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We study a mechanism to induce superconductivity in atomically thin semiconductors where ex-

citons mediate an effective attraction between electrons.

Our model includes interaction effects

beyond the paradigm of phonon-mediated superconductivity and connects to the well-established
limits of Bose and Fermi polarons. By accounting for the strong-coupling physics of trions, we find
that the effective electron-exciton interaction develops a strong frequency and momentum depen-
dence accompanied by the system undergoing an emerging BCS-BEC crossover from weakly bound
s-wave Cooper pairs to a superfluid of bipolarons. Even at strong-coupling the bipolarons remain rel-
atively light, resulting in critical temperatures of up to 10% of the Fermi temperature. This renders
heterostructures of two-dimensional materials a promising candidate to realize superconductivity at
high critical temperatures set by electron doping and trion binding energies.

In the past decade van der Waals materials have been
shown to host a plethora of quantum phases of mat-
ter ranging from Mott and Wigner crystals [1-4], the
anomalous quantum Hall effect [5-8], chiral edge states
[9] and Chern insulators [10] to interaction-driven insu-
lators [11]. Following the observation of unconventional
superconductivity in NbSe2 monolayers [12], the discov-
ery of superconductivity in magic-angle graphene [13, 14]
and twisted bilayers of atomically thin semiconductors
[15] have advanced van der Waals materials as a plat-
form to realize novel forms of superconductivity.

The existence of strongly bound excitons in tran-
sition metal dichalcogenides (TMD) [16] has inspired
studies exploring new routes to superconductivity. Re-
cently, repulsive pairing mechanisms in twisted Moiré
materials came into focus [17-23]. In this setting flat
bands limit Fermi energies and thus the critical tran-
sition temperature. In absence of flat bands, theoret-
ical works have explored exciton-mediated interactions
between electrons analogous to the phonon-exchange in
conventional BCS theory [24-28]. However, TMDs fea-
ture an exciton-electron coupling that is strong enough to
feature exciton-electron bound states, trions, that remain
stable up to room temperature [16], which cannot be cap-
tured by previously employed Frohlich-type models [24—
28]. Including this non-perturbative pairing physics in
theoretical models has remained a central challenge, and
the question how trion formation impacts superconduc-
tivity has been left unanswered.

In this letter, we present a theory of boson-induced su-
perconductivity which incorporates the strong-coupling
physics of the Bose-Fermi mixtures [29-34] comprised of
excitons and electrons. Our work does not rely on flat
bands and applies to heterostructures of van der Waals
materials where electrons interact with excitons in sep-
arated layers. We account for trion formation by con-
sidering beyond-linear electron-exciton coupling terms

that extend the Frohlich paradigm of electron-phonon
exchange [35, 36]. As a result we find that the effective
exciton-electron vertex becomes strongly retarded and
non-local leading to strong dressing of electrons by the
excitonic background. As the doping level in the TMD is
tuned, the mutual dressing of electrons and excitons leads
to an emergent crossover from a weak-coupling BCS su-
perconductor into a superfluid state of bipolarons, akin to
the BCS-BEC crossover observed in cold atoms [37-53].
Remarkably, we find the bipolarons to remain relatively
light, facilitating the transition temperature to reach val-
ues of up to 10 % of the Fermi temperature. The physics
of a BCS-BEC crossover emerging from mediated inter-
actions complements the direct interaction mechanism in
cold atoms and opens perspectives to reach high transi-
tion temperatures in van der Waals materials.

Model and Method.— We start from a two-
dimensional Fermi gas of electrons (é;p, ¢;p) in absence
of a magnetic field. The electrons interact with long-
lived interlayer excitons in a spatially separated heter-
obilayer which could be realized in a MX5-WX5-MX’s
heterostructure (X, X’ label chalcogen atoms) shown in
Fig. 1(a). Electron tunneling between the top layers is
fully suppressed by a large layer separation dg > d4 en-
abling s-wave pairing between electrons in the top layer.
Gating can be employed to allow for doping of layer 3
in presence of a long-lived interlayer-(12) exciton. Since
interlayer-(12) exciton energies for vanishing separation
of the lower TMD layers 1 and 2 would be in the range
100 to 150 meV [54], Fermi energies of around 30 meV in
the TMD layer 3 would be possible. Importantly, due to
the dipolar character of the system, the interlayer-(123)
trion can have a substantial binding energy er ~ 30 meV
comparable with the Fermi energy which brings the sys-
tem into the strong coupling regime. We also emphasize
that the generation of interlayer excitons need not re-
quire optical excitation [55, 56]. The interaction between
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FIG. 1. (a) Hlustration of the TMD heterostructure. Charge
carriers in the tunnel-coupled layers 1 and 2 form interlayer
excitons which can bind with electrons in the spatially sepa-
rated, tunnel-decoupled (¢ = 0) top layer into deeply-bound
trions. (b) Using gates the band alignment of the layers can
be modified to allow doping of the third layer, while the inter-
layer (12) exciton remains stable. e marks the Fermi level.

electrons and the interlayer excitons, described by oper-
ators Xlﬁ, and can be modelled by an attractive contact
interaction of strength g which can be directly related to
the trion energy er [57, 58]. In experiments the value of
er could for instance be tuned by changing the thickness
of the hBN layer separating TMD layers 2 and 3, or us-
ing dielectric engineering [16, 59, 60]. The corresponding
Hamiltonian is given by

H= Z Zekcokc kJrZekXTX
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with A the system area. Assuming an effective mass
approximation, the electron and exciton dispersion rela-
tions are € = k?/2mp and ¢ = k?/2mp. Although we
investigate superconductivity in TMD, the Hamiltonian
in Eq. (1) may also be realized in ultracold atomic sys-
tems where the mass ratio between bosons and fermions
can vary substantially. Considering the universal rele-
vance of the model, we work at an equal mass ratio of
excitons and electrons mp = mp. As the Fermi gas is
spin-balanced, both components ¢ =7,] are described
by the Fermi wavevector krp = \/4nmnp with density ng.
The Fermi level e and temperature Tr are given by
er =Tr = k%/2m. We set h=kp = 1.

We employ a mean-field description of the Bose gas
that is sufficient to demonstrate the mechanism of
exciton-induced superconductivity enhanced by the pres-
ence of trions. This mean-field picture, in which the ex-
citon gas is described by a condensate of density ng, is
justified by the algebraic decay of the boson correlator
in the BKT phase [61-65] which occurs on scales larger
than the range of induced interactions. In Eq. (1) we
have expanded in fluctuations around the condensate, i.e.
X — dko0vnoA + X Considering the much smaller
separatlon between layers 1 and 2 compared to recent

experiments [55], we can consider the regime of a weakly
interacting exciton gas with healing length £ much larger
than the interelectron distance. Moreover, considering
that the exciton-electron interaction dominantly probes
the particle-like branch of the exciton Bogoliubov disper-
sion we treat the excitons as an ideal Bose gas.

The first interaction term in Eq. (1) describes a
Frohlich-type electron-phonon interaction A~g,/ng. In
perturbative approaches to exciton-induced supercon-
ductivity [25-28], induced interactions between electrons
originated solely from this term and scale with A\2; i.e.
independent of the sign of \. However, the microscopic
origin of this phonon-like interaction is the attractive
potential parametrized by the last term ~g in Eq. (1).
This term is responsible for the formation of trions, and
its relevance has been demonstrated by observations in
cold atoms and TMD that show strong deviations from
the Frohlich model [34, 66-68]. Using a renormalization
group (RG) analysis presented in the Supplemental Ma-
terials (SM) [69], we show this term to be RG-relevant
and crucial in the strong-coupling regime. Unlike previ-
ous works we consider this term fully and study its non-
perturbative effect on exciton-induced electron pairing.

To study electron pairing we employ finite-temperature
quantum field theory [70, 71]. Using a diagrammatic
approach, it is practical to study the system in a two-
channel model that is equivalent to Eq. (1). To arrive at
this model one employs a Hubbard-Stratonovich transfor-
mation where a trion field ¢ manifests the strong-coupling
physics and formally mediates the electron-exciton inter-
action (Fig. 2(a)). The corresponding action is given by

S = /Q(d)*QPti)(Q)(bQ + w;,Q‘P?/’(Q)wG,Q + t;,QPtO(Q)to,Q

+ hy/ng [t 0%y + h.c.]) + h/P gp;@,w;t‘,@ +h.c.],
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where the relation ¢ = —h?/P? establishes the equiv-
alence of the models (1) and (2) in the contact inter-
action limit h — oo. The fields p € {Vr.0,t0.0, 00}
correspond to electrons, trions, and fluctuations of the
exciton gas around its mean value ,/ng. Capital let-
ters @ = (q,w,) refer to momenta q and Matsubara
frequencies wy, Py/y(q,w) = (—iw + eqX/c — pp/r), and
fQ contains Matsubara and spin summation. Electron
and exciton chemical potentials are denoted by ur, up.

The presence of the exciton condensate hybridizes
electrons and trions into a joint excitation (see the
term ~./not;1, in Eq. (2)). This hybridization is key
for inducing the electron-electron interaction shown in
Fig. 2(b). Due to the hybridization, this vertex is in-
ternally governed by a trion-electron scattering vertex
at tree level h2~0(Q)tiep% b, t,, (gray box in Fig. 2(b)),
where 7(Q) = 1/P4(Q) represents the exchange of an
exciton. We study exciton-induced Cooper pair forma-
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FIG. 2. Feynman diagrams for (a) bare exciton-electron scattering vertex, (b) induced electron-electron vertex, (c) renormalized
electron-trion scattering vertex, (d) full trion propagator, and (e) off-diagonal electron-trion propagator. The exciton self-energy
(f) is used within the Hugenholtz-Pines condition and contains the renormalized electron propagator (see SM [69]).

tion in terms of the renormalization of this trion-electron
vertex, accounting for the infinite ladder of exciton ex-
changes (Fig. 2(c)). In this ladder resummation, the
strong-coupling physics between excitons and electrons
is accounted for by the self-energy ¢ (p,w) of the trion
field (Fig. 2(d)). As a result of the (p,w)-dependence
of 3, the effective electron-exciton vertex (red box in
Fig. 2(b)), becomes retarded and non-local, adding a new
ingredient to the mechanism of exciton-induced super-
conductivity.

We approach the pairing problem within a non-self-
consistent T-matrix (NSCT) approach [32, 72-78] (for
details see SM [69]), which describes both the non-
perturbative scattering physics of electrons and excitons,
and the self-energy corrections for the excitons and elec-
trons via the diagrams shown in Fig. 2(e,f). In this way
we recover the associated Fermi [32, 77-83] and Bose
polaron formation [84, 85] observed in ultracold atoms
[33, 66—68, 86-90] and TMDs [34, 91-95]. Recently it has
been shown that this approach applies equally to nearly
population balanced, strongly-coupled Bose-Fermi mix-
tures [30-33]. Hence, our approach is based on a model
(1) that has been firmly tested in experiments on a quan-
titative level.

We incorporate self-energy effects by using the renor-
malized (matrix-valued) Green’s function G,
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rather than the bare Green’s function Gg defined by
(GO 1)09’
pressed (p,w)-arguments; for analytic expressions see
[69]. The pole of the trion Green’s function Gy=; in
the two-body limit determines the trion energy er [58].

The electron pairing problem is solved in terms of the
effective Bethe-Salpether equation for the renormalized
electron-trion vertex function (Fig. 2(c)),

2
= 78;)63;)/S|(¢m¢7ta):0' In Eq. (3) we have sup-
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P
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A singularity in 7 indicates a pairing instability. As
Pauli exclusion suppresses bound state formation be-
tween equal spin fermions, we consider s-wave pairing
of electrons of opposite spin, o # o’ [96]; see SM [69].
In Eq. (4) we focus on a subset of diagrams where the
~v-vertex couples to itself and which contains the off-
diagonal Green’s function Gy (Fig. 2(e)). This ap-
proximation leaves out exchange diagrams leading to
bosonic three-body bound state formation already in the
few-body limit [97]. Hence we expect that including such
diagrams would enhance Cooper pair formation even fur-
ther.

The Green’s functions for electrons and excitons in
Eq. (3) contain the chemical potentials pup and pp. For
given ng, ng, T and er, the chemical potentials are de-
termined self-consistently to fulfill two conditions:

(i) The number equation to set the density of fermions,
np = Gz [ AP X, Guzu, (Prwn).

(ii) The Hugenholtz-Pines relation 0 = up + 35(0,0)
to ensure that excitations from the condensate are
gapless (the condensate is kept as a background
field in our model). The boson self-energy ¥ 5 (p, w)
(Fig. 2(f)) is given in the SM [69].

These two conditions naturally incorporate the physics
of both Bose and Fermi polarons: For a vanishing fermion
density np = 0, (i) determines the energy of Bose po-
larons [84] in agreement with experiments [34, 66—68]. In
the opposite limit of a vanishing boson density ng = 0,
(ii) yields the Fermi polaron energy in excellent agree-
ment with experiments [72-74, 76-79, 87-95].

Critical pairing temperature.— The critical tem-
perature T for the instability towards s-wave pairing is
determined by lowering the temperature until v develops
a singularity. The results for T} are shown in Fig. 3 in
dependence of the dimensionless trion energy er/ep for
different exciton densities ng/ep.

As er/ep is increased, T /Tr increases monotonously.
Similarly, TF increases with ng, reflecting the role of exci-
tons as the mediators of interactions. Increasing interac-
tions and condensate density leads to dressing of bosons
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FIG. 3. Critical pairing temperatures T /Tr as a function
of trion energy er/er for various condensate densities. In
the BCS limit where T is close to the BKT temperature T.
(see Fig. 4) the data is shown as solid lines, while at strong
coupling bipolarons are formed and the dashed lines represent
their dissociation temperature. The dash-dotted lines give
Te. = Tt where the bipolaron gas turns superfluid.

and fermions by many-body fluctuations. This results in
a strong increase of the boson and fermion chemical po-
tentials (see [69]) as imposed by the conditions (i) and
(ii). Since the chemical potentials enter the propagators
in our diagrammatics, they suppress pairing fluctuations.
Despite this suppression, we find that T keeps on in-
creasing without apparent bound.

In the weak-coupling limit, where T is small, an effec-
tive BCS theory applies. In the BCS regime, it has been
established that T} is close to the actual BKT transition
temperature T, towards superfluidity [65, 98, 99]. This
equivalence typically applies when the size of Cooper
pairs l¢c is extended over many interfermion distances
dwk’;l. However, as [ becomes comparable to the in-
terfermion distance, T} rather starts to indicate only the
formation of pairs but does not imply their transition
into a superfluid state, i.e. T, < T}.

At strong coupling a different criterion to determine
T, is thus required. At zero temperature the vertex de-
scribed in Eq. (4) admits a bound state between two elec-
trons even in the polaron limit where np = 0, ng > 0
[100], representing a bipolaron. By determining where
the bipolaron energy Epp becomes comparable to the
Fermi energy e¢p, we obtain an estimate for where the
Cooper pair size becomes comparable to the interparti-
cle distance, lc =~ d. To this end, we calculate Egp by
solving Eq. (4) in the polaron limit. The corresponding
critical values of [er/ep|¢ are shown in Fig. 3 as dots
and the full dependence on ng/np is shown in Fig. 4.
For interaction strengths beyond [er/er]® a description
in terms of pairs that immediately condense as they form
is clearly invalid. In this regime, T should instead be re-
garded as the molecular dissociation temperature of bipo-
larons. Bipolarons at T form a thermal bipolaron gas
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FIG. 4. Critical interaction strength er/er (as a function of
condensate density no/nr) beyond which the bipolaron bind-
ing energy exceeds the Fermi energy. Colored points mark
densities 1o /nr shown in Fig. 3. Inset: Critical temperature
at the critical interaction strengths. For illustration we also
show a data point for no/nr = 1 (open circle) where trion
formation might deplete the condensate to a degree beyond
our description [31-33, 79, 80].

that has to be cooled further to facilitate the transition
into a superfluid state.

For large er/ng, bipolarons are sufficiently deeply
bound that, at finite fermion density np > 0, the system
can be described by an effective theory of weakly inter-
acting, rigid bosons using BKT theory [65, 101-103]. To
estimate the critical temperature for the BK'T transition
into the superfluid state, we employ the Nelson criterion
[65, 101-103],

27T77/F 1
MBP Jog (% log (n;dz ))

Here the density of bipolarons is given by ng, and
7 & 380 [65]. The bipolaron-bipolaron scattering length
d, and effective bipolaron effective mass mpgp are com-
puted in the SM [69]. We note that the bipolarons remain
relatively light which, similar to recent studies of bipo-
larons in the Peierls model [104, 105], facililates rather
large values of T,. The BKT transition temperatures ob-
tained from Eq. (5) are shown in Fig. 3 as dashed-dotted
lines. We see that the predictions from the BCS limit
and the bipolaron theory intersect in the expected region
indicated by the dots in Fig. 3.

Connecting these two results for T, from weak to strong
coupling makes evident that the systems is governed by
an emerging BCS-BEC crossover from superfluid Cooper
pairs to a quasi-condensate of bipolarons.

Remarkably, despite originating from mediated inter-
actions, the maximal T, /T in our model reaches values
on the order of 10%, not far below the values obtained
in the conventional model of the BCS-BEC crossover
[58, 65, 98, 106-113] which describes fermions that in-
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teract via direct, short-range potentials. We estimate
this maximum value of T./Tr by considering the tem-
perature at the endpoints calculated in Fig. 3. The re-
sults are shown in the inset of Fig. 4 and demonstrate
insensitivity with respect to the density of the exciton
gas. In particular at exciton densities ng/np > 1 the
critical temperature remains robust. At such densities,
neither thermal nor interaction-driven depletion of the
condensate —not taken into account in our work— plays
a significant role, attesting to the robustness of the mech-
anism of trion-enhanced, exciton mediated superconduc-
tivity.

Conclusion.— Incorporating the strong-coupling
physics of exciton-electron mixtures, we have shown
that exciton-mediated pairing of electrons in doped,
atomically thin semiconductor heterostructures offers a
promising route towards realizing superconductivity at
high temperatures T./Tr. Our work applies in the ex-
perimentally realizable regime where exciton densities are
larger than the electron density. A unified description of
the strong-coupling regime where all scales, ep, ng, er
are of the same order is an interesting venue for future
studies. In this regime, a fully self-consistent treatment
of quasiparticles is required and interaction driven con-
densate depletion may have a significant effect.

In our work we did not discuss the impact of the un-
derlying repulsive Coulomb interaction. While this can
be justified by screening at sufficient electron densities
(as evidenced by the agreement of the model (1) with ex-
perimental observations [91]), it remains an open prob-
lem to formally study the interplay of Coulomb screening
and pairing fluctuations. Ultimatively this competition
may result in p-wave pairing becoming the leading in-
stability in certain density regimes [114] while, in turn,
higher-order correlation functions [97] may favor the s-
wave pairing studied in this work.

Note added.—Zerba et al. explored a complemen-
tary scheme using Feshbach resonances for inducing p-
wave superconductivity in Bose-Fermi mixtures realized
with TMD heterostructures [115].
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Supplemental Material for ‘Superconductivity induced by strong electron-exciton
coupling in doped atomically thin semiconductors’

Jonas von Milczewski, Xin Chen, Ata¢ Imamoglu, and Richard Schmidt

In this supplemental material, we discuss details of the calculations and analysis that led to the results presented
in the main text. Throughout this supplemental material we work in units where m = 1/2. Note, that in principle
the action in Eq. (2) involves terms of the form gng. However, ¢ is regulated using an upper momentum cutoff A [77]
and thus these terms vanish as A is increased and are hence left out in Gy and Eq. (2) of the main text.

RENORMALIZATION GROUP ANALYSIS OF THE EXTENDED FROHLICH MODEL IN THE
FEW-BODY LIMIT

We conduct a renormalization group (RG) analysis in the few-body limit of the running coupling constants within
the Hamiltonian given by Eq. (1) in the main text.To begin, we consider the action

s:/%&@m+%m@wwm/ %wwﬁmwmwﬂJ' Vitbg_pbdo_p (1)
Q Q,P Q,P,P’

s

The A term originates from the term in Eq. (1) of the main text which is proportional to a condensate density ng,
A~y /nog. We will use a functional RG approach in the following [116]. The truncation of the relevant flowing effective
action corresponding to Eq. (S1) is given by
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Here k is the RG scale, above which all fluctuations have been integrated out. It runs from the UV cutoff scale k = A
to the infrared at k = 0. As before, ¢ denotes the electron (fermion) field, while ¢ denotes the exciton (boson) field.
We fix the initial conditions such that \p—pn = A and gx—p = g. In the following, we treat these running couplings
as independent to establish a complete picture of the RG flow of the model. We disregard that the flowing coupling
constants may acquire a frequency and momentum dependence during the RG flow and instead use a projection
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where the subindices on the fields indicate a projection onto zero frequency and momentum. Using the Wetterich
equation [116] we compute the flow of the effective action Ty,

BT = % STr Kr,ﬁ” n Rk> 716;@1%4, (S5)

from which we can determine the flow of the coupling constants Ax and gg.
The corresponding diagrams are shown in Fig. S1. Choosing a sharp momentum regulator as done in Refs. [32, 75],
the RG flows are given by
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FIG. S1. Diagrammatic representation of the flow equations of the coupling constants gr and Ax. In the flows of Orgk
(Eq. (S6)) and 9k (Eq. (S7)) dashed lines denote exciton propagators and solid lines denote electron propagators. Dots
denote the electron-exciton three point vertex ~Ag, while squares denote the electron-exciton four point vertex ~g.

Flow of coupling constants in two dimensions

To evaluate the flow equations in the few-body limit, we set the chemical potentials to up = prp = 0 following
similar RG analysis, e.g., of the BEC-BCS crossover [71]. After performing the momentum and frequency integrals,
defining a dimensionless RG scale

t = log (ﬁ) (S8)

and the dimensionless coupling constant

~ A
A = f (S9)
the flow equations in dimensionless form read
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The corresponding flow chart is shown in Fig. 52, where flows begin in the UV at ¢ = 0 and end in the IR at ¢t = —oo0.
For a given point in the flow diagram the arrows point in the direction of the flow. As one can see for Ay—x = 0 and
grk=A > 0 the coupling constant g flows towards the Gaussian, i.e. weak-coupling, fixed point, limg_,o gx = 0. On the
other hand, for Me—p = 0 and gk=A < 0 the coupling flows to limy_,g g = —o0, indicating bound state formation;
this RG behavior reflects that a bound state exists for any attractive interaction in 2D [57]. For A—p = V8,
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FIG. S2. Flow chart for the dimensionless coupling constants X and § in (a) two dimensions and (b) three dimensions, obtained
from a functional renormalization group analysis of the model Eq. (S2). Using the dimensionless RG scale ¢ = log(k/A), for
given values of gr and Ay = Ax/k ( gr = grk and A, = A\,/Vk in 3D) the direction of the RG flow, given by the beta functions
Btjxt and O:g¢ ((9t5\t,8t§t in 3D) is shown. In the left panel the purple curves denote points with :\? = g¢ and 5\? = 2g¢ where
0+g: = 0 while the red curves denote points with g = (87 + :\f)/2 and \; = 0 where 0tg = 0. Similarly, in the right panel the
purple curve denotes points with 9;g: = 0 and the red curves represent points with A = 0. RG fixed points occur when the
red and purple lines cross. The thick arrows indicate the flow of g and § when A = 0.

gk=p = 187 we find two additional repulsive fixed points, while for all other initial values with |5\k=A| > 0 the
flows are always driven towards limg_,g gr = —o0, meaning that bound state formation is inevitable and g, always
represents a relevant correlation function that cannot be ignored.

Flow of coupling constants in three dimensions

For completeness we also perform the RG analysis in three dimensions. After again using ¢ = log(k/A) we can
define the dimensionless coupling constants

Ik = grk, (S12)
- Ak
A = — S13
E= (513)
and obtain the flow equations
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Ohgr = on2 <2 ZAtgt t ) o (S14)

~ .G ~3 3
o= o (M . A) Y (s15)



The resulting flow chart is shown in Fig. S2(b). For Me—a = 0 it shows three different qualitative regions
0, for Gp—p >0
lim g, =< 07, for —4n? < Gr_p <0 (S16)
k—0
— o0, for gr_p < —4n>.

which yield different results with respect to the relevance of g,. For S\k: A # 0, on the other hand, both dimensionless
coupling constants are always relevant:

}11_1% gk = —00 (S17)
lim A\, = sign(s\k:,\)oo (S18)
k—0

again demonstrating that there exists no scenario where bound state formation becomes irrelevant. Note, the fixed
point at g = —1, A = 0 is the well-known fixed point representing the regime of unitary interactions in the BEC-BCS
crossover in three dimensions.

Discussion

The flows of coupling constants in Fig. S2 show a qualitatively similar picture in both two and three dimensions.
Without the electron-exciton three-point vertex ~\j the relevance of the four-point vertex g is dependent on the
initial value of the four point vertex g. In both cases, for repulsive initial values g > 0 the four point vertex is
irrelevant and vanishes as a result of the renormalization process limy_,g g = 0. For attractive initial values g < 0
in two dimensions the coupling is relevant and flows to strong-coupling physics featuring an exciton-electron bound
state. In three dimensions, it is not sufficient that the coupling is attractive, but rather it needs to be sufficiently
attractive g < —4m?/A. If these conditions are fulfilled, the few-body system flows to strong coupling and thus the
bound state physics needs to be taken into account.

Considering the electron-exciton three-point vertex ~\g, the qualitative nature of the relevance of the coupling
changes. In two and three dimensions, apart from the two repulsive fixed points in 2D, a finite value of A always
leads to the system flowing to strong coupling, highlighting the relevance of the four-body vertex. This behaviour is
akin to the in medium behaviour of the two-body bound state in three dimensions: as the three-point vertex may
be regarded as stemming from the immersion of a two-body problem within a bosonic medium A~,/ngg, represented
by the condensate. While in the vacuum two-body limit in three dimensions the bound state exists only for positive
scattering lengths, when introducing a bosonic or fermionic medium, however, the two-body bound state exists for all
scattering lengths.

This analysis thus indicates that the four-point vertex is relevant and therefore needs to be taken into consideration,
including the associated strong-coupling physics.

TRION SELF-ENERGY

The trion self-energy 3¢ (see Fig. 2(d)) is given by

1 1
N (2r)® /dqdypw(p —q,w—v)Py(q,v)’ (S19)

Here we have approximated the diagram by its zero temperature 7' = 0 expression which allows us to obtain an
analytical result that can be readily employed in the following numerical computation. Based on favorable comparisons
of T' = 0 theory and experimental observations at finite temperature in the Fermi polaron limit, we expect finite
temperature corrections to yield only small quantitative changes to the results. The microscopic short-range interaction
has to be regularized and renormalized which gives the condition [32, 77, 79]

h? 1
PO = I 2
+ (g, w) 2n)? /|q>A da_ g (S20)



where A is the upper momentum cutoff [77], so that
Pt(q7w> = Pto(qa W) - Zg(p, W). (821)

This function is related to the non-self-consistent T-matrix used commonly in single-channel approaches via T'(p,w) =
—h?/P,(q,w) [32]. For ur > 0 it is given in Eq. (3) of Ref [78]. For ur < 0 and w > 0 it is given by [32]

im + log (—HFJFHB isz/Qﬂ.w)
8w

Pt(pvw) = —h? ’ (_/JF'»(“) > 0) (822)

and one can use P(p,w) = Pi(p, —w)* for w < 0.

RENORMALIZED GREEN’S FUNCTIONS

Having introduced the trion self-energy to capture the strong coupling physics and the trion formation between
electrons and excitons, the propagators used in the remaining diagrams are computed using Eq. (3) of the main text.
They are thus obtained as

Gy, (P,w) = <Pth1ith2m)> (P,w) (S23)
Gizr, (0.) = (e ) () (824)
Gy, (P,w) = (%) (p,w) (S25)
Gy, (pw) = (%) (p,w), (526)

and Gg-¢ = 1/P4(p,w), where changing the order of fermionic (bosonic) indices results in an additional factor of —1
(1). The remaining matrix elements of the matrix values Green’s function G vanish.

EXCITON SELF-ENERGY

As discussed in the main text, the bosonic chemical potential is fixed by the Hugenholtz-Pines relation used in
the condition (ii) of the main text. The exciton self-energy entering this condition is represented by the diagram in
Fig. 2(f). It is given by

h2T
EB(qv Vm) = (27)2 / dp ZGt;ta (p +q,wn, + Vm)Gw,,w; (pa Wn)' (827)

Instead of numerically evaluating the Matsubara sum directly (leading to poor convergence), we rather compute an
equivalent contour integral for which a contour is laid around the Matsubara frequencies and then deformed to the
real axis to arrive at

B 1 o0 o S P,(p, —iz)Py(p, —iz)
$5(0,0) = Z,: yo /dp/_oo dQng(Q) <[Pt(p7 i) Pa(p—i2) _h2n0]2>

where np(Q) = 1/(1 4 e?*/T) is the Fermi-distribution function. This allows for efficient numerical evaluation.

(S28)
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FERMION NUMBER EQUATION

Similar to the exciton self-energy g, the Matsubara summation for the number equation, entering the condition
(i) of the main text, converges only slowly. Hence we again deform the integration contour to wrap around the real



axis. In this way, the fermion density can be computed as follows:

— L l Pt(pvwn)
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COMPUTATION OF ELECTRON-TRION SCATTERING VERTEX

We perform an s-wave projection of the electron-trion scattering vertex in which we consider scattering at the
Fermi-wavevector kr of the balanced two component Fermi gas of electrons

1 1
’3/0,0" = % /dek,k’§ |:’7(K+ - K;?K-HK;)U,U' +7(K— - K/—vK—7K/—)O'A,U':|' (SSO)

Here K1 = (k,£7T), K, = (X', £xT), |k| = |K'| = kFp, Ok denotes the angle between k and k" and 7, . is used
within Eq. (4).

Using Egs. (4) and (S30) the expression for the s-wave projection of the electron-electron scattering vertex is then
given by

e = oo [3 (mGmRarren * B —Ra—)
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where |k| = kp. The pairing instability is computed by rearranging Eq. (S31) to J,..» = 75.,,/(1 — F) and solving for
F =1 where
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F represents the integral and sum part in Eq. (S31). As this integral decays faster in frequency than the number
equation and the exciton self-energy, the Matsubara summation in Eq. (S31) can be directly computed numerically,
without the need to deform the integration contour.

DETERMINING THE CRITICAL PAIRING TEMPERATURE

To estimate the critical pairing temperature for given values of er/er and ng/np, the critical pairing condition
needs to be solved for, while fulfilling the number equation (i) and the Hugenholtz-Pines relation (ii). This is done in
a self-consistent optimization procedure which we describe in the following.

First, for given values of ng/ep, er/ep and an initial temperature of Ty = € /50 the critical boson chemical potential
to fulfill the Hugenholtz-Pines relation (i) is computed as ug(ir, no, e, To) for a varying fermion chemical potential
pur. Next, these chemical potentials are used within the number equation Eq. (S29) to compute the Fermi density
e (ur, g (1r, no, €1, Tp)). From this, the fermion chemical potential pk fulfilling np = n/p(uk, up (1, no, er, To))
is found and the corresponding boson chemical potential is determined as pk = pg(ukh, no, er, Tp).

Using puk and pk, the critical temperature Ty where F' = 1 is then found using Eq. (S31). This critical temperature
T is then used as an input to find % and p% which are in turn used to find a critical temperature Ty. This cycle
is repeated until the chemical potentials and the temperature have converged to a fixed point which simultaneously
satisfies the number equation, the Hugenholtz-Pines relation and the critical pairing condition. For given values of
ng/ep, e /e the temperature found gives the critical pairing temperature T.*. This procedure is shown in Fig. S3 for
the first two iterations of this cycle.

The resulting chemical potentials for the results shown in Fig. 3 are given in Fig. S4.
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FIG. S3. Exemplary optimization procedure to simultaneously solve for the Hugenholtz-Pines relation and the number
equation at e = 5ep, no/np = 1. (a) The boson chemical potential pug(ur,no,er,T) to fulfill the Hugenholtz-Pines re-
lation is shown as a function of the fermion chemical potential. At an initial temperature of To = €er/50 (purple) the
critical boson chemical potential is computed as a function of the fermion chemical potential and the resulting pairs of
(ur, us(1tF, no, er, To)) are used to compute the corresponding fermion density n’(ur, us(itr, no, er, To)), shown in (b). The
point at which n’z (u}:, uB (u}a, no, er,Tp)) = nr is used to determine k. From this, the corresponding boson chemical potential
up is computed as up = pup(pk, no, er, To). In (c) the value of F obtained using u} and pu} is shown for varying temperatures
and it is used to determine a critical inverse temperature 8* = 1/T1 by locating where F' = 1. This temperature is used in a
second iteration (yellow) from which u% and p% are found which are used in (c) to find a critical inverse temperature 82 = 1/T5.
This cycle is repeated until the chemical potentials and critical temperatures are found to be converged.

DETERMINING THE BIPOLARON BINDING ENERGY AND THE BOUNDARY OF THE BCS
REGIME

As discussed in the main text, the method used to obtain the critical pairing temperature provides a reasonable
approximation for the critical temperature of superfluidity in the regime where a BCS-type theory is appropriate. The
s-wave projected pairing vertex ¥, . defined in Eq. (S30) admits a bound state at 7' = 0 even in the limit where the
Fermi density vanishes, which we refer to as the polaron limit. Thus finding a singularity in 4 implies the formation
of a bound state between two Bose polarons, a bound state which we refer to as the bipolaron [100]. In the strong
coupling limit, we expect the superfluid transition temperature T, to be more accurately captured by a BKT theory
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FIG. S4. The boson (a) and fermion (b) chemical potentials 1 and pr at the critical temperature T, are shown as a function of
er/er for the condensate densities no/nr = 1 (purple), 2 (red), 5 (orange), and 10 (yellow). These potentials are simultaneous
solutions of the Hugenholtz-Pines relation (i) and the number equation (ii), and to satisfy these, the chemical potentials increase
in magnitude with increasing binding energy.
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FIG. S5. Bipolaron binding energy Epp (left) and bipolaron effective mass mpp (right) as a function of the trion energy
er. The energies are given in units of condensate density no while the mass is given in units of the fermion mass mpr. With
increasing er the bipolaron becomes deeper bound and acquires a moderate effective mass.

of a Bose gas of bipolarons. As a result we approximate the point where the system crosses over from a BCS-type to a
BKT/BEC-type behaviour as the point where the bipolaron binding energy becomes comparable to the Fermi energy
and, as a result, the binding length of the bipolaron is comparable to the average fermion interparticle distance.

At T = 0 in the polaron limit (ngp = 0) the exciton self-energy vanishes identically and as a result we set up = 0.
Thus for given values of er, ng there exists a critical chemical potential pp,.=o(no,er) for which np = 0 for
pr < ppne=o0(no,er) and ngp > 0 for up > prnp=o0(no,er). This chemical potential in fact determines the Bose
polaron energy which, for three dimensional systems, has been shown to agree remarkable well with experimental
observations [66].

The binding energy of the bipolaron is determined from the divergence of ypp,

n / / dw h%ng 1 1 ($33)
Tor =T5r 4700 | | 5 Byp,0) Bl Palpr ) — Wm0 Pi{—py —) Pol b, —) — g’
which is obtained from Eq. (S31) in the limit kz — 0, T — 0. The divergence of 4gpp occurs at a fermion chemical
potential pp pp(no, €r) < Fnp=o0(no, er). Thus the bipolaron binding energy is given as
Epp =2 (pr,p(no, €r) — irnp=o0(no, €r)) - (S34)

The resulting bipolaron binding energies are shown in Fig. S5. Hence, requiring the binding energy per particle
of the bipolaron to be smaller than the Fermi energy each fermion experiences, we require pip ,.=o(no,er) — €p <
wr,BP(No, €r) < fiFnp=0(no, er) for the BCS theory to be applicable. The resulting critical dimensionless interaction
strengths e /ep for given values of ng/np are shown in Fig. 4 of the main text and the end points of the BCS regime
are indicated in Fig. 3 of the main text.

APPROXIMATION OF THE BKT TRANSITION TEMPERATURE

To approximate the critical temperature for the transition into a BKT superfluid, we use [65, 101-103]

2mng 1
MBP Jog ( log (an2 )) )

where the density of bipolarons is given by np (all fermions can be assumed to be paired into bipolarons), and
1 = 380 [65]. The bipolaron-bipolaron scattering length is given by d. , and mpp is the effective bipolaron mass. The
bipolaron scattering length is approximated by the binding length of the bipolaron [65], which in turn is parametrized

by the bipolaron binding energy as
1 1 1
de = [ — —t— ). S36
\/ 2EBp <mF mF+mB> (S36)

Tprr = (S35)




The bipolaron effective mass is computed by evaluating Eq. (S33) at a finite incoming momentum q which is distributed
along the two fermionic propagator legs as p+q/2 and q/2—p. From this, the bipolaron dispersion relation is computed
as a function of |q| and the effective bipolaron mass mpp is obtained from a quadratic fit to this dispersion relation.
The resulting bipolaron effective mass is shown in Fig. S5. The BKT transition temperatures obtained from Eq. (5)
are shown in Fig. 3 of the main text.
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