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We provide a solution to the v-representability problem for a non-relativistic quantum many-particle system on a ring
domain in terms of Sobolev spaces and their duals. Any one-particle density that is square-integrable, has a square-
integrable weak derivative, and is gapped away from zero can be realized from the solution of a many-particle Schrödinger
equation, with or without interactions, by choosing a corresponding external potential. This potential can contain a
distributional contribution but still gives rise to a self-adjoint Hamiltonian. Importantly, this allows for a well-defined
Kohn–Sham procedure but, on the other hand, invalidates the usual proof of the Hohenberg–Kohn theorem.
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I. INTRODUCTION

The origin of the v-representability problem can be found in the seminal work of Hohenberg and Kohn [1, Footnote 12] that
established the field of density-functional theory (DFT). Therein, the universal density functional is only defined for densities
with the property of v-representability. The term “v-representability” itself, according to Levy [2], is due to E. G. Larson at the
Boulder Theoretical Chemistry Conference, June 1975. The same paper also presents the constrained-search approach as a way to
extend the domain of the universal functional to all N -representable densities (those that come from N -particle wave functions).
It was later realized by Levy [3] and Lieb [4] that there exist densities that belong to a ground-state ensemble of at least 3-fold
degeneracy, but not to any pure ground state. Also, it was found by Englisch and Englisch [5] that even this more general ensemble
v-representability is not enough to generate all possible densities. Since it is also imaginable that Hamiltonians with and without
interactions yield entirely different ground-state densities, we arrive at the following types of v-representability.

non-interacting pure-state v-representability non-interacting ensemble v-representability
interacting pure-state v-representability interacting ensemble v-representability
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This distinction is indeed important when it comes to the widely-applied method of Kohn and Sham [6]. The Kohn–Sham
approach, where a non-interacting auxiliary system is employed to determine the density of an interacting physical system, re-
lies on the assumption that the density is simultaneously interacting and non-interacting v-representable. And so the original
v-representability problem is not solved just by the definition of constrained-search density functionals. Accordingly, the v-
representability problem is one of the major open problems in the mathematical formulation of density-functional theory [7; 8].
A special focus was given to the issue of v-representability also by Mathieu Lewin in Teale et al. [9, 4.5.2].

In this work, we will always consider the ensemble case and at the same time allow for a whole class of different interaction
operators W in the Hamiltonian. Since this class includes W = 0, the difference between interacting and non-interacting v-
representability will not be relevant in our treatment and the presented solution applies simultaneously to both cases. The same
general approach was followed in Chayes et al. [10], where v-representability for all fermionic densities 0 < ρ(x) < 1 on
an (infinite) lattice was demonstrated. A simplification of the proof for finite lattices can be found in Penz and van Leeuwen
[11]. Lammert [12] was able to provide v-representability for a coarse-grained formulation of DFT, and he also provided crucial
insights into the continuum case [13]. This work demonstrated that the universal density functional, as formalized in Lieb [4], is
not functionally differentiable. Since functional differentiability would imply v-representability, the counter-examples provided
by Lammert [13] highlight mathematical obstacles that have to be overcome in order to guarantee that a density is indeed v-
representable. In order to guarantee functional differentiability of a density ρ(x) > 0, he suggested to work with the Sobolev
space H2 for densities instead of the Lebesgue spaces employed by Lieb [4]. Sobolev spaces will play a crucial role in this work.

Apart from this paper, notable progress has been achieved by Aryasetiawan and Stott [14 15] and Aryasetiawan [16], where
v-representability is studied for a non-interacting system on a one-dimensional bounded interval with zero boundary conditions.
In this setting, v-representability can be achieved for any density that is strictly positive except at the boundary and has a finite
derivative everywhere. A key ingredient is the transformation of the decoupled N -particle Schrödinger equation into (N − 1)
coupled and non-linear differential equations that depend on the given density ρ instead of the external potential v. While the
issue of making sure that a solution also gives back ρ as a ground-state density that appears in higher dimensions has been tackled
in subsequent work by Chen and Stott [17 18 19], the issue of solvability of the coupled non-linear differential equations was left
open. A recent work of Garrigue [20] approaches the issue of v-representability as an inverse problem with discretized potential
space and also discusses the possibility of excited states. Nevertheless, the original v-representability problem, especially in
the case of interacting particles, must be still marked as basically unsolved. But before we move any further, we will give our
formulation of the problem.

v-representability problem: Find an explicit set of densities, preferably as large as possible, within theN -representable densities
such that each element ρ from this set is the density of an (ensemble) ground state of a self-adjoint Hamiltonian H = H0 + V =
− 1

2∆+W + V . While H0, the kinetic and interaction contribution, is considered fixed, the external potential V will depend on
the chosen ρ.

From the above statement it follows that we also need to investigate for a chosen set of densities the corresponding set of one-
body potentials v and whether these potentials allow the definition of corresponding self-adjoint Hamiltonians. Crucial insights in
this regard can be obtained from an example presented in Englisch and Englisch [5], which later has been discussed in more detail
in Chayes et al. [10]. We will here quote some passages from the latter reference since their discussion already points towards the
set of potentials that we will consider in this work. The example consists of the density

ρ(x) = (a+ b|x|α+1/2)2 (1)

with a > b > 0, 1/2 > α > 0, that is defined locally around x = 0, so it could be on the real line as well as on the one-dimensional
torus. Now for a single particle with a ground-state wave function assumed to be real and having Ψ > 0 (this is justified by a
result in Lieb and Loss [21, Th. 11.8]), we can take ρ =

√
Ψ. From the single-particle Schrödinger equation it then follows

v = (∆
√
ρ)/(2

√
ρ), so we have immediate access to the representing potential. But it appears that

∆
√
ρ(x) = b

(
α+

1

2

)
|x|α−1/2δ(x) + b

(
α2 − 1

4

)
|x|α−3/2, (2)

so the resulting potential is actually distribution-valued. Chayes et al. [10, p. 514f] write: “This ρ is not the ground state of any
Hamiltonian −∆+ v, having a real-valued potential, although it may be the ground state of a Hamiltonian with a distributional
potential.” And further that the potential-density mapping “may map very singular potentials into very smooth densities.” They
suggest that the problem might be solved by including generalized potentials, but that then “much of HK [Hohenberg–Kohn]
theory [...] may break down.”

We will take this example and their insights as the starting point here, indeed showing that by including such generalized
potentials the v-representability problem can be solved. But quite contrary to their statement we would argue that only with this
result, DFT has a real theoretical foundation. The example and our results below demonstrate that perfectly reasonable densities
can only be realized with distributional potentials. What parts of the theory must then eventually be changed will be discussed in
the conclusions (Section VII). With this, we formulate the main result of this work.
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Theorem 1. Define the following set of v-representable densities on the one-dimensional torus T and the dual space of (distri-
butional) one-body potentials,

X>0 = {ρ ∈ L2(T) | ∇ρ ∈ L2(T), ∫ ρ = N, ∀x ∈ T : ρ(x) > 0} (3)
X ∗ = {[v] = {v + c | c ∈ R} | v = f +∇g with f, g ∈ L2(T)}. (4)

Then for every ρ ∈ X>0 there is an equivalence class [v] ∈ X ∗ with corresponding potential V =
∑N

j=1 v(xj) acting on wave
functions, such that ρ is the density of an (ensemble) ground state of the self-adjoint Hamiltonian H = H0+V = − 1

2∆+W +V .

The interaction part W is allowed to remain very general, it only needs to fulfil a property discussed in Corollary 5. Further
details about the definitions in Theorem 1 will be given throughout the following sections. These discuss the basic setting of the
N -particle Schrödinger problem on the one-dimensional torus in terms of quadratic forms (Section II), the considered spaces for
densities and potentials (Section III), the convex formulation of DFT in the given setting (Section IV), how representing potentials
follow from a statement about subdifferentials (Section V), and the KLMN theorem for the generalised potentials (Section VI).
Finally, the proof of the main theorem above is given in the concluding Section VII, building on all of the previous sections. The
same section also discusses implications of our findings and future research directions. Appendix A shows the critical property
of ‘kinetic boundedness’ (Definition 4) for different classes of interactions.

II. ONE-DIMENSIONAL TORUS SETTING

Our spatial domain is the one-dimensional torus T, i.e., without loss of generality we take the interval [0, 1] where the points
0 and 1 are identified and we can recover any other one-dimensional periodic domain by a simple re-scaling. The reason to call
it ‘one-dimensional torus’ and not simply ‘ring’ or ‘circle’ is that this way we stay closer to the usual periodic setting in d > 1
dimensions employed for extended solid-state systems. On it we consider a fixed number of N spin- 12 particles. The Hilbert space
is then the N -fold tensor product of the spaces L2(T)⊗ C2 where only anti-symmetric wave functions are considered,

H =
(
L2(T)⊗ C2

)∧N
. (5)

In what follows, we use the notations ∇j and ∆j for the first and second order (weak) derivatives w.r.t. xj , even though the
coordinate is one-dimensional. For any wave function Ψ ∈ H we define the one-particle density on T,

ρΨ(x) = N
∑

σ1,...,σN

∫
|Ψ(xσ1, x2σ2, . . . , xNσN )|2dx2 · · · dxN . (6)

Here, the sum over σ1, . . . , σN sums over all spin components, while all spatial particle coordinates except for one is integrated
out as well. This density will be our main object of interest. Note that a Ψ ∈ H yields a ρΨ ∈ L1(T) like this, which does not
allow for a point-wise evaluation ρΨ(x). This already points to the beneficial use of Sobolev spaces and indeed a density will
later not only be pointwise well-defined but is even always a continuous function.

The Hamiltonian of the system is

H = H0 + V = −1

2
∆ +W + V = −1

2

N∑
j=1

∆j +W + V, (7)

with the external potential V =
∑

j v(xj) being defined from a one-body potential v and the interaction operator W left as a
general operator. This setting will soon be generalized. The expectation value of V with respect to a wave function Ψ is then
given entirely in terms of the density as

⟨Ψ, VΨ⟩ = N⟨Ψ, vΨ⟩ = ⟨v, ρΨ⟩. (8)

Here, the first two angle brackets describe the inner product in H while the last one is the dual pairing between a density and a
potential. Instead of linear operators we will consider the more general case of quadratic forms V (Φ,Ψ) and W (Φ,Ψ), usually
still written as ⟨Φ, VΨ⟩ and ⟨Φ,WΨ⟩.

Definition 2 (Reed and Simon [22, Sec. VIII.6]). A quadratic form is a map A : Q(A) × Q(A) → C, where Q(A) is a dense
subspace of H called the form domain. It is such that A(Φ,Ψ) is linear in the second argument and conjugate linear in the first.
If A(Φ,Ψ) = A(Ψ,Φ) it is called symmetric and if for all Ψ ∈ Q(A) it holds A(Ψ,Ψ) ≥ 0 then it is positive.

A self-adjoint or symmetric operator defines a symmetric quadratic form byA(Φ,Ψ) = ⟨Φ, AΨ⟩ and equally a positive operator
defines a positive quadratic form. This makes it possible to take a distribution-valued v as an external one-body potential (Reed
and Simon [22, Sec. VIII.6, Ex. 1] also give such an example), and analogously to Eq. (8) we simply have

V (Ψ,Ψ) = ⟨v, ρΨ⟩. (9)
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Now, the angle bracket means the application of the distribution v on ρΨ, which is the same as the dual pairing if a Banach space for
ρΨ and its topological dual for v are considered. The full quadratic form V (Φ,Ψ) can then be constructed with the polarization
identity. Adding such potentials to the Hamiltonian makes it a quadratic form as well. This means switching from the usual
operator domain of the self-adjoint operator to the form domain [22, Sec. VIII.6]. In case of the Laplacian −∆ = −

∑
j ∆j ,

which is self-adjoint on all Ψ ∈ H that have ∆jΨ also L2-integrable and where Ψ and ∇jΨ are periodic, the resulting form
domain is relatively easy to see. By symmetry of the wave function and by partial integration on the torus we have

⟨Ψ,−∆Ψ⟩ =
N∑
j=1

⟨Ψ,−∆jΨ⟩ =
N∑
j=1

⟨∇jΨ,∇jΨ⟩, (10)

where the boundary terms cancel due to periodicity. We note that ⟨∇jΨ,∇jΨ⟩ = ∥∇jΨ∥2H, so the form domain is con-
structed from L2(T) functions that have an L2-integrable weak derivative. This gives exactly the Sobolev space H1(T) with
norm ∥f∥2H1 = ∥f∥2L2 + ∥∇f∥2L2 . We find

Q(−∆) =
(
H1(T)⊗ C2

)∧N
. (11)

Under certain conditions, adding potentials in the form of quadratic forms to the Hamiltonian still allows to connect it to a self-
adjoint operator. This is the content of the following classical theorem that is central to our work.

Theorem 3 (KLMN theorem, Reed and Simon [23], Th. X.17). Let A be a positive self-adjoint operator and B a symmetric
quadratic form on Q(A)×Q(A). Further, let 0 ≤ a < 1 and b ≥ 0 such that

|B(Ψ,Ψ)| ≤ a⟨Ψ, AΨ⟩+ b⟨Ψ,Ψ⟩ (12)

for all Ψ ∈ Q(A). Then there exists a unique self-adjoint operator C with Q(C) = Q(A), bounded below by −b, and

⟨Φ, CΨ⟩ = ⟨Φ, AΨ⟩+B(Φ,Ψ) (13)

for any Φ,Ψ ∈ Q(C).

The theorem also explains why we can write B(Φ,Ψ) and ⟨Φ, BΨ⟩ interchangeably, since we could just set B = C −A with
the operators A,C from above. We now get back to our case of A = −∆ with the form domain Q(−∆) given in Eq. (11). When
normalization is added, this gives us our basic space for wave functions,

W = {Ψ ∈ (H1(T)⊗ C2)∧N | ∥Ψ∥H = 1}. (14)

We also give the kinetic energy for a wave function Ψ ∈ W ,

T (Ψ) = −1

2
⟨Ψ,∆Ψ⟩ = 1

2

N∑
j=1

∥∇jΨ∥2H, (15)

which is always finite because of the restriction to the Sobolev space H1(T) in W . The following property will be demanded for
the potentials that are added to the Hamiltonian in order to still have a self-adjoint operator by means of the subsequent corollary.

Definition 4. A quadratic form B on W ×W is called kinetically bounded, if there are a, b ≥ 0 such that for all Ψ ∈ W it holds
|B(Ψ,Ψ)| ≤ aT (Ψ) + b. The infimum of all such a is called the relative kinetic bound.

Corollary 5. Let W be a quadratic form that is positive and kinetically bounded with relative kinetic bound < 1. Then the
interaction-only Hamiltonian H0 is a self-adjoint operator with form domain Q(H0) = Q(−∆) that is positive and for all
Φ,Ψ ∈ Q(−∆) it holds

⟨Φ, H0Ψ⟩ = −1

2
⟨Φ,∆Ψ⟩+W (Φ,Ψ). (16)

Take further V as a quadratic form that is kinetically bounded with relative kinetic bound < 1. Then the full Hamiltonian H is a
self-adjoint operator with form domain Q(H) = Q(−∆) that is bounded below and for all Φ,Ψ ∈ Q(−∆) it holds

⟨Φ, HΨ⟩ = −1

2
⟨Φ,∆Ψ⟩+W (Φ,Ψ) + V (Φ,Ψ). (17)

The proof is just a double application of Theorem 3 (KLMN theorem), first for W , which still leaves the combined operator
positive, then for V . That −∆ is self-adjoint and positive itself was already noted after Eq. (10). All considered potentials V and
W will be such that the above corollary holds. Lemma 16 shows that all potentials V from the considered class have the desired
property and Appendix A shows it for a very broad variety of possible interactions W .
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III. DENSITIES ON THE ONE-DIMENSIONAL TORUS

We define the set of physical densities

I = {ρ ∈ L1(T) | ∇√
ρ ∈ L2(T), ρ ≥ 0, ∫ ρ = N}. (18)

The special significance of this set is revealed by the following two results that connect it to wave functions and their kinetic-energy
content.

Lemma 6. Let Ψ ∈ W then ρΨ ∈ I is implied by the estimate∫ ∣∣∣∇√
ρΨ(x)

∣∣∣2 dx ≤ 2T (Ψ). (19)

Proof. The properties ρΨ ∈ L1(T), ρΨ ≥ 0 and ∫ ρΨ = N follow straight from the definition of the density in Eq. (6). The
proof for the estimate is then the same as in Lieb [4, Th. 1.1]. With this estimate we also have ∇√

ρΨ ∈ L2(T) and consequently
ρΨ ∈ I .

Theorem 7. There exist two constantsCT
1 , C

T
2 > 0 such that for all ρ ∈ I there is aΨ ∈ W that has ρΨ = ρ (N -representability)

and the following estimate holds

T (Ψ) ≤ CT
1 + CT

2

∫ ∣∣∣∇√
ρ(x)

∣∣∣2 dx. (20)

Proof. We proceed as in Lieb [4, Th. 1.2]. However, due to boundedness and periodicity of the domain there are some significant
changes. As an ansatz for N -representability, we define f(x) = (2π/N)

∫ x

0
ρ(s)ds and for k = 0, . . . , N − 1 the orbitals

ϕk(x) =

(
ρ(x)

N

)1/2

exp(ikf(x)). (21)

One can check in Lieb [4, Th. 1.2] that these orbitals are orthonormal and that the Slater-determinant of all ϕk gives indeed the
density ρ. We focus here on estimating the kinetic energy that is the sum of all ∥∇ϕk∥2L2 . We have

∥∇ϕk∥2L2 =

∫
|∇ϕk(x)|2dx =

1

N

∫ (∣∣∣∇√
ρ(x)

∣∣∣2 + k2ρ(x)3
)
dx. (22)

We introduce g =
√
ρ and define

A =

∫
|∇g(x)|2 dx =

∫ ∣∣∣∇√
ρ(x)

∣∣∣2 dx. (23)

Since ρ ≥ 0 and ρ integrates to N , there needs to be one point x0 ∈ T where g(x0) ≤
√
N (a pointwise evaluation of the function

is possible because of an embedding into the continuous functions, see Lemma 8). Then we have

g(x)2 = g(x0)
2 + 2

∫ x

x0

g(y)∇g(y)dy ≤ N + 2

[∫
g(y)2dy

]1/2 [∫
|∇g(y)|2dy

]1/2
= N + 2

√
NA, (24)

where we used Hölder’s inequality, extended the integration over the full range of the torus, and that g(x0) ≤
√
N as well as

g2 = ρ. Using 2
√
NA ≤ N +A it then follows g(x)4 ≤ 3N2 +6NA. The second term in (22) can thus be bounded from above

by

k2

N

∫
ρ(x)3dx =

k2

N

∫
g(x)2g(x)4dx ≤ k2(3N2 + 6NA), (25)

and so the statement of Eq. (20) follows from summing k from 0 to N − 1.

Although the results above show that I gives an exhaustive set of physical densities, i.e., every such density has a representing
N -particle wave function and every wave function in W gives a density in I , it is still unpractical for our purposes, because by
the condition ∇√

ρ ∈ L2(T) it does not yield a linear space. Our main space of interest is instead the affine space of codimension
1 (having one linear constraint, the normalization of the density)

X = {ρ ∈ H1(T) | ∫ ρ = N}. (26)

Remember that a normed space X ⊆ Y is called continuously embedded in Y , written X ↪→ Y , if there is a constant C such
that for all ξ ∈ X it holds ∥ξ∥Y ≤ C∥ξ∥X . The following lemma shows a whole chain of (continuous) embeddings.
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Lemma 8. I ⊂ X ⊂ H1(T) ↪→ C0(T) ↪→ L∞(T) ↪→ L3(T) ↪→ L2(T) ↪→ L1(T).

Proof. The continuous (even compact) embedding H1(T) ↪→ C0(T) is a consequence of the Sobolev embedding theorem [24,
Th. 8.8]. Here the space of continuous functions is equipped with the usual maximum norm, so the next continuous embedding
C0(T) ↪→ L∞(T) follows directly. The remaining embeddings to the right hold since T is a finite domain. Since all ρ ∈ I have√
ρ ∈ L2(T) and ∇√

ρ ∈ L2(T), equivalent to √
ρ ∈ H1(T), we have for such densities that √ρ ∈ C0(T) and consequently also

ρ is continuous. This allows the following estimate,

∥∇ρ∥2L2 =

∫
|∇ρ(x)|2dx = 4

∫
ρ(x)

∣∣∣∇√
ρ(x)

∣∣∣2 dx ≤ 4∥ρ∥L∞∥∇√
ρ∥2L2 , (27)

which shows the first inclusion I ⊂ X . Finally, X ⊂ H1(T) trivially holds since X is an affine space in H1(T).

For later purposes we will also study the dual space of X denoted as X ∗, later to be identified with the space of external
potentials. The dual space of the Sobolev spaceH1(T), denotedH−1(T), is composed of all distributions v : H1(T) → R that can
be written as v = f +∇g with f, g ∈ L2(T). This dual space is endowed with the norm ∥v∥2H−1 = min{∥f∥2L2 +∥g∥2L2 | f, g ∈
L2(T), v = f+∇g} [25, Th. 3.9]. An element v ∈ H−1(T) acts on a function φ ∈ H1(T) as v(φ) = ⟨v, φ⟩ = ⟨f, φ⟩−⟨g,∇φ⟩.
Additionally to H1(T), the affine space X is defined by the normalization of its elements to the particle number N , so if two
elements of the dual space X ∗ just differ by a constant, v−v′ = c, then their difference acts as ⟨v−v′, ρ⟩ = cN on any arbitrary
ρ ∈ X . Consequently, v and v′ cannot be distinguished and the dual space X ∗ corresponds to H−1(T) modulo the addition of
constant functions. We thus have X ∗ given by equivalence classes,

X ∗ = {[v] = {v + c | c ∈ R} | v = f +∇g with f, g ∈ L2(T)}. (28)

In what follows, we commonly write v instead of [v] and by this mean any representative of the equivalence class. Physically, if v
is a potential, this form of equivalence is well known, since the addition of a constant only shifts the energy but does not change
any ground-state properties. This equivalence is due to the gauge freedom that we have when mathematically representing an
electromagnetic field in terms of potentials.
Example 1. The delta distribution δ : H1(T) → R is an element of H−1(T). For this we have to show that there are f, g ∈ L2(T)
such that δ = f +∇g. Take g(x) = −x and f(x) = 1 on [0, 1) ≃ T. Then δ(φ) = ⟨δ, φ⟩ = ⟨f, φ⟩ − ⟨g,∇φ⟩, or written out
with integrals,

δ(φ) =

∫ 1

0

φ(x)dx+

∫ 1

0

x∇φ(x)dx. (29)

Then, by partial integration in the second integral we get

δ(φ) =

∫ 1

0

φ(x)dx−
∫ 1

0

φ(x)dx+ xφ(x)
∣∣∣1
0
= φ(1). (30)

By Lemma 8 the φ ∈ H1(T) is continuous and it is also periodic, thus φ(1) = φ(0), and we get δ(φ) = φ(0), precisely the
action of the delta distribution.
Example 2. How does an element v = f+∇g ∈ X ∗ act as a potential on wave functions or directly on densities in the dual pairing
⟨v, ρ⟩ that gives the potential energy? We have V =

∑
k v(xk) as the associated operator and thus for VΨ in a distributional

sense for any test function Φ ∈ (C∞(T)⊗ C2)⊗N it holds

⟨Φ, VΨ⟩ =
N∑

k=1

(⟨Φ, f(xk)Ψ⟩ − ⟨Φ, g(xk)∇Ψ⟩ − ⟨∇Φ, g(xk)Ψ⟩) . (31)

This has a certain resemblance to the action of the Hamiltonian in a magnetic Schrödinger equation where terms like iA · ∇Ψ
appear. But the complex prefactor i and the missing ⟨∇Φ, ·⟩ term amount to a critical difference. In the dual pairing the effect of
the distributional potential is seen way simpler as

⟨v, ρ⟩ = ⟨f, ρ⟩ − ⟨g,∇ρ⟩, (32)

thus involving the gradient of the density in a semi-local fashion.

IV. CONVEX FORMULATION OF DENSITY-FUNCTIONAL THEORY

The ground-state problem consists of finding the eigenstate (or the whole eigenspace in the case of degeneracy) corresponding
to the lowest eigenvalue of H0 + V . Here, we reformulate this eigenproblem into a more general variational problem, by seeking
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the infimum of the spectrum. For this, we rely on the variational principle for the lower bound of the spectrum of a self-adjoint
operator [26, Th. XIII.1 for n = 1],

E(v) = inf σ(H) = inf σ(H0 + V ) = inf
Ψ∈W

⟨Ψ, (H0 + V )Ψ⟩ < ∞. (33)

The notation E(v), with the one-body potential v as an argument, is due to the fact that this v will be the only variable component
of the system, while H0 is considered fixed. The definition with an infimum directly implies for λ ∈ [0, 1] that

E(λv + (1− λ)v′) = inf
Ψ∈W

⟨Ψ, (λH0 + (1− λ)H0 + λV + (1− λ)V ′)Ψ⟩

≥ λ inf
Ψ∈W

⟨Ψ, (H0 + V )Ψ⟩+ (1− λ) inf
Ψ∈W

⟨Ψ, (H0 + V ′)Ψ⟩ = λE(v) + (1− λ)E(v′),
(34)

so the functional E is concave. It is possible to separate the variation over wave functions in Eq. (33) into first a variation over all
densities that follow from wave functions in W , i.e., the set I by Lemma 6, and then vary over all wave functions that give such
a density, denoted as Ψ 7→ ρ. We thus have

E(v) = inf
ρ∈I

{F̃ (ρ) + ⟨v, ρ⟩}, F̃ (ρ) = inf
Ψ7→ρ

⟨Ψ, H0Ψ⟩. (35)

F̃ is called the pure-state constrained-search functional. Note that any ρ ∈ X \ I is either not a (non-negative) density or it
is connected to infinite kinetic energy by the estimate Eq. (19) in Lemma 6. In both cases we set F̃ (ρ) = ∞. Consequently, the
variation in Eq. (35) can be extended from I to X without changing the result and we get

E(v) = inf
ρ∈X

{F̃ (ρ) + ⟨v, ρ⟩}. (36)

Next, define a functional F on X by means of convex conjugation (Legendre–Fenchel transformation),

F (ρ) = sup
v∈X ∗

{E(v)− ⟨v, ρ⟩}. (37)

This gives F as the biconjugate of F̃ and as such F is convex and lower-semicontinuous (even weakly lower-semicontinuous) and
F ≤ F̃ [27, Prop. 2.19]. We can also arrive at F by taking the lower-semicontinuous convex envelope of F̃ [27, Cor. 2.23] or
by generalizing the constrained search in Eq. (35) from wave functions to density matrices. This fact will later prove critical for
showing the final step for v-representability, in order to connect the density-functional formulation back to quantum-mechanical
states.

Theorem 9. The functional F on I is equal to the constrained search over density matrices, i.e., for all ρ ∈ I it holds

F (ρ) = FDM(ρ) = inf
Γ7→ρ

{TrΓH0}. (38)

Here, all considered density matrices are (possibly infinite) convex sums Γ =
∑

k λk⟨Ψk, ·⟩Ψk, λk ≥ 0,
∑

k λk = 1, with
Ψk ∈ W all orthogonal. The density is then also a convex sum, ρ =

∑
k λkρk, with Ψk 7→ ρk.

Proof. For the first part, F = FDM, remember that Lieb [4, Th. 4.3] shows that FDM = FLieb, with the latter also equal to the
lower-semicontinuous convex envelope of the same F̃ but w.r.t. the L1 ∩L3-topology. Now with the embeddings from Lemma 8
we have that the topology of H1(T) is finer than those of L1(T) and L3(T) and thus also of L1(T) ∩ L3(T). This implies that a
function that is continuous (or lower-semicontinuous) w.r.t. the L1 ∩L3-norm is also continuous (or lower-semicontinuous) w.r.t.
the H1-norm. In other words, the set of all functions continuous (or lower-semicontinuous) w.r.t. the H1-norm is larger than the
set of functions continuous (or lower-semicontinuous) w.r.t. the coarser topology. We conclude that the convex envelope (as the
pointwise supremum over all convex, lower-semicontinuous functions that lie below) w.r.t. the H1-topology is always larger or
equal to the convex envelope w.r.t. the L1 ∩ L3-topology, thus F ≥ FLieb = FDM. The inequality in the other direction follows
easily by noting that the ground-state energy can be equally well defined by considering density matrices instead of pure states,

E(v) = inf
ρ∈I

{FDM(ρ) + ⟨v, ρ⟩}, (39)

and so for all ρ ∈ I we have E(v) ≤ FDM(ρ) + ⟨v, ρ⟩. But by definition

F (ρ) = sup
v∈X ∗

{E(v)− ⟨v, ρ⟩} ≤ sup
v∈X ∗

FDM(ρ) = FDM(ρ), (40)

which shows F = FDM = FLieb on I .
That the density matrix is always a sum of orthogonal and normalized states Ψk ∈ H is a standard result [4, Sec. 4.B]. That they
are all Ψk ∈ W is clear since the kinetic energy expectation value would be infinite otherwise.
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A less technical view on the different density functionals can be found in a recent review together with a detailed discussion on
the relevance of the Hohenberg–Kohn theorem [28]. A recent comprehensive, mathematical study is also available [8].

Note that something critical happened in Eq. (37) above. The potential v is now from the space X ∗ that could in general be
different from the class of allowed potentials as demanded by Corollary 5. This means one potentially loses the connection to a
self-adjoint operator formalism and switches entirely to a convex analysis treatment of the ground-state problem. In Section VI
we will take special care of this and make the connection back to a self-adjoint Hamiltonian with potential v ∈ X ∗.

Finally, by biconjugation it is also possible to go back to E from F with the opposite convex conjugation,

E(v) = inf
ρ∈X

{F (ρ) + ⟨v, ρ⟩}. (41)

This shows the common feature of all formulations of DFT: The previous ground-state problem given by a linear many-particle
Schrödinger equation with its high-dimensional configuration space is translated into a variational problem incorporating a non-
linear convex functional on just the one-particle density space. But note that there is a critical difference between this way of
defining the so-called universal density functional F and how this is done in most of the DFT literature. This difference lies in our
restriction to the affine space X where the normalization to the particle number is already included. If F is defined on a larger
space like H1(T) then arbitrarily close to any physical density there lie elements that are not even N -representable. This can be
avoided if we limit ourselves to the affine space X as we will see in the next section. One important ingredient is the following
bound on F (ρ) for ρ ∈ I .

Lemma 10. There exist two constants CF
1 , CF

2 > 0 such that for all ρ ∈ I it holds

1

2
∥∇√

ρ∥2L2 ≤ F (ρ) ≤ CF
1 + CF

2 ∥∇√
ρ∥2L2 . (42)

If ρ /∈ I then F (ρ) = ∞.

Proof. Define G(ρ) = 1
2∥∇

√
ρ∥2L2 for ρ ∈ I and G(ρ) = ∞ otherwise. Then for the lower bound use that for all ρ ∈ L1 ∩ L3

Lieb [4, Th. 3.8] already showed that G(ρ) ≤ F (ρ). This already implies that for ρ /∈ I we have G(ρ) = F (ρ) = ∞.
For the upper bound we employ Eq. (20) of Theorem 7 that states that for ρ ∈ I there is aΨ ∈ W with ρΨ = ρ and T (Ψ) ≤ CT

1 +
CT

2 ∥∇
√
ρ∥2L2 . For the interaction term we have due to the kinetic boundedness according to Definition 4 |⟨Ψ,WΨ⟩| ≤ aT (Ψ)+b.

Both estimates together give an upper bound for F (ρ),

F (ρ) ≤ F̃ (ρ) ≤ ⟨Ψ, H0Ψ⟩ ≤ T (Ψ) + ⟨Ψ,WΨ⟩ ≤ CF
1 + CF

2 ∥∇√
ρ∥2L2 , (43)

which concludes the proof.

V. v-REPRESENTING POTENTIALS FROM NON-EMPTY SUBDIFFERENTIALS

In the previous section we found the ground-state energy and density from the variational problem

E(v) = inf
ρ∈X

{F (ρ) + ⟨v, ρ⟩}, (44)

where F is a convex and lower-semicontinuous functional on X . A convex functional generally allows the definition of the
subdifferential at ρ ∈ X as a set in the dual space X ∗,

∂F (ρ) = {u ∈ X ∗ | ∀ρ′ ∈ X : F (ρ)− F (ρ′) ≤ ⟨u, ρ− ρ′⟩}. (45)

An element u ∈ ∂F (ρ) is then called a subgradient. In general, the subdifferential may be empty. If F is (Gateaux) differentiable
at some point ρ ∈ X then ∂F (ρ) contains just a single element that gives exactly the derivative. Note that while the gradient is a
local property for general functionals, the subgradient contains global information of the convex functional through the inequality
F (ρ) − ⟨u, ρ⟩ ≤ F (ρ′) − ⟨u, ρ′⟩ which holds for any ρ′ ∈ X if u ∈ ∂F (ρ). If we just replace u = −v then we see that this
is exactly the condition for minimizing the variational problem of Eq. (44). This means the variational problem of finding the
density that minimizes the functional ρ 7→ F (ρ)+ ⟨v, ρ⟩ can equivalently be replaced by the condition −v ∈ ∂F (ρ). This in turn
means that if ∂F (ρ) is non-empty, we know that at least one v ∈ X ∗ exists for which ρ is a minimizer in Eq. (44).

The critical ingredients in order to get a non-empty subdifferential are then the following definition and two lemmata.

Definition 11. The effective domain of a convex functional F on X consists of all points ρ ∈ X where F (ρ) < ∞.

Lemma 12 (Barbu and Precupanu [27], Th. 2.14). Let F be a convex functional on X then F is continuous on the whole interior
of its effective domain if and only if F is uniformly bounded from above on a neighborhood of any interior point of its effective
domain.
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Lemma 13 (Barbu and Precupanu [27], Prop. 2.36). If a convex functional F on X is continuous at some ρ ∈ X then it has a
non-empty subdifferential at this point.

The strategy is then clear. We need to identify a set in the interior of the effective domain of F and show the necessary bound
from above. For this we define a set of densities in X that are gapped away from zero,

X>0 = {ρ ∈ X | ∀x ∈ T : ρ(x) > 0}. (46)

Lemma 14. The set X>0 is open in X .

Proof. Note that the set {f ∈ L∞(T) | ∀x ∈ T : f(x) > 0} is open in L∞(T). Because of the continuous embedding
H1(T) ↪→ L∞(T) from Lemma 8 the set {f ∈ H1(T) | ∀x ∈ T : f(x) > 0} is then open in H1(T). Hence the restriction to the
affine subspace X is also open.

We then have the desired result that guarantees us a non-empty subdifferential.

Theorem 15. For any ρ ∈ X>0 it holds ρ ∈ I and the subdifferential ∂F (ρ) ⊂ X ∗ is non-empty.

Proof. Any ρ ∈ X>0 is continuous on T by Lemma 8, so we can choose a minimum η = minx{ρ(x)} > 0. We then have the
estimate

∥∇√
ρ∥2L2 =

∫ ∣∣∣∇√
ρ(x)

∣∣∣2 dx =
1

4

∫
|∇ρ(x)|2

ρ(x)
dx <

1

4η

∫
|∇ρ(x)|2dx =

1

4η
∥∇ρ∥2L2 ≤ 1

4η
∥ρ∥2H1 . (47)

This inequality already establishes that ρ ∈ I . Together with Lemma 10 this also means that F is bounded above at any such
ρ ∈ X>0. Thus every ρ ∈ X>0 belongs to the effective domain of F and since by Lemma 14 X>0 is open, the whole set must
belong to the interior of the effective domain of F . By the continuous embedding H1(T) ↪→ L∞(T) from Lemma 8, we can
choose a neighborhood for any ρ ∈ X>0 that is contained within an ε-ball around ρ in L∞-norm. Let ε < η, then an estimate
like in Eq. (47) holds uniformly on the whole neighborhood of ρ ∈ X>0. This carries over to a uniform bound for F (ρ). Thus,
Lemma 12 becomes applicable and F is continuous on X>0. Lemma 13 then concludes the proof.

This proves that every ρ ∈ X>0 is ‘representable’ by a v ∈ −∂F (ρ) ⊂ X ∗ in the sense that E(v) = F (ρ) + ⟨v, ρ⟩,
i.e., ρ is a minimizer in the variational problem of Eq. (44). Yet, we do not consider this already as sufficient for showing real
v-representability, since it should also be guaranteed that this v can be the external potential of a valid Hamiltonian.

VI. KLMN THEOREM FOR DISTRIBUTIONAL POTENTIALS

In order to show that H = H0 + V with V defined by a v ∈ X ∗ as described in Section II is connected to a valid self-adjoint
operator we have to look to Corollary 5. The critical condition on V for this corollary to hold is that it is kinetically bounded
with relative kinetic bound < 1. Here we will show that the relative kinetic bound is 0 (which does not mean that the T (Ψ) in the
estimate vanishes, just that the prefactor can be made arbitrarily small).

Lemma 16. Let v ∈ X ∗ then this defines a kinetically bounded form V on W × W with relative kinetic bound 0.

Proof. This proof is inspired by the treatment of distributional potentials in the context of the KLMN theorem by Herczyński
[29]. According to Eq. (8) and Definition 4 we have to test |⟨v, ρΨ⟩| ≤ εT (Ψ)+ bε for all Ψ ∈ W where ε can be taken arbitrarily
small. Taking ε smaller will typically mean that the other bound bε grows. According to Eq. (28) any v ∈ X ∗ can we written as
v = f +∇g where f, g ∈ L2(T). We use the triangle inequality,

|⟨v, ρΨ⟩| ≤ |⟨f, ρΨ⟩|+ |⟨∇g, ρΨ⟩|, (48)

and we will continue with each term individually. We choose a sequence {gn}n in C∞(T) such that ∥g − gn∥L2 → 0. We take
the supremum of ∇gn out of the inner product and get by the definition of the distributional part of the potential that

|⟨∇g, ρΨ⟩| ≤ |⟨∇gn, ρΨ⟩|+ |⟨∇(g−gn), ρΨ⟩| ≤ N∥∇gn∥L∞ + |⟨g−gn,∇ρΨ⟩| ≤ N∥∇gn∥L∞ +∥g−gn∥L2∥∇ρΨ∥L2 . (49)

From Eq. (27) we have ∥∇ρΨ∥L2 ≤ 2∥√ρΨ∥L∞∥∇√
ρΨ∥L2 and from the continuous embedding H1(T) ↪→ L∞(T) of Lemma 8

that ∥√ρΨ∥L∞ ≤ C∥√ρΨ∥H1 . Since ∥∇√
ρΨ∥L2 ≤ ∥√ρΨ∥H1 this combines to ∥∇ρΨ∥L2 ≤ 2C∥√ρΨ∥2H1 = 2C(N +

∥∇√
ρΨ∥2L2) ≤ 2C(N + 2T (Ψ)) by Eq. (19) in Lemma 6. So the estimate is now

|⟨∇g, ρΨ⟩| ≤ N∥∇gn∥L∞ + 2C∥g − gn∥L2(N + 2T (Ψ)). (50)

For |⟨f, ρΨ⟩| the estimate is simpler since no partial integration is necessary. Again, we introduce a sequence {fn}n in C∞(T)
such that ∥f − fn∥L2 → 0 and have like in Eq. (49) that

|⟨f, ρΨ⟩| ≤ N∥fn∥L∞ + ∥f − fn∥L2∥ρΨ∥L2 . (51)
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We then use ∥ρΨ∥L2 ≤ ∥√ρΨ∥L∞∥√ρΨ∥L2 and from Lemma 8 also the continuous embedding H1(T) ↪→ L2(T) to get
∥ρΨ∥L2 ≤ C ′∥√ρΨ∥2H1 ≤ C ′(N + 2T (Ψ)). Then the second estimate is

|⟨f, ρΨ⟩| ≤ N∥fn∥L∞ + C ′∥f − fn∥L2(N + 2T (Ψ)) (52)

and we can combine this to

|⟨v, ρΨ⟩| ≤ N (∥fn∥L∞ + ∥∇gn∥L∞) + (2C∥g − gn∥L2 + C ′∥f − fn∥L2) (N + 2T (Ψ)). (53)

But by increasing the index n the ∥f − fn∥L2 and ∥g − gn∥L2 can be taken arbitrarily small such that the whole prefactor for
T (Ψ) drops below any ε > 0, while the remaining terms increase to some large but finite value.

This result makes Theorem 3 (KLMN theorem) applicable to potentials v ∈ X ∗. We will go one step further with the next
theorem, showing also the corresponding Hamiltonian always allows for a ground state in the appropriate sense. As a preparatory
step we show the following equivalence of norms.

Lemma 17. Let v ∈ X ∗ then the corresponding potential form V defines a self-adjoint Hamiltonian H = H0 + V that is
bounded below. With an appropriate shift of the potential v by adding a constant, the square root of ⟨Ψ, HΨ⟩ is equivalent to the
H1-norm of any Ψ ∈ W .

Proof. That any v ∈ X ∗ defines a self-adjoint Hamiltonian that is bounded below is proven if Lemma 16 and Corollary 5 are
combined. By Lemma 16 for V and by assumption for W , both quadratic forms have relative kinetic bounds < 1, so we can find
0 ≤ aV , aW < 1 and bV , bW ≥ 0 like in Definition 4 where aV can even be taken arbitrarily small, so aV + aW < 1. Now
reordering the expectation value ⟨Ψ, HΨ⟩ = T (Ψ) + ⟨Ψ,WΨ⟩+ ⟨Ψ, VΨ⟩ gives the estimate

T (Ψ) ≤ ⟨Ψ, HΨ⟩+ |⟨Ψ,WΨ⟩|+ |⟨Ψ, VΨ⟩| ≤ ⟨Ψ, HΨ⟩+ aT (Ψ) + b, (54)

where we introduced 0 ≤ a = aV + aW < 1 and b = bV + bW ≥ 0. Thus we have

(1− a)T (Ψ)− b ≤ ⟨Ψ, HΨ⟩ (55)

as a lower bound for ⟨Ψ, HΨ⟩. Next, remember that a potential v ∈ X ∗ is only defined up to an additive constant as an equivalence
class, so we are actually free to choose an arbitrary additive constant for H . Let H ′ = H + (1− a)/2 + b then

1− a

2
(2T (Ψ) + 1) ≤ ⟨Ψ, H ′Ψ⟩. (56)

Since 2T (Ψ) + 1 is just the square of the H1-norm for a (normalized) Ψ ∈ W , this gives the lower bound for the equivalence.
The upper bound is seen more directly from the same kinetic bounds for the expectation values of V and W .

⟨Ψ, H ′Ψ⟩ = ⟨Ψ, HΨ⟩+ 1− a

2
+ b ≤ (1 + a)T (Ψ) +

1− a

2
+ 2b ≤ max

{
1 + a

2
,
1− a

2
+ 2b

}
(2T (Ψ) + 1). (57)

This establishes the equivalence between the square root of ⟨Ψ, H ′Ψ⟩ and the H1-norm of Ψ.

Theorem 18. Let v ∈ X ∗ then the corresponding potential form V defines a self-adjoint Hamiltonian H = H0 + V that is
bounded below. This H has a minimizer Ψ0 ∈ W in Eq. (33), E(v) = E0 = ⟨Ψ0, (H0 + V )Ψ0⟩, that is also a solution to the
Schrödinger equation HΨ0 = E0Ψ0 (in a distributional sense).

Proof. Like in Lemma 17 we know that any v ∈ X ∗ defines a self-adjoint Hamiltonian that is bounded below. Next, take a
sequence {Ψn}n ∈ W that realizes the infimum in Eq. (33), so ⟨Ψn, HΨn⟩ → E0. Consequently, for any ε > 0 there is a n0 ∈ N
such that for all n > n0 it holds ⟨Ψn, HΨn⟩ < E0 + ε. By Lemma 16 for V and by assumption for W , both quadratic forms
have relative kinetic bounds < 1, so we can find aV , aW < 1 like in Definition 4 where aV can even be taken arbitrarily small,
so aV + aW < 1. With the estimate from the kinetic bound it holds for all n > n0 that

E0 + ε > ⟨Ψn, HΨn⟩ = T (Ψn) + ⟨Ψn,WΨn⟩+ ⟨Ψn, VΨn⟩ ≥ (1− aW − aV )T (Ψn)− bW − bV . (58)

But for all (normalized) Ψn ∈ W the T (Ψn) is equivalent to the H1-norm squared, so the above inequality means that all Ψn

with n > n0 are in a H1-bounded set. Since the Sobolev space H1 is reflexive, this guarantees that {Ψn}n has a subsequence that
converges weakly in H1 [30, Cor. 11.9]. Further, since the torus is a bounded domain, by the Rellich–Kondrachov theorem [25,
Th. 6.3] H1 is compactly embedded in L2. This means the previously chosen subsequence permits another subsequence, again
called {Ψn}n, that converges strongly in L2 to a limit that we call Ψ0. Because of the weak convergence in H1 and the strong
convergence in L2 we know that Ψ0 ∈ W which implies ∥Ψ0∥L2 = 1. From Lemma 17 we now know that with an appropriate
constant shift we can define H ′ = H + c, where the square root of the expectation value ⟨Ψ, H ′Ψ⟩ defines a norm equivalent to
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the H1-norm. Since the norm is non-increasing under weak limits [30, Thm. 11.2] and any expectation value of H with respect
to Ψ0 ∈ W must be bounded below by E0, we have

E0 + c ≤ ⟨Ψ0, (H + c)Ψ0⟩ = ⟨Ψ0, H
′Ψ0⟩ ≤ lim

n→∞
⟨Ψn, H

′Ψn⟩ = E0 + c (59)

and thus E0 = ⟨Ψ0, HΨ0⟩.
For showing that this Ψ0 solves the Schrödinger equation in a distributional sense we follow Lieb and Loss [21, Th. 11.8]. Take
any test function Φ and note with α ∈ R from the variational principle of Eq. (33) that

E0∥Ψ0 + αΦ∥2H ≤ ⟨(Ψ0 + αΦ), H(Ψ0 + αΦ)⟩, (60)

where the norm of the vector Ψ0 + αΦ on the left appears due to normalization. Writing the squares all out and using that
E0 = ⟨Ψ0, HΨ0⟩ we have

0 ≤ 2αRe⟨Φ, (H − E0)Ψ0⟩+ α2(⟨Φ, HΦ⟩ − E0∥Φ∥2H). (61)

Now this equation needs to hold for α arbitrarily small and so it follows

0 ≤ 2αRe⟨Φ, (H − E0)Ψ0⟩ (62)

and since α can have any sign we conclude that Re⟨Φ, (H − E0)Ψ0⟩ = 0. Replacing Φ by iΦ gives Im⟨Φ, (H − E0)Ψ0⟩ = 0
and consequently ⟨Φ, (H − E0)Ψ0⟩ = 0 for arbitrary test functions Φ which concludes the proof.

VII. CONCLUSIONS AND OUTLOOK

To prove our main result from the introduction is now just a matter of collecting the results from the previous sections.

Proof of Theorem 1. Let ρ ∈ X>0, then Theorem 15 shows that ρ ∈ I and ∂F (ρ) is non-empty. Take −v ∈ ∂F (ρ) ⊂ X ∗

then ρ is a minimizer in the variational problem Eq. (44) and E(v) = F (ρ) + ⟨v, ρ⟩ (see Section V). In order to connect to
quantum-mechanical ground states we need the constrained-search functional. We cannot use F̃ , since F ̸= F̃ in general, but we
have F = FDM on I by Theorem 9. By this result,

E0 = E(v) = FDM(ρ) + ⟨v, ρ⟩ = inf
Γ7→ρ

{TrΓH0}+ ⟨v, ρ⟩ = inf
Γ7→ρ

{TrΓH}, (63)

where we simply recombined H0+V = H . Now as in Theorem 18 we next want to show that this infimum allows for a minimizer
Γ0 7→ ρ. This is achieved by Lieb [4, Cor. 4.5(ii)] that can be applied in the current setting since FDM is defined in exactly the
same manner (with the only difference of a one-dimensional torus domain instead of R3 which only simplifies things) and every
ρ ∈ X>0 is also in I by Theorem 15, the set considered in the reference. Now, by Theorem 9 such a Γ0 7→ ρ can be constructed
as a (possibly infinite) convex sum Γ0 =

∑
λk⟨Ψ0,k, ·⟩Ψ0,k with Ψ0,k ∈ W all orthogonal. Assume that there is one Ψ0,l in

this set with λl > 0 that has an energy expectation value that is above the ground-state energy, i.e., ⟨Ψ0,l, HΨ0,l⟩ = E0 + ε with
ε > 0. Then it follows immediately from Eq. (63) that E0 =

∑
k λkE0+λlε = E0+λlε, a clear contradiction. Consequently, all

Ψ0,k that appear in Γ0 with λk > 0 have ⟨Ψ0,k, HΨ0,k⟩ = E0 and thus are ground-state solutions for the Schrödinger equation
HΨ0,k = E0Ψ0,k in a distributional sense as demonstrated in Theorem 18. Since it also holds from Γ0 7→ ρ that

∑
λkρk = ρ

with Ψ0,k 7→ ρk, ρ is indeed v-representable. In case we need more than a single Ψ0,k to arrive at ρ, v yields a degenerate ground
state and ρ is the density of an ensemble state.

That this result only holds for one-dimensional periodic domains can of course be seen as a severe limitation, yet the considered
torus geometries are customarily employed in condensed matter physics in the form of Born–von-Kármán periodic boundary
conditions. But also one-dimensional models are widespread in this field, e.g., the Kronig–Penney model [31] that even frequently
employs a periodic distributional potential in the form of delta peaks. This means the presented theory of v-representability, apart
from solving this important problem of DFT, is also immediately relevant for models of condensed matter physics. With our main
result proven, we want to conclude with a list of follow-up questions and ideas how to generalize our findings.

• A first open question would be that of the ‘maximality’ of the proposed v-representable density set X>0. So, is any density
with ρ(x) = 0 either not v-representable at all or can it only be represented by a v /∈ X ∗? This is equivalent to the statement
that any v ∈ X ∗ yields a ground-state density that is gapped away from zero, i.e., ρ ∈ X>0. Such a result would close
the circle and allow for a well-defined mapping between the potential and density sets X ∗ and X>0 (yet not necessarily a
one-to-one mapping due to potential non-unique v-representability and the possible occurrence of degeneracies).
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• Another obvious open question is the possibility of a generalization to a (d ≥ 2)-dimensional torus domain or other
more-dimensional compact manifolds. The current method critically uses the embedding H1 = W 1,2 ↪→ L∞ from
Lemma 8 which only holds for d = 1. This is then employed for showing that X>0 is open (Lemma 14) and also to have
a kinetic bound for potentials from X ∗ (Lemma 16). Other Sobolev embeddings are available, and in d ≥ 2 dimensions
W 1,p ↪→ L∞ for p > d could be applied. But Lemma 16 also critically relies on an estimate of the W 1,2-norm by the
kinetic energy, which is again needed to show applicability of the KLMN theorem, and the same is not achievable for W 1,p

with p > 2. Consequently, a generalization to higher dimensions requires a different approach. In any case, we would not
expect that the basic finding of this work would change in higher dimensions: That in order to represent a reasonable class
of densities with finite kinetic energy, distributional potentials have to be considered.

• A crucial step in the proof of Hohenberg and Kohn [1] is to show that for two potentials that differ by more than a constant,
the ground states cannot be possibly equal. In Penz et al. [28] this was termed “HK2” theorem and formulated equivalently:
If two potentials share any common eigenstate then the potentials are equal up to a constant. But Hohenberg and Kohn
[1] do not give any details about this part of the proof, which actually relies on dividing (V − V ′)Ψ = const.Ψ by the
ground-state wave functionΨ. This firstly requires the wave function to be non-zero almost everywhere, which is secured by
the unique continuation property in certain settings [32], but also it only works if the potential is a multiplication operator.
(Dreizler and Gross [33], after Eq. (2.24) who repeat the example of Englisch and Englisch [5], comment on precisely this
problem, but they put the focus on a possible failure of the unique continuation property instead.) As we showed here, in
order to have v-representability, we must extend the domain of potentials to distributions, hence this step in the proof of the
Hohenberg–Kohn theorem will generally fail. While this is not a falsification of Hohenberg–Kohn it is still an important
indication that something might go wrong here. Similarly, in finite-lattice systems it is known that there are counterexamples
to the Hohenberg–Kohn theorem while one has full v-representability for all densities 0 < ρ < 1 [11]. So while we gain
v-representability we actually might loose the unique mapping from densities to potentials. In this context it is interesting
to remember the observation of Simen Kvaal in Teale et al. [9, 2.1.17] that neither the convex formulation of exact DFT
nor the Kohn–Sham approach do in any way rely on the Hohenberg–Kohn theorem. Rather they depend on the constraint-
search functional and the Legendre–Fenchel transformation and, in the case of Kohn–Sham, specifically on interacting and
non-interacting v-representability. This means that the given result is imperative for a well-defined Kohn–Sham procedure,
since it proves the existence of the vs potential of the auxiliary system for the first time (cf. Mathieu Lewin in Teale et al. [9,
4.5.2]). Another application is the adiabatic connection where indeed v-representability for different interaction strengths
needs to be assumed, a property that can be achieved in the setting given here. In this sense it can be argued that the
achievement of v-representability outweighs the potential loss of the validity of the Hohenberg–Kohn theorem.

• The previous question on the validity of the Hohenberg–Kohn theorem for the class X ∗ of potentials even connects directly
to functional differentiability by another result of convex analysis. Since F (ρ) is continuous at any ρ ∈ X>0 we have a
non-empty subdifferential ∂F (ρ) (Theorem 15) and as a consequence ρ is v-representable. If ∂F (ρ) contains just a single
element, which would be guaranteed by the Hohenberg–Kohn theorem, then this implies thatF is also Gateaux differentiable
at ρ, and vice versa [27, Prop. 2.40]. Most formulations of DFT rely implicitly on this functional differentiability. The v-
representability is a necessary but not a sufficient criterion for functional differentiability and the previous point even gives
some indications for a possible failure of the Hohenberg–Kohn theorem, so the question about functional differentiability
still remains unanswered. Nevertheless we note the following interesting corollary.

Corollary 19. The two statements are equivalent:

(i) Every ρ ∈ X>0 is represented by a unique potential v ∈ X ∗ (Hohenberg–Kohn theorem).

(ii) F is Gateaux differentiable at all ρ ∈ X>0.

• Example 2 in Section III already showed how potentials from X ∗ act on wave functions and densities. But it would be
interesting to find ways how to implement such potentials numerically. Since the example showed that the potential has a
semi-local effect, this brings the v-representing potential close to the realm of gradient expansions [34; 35] and generalized
gradient approximations [36–38].

• The main difference to other formulations of DFT is the switch from the density space L1 ∩ L3 as in Lieb [4] to one with
a finer topology, the Sobolev space H1. This means the meaning of ‘closeness’ changes, and densities that have been
nearby in the former topology, and led to non-differentiability, are now remote, thus allowing for possible differentiability
of the functional. The reason is that the new topology measures the energy content of the associated wave function more
accurately, as expressed through Lemma 10 and the embeddings of Lemma 8. This can have important consequences for
other problems in DFT such as the question of convergence of the Kohn–Sham iteration scheme [39–41] where, after all, it
is always convergence with respect to a certain topology. Further and interestingly, these Sobolev spaces appeared similarly
in a recent reformulation of the Zhao–Morrison–Parr method of density-potential inversion in terms of Moreau–Yosida
regularization Penz et al. [42], although exactly in reverse. There, the density space is H−1 and the potentials are taken
from H1, as it would be according to the Poisson equation −∆v = 4πρ.
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• If one considers a Kohn–Sham system then the potential from a density-potential inversion is usually decomposed as v =
vext + vH + vxc. Here, the Hartree potential fulfils (in a 3d continuous setting) the Poisson equation −∆vH = 4πρ and so
for ρ ∈ H1 it holds vH ∈ H3. Analogous to that the exchange-correlation potential is sometimes considered as the effect of
a fictitious ‘xc density’, −∆vxc = 4πρxc [43]. But assuming a regular vext we thus have from a general v ∈ H−1 that also
vxc ∈ H−1 which means ρxc ∈ H−3 which is anything but a usual density distribution. So the current analysis indicates
that the exchange-correlation potential cannot be generally assumed to be the effect of a fictitious charge density.

• The formulation can be extended to general particle numbers by extending the constrained search over the full Fock space.
Densities integrating to a non-integer number would not be N -representable anymore in a strict sense, since there is not
an integer-particle state generating that density. Yet, this definition is also readily extended to Fock space. To differentiate
from the integer case, perhaps F(ock)-representable density would be a suitable name. A notable difference compared
to the presented formulation is that the constant of the potential determines the particle number to some extent: to each
integer density a closed interval of constants would be associated and for non-integer densities a unique constant. So the
potential space would not be a simple equivalence class of H−1, but have a more involved equivalence class structure. This
new complication could be avoided by going all the way to a grand canonical setting with a finite temperature. Since the
entropy can by bounded by the kinetic energy [44, Appendix E], one could still work with ρ ∈ I . The entropy works as
a smoothener, similar to the Moreau–Yosida regularization [42], so might even lead to some form of differentiability as in
its one-body reduced density matrix counterpart [45; 46].
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Appendix A: Kinetic bounds for interactions

Lemma 20. The two-body multiplication operator W =
∑

i<j w(xi − xj) with w ∈ L1([−1, 1]) is kinetically bounded with
relative kinetic bound 0.

Proof. Without loss of generality we only consider the spinless case and limit ourselves to thew(x1−x2) term. The idea is to rotate
the coordinates such that the two-body interaction becomes a one-body operator and then proceed as for the non-distributional
potentials. This is achieved with the substitution y1 = (x1−x2)/

√
2 and y2 = (x1+x2)/

√
2 which corresponds to the change of

coordinates (x1, . . . , xN ) = r(y1, . . . , yN ) = ((y1+y2)/
√
2, (y2−y1)/

√
2, y3, . . . , yN ). The integration domain TN ≃ [0, 1]N

for (xi)i then changes to [−1/
√
2, 1/

√
2]× [0, 1/

√
2]× [0, 1]N−2 for (yi)i (notation for this will be suppressed in the integrals),

which is displayed in Fig. 1. We then have

⟨Ψ, w(x1 − x2)Ψ⟩ =
∫

dx1 . . . dxN |Ψ|2w(x1 − x2)

=

∫
dy1 . . . dyN |(Ψ ◦ r)(y1, . . . , yN )|2w(

√
2y1) = ⟨w(

√
2·), ρr⟩,

(A1)

where we introduced ρr as the y1-marginal of |Ψ ◦ r|2. Since w ∈ L1([−1, 1]) there is a sequence wn ∈ C∞([−1, 1]) such
that ∥w − wn∥L1 → 0. By inserting w = wn + (w − wn), Eq. (A1) can be further estimated using the Sobolev embedding
H1(T) ↪→ L∞(T) from Lemma 8 for ∥ρr∥L∞ = ∥√ρr∥2L∞ and the estimate in terms of the wave function from Lieb [4, Th. 1.1].

|⟨w(
√
2·), ρr⟩| ≤ ∥wn∥L∞∥ρr∥L1 +

1√
2
∥w − wn∥L1∥ρr∥L∞

≤ ∥wn∥L∞∥ρr∥L1 + C∥w − wn∥L1

(
∥√ρr∥2L2 + ∥∇√

ρr∥2L2

)
≤ N (∥wn∥L∞ + C∥w − wn∥L1) ∥Ψ ◦ r∥2L2 + CN∥w − wn∥L1∥∇y1

(Ψ ◦ r)∥2L2

≤ N (∥wn∥L∞ + C∥w − wn∥L1) ∥Ψ∥2L2 +
CN

2
∥w − wn∥L1(∥∇x1

Ψ∥2L2 + ∥∇x2
Ψ∥2L2)

(A2)

In the last line, we just used ∇y1
= (∇x1

− ∇x2
)/
√
2 and the triangle inequality. We have ∥∇xj

Ψ∥2L2 ≤ 2T (Ψ) and n can be
chosen large enough such that ∥w − wn∥L1 becomes arbitrarily small. Thus, we conclude the zero kinetic bound.
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x1

x2

y2

y1

1

1

Figure 1. Change of the periodic integration domain when the (xi)i coordinates (black square) are changed to (yi)i (tilted blue rectangle). The
two domains are equivalent, since the two hatched blue (red) areas are equivalent due to periodicity of the torus domain T2 ≃ [0, 1]2.

This result covers all typical interactions that depend on the distance between two particles. The next one even extends this to
distributional potentials of the form X ∗.

Lemma 21. A distributional interaction of the form W =
∑

i<j ∇xig(xi−xj) with g ∈ L2([−1, 1]) is kinetically bounded with
relative kinetic bound 0.

Proof. As in the previous proof we only need to consider the spinless case and use the same coordinate transformation r :
(y1, . . . , yN ) 7→ (x1, . . . , xN ) to get

∇x1g(x1 − x2) =
1

2
(∇x1g(x1 − x2)−∇x2g(x1 − x2)) =

1√
2
∇y1g(

√
2y1) =: ∇y1 g̃(y1). (A3)

We can thus write ⟨Ψ, (∇x1g(x1 − x2))Ψ⟩ = ⟨∇g̃, ρr⟩ and then continue exactly like in the proof of Lemma 16. By introducing
a sequence {g̃n}n in C∞([−1, 1]) that has ∥g̃ − g̃n∥L2 → 0 we get an estimate

|⟨∇g̃, ρr⟩| ≤ ∥∇g̃n∥L∞∥ρr∥L1 + 2C∥g̃ − g̃n∥L2

(
∥ρr∥L1 + ∥∇√

ρr∥2L2

)
. (A4)

From here on, the same estimates as in Eq. (A2) apply which concludes the kinetic boundedness.

A well-known example for such a distributional interaction is the δ-interaction. On the torus the distribution δ(x) + 1 is given
by ∇g(x) where g(x) = 1−x which is then periodically extended to [−1, 1] for a proper domain of the interaction. Such a system
is studied in Gaudin [47].
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