shifted symmetric functions
as elements of P (see, also, [1]).

Definition 5.3 Given m € Z", let Aut(m) = njeZ rj(m)! with r;(m) the number of
indices i with m; = j. This allows us to define exp : P — P by

k17-~'7kr 1 il d;
P A= _— ! (D).
exp f(dl, ey dr ’ ) Z Aut(m) ]l:[l m] fk_l (rm_l( ))

m1=>-->m,;>0
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Recall the Bernoulli polynomial By (k > 0) is the unique polynomial such that

x+1
/ Bi(u) du = xk.
X

Then, By is of degree k with as constant term By (0) = By the k-th Bernoulli number.

Proposition 5.4 For all k > 2 we have

1 k=2 i i 1
) Dt Bi(d) Lol

P e M,
+§j§(k—i—l)! P o, 0 k—1—i

where Qy is a shifted symmetric function defined in (1.3).

Proof Given m > 0, abbreviate »_ P (M) by e If Aj = m, thenr-,, <i <

r-m—1, hence

m’'>m

Py = (s =i+ b = i+ 1)
i>1

00 rm(A)

= Z Z((m_r>m_j+%)k_(_r>m_j+%)k)-
m=1 j=I

Therefore, letting

Tm(A)
tm, 1) =Y (rom+Jj— 3",
j=1
one finds
oo k—1 _ _
) =) () =D 4 m, ).
m=1i=0

Expanding 7, (m, 1) we have

rm(A) b
t(m, 1) =) Z( )(r>m>’<j - H

j=11=0

By computing the generating series ), - Z?:l (-3 one finds that

m"
n m
. 1 (m+1 .
dGi-pr= o Z(—l)f( ; )B,-(%)n’”“ 7,
Jj=1 j=0
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so that
b b-l
1 b—1+1 .
im0 =25 () gy 0 ()i
=0 j=0 J
b b—-I
b! .
=y (1) B;(Y)
S b~ T+ 1= ! 2

( Z rml()‘)""mz(l))rm(k)b"“—j.
MYy m;>m

Writem = (my,... ,m;,_j_H). Then,
b b— l
Foy ) =+ Py (L)
ZOEESWH ML) BEED VI s
= OJ_O mi>..>m;>m —
M4 1=...=Mp— j41=m
b
b! . rml()\)"'rmb,qu()‘f)

=) —(-1/B;{ ! , (53
_Zj!< ) Bj(%) > . At (5.3)
=0 my>..2mp_j11=m

where we recall Aut(m) = [] jez i (m)!. Hence,

i Bi(dH) ..., 1
i+ J\2 ’ ’
pr(h) = ZZ( 1) j(k 517t expr(O’___’()’k_i)

i=0 j=0 ——

By definition Qy (L) = B + £&=1 ()‘), which finishes the proof. 0O
y k=D p

Corollary 5.5 We have

1l n
Zz(k( )l)' (o, Ok—l—z)z —exp | ¢ )M —1

k>2 i=0 n>2

—ZD Dietk—i 1, Dt

k>2i=0

Proof The first equality follows directly from Proposition 5.4 by taking the weight
limit. Note that for all f € P we have Zexp f = Zf. Moreover, for computing the
weight limit of Q; we make use of the Bloch—Okounkov theorem, which expresses
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the generating series of the Qy as a certain Jacobi form [8, Theorem 6.1], i.e.,

1
D {0k = = %G9 =;exp< > Gila) —)

k>0 k>2
k even

Recall that the Eisenstein series in this work are normalized such that the weight limit
of G equals ¢ (k).

For the second equality, we combine Proposition 5.4 with the explicit formula for ¢
in Remark 3.14 to find that

1 k=2 i + .
D" B;(3) 1) ’B() k—i,1,...,1
(Qk) = +E E xpPS( 0.0 o )
par e ,0,...,
i~

Then, similarly, the second equality follows by taking the weight limit. O

Remark 5.6 (i) The second equality in the above formula is a special case of the
Ohno—Zagier relations [24, Theorem 1] after setting s = 1 and x = —y, which
goes back to unpublished results of Zagier from 1995.

(i) By calculating the g-bracket (instead of the weight limit) of both sides of the
equality in Proposition 5.4 one obtains Ohno—Zagier relations for g-analogues of
multiple zeta values. These might give special cases of the relations proven in [23].

The relation in the corollary above follows from exploiting the facts that (Qy)4 is a
quasimodular form, as well as that Qy is a polynomial function on partitions. The same
holds for any shifted symmetric function, i.e., any polynomial in the generators Qy.
We illustrate this by considering Q4 Q3:

Example 5.7 Recall that by computing the weight limit of Q3 and Q4, cf. Corollary 5.5,
we obtain £(3) —¢(2,1) =0and ¢(4) — ¢ (3, 1) + ¢(2, 1, 1) = O respectively. If we
proceed in the same way computing the weight limit of O304, we find (the trivial
statement) that the shuffle product of ¢(3) — ¢(2, 1) and ¢(4) — ¢(3, 1) +¢(2, 1, 1)
vanishes as well. We can, however, do more.

Instead, consider

0403 — 04 ® Q3.

The g-bracket of this function vanishes, as can be seen from the fact that Q3(A) =
—w(Q3)(A). The degree is equal to 6, whereas the weight is 7. Computing the degree-6
limit we obtain

—10¢(5) +¢(2,3) +3¢(3,2) + 16¢(4, D)+
—16¢(33,1,1) = 3¢(2,2,1) —¢(2,1,2) + 10¢(2,1,1, 1) = 0,

a formula which easily follows from the duality relations for multiple zeta values.
Hence, we see that not only the weight limits but also the degree limits of polynomial
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functions on partitions give rise to interesting (families of) relations between multiple
zeta values.

5.3 Zagier’s arm-leg moments

In [30, Theorem 8] it is shown that for any even polynomial g € Q[x, y] the g-bracket
of the function A, : & — Q defined by

Agh) =) ga(®), b&)) (54)

§el)

has a quasimodular g-bracket. Here the sum is over all cells & of the Young diagram
of A and a(&) = a(&) + 3, b(§) = b(§) + 3, where a(§) and b(&) denote the arm-
and leg-lengths of the cell &.

We now show that, in fact, A, € M, and that by computing its weight limits we
obtain the sum formula for multiple zeta values.

Theorem 5.8 For all polynomials g € Q[x, y], we have Ay € M and the weight of A,

a
alb!

b
is < deg g + 2. For g(x,y) = L+ the difference

a

4 | 1.1

A _ _] a—t - P 20 55

¢ Z( T B F(i,O,...,O,a—i+1> (5-5)
i=0 ——

b—1
is of weight < deg g + 1. Here, exp : P — P is defined in Definition 5.3.
Proof Suppose & = (x,y) € Y;. Then, we writem = Ay and j = 1 —x +rspn(R),

where we denote r>¢(A) = Ze’zl ree(A). Note that 1 < j < r,(A). We can
rewrite (5.4) as

rm ()
A= Y Y glm—y+5r=y0) —rem) +j — 1)
m>y>1 j=1

In particular, we see that for any polynomial g we have A4, € P.
Analogous to (5.3), for » > 0 we have

rm (L)
D sy W) = rem) 4 — 3P
j=1
b
b! : rml()‘-)"'rmb,'+1()‘-)
= Z(=1/'B;L i
ng VB | > At
=0 Mm=mi=>..2mp_j41>y
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Hence, in the special case g(x, y) = :, o7 we get

b .
(_l)] arm BN T
Ag=>" 3 o Bj(H)(mi —y+ %) —lAut(n_f)’“

J=0my>..=mp_j1>y>1

b .
(=1 oo .
= E E —7 Bi () Gat1(my) = Saq1(my —mp—j41))
J=0mi>..2mp_j 121 aJ:

Ty VYmp_jq
I b 5.6
Aut(m) 60

where §,41(n) = Y1 1(i - l)a. As S,441(n) is a polynomial in n of degree a + 1 and

with leading coefficient ——, we have that

T

~ ~ 1 a+1 azlaz
sa+1(u>—sa+1(u—v>=a+1§( , )( 1) N )

where the ommited terms are of total degree at most a. Substituting (5.7) in (5.6) for
u = mp and v = my, gives the desired result. O

Corollary 5.9 (Sum formula) For all a, b > 0, we have

a —1)a—i
ZLE(Z 0,a—i+1)=t(a+b+2)
N !z—‘

ila+1—10)
= ! b1
= Yoo gl k). (5.8)
ki .4k g1 =a+b+2
k1>2,ki>1

Proof We compute the weight limit of (5.5). By [30, p. 367] we have

oo n—1 q"
. 1 . 1
(g =2 D slitpn—i-Di_5
n=1i=0

for all g € Q[x, y]. Now let g(x, y) =

. . 1
D oglitrn—i—%) = mna+b+l +0@0“*),

we find Z(Ag) = ¢(a + b + 2), which proves the first equality.
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The second equality follows by applying the involution ¢. Namely, the left hand
side of (5.8) is the coefficient of X?*! in

0,0,...,0 0,0,...,0,0
A - A ,
(20 o)~ enToow)
where 2 is defined by (4.18). By Proposition 4.21, together with Theorem 4.23 by
which we know that ¢ is (s-invariant, this equals

gl B -2 .
0,0,...,0 0,...,0
The coefficients of X“*! in the latter expression is the sum over all admissible multiple
zeta values in weight a + b + 2. O
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