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We study the spreading of quantum information in a recently introduced family of brickwork
quantum circuits that generalises the dual-unitary class. These circuits are unitary in time, while
their spatial dynamics is unitary only in a restricted subspace. First, we show that local operators
spread at the speed of light as in dual-unitary circuits, i.e., the butterfly velocity takes the maximal
value allowed by the geometry of the circuit. Then, we prove that the entanglement spreading can
still be characterised exactly for a family of compatible initial states (in fact, for an extension of
the compatible family of dual-unitary circuits) and that the asymptotic entanglement slope is again
independent on the Rényi index. Remarkably, however, we find that the entanglement velocity
is generically smaller than one. We use these properties to find a closed-form expression for the
entanglement membrane in these circuits.

In recent years, quantum circuits have emerged as use-
ful effective models to understand generic, or “chaotic”,
quantum many-body dynamics [1–13]. The most appeal-
ing feature of these systems is that, contrary to generic
many-body systems in continuous time, their dynamics
are sometimes amenable to analytical descriptions. The
latter feature is particularly significant in light of the cur-
rent lack of computational approaches able to efficiently
characterise out-of-equilibrium quantum matter.

The approaches followed to obtain analytical insights
in quantum circuits can be divided in two groups. The
first involves introducing a certain degree of random-
ness in the system to simplify the theoretical descrip-
tion [2, 5, 14]. This approach is inspired by random ma-
trix theory [15] and has its most representative exam-
ple in Haar-random circuits [2], which have been used to
obtain several important results on operator dynamics,
information spreading, and spectral statistics [2–6, 9–
11, 14, 16–25]. The second route, instead, is to derive
exact results for special classes of systems obtained by
imposing certain conditions on the elementary quantum
gates without affecting the nature of the dynamics [8, 26–
31]. The appeal of this second approach is that it is
arguably more fundamental — it allows one to study
truly closed quantum many-body systems — and its most
representative example is that of dual-unitary (DU) cir-
cuits [8].

The defining property of the latter systems is that their
local gates remain unitary upon exchanging the roles of
space and time. This allows for the analytic treatment
of quantities notoriously hard to compute in general (ex-
amples include out-of-time correlators (OTOCs) [32–35],
entanglement growth after quantum quenches [7, 36–
38], spectral form factor [3, 39], temporal entangle-
ment [40, 41], operator entanglement [34, 42–44], deep
thermalization [45–47], and tripartite information [33]),
however, it does not modify the chaotic nature of the
dynamics. The only macroscopic effect of dual unitarity
is that it enforces maximal velocity for the spreading of
quantum correlations. Specifically, in DU circuits both

the butterfly velocity characterising operator spreading
and the entanglement velocity of any state are equal to
the speed of light [32, 37, 38]. In fact, the second property
alone implies conversely the dual unitarity [48].

The fact that both scrambling and thermalisation oc-
cur at the fastest possible rate in DU circuits leaves
a distinct mark on the dynamics of quantum informa-
tion. This is true even at the coarse grained level
where quantum information spreading in chaotic sys-
tems is described by the so called entanglement mem-
brane [18, 24, 25] (see also [49, 50]), which in DU circuits
has been shown to exhibit an extremal, constant line ten-
sion [18]. The natural question is then whether the dual
unitarity condition can somehow be weakened, leading to
a more generic, yet solvable, quantum information flow.

In this Letter we address this question by character-
ising the dynamics of quantum information in a class of
“hierarchical generalisations” of DU circuits recently pro-
posed in Ref. [51]. The idea is to construct a hierarchy
of multi-gate conditions, where going up in the hierarchy
corresponds to weakening more and more the constraint
imposed on a single gate, with dual unitarity being at
the bottom as the strongest one. Here we consider the
second hierarchy of generalisations, DU2 from now on,
and find the following results. First, the butterfly veloc-
ity continues to be equal to one (in fact we show that
this is true for all levels of the hierarchy of Ref. [51]).
Second, the entanglement velocity is still independent on
the Rényi index and can still be computed exactly. It
is, however, generically sub-maximal and takes discrete
values depending on the local Hilbert space dimension.
Finally, we recover these results by computing the en-
tanglement membrane of DU2 and finding that it has
non-trivial line tension. To the best of our knowledge
the one provided here is the first explicit expression for a
non-constant line tension derived in a clean, interacting
microscopic system.

More specifically, we consider a one-dimensional quan-
tum circuit, made of 2L sites of qudits (quantum systems
with d internal states), with a discrete, local unitary evo-
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FIG. 1: Graphical representations of unitarity (left), compatibility relations for the initial state (cf. Eq. 15) (center),
and DU2 conditions (cf. Eq. (2)), (top right). The relations on the bottom of (c) are equivalent to those on the
top [51].

lution. Neighbouring sites are by definition at distance of
1/2 apart, and their positions, labelled by half-integers,
take periodic values on a ring of length L (the qudit at
position 0 is the same as the one at position L). A single
time step is determined by the following unitary operator
U = UeUo with

Ue =
⊗

x∈ZL

Ux,x+1/2, Uo =
⊗

x∈ZL

Ux−1/2,x , (1)

Ua,b is a two site unitary gate which acts on sites a, b.
We consider a subclass of unitary gates fulfilling the

DU2 conditions [51]. These can expressed by defining a

spacetime swapped gate Ũ as 〈kl| Ũ |ij〉 = 〈lj|U |ki〉. In
terms of these gates the DU2 condition becomes (see also
Fig. 1)
(
Ũ ⊗ 1d

)(
1d ⊗ Ũ Ũ †

)(
Ũ † ⊗ 1d

)
= ŨŨ † ⊗ 1d,

(
1d ⊗ Ũ

)(
Ũ Ũ † ⊗ 1d

)(
1d ⊗ Ũ †

)
= 1d ⊗ ŨŨ †,

f (2)

where 1x is the identity on a space of dimension x. This
property is satisfied for DU gates where Ũ is unitary,
however, it admits also families of non-DU solutions [51].
Note that Eq. (2) implies the validity of the equivalent

set of relations with Ũ † and Ũ exchanged [51].
Let us begin considering the speed of operator spread-

ing, i.e. the butterfly velocity vB, in DU2 circuits. The
latter can be quantified by looking at the following
OTOC

Oαβ(x, t) = 1− 1

d2L
tr
[
σ
(α)
0 (t)σ(β)

x (0)σ
(α)
0 (t)σ(β)

x (0)
]
, (3)

where {σ(α)}α=1,...d2−1 are a basis for local traceless her-
mitian operators [52]. In chaotic systems, this OTOC
approaches asymptotically one for |x| ≤ vBt, and 0 oth-
erwise. In particular, Haar random circuits have vB =
(d2 − 1)/(d2 + 1) [4, 6], while DU circuits vB = 1 [32, 33].
Note that the latter is the largest possible vB because the
strict causality encoded in Eq. (1) assures Oαβ(x, t) = 0
for |x| > t.

To compute vB for DU2 we use the strategy of
Refs. [32, 33]. Namely, we compute the limit x, t → ∞

with x− = t − x fixed: if Oαβ(x, t) is non-zero in this
limit we have vB = 1 otherwise vB < 1 [53]. The limit
is conveniently computed writing 1 − Oαβ(x, t) in terms
of a suitable transfer matrix and expressing its asymp-
totic scaling in terms of the transfer-matrix fixed points.
This procedure becomes particularly transparent by in-
troducing a diagrammatic representation, similar to the
one used in tensor networks, where one depicts single lo-
cal gates as boxes with legs corresponding to the qudits
they act on, see e.g. [8, 33, 36]. In particular, since here
we are interested in multi replica quantities we consider a
graphical representation of “folded” quantum gates, i.e.,
tensor products of 2 replicas of U and its hermitian con-
jugate

≡ (U ⊗ U∗)
⊗2

. (4)

The Hilbert spaces associated to each leg have dimension
d4. For |x| < t one can express the quantity of interest
in terms of (4) as follows [54]

1−Oαβ(x, t)=
1

d2t

β

α

x+

x− . (5)

Here x± = t ± x, joined legs imply matrix product and
we introduced a graphical representation for two differ-
ent index contractions that can be seen as states in the
replicated Hilbert space, i.e.

| 〉 =
d∑

i,j=1

|iijj〉 , | 〉 =
d∑

i,j=1

|ijji〉 , (6)

where we used the shorthand notation |i1i2i3i4〉 ≡ |i1〉 ⊗
|i2〉 ⊗ |i3〉 ⊗ |i4〉. Note that these states are neither or-
thogonal nor normalised and one has 〈 | 〉 = d and
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〈 | 〉 = 〈 | 〉 = d2. Similarly we inserted in (5) the
operators by defining the states

| α〉 =
(
σ(α) ⊗ 1d ⊗ σ(α) ⊗ 1d

)
| 〉 ,

| β〉 =
(
σ(β) ⊗ 1d ⊗ σ(β) ⊗ 1d

)
| 〉 . (7)

From the diagram (5) we see that 1−Oαβ(x, t) is written
as

1−Oαβ(x, t) =
1

dx−

〈 · · · β |T x+
x−

| α · · · 〉 , (8)

where we introduced

Tx =
1

d

x

(9)

This matrix has maximal eigenvalue 1 fixed by unitar-
ity [32, 33] . Therefore, in the limit of interest we can
replace it by

∑
i |ri〉〈li| / 〈li|ri〉 in Eq. (8), where 〈li| and

|ri〉 denote respectively its right and left fixed points.
Generically Tx−

has a unique left and right fixed points
guaranteed by unitarity, i.e., | . . . 〉 , 〈 . . . | (this can
be seen graphically using the conditions in Fig. 1a). The
latter, however, contribute with a one in the r.h.s. of
Eq. (8). Therefore, the OTOC can have a non-zero value
in the limit of interest only if Tx has at least another
nontrivial fixed point for some x−.

We now show that DU2 provides such an additional
fixed point. We consider x− = 1 and employ the DU2
relations (2) fulfilled by the gate (cf. Fig. 1) to show that

〈l| = 〈 |T1 = , |r〉 = T1 | 〉 = , (10)

are fixed points of T1. These vectors have non-zero over-
lap with states orthogonal to | 〉 and | 〉 respectively,
and therefore contribute to the r.h.s. of Eq. (8) for some
α and β. In particular, defining

| 〉 ≡ d | 〉 − | 〉 , | 〉 = d | 〉 − | 〉 (11)

we have [55]

〈l| 〉 = 〈 |r〉 = d4
(
1− 1

nΛ

)
, (12)

where nΛ = 1, . . . , d2 depending on the specific choice of
the DU2 gate. The case nΛ = 1 corresponds to a trivial
gate with no entangling power, i.e., U = u⊗v. Assuming
nΛ 6= 1, we find that limt→∞ Oαβ(t − 1, t) 6= 0 and the
butterfly velocity for DU2 gates is indeed maximal: this
is the first main result of this Letter. In passing we note
that this property can be extended to the full hierarchy of
Ref. [51] (assuming again that the gates are entangling).
To show it one has to consider

〈l| = 〈 | (T1)
n−1 , |r〉 = (T1)

n−1 | 〉 , (13)

for gates at the n-th level of the hierarchy of Ref. [51].
Let us now move on to the calculation of the entan-

glement velocity. To compute it we look at a quantum
quench from a class of initial states compatible with the
DU2 property [51]. The latter are expressed as two-site
shift invariant matrix product states (MPS) with bond
dimension χ, namely

|Ψ0〉=
1

dL/2

d∑

ik=1

tr[M [i1i2] . . .M [i2L−1i2L]] |i1 . . . i2L〉, (14)

where the χ × χ matrices {M [a,b]} are chosen such that

the MPS transfer matrix
∑d

i,j=1 M
[i,j] ⊗ (M [i,j])∗ has

maximal, non-degenerate eigenvalue d, corresponding to
eigenvectors 〈ΩL| and |ΩR〉. Moreover, the dχ× dχ ma-
trices W with elements 〈ia|W |jb〉 = 〈i|M (ab)|j〉 fulfil
(
Ũ ⊗ 1χ

) (
1d ⊗WW †

) (
Ũ † ⊗ 1χ

)
= ŨŨ † ⊗ 1χ,

(
Ũ † ⊗ 1χ

) (
1d ⊗W †W

) (
Ũ ⊗ 1χ

)
= Ũ †Ũ ⊗ 1χ,

(15)

which are depicted in Fig. 1. These are solved, as a
special case, by the initial states compatible with dual
unitarity characterised in Ref. [37]. Note that (15) also
implies |ΩR〉 = (〈ΩL|)† =

∑χ
i=1 |ii〉.

Considering the evolution of the Rényi entropies of a
block A (of length LA), namely

S
(n)
A (t) =

1

1− n
log(trA[ρ

n
A(t)]), (16)

where ρA(t) is the state at time t reduced to A, and taking
the limit L → ∞ followed by LA → ∞ we obtain [55]

lim
LA→∞

lim
L→∞

S
(n)
A (t) =

2n

n− 1
logχd(2t+1)

− 2

n− 1
log . (17)

In this equation we used again the diagrammatic repre-
sentation in Eq. (4), however, now the orange box repre-
sents the tensor product of n copies of U and U∗ rather
than 2 (2 7→ n on the r.h.s. of Eq. (4)). Similarly, | 〉
and | 〉 represent staggered pairings of 2n qudits rather
than 4

| 〉 =
d∑

ik=1

|i1i1 . . . inin〉 , | 〉 =
d∑

ik=1

|ini1i1 . . . in〉 , (18)

and the states on the bottom line have the same struc-
ture but the sum is up to χ rather than d. Finally we
introduced the following symbol for the tensor product
of n copies of W and W ∗

= (W ⊗W ∗)
⊗n

. (19)
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The physical meaning of (17) is that for early times
(4t ≤ LA +2t ≤ L) the entanglement between A and the
rest is only produced at the two edges between the two
subsystems and the latter are independent as expected
by causality [56].

Next we observe that, by repeated applications of the
DU2 property (cf. Fig. 1) and the diagrammatic version
of the compatibility condition (15) (Fig. 1b and c) we
have

= . (20)

This gives the following asymptotic entanglement veloc-
ity

v
(n)
E ≡ lim

t→∞
lim

LA→∞
lim

L→∞

S
(n)
A (t)

4t log(d)
=

= 1 +
log

(
tr[(Ũ Ũ †)n]/d2

)

2(1− n) log(d)
. (21)

This result generalises the one found for DU circuits [7,

37], i.e. v
(n)
E = 1, which is recovered setting Ũ Ũ † =

1d2 . Remarkably, however, Eq. (21) continues to be n
independent for all DU2 circuits. Indeed, as we show in
the SM, the spectrum of the matrix Ũ Ũ † is constant for
all DU2 gates. Namely, we have the following property
[55]

Property 1. For DU2 circuits the eigenvalues of Ũ Ũ †

are all either equal to 0 or to a positive constant Λ2.

Since the trace of Ũ Ũ † is fixed by the unitarity of U , the
dimension of the non-trivial eigenspace, nΛ = 1, . . . , d2,
is such that nΛΛ

2 = d2. This allows us to rewrite Eq. (21)
as

v
(n)
E =

log
(
d
Λ

)

log(d)
=

log(nΛ)

2 log(d)
, nΛ = 1, . . . , d2. (22)

This exact expression for the entanglement velocity rep-
resents our second main result.

We now recover our exact results using the entangle-
ment membrane picture [18, 24, 25]. The idea of this
approach is that the entanglement can be viewed as the
energy of a coarse-grained curve (that only depends on
its slope). This means that one can write a Rényi entropy
as [24]

Sn(x, t) = min
y

(
En

(
x− y

t

)
+ Sn(y, 0)

)
. (23)

The function En (v) can be computed by evaluating the
scaling limit of a suitable matrix element in the replicated

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

v

E(
v
)

nΛ = 2 nΛ = 4
nΛ = 8 nΛ = 16

FIG. 2: Entanglement membrane line tension of DU2
circuits [cf. Eq. (26)], for d = 4, and nΛ taking all
possible values (except the trivial value 1)
corresponding to different choices of DU2 gates.

space [18]. Namely we have

lim
L→∞

〈
L−2vt︷ ︸︸ ︷
· · · · · · |(U(t)⊗ U(t)∗)

⊗n|
L︷ ︸︸ ︷
· · · · · · 〉

d2nL

≃ exp((1− n)tEn (v) log d), (24)

where ≃ denotes equality at leading order in t. The ma-
trix element on the l.h.s. is typically very hard to eval-
uate analytically and closed form expressions have only
been found in the presence of randomness and for large
d [24, 25, 57], in the dual-unitary case [18], or for holo-
graphic quantum field theories [58]. In this case, instead,
the calculation is straightforward. Graphically, Eq. (24)
corresponds to

e
tEn(v) log d

(1−n)−1 ≃ 1

d2nt

x+

x−

, (25)

and can be explicitly contracted using the DU2 property
(cf. Fig. 1) starting from the top-left and bottom-right
corners. This leads to the following closed-form expres-
sion

En(v) =
(
|v|+ 1− |v|

2

log(nΛ)

log(d)

)
. (26)

We see that En(v) shows a non-trivial dependence on v
but is convex as it should be for consistency. Specifically,
it is generically linear in |v| and becomes constant only in
the DU case nΛ = d2 (see Fig. 2). As shown in Ref. [58],
this form maximises the entanglement growth for fixed
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FIG. 3: Left: Entanglement slopes from random dimer-product states (products of entangled states of two qudits),
compared with the expected slope from solvable states (solid line). Right: Slope of Rényi entropies for various values
of t as a function of the Rényi index n, compared to the n−independent result from solvable states (solid line).

vE and vB. Eq. (26) allows us one to recover our exact
results for butterfly and entanglement velocity within the
membrane approach [24]: the solution to E(v) = v is in-

deed v = vB = 1 and v
(n)
E = E(v = 0) coincides with

Eq. (22). In fact, the membrane approach suggests that
this result does not depend on the initial state chosen,
as long as it is low entangled, and should apply also for
states that do not satisfy the conditions (15). In Fig. 3 we
test numerically this prediction finding convincing agree-
ment.

In this Letter we presented an explicit characterisation
of the quantum information flow in a class of unitary cir-
cuits, dubbed DU2 circuits, that generalises that of dual
unitary circuits. We showed that, although local oper-
ators in the vacuum spread at the maximal speed and
the entanglement spectrum after a quench is asymptot-
ically flat, the entanglement velocity is submaximal and
its value depends on additional properties of the gate.
Finally, by deriving an exact expression for the line ten-
sion, we showed that these results can be recovered using
the entanglement membrane approach.

Our exact results put DU2 circuits forward as a more
general class of solvable, yet chaotic, quantum circuits

and pave the way for many directions of future research.
Some natural questions are whether one can construct
instances of chaotic DU2 circuits with non-trivial conser-
vation laws or devise exactly solvable measurement pro-
tocols in these circuits. Another interesting question is
whether there exist subclasses of DU2 circuits generating
low temporal entanglement after quenches from generic
initial states.

Note Added. While this manuscript was being fi-
nalised, we became aware of the related work [59], which
will soon appear on arXiv.
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Supplemental Material:
Information spreading in generalised dual-unitary circuits

Here we report some useful information complementing the main text. In particular

- In Sec. I we compute explicitly the scalar products 〈l| 〉 = 〈 |r〉 in Eq. (12) of the main text.

- In Sec. II we characterise Rényi entropies at early times, i.e., for L ≥ LA + 2t ≥ 4t and prove Eq. (17) of the
main text.

- In Sec. III we show that the matrix ŨŨ † has flat spectrum.

- In Sec. IV we report the parameterisation used for our numerical experiments.

I. EXPLICIT CALCULATION OF THE SCALAR PRODUCT IN EQ. (12)

Consider the vectors |l〉 and | 〉 in Eqs. (10) and (11). Their scalar product can be compute by decomposing | 〉

〈l| 〉 = d 〈l| 〉 − 〈l| 〉 = d − . (27)

The first term can be immediately simplified using unitarity and obtaining d4, while the second one can be written
in terms of Ũ as

〈l| 〉 = d4 − tr

[(
Ũ Ũ †

)2
]
= d4

(
1− 1

nΛ

)
, (28)

where we used Eq. (50) to simplify the second term; identical considerations apply to 〈 |r〉.

II. ENTANGLEMENT DYNAMICS AT EARLY TIMES

In order to compute the Rényi entropy from Eq. (16), we can express the trace of the n-th power of the reduced
density matrix as a contracted network, if we consider a 2n folded gate

(U ⊗ U∗)⊗n = (29)

tr [ρnA] =
1

dnL

. . .. . .

=
1

dnL . . .. . .

2t+ 1 2t+ 1

, (30)

where now the states |#〉 , |�〉 represent two different contractions in the space of replicas, defined as in (18). Equa-
tion (30) can be further simplified, by noting that the matrix MPS transfer matrix has an eigenvalue fixed by the
compatibility condition (15). Using the unitarity of the gate, it is easy to show that

= dn = dn , (31)
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where, due to the global replica symmetry, the same relation holds if we replace all the circles with squares. If we
assume this eigenvalue of the transfer matrix is unique and maximal, then we can further simplify (30) as

tr [ρnA] =
1

χndn(LA+2t+1)

2t+ 1 2t+ 1

. (32)

Our last step consists into taking the scaling limit LA, t → ∞; keeping the ratio t/LA = const < 1/2, in such a way
that the two edges of the subsystem A are not causally connected. In this limit, the LA−2t−1 MPS transfer matrices
in between the two triangles in (32) can be substituted by the projector on their largest eigenvalue; explicitly we can
write

lim
m→∞

(
1

dn

)m

=
1

χn
, (33)

which allows to simplify Eq. (32) as

tr [ρnA] =




1

χndn(2t+1)

2t+ 1




2

, (34)

leading to Eq. (17).

III. SPECTRUM OF ŨŨ†

In this section we want to study the spectrum of Ũ Ũ †, where Ũ is obtained by a reshuffling of the indexes of the
gate U , explicitly

〈kl| Ũ |ij〉 = 〈lj|U |ki〉 . (35)

Since it is convenient to use diagrammatic calculus for our calculations here, we begin by introducing a few more
useful diagrams. We represent a single gate as

〈kl|U |ij〉 ≡
k l

i j

=




k l

i j




∗

. (36)

Therefore, unitarity and DU2 property (2) correspond to

= = = = . (37)

In fact, DU2 also implies

= = . (38)
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The matrix Ũ Ũ † is clearly Hermitian, so it can be decomposed into orthogonal eigenspaces, with eigenvalues Λ2 which
are the squared singular values of Ũ with associated projector PΛ. In formulae, this reads as

Ũ Ũ † = ≡
∑

Λ

Λ2PΛ (39)

Now consider the following quantity, obtained taking the partial trace of
(
ŨŨ †

)n

A = =
∑

Λ

Λ2n PΛ , (40)

Using Eq. (38) multiple times, we can rewrite Eq. (40) as

A =
1

d
. (41)

Next, using (the complex conjugate of) Eq. (38) we find

A =
1

d
=

1

d
=

=
1d

d

∑

Λ

Λ2ntr [PΛ] , (42)

where unitarity was used in the last step. Comparing Eqs. (40) and (42), we get immediately

PΛ =
tr [PΛ]1d

d
, ∀Λ . (43)

With a completely analogous reasoning we can also obtain

PΛ =
tr [PΛ]1d

d
, ∀Λ .. (44)

Now consider

B = =
∑

Λ

Λ2ntr [PΛ] (45)

Using Eqs. (37) m+ 1 times, we get

B =
1

d
, (46)

then, using Eq (38) m times (m = 1 in the diagram) we find

B =
1

d
, (47)
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where now we have n−m blue gates on the bottom and m+1 on top. Using Eqs. (40) and (43), we can simplify the
gates on top to write

B =
∑

Λ

Λ2(m+1)
tr [PΛ]

d2
=

=
∑

Λ,Λ′

Λ′2(n−m)
Λ2(m+1)

tr [PΛ] tr [PΛ′ ]

d2
. (48)

Combining Eqs. (45) and (48), we get

∀n,m
∑

Λ,Λ′

Λ′2(n−m)
Λ2(m+1)

tr [PΛ] tr [PΛ′ ]

d2
=

∑

Λ

Λ2ntr [PΛ] (49)

which implies there can be only one nonzero Λ. In turn, this implies

tr [PΛ] Λ = d2 tr
[
(Ũ Ũ †)n

]
= Λ2(n−1)d2 (50)

Substituting (50) in (21) and setting nΛ = tr [PΛ] this gives Eq. (22).

IV. PARAMETERISATION FOR NUMERICAL EXPERIMENTS

In order to produce the plots in Fig. 3, we used a DU2 gate with d = 2 and nΛ = 2, parameterized as follows

U = u0(v1 ⊗ v2), (51)

u0 =




eiπ/4 0 0 0
0 0 e−iπ/4 0
0 e−iπ/4 0 0
0 0 0 eiπ/4


 , v1/2 =

1√
2

(
eiα1/2 −e−iα1/2

eiα1/2 e−iα1/2

)
, (52)

where the αs have been fixed to the values α1 = 0.2, α2 = 0.3. The initial states chosen are random dimer states

|Ψ0〉 =




∑

i,j

mij |i, j〉




⊗L

, (53)

where the matrix mij is the normalized matrix whose elements, in the computation basis, are pseudo-random numbers
distributed uniformly in [0, 1].


