
Many-body entropies and entanglement from polynomially-many local measurements
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Randomized measurements (RMs) provide a practical scheme to probe complex many-body quan-
tum systems. While they are a very powerful tool to extract local information, global properties
such as entropy or bipartite entanglement remain hard to probe, requiring a number of measure-
ments or classical post-processing resources growing exponentially in the system size. In this work,
we address the problem of estimating global entropies and mixed-state entanglement via partial-
transposed (PT) moments, and show that efficient estimation strategies exist under the assumption
that all the spatial correlation lengths are finite. Focusing on one-dimensional systems, we identify a
set of approximate factorization conditions (AFCs) on the system density matrix which allow us to
reconstruct entropies and PT moments from information on local subsystems. Combined with the
RM toolbox, this yields a simple strategy for entropy and entanglement estimation which is prov-
ably accurate assuming that the state to be measured satisfies the AFCs, and which only requires
polynomially-many measurements and post-processing operations. We prove that the AFCs hold
for finite-depth quantum-circuit states and translation-invariant matrix-product density operators,
and provide numerical evidence that they are satisfied in more general, physically-interesting cases,
including thermal states of local Hamiltonians. We argue that our method could be practically
useful to detect bipartite mixed-state entanglement for large numbers of qubits available in today’s
quantum platforms.
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I. INTRODUCTION

In the context of today’s digital quantum technolo-
gies [1–9], an outstanding challenge is to devise measure-
ment schemes of many-qubit states which are efficient
and yet simple enough to be performed in current noisy
intermediate-scale quantum (NISQ) devices [10, 11].
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This problem has motivated new ideas to improve our
ability to characterize complex quantum states, recently
formalized in a set of protocols which form the so-called
randomized-measurement (RM) toolbox [12–15].

The power of RM schemes lies in the fact that they
need not be tailored to a specific property of the system.
Rather, one performs measurements which are randomly
sampled from a fixed ensemble independent of the ob-
servable of interest. Subsequently, the outcomes are pro-
cessed differently depending on the quantity to be esti-
mated [16–19]. Denoting by ρ the system density matrix,
this approach gives us access to all observable expectation
values Tr[ρO] and, more generally, to multi-copy objects
of the form Tr[ρ⊗nO], where the integer n ≥ 1 is called
the copy (or replica) index.

As an exciting application, the RM toolbox has pro-
vided us with novel opportunities to experimentally in-
vestigate entanglement, a cornerstone in both quantum-
information [20, 21] and quantum many-body theory [22,
23]. For instance, paralleling earlier experiments based
on quantum interference [24–26], cf. also Refs. [27–
30], pure-state entanglement can be detected by ex-
ploiting the two-copy representation of subsystem pu-
rities [13, 15–17, 31], as is now routinely done in var-
ious experimental platforms [31–35]. RMs have been
also applied to study both mixed-state bipartite entan-
glement, based on the estimation of the so-called partial-
transposed (PT) moments [36, 37], and multipartite en-
tanglement, as characterized by the quantum Fisher in-
formation [38–41].

Given an N -qubit system, RM approaches to estimate
any (multi-copy) local observable are more efficient than
performing full state tomography, which requires running
a number of experiments growing exponentially in N [42–
44]. However, their accuracy is controlled by the sta-
tistical errors arising from the randomness of the mea-
surement ensembles and their outcomes. While several
works have focused on developing optimal strategies to
minimize errors [45–57], estimating global properties re-
quires performing exponentially-many measurements or
post-processing operations. Therefore, it is unfeasible to
significantly scale up existing protocols to probe global
purities and bipartite entanglement [13, 15–17, 31, 37],
raising the question of whether these quantities will be
experimentally accessible at all as larger NISQ devices
become available.

In this work, we address precisely the problem of esti-
mating global entropies and PT moments in many-qubit
systems, and show that efficient strategies exist under the
assumption that all spatial correlation lengths in the sys-
tem are finite. This condition encompasses a large class
of physically interesting cases, including ground and ther-
mal states of local Hamiltonians, and is thus very natural
when considering NISQ devices from the point of view of
quantum simulation [58–60].

In more detail, we focus on one-dimensional (1D) sys-
tems and put forward a strategy for the estimation of
entropies and PT moments, requiring only polynomially-
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) <latexit sha1_base64="pab0B+ndEPEcvTDhyP6kDC+uW6Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8co5gGbJcxOZpMhszPLTK8SQj7DiwdFvPo13vwbJ8keNFrQUFR1090VpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt2eVmpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35RbkXc=</latexit>)

<latexit sha1_base64="hNdodeRKGC32GuLEDz3edYtVmcI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSk+FoW3eiugn1AGsNkOmmHTiZhZiKUmIW/4saFIm79DXf+jZM2C209MHA4517umePHjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek44+ucr/zQISkEb9T45i4IRpwGlCMlJY8c78XIjXEiKXN7D6tkuPMufHqrmdWrJo1AZwndkEqoEDTM796/QgnIeEKMySlY1uxclMkFMWMZOVeIkmM8AgNiKMpRyGRbjrJn8EjrfRhEAn9uIIT9fdGikIpx6GvJ/O0ctbLxf88J1HBhZtSHieKcDw9FCQMqgjmZcA+FQQrNtYEYUF1VoiHSCCsdGVlXYI9++V50q7X7LPa6e1JpXFZ1FECB+AQVIENzkEDXIMmaAEMHsEzeAVvxpPxYrwbH9PRBaPY2QN/YHz+AFn3la0=</latexit>

P(e)[I2]

<latexit sha1_base64="wn5hE+iC/BPLB40vgoastlxrlAM=">AAAB/3icbVC7TsMwFHV4lvIKILGwWFRIZakS3mMFC2xFog8pDZHjOq1Vx4lsB6kKGfgVFgYQYuU32PgbnDYDtBzJ0tE59+oeHz9mVCrL+jbm5hcWl5ZLK+XVtfWNTXNruyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3iV++0HIiSN+J0axcQNUZ/TgGKktOSZu90QqQFGLG1k92mVHGbOjXfsembFqlljwFliF6QCCjQ886vbi3ASEq4wQ1I6thUrN0VCUcxIVu4mksQID1GfOJpyFBLppuP8GTzQSg8GkdCPKzhWf2+kKJRyFPp6Mk8rp71c/M9zEhVcuCnlcaIIx5NDQcKgimBeBuxRQbBiI00QFlRnhXiABMJKV1bWJdjTX54lraOafVY7vT2p1C+LOkpgD+yDKrDBOaiDa9AATYDBI3gGr+DNeDJejHfjYzI6ZxQ7O+APjM8fW3yVrg==</latexit>

P(e)[I3]

<latexit sha1_base64="4U4J3jd8wk8dvsxBv7kbb65Pg/Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZRE6mNZdKO7CvYBaQyT6aQdOpmEmYlQYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44fMyqVZX0bC4tLyyurpbXy+sbm1ra5s9uWUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj+6yv3OAxGSRvxOjWPihmjAaUAxUlryzP1eiNQQI5Y2s/u0So4z58aru55ZsWrWBHCe2AWpgAJNz/zq9SOchIQrzJCUjm3Fyk2RUBQzkpV7iSQxwiM0II6mHIVEuukkfwaPtNKHQST04wpO1N8bKQqlHIe+nszTylkvF//znEQFF25KeZwowvH0UJAwqCKYlwH7VBCs2FgThAXVWSEeIoGw0pWVdQn27JfnSfukZp/VTm/rlcZlUUcJHIBDUAU2OAcNcA2aoAUweATP4BW8GU/Gi/FufExHF4xiZw/8gfH5A10Bla8=</latexit>

P(e)[I4]

<latexit sha1_base64="sAyxD681UkA9fMlyI+Ltrc3Oawo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZRErLosutFdBfuANIbJdNIOnUzCzEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8ePGZXKsr6NhcWl5ZXV0lp5fWNza9vc2W3LKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx9d5X7ngQhJI36nxjFxQzTgNKAYKS155n4vRGqIEUub2X1aJceZc+PVXc+sWDVrAjhP7IJUQIGmZ371+hFOQsIVZkhKx7Zi5aZIKIoZycq9RJIY4REaEEdTjkIi3XSSP4NHWunDIBL6cQUn6u+NFIVSjkNfT+Zp5ayXi/95TqKCCzelPE4U4Xh6KEgYVBHMy4B9KghWbKwJwoLqrBAPkUBY6crKugR79svzpH1Ss89q9dvTSuOyqKMEDsAhqAIbnIMGuAZN0AIYPIJn8ArejCfjxXg3PqajC0axswf+wPj8AV6GlbA=</latexit>

P(e)[I5]
<latexit sha1_base64="iSy9XbfXlYL6ceXYt5jEdfMWHag=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyUpvpZFN3ZXwT4giWEynbRDJw9mJkIJ2bnxV9y4UMStv+DOv3HSZqGtBy4czrmXe+/xYkaFNIxvrbS0vLK6Vl6vbGxube/ou3tdESUckw6OWMT7HhKE0ZB0JJWM9GNOUOAx0vPG17nfeyBc0Ci8k5OYOAEahtSnGEklufqhHSA5woil7ew+rZGTzGq5po2TGLbchuPqVaNuTAEXiVmQKijQdvUvexDhJCChxAwJYZlGLJ0UcUkxI1nFTgSJER6jIbEUDVFAhJNO/8jgsVIG0I+4qlDCqfp7IkWBEJPAU5351WLey8X/PCuR/qWT0jBOJAnxbJGfMCgjmIcCB5QTLNlEEYQ5VbdCPEIcYamiq6gQzPmXF0m3UTfP62e3p9XmVRFHGRyAI1ADJrgATXAD2qADMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AHEk5ia</latexit>

P(e)[I1 [ I2]

<latexit sha1_base64="W/24eq0/2KtHQmVZxdB3YwuvrUk=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiT1uSy6sbsK9gFJDJPppB06eTAzEUrIzo2/4saFIm79BXf+jZM2C209cOFwzr3ce48XMyqkYXxrC4tLyyurpbXy+sbm1ra+s9sRUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW90nfvdB8IFjcI7OY6JE6BBSH2KkVSSqx/YAZJDjFjayu7TKjnOrKZbt3ESw6Z74rh6xagZE8B5YhakAgq0XP3L7kc4CUgoMUNCWKYRSydFXFLMSFa2E0FihEdoQCxFQxQQ4aSTPzJ4pJQ+9COuKpRwov6eSFEgxDjwVGd+tZj1cvE/z0qkf+mkNIwTSUI8XeQnDMoI5qHAPuUESzZWBGFO1a0QDxFHWKroyioEc/bledKp18zz2tntaaVxVcRRAvvgEFSBCS5AA9yAFmgDDB7BM3gFb9qT9qK9ax/T1gWtmNkDf6B9/gDHpZic</latexit>

P(e)[I2 [ I3]

<latexit sha1_base64="CV8m7y4mmZwiyKGjgyCTpeIFhcw=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRaH8uiG7urYB+QxDCZTtqhkwczE6GE7Nz4K25cKOLWX3Dn3zhps9DWAxcO59zLvfd4MaNCGsa3trC4tLyyWlorr29sbm3rO7sdESUckzaOWMR7HhKE0ZC0JZWM9GJOUOAx0vVG17nffSBc0Ci8k+OYOAEahNSnGEklufqBHSA5xIilrew+rZLjzGq6pzZOYth0646rV4yaMQGcJ2ZBKqBAy9W/7H6Ek4CEEjMkhGUasXRSxCXFjGRlOxEkRniEBsRSNEQBEU46+SODR0rpQz/iqkIJJ+rviRQFQowDT3XmV4tZLxf/86xE+pdOSsM4kSTE00V+wqCMYB4K7FNOsGRjRRDmVN0K8RBxhKWKrqxCMGdfniedk5p5Xju7rVcaV0UcJbAPDkEVmOACNMANaIE2wOARPINX8KY9aS/au/YxbV3Qipk98Afa5w/Kt5ie</latexit>

P(e)[I3 [ I4]

<latexit sha1_base64="2u4j1OF41PU7arLype9ngXFQHSs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiTSqsuiG7urYB+QxDCZTtqhkwczE6GE7Nz4K25cKOLWX3Dn3zhps9DWAxcO59zLvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/tdESUckw6OWMT7HhKE0ZB0JJWM9GNOUOAx0vPG17nfeyBc0Ci8k5OYOAEahtSnGEklufqRHSA5woil7ew+rZLTzGq5dRsnMWy5DcfVK0bNmAIuErMgFVCg7epf9iDCSUBCiRkSwjKNWDop4pJiRrKynQgSIzxGQ2IpGqKACCed/pHBE6UMoB9xVaGEU/X3RIoCISaBpzrzq8W8l4v/eVYi/UsnpWGcSBLi2SI/YVBGMA8FDignWLKJIghzqm6FeIQ4wlJFV1YhmPMvL5LuWc08rzVu65XmVRFHCRyCY1AFJrgATXAD2qADMHgEz+AVvGlP2ov2rn3MWpe0YuYA/IH2+QPNyZig</latexit>

P(e)[I4 [ I5]

<latexit sha1_base64="vBxq/V0/c15n6+McFhVkg/Kbc54=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRiq8uiG7urYB+QxDCZTtqhkwczE6GE7Nz4K25cKOLWX3Dn3zhps9DWAxcO59zLvfd4MaNCGsa3trS8srq2Xtoob25t7+zqe/tdESUckw6OWMT7HhKE0ZB0JJWM9GNOUOAx0vPG17nfeyBc0Ci8k5OYOAEahtSnGEklufqRHSA5woil7ew+rZLTzGq5dRsnMWy5DcfVK0bNmAIuErMgFVCg7epf9iDCSUBCiRkSwjKNWDop4pJiRrKynQgSIzxGQ2IpGqKACCed/pHBE6UMoB9xVaGEU/X3RIoCISaBpzrzq8W8l4v/eVYi/UsnpWGcSBLi2SI/YVBGMA8FDignWLKJIghzqm6FeIQ4wlJFV1YhmPMvL5LuWc1s1Oq355XmVRFHCRyCY1AFJrgATXAD2qADMHgEz+AVvGlP2ov2rn3MWpe0YuYA/IH2+QPQ25ii</latexit>

P(e)[I5 [ I6]

Figure 1. A 1D quantum system S is partitioned into adjacent
intervals Ij of size k, |Ij | = k. The purities over Ij and Ij ∪
Ij+1 are extracted using the classical-shadow approach [15].
Performing M local measurements with respect to randomly
chosen bases and classical post-processing operations, they
yield faithful estimators for Tr[ρ2I ], denoted by P(e)[I]. Such
subsystem-purity estimators are then combined to obtain a
prediction P(e) for the global purity. The accuracy of the
method is controlled by k and the state correlation lengths.

many measurements and post-processing operations.
Our protocol is provably accurate for states satisfying
a set of approximate factorization conditions (AFCs),
which express the absence of long-range correlations and
which are shown to be a general feature of short-range
correlated states. The basic idea, which is conveyed in
Fig. 1, is that the AFCs allow one to reconstruct global
purities and PT moments from local information, which
can be efficiently accessed by standard RM protocols [12].

The proposed approach is different from tomographic
methods relying on prior assumptions on the system
state. There, a common strategy is to assume that the
latter is described by a sufficiently simple ansatz wave-
function, and estimate the values of its free parameters.
This logic was first put forward in the context of matrix-
product states (MPSs) [61–64], while recently extended
to matrix-product density operators (MPDOs) [65–69],
Gibbs states [70–75], low-rank states [76], stabilizers [77],
and neural-network wavefunctions [78–80]. While these
methods may be practically very useful, they also face
drawbacks. For instance, as we discuss in more detail in
Sec. IIIA, an accurate estimation of, say, global purities
might require reconstructing the state up to exponen-
tial precision, thus leading to unpractical overheads in
N . On the contrary, our approach does not learn the
state wavefunction, targeting purities and PT moments
directly, cf. Fig. 1.

Finally, we mention that our ideas could be extended,
in some cases straightforwardly, to probe other types of
quantities generally requiring exponentially many mea-
surements, including participation entropies [81–85] or
stabilizer Rényi entropies [86], which were recently con-
sidered in the many-body setting [86–92]. In addition,
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while we will focus on 1D systems, where analytic and
numerical analyses are simpler, we expect that our ap-
proach could be generalized to higher spatial dimensions.
Therefore, our work also opens up a number of important
directions for future research.

The rest of this manuscript is organized as follows.
After reviewing a few preliminary notions and tools in
Sec. II, we start by introducing the main ideas underly-
ing our approach in Sec. III. To this end, we consider the
class of so-called finite-depth quantum-circuit (FDQC)
states, which provide an ideal toy model for short-range
correlated many-body quantum states. Their minimal
structure allows us to remove unnecessary technical com-
plications from the discussion, and present the logic of
our method in the simplest possible setting. We consider
both purities (Sec. III A) and PT moments (Sec. III B),
working out efficiency performance guarantees for their
estimation.

The most general form of our protocol is presented in
Sec. IV. After introducing the AFCs in Sec. IVA, we rig-
orously derive performance guarantees for the accurate
estimation of the purity and PT moments (Sec. IVB) un-
der the assumption that the state to be measured satisfies
the AFCs. We then discuss the generality of the AFCs,
proving that they are satisfied in translation-invariant
MPDOs (Sec. IVC), and presenting numerical evidence
for their validity in thermal states of local Hamiltonian,
cf. Sec. IVD.

Next, in Sec. V we discuss a few natural examples of
highly mixed states where bipartite entanglement can be
detected for large system sizes by estimating just the first
few PT moments. Since the latter can be very simply ex-
tracted by our approach, we argue that our results could
be practically useful to probe mixed-state entanglement
in experimentally available noisy quantum platforms. Fi-
nally, we report our conclusions in Sec. VI, while the most
technical parts of our work are consigned to several ap-
pendices.

II. ENTANGLEMENT AND RANDOMIZED
MEASUREMENTS

A. Mixed-state entanglement and PPT conditions

We consider a system ofN qubits, denoted by S. Given
a region I ⊂ S, the associated Hilbert space is HI ≃
C⊗2|I|, where we denoted by |I| the number of qubits in
I. We will be interested in the Rényi entropies of the
region I

Sn[I] =
1

1− n lnPn[I] , (1)

where

Pn[I] = Tr[ρnI ] , (2)

and ρI is the reduced density matrix on the region I.
For n = 2, P2[I] coincides with the purity, which is a

simple probe for the subsystem entropy, with P2[I] = 1
and P2[I] = 2−|I| for pure and maximally mixed states,
respectively.
Consider now a partition of S into two disjoint sets
S = A ∪ B, yielding HS = HA ⊗ HB . If the system
is in a pure state |ψ⟩AB ∈ HS , its bipartite entangle-
ment is quantified by the Rényi entropies Sn(ρA) [21].
Conversely, when the state of the system is mixed, its
entanglement can be quantified by the logarithmic nega-
tivity [93, 94]

E(ρ) = ln
∑

j

|λj | , (3)

where the sum is over all eigenvalues {λj}j of the opera-

tor ρTA

AB , and (·)TA denotes partial transpose with respect
to subsystem A. The spectrum of the PT density matrix,
and hence the logarithmic negativity, is completely fixed
by the PT moments

pn = Tr
[(
ρTA

AB

)n]
, (4)

for n = 1, 2, ...,dim(HA ⊗HB). Note that p1 = 1, while
the second PT moment coincides with the purity, p2 =
P2 [37].

The importance of the PT moments is two-fold. On the
one hand, they can be accessed directly via RMs [36, 37]
(or using quantum interference [95, 96]), see Sec. II B. On
the other hand, the knowledge of the first few PT mo-
ments is enough to certify bipartite entanglement based
on the non-positivity of the partial-transposed density
matrix [36, 37, 97–99], or to detect different types of en-
tanglement structures [100]. In this work, we will con-
sider a particular set of conditions on the PT moments
to certify bipartite entanglement, which were derived in
Refs. [37, 99] and which we call the pn-PPT conditions.
Denoting by SEP the set of separable, i.e. not entangled,
states in S, the pn-PPT conditions take the form

ρ ∈ SEP⇒ pnpn−2 ≥ p2n−1 . (5)

Therefore, when the state of the system ρ violates the
pn-PPT conditions, it is entangled, and the difference
p2n−1 − pnpn−2 is a probe for mixed-state entanglement.
Note that, for n = 3, Eq. (5) coincides with the relation
first derived in Ref. [37]. These conditions are in general
not optimal and are a strict subset of those derived in
Ref. [98, 99]. Still, their simplicity makes them particu-
larly convenient for our purposes.

B. Randomized measurements and classical
shadows

In this section, we recall the basic aspects of RMs used
in our work. While the logic explained in the next sec-
tions may be implemented in different ways, we will fo-
cus on a set of protocols making use the (local) classical
shadows introduced in Ref. [15], a prominent element in
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<latexit sha1_base64="sTavtT5lzlJcWL4hYi/UjvOXS+4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOepMhs7PLzKwQYn7DiwdFvPoz3vwbJ8keNLGgoajqprsrTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4O/Vbj6g0T+SDGaUYxLQvecQZNVbyn/xUc19R2RfYLVfcqjsDWSZeTiqQo94tf/m9hGUxSsME1brjuakJxlQZzgROSn6mMaVsSPvYsVTSGHUwnt08ISdW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJroMxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjBI4Rle4c3JnBfn3fmYtxacfOYQ/sD5/AFve5H1</latexit>| i

<latexit sha1_base64="amVMrjx4gdWhZGW9EC5sLrqaRUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQ5medoslt+LOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ai+uNVA==</latexit>

(a)
<latexit sha1_base64="uaIHXSVs0aC2hBUjB5XE29ve2TA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQzk47RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AjXCNVQ==</latexit>

(b)

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1
<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="CX+2muj6LxcyKF4pLa+HN9xdf7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ92jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMNZo2p</latexit>u3
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Figure 2. (a): Within the classical-shadow approach, each
measurement process consists of random on-site unitaries fol-
lowed by local projective measurements. Their outcomes
are stored and later post-processed to construct the classical
shadows. (b): Pictorial representation of a local finite-depth
quantum circuit. The gates are arranged in a brickwork pat-
tern, forming layers of mutually commuting unitary opera-
tions acting on pairs of neighboring qubits. Lower (upper)
dangling legs correspond to the input (output) qubits. The
depth of the circuit is the number of applied layers. In this
picture, the depth is ℓ = 3.

the RM toolbox [12]. We briefly recall the main aspects
of the formalism, while we refer to Refs. [12, 15] for a
thorough introduction.

In what follows, we denote by |0⟩j and |1⟩j the basis
elements of the local computational basis corresponding
to qubit j, spanning Hj ≃ C2. In the classical-shadow
framework, one performs a set of M measurements (one
per experimental run, each labeled by an integer r), con-

sisting of local unitary operations
∏

j u
(r)
j followed by a

projective measurement onto the computational basis

|k1, . . . kN ⟩ = ⊗N
j=1 |kj⟩j , (6)

with kj = 0, 1. The unitaries are sampled from a Haar-
random ensemble, identically and independently for each
qubit j and experimental run r, see Fig. 2. Denoting by

{k(r)j } the set of outcomes of this two-step process, the

values {k(r)j } and the unitaries {u(r)j } are used to define
the so-called classical shadows

ρ
(r)
S =

⊗

i∈S

[
3
(
u
(r)
i

)†
|k(r)i ⟩ ⟨k

(r)
i |u

(r)
i − 112

]
, (7)

which can be classically stored in an efficient way.
As mentioned, the measurement protocol does not de-

pend on the observable of interest. Rather, one adapts
the post-processing operations on the classical shadows
based on the quantity to be estimated. For instance,
given any observable O, an estimator for its expectation
value is

ô =
1

M

M∑

r=1

Tr[Oρ
(r)
S ] . (8)

It is easy to see that ô is faithful, i.e. unbiased, while dif-
ferent bounds for the statistical variance of this estimator
may be derived depending on the locality properties of
O [12, 15].

It is important to recall that classical shadows also give
access to entropy and PT moments. Let us consider in
particular the purity, which is given by Eq. (2) for n = 2.
For this quantity, the classical shadows allow us to write
the estimator [15]

P(e)
2 [I] =

1

M(M − 1)

∑

r ̸=r′

Tr

(
ρ
(r)
I ρ

(r′)
I

)
, (9)

where ρI is defined as in Eq. (7). P(e)[I] is a faithful
estimator. Note that, alternatively, one can use another
estimator for the purity [13, 17, 31] that provides robust-
ness against miscalibration errors using the same data.

The statistical errors associated with P(e)
2 [I] are quanti-

fied by its variance, which can be bounded by [15, 37, 40]

Var
[
P(e)
2 [I]

]
≤ 4

(
2|I|P2[I]

M

)
+ 2

(
22|I|

M − 1

)2

, (10)

where |I| denotes the number of qubits in I. This bound
is known to be essentially optimal [37, 40], telling us that
an exponentially large number of measurements is needed
to estimate the purity.
The PT moments (4) can be treated similarly. In this

case, one constructs the estimator [37]

p(e)n [AB] =
1

n!

(
M

n

)−1

×
∑

r1 ̸=r2 ̸=...̸=rn

Tr
[
[ρ

(r1)
AB ]TA · · · [ρ(rn)AB ]TA

]
. (11)

Once again, p
(e)
n [AB] is faithful and it is possible to de-

rive explicit bounds on its variance, although it becomes
increasingly involved for higher n. For instance, for n = 3
one has [37, 40]

Var
[
p
(e)
3 [AB]

]
≤ 9

2|AB|

M
Tr
(
ρ4AB

)

+18
23|AB|

(M − 1)2
p2[AB] + 6

26|AB|

(M − 2)3
. (12)

Estimating the statistical errors by the variance,
Eqs. (10) and (12) imply that, in order to guarantee an
accurate reconstruction of the purity and PT moments
of the system, exponentially-many measurements in its
size are needed. As mentioned, this makes it unfeasible
to significantly scale up previous experiments making use
of this strategy [13, 15–17, 31, 37]. The goal of this work
is to show that these limitations may be overcome under
assumptions which are very common in the context of
many-body physics, and thus also natural from the point
of view of quantum simulation. Namely, we will put for-
ward a set of protocols for entropy and entanglement
estimation which are provably efficient assuming that all
spatial correlation lengths of the state to be measured
are finite. We will focus on 1D systems, where analytic
and numerical analyses are simpler, although we expect
that our approach could be generalized to higher spatial
dimensions, see Sec. VI.
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III. A TOY MODEL FOR THE ESTIMATION
PROTOCOL

In this section we introduce the main ideas underlying
our approach, focusing on a simplified setting where we
can get rid of unnecessary technical complications. We
analyze the case of FDQC states, where the state to be
measured is prepared by a shallow (local) quantum cir-
cuit

ρ = U (ℓ)




L⊗

j=1

σj



[
U (ℓ)

]†
, (13)

where L is length of the system, i.e. the number of qubits
(we use the letter L instead of N , as in the previous
section, to emphasize that we are focusing on the 1D
case). Here σj are arbitrary single-qubit density ma-

trices, while U (ℓ) is a local circuit of depth ℓ, namely
U (ℓ) = Vℓ · · ·V2V1, where Vj contains quantum gates act-
ing on disjoint pairs of nearest-neighbor qubits, cf. Fig. 2.
We will assume that ℓ is fixed, i.e. not increasing with
the system size. We do not ask for translation symme-
try and, unless specified otherwise, assume open bound-
ary conditions. The gates making up U (ℓ) can be arbi-
trary, i.e. they need not be taken out of some finite gate
set. The FDQC states (13) have a very simple structure
from the point of view of many-body physics, but are
known to approximate physically-interesting states such
as MPSs [101, 102] and, more generally, ground states of
gapped local Hamiltonians [103–106] .

Throughout this section, we will assume that we know
that the state of the system is exactly of the form (13)
for some finite ℓ. We develop a protocol to efficiently
estimate the purity and the PT moments of such a state,
based on this knowledge. The protocol only takes the
depth of the circuit, ℓ, as an input and does not make use
of state tomography. In fact, it will be later generalized
replacing the assumption of the FDQC structure with
the AFCs, which make no explicit reference to the form
of the state wavefunction.

A. Purity estimation: Factorization formula

The starting point of our method is a factorization
property for powers of the system density matrix. Let I
be any interval of adjacent qubits (I can coincide with the
full system S). Consider a partition I = A∪B∪C, where
B separates A and C and denote by |B| the number of
qubits in B, cf. Fig. 3(a). Based on the fact that state
is prepared by a finite depth circuit, Eq. (13), one can
prove

Tr(ρ2I) =
TrAB(ρ

2
AB)TrBC(ρ

2
BC)

TrB(ρ2B)
, (14)

for any partition with |B| ≥ 2ℓ − 1, where ρX denotes
the density matrix reduced to the interval X and XY
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<latexit sha1_base64="y6toY6TxZt/KgH0EZK1kjqkGWqQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPqxSNGeSSwIbNDAxNmZzczsyZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqz0cN2tdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyuf3Z6XqTRZHHo7gGE7Bg0uowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AvJuNdA==</latexit>

A2
<latexit sha1_base64="yrKCizhrEBqULTy1yLT1hJZlPfw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6r/e9frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb/8l7TOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xu8nY10</latexit>

B1
<latexit sha1_base64="H5xHJG/dTsDEEW/Q0xksYnGlQx8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPBi0eM8khgQ2aHXpgwO7uZmTUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM07Qj+hA8pAzaqz0UOtVesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvauypf3F6VqLYsjDydwCufgwTVU4Q7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz++IY11</latexit>

B2

<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="Ah8SWUiCptj5gmV8fKTUKTRYeOk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryORi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8GoOvNbT6g0j+WDGSfoR3QgecgZNVaqV3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IS3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ86LsXZev6pelyl0WRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJkljNE=</latexit>

C

<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="HDbslvqwYLLC8vecEkQUSo6NwXU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/W8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ezutFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze7F41z</latexit>

A1

<latexit sha1_base64="y6toY6TxZt/KgH0EZK1kjqkGWqQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPqxSNGeSSwIbNDAxNmZzczsyZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqz0cN2tdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyuf3Z6XqTRZHHo7gGE7Bg0uowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AvJuNdA==</latexit>

A2
<latexit sha1_base64="yrKCizhrEBqULTy1yLT1hJZlPfw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6r/e9frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb/8l7TOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xu8nY10</latexit>

B1
<latexit sha1_base64="H5xHJG/dTsDEEW/Q0xksYnGlQx8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPBi0eM8khgQ2aHXpgwO7uZmTUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHstHM07Qj+hA8pAzaqz0UOtVesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvauypf3F6VqLYsjDydwCufgwTVU4Q7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz++IY11</latexit>

B2

<latexit sha1_base64="amVMrjx4gdWhZGW9EC5sLrqaRUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQ5medoslt+LOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ai+uNVA==</latexit>

(a)
<latexit sha1_base64="uaIHXSVs0aC2hBUjB5XE29ve2TA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQzk47RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AjXCNVQ==</latexit>

(b)

Figure 3. (a): Partition considered in Eq. (14): A 1D interval
I is divided into three disjoint regions A, B, and C, where B
separates A and C. (b): Partition considered in Eq. (25): A
1D interval I is divided into two halves, A and B. Each half
is partitioned into two regions A = A1 ∪A2, B = B1 ∪B2

is a short-hand notation for X ∪ Y . Now, let {Ij}Rj=1

be a collection of adjacent intervals covering the system
S, with |Ij | = k ≥ 2ℓ − 1, and assume without loss of
generality that R = L/k is an integer, cf. Fig. 1. By
applying Eq. (14) iteratively, we arrive at

Tr(ρ2) =

∏R−1
j=1 TrIj∪Ij+1

(ρ2Ij∪Ij+1
)

∏R−1
j=2 TrIj

[
ρ2Ij

] , (15)

where ρ is the system density matrix (13). A proof of
Eqs. (14) and (15) is given in Appendix A.
Equation (15) is remarkable because its right hand side

(RHS) only depends on the purities of subsystems con-
taining up to 2k qubits, and thus gives us a natural basis
for an efficient estimation strategy of the global purity.
The idea is to first reconstruct the “local” purities Tr[ρ2I ]
(with either I = Ij or I = Ij ∪ Ij+1), and subsequently
plug their estimated values in the RHS of Eq. (15), yield-
ing the global purity estimate. This method is more effi-
cient than directly targeting Tr(ρ2), as the local purities
can be reconstructed from a number of measurements
growing exponentially in k, not in L, see Eq. (10). Be-
low, we give a more precise description of the protocol,
proving that an accurate estimation of the purity only re-
quires a polynomial (in L) number of measurements and
post-processing operations.
We consider performing MI measurements (i.e. exper-

imental runs) to estimate the purity of each interval I,
with I = Ij or I = Ij ∪ Ij+1, see Eq. (15). The set of
measurements MI is only used to determine the purity
over I and for simplicity we perform the same number
of measurement MI = M for each interval. Although
this increases the total number of experiments MT by a
factor L, since

MT =
∑

I

MI ∝ LM , (16)

this procedure guarantees that statistical errors associ-
ated with distinct regions are independent and facilitate
their rigorous analysis. For each interval, we then con-
struct the estimators P(e)[I] given in Eq. (9), and define

r
(e)
2 =

∏R−1
j=1 P

(e)
2 [Ij ∪ Ij+1]

∏R−1
j=2 P

(e)
2 [Ij ]

, (17)
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which is our estimator for the global purity. Since the
latter is typically exponentially small in L, we quantify

the accuracy of r
(e)
2 by the relative error

εr =

∣∣∣∣∣
r
(e)
2

P2
− 1

∣∣∣∣∣ . (18)

Next, we seek to bound the number of measurements
required to guarantee that εr is small with high prob-
ability. This problem is solved in Appendix B 1, where
we prove the following result: for any arbitrarily small
δ > 0, choosing

M ≥ max

{
28k, L2 2

4k+10

k2δ2

}
, (19)

the probability that |εr| ≥ δ satisfies

Pr [|εr| ≥ δ] ≤
24k+11L3

δ2k3M
, (20)

where we recall that k = |Ij |. The proof of Eq. (20) is
based on a careful analysis of how the error on each factor
in (17) affects the global purity, making use of the statis-

tical independence of P(e)
2 [I] for different I and the so-

called Chebyshev’s inequality. Eqs. (16), (19), and (20)
then imply that polynomially-many (in L) measurements
and post-processing operations are enough to accurately
estimate the purity, as anticipated.1

Before concluding this section, a few remarks are in
order. First, it is important to note that the individ-
ual factors in the formula (17) could also be extracted
using different RM schemes or even standard tomogra-
phy for the density matrices ρI . Indeed, the possibility
of estimating the global purity from polynomially-many
measurements does not depend on the fact that we are
using classical shadows, but rather on the factorization
property (17) (since its RHS only involves local subsys-
tems). Still, classical shadows and RMs in general offer
several advantages compared to state tomography. For
instance, while RM schemes to estimate Tr[ρ2I ] require a
number of measurements scaling exponentially in |I|, the
exponents are typically favorable compared to tomogra-
phy [31, 33, 107]. In addition, classical shadows make it
very easy to rigorously bound statistical errors, facilitat-
ing the analyses presented throughout this work.

Second, taking the logarithm of Eq. (15), we obtain

S(2)(ρ) =

R−1∑

j=1

S(2)(ρIj∪Ij+1)−
R−1∑

j=2

S(2)(ρIj ) , (21)

where S(2)(ρ) = − lnTrρ2 is the second Rényi entropy.2

Therefore, our results can equivalently be formulated in

1 The polynomial scaling of the post-processing operations follows
straightforwardly from the definition (9), because the number of
elements in each sum is ∼ M2, where M = O(L3).

2 We note that similar formulas previously appeared (albeit for the
von Neumann, rather than for the Rényi entropy) in the context
of approximate Markov-chain states [108–111], see also [112–119].

terms of Rényi entropies, rather than purities (note that
a small relative error on the latter implies a small additive
error on the Rényi entropy).
Finally, as the state (13) can be represented exactly as

a matrix-product operator (MPO) [120], it is instructive
to compare our strategy with those based on MPDO to-
mography [65–69]. In many cases, these methods can
efficiently provide an estimate of the system density ma-
trix ρ(e), satisfying

||ρ(e) − ρ||1 ≤ δ , (22)

where || · ||1 denotes the trace norm, while δ = O(L−α)
is a small parameter vanishing polynomially in L. While
this approximation allows us to accurately estimate the
expectation value of any local observable, it might not
be enough to extract the global Rényi-2 entropy. Indeed,
given ρ and σ with δ = ||ρ − σ||1, we have the following
bound, which is known to be tight in general [121, 122]

|S(2)(ρ)−S(2)(σ)| ≤ 2L
[
1−(1−2δ)2− 4δ2

(2L−1)

]

∼ 2Lδ . (23)

Therefore, a precise estimation of the Rényi-2 entropy
requires an exponentially accurate reconstruction of the
system density matrix, typically leading to unpractical
overheads in L 3. Instead, our method gets around this
technical issue, as it does not rely on state tomography.

B. The normalized PT-moment estimation

The ideas presented in the previous section may be ap-
plied to the PT moments, although a few subtleties must

be taken into account. Denoting by p
(e)
n our estimate

for pn, one is tempted to ask for a protocol that makes

the relative error |p(e)n /pn − 1| sufficiently small. This
is, however, problematic: contrary to the moments Pn,
it is non-trivial to bound |pn| from below by a positive
number. In order to get around this issue, we define the
normalized PT moment

p̃n[AB] =
pn[AB]

Pn[A]Pn[B]
, (24)

and, instead of focusing on the relative error, we ask for
an accurate estimate of p̃n up to a small additive error.
The motivation for this choice is two-fold. First, as it will
be clear later, for FDQC states one can show that p̃n[AB]
is independent of the system size. Therefore, contrary

3 We note that a precise estimation of the von Neumann entan-
glement entropy, instead, only requires to reconstruct the target
state up to an error which decays polynomially in the system
size [123]. However, computing the von Neumann entanglement
entropy for MPDOs is computationally hard.
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to the purity, one does not have to deal with numbers
which are exponentially small in L. Second, we will see
in Sec. V that entanglement certification based on the
pn-PPT conditions requires approximating p̃n[AB] up to
a small additive error.

In order to estimate the normalized PT moment (24),
we once again rely on certain factorization properties of
the density matrix. Consider the FDQC state (13) and
take a partition of the system as in Fig. 3(b), with |B1| =
|A2| = k ≥ 2ℓ− 1, where ℓ is the depth of the circuit. As
we show in Appendix A 2, one can prove

Tr
[(
ρTA

AB

)n]
=Tr

[(
ρ
TA2

A2B1

)n] TrA[ρ
n
A]TrB [ρ

n
B ]

TrA2
[ρnA2

]TrB1
[ρnB1

]
. (25)

This equation implies

p̃n[AB] = sn[A2B1] , (26)

where we defined

sn[XY ] =
Tr
[(
ρTX

XY

)n]

TrX [ρnX ]TrY [ρnY ]
. (27)

Note that sn[A2B1] only depends on the density matrix
of a local subsystem and does not scale with the system
size, as anticipated.4 Therefore, it is possible to obtain
an accurate estimate from a number of measurements
and post-processing operations independent of L, for any
arbitrary small additive error.

To see this explicitly, we consider the following proto-
col. We introduce an estimator for sn[A2B1], namely

s(e)n =
p
(e)
n [A2B1]

P(e)
n [A2]P(e)

n [B1]
. (28)

The estimators for the moments P(e)
n [A2], P(e)

n [B1] and

the PT-moment p
(e)
n [A2B1] are defined in Eq. (11). We

compute each of them out of M different classical shad-
ows, so that the total number of experimental runs is
MT = 3M . This is done so that the statistical errors
are independent, facilitating their analysis. After these
steps, we obtain an estimate for sn[A2B1], and thus, due
to Eq. (25), for p̃n[AB].

Importantly, we can bound the additive statistical er-
ror which affects our estimate, namely

εa =
∣∣∣s(e)n − p̃n[AB]

∣∣∣ . (29)

For instance, focusing for simplicity on the case n = 3,
we prove in Appendix B 2 the following result: for any
small δ > 0 and choosing

M ≥ 27
211k+9

δ2
, (30)

4 Because of the FDQC structure, the reduced density matrix
over the region A2B1 is independent of the system size for
L ≥ |A2B1|+ 2ℓ− 1.

we have

Pr
[∣∣∣s(e)3 − p̃3[AB]

∣∣∣ ≥ δ
]
≤ 81

211k+9

Mδ2
, (31)

where |A2| = |B1| = k ≥ 2ℓ− 1, with ℓ being the circuit
depth. This result is proved by the same techniques used
to derive Eq. (20).
Equation (31) states that a number of measurements

not scaling with the system size is enough to guaran-
tee that p̃3 is approximated with arbitrary precision and
high probability. Explicit performance guarantees such
as (31) for higher integer values of n are more cumber-
some to derive, and will be omitted. Still, based on the
analysis presented in Appendix B 2, one can easily see
that inequalities of the form (31) hold for higher n too,
where the RHS is always independent of L.

IV. FINITE-RANGE CORRELATED STATES

In this section we present and discuss the most general
form of our protocols. First, in Sec. IVA we give the
definition of the AFCs, which state that the n-th pow-
ers of the system density matrix effectively factorize over
regions of size smaller than some length scales ξn. Our
definition might appear arbitrary at first, but we show
later that such AFCs hold in large classes of states (see
Secs. IVC and IVD). Next, in Sec. IVB we describe a
protocol for purity and PT moment estimation in states
satisfying the AFCs. Such protocols take as an input the
value of the length scales ξn (assumed to be known) and
the desired accuracy, yielding as an output the numer-
ical estimations for the purity and PT moments. The
protocols only require polynomially-many (in L) mea-
surements and post-processing operations. In addition,
we can rigorously prove that the estimation errors are
smaller than the desired threshold with high probability.
Finally, we discuss the generality of the AFCs, proving
analytically that they hold for MPDOs (Sec. IVC) and
presenting numerical evidence for their validity in Gibbs
states of local Hamiltonians (Sec. IVD).

A. The approximate factorization conditions

The strategies developed so far rely on exact factoriza-
tion conditions on the system density matrix, which are
related to the sharp light-cone structure of correlation
functions in FDQC states [101, 124, 125]. Away from
these ideal cases, Eqs. (14) and (25) do not hold, but it
is natural to conjecture that they can be modified taking
into account exponential corrections over scales governed
by the system correlation lengths. This is done in this
section, where we introduce a set of AFCs generalizing
Eqs. (14) and (25), respectively.
Given a state ρ, we say that it satisfies the purity AFC

if there exist α2, β2, kc > 0 such that, for any interval
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I = A ∪ B ∪ C as in Fig. 3(a), with |B| = k ≥ kc, we
have

∣∣∣∣Tr(ρ2I)−1TrAB(ρ
2
AB)TrBC(ρ

2
BC)

TrB(ρ2B)
− 1

∣∣∣∣ ≤ α2e
−β2|B|. (32)

Similarly, we say that ρ satisfies the PT-moment AFCs
if there exist αn, βn > 0 and an integer kc such that

|p̃n[AB]− sn[A2B1]| ≤ αne
−βn(|A2|+|B1|) , (33)

for all partitions as in Fig. 3(b) with |B1| = |A2| = k ≥
kc. Here p̃n[AB] and sn[A2B1] are defined in Eqs. (24)
and (27), respectively. Equations (32) and (33) obvi-
ously generalize (14) and (25), introducing exponential
corrections over length scales ξn = β−1

n .

While the definitions (32) and (33) might appear ar-
bitrary at first, we show later that such AFCs hold in
large classes of states (see Secs. IVC and IVD). In the
next section, we assume that the AFCs hold, and de-
scribe a protocol for purity and PT moment estimation.
We stress that we do not need any additional assumption
on the state to be measured. For instance, we do not re-
quire that it can be represented efficiently by an MPDO,
making our approach very general.

Our protocols take as an input the values of αn, βn,
and the desired accuracy. For instance, the purity es-
timation protocol takes as an input α2, the correlation
length ξ2 = β−1

2 , and the target threshold relative error δ.
Importantly, it is not necessary to know the values of α2

and β2 exactly: it is sufficient to have two estimates α̃2,
ξ̃2, which upper-bound them. This is because if α2 ≤ α̃2

and ξ2 ≤ ξ̃2, then Eq. (32) also holds replacing α2 and β2
with α̃2 and β̃2 = ξ̃−1

2 , respectively. We can choose α̃2

and ξ̃2 arbitrarily, but the number of measurements and
post-processing operations increase parametrically with
α̃2 and ξ̃2, see Eq. (35). Therefore, the more accurately
we can estimate the values of α2 and β2, i.e. the more in-
formation we have on the state to be measured, the more
efficiently we can estimate the purity and, similarly, the
PT moments.

Finally, suppose that, for given state ρ, we have an
ansatz for α2 and ξ2. From the experimental point of
view, an important question is whether it is possible to
efficiently certify that Eq. (32) holds, with the ansatz
values α2 and ξ2, for the state to be measured. While
at the moment this is an open question, a simple consis-
tency check consists in repeating the purity estimation
protocol (explained in IVB) for increasing values of the
input ansatz values α2 and ξ2, and checking that the es-
timated value for the purity does not change, up to the
expected precision. If the estimated purity does change,
this is a “red flag” signalling the failure of the AFCs. We
refer to Sec. VI for further discussions on the possibility
to efficiently certify the validity of the AFCs.

B. Estimation protocols for states satisfying the
AFCs

First, we consider estimating the global purity of a
state satisfying the AFCs (32). We assume the following:

• we know that the system is prepared in a state ρ
satisfying the AFCs (32);

• we know two numerical values α2 and β2 for which
Eq. (32) is satisfied.

Below, we detail our protocol to efficiently estimate the
purity. The proof that the protocol works is non-trivial
and is presented in detail in Appendix C. Intuitively, we
use the fact that, because of the AFC (32), the estimator

r
(e)
2 defined in Eq. (17) yields a good approximation for
the purity, for values of |Ij | which grow mildly (logarith-
mically) in L.
The protocol takes as an input the values of α2 and

β2, and consists of the following steps:

1. Choose the desired relative error δ on the purity.
This can be any arbitrarily small number δ > 0;

2. Take a partition of the system as in Fig. 1, where
|Ij | = k and choose

k ≥ ξ2 ln(7α2L/δ) , (34)

where ξ2 = β−1
2 . The reason for the functional form

appearing in the RHS is technical and explained in
Appendix C;

3. As in Sec. III A, perform MI =M classical-shadow
measurements to estimate the purity of each inter-
val I, with I = Ij or I = Ij ∪ Ij+1 [we use the set
of measurements MI to only determine the purity
over I, so that the total number of experimental
runs is given by (16)].

4. From the classical shadows obtained out of the mea-
surements, compute r

(e)
2 defined Eq. (17). This is

the output of our protocol, giving us an estimate
for the global purity.

As mentioned, it is intuitive that the output of this

protocol r
(e)
2 is, with high probability, an accurate ap-

proximation for the purity. This is proven rigorously in
Appendix C, where we show5

Pr
[∣∣∣(r(e)2 /P2)− 1

∣∣∣ ≥ δ
]
≤ 72211L3

δ2M

(
7α2L

δ

)4ξ2 ln 2

.

(35)

5 More precisely, Eq. (35) holds for M sufficiently large, namely

M ≥ max
{
(7α2L/δ)

8ξ2 ln 2, (L272210/δ2) (7α2L/δ)
4ξ2 ln 2

}
, see

Appendix C.
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Therefore, by a polynomial number of measurements M
we can guarantee that the probability that the relative

error |r(e)2 /P2 − 1| is larger than δ is arbitrarily small.
This formalizes the anticipated result.

Note that r
(e)
2 defined above is a faithful estimator for

the quantity

r2 =

∏R−1
j=1 TrIj∪Ij+1

(ρ2Ij∪Ij+1
)

∏R−1
j=2 TrIj

[
ρ2Ij

] , (36)

but because (15) does not hold exactly, it is not a faith-
ful estimator of the global purity P2. Still, it is a good
approximation, as it is clear from the relation

∣∣∣∣
r2
P2
− 1

∣∣∣∣ ≤
4α2L

k
e−β2k , (37)

which holds for

k ≥ ξ2 ln(2α2L) , (38)

and follows directly from (32), cf. Appendix C. In prac-
tice, the RHS of (37) makes it necessary to consider in-
tervals Ij whose length k grows logarithmically in L to
keep the error below the desired threshold.

A similar protocol works for the PT moments. In this
case, a number of measurements which does not scale
with the system size is enough to guarantee arbitrary
accuracy with high probability, cf. Appendix C. We note
that the results of this section imply that the number of
post-processing operations to estimate the purity and PT
moments is also at most polynomial in L. This is because
the estimators (9) and (11) are constructed summing a
number of terms which is polynomial inM , and hence at
most polynomial in L.

In the rest of this section, we discuss the generality
of the AFCs. We prove analytically that they hold for
the important class of translation-invariant MPDOs and
provide numerical evidence that they are also satisfied
by thermal states of local Hamiltonians. These results
showcase the generality and versatility of our approach.

C. Proof of AFCs in Matrix Product Density
Operators

We now focus on MPDOs, a very general class of
states providing accurate approximations for several
short-range correlated density matrices, including ther-
mal states of local Hamiltonians [62, 126]. We study the
translation-invariant case, where we can provide analytic
results. We recall that a translation-invariant MPDO σ
is defined by a four-index tensor Aj,k

a,b, with j, k = 0, 1 and

a, b = 0, 1 . . . χ− 1, where χ is its bond dimension [120].
For a system size L, its matrix elements read

⟨i1, . . . , iL|σL|j1, . . . , jL⟩=Ai1,j1
a1,a2

Ai2,j2
a2,a3

· · ·AiL,jL
aL,a1

, (39)

where repeated indices are summed over. This defines a
family of normalized states6

ρL =
σL

Tr[σL]
. (40)

Using the standard notation from tensor-network the-
ory [120], we can represent Eq. (39) as

σL = <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

(41)

Here each circle correspond to a tensor Aj,k
a,b. Lower and

upper legs are associated with input and output degrees
of freedom, respectively, while the remaining ones cor-
respond to the “virtual” indices aj = 0, . . . χ − 1. Note
that contracted legs indicate pairs of indices which are
summed over.
We first focus on the purity. We are able to show that

MPDOs satisfy the purity AFCs under a few technical
assumptions, which encode the fact that all correlation
lengths are finite but are otherwise very general. Tech-
nically, we impose a few conditions on the spectrum and
eigenstates of the transfer matrices7

τn =
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="J3Zn6LPhorrZQUDu7FXxnKUFcaA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuzsbDJmdmeZ6Q2EkH/w4kERr/6PN//GSbIHTSxoKKq66e4KUikMuu63s7K6tr6xWdgqbu/s7u2XDg4bRmWa8TpTUulWQA2XIuF1FCh5K9WcxoHkzWBwN/WbQ66NUMkjjlLux7SXiEgwilZqdIahQtMtld2KOwNZJl5OypCj1i19dULFspgnyCQ1pu25KfpjqlEwySfFTmZ4StmA9njb0oTG3Pjj2bUTcmqVkERK20qQzNTfE2MaGzOKA9sZU+ybRW8q/ue1M4xu/LFI0gx5wuaLokwSVGT6OgmF5gzlyBLKtLC3EtanmjK0ARVtCN7iy8ukcV7xriqXDxfl6m0eRwGO4QTOwINrqMI91KAODJ7gGV7hzVHOi/PufMxbV5x85gj+wPn8Ac6vj0w=</latexit>...

, (42)

where the top and bottom legs are contracted. Infor-
mally, we ask that τ1 and τ2 have non-degenerate eigen-
values with largest absolute value, and that the corre-
sponding eigenstates are not orthogonal. These condi-
tions are general in the sense that one needs to choose
fine-tuned examples to violate them. We refer the reader
to Appendix D for a precise statement and a detailed
discussion.
Under these assumptions, we show that ρL satisfies the

purity AFCs. Note that, different from the rest of this
work, here we are considering periodic boundary condi-
tions. Since Eq. (32) was introduced for open boundary
conditions, we consider directly its global version (37),
which can immediately be generalized to the periodic
case. Clearly, the expression for r2 must be modified with
respect to (36): taking into account periodic boundary
conditions, we replace it with

r2 =

∏R
j=1 TrIj∪Ij+1

(σ2
Ij∪Ij+1

)
∏R

j=1 TrIj

[
σ2
Ij

] , (43)

6 We assume that the local tensors A generate a positive operator
for all system sizes L, namely σL ≥ 0 for all L.

7 Note that τn is not Hermitian and that, for n = 1, we recover
the standard transfer matrix [126].
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where we assume without loss of generality that R =
L/k is an integer, while the normalization factors Tr[σ2]
cancel out.

The task of proving Eq. (37) [using the definition (43)]
is carried out in Appendix D. There, we derive the follow-
ing statement: given the family of MPDOs ρL as above,
there exist ζ > 0, and C > 0 (independent of L) such
that, for any integer k ≥ kmin, with

kmin = max
{
1, ζ ln(20Cχ2L)

}
, (44)

we have
∣∣∣∣
r2
P2
− 1

∣∣∣∣ ≤ χ2(80C + 32)
L

k
e−k/ζ , (45)

for all L ≥ max{ζ ln(25χ2), 4k + ζ ln(2χ)}. The cor-
relation length ζ and the constant C depend on both
the eigenvalues and eigenvectors of the transfer matri-
ces τ1 and τ2, cf. Appendix D. Therefore, the purity ap-
proximate factorization formula (37) holds with α2 =
χ2(20C + 8), and β2 = 1/ζ. In turn, using the results
of the previous sections, this implies that the purity of
MPDOs can be estimated efficiently using our approach.8

Similarly, the AFCs for PT moments could be verified
analytically for bulk-translation-invariant MPDOs with
suitable open boundary conditions. This is slightly more
involved, as a few additional technical assumptions on
the boundaries are needed. For this reason, we do not
discuss this explicitly. Instead, the AFCs for PT mo-
ments will be numerically analyzed in detail in the next
section, together with the purity AFCs, for the physically
interesting case of Gibbs states of local Hamiltonians in
a few concrete examples.

D. Numerical study of AFCs in Gibbs states

As mentioned, it is natural to conjecture that the AFCs
are very general, as they encode the fact that all the
spatial correlation lengths in the system are finite. In
this section, we provide numerical evidence supporting
this claim, studying thermal states of two prototypical
1D local Hamiltonians. We focus in particular on the
Ising model with transverse and longitudinal fields

HI = −
1

4

L−1∑

j=1

[
σz
jσ

z
j+1 + hxσ

x
j + hzσ

z
j

]
, (46)

and the so-called XXZ Heisenberg spin chain

HXXZ = −1

4

L−1∑

j=1

[
σx
j σ

x
j+1 + σy

j σ
y
j+1 +∆σz

jσ
z
j+1

]
. (47)

8 Note that, with these identifications, Eq. (34) implies k ≥ kmin,
where kmin is defined in Eq. (44).

We will study the corresponding Gibbs states

ρβ =
exp (−βH)

Zβ
, (48)

where Zβ is a normalization factor.
Note that the Hamiltonians HI and HXXZ are inte-

grable for hz = 0 [127] and all values of ∆ [128], re-
spectively, although we do not expect that integrabil-
ity plays any role in the following discussion. Note also
that both Hamiltonians feature second-order quantum
phase transitions at zero temperature: For HI the criti-
cal line is hz = 1, while HXXZ displays a critical phase
for |∆| < 1. However, we will be interested in finite-
temperature states, and since in 1D the temperature al-
ways introduces a finite length scale, we similarly expect
that quantum criticality does not play any role.9

In order to assess the validity of the AFC for the purity,
we test its global version (37). To this end, we numeri-
cally compute r2(k), as defined in Eq. (36), for increasing
values of the interval size k = |Ij |, and the global purity
P2. Then, we evaluate the corresponding relative error

εr(k, L, β) =

∣∣∣∣
r2(k)

P2
− 1

∣∣∣∣ , (49)

where we have made the dependence on k, β, and L ex-
plicit. The calculations are carried out using the iTensor
library [130], by first approximating the thermal states by
MPOs of finite bond dimension, denoted by χ, and sub-
sequently taking powers and traces of such MPOs. For
each quantity, this procedure is repeated for increasing
χ, until convergence is reached. We refer to Appendix E
for further details.
For fixed values of L, we first test the exponential de-

pendence in k of εr(k, L, β) predicted by (37). Examples
of our numerical data are reported in Fig. 4, showing a
very clear exponential decay. For the Ising model, we
chose a non-zero value of the longitudinal field, in order
to break integrability. Note that, for very large k, we see
an apparent plateau. We attribute this behavior to finite
numerical precision of our computations (note the very
small values of εr corresponding to these plateaus). It is
interesting to note that the decay rate for the XXZ chain
is faster than the Ising model, although higher bond di-
mensions are needed in order to accurately approximate
the corresponding Gibbs state by an MPO. In any case,
we see that quite small values of k are enough to obtain a
very good approximation of the purity. We have repeated
the calculations for different values of the Hamiltonian
parameters and β, finding consistent results.

9 An interesting question is whether our approach could be ex-
tended to pure critical states. Although in this case there is no
spatial length scale, it is known that they can be accurately ap-
proximated by MPSs with bond-dimension scaling polynomially
in the system size [129], suggesting that our approach could be
generalized to include that case as well. We leave this problem
for future work.



11

0 20 40 60 80 100 120 140
10-15

10-11

10-7

0.001

0 5 10 15 20

10-14

10-9

10-4

Figure 4. Relative error εr(k, L, β), defined in Eq. (49), as a function of k, for β = 2 and different values of L. In the left and
right plots we report numerical data corresponding to the Ising and XXZ spin chains, respectively. In the former case, we chose
hx = 1.1, hz = −0.04, while the maximal bond dimension used in the computation is χ = 32. In the latter case, we set ∆ = 2,
while χ = 64.
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Figure 5. Numerical results for the minimal region size k∗(δ, L) required to achieve a specified precision δ of purity estimation,
see Eq. (50). In the plots we chose δ = 0.01 and β = 2, while the left and right figure correspond to the Ising and XXZ spin
chains, respectively. The Hamiltonian parameters and bond dimensions are the same as in Fig. 4.

Next, we study the functional form of εr(k, L, β). From
the numerical point of view, it is not straightforward to
test that it is asymptotically bounded by the RHS of
Eq. (37). Therefore, we proceed differently. Given an
arbitrary fixed δ > 0, we define the minimal region size
required to achieve a specified precision δ,

k∗(δ, L) = min {k : εr(k, L, β) < δ} . (50)

Assuming that εr satisfies an asymptotic bound of the
form (37), it is easy to show that k∗(δ, L) grows at most
logarithmically in L, namely there exist α2 and β2 such
that

k∗(δ, L) ≤ 1

β2
ln(α2L/δ) . (51)

When this condition holds, the estimation protocol ex-
plained in Sec. IVB is efficient. Importantly, compared
to Eq. (33), Eq. (51) is straightforward to test by our
numerical computations.

We have verified that Eq. (51) is satisfied for several
values of the temperature and the Hamiltonian param-
eters. An example of our numerical results is given in
Fig. 5. For the Ising model, we see a very clear logarith-
mic scaling. For the Heisenberg chain, higher bond di-
mensions are required to achieve the same accuracy. Ac-
cordingly, we were not able to simulate sufficiently large
system sizes to obtain a clear logarithmic behavior. Still,
our results are always consistent with a growth of k∗(δ, L)
which is at most logarithmic in L, cf. Fig. 5. Thus, our
numerical data fully support the validity of Eq. (51). In
fact, note that the values of k∗(δ, L) are found to be very
small in practice. This is true even when the required
bond dimension for MPO calculations is large, as in the
case of the XXZ Heisenberg chain. This might make our
approach useful already for relatively small system sizes,
even if compared against MPO tomographic methods.

Finally, we study the AFC for the PT moments (32).
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To this end, we define the additive error

εa(k, L, β) = |p̃n[AB]− sn[A2B1]| , (52)

where we have made the dependence on k, β, and L ex-
plicit. Because the numerical cost of evaluating the trace
of the n-th power of an MPO increases with n, we have
restricted our analyses to n = 3.
In Fig. 6 we report an example of our data for

εa(k, L, β) as a function of k, for increasing system sizes.
From the plots, two things are apparent. First, for fixed
L, the additive error displays a clear exponential decay.
Second, its values are independent of L (for values of k
much smaller than the system size). This behavior is per-
fectly consistent with Eq. (33). Note that, as in the pre-
vious plots, we observe irregular behavior for sufficiently
large k, where εa approaches a plateau and displays a
L-dependence. We interpret these effects as arising due
to numerical inaccuracies (note the very small values of
εa). Similarly, when k approaches L/2 we observe L-
dependent behavior, which can be attributed to finite
size effects. We have repeated our calculations for dif-
ferent β and Hamiltonian parameters (in each case, we
have checked that the bond dimension was large enough),
always finding consistent results.

V. MIXED-STATE ENTANGLEMENT
DETECTION

In this section we study the pn-PPT conditions for
states satisfying the AFCs. In Sec. VA we first intro-
duce a set of quantities, which we call fn(ρ), displaying
the following properties: (i) fn(ρ) < 0 if and only if ρ
violates the pn-PPT conditions and (ii) fn(ρ) can be es-
timated efficiently if ρ satisfies the AFCs, representing
natural probes for mixed-state entanglement. Next, in
Sec. VB, we compute fn in a few concrete cases includ-
ing Gibbs states of local Hamiltonians, and identify the
values of the system parameters for which f2, f3 < 0. The
results of this section show that our approach can be suc-
cessful in detecting entanglement even for large numbers
of qubits and highly mixed states, thus being practically
useful in many situations routinely encountered in avail-
able quantum platforms.

A. The pn-PPT conditions and mixed-state
entanglement probes

Given the density matrix ρAB on a bipartite sys-
tem, its logarithmic negativity (3) can be extracted
from the knowledge of all PT moments pn, with n =
1, . . . ,dim(HA ⊗ HB). Therefore, while our method is
efficient to estimate the individual PT moments, recon-
structing the logarithmic negativity is still hard, as it
requires an exponential number of them.

Luckily, the pn-PPT conditions introduced in Sec. II A
allow us to detect mixed-state entanglement from only a

few PT moments. For example, the first two non-trivial
elements in the family (5) only involve the PT moments
up to n = 5. Explicitly, they read

p3−PPT : p3p1 ≥ p22 , (53a)

p5−PPT : p3p5 ≥ p24 . (53b)

The conditions (53) can be equivalently rewritten in
terms of the quantities

f3(ρAB) = p̃3p̃1 − p̃22
P2
2 [A]P2

2 [B]

P1[A]P1[B]P3[A]P3[B]
, (54a)

f5(ρAB) = p̃5p̃3 − p̃24
P2
4 [A]P2

4 [B]

P3[A]P3[B]P5[A]P5[B]
, (54b)

where p̃n are the normalized PT moments defined in
Eq. (24). Indeed f3 and f5 are negative if and only if
the inequalities (53) are violated.
Crucially, f3(ρAB) and f5(ρAB) can be estimated effi-

ciently if ρAB satisfies the AFCs. Indeed, they only de-
pend on Pn and the normalized PT moments p̃n, both of
which can be estimated using the protocol introduced in
Sec. IV.10 We note that such estimation protocols allow
us to reconstruct fn(ρAB) up to any arbitrary small addi-
tive error. Namely, for any arbitrary positive constant δ,

one can construct an estimator f
(e)
n , with |f (e)n − fn| ≤ δ

by polynomially many (in L) measurements and post-
processing operations. This is easily seen recalling that
p̃n (Pn) can be estimated up to any additive (relative)
error, and using that

|p̃n[I]| ≤ 1 ,
(Pn[I])

2

Pn−1[I]Pn+1[I]
≤ 1 , (55)

where the first inequality from |p̃n[I]| ≤ p̃2[I] = P2[I],
while the second follows from Hölder’s inequality.
At this point, it is important to ask whether the quan-

tities fn are practically useful in the many-body con-
text considered in this work. For example, one could be
worried that the conditions (53) are never violated for
large L (even if the logarithmic negativity is non-zero),
or that fn is exponentially small in L for highly mixed
states, thus requiring an exponential accuracy for its es-
timation. To address this question, consider a family

of states ρ
(L)
AB , defined for increasing system sizes L and

satisfying the AFCs. Suppose that we extract fn(ρ
(L)
AB)

using our estimation protocol for a fixed approximation
error δn. Then, the pn-PPT conditions (53) allow us to
successfully detect entanglement if

f3(ρ
(L)
AB) ≤ −C3 , (56a)

f5(ρ
(L)
AB) ≤ −C5 , (56b)

10 Note that, while in Sec. IVB we only considered the purity P2,
similar AFCs can be defined for Pn with n > 2, and hence similar
estimation protocols work to estimate higher moments. Note
also that, for the case of FDQCs, the proof of exact factorization
conditions for P2 can be trivially extended to any Pn with n > 2,
cf. Appendix A.
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Figure 6. Additive error εa(k, L, β), defined in Eq. (52), as a function of k, for β = 2 and different values of L. In the left and
right plots we report numerical data corresponding to the Ising and XXZ spin chains, respectively. The Hamiltonian parameters
and bond dimensions are chosen as in Fig. 4.

where C3, C5 > 0 are constants (independent of L) with
Cn ≥ 2δn. Indeed, in these cases the statistical inaccu-
racy is smaller (with high probability) than the amount

by which fn(ρ
(L)
AB) is negative, allowing us to certify en-

tanglement.
In the next subsection, we study a few natural exam-

ples of states satisfying the AFCs showing that (56) hold
either for all values of L or up to very large system sizes.
Therefore, we exhibit concrete examples where fn are
provably useful for entanglement detection.

B. Mixed-state entanglement detection in FDQC
and Gibbs states

We start by studying the relations (56) in the simplest
case of FDQC states (13). We consider a family of states
where the single-qubit density matrices in Eq. (13) are
parametrized as

σi(γ) = γ |ai⟩ ⟨ai|+ (1− γ) |bi⟩ ⟨bi| . (57)

Here |ai⟩, |bi⟩ are arbitrary orthonormal states, while
0 ≤ γ ≤ 1/2 plays the role of a depolarizing parameter,
controlling both purity and bipartite entanglement. We
ask for which values of γ the conditions (53) are violated.
This problem is analyzed in detail in Appendix F. We

prove that, for generic choices of the unitary gates, there
exist γ3, γ5 > 0 such that Eqs. (56a) and (56b) are sat-
isfied, respectively, for all γ ≤ γ3/L and γ ≤ γ5/L

1/3.
Now, choosing in particular γL = γ5/L

1/3, we have

Tr[ρ(L)(γL)
2] = [γ2L + (1− γL)2]L

≤ exp
[
−2(γL − γ2L)L

]

≤ exp [−γLL] = exp
[
−γ5L2/3

]
, (58)

namely

S2[ρ
(L)(γL)] ≥ γ5L2/3 . (59)

Therefore, ρ(L)(γL) provides an example where the p5-
PPT condition is violated by a finite amount C5 and, at
the same time, the global Rényi-2 entropy grows polyno-
mially, albeit sub-linearly, in the system size.11

As a final interesting example, let us consider once
again finite-temperature states of local Hamiltonians. In
this case, the purity decays exponentially in L and we
expect that the conditions (54) fail to detect the pres-
ence of entanglement in the thermodynamic limit. In the
following we give evidence that they can nevertheless be
useful when considering systems of large but finite size.
To support this claim, we study thermal states in

the Ising model (46), and numerically compute the co-
efficients (56) for different temperatures and system
sizes. The computations are performed using tensor-
network methods, following the same strategy explained
in Sec. IVD. An example of our results is reported in
Fig. 7. In these plots, we have fixed small but other-
wise arbitrary positive numbers C3 and C5, and identi-
fied the values of β and L for which f3(β, L) ≤ −C3 and
f5(β, L) ≤ −C5.
The data corresponding to the p3-PPT condition are

reported in the left plot, which clearly shows that the
values of the temperature T = β−1 for which the en-
tanglement can be detected decrease with L, consistent
with our previous analysis on FDQC states. On the other
hand, the right plot shows that f5(β, L) < −C5 up to
values of the temperature (T ≃ 0.1) that do not signif-
icantly depend on L, at least up to very large system
sizes (L ≃ 1024). We expect that this is a finite-size ef-

11 It is interesting to note that the p3-PPT condition only allows
us to detect bipartite entanglement in states with O(1) entropy.
Therefore, the p5-PPT condition improves this result by allowing
the entropy to scale as O(L2/3). It is then natural to conjecture
that higher-n PPT conditions lead to a further improvement of
the maximal scaling to O(Lα), with α approaching 1 in the large-
n limit.
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Figure 7. Density plots for the coefficients f3(β, L), f5(β, L), defined in Eq. (54) as a function of β and L. The data correspond
to thermal states in the Ising model (46), with hx = 1.1 and hz = −0.04. Red (blue) regions indicate the values of β and L for
which f3(β, L), f5(β, L) are larger (smaller) than some small values −C3 = 0.01 and −C5 = 0.001, respectively.

fect, namely that increasing L further, the values of T for
which entanglement can be detected will decrease. Still,
this example shows how the pn-PPT conditions may be
able to detect entanglement even for highly mixed states
and up to very large system sizes, making the estimation
protocol for PT moments practically very useful.

VI. OUTLOOK

We have studied the problem of estimating global en-
tropies and entanglement in many-qubit states, assum-
ing the validity of certain AFCs which encode the fact
that all the spatial correlations lengths in the system are
finite. We have shown that the AFCs allow one to re-
construct entropies and PT moments from local infor-
mation which can be extracted efficiently using standard
RM schemes. Exploiting this fact, we have devised a very
simple strategy for entropy and entanglement estimation
which is provably accurate, requiring polynomially-many
local measurements and post-processing operations. We
have discussed the generality of the AFCs, providing both
analytic and numerical evidence for their validity in dif-
ferent classes of states, including MPDOs and thermal
states of local Hamiltonians.

As we have argued, the protocols proposed in this work
could be practically useful to detect bipartite mixed-state
entanglement for large numbers of qubits in today’s quan-
tum platforms. This is especially true when considering
current NISQ devices from the point of view of quantum
simulation, since the AFCs hold under assumptions that
are very common in the context of many-body physics.
In addition, our work also raises important questions and
opens up a number of interesting directions.

First, our protocols assume that the state to be mea-
sured satisfies the AFCs. Therefore, an important ques-
tion from the experimental perspective is whether it
is possible to devise a complementary (and still effi-
cient) strategy to certify their validity, similar to what
can be done in the case of MPS [63] or entanglement-
Hamiltonian tomography [71].

As we have discussed in Sec. IVA, a simple but ef-
fective consistency check can be carried out by repeat-
ing our protocols multiple times, each time with an in-
creased ansatz value for the correlation lengths. If the
estimated purities or PT moments change beyond the
expected precision over different repetitions, we obtain a
“red flag” signalling the failure of the AFCs in the state
to be measured. This process, however, does not allow
one to rigorously rule out the presence of long-range cor-
relations, as this would require running the estimation
protocols using, as an input, correlation lengths which
are proportional to the system size. We envision that a
way to tackle the certification problem could be to iden-
tify a hierarchy of properties which are strictly stonger
than the AFCs and for which rigorous certification proto-
cols can be found more easily. At the moment, however,
this remains an open problem.

Next, while we have focused on 1D systems, a very nat-
ural direction is to extend our approach to higher spatial
dimensions. In this case, additional technical complica-
tions arise, but we expect that efficient estimation strate-
gies for the purity and PT moments exists under similar
conditions encoding the absence of long-range correla-
tions. We stress that this problem is particularly impor-
tant, since tomographic methods for many-qubit states
(based, for instance on tensor or neural networks) are
much less developed in higher dimensions.
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Finally, we mention that our approach could also be
applied to probe other quantities which generally require
exponentially many measurements. Straightforward ex-
amples include the participation entropies [81–85] and
the so-called stabilizer Rényi entropies [86], but we ex-
pect that similar ideas could be implemented in other
contexts. One example is that of cross-platform verifica-
tion protocols [131], which involve probing the (possibly
exponentially small) overlaps between different density
matrices. Similarly, efficient estimation strategies for the
so-called Loschmidt echo [132] also appear to be within
the reach of the techniques developed in this work. While
these problems require dealing with additional technical
subtleties compared to the analysis of the entropy and
PT moments, we believe that the latter are not substan-
tial and could be overcome. We leave the study of these
applications to future research.
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Appendix A: Factorization condition for FDQC
states

1. The purity

In this Appendix we show that the FDQC states (13)
satisfy the factorization condition (14). In fact, we prove
the stronger condition

TrB⊗n

[−→
ΠB

(
ρ⊗n
ABC

)]

=
TrB⊗n

[−→
ΠB

(
ρ⊗n
AB

)]
⊗ TrB⊗n

[−→
ΠB

(
ρ⊗n
BC

)]

TrB(ρnB)
, (A1)

where we introduced the n-copy cyclic permutation op-

erator
−→
ΠB |i1, . . . in⟩ = |in, i1, . . . in−1⟩, and we assumed

|B| ≥ (2ℓ−1), where ℓ is the circuit depth. We make use
of a graphical derivation. We show the case n = 2, ℓ = 4,
and |B| = 8 for concreteness, but it is clear that the proof
generalizes for all values of n and ℓ. The reduced density
matrix over the interval I = A ∪B ∪ C reads

<latexit sha1_base64="gKM7WDvOJa3wYDvrLgUK3FRxC3Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQk4vHCOYBmyXMTmaTIbMzy8ysEJZ8hhcPinj1a7z5N06SPWi0oKGo6qa7K0w408Z1v5zCyura+kZxs7S1vbO7V94/aGuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E48bM7zxSpZkUD2aS0CDGQ8EiRrCxkt9TI9nPbuuN6U2/XHGr7hzoL/FyUoEczX75szeQJI2pMIRjrX3PTUyQYWUY4XRa6qWaJpiM8ZD6lgocUx1k85On6MQqAxRJZUsYNFd/TmQ41noSh7Yzxmakl72Z+J/npya6DjImktRQQRaLopQjI9HsfzRgihLDJ5Zgopi9FZERVpgYm1LJhuAtv/yXtM+q3mX14v68UqvncRThCI7hFDy4ghrcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BskRkPE=</latexit>⇢ABC = (A2)

Following the standard tensor-network notation, lower
(upper) dangling legs correspond to the input (output)
qubits. In addition, here and in the following upper and
lower legs in the same column which are marked with a
small rectangle of the same color are traced over. Finally,
black dots correspond to the density matrices σj .

The left-hand side of Eq. (A1) can be represented as

<latexit sha1_base64="iHx1ZdtqSWt8xYGkHBfIWcmciq0="></latexit>

TrB⌦2

h�!
⇧B

�
⇢⌦2

ABC

�i
= (A3)

where dangling legs are not contracted, while the gray
rectangle is a short-hand notation for the reduced den-
sity matrix (A2). Using unitarity of the gates, we get

TrB⊗n

[−→
ΠB

(
ρ⊗n
ABC

)]
= T1T2T3, where

<latexit sha1_base64="H2JABC/QuUM7VRm96k8OO0vKtM4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVq16EohePFfoF7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek/vM7zxRpVkkm2YaU1/gkWQhI9hkUnPg3Q7KFbfqzoFWiZeTCuRoDMpf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX1S9q2rt8bJSv8vjKMIJnMI5eHANdXiABrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPWliNzQ==</latexit>

T1 =
<latexit sha1_base64="BH7FG+AGGdD80rWcbwOslmAEXxI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjhLwgWcLsZDYZMjO7zMwKYckvePGgiFd/yJt/42yyB00saCiquunuCmLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek/vM7zxRpVkkm2YaU1/gkWQhI9hkUnNQux2UK27VnQOtEi8nFcjRGJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeGNnzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrlW9q+rl40WlfpfHUYQTOIVz8OAa6vAADWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fW92Nzg==</latexit>

T2 =
<latexit sha1_base64="2A0CXK8yLBkC5mtCH8OOTMG/SqU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4j5AXJEmYns8mQmdllZlYIS37BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32d++4kqzSLZMJOY+gIPJQsZwSaTGv3z23654lbdGdAy8XJSgRz1fvmrN4hIIqg0hGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKrGg2k9nt07RiVUGKIyULWnQTP09kWKh9UQEtlNgM9KLXib+53UTE974KZNxYqgk80VhwpGJUPY4GjBFieETSzBRzN6KyAgrTIyNp2RD8BZfXiats6p3Vb18vKjU7vI4inAEx3AKHlxDDR6gDk0gMIJneIU3RzgvzrvzMW8tOPnMIfyB8/kDXWKNzw==</latexit>

T3 =

Note that T1 and T3 are operators, while T2 is a number.
Let us compare this graphical expression with the one in
the RHS of Eq. (A1). The first and second terms in the
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numerator read, respectively

<latexit sha1_base64="U7DmndjSo4OUSgJs88I7R2fXidw=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUXxuh6MZlhb6gDWEynbRDJ5MwcyPU0C9x40IRt36KO//GaZuFth64cDjnXu69J0gE1+A431ZhbX1jc6u4XdrZ3dsv2weHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+G7mdx6Z0jyWTZgkzIvIUPKQUwJG8u3yTdN3cdOv9YFHTGPfrjhVZw68StycVFCOhm9/9QcxTSMmgQqidc91EvAyooBTwaalfqpZQuiYDFnPUEnMFi+bHz7Fp0YZ4DBWpiTgufp7IiOR1pMoMJ0RgZFe9mbif14vhfDay7hMUmCSLhaFqcAQ41kKeMAVoyAmhhCquLkV0xFRhILJqmRCcJdfXiXtWtW9rF48nFfqt3kcRXSMTtAZctEVqqN71EAtRFGKntErerOerBfr3fpYtBasfOYI/YH1+QMJaZIP</latexit>

= T1T2⇥

<latexit sha1_base64="u1zx4EkYf9k6sjEDifmGkQxyEb4=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNxPQa9eIyQDZIx9HR6kiY9C901ShjyH148KOLVf/Hm39hJ5qCJDwoe71VRVc+LpdBo299WbmV1bX0jv1nY2t7Z3SvuHzR1lCjGGyySkWp7VHMpQt5AgZK3Y8Vp4Ene8ka3U7/1yJUWUVjHcczdgA5C4QtG0UgPXRQB16Teq5g66xVLdtmegSwTJyMlyFDrFb+6/YglAQ+RSap1x7FjdFOqUDDJJ4VuonlM2YgOeMfQkJplbjq7ekJOjNInfqRMhUhm6u+JlAZajwPPdAYUh3rRm4r/eZ0E/Ws3FWGcIA/ZfJGfSIIRmUZA+kJxhnJsCGVKmFsJG1JFGZqgCiYEZ/HlZdKslJ3L8sX9eal6k8WRhyM4hlNw4AqqcAc1aAADBc/wCm/Wk/VivVsf89aclc0cwh9Ynz8U3JGZ</latexit>⇥T2T3
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>= .

Similarly, the denominator in Eq. (A1) reads

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="T4eYnO1osE9CSVmGeQolLsK332w=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCpJ8bYsunFZoTdoQ5hMJ+3QySTMnCgl9lHcuFDErU/izrdx2mahrT8MfPznHM6ZP0gE1+A431ZhbX1jc6u4XdrZ3ds/sMuHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+HZW7zwwpXksmzBJmBeRoeQhpwSM5dvlPvCIadz0a3iBvl1xqs5ceBXcHCooV8O3v/qDmKYRk0AF0brnOgl4GVHAqWDTUj/VLCF0TIasZ1ASs8TL5qdP8alxBjiMlXkS8Nz9PZGRSOtJFJjOiMBIL9dm5n+1XgrhtZdxmaTAJF0sClOBIcazHPCAK0ZBTAwQqri5FdMRUYSCSatkQnCXv7wK7VrVvaxe3J9X6jd5HEV0jE7QGXLRFaqjO9RALUTRI3pGr+jNerJerHfrY9FasPKZI/RH1ucPdlSTgA==</latexit>⇥T2⇥

Putting everything together, and simplifying the com-
mon factors in the numerator and denominator, we ar-
rive at Eq. (A1). Finally, using the fact that Tr(ρnX) =

Tr(
−→
ΠXρ

⊗n
X ), and the relation

−→
ΠABC =

−→
ΠA⊗

−→
ΠB⊗

−→
ΠC ,

we arrive at

Tr(ρnABC) =
TrAB(ρ

n
AB)TrBC(ρ

n
BC)

TrB(ρnB)
. (A4)

For n = 2, this proves Eq. (14).
Next, we prove Eq. (15). Let us consider a par-

tition of the whole system S = A ∪ B ∪ C, where
|B| = |C| = k ≥ 2ℓ − 1. We first make use of Eq. (14).
Setting now A(0) := A, B(0) := B, C(0) := C we can
iterate this operation, each time splitting the interval
A(j) ∪ B(j) into three adjacent regions A(j+1), B(j+1),
and C(j+1) with |B(j+1)| = |C(j+1)| = k. We continue
this procedure until |AR| = k, which gives us Eq. (15).

2. The PT moments

The goal of this Appendix is to prove Eq. (25).
We start by recalling the expression for the PT mo-

ments [95]

Tr
[(
ρTA

AB

)n]
= Tr

[←−
ΠA
−→
ΠB

(
ρ⊗n
AB

)]
, (A5)

where we introduced the n-copy forward (backward)
cyclic permutation operator in the n-replica space, de-
fined by

−→
ΠA |i1, . . . in⟩ = |in, i1, . . . in−1⟩ ,
←−
ΠB |i1, . . . in⟩ = |i2, i3, . . . i1⟩ . (A6)

Using this notation, it is easy to see that Eq. (A1) implies

TrB⊗n

[←−
ΠB

(
ρ⊗n
ABC

)]
=

TrB⊗n

[←−
ΠB

(
ρ⊗n
AB

)]
⊗ TrB⊗n

[←−
ΠB

(
ρ⊗n
BC

)]

TrB(ρnB)
, (A7)

Eq. (A7) can be proved by taking the partial-transpose
with respect to A⊗n and C⊗n in both sides of (A1),
followed by complex conjugation. Next, let us take a
bipartition of the system into A and B, each divided
into two intervals A = A1 ∪ A2 and B = B1 ∪ B2 with
|A2| = |B1| = k, cf. Fig. 3(b). Making use of Eq. (A1),
we have

Tr
[(
ρTA

AB

)n]
= TrA⊗nTrB⊗n

2

←−
ΠA
−→
ΠB2

TrB⊗n
1

−→
ΠB1

ρ⊗n

=
TrA⊗n⊗B⊗n

1
(
←−
ΠA
−→
ΠB1

ρ⊗n
AB1

)

TrB1(ρ
n
B1

)

×
TrB⊗n

1 ⊗B⊗n
2

(Π⃗B1
Π⃗B2

ρ⊗n
B1B2

)

TrB1
(ρnB1

)
. (A8)

Using

TrA⊗n⊗B⊗n
1

(
←−
ΠA
−→
ΠB1ρ

⊗n
AB1

)

= TrA⊗n
1

TrB⊗n
1

←−
ΠA1

−→
ΠB1

TrA⊗n
2

←−
ΠA2

ρ⊗n
A1A2B1

= TrA⊗n
1 ⊗A⊗n

2
(
←−
ΠA1

←−
ΠA2ρ

⊗n
A1A2

)

TrA⊗n
2 ⊗B⊗n

1
(
←−
ΠA2

−→
ΠB1

ρ⊗n
A2B1

)
[
TrA2

(ρnA2
)
]−1

, (A9)

we finally arrive at Eq. (25).

Appendix B: Statistical-error analysis in FDQC
states

1. Statistical-error analysis for the purity

In this Appendix we prove Eq. (20). We consider the

protocol explained in Sec. III A and denote by P(e)
2 [I] the
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estimates for P2[I] = Tr(ρ2I) obtained from the classical-
shadow approach. These local purities are estimated with

a non-zero relative error, i.e. P(e)
2 [I]/P2[I] = (1 + εI).

We define

ε = max
{
|εI | : I ∈ {Ij}j ∪ {Ij ∪ Ij+1}j

}
. (B1)

We will take r
(e)
2 , defined in Eq. (17), as the experimental

estimate for the global purity P2 = Tr(ρ2), choosing the
intervals Ij with |Ij | = k ≥ 2ℓ− 1, where ℓ is the circuit
depth, so that Eq. (15) holds.

We start our proof from a few preliminary lemmas.

Lemma 1. Suppose ε ≤ 1/2. Then

∣∣∣∣∣
r
(e)
2

P2
− 1

∣∣∣∣∣ ≤ e
(4L/k)ε − 1 . (B2)

Proof. Setting P(e)
2 [I] = P2[I](1+ εI),recalling R = L/k,

where k = |Ij | and using (15), we have

r
(e)
2

P2
=

∏R−1
j=1 (1 + εIj∪Ij+1)
∏R−1

j=2 (1 + εIj )
, (B3)

as so, using |εI | ≤ ε,

r
(e)
2

P2
≤ (1 + ε)R−1

(1− ε)R−2
≤
[
1 + ε

1− ε

]R
,

r
(e)
2

P2
≥ (1− ε)R−1

(1 + ε)R−2
≥
[
1− ε
1 + ε

]R
. (B4)

Since ε ≤ 1/2, and using (1 + x) ≤ ex, we have

1 + ε

1− ε = 1 +
2ε

1− ε ≤ 1 + 4ε ≤ e4ε . (B5)

Therefore,

e−(4L/k)ε ≤ r
(e)
2

P2
≤ e(4L/k)ε . (B6)

Finally, using

(1− e−a) ≤ ea − 1 , (B7)

we obtain (B2)

Lemma 2. Let M ≥ 24|I|. Then

Pr
(
|εI | ≥ α

)
≤ 22|I|+3

α2M
. (B8)

Proof. We start from the bound (10). Since M ≥ 24|I|,
we have in particular M ≥ 4 and Eq. (10) implies

Var
[
P(e)
2 [I]

]
≤ 4

(
2|I|P2[I]

M

)
+ 4

(
22|I|

M

)2

. (B9)

Since by hypothesis M ≥ 24|I|, while P2[I] ≥ 2−|I|, we
have

4

(
22|I|

M

)2

≤ 4

(
2|I|P2[I]

M

)
, (B10)

and so

Var
[
P(e)
2 [I]

]
≤ 8

2|I|P2[I]

M
. (B11)

Eq. (B8) then follows using Chebyshev’s inequality and
P2[I] ≥ 2−|I|.

We are ready to state and prove the main result of this
section.

Theorem 1. Let 0 ≤ δ ≤ 1 and take

M ≥ max

{
28k, L2 2

4k+10

k2δ2

}
, (B12)

where k = |Ij | ≥ 2 (the case k = 1 is trivial). Then

Pr
[∣∣∣(r(e)2 /P2)− 1

∣∣∣ ≥ δ
]
≤ 24k+11L3

δ2k3M
. (B13)

Proof. Recalling the definition (B1), note that if ε <
(k/8L)δ, then ε < 1/2 and also e(4L/k)ε − 1 < δ. Us-
ing Lemma 1, this implies

Pr
[∣∣∣(r(e)2 /P2)− 1

∣∣∣ ≥ δ] ≤ Pr[ε ≥ (k/8L)δ]

= 1− Pr[ε < (k/8L)δ] . (B14)

In more detail, the validity of the first inequality can be
seen as follows: Suppose ε < (k/8L)δ. Then necessarily

ε < 1/2 and so also |r(e)2 /P2 − 1| < δ (by Lemma 1).

Therefore, the set of cases in which |r(e)2 /P2−1| ≥ δ must
be contained in the set of cases in which ε ≥ (k/8L)δ. In
formula, this is the first line of Eq. (B14).
From the definition of ε and Lemma 2, we have

Pr[ε < x] =
∏

j

(
1− Pr[|εIj | ≥ x]

)

×
∏

j

(
1− Pr[|εIj∪Ij+1 | ≥ x]

)

≥
[(

1− 22k+3

x2M

)(
1− 24k+3

x2M

)]R
, (B15)

where we used that the random variables εIj are statis-
tically independent. Therefore

Pr[ε < x] ≥
(
1− 24k+3

x2M

)2R

. (B16)

Setting x = δk/(8L), we have by hypothesis
24k+3/x2M ≤ 1/2. Therefore, using 1 − z ≥ e−2z for
0 ≤ z ≤ 1/2, we obtain

Pr[ε < (k/8L)δ] ≥ exp

[
−24k+11L3

Mδ2k3

]
. (B17)

Plugging this into (B14), and using 1−e−z ≤ z, we finally
obtain (B13).
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2. Statistical-error analysis for the PT moments

In this Appendix we prove Eq. (31). Considering the
same protocol and using the same notation as Sec. III B,
we set

p
(e)
3 [A2B1] = p3[A2B1] + εA2B1 , (B18a)

P(e)
3 [A2] = P3[A2](1 + εA2) , (B18b)

P(e)
3 [B1] = P3[B1](1 + εB1) . (B18c)

Note that εA2B1 is an additive error, while εA2 , εB1 are
relative errors. We also define

ε = 22|A2|+2|B1|max
{
|εA2B1 |, |εA2 |, |εB1 |

}
. (B19)

In the following, we will set |A2| = |B1| = k, where
k ≥ 2ℓ − 1 with ℓ being the circuit depth. With this
choice, Eq. (26) holds.

For clarity, we organize the proof into lemmas.

Lemma 3. Suppose ε ≤ 1. Then
∣∣∣s(e)3 [A2B1]− s3[A2B1]

∣∣∣ ≤ 16ε , (B20)

where sn[A2B1] is defined in Eq. (26).

Proof. We start from

s
(e)
3 [A2B1] =

p3[A2B1] + εA2B1

P3[A2](1 + εA2)P3[B1](1 + εB1)
, (B21)

which gives us

|s(e)3 [A2B1]− s3[A2B1]| ≤
|p3[A2B1]|
P3[A2]P3[B1]

|εA2 |+ |εB1 |+ |εA2εB1 |
(1 + εA2)(1 + εB1)

+
|εA2B1 |

P3[A2]P3[B1](1 + εA2)(1 + εB1)
. (B22)

Denoting by λj the eigenvalues of ρ
TA2

A2B1, we have

|p3[A2B1]| ≤
∑

j

|λj |3 ≤
∑

j

λ2j = P[A2B1] ≤ 1 , (B23)

where we used λj ∈ [−1/2, 1] [133] and Tr[(ρTA

AB)
2] =

Tr[ρ2AB ] [37]. In addition, since ε ≤ 1, clearly |εA2 | ≤
1/2, |εB1 | ≤ 1/2 and so also |εA2εB1 | < |εA2 |. Putting
everything together, and using P3[I] ≤ 2−2|I|, we finally
arrive at Eq. (B20).

Lemma 4. Let M ≥ 3 · 28k. Then

Pr
(
|εA2 | ≥ α

)
≤ 27

23k

α2M
, (B24a)

Pr
(
|εB1 | ≥ α

)
≤ 27

23k

α2M
, (B24b)

Pr
(
|εA2B1 | ≥ α

)
≤ 27

22k

α2M
. (B24c)

Proof. We start from the bound [40]

Var
[
p
(e)
3 [AB]

]
≤ 9

2|AB|

M
Tr
(
ρ4AB

)

+18
23|AB|

(M − 1)2
p2[AB] + 6

26|AB|

(M − 2)3
. (B25)

Since M ≥ 3 · 28k (and k ≥ 1), then

18

(M − 1)2
≤ 27

M2
,

6

(M − 2)3
≤ 9

M3
. (B26)

Therefore

Var
[
p
(e)
3 [AB]

]
≤ 9

2|AB|

M
Tr
(
ρ4AB

)

+27
23|AB|

M2
p2[AB] + 9

26|AB|

M3
. (B27)

Since M ≥ 3 · 28k, we have

9
2|AB|

M
Tr
(
ρ4AB

)
≥ 27

23|AB|

M2
p2[AB] ,

9
2|AB|

M
Tr
(
ρ4AB

)
≥ 9

26|AB|

M3
. (B28)

In the first line we have used that p2[I] = Tr[ρ2I ] and
Hölder’s inequality, which guarantees

Tr[ρ2I ]/Tr[ρ
4
I ] ≤ 2|I|/Tr[ρ2I ] ≤ 22|I| , (B29)

while in the second line we have used Tr(ρ4AB) ≥
2−3|AB| = 2−6k. Putting all together, we get

Var
[
p
(e)
3 [AB]

]
≤ 27

22k

M
Tr
(
ρ4AB

)
. (B30)

Similarly, we have [40]

Var [P3[A2]] ≤ 9
2|A2|

M
Tr
(
ρ4A2

)

+18
23|A2|

(M − 1)2
Tr
(
ρ2A2

)
+ 6

26|A2|

(M − 2)3

≤27 2
k

M
Tr
(
ρ4A2

)
. (B31)

Using Tr
(
ρ4A2

)
/(Tr(ρ3A2

))2 ≤ 1/Tr(ρ3A2
) ≤ 22k, we ob-

tain

Var

[
P(e)
3 [A2]

P3[A2]

]
≤ 27

2k

M

Tr
(
ρ4A2

)

(Tr(ρ3A2
))2
≤ 27

23k

M
, (B32)

and analogously for P(2)
3 (B1). Eqs. (B24) follow using

Chebyshev’s inequality.

We are ready to state and prove the main result of this
section, yielding Eq. (31).
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Theorem 2. Let 0 ≤ δ ≤ 1 and take

M ≥ 27
211k+9

δ2
. (B33)

Then

Pr
[∣∣∣s(e)3 [A2B1]− s3[A2B1]

∣∣∣ ≥ δ
]
≤ 81

211k+9

Mδ2
. (B34)

Proof. Recall the definition (B19) and note that if ε ≤
δ/16, then trivially ε < 1 and so, by Lemma 3, |s(e)3 −
s3| ≤ δ. This implies

Pr[|s(e)3 − s3| ≥ δ] ≤ Pr[ε ≥ δ/16]
= 1− Pr[ε < δ/16] . (B35)

In more detail, the validity of the first inequality can be
seen as follows: Suppose ε < δ/16. Then trivially ε < 1

and so necessarily also |s(e)3 − s3| < δ (by Lemma 3).

Therefore, the set of cases in which |s(e)3 − s3| ≥ δ is
contained in the set of cases for which ε ≥ δ/16. In
formula, this is the first line of Eq. (B35).

From the definition of ε and Lemma 4, we have

Pr[ε < x] = (1− Pr[|εA2 | ≥ x2−4k])

× (1− Pr[|εB1 | ≥ x2−4k])(1− Pr[|εA2B1 | ≥ x2−4k])

≥
(
1− 27

211k

x2M

)3

, (B36)

where we used that the random variables εIj are statisti-
cally independent. Setting x = δ/16, we have by hypoth-
esis 27 · 211k/x2M < 1/2. Therefore, using 1− z ≥ e−2z

for 0 ≤ z ≤ 1/2, we obtain

Pr[ε < δ/16] ≥ exp

[
−812

11k+9

Mδ2

]
. (B37)

Plugging into (B35), and using 1 − e−z ≤ z, we finally
obtain (B34).

Appendix C: Statistical-error analysis for states
satisfying the AFCs

In this Appendix we prove the main claims reported in
Sec. IVB. Let ρ be a state satisfying (32) for all partitions
as in Fig. 3(a), with |B| = k ≥ kc (and open boundary
conditions). We first prove Eq. (35).

We start with the following:

Lemma 5. Let

k ≥ ln(α2L/δ)

β2
, (C1)

for 0 ≤ δ ≤ 1/2. Then, defining r2 as in Eq. (36), we
have

∣∣∣∣
r2

Tr(ρ2)
− 1

∣∣∣∣ ≤ 4δ . (C2)

Proof. First, applying iteratively (32), we get (recalling
that R = L/k)

r2
Tr(ρ2)

=

R−1∏

j=2

(1 + εj) , (C3)

with |εj | ≤ α2e
−β2k, and so

∣∣∣∣
r2

Tr(ρ2)
− 1

∣∣∣∣ =

∣∣∣∣∣∣

R−1∏

j=2

(1 + εj)− 1

∣∣∣∣∣∣
. (C4)

We have

R−1∏

j=2

(1 + εj)− 1 ≤ (1 + α2e
−β2k)R−2 − 1

≤ exp
[
α2(L/k)e

−β2k
]
− 1 . (C5)

Analogously,

R−1∏

j=2

(1 + εj)− 1 ≥ (1− α2e
−β2k)R−2 − 1 . (C6)

Due to (C1), we have α2e
−β2k ≤ 1/2. Therefore, using

1− z ≥ e−2z for 0 ≤ z ≤ 1/2, we have

R−1∏

j=2

(1 + εj)− 1 ≥ exp
[
−2α2(L/k)e

−β2k
]
− 1 . (C7)

Therefore

e−y − 1 ≤
R−1∏

j=2

(1 + εj)− 1 ≤ ey/2 − 1 ≤ ey − 1 , (C8)

where y = 2α2(L/k)e
−β2k. Since 1 − e−y ≤ ey − 1, this

implies

∣∣∣∣∣∣

R−1∏

j=2

(1 + εj)− 1

∣∣∣∣∣∣
≤ exp

[
2α2(L/k)e

−β2k
]
− 1 . (C9)

Finally, due to (C1), we have 2α2(L/k)e
−β2k ≤ 1. There-

fore, using ez − 1 ≤ 2z for 0 ≤ z ≤ 1, we arrive at

∣∣∣∣
r2

Tr(ρ2)
− 1

∣∣∣∣ ≤
4α2L

k
e−β2k ≤ 4δ . (C10)

Next, we prove Eq. (35), via the following:

Theorem 3. Let 0 ≤ δ ≤ 1/2 and set

k =
ln(α2L/δ)

β2
. (C11)
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Choosing

M ≥ max

{(
α2L

δ

) 8 ln 2
β2

,
L2210

δ2

(
α2L

δ

) 4 ln 2
β2

}
, (C12)

and recalling the definition (17), we have

Pr
[∣∣∣(r(e)2 /P2)− 1

∣∣∣ ≥ 7δ
]
≤ 211L3

δ2M

(
α2L

δ

) 4 ln 2
β2

. (C13)

Proof. Set r
(e)
2 /r2 = (1+ε1) and r2/P2 = (1+ε2), where

r
(e)
2 is defined in Eq. (17). Using Lemma 5 (and that
δ ≤ 1/2), we have |ε2| ≤ 4δ and so

∣∣∣∣∣
r
(e)
2

P2
− 1

∣∣∣∣∣ =
∣∣∣∣∣
r
(e)
2

r2

r2
P2
− 1

∣∣∣∣∣ ≤ 4δ + 3|ε1| . (C14)

If |ε1| < δ, then |r(e)2 /P2 − 1| < 7δ. Therefore, the set of

cases in which |r(e)2 /P2 − 1| ≥ 7δ is contained in the set
of cases in which |ε1| ≥ δ. In formula,

Pr[|(r(e)2 /P2)− 1| ≥ 7δ] ≤ Pr[|(r(e)2 /r2)− 1| ≥ δ|] .
(C15)

Thanks to Eq. (C12), we can use Theorem 1, yielding

Pr[|(r(e)2 /r2)− 1| ≥ δ|] ≤ 24k+11L3

δ2k3M
≤ 24k+11L3

δ2M

≤ 211L3

δ2M

(
α2L

δ

) 4 ln 2
β2

, (C16)

which completes the proof.

Note that, in order to recover Eqs. (34) and (35), we
simply rename δ′ = 7δ.
Finally, we present a technical result showing that the

PT moments can be estimated efficiently, assuming that
the state to be measured satisfies the AFCs. We focus
for simplicity on the case n = 3 and follow a protocol

similar to that of Sec. III B. Namely, we take s
(e)
3 [A2B1],

defined in (28), as our estimator for p̃3[AB], and, for any
0 ≤ δ ≤ 1, we choose

k =
ln(2α3/δ)

2β3
. (C17)

Finally, we perform M measurements to estimate
p3[A2B1], P3[A2], and P3[B1] each (so the total number
is MT = 3M). We can then prove the following:

Theorem 4. For any 0 ≤ δ ≤ 1/2, set

k =
ln(2α3/δ)

2β3
. (C18)

If

M ≥ 27
29

δ2

(
2α3

δ

) 11 ln 2
2β3

, (C19)

then

Pr
[∣∣∣s(e)3 − p̃3

∣∣∣ ≥ δ
]
≤ 81 · 29

δ2M

(
2α3

δ

) 11 ln 2
2β3

. (C20)

Proof. Our estimator for the normalized PT moment
p̃3[AB] is

s
(e)
3 =

p
(e)
3 [A2B1]

P(e)
3 [A2]P(e)

3 [B1]
. (C21)

First, suppose |s3 − s(e)3 | < δ/2. Then, using Eqs. (33)
and (C18), we have

|s(e)3 − p̃3| ≤ |s
(e)
3 − s3|+ |s3 − p̃3|

≤ (δ/2) + (δ/2) = δ . (C22)

Therefore, the set of cases in which |s(e)3 − p̃3| ≥ δ is

contained in the set of cases in which |s(e)3 − s3| ≥ δ/2,
namely

Pr[|s(e)3 − p̃3| ≥ δ] ≤ Pr[|s(e)3 − s3| ≥ δ] . (C23)

Finally, thanks to Eq. (C19), we can apply Theorem 2,
yielding

Pr
[∣∣∣s(e)3 − p̃3

∣∣∣ ≥ δ
]
≤ 81 · 29

δ2M

(
2α3

δ

) 11 ln 2
2β3

. (C24)

Appendix D: AFCs and MPDOs

In this Appendix we prove that the purity AFCs hold
for MPDOs. To this end, we assume the following con-
ditions on the transfer matrices (42):

(A) The matrices τ1 and τ2 admit the spectral decom-
position

τ1 =

χ−1∑

j=0

λj |R(1)
j ⟩⟨L

(1)
j | , (D1a)

τ2 =

χ2−1∑

j=0

µj |R(2)
j ⟩⟨L

(2)
j | , (D1b)

where we assume |λ0| > |λj |, |µ0| > |µj | for all
j ≥ 1, i.e. τ1, τ2 have a trivial Jordan form and a
finite gap.12 Note that we can also assume without
the loss of generality that λ0 = 1 (which implies

12 The assumption that τ1 and τ2 can be diagonalized is purely
technical and not necessary. However, we keep it here as it makes
the analysis simpler and it is in any case quite general.
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µ0 > 0, since ρL > 0 for all L). Finally, |R(n)
j ⟩ and

⟨L(n)
j | are the left and right eigenstates, i.e, they

are vectors on the left/right virtual indices of τ1,
and τ2 which are normalized such that

⟨L(n)
j |R

(n)
k ⟩ = δj,k n = 1, 2. (D2)

(B) We further need to assume the technical conditions

(⟨L(1)
0 | ⊗ ⟨L

(1)
0 |)|R

(2)
0 ⟩ ≠ 0 , (D3a)

⟨L(2)
0 |(|R

(1)
0 ⟩ ⊗ |R

(1)
0 ⟩) ̸= 0 , (D3b)

which again are quite general, as orthogonality re-
quires fine-tuning.

We use the same notations and assumptions as in
Sec. IVC, so that

P2 =
Tr[σ2]

(Tr[σ])2
, (D4)

and

r2 =

∏R
j=1 TrIj∪Ij+1

(σ2
Ij∪Ij+1

)
∏R

j=1 TrIj

[
σ2
Ij

] , (D5)

where |Ij | = k and R = L/k is an integer.
First, we introduce the correlation lengths

e−
1
ζ1 =

maxj>0{|λj |}
λ0

, e−
1
ζ2 =

maxj>0{|µj |}
µ0

, (D6)

and also

ζ = max(ζ1, ζ2) . (D7)

Next, given the spectral decomposition in Eqs. (D1), we
define

C = max
(j,k,l)

̸=(0,0,0)

{
|⟨L(1)

j |⟨L
(1)
k |R

(2)
l ⟩⟨L

(2)
l |R

(1)
j ⟩|R

(1)
k ⟩|

|⟨L(1)
0 |⟨L

(1)
0 |R

(2)
0 ⟩⟨L

(2)
0 |R

(1)
0 ⟩|R

(1)
0 ⟩|

}
.

(D8)
Note that the denominator is non-vanishing because of
Eqs. (D3). We can now state the main result of this
section.

Theorem 5. Take |Ij | = k with

k ≥ kmin = max
{
1, ζ ln(20Cχ2L)

}
. (D9)

Then, for all

L ≥ max{ζ ln(25χ2), 4k + ζ ln(2χ)} , (D10)

we have
∣∣∣∣
r2
P2
− 1

∣∣∣∣ ≤ χ2(80C + 32)
L

k
e−k/ζ . (D11)

Proof. Using Eqs. (D1), we have

P2 =

∑χ2−1
j=0 µL

j(∑χ−1
j=0 λ

L
j

)2 =
µL
0

λ2L0
(1 + ε̃) , (D12)

where

ε̃ =
1 +

∑χ2−1
j=1 (µj/µ0)

L

(
1 +

∑χ−1
j=1 (λj/λ0)

L
)2 − 1 . (D13)

Since by hypothesis L ≥ ζ1 ln(2χ), we have χe−L/ζ1 ≤
1/2, and so

|ε̃| ≤ 4
(
χ2e−L/ζ2 + 2χe−L/ζ1 + χ2e−2L/ζ1

)

≤ 24χ2e−L/ζ . (D14)

On the other hand

Tr[σ2
I ] =

χ−1∑

j,k=0

λ
L−|I|
j λ

L−|I|
k (⟨L(1)

j | ⊗ ⟨L
(1)
k |)




χ2−1∑

l=0

µ
|I|
l |R

(2)
l ⟩⟨L

(2)
l |


 (|R(1)

j ⟩ ⊗ |R
(1)
k ⟩) . (D15)

Therefore, recalling the definition (D8), we have

Tr[σ2
I ] = λ

2(L−|I|)
0 µ

|I|
0 ⟨L

(1)
0 |⟨L

(1)
0 |R

(2)
0 ⟩

× ⟨L(2)
0 |R

(1)
0 ⟩|R

(1)
0 ⟩

(
1 + εI

)
, (D16)

where

|εI | ≤ 2Cχe−(L−|I|)/ζ1 + Cχ2e−|I|/ζ2

+Cχ2e−2(L−|I|)/ζ1 + 2Cχ3e−(L−|I|)/ζ1e−|I|/ζ2

+Cχ4e−2(L−|I|)/ζ1e−|I|/ζ2 . (D17)

Since by hypothesis L ≥ 4k + ζ ln(2χ), it is easy to ver-
ify that all the five terms above are upper bounded by
Cχ2e−|I|/ζ (recall that |I| ≤ 2k for all I), and so

|εI | ≤ 5Cχ2e−|I|/ζ ≤ 5Cχ2e−k/ζ , (D18)

where we used that either |I| = k or |I| = 2k, and so
|I| ≥ k. Therefore

∏R
j=1 TrIj∪Ij+1

(σ2
Ij∪Ij+1

)
∏R

j=1 TrIj

[
σ2
Ij

]

=
µL
0

λ2L0

(∏R
j=1(1 + εIj∪Ij+1)
∏R

j=1(1 + εIj )

)
, (D19)

with |εI | ≤ 5Cχ2e−k/ζ . Combining this with Eq. (D12),
we arrive at

r2
P2
− 1 =

(∏R
j=1(1 + εIj∪Ij+1)
∏R

j=1(1 + εIj )

)
(1 + ε̃)

−1 − 1

= (1 + ε̃)
−1

[∏R
j=1(1 + εIj∪Ij+1)
∏R

j=1(1 + εIj )
− 1− ε̃

]
,

(D20)
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Figure 8. Scaling of the relative error εr(k, L, β), defined in Eq. (49), as a function of the bond dimension χ used to approximate
the thermal state. In the left panel we show data for the Ising chain while the right panel shows data for the XXZ chain. In
both cases we use the same parameters as in Fig. 4. Data shown for k = 4, other values of k show similar behavior with χ = 16
being sufficient for convergence in the Ising model, while the XXZ model appears to be well converged from χ = 64.

where ε̃ is given in Eq. (D13).
Next, we define

ε = max
{
|εI | : I ∈ {Ij}j ∪ {Ij ∪ Ij+1}j

}
. (D21)

By hypothesis k ≥ kmin [kmin is given in (D9)]. There-
fore, using (D18) we have |εI | ≤ 1/2 for all |I| and so
also ε ≤ 1/2. Therefore, we can apply the derivation in
Lemma 1 to show

∣∣∣∣∣

∏R
j=1(1 + εIj∪Ij+1)
∏R

j=1(1 + εIj )
− 1

∣∣∣∣∣ ≤ e
(4L/k)ε − 1 . (D22)

Since by hypothesis L ≥ ξ ln(25χ2), we also have ε̃ ≤ 1/2
[cf. Eq. (D14)], and so (D20) yields

∣∣∣∣
r2
P2
− 1

∣∣∣∣ ≤ 2(e(4L/k)ε − 1) + 2|ε̃| . (D23)

Finally, we note that Eq. (D9) implies that (4L/k)ε ≤ 1,
and using ez − 1 ≤ 2z for 0 ≤ z ≤ 1, we arrive at

∣∣∣∣
r2
P2
− 1

∣∣∣∣ ≤ 80χ2C(L/k)e−k/ζ + 25χ2e−L/ζ

≤ χ2(80C + 32)
L

k
e−k/ζ . (D24)

This theorem proves Eq. (45), under the condi-
tion (44). Therefore, the approximate factorization prop-
erty (37) holds for MPDOs, with the identification

α2 = (20C + 8)χ2 , β2 = 1/ζ . (D25)

Appendix E: Details on the numerical computations

In this Appendix we provide further details on the nu-
merical computations performed to obtain the data pre-
sented in Secs. IVD and V. As mentioned, the calcula-
tions are carried out using the iTensor library [130], by

first approximating the thermal states by MPOs of bond
dimension χ and subsequently taking powers and traces
of the density matrices represented in this way. For each
quantity, we have always verified that the results were
stable upon increasing the bond dimension χ. An ex-
ample of our data is reported in Fig. 8, where we study
εr(k, L, β), defined in Eq. (49), as a function of the bond
dimension χ used to approximate the thermal state. In
general, we have found that relatively small bond dimen-
sions are enough in the quantum Ising chain, while larger
bond dimensions are required in order to observe conver-
gence in the Heseinberg model.

Appendix F: Technical details on the PPT
conditions

The goal of this Appendix is to identify the condi-
tions under which the class of states ρ(L)(γ) introduced
in Sec. VB satisfy Eqs. (56) for all system sizes L and
some suitable constants C3, C5 independent of L.

For concreteness, let the circuit depth ℓ be even, ℓ = 2k
with k ≥ 1 (a similar discussion holds for ℓ = 2k+1) and
take a bipartition of the system as in Fig. 9. We group
neighboring sites into blocks containing q = ℓ− 1 qubits,
forming a new super qudit associated with a Hilbert-
space of dimension d = 2ℓ−1. It is easy to show that
the circuit can be rewritten as a depth-2 quantum circuit
acting on the super qudits, cf. Fig. 9. Therefore (assum-
ing without loss of generality R = L/q is an integer)

ρL(γ) = V (2)




L/q⊗

j=1

ωj



[
V (2)

]†
, (F1)
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<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1

<latexit sha1_base64="e++sZJ4iQgdSpegHqZ7Qv+8SXbI=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8co5gHJEmYns8mQ2Z1lplcJSz7DiwdFvPo13vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1WL+7OK7VaHkcRjuAYTsGDK6jBLdShAQwUPMMrvDnovDjvzse8teDkM4fwB87nD5PBkXU=</latexit>) <latexit sha1_base64="e++sZJ4iQgdSpegHqZ7Qv+8SXbI=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8co5gHJEmYns8mQ2Z1lplcJSz7DiwdFvPo13vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1WL+7OK7VaHkcRjuAYTsGDK6jBLdShAQwUPMMrvDnovDjvzse8teDkM4fwB87nD5PBkXU=</latexit>)

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> {

<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>

`� 1
<latexit sha1_base64="DYMkQw6unySuRXwDuAU1SUlxEnA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAckS5id9CZjZneWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1DJVDBtMCqnaAdUoeIwNw43AdqKQRoHAVjC6mfqtR1Say/jejBP0IzqIecgZNVZqdlGIE69XrrhVdwbyl3g5qUCOeq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObJKn4RS2YoNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvvyXNE+r3kX1/O6sUrvO4yjCARzCMXhwCTW4hTo0gMEDPMELvDrSeXbenPd5a8HJZ/bhF5yPb+xTjrc=</latexit>
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B

Figure 9. Any FDQC of depth ℓ can be rewritten as a depth-2 quantum circuit after grouping ℓ− 1 qubits into a single qudit.
In the middle picture, we highlight with different colors sets of gates defining the two-qudit gates in the grouped lattice (colored
rectangles in the right figure). In all the figures, a dashed orange line separates the regions A and B, defining the bipartition
of the system.

where ωj = ⊗q
i=1σjq+i, while

V (2) =


∏

j

V2j,2j+1




∏

j

V2j+1,2j+2


 , (F2)

is the depth-2 FDQC acting on the super lattice.
As it is manifest from Fig. 9, the region A contains all

super qudits with labels from 1 to L/2q, while B contains
all those with labels from L/2q+1 to R = L/q. Define the
sets of super qudits S1 = {R/2 − 1, R/2}, S2 = {R/2 +
1, R/2 + 2} and
ρ̃S1S2

=WωR/2−1 ⊗ ωR/2 ⊗ ωR/2+1 ⊗ ωR/2+2W
† , (F3)

where W = VR/2,R/2+1VR/2−1,R/2VR/2+1,R/2+2. Note
that ρ̃S1S2

is different from the reduced density matrix
over S1 ∪ S2. Using the graphical representation for the
blocked circuits and Eq. (26), it is simple to show

p̃n[AB] =
Tr
[(
ρ̃
TS1

S1S2

)n]

TrS1 [ρ̃
n
S1
]TrS2 [ρ̃

n
S2
]
=: s̃n , (F4)

where ρ̃S1
= TrS2

[ρ̃S1S2
] and ρ̃S2

= TrS1
[ρ̃S1S2

]. There-
fore, p̃n[AB] coincides with the normalized PT moments
of the state ρ̃S1S2

, supported on four super qudits. Next,
it is also easy to compute

Pn[A] = TrS1 [ρ̃
n
S1
][γn + (1− γ)n]L/2−2q ,

Pn[B] = TrS2
[ρ̃nS2

][γn + (1− γ)n]L/2−2q . (F5)

Finally, setting

t̃3 =
TrS1 [ρ̃

2
S1
]2TrS2 [ρ̃

2
S2
]2

TrS1
[ρ̃3S1

]TrS2
[ρ̃3S2

]
, (F6)

t̃5 =
TrS1

[ρ̃4S1
]2TrS2

[ρ̃4S2
]2

TrS1 [ρ̃
3
S1
]TrS2 [ρ̃

3
S2
]TrS1 [ρ̃

5
S1
]TrS2 [ρ̃

5
S2
]
, (F7)

we arrive at

f3 = s̃3 − s̃22t̃3
[γ2 + (1− γ)2]2L−8q

[γ3 + (1− γ)3]L−4q
, (F8a)

f5 = s̃5s̃3 − s̃24t̃5
[γ4 + (1− γ)4]2L−8q

[γ3 + (1− γ)3]L−4q[γ5 + (1− γ)5]L−4q
.

(F8b)

Now, define

K3 = max{s̃3(γ)− s̃22(γ)t̃3(γ) : 0 ≤ γ ≤ 1/4} , (F9)

K5 = max{s̃5(γ)s̃3(γ)− s̃24(γ)t̃5(γ) : 0 ≤ γ ≤ 1/4} ,
(F10)

and

H3 = max{|s̃22(γ)t̃3(γ)| : 0 ≤ γ ≤ 1/4} , (F11)

H5 = max{|s̃24(γ)t̃5(γ)| : 0 ≤ γ ≤ 1/4} . (F12)

The constants K3, K5, H3, and H5 depend on the spe-
cific choices of the unitary gates forming U (ℓ). For non-
entangling gates, K3 and K5 are positive, but for generic
choices of gates one has K3 < 0 and K5 < 0. We are
ready to state our main result.

Theorem 6. Suppose K3, K5 < 0. Then, assuming
without loss of generality γ ≤ 1/4 and defining

Cl =
|Kl|
2

, γ3 = − K3

4H3
, γ5 =

(
− K5

8H5

)1/3

, (F13)

we have

0 ≤ γ ≤ γ3/L⇒ f3 ≤ −C3 , (F14)

while

0 ≤ γ ≤ γ5/L1/3 ⇒ f5 ≤ −C5 , (F15)

for all system sizes L.

Proof. We start from Eq. (F8a) and note

[γ2 + (1− γ)2]2
γ3 + (1− γ)3 = 1− ε3 , (F16)

with 0 ≤ ε3 ≤ γ for 0 ≤ γ ≤ 1/4. Therefore

f3 ≤ K3 + s̃22t̃3[1− (1− ε3)L−4q]

≤ K3 +H3[1− (1− γ)L−4q] . (F17)

Using 1− γ ≥ e−2γ for 0 ≤ γ ≤ 1/4, we get

f3 ≤ K3 +H3[1− e−2γ(L−4q)]

≤ K3 + 2H3γL . (F18)
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Hence, if γ ≤ γ3/L, we finally arrive at

f3 ≤ K3/2 = −C3 . (F19)

Analogously, we have

[γ4 + (1− γ)4]2
[γ3 + (1− γ)3][γ5 + (1− γ)5] = 1− ε5 , (F20)

with 0 ≤ ε3 ≤ 2γ3 for 0 ≤ γ ≤ 1/4. Therefore

f5 ≤ K5 + s̃24t̃5[1− (1− ε5)L−4q]

≤ K3 +H5[1− (1− 2γ3)L−4q] . (F21)

Using 1− x ≥ e−2x for 0 ≤ x ≤ 1/4, we get

f5 ≤ K5 +H5[1− e−4γ3(L−4q)]

≤ K5 + 4H5γ
3L . (F22)

Hence, if γ ≤ γ5/L1/3, we arrive at

f5 ≤ K5/2 = −C5 . (F23)
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