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Abstract

We consider the problem of proving termination for triangular weakly non-linear loops
(twn-loops) over some ring S like Z, Q, or R. The guard of such a loop is an arbitrary
quantifier-free Boolean formula over (possibly non-linear) polynomial inequations, and the

Xy €y X +p

body is a single assignment of the form | ... | « where each x; is a variable,
Xq CqXgt Py

c; €S, and each p; is a (possibly non-linear) polynomial over S and the variables

Xigls oo Xge
We show that the question of termination can be reduced to the existential fragment of the
first-order theory of S. For loops over R, our reduction implies decidability of termination.
For loops over Z and Q, it proves semi-decidability of non-termination.

Furthermore, we present a transformation to convert certain non-twn-loops into twn-form.
Then the original loop terminates iff the transformed loop terminates over a specific subset
of R, which can also be checked via our reduction. Moreover, we formalize a technique to
linearize (the updates of) rwn-loops in our setting and analyze its complexity. Based on
these results, we prove complexity bounds for the termination problem of twn-loops as well
as tight bounds for two important classes of loops which can always be transformed into
twn-loops.

Finally, we show that there is an important class of linear loops. where our decision proce-
dure results in an efficient procedure for termination analysis, i.e., where the parameterized
complexity of deciding termination is polynomial.
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Formal Methods in System Design

1 Introduction

Termination is one of the most important properties of a program. In this work, we study com-
plete approaches for analyzing termination of certain classes of polynomial loops. Compared
to incomplete techniques, such approaches have the advantage that they always yield a definite
result. In particular, we investigate decidability of termination for our classes of loops.

In the following, we give a short overview on the contributions of our article and high-
light how it extends our earlier conference paper [20]. There are already several decidability
results for termination of linear loops [8, 10, 19, 31, 42, 45, 49, 62, 66], but only few results
on the decidability of termination for certain forms of non-linear loops [43, 44, 47, 64, 65].
Moreover, these previous works only deal with loops whose guards only contain conjunc-
tions, besides [47] which is restricted to guards defining compact sets. In this work, we regard
possibly non-linear loops with arbitrary guards, i.e., they may also contain disjunctions and
define non-compact sets. More precisely, we consider so-called twn-loops, where the update
is mildly restricted to be “triangular” and “weakly non-linear” (see Sect. 2 for a formal defini-
tion). We study such loops over Z, Q, R, (the real algebraic numbers), and R, whereas exist-
ing decidability results for non-linear loops are restricted to loops over the reals.

Most techniques for proving termination of loops rely on polynomial ranking functions,
see, e.g2., [1, 5-7, 9, 51]. However, such ranking functions are only sound for proving termi-
nation, i.e., in general, they cannot refute termination. In contrast to ranking functions, we
use the computability of closed forms for the iterated update of the loop (Sect. 3). In this
way, we can reduce termination of a loop to (in)validity of a certain formula. This reduc-
tion, which is a generalization of our earlier results for linear loops over Z with conjunctive
guards [19], is sound and complete, i.e., validity of the resulting formula proves non-ter-
mination, whereas invalidity implies termination. Moreover, our reduction is computable.
Analogously to our earlier work for linear loops [19], our decidability results on termina-
tion then follow from existing results on the decidability of certain theories. In this way,
we show that termination of twn-loops is decidable over R, and R, and non-termination is
semi-decidable over Z and Q (Sect. 4).

In Sect. 5 we use concepts from algebra to enlarge the classes of loops to which our
reduction is applicable. This is done by transforming (certain) non-twn loops into twn-form
without affecting their termination behavior (Sect. 5.1). In Sect. 5.2, we discuss for which
loops our transformation is applicable. In this way, we generalize our results to a broader
class of polynomial loops (Sect. 5.3).

In contrast to our earlier conference paper [20], in Sect. 6 we formalize the technique
of [48] to linearize (the updates of) twn-loops in our setting. Using this formalization, we
develop novel results on the complexity of linearization.

Afterwards, based on our decision procedure for termination in Sect. 4, on the transfor-
mation of Sect. 5, and on our complexity results for linearization from Sect. 6, we study the
complexity of deciding termination in Sect. 7.

In Sect. 7.1 we show that deciding termination of linear loops with rational spectrum
over Z, Q, R,, and R is Co-NP-complete. Moreover, we show that deciding termination
of linear-update loops (where the update is linear but the guard may be non-linear) with
real spectrum over R, and R is VR-complete. Here, a loop has rational or real spectrum,
respectively, if its update matrix has rational or real eigenvalues only, and VR is the com-
plexity class of problems which can be reduced to validity of a universally quantified for-
mula of polynomial inequations over the reals. We also analyze the complexity of deciding
termination for arbitrary rwn-loops (with possibly non-linear updates) in Sect. 7.2. In our
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Fig. 1 Polynomial loop

conference paper [20, Thm. 45], we had only analyzed this case for a bounded number of
variables. In contrast, we now extend our analysis to the general case where the number of
variables is not restricted (Theorem 7.6). To this end, we need our new results from Sect. 6
on the complexity of linearizing twn-loops.

Finally, in contrast to [20], we identify a class of linear loops (uniform loops) where termi-
nation can be interpreted as a parameterized problem which is decidable in polynomial time
when fixing such a parameter (Sect. 7.3). Based on the transformation of Sect. 5, we show that
the closed forms arising from uniform loops have a special structure. Therefore, here (in)valid-
ity of the formula from Sect. 4 which encodes termination can be checked in polynomial time.

Related work is discussed in Sect. 8 and all missing proofs can be found in App. A. So
the current paper extends [20] by the following new material:

Section 6 on the linearization of twn-loops and its complexity.
Theorem 7.6 on the complexity of deciding termination for arbitrary twn-loops where
the number of variables is not restricted.

e Section 7.3 on uniform loops where the parameterized complexity of deciding termina-
tion is polynomial.

e Several additional explanations and remarks.

2 Preliminaries

A (polynomial) loop over a ring S has the form in Fig. 1, where Z < S <R, and <
denotes the subring relation. Here, X is a vector of d > 1 pairwise different variables

that range over S and u € (S[?c])d where S[X] is the set of polynomials over X with coef-
ficients in S. To improve readability, we use row- and column-vectors interchangeably.
The guard ¢ is an arbitrary propositional (i.e., quantifier-free) formula over the atoms
{p>0|p € S[X],> € {>,>}}. We denote the set of all such formulas by Thys (S). In our
setting, negation is syntactic sugar as, e.g., =(p > 0) is equivalent to —p > 0. So w.L.o.g. the
guard (or condition) @ of a loop is built from atoms, A, and V.

We require S < R, instead of S <R, as it is unclear how to represent transcendental
numbers on computers. However, in Sect. 4 we will see that the loops considered in this work
terminate over R iff they terminate over R,. Thus, our results immediately carry over to loops
where the variables range over R. Hence, we sometimes also consider loops over S = R.
However, even then we restrict ourselves to loops where all constants in ¢ and # are algebraic.

We often represent a loop as in Fig. 1 by the tuple (¢, i) of the condition @ and the
update w = (uy, ..., uy). Unless stated otherwise, (@, 1) is always a loop over S using the
variables X = (x, ...,x,) where Z < S < R,. We use the following notions for certain
classes of loops: A linear-update loop has the form (@, A - X + l;), and it has rational or
real spectrum, respectively, if A has rational or real eigenvalues only. Then all eigen-
values of A are real algebraic numbers, since it € (IRA[%])d implies that all constants in

i (and thus in A) are algebraic. A linear loop is a linear-update loop where ¢ is linear
(i.e., its atoms are only linear inequations). Here, “linear” refers to “linear polynomi-
als”, i.e., of degree at most 1, so it includes affine functions. A conjunctive loop is a
loop (@, it) where @ does not contain disjunctions.
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For any entity s, s[x/f] results from s by replacing all free occurrences of x by ¢. Simi-
larly, if ¥ = (x,,...,x;) and 7 = (t;, ..., t;), then s[X/7] results from s by replacing all free
occurrences of x; by ¢;, foreach1 <i <d.

Any vector of polynomials i € (S[?c])d can also be regarded as a function

i (S[Ec’])d - (S[X'])d where for any p € (S[E’c])d, u(p) = u[x/p] results from apply-
ing the polynomials % to the polynomials p. Similarly, we can also apply a formula to
polynomials p € (8[5'c])d. To this end, we define w(p) = w[x/p] for first-order formulas
y with the free variables X. As usual, function application associates to the left, i.e.,
i(5)() stands for (ii(b))(B). However, obviously (ii(b))(B) = #(b(p)) since applying poly-
nomials only means that one instantiates variables.

Definition 2.1 formalizes the intuitive notion of termination for a loop (¢, i) and the

related notion of eventual termination [10, 62]. Here, #" denotes the n-fold application
of i, i.e., u’(@) = ¢ and u"+'(€) = u@"@)).

Definition 2.1 (Termination) Let (¢, i) be a loop over S and ¢ € S°.

If Vi € N. @(i" (¢)) holds, then € is a witness for non-termination.

If (@, ) does not have any witnesses for non-termination, it terminates (over S).

If i (¢) is a witness for non-termination for some n, € N, then ¢ is called a wirness for
eventual non-termination.

(E)NT 7 denotes the set of witnesses for (eventual) non-termination of (¢, 1) and we

define T, ;) = & \NT(W).

For any entity s, W(s) is the set of all its free variables. Given an assign-
ment X < i, the relation >;€Vu)xWVu) is the transitive closure of
{&nx) i€ {1,....d} i #j,x; € V(uy)}, ie., x; >; x; means that x; depends on x;. For
example, if ii = (x; +x3, x, + 1) then we have >; = {(x;,x,)}.

Now we can introduce the class of twn-loops. A loop (@, i) is triangular if > is well
founded. It is weakly non-linear if there is no 1 <i < d such that x; occurs in a non-
linear monomial of u;, i.e., u; = ¢; - x; + p; where ¢; € S and p; € S[X] does not contain
x;. A twn-loop is triangular and weakly non-linear. We call a loop non-negative if it is
weakly non-linear and the coefficient ¢; of the monomial x; in ; is non-negative for all
1 <i<d. Amn-loop is triangular and non-negative, i.e., a tnn-loop is a special form of
a twn-loop.

The restriction to triangular loops prohibits “cyclic dependencies” of variables (e.g.,
where the new values of x; and x, both depend on the old values of x; and x,). For
example, the loop whose body consists of the assignment (x,x,) < (x; +x§, X+ 1)
is triangular since > = {(x;,x,)} is well founded, whereas a loop with the body
(X1, X)) < (x +x§, x; + 1) is not triangular.

By the restriction to twn-loops we can compute a closed form for the n-fold applica-
tion of the update # by handling one variable after the other. A vector g of d arithme-
tic expressions over X and a distinguished variable 7 is a closed form for i € (S[¥])? if
Glx/é,n/n'] = 0"’ @) for all ¢ € & and 1’ € N, i.e., both vectors of expressions evaluate

to the same element of S?. Thus, q=1u"
Triangular loops are very common in practice. For example, in [21], 1511 polyno-
mial loops were extracted from the Termination Problems Data Base (TPDB) [63], the
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x1 a:1+x§~a:3
while(ac1+a:§>0)do To| :p272-m§
3 T3

Fig.2 Loop L, over Z

benchmark collection used at the annual Termination and Complexity Competition [25],
and only 26 of them were non-triangular.

A loop with the body (x;,x,) < (x; +x§, X, + 1) is weakly non-linear, while a loop
with (x|, x,) < (x; - X5, x, + 1) is not. In particular, weak non-linearity excludes assign-
ments like x; « x% that need exponential space, as x; grows doubly exponentially. By
permuting variables, the update of every twn-loop can be transformed to the following
form where ¢; € S and p; € S[x;,, ..., x4k

Xy Cr X tpy
«—

Xq CqXq T Dy

Example 2.2 Consider the loop L,, over the ring Z in Fig. 2. This loop is triangular since
>- = {(x],Xy), (x;,X3), (x5,x3)} is well founded. Moreover, it is weakly non-linear. Since
the coefficient of x; is 1 in the update of x; for all 1 < i < 3, this loop is also non-negative,
ie., L, is mn.

Our twn-loops are a special case of solvable loops.

Definition 2.3 (Solvable Loops [56]) A loop (@, ) is solvable if there is a partitioning
J={J;,...,J }of {1,...,d} such that for each 1 <i < k we have ii,l =A; -}Ji + P;, where
i, is the vector of all u; with j € J; (and X, is defined analogously), d; = |/, A; € Shxd;
and p,; € (S[X; ..., %, D%

The eigenvalues of a solvable loop are the union of the eigenvalues of all A;.

So solvable loops allow for blocks of variables with linear dependencies, and rwn-
loops correspond to the case that all blocks have size 1. While our approach could be
generalized to solvable loops with real eigenvalues, Theorem 5.15 (Sect. 5) shows that
this generalization does not increase its applicability.

For our decidability results in Sect. 4, we reduce termination to the existential frag-
ment Thy (S) of the first-order theory of S (see, e.g., [52, 57]). Thy (S) consists of all
formulas 3y € S*.y where k € N and the propositional formula y is built from A and
Vv over the atoms {p>0|p € Q[y,Z], > € {>,>}}. Here, y and 7 are pairwise disjoint
vectors of variables. The free variables 7 range over R, and they are needed in Sect. 5 to
characterize subsets of real (algebraic) numbers by formulas.

The existential fragment of the first-order theory of S and R, is the set
Th; (S, R,) of all formulas Iy’ € IR’Z\',} € S*.y, with a propositional formula y over
{p>0]|peQpy’,y,2Z], > € {>>}} where k',k € N and the variables y’, y, and 7 are
pairwise disjoint. A formula without free variables is closed.
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In the following, we also consider formulas over inequations p > 0 where p’s coeffi-
cients are from R, to be elements of Thy (R, ) (resp. Thy (S,Ry)). The reason is that real
algebraic numbers are Thy (R4 )-definable.

Validity of closed formulas from Thy (S) or Thy (S, Ry) is decidable if S € {R,, R} and
semi-decidable if S € {Z,Q} [13, 61]. By undecidability of Hilbert’s Tenth Problem [46],
it is undecidable for S = Z. While validity of full first-order formulas (i.e., also contain-
ing universal quantifiers) over S = Q is undecidable [53], it is still open whether validity
of closed formulas from Thy (Q) or Thy (@, R,) is decidable. However, validity of linear
closed formulas from Thy (S) or Thy (S, R,) is decidable for all S € {Z,Q,R,, R} [15, 26,

33, 37]. Here, a formula is linear if it only contains atoms p > 0 where p is linear.

3 Reducing termination of twn-loops to termination of tnn-loops

For analyzing termination of twn-loops, we can restrict ourselves to tnn-loops, as twn-loops
can be (automatically) transformed into tnn-loops via chaining.

Definition 3.1 (Chaining) Chaining a loop (@, i) yields (¢ A @), u(ii)).

So for example, chaining the loop (x; > 0, —x;) (i.e., “while (x; > 0) do x; <« —x;”)
yields (x; > 0 A —x; > 0, x;). Analogous to [19] where chaining was used for triangular
linear loops, we obtain the following theorem.

Theorem 3.2 (Soundness of Chaining) Let (@, it) be a twn-loop on S&°.

@) (@ A @), u(n)) is tnn, i.e., it is triangular and the coefficient of each x; in u;(it) is non-
negative.
(b) (@, 1) terminates on ¢ € S iff (¢ A (i), (ii)) terminates on é.

As chaining is clearly computable, we get the following corollary.
Corollary 3.3 Termination of twn-loops is reducible to termination of tnn-loops.

It is well known that closed forms for tnn-loops are computable (see, e.g., [35, 67])
since their bodies correspond to C-finite recurrences, which are known to be solvable [34].
The resulting closed forms may contain polynomial arithmetic and exponentiation w.r.t. n
(as, e.g., x; < 2 - x, has the closed form x, - 2") as well as certain piecewise defined func-
tions. For example, the closed form x(ln) of x; « lis x(lo) =x;and x(ln) = 1for all n € N with
n> 0.

We represent closed forms using poly-exponential expressions [19], where instead of
handling piecewise defined functions via disjunctions (as in [35]), we simulate them via
Iverson brackets. For a formula y over n, its Iverson bracket [y] : N — {0, 1} evaluates to
1 iff y is satisfied (i.e., [y](e) = 1 if w[n/e] holds and [w](e) = 0, otherwise). Later, Iver-
son brackets can be replaced by the constants O or 1, as we only use them for formulas y
that are constantly false or true for large enough values of 7, see Sect. 4. Poly-exponential

expressions are sums of arithmetic terms over the variables X and the additional designated
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variable n, where it is always clear which addend determines the asymptotic growth of the
expression when increasing n. This is crucial for our reducibility proof in Sect. 4. Defini-
tion 3.4 slightly generalizes the poly-exponential expressions from [19, Def. 9] by allowing
arbitrary polynomials over X (instead of just linear expressions) as coefficients. In the fol-
lowing, for any set X C R, any k € X, and> € {>,>},let X, = {x € X | x> k}.

Definition 3.4 (Poly-Exponential Expressions) Let C be the set of all finite conjunctions
over {n=c,n#c|ceN} where n is a designated variable and let

Qs = { E |[reSses,, } be the quotient field of S. Then the set of all poly-exponential

expressions with the variables X over S is
PEGE =Y G.B | £,a,€N, y, €C, a € QglFl, b € S
sE =12 w0 n bl 1 €., €N, y; €C.ay € Ol by € S,
An example for a poly-exponential expression over Z (with @, = Q) is
M#OAn#1]- ( SRR x2—1> 23 =110 —x).

The restriction to imn-loops ensures that for the closed form g of the update we indeed

have g € (PE 5[55])‘1 For example, for arbitrary matrices A € R%, the update ¥ « A - ¥ is
known to admit a closed form as in Definition 3.4 with complex b;’s, whereas real numbers
suffice for triangular matrices. Moreover, non-negativity is requlred to ensure b; > 0 (e.g., a
non-tnn loop with the update x; < —x, has the closed form x; - (—1)").

Example 3.5 For L,, in Fig. 2, the closed form is g € (|]3>[EZ[?C])3 with

R 3 3
= 2
9q —2-x-n+x
X3

;—‘-x5-n3+(—2-x§—2-x2-x3)-n2+<x§-x3+§~x§+2-x2-x§>-n+x1

4 Reducing termination of tnn-loops to Thy (S)

It is known that the bodies of tnn-loops can be linearized [48], i.e., one can reduce termina-
tion of a mn-loop (@, i) to termination of a linear-update mn-loop (¢', #'), where ¢’ may be
non-linear. See Sect. 6 for a discussion of linearization and novel results on the lineariza-
tion procedure. Moreover, [64, 65] showed decidability of termination for certain classes of
conjunctive linear-update loops over R, which cover conjunctive linear-update tnn-loops.
So, by combining the results of [48] and [64, 65], one can conclude that termination of
conjunctive tnn-loops over R is decidable.

In contrast, we now present a reduction of termination of tmn-loops to Thy (S) which
applies to tnn-loops over any ring Z < S < R and which can also handle disjunctions in the
loop condition. Moreover, our reduction yields tight complexity results on termination of
linear loops over Z, Q, R, and R, and on termination of linear-update loops over R4 and R
(see Sect. 7.1).
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Similar to [19], our reduction exploits that for tn-loops (@, i) there is a closed form g

for i with g € (PE S[E’C])d. However, in [19] we only considered conjunctive linear loops
over Z. In contrast, we now analyze loops over S for any Z < S < R, and allow non-lin-
earity and arbitrary propositional formulas in the condition. Thus, the correctness proofs
differ substantially from [19].

More precisely, we show that there is a function with the following specification that is
computable in polynomial time:

Input :  a mn-loop(e, i) over S with closed form g € (IP[E S[?c])d
Result :  aclosed formula y € Thy(S) such that (1)
7z is valid iff (¢, i) does not terminate on S¢

We use the concept of eventual non-termination, i.e., the condition of the loop may be
violated finitely often, see Definition 2.1. Clearly, (¢, &) is non-terminating iff it is eventu-
ally non-terminating [49]. The formula y in (1) will encode the existence of a witness for
eventual non-termination. By the definition of ¢, eventual non-termination of (¢, i) on Sis
equivalent to validity of

Tk e S nyeN.VneN,, . o). )

Example 4.1 Continuing Example 3, L,, is eventually non-terminating over Z iff there is a
corresponding witness ¢ € Z3, i.e., iff

I x,x3€Z,np eNVREN,, .p>0 3)
2.
3
+(—2-x§—2~x2-xg+4'x§)~n2+(%-xg)'n3.

is valid where p=(x1+x§)+(x§-x3+ x§+2-x2-x§—4-x2-x§)-n

Let g, be like g, but each factor [y] is replaced by 0 if it contains an equation and
by 1, otherwise. The reason is that for large enough n, equations in y become false and
negated equations become true. So (2) is equivalent to

Tk e 8, ny €N.Vn €N, . @G- 4)

In this way, we obtain normalized poly-exponential expressions.
Definition 4.2 (Normalized PEs) We call p € PEg[X] normalized if it is in
NPEgEI =4 Y o -n% b"|£,a,€N, a,€ Qi b, € S
slx] = ijlaj'n"jl ,4; EN, o; € Ss[x], ;i €050 (s
where w.lo.g. (b}, a;) # (b;,a;)if i # j. We define NPE g = NPEg[d].

As @ is a propositional formula over S[X]-inequations, @(g,,,,,,) is a propositional for-
mula over NIPE 4[¥]-inequations. By (4), we need to check whether 3% € 8. ¢(3,,,,,) is
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valid for large enough n. To this end, we will examine the dominant terms in the inequa-
tions of (G, )-

Definition 4.3 (Asymptotic Domination [38]) A function g : N - R dominates a func-
tion f : N — R asymptotically (f € o(g)) if for all m > 0 there is an n; € N such that!
[f(n)| <m- |gn)|foralln e N -

Now we can state the following lemma which generalizes [19, Lemma 24].

Lemma 4.4 Let b,b,€S,, and aj,a, €N If (by,a,) >, (b,a)), then
n - b} € o(n® - bY), where (by, ay) >, (by,a,) iff by > byorby =b; Aay > a,.

In the following, let p > 0 or p > 0 occur in @(4,,,,,)- We can order the coefficients of
p according to the asymptotic growth of their addends w.r.t. n.

Definition 4.5 (Ordering Coefficients) Marked coefficients are of the form a®® where
a € Q4lX],b € S, and a € N. We define unmark («>?) = a and agbz’“z) > coof @)

(by, ay) >, (by,ay). Let p= Zf:l a; - n% - bt € NPEg[X], where a; # 0 for all 1 <j <.
Then the marked coefficients of p are

{010}, if =0
coefs (p) =

b.,a; . .
{a; %) | 1 <j< ¢}, otherwise.

i)

51,0) (1,1) a(1,2)

Example 4.6 Continuing Example 4.1, coefs (p)is {a; ", a, ", a3 ,aim)}where

2

a1=x1+x§ a2=x§-x3+§'x‘§+2-x2~x§—4-x2-x§
4

a3=—2-x§—2-x2~x§+4~x;‘ a4=5-x§

Note that p(¢) € NPE for any é € &, i.e., the only variable in p(é) is n. Now the
> coer-Maximal addend determines the asymptotic growth of p(é):

o(p@) = o(k - n® - b") where k> = max, (coefs (p(@))). (5)

Note that (5) would be incorrect for the case k = 0 if we replaced o(p(¢)) = o(k - n - b")
with o(p(€)) = o(n“ - b") as 0(0) = @ # o(1). Obviously, (5) implies

Iny € N.VneN,, . sign (p(@)) = sign (k), ©6)
where sign(0) =0, sign(k) =1 if k>0, and sign(k) = —1 if k < 0. This allows us

to reduce eventual non-termination to Thy(S) if ¢ is an atom. In the following, let

. b,.a; .
coefs (p) = {(xih"a”, ,af,bf’“f)}, where a;b"”’) <coef a; ) for all 1 <i<j<?. Then we
define '

' Our definition is slightly more general than the original definition of [38] (which requires

lim,,_, ii—"g = 0), but both definitions are equivalent if g(n) is positive for large enough n.
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red(p>0) = V(> 0AA, =0 o

and red(p > 0) = red(p > 0) vV A\, & = 0.

Lemma4.7 Given p € NPEg[X]and > € {>, >}, validity of
Hes neN.vneN,, .p>0 (8)

can be reduced to validity of the closed formula 3% € &°. red (p > 0) from Thy (S). This
reduction takes polynomially many steps in the size of p.

To gain intuition for the formula red (p & 0), note that by (6), we have p(é) > 0 for large
enough values of 7 iff the coefficient of the asymptotically fastest growing addend a(é) - n® - b"
that does not vanish (i.e., where a(€) # 0) is positive. Similarly, we have p(¢) < 0 for large
enough 7 iff a(é) < 0. If all addends of p vanish when instantiating X with ¢, then p(¢) = 0. In

other words, (8) holds iff there is an ¢ € & such that unmark (max>mf (coefs (p(@))) ) > 0.
The formula red (p > 0) expresses the latter in Thy (S).

Example 4.8 We continue Example 4.6. By the construction in Lemma 4.7, (3) is valid iff
x,,x,,x3 € Z. red (p > 0) is valid, where red (p > 0) is

(al >O/\a2=0/\a3=0/\(x4=0) \ (a2>0/\a3=0/\(x4=0)
V (a3>0Aa,=0) vV oa, > 0.

For example, [x,/ —4,x,/2,x5/1] satisfies ay > 0 as (% -xi)[xl/ —4,x%,/2,x3/11 > 0.

Thus, (-4, 2, 1) witnesses eventual non-termination of L, over Z.

Now we lift our reduction to propositional formulas. To handle disjunctions, the
proof of Theorem 4.9 exploits the crucial insight that a mn-loop (¢ V ¢',u) terminates
iff (@, u) and (¢', u) terminate, which is not true in general (as, e.g., witnessed by the loop
(x; >0V —x; > 0,—x,)). In the following, the formula red (§) results from & by replacing
each atom p > 0in £ by red (p > 0).

Theorem 4.9 (Reducing Eventual Non-Termination) For a propositional formula & over the
atoms {p >0 | p € NPEg[X],> € {>,>}}, validity of

TeS nyeN.vneN,, ¢ ©)

can be reduced to validity of the closed formula 3% € & red (&) € Thy (S). This reduction
takes polynomially many steps in the size of €.

The time needed to compute the formula (9) is polynomial in the sum of the sizes of all
poly-exponential expressions in . So the function (1) is computable in polynomial time w.r.t.
the size of its input: g,,,,,, can clearly be computed in polynomial time from g and we can then
apply Theorem 4.9 to ¢(g,,,,,,)- Combining Corollary 3.3, (4), and Theorem 4.9 leads to the
main result of this section.
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Input: a twn-loop (p, @)

Result: T resp. L if (non-)termination of (¢, @) on 8% is proven, ? otherwise
if (p, ) is not tnn then (¢, @) < (¢ A (@), U(7))

g < closed form for @

if (in)validity of 3% € S®. red(w(Gnorm)) cannot be proven then return ?
if 37 € §9. red(¢(gnorm)) is valid then return L else return T

Algorithm 1 Checking Termination

Theorem 4.10 (Reducing Termination) Termination of tnn-loops (resp. twn-loops) on Sis
reducible to Thy (S).

However, if the update contains non-linear terms, then its closed form and hence this
reduction are not always computable in polynomial space (and thus, also not in polynomial

time). Consider the following tmn-100p L, ,sace:

while (true) do(xy, x,, ..., X, x,) < (x4, x‘;, e xfj, d-xy) (10)

dei . d—i
The closed form for x; (i.e., the value of x, after n loop iterations) is g, = d@"=d+) . xfjd )

for all n > d. Thus, the closed form g, for x, contains constants like ¢~ whose logarithm
grows faster than any polynomial in d. Hence, g, cannot be computed in polynomial space.

Instead of computing closed forms directly, one could first linearize the loop (see [48]
and Sect. 6) and then compute the closed form for the resulting linear-update loop. How-
ever, this approach cannot be computed in polynomial space either, because the linearization
Of L,y pspace cONtains the constant d“@™ as well (see Example 6.14 in Sect. 6). We refer to
Sect. 7 for an analysis of the complexity of deciding termination for twn-loops.

Our reduction also works if S = R, i.e., termination over R is reducible to Thg (R), since R
and R, are elementary equivalent (i.e., a first-order formula is valid over R iff it is valid over
Ry, see, e.g., [2]). Thus, we get the following corollary by using that validity of closed formu-
las from Thy (S) is decidable for S € {R,, R} and semi-decidable for S € {Z, Q}[13, 61].

Corollary 4.11 ((Semi-)Deciding (Non-)Termination) Let (@, ) be a twn-loop.

(a) The loop (@, i) terminates over R, iff it terminates over R.
(b)  Termination of (@, i) on S is decidable if S = Ry or S = R.
(¢) Non-termination of (@, it) on &% is semi-decidable ifS=ZorS=Q.

Our technique does not yield witnesses for non-termination, but the formula constructed by
Theorem 4.9 describes the set of all witnesses for eventual non-termination. So this set can be
characterized by a formula from Thg (S) (i.e., it is Thy (S)-definable, see Sect. 5.1), while in
general the set of witnesses for non-termination cannot be characterized in this way (see [14]).

Lemma4.12 Let & = @(G,,,m)- Then é € S witnesses eventual non-termination of (¢, it) on

S iff red (&)(@) holds.

In [28], we show how to compute witnesses for non-termination from witnesses for even-
tual non-termination of rwn-loops. Thus, combining Lemma 4.12 with [28] shows that NT{,, 7,
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is recursively enumerable for twn-loops over Z < S < R,. Algorithm 1 summarizes our tech-
nique to check termination of twn-loops.

5 Transformation to triangular weakly non-linear form

In this section, we show how to handle loops that are not yet rwn. To this end, we introduce
a transformation of loops via polynomial automorphisms in Sect. 5.1 and show that our
transformation preserves (non-)termination (Theorem 5.10). In Sect. 5.2, we use results
from algebraic geometry to show that the question whether a loop can be transformed into
twn-form is reducible to validity of Thy (R,)-formulas (Theorem 5.19). Moreover, we
show that it is decidable whether a linear automorphism can transform a loop into a special
case of the rwn-form (Theorem 5.22). Finally, based on the transformation of Sects. 5.1 and
5.2 we generalize our results from Sect. 4 to certain non-fwn loops in Sect. 5.3.

5.1 Transforming loops

Clearly, the polynomials x,, ... ,x, are generators of the S-algebra S[¥], i.e., every polyno-
mial from S[X] can be obtained from x,, ..., x, and the operations of the algebra (i.e., addi-
tion and multiplication). So far, we have implicitly chosen a special “representation” of the
loop based on the generators x, ..., x,.

We now change this representation, i.e., we use d different polynomials which are also
generators of S[x]. Then the loop has to be modified accordingly to adapt it to this new
representation. This modification does not affect the loop’s termination behavior, but it
may transform a non-twn-loop into twn-form. This change of representation is described
by S-automorphisms of S[X].

Definition 5.1 (S-Endomorphisms) A mapping 1 : S[X] — S[X] is an S-endomorphism of
S[X] if it is S-linear and multiplicative, i.e., for all ¢,¢’ € S and all p,p’ € S[X] we have
ne-p+c-pH=c-np)+c -n@), n(1)=1, and n(p-p")=np)- -n@). We denote
the set of all S-endomorphisms of S[X] by End(S[X]). The set Autg(S[X]) of S-automor-
phisms of S[X] consists of those n € EndS(S[EE]) which are invertible, i.c., there exists an
n~! € Endg(S[x]) with non~! = n~'on = idgy,, where idgs, is the identity function on S[x].

AutS(S[%]) is a group under function composition o with identity idg;.

Example 5.2 Let 7 € Endg(S[x;,x,]) with n(x;)=x, and 7(x,) =x, —x2. Then

ne Auts(S[xl,xz]), where 7!(x;) = x% +x, and 717 (%) = x;.

As S[X] is free on the generators X, an endomorphism # € End 8(8[56]) is uniquely deter-
mined by the images of the variables, i.e., by n(x,), ... ,n(x,). Hence, we have a one-to-

one correspondence between elements of (S[Ec'])d and EndS(S[EE]). In particular, every

tuple i = (uy, ..., uy) € (S[Ec’])d corresponds to the unique endomorphism % € Endg(S[x])
which is defined as follows:
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u(x;) = u; foralll <i<d

So for any p € S[X] we have u(p) = p(it). Thus, the update of a loop induces an endomor-
phism which operates on polynomials.

Example 5.3 Consider the loop L, = (¢, i) where 1 = (u,, u,):

aut —

o3 ) x| (5 +x)*+x)" =25 +2-x
while (x; +x; — x5 > 0)do [Xz] « [ (—x% +x)P 4% an

Then u induces the endomorphism % with %(x;) =u, and u(x,) = u,. So we have
W2 -x 4+x)=Q2 x; +)0@) =2 u; +u.

Therefore, for a tuple of numbers like € = (5, 2), the induced endomorphism € is €(x;) = 5
and 2(x,) = 2. Thus, we have 2 +x, —x2) = (o +x, —x2)(5.2) =2° +5-22 = 9.

We extend the application of endomorphisms 7 : S[X] — S[X] to vectors of polynomi-
als 1 = (u, ... ,u,) by defining n(@) = (n(u,), ... ,n(u,)) and to formulas ¢ € Thy (S,R,)
by defining 7(@) = @(n(X)), i.e., n(@) results from ¢ by applying # to all polynomials that
occur in ¢. This allows us to transform (g, it) into a new loop Tr (@ 1) using any auto-
morphism € Autg(S[X]).

Definition 5.4 (Tr) For 7 € Autg(S[x]), we define Tr , (@, i) = (¢/, ") where
@ =n"(9) and i’ =(n""olion)(X).
In other words, we have i’ = (X)) (i) (n~' (X)) since (5~ olion)X) = n~' (@ [X/i]) =
n@X/allx/n~ @] = @)@ 0" ().

Example 5.5 We transform the loop L,
5.2. We obtain Tr , (@, 1) = (¢', ") where

¢ =1 @) = ("' @) + 17 @) - (07 ()’ > 0)
= (xi' +x% +x, —xf >0) = (x? +x, > 0) and

i = (" olion)(x)), (™" olton)(xy)) = (" (iixy)), ™" ((x, — x3)))
= (’1_1(“2)7 ”1_1(”1 - uﬁ)) = (% +x§, 2-x).

in (11) with the automorphism # from Example

So the resulting transformed loop is (x? +x, >0, (x, +x§,2 - X,)). Note that while the
original loop (g, i) is neither triangular nor weakly non-linear, the resulting transformed
loop is twn. Also note that we used a non-linear automorphism with 7(x,) = x; — x% for the
transformation.

While the above example shows that our transformation can indeed transform non-
twn-loops into twn-loops, it remains to prove that this transformation preserves (non-)
termination. Then we can use our techniques for termination analysis of twn-loops for
twn-transformable-loops as well, i.e., for all loops (¢, i) where T , (¢, i) is twn for some
automorphism 7. (The question how to find such automorphisms will be addressed in
Sect. 5.2.)
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As a first step, by Lemma 5.6, our transformation is “compatible” with the operation
o of the group Autg(S[X]), i.e., it is an action.

Lemma 5.6 AutS(S[?c]) acts via T on loops, i.e., for n;,n, eAutS(S[EE]), we have

T i, (@.7) = (@.0) and T , o,, (@.7) = Tr,, (Tt , (0.0)).

The following lemma will enable us to generalize our results on witnesses for (even-
tual) non-termination to loops which can be transformed into twn-form.

Lemma 5.7 Let T (¢, ii)=(¢',ii") and let 7§ : S — S map € to 7€) = 2(n(®)) = (n(®)(@).
Then (" (#)) = @' ((i")"(7(e))) for all ¢ € S and n € N.

Lemma 5.7 yields the following corollary which shows that #(X) transforms witnesses
for (eventual) non-termination of (¢, i) into witnesses for Tr (@, i).

Corollary 5.8 If ¢ witnesses (eventual) non-termination of (@, ii), then 17(€) witnesses (even-
tual) non-termination of Tt , (o, ).

Example 5.9 For the tuple é = (5,2) from Example 5.3 and the automorphism # from

Example 5.2 with (x;) = x, and 7(x,) = x; — x3, we obtain

@) = (n(x), n(x)) @) = (2,5 - 2%) = (2, 1).

As é = (5,2) witnesses non-termination of the loop L,,, = (@, %) in (11), 7(¢) = (2, 1) wit-
nesses non-termination of Tr (¢, i) due to Corollary 5.8.

Finally, Theorem 5.10 states that transforming loops preserves (non-)termination.

Theorem 5.10 (Tr Preserves Termination) If 7 € Autg(S[X]), then 7 is a bijection between
the respective sets of witnesses for (eventual) non-termination, i.e., for Tr , (¢, i) = (¢',u"
we have €€ (E)NT,; iff #(é) € (E)NT 5. Therefore, (@,u) terminates iff

T, (@, 1) = (¢',1i") terminates.

Up to now, we only transformed a loop (¢, ) on & using elements of AutS(S[}']). To
see that this is a limitation, consider a linear-update loop where i = A - X and A only has
real eigenvalues. In Sect. 7.1 we will show that these loops can always be transformed into
twn-form and a suitable automorphism # can be obtained by computing the Jordan normal
form of A. This automorphism # is only an element of Aut 3(8[35]) if the eigenvalues of A
are from S. So if S = Z, then this transformation is only applicable if all eigenvalues of A
are integers.

However, we can also transform (¢, 1) into the loop Trn((p, i) on Rf\ using an auto-

morphism 1 € Autg (IR A[}]). Nevertheless, our goal remains to prove termination on S*

instead of IR‘A, which is not equivalent in general. Thus, in Sect. 5.3 we will show how to
analyze termination of loops on certain subsets F of R‘/‘;. This allows us to analyze termina-

tion of (¢, %) on s by checking termination of Tr , (¢, 1) on the subset ﬁ(Sd ) C R‘A instead.
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By our definition of loops over a ring S, we have i(¢) € &¢ for all é e &,

i.e., &is u-invariant. This property is preserved by our transformation.

Definition 5.11 (i-Invariance) Let (g,ii) be a loop on S? and let FC &%
We call F u-invariant or update-invariant if for all ¢ € F we have u(¢) € F.

Lemma 5.12 Let (@, i) be a loop on &, F C & be t-invariant, n € Autg, (RA [55]), and let
T, (@, u) = (¢',1"). Then 7i(F) is it'-invariant.

Our goal is to reduce termination to a Thy (S, R, )-formula. Clearly, termination on F
cannot be encoded with such a formula if F cannot be defined via Thy (S, Ry). Thus, we
require that F is Thy (S, Ry )-definable, i.e., that there is a y € Thy (S, R,) with free vari-

ables X such that we have ¢ € F iff y(é) is valid. Then we also say that y defines F. An
example for a Thy (Z, R, )-definable set is {(a, 0, a) | @ € Z}, which is characterized by the
formulada€e Z.x; =aAx, =0Ax; =a.

To analyze termination of (¢, ) on &, we can analyze termination of Tr (¢, i) on
ﬁ(Sd ) C IR‘A instead. The reason is that ¢ € S is a witness for (eventual) non-termination of
(@, ) iff 7(€) is a witness for Tr, (¢, i) due to Corollary 5.8, i.e., &7 contains a witness for
(eventual) non-termination of (¢, 1) iff ﬁ(Sd ) contains a witness for Tr ”((p, ). While & is
clearly Thy (S, R, )-definable, Lemma 5.13 shows that (S is Thy (S, R, )-definable, too.
More precisely, Thy (S, R, )-definability is preserved by polynomial endomorphisms.

Lemma 5.13 Let Z < S < R, and let n € Endg, (R4[X]). If F C R} is Thy (S, Ry )-defin-
able then so is 1(F).

Example 5.14 The set Z? is Thy (Z, R )-definable as we have (x;,x,) € Z? iff
da,beZ.x,=aAnx,=b.
Letn € Endg, (R4[*]) with n(x,) = % - X2+ x% and (x,) = x3.
Then #(Z%) is also Thg(Z,R,)-definable because for x;,x, € R, we have
(x1,x) € n(Z?)iff
. ERy, a,bEZ. yy=aAy,=b A x| = % 'yf+y§/\x2=y§.

Theorem 5.15 shows that instead of regarding solvable loops [56], w.l.0.g. we can restrict
ourselves to rwn-loops. The reason is that every solvable loop with real eigenvalues can be
transformed into a twn-loop by a linear automorphism 7, i.e., the degree deg(yn) of # is 1,
where deg(n) = max{deg(n(x;)) | 1 <i <d}.

Theorem 5.15 (rwn-Transformability of Solvable Loops) Let (@, i) be a solvable loop with

real eigenvalues. Then one can compute a linear automorphism n € AutRA (IR A[}]) such
that Tt (¢, 1) is twn.
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We recapitulate our most important results on T in the following corollary. Here, we
generalize the result of Theorem 5.10 to the setting where we consider termination on
some update-invariant and Thg (S, R )-definable set.

Corollary 5.16 (Properties of T) Ler (p,i) be a loop, n€ Auty (Ry[3]),
Tr (@, 1) = (@', i), and F C S? be ti-invariant and Thy (S, R )-definable.

(a) #F)C [R{‘Z\ is i'-invariant and Thy (S, R )-definable.
(b) (@, u) terminates on F iff (¢, u’) terminates on 7(F).

(c) @€ € F witnesses (eventual) non-termination of (@, i) iff () € 7(F) witnesses (eventual)
non-termination of (¢', ).

5.2 Finding automorphisms to transform loops into twn-form

The goal of Tr , from Sect. 5.1 is to transform (¢, 1) into rwn-form such that our techniques
from Sect. 4 can be used to decide termination. So the two remaining challenges are to find
a suitable automorphism 7 € Autg (R,[*]) such that Tr, (¢, %) is twn, and to adapt our
techniques from Sect. 4 such that they can be applied to twn-loops where one only wants
to show termination on an update-invariant Thg (S, R 4)-definable subset. We discuss the
latter challenge in Sect. 5.3. In this section, we present two techniques to check the exist-
ence of automorphisms for the transformation into twn-form constructively, i.e., these tech-
niques can also be used to compute such automorphisms.

The search for suitable automorphisms is closely related to the question if a polynomial
automorphism can be conjugated into a “de Jonquiéres”’-automorphism, a difficult ques-
tion from algebraic geometry [18]. So future advances in this field may help to improve the
results of the current section.

The first technique (Theorem 5.19) reduces the search for a suitable automorphism of
bounded degree to Thy (R,). For any automorphism, the degree of its inverse is bounded

in terms of the length d of X.

Theorem 5.17 (Degree of Inverse [18, Corollary 2.3.4]) Let n € AutRA\ (IR A[55]). Then we
have deg(n™") < (deg(m)*~".

By Theorem 5.17, checking if an endomorphism is an automorphism can be reduced
to Thy (R,). To do so, one encodes the existence of coefficients for the polynomials
77 (%)), ..., (x,), which all have at most degree (deg(r7))?~".

Lemma 5.18 Let n € Endg, (Ry[X]). Then the question if n € Autg, (R4[X]) holds is
reducible to Thy (Ry).

Based on Lemma 5.18, we now present our first technique to find an automorphism #
that transforms a loop into twn-form.

Theorem 5.19 (Tr With Automorphisms of Bounded Degree) For any 6 > 0, the question

whether there exists an n € Autg, (RA[}]) with deg(n) < & such that Tt (o, i) is twn is
reducible to Thy (Rp).
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while (4-x22 +x1 + 22 + 23 > 0) do (z1,z2,73) + (u1,uz,us)

with uq :x1+8-:1:1~x22+16-:1:23+16-x22~13
Uy =a0 —x12 —4-21 T2 —4-x1 23 —4-222 —8- 20 -3 —4- 232
uz = w3 —4-x1 022 —8-x2% — 8 222 23+ 212 +4 71 T2+
4-:131-z3+4-x22+8-mg-x3+4-132

Fig.3 LoopL,,,_..

So if the degree of 5 is bounded a priori, it is decidable whether there exists an
n € Autg (R,[*]) such that Tr, (¢, &) is twn since Thy (R,) is decidable.

We call a loop twn -transformable if there is an n € Autg, (R4[*]) such that Tt , (¢, i)
is twn. By Theorem 5.19, twn-transformability is semi-decidable since one can increment 6
until a suitable automorphism is found. So in other words, any loop which is transformable
to a rwn-loop can be transformed via Theorem 5.19.

We call our transformation Tr complete for a class of loops if every loop from this class
is twn-transformable. For such classes, a suitable automorphism is computable by Theo-
rem 5.19. Together with Theorem 5.15, we get Corollary 5.20.

Corollary 5.20 Tr is complete for solvable loops with real eigenvalues.

Note that for solvable loops (¢, ), instead of computing # using Theorem 5.19, the
proof of Theorem 5.15 yields a more efficient way to compute a linear automorphism #
such that T, (¢, i) is twn. For this, one computes the Jordan normal form of each A, (see
Definition 2.3), which is possible in polynomial time (see, e.g., [23, 54]).

Our second technique to find suitable automorphisms for our transformation is restricted
to linear automorphisms. In this case, it is decidable whether a loop can be transformed
into a twn-loop (@', i) where the monomial for x; has the coefficient 1 in each u!. The deci-
sion procedure checks if a certain Jacobian matrix is strongly nilpotent, i.e., it is not based
on a reduction to Thg (Ry).

Definition 5.21 (Strong Nilpotence) Let J € (IRA[EC'])dXd be a matrix of polynomi-
als. For all 1 <i<d, let Y be a vector of fresh variables. J is strongly nilpotent if

Hf’l_ J[x/3P] = 0%, where 09% is the zero matrix.
i=1

Our second technique is formulated in the following theorem which follows from an
existing result in linear algebra [17, Thm. 1.6.].

Theorem 5.22 (Tr With Linear Automorphisms [17]) Let (@, u) be a loop. The Jacobian
€ (R,[X]

o(u;—x;)

X )lgi,jsd
phism n € Autg (R [X]) with

)dXd

matrix ( is strongly nilpotent iff there exists a linear automor-

Trr]((p>ﬁ)=((p,7(x1 +p15"'7~xd +pd)) (12)

and p; € Rylx;,y, ..., x 1 for alll <i <d. Thus, Tt (@, 1) is twn.
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As strong nilpotence of the Jacobian matrix is clearly decidable, Theorem 5.22 gives
rise to a decision procedure for the existence of a linear automorphism that transforms
(@, i) to the form (12).

Example 5.23 The loop L,,, _,,,, on S’ in Fig. 3 shows how our results enlarge the class of
loops where termination is reducible to Thy (S, R,). This loop is clearly not in twn-form.
To transform it, we use Theorem 5.22. The Jacobian matrix J of (u; — x|, uy — X5, U3 — X3)
is:

8- 16-x, -x, +48-23 +32-x, - x3 16 - x3
—2.x—4-x,—4-x; —4.x =8-x—=8-x3 —4.x —8-x—8-x3
—4~J(§+2'xl+4<xz+4~x3 —8-x1~x2—24'x§—16~)(2'x3+4-x1-%—8~)52+8~)c3 —8~x§+4~)c,+8~)(2+8~x3

One easily checks that J is strongly nilpotent. Thus, by Theorem 5.22 the loop can be trans-
formed into rwn-form by a linear automorphism. Indeed, consider the linear automorphism

111
n€Aut, (R, [X]) induced by the matrix M=[0 2 0}, i.e.,
122
n: XX +xX+x, 22X, 32x+2x+2-x; and
i P 2ox =Xy, X % “Xp, X3 > —X| — % Xy + X3
If we transform L,,,,_,,,, with #, we obtain the twn-loop L,, in Fig. 2. If S = R, then L,
terminates on Rf\ iff L,,,,,_s,,, terminates on R?_\ by Theorem 5.10. Thus, as seen in Example

48 L
L
columns of M, i.e.,

does not terminate on R> . Now assume S = Z, i.e., we analyze termination of
A

non—twn

on Z* instead of R? . Note that 7/ maps Z* to the set of all Z-linear combinations of

non—twn

Az ={a-(1,0,1)+b-(1,2,2) +c-(1,0,2) | a,b,c € Z}.

By Corollary 5.16, L,, terminates on 7(Z?) iff L,,,_,,, terminates on Z>. Moreover, #(Z>)
is Thy (Z, R, )-definable: We have (x,, x,, x3) € 7(Z3) iff

Jda,b,c€Z.xy=a-1+b-1+c-1Ax,=b-2Ax3=a-1+b-2+c-2. (13)

We will discuss how to analyze termination of tnn-loops like L,, on update-invariant and
Thy (Z, R, )-definable sets like #(Z3)in Sect. 5.3.

To summarize, if a loop is twn-transformable, then we can always find a suitable auto-
morphism via Theorem 5.19. So whenever Theorem 5.22 is applicable, a suitable linear
automorphism can also be obtained by Theorem 5.19. Hence, our first technique from The-
orem 5.19 subsumes our second one from Theorem 5.22. However, while Theorem 5.19
is always applicable, Theorem 5.22 is easier to apply. The reason is that for Theorem 5.19
one has to check validity of a possibly non-linear formula over the reals, where the degree
of the occurring polynomials depends on 6 and the update u of the loop, and the number
of variables can be exponential in d, see Theorem 5.17 and Lemma 5.18. So even when
searching for a linear automorphism, one may obtain a non-linear formula if the loop is
non-linear. In contrast, Theorem 5.22 only requires linear algebra. So it is preferable to first
check whether the loop can be transformed into a rwn-loop (¢', (x| + py, ... . x; + p,)) with
x; & V(p,) via a linear automorphism. This check is decidable by Theorem 5.22.
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Input: a twn-transformable-loop (¢, %) and ¥ € Th3(S,Ry)

Result: T resp. L if (non-)termination of (¢, %) on F is proven, ? otherwise
(0, @) = Try(p, @), YF < Yg5F), such that (o, @) becomes twn

if (p, ) is not tnn then (¢, @) < (¢ A p(@), U(w))

q + closed form for @

if (in)validity of 3% € RY. vp Ared(¢(Znorm)) cannot be proven then return ?
if 37 € R¢. ¢p Ared(v(qnorm)) is valid then return L else return T

Algorithm 2  Checking Termination on Sets

Note that the proof of Theorem 5.19 is constructive. Moreover, the proof of [17, Thm. 1.6.]
which implies Theorem 5.22 is also constructive: the idea is to use basic results from linear

algebra to compute an invertible matrix 7’ € R‘Ax‘i such that T - J - T~!is triangular where J is
90—x) )

% 1<ij<d
form (12). Hence, Theorem 5.22 is also constructive. Thus, we can not only check the exist-
ence of a suitable automorphism, but we can also compute it whenever it exists.

the Jacobian matrix ( . Then n with n(X) = T - X transforms the loop into the

5.3 Analyzing twn-transformable loops

In this section, we generalize our results from Sect. 4 to twn-transformable loops. Our
transformation from Sect. 5.1 and 5.2 transforms twn-transformable loops over update-
invariant and Thy (S, Ry)-definable sets into twn-loops over update-invariant and
Thy (S, R, )-definable sets. Thus, in this section we fix a twn-loop (@, 1) and such a set
F CRY. Lety, € Thy (S, R,) define F.

While in Sect. 4 we were concerned with the termination of loops on a set S for a ring
S, we now show that termination of (¢, #) on F can also be reduced to an existential for-
mula (from Thy (S, Ry)). Here, we indeed rely on the update-invariance of F as otherwise
eventual non-termination and non-termination of (¢, #) on F would not be equivalent. In
Sect. 4, this equivalence is crucial since we reduce non-termination via eventual non-termi-
nation to Thy (S, Ry).

Again, let g,,,,, be the normalized closed form of u. Similar to (4), (@, i) is eventually
non-terminating on F iff

I EF, ng €N.VREN,, . @ Gypm)- (14)

In Theorem 4.9, we have seen that given a propositional formula & over
the atoms {p>0]|p e NPEg[X],>€ {>,>}}, one can reduce validity of

PWes neNvne N, - ¢ to validity of % € 8% red (&) € Thy(S) and the result-
ing formula can be computed in polynomial time from . Thus, by using the formula
I e Ri. i A red (&) € Thy (S, Ry) instead, we obtain Corollary 5.24.

Corollary 5.24 (Reducing Eventual Non-Termination on a Set) For a propositional formula
Eover{p>0|pe NP[ERA\[EE], > € {>,>}}, validity of

eFnyeNVReN,, ¢

can be reduced to validity of a closed formula in Thy (S, R ) in polynomial time.

@ Springer



Formal Methods in System Design

By combining (14) and Corollary 5.24, one obtains the following refined version of
Theorem 4.10.

Corollary 5.25 (Reducing Termination on Sets) Termination of tnn- or twn-loops, respec-
tively, on update-invariant Thy (S, R )-definable sets is reducible to Thy (S, Ry).

Example 5.26 Reconsider Example 5.23, where we have seen that L, .. (see
Fig. 3) terminates on Z3 iff L, (see Fig. 2) terminates on the update-invariant
and Th;(Z, R)-definable set #(Z>) = F defined by the formula (13). In Exam-
ple 4.8, we showed that (—4,2,1) witnesses eventual non-termination of L,. As
7(=9,1,4)=(-9+1+4,1-2,-9+1-2+4-2)=(-4,2,1), we have (-4,2,1)€F.
Furthermore, (-9, 1, 4) witnesses eventual non-termination of L on Z3 by Corollary
5.16 (¢). Hence, L does not terminate on Z>.

non—twn

non—twn

In addition, we get the following refined version of Corollary 4.11.

Corollary 5.27 ((Semi-)Deciding (Non-)Termination on a Set) Let (@, it) be a twn-loop and
let F C R‘A be update-invariant and Thg (S, R 4 )-definable.

(a) The loop (@, i) terminates over R, iff it terminates over R.
(b) Termination of (@, u) on F is decidable if S = Ry or S = R.
(¢c) Non-termination of (@, i) on F is semi-decidable if S = Z or S = Q.

Of course, Lemma 4.12 also holds in this setting.

Corollary 5.28 Let & = ¢(G,,m)- Then € € [RdA\ witnesses eventual non-termination of (@, it)
on F iff wr(é) A red (€)(€) holds.

Finally, Algorithm 2 generalizes Algorithm 1 to twn-transformable loops.

6 Linearization of tnn-loops

In [48], a technique was proposed to linearize polynomial loops. As mentioned, by com-
bining the linearization with existing decidability results [64, 65], one can conclude decid-
ability of termination for conjunctive twn-loops over R (whereas Corollary 4.11 (b) extends
this result also to non-conjunctive loops).

In this section, we adapt the linearization technique of [48] to our setting and formalize
it. This allows us to obtain novel results on the complexity of linearization which we use
to analyze the complexity of deciding termination for arbitrary rwn-loops in Sect. 7.2. We
start with the definition of linearization.

Definition 6.1 (Linearization) Let i € (S[¥])? and y be a vector of d’ fresh variables with
d >d.Leti’ € (S[y])? be linear and w € (S[¥])? withw, = x;forall 1 <i <d.Then#’is
a linearization of i via w if w(ii(é)) = i’ (W(#)) holds for all ¢ € &, where i’ (W(2)) stands
for u'[y/w(e)]. Instead of y; we often write y,, foralll <i<d".
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Input: tnn-loop (¢, @) using the variables &
Output: linear-update tnn-loop (¢’,4’) and @
such that (¢’,@’) is a linearization of (¢, @) via W

1 T (z1,...,24) and W« (z1,...,2q)
2 while ¥ # () do
3 remove the first monomial m = 23! - ... z? from ¥ and insert m at the end of
w
4 ur, u‘lzl e -uzd, where the monomials p in non-constant addends of
upt - uzd are replaced by vy, and we insert p at the end of ¥ if p is not yet
contained in W
5 return @ and (©[x1/Yz1,-- > Td/Yzy) N ) A (ym —Hle Yzt =0), a@’)
m = &7 is contained in T
where m ¢ {x1,...,xq}

Algorithm 3 Linearizing mn-Loops

So y,....yq (e, y,,....»,) correspond to the variables xi,...,x, whereas
Yai1s -+~ » Y are used to mimic the non-linear part of # in a linear way in #’. This non-linear
behavior is captured by the polynomials wy, , ..., wu.

Example 6.2 Let u = (x%,xg,)@) € (Z[x,,%;,%3])>. Then i’ = (yxg,yx%,yXB,yx§,yx§,yx§) over

. . . . . el . - _ 2 2 4
the variables (yX],yXZ,yX3,yX§,yx§,yX§) is a linearization of u via w = (xl,xz,x3,x2,x3,x3),
since for all € = (e;, e,, €3) € Z° we have:

4

== 2 2 2 4 2 2 4 = =
W(i(2)) = (&5, €5, €3, €5, €5, €3) = Ui (e}, €5, €3, €5, €5, €3) = i’ (W(E)).

Here, the non-linear part of % is mimicked by the variables Y Vi and Yo

The linearization of Definition 6.1 also works when applying the update repeatedly.

Corollary 6.3 (Iterated Update of Linearization) Let ii € (S[X])? and i’ € (S[F))? be its lin-
earization viaw € (S[X])?.

Then for all ¢ € 8 and all n € N we have w(ii"(@)) = (') (W(e)).
We now define the linearization of a loop to be a linearization of its update where the
loop guard is extended to ensure that the fresh variables y,, ,...,y,, indeed correspond to

Wpls cee > W

Definition 6.4 (Linearization of a Loop) Let (¢, i) be a loop on S using the variables ¥. A
loop (¢', ") on 87 using the variables ¥ is a linearization of (@, i) via w € (S[X])? if both

(a) 1u'is alinearization of % via w
d/
®) @' =@l /v, Xa/V 1A Nicasi ()’w,- =wilx /vy s X/ ] = 0).

Example 6.5 Consider the loop (¢, i) on Z* where @ is x, > x3 and i = (x3, x3,x3). Then the

linearization of (¢, i) via w is (¢’, ") where i’ is as in Example 6.2 and ¢’ is
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QL1 /Y, %0 /Yy X3 /Yy ] AV =i =0AYe —ys =0Ays—y; =0

= Yo, >V, Aye =Yy =0Aye =y =0Ay:—); =0
To illustrate the correspondence between (¢,u) and (¢',u’), consider the initial value
¢=1(1,3,2). Here, the original loop yields the trace (&, u(é), u’(e),[2]...) =

((1,3,2), (9,4,2), (16,4,2), ...). The linearized loop operates over the variables
O, » Yy Yy REIVES )’x§)~ Thus, the first three variables correspond to x,, x,, x5 and the latter

ones correspond to x%, xg, xg. So the corresponding initial value is ¢’ = (1,3,2,9, 4, 16) and
the resulting trace is (@', '), [21G")2@),...) = ((1,3,2,9,4,16), (9,4,2,16,4, 16),
(16,4,2,16,4,16), ...).

Lemma 6.6 shows that linearization preserves the termination behavior.

Lemma 6.6 Let(¢',1i") on S be a linearization of (@, i) on S via w.

(@) (@,i') terminates one' € S if there is no ¢ € 8 such that ¢’ = W(@).
(b)  The loop (¢, ii) terminates on ¢ € S iff (¢', i) terminates on W(é).

While Lemma 6.6 proves the soundness of linearization, we now show how to find i’
and w automatically, where it suffices to only use monomials (instead of arbitrary poly-

nomials) in w. A monomial over X has the form x}' - ... - X with z; € Nfor all 1 <i < d.
Let ¥ with Z = (3, ... , z,) abbreviate x]' - ... - x7.

The original update u consists of polynomials u; to update the variable x;, for all
1 <i<d. The linearized update i’ consists of polynomials u/ to update the variables

y,, for all monomials m in w. Here, for any monomial m = lel . -xzd, the polyno-

mial «/ results from replacing each monomial p in ui‘ Cae uf;’ (i.e., the monomial p
in each addend c - p of the polynomial uzl‘ cae ”Zd) by the variable y,. More precisely,
if ui‘ ca -uZ" has the form ¢, - p; + ... + ¢; - p; for monomials p,...,p, and numbers
Cly-rsr €S thenu) =cp -y, + ..ot cp Y,

Algorithm 3 summarizes the linearization procedure. The vector v always contains
those monomials p for which we still have to define the linearized update ”1/7 . So ini-

tially, v consists of the original variables, i.e., v =X. Whenever a new variable Yy is
introduced in the linearized update, p is inserted into V at the end.

Example 6.7 We apply Algorithm 3 to linearize the loop (¢, 1) from Example 6.5 where ¢
is x, > x; and i = (x2,x2,x3). In the beginning, we have ¥ = (x,,x,,x3). We start with x,
and remove it from v. In u; = x% we have to replace the monomial x% by the fresh variable
¥,2 When constructing ;. Hence, ] = y,2 and we obtain v = (¥, X3, X3).

Next, we consider x,, where u, = x%. Thus, we obtain 1/ L=V and v = (x3,x§,x§). Then
we take x3, where u; = x;. Hence, u/ L= ey but we do not insert x; into v again, since we
just computed u/ . So we have v = (x%,x%).

‘We now handle xg. For the linearized update, we take u% = x‘; but replace the monomial

4 . /! S (2 4
x; by a fresh variable Yt Hence, uxg =y and v = (x3,x3).
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2_ 2
3=N

This leads to the linearized update u; ) = Vs but we do not insert x§ into v again, since we
2 3

Next, we take the monomial x% and in u we have to replace the monomial by Y-

: ’ T — (4
just computed U, Hence, we have v = (x7).

4_ 4

3
Finally, we treat x;‘ and in u; = x; we replace the monomial by Vi ie., u; o T Y Now
3 4 3

3TN
¥ = (). Hence, Algorithm 3 terminates and returns the loop with the guard ¢’ from Exam-
ple 6.5 and the (linear) wupdate (yxg, V2o Yy Vi Va2 )’x;‘) over the variables

Oy, ,yXZ,yXS,yxg,yxg,yxg), as in Example 6.2.

Now we infer an upper bound on Algorithm 3’s complexity. To this end, we will show
that the degrees of the monomials in w which are used for the linearization can be bounded
by the maximal dependency degree of the loop’s update u. For 1 < i < d, the dependency
degree depdeg ;;(x;) is the degree of u;, but this degree is expressed in terms of those vari-
ables that are minimal w.r.t. >;. Recall that u; has the form ¢, - x; + p; where p; is a polyno-
mial which only contains variables that are smaller than x; w.r.t. >;. W.1.o.g. we may assume
that x; >; x; implies i > j for all 1 <i,j < d. Then for every monomial x*} - ... - x;/ in p;,
the corresponding dependency degree is z;,; - depdeg;(x;.) + ... +z; - depdeg;(x,). The
dependency degree of p;, is the maximal dependency degree of its monomials.

Definition 6.8 (Dependency Degree) Let (¢, i) be a twn-loop with u; = ¢; - x; + p, for all
1 <i<d, where p; only contains variables that are smaller than x; w.r.t. >;. We define the
dependency degree w.r.t. i as follows:

depdeg ;(x;) = max{1, depdeg;(p,)} foralll <i <d.
depdeg ;(p) = max{ depdeg ;;(m) | m is a monomial in p} for every non-zero p € S[X]
and depdeg ;(0) = —c0.

o depdeg;(x}' - ... x)) = >4z - depdeg;(x,) forall z,, ...z, € N.

Since > is well founded by the triangularity of the loop, depdeg ; is well defined: for
the variables x; which are minimal w.r.t. >;, p, is a constant and thus, depdeg ;(x;) = 1.
For other variables x; with p; # 0, we can compute depdeg ;(p;) because depdeg ;(x;) is
already known for all variables x; occurring in p;. Lemma 6.9 states three easy obser-
vations on depdeg. Here, deg denotes the degree of monomials or polynomials, i.e.,
deg(x]' - .- XN =2, + ... + 24

Lemma 6.9 Let (@, it) be a twn-loop.

(a) For every monomial m over X, we have deg(m) < depdeg ;(m).

(b) Ifdeg is the maximum of 1 and the highest degree of any polynomial in ui, then for any
1 < i < dwe have depdeg ;(x;) < deg?™".

(c) For mdepdeg = max{ depdeg.(x;) | 1 <i < d}, we have mdepdeg < deg®™".

Example 6.10 Again, we consider a loop as in Example 6.7 with update 7 = (x2,x2,x;). Then,
depdeg ;;(x;) = max{1, depdeg;(0)} = max{l,—oo} =1, depdeg;(x,) = depdegﬁ()%) =2
depdeg;(x;) =2-1=2, and depdeg;(x,) = depdeg ﬁ(xg) =2 depdeg;(x,) =2-2=4.
So intuitively, the update of x; has degree 4 in terms of the >;-minimal variable x; since
the update of x, is quadratic in x; and xg then has degree 4 w.r.t. x;. Here, mdepdeg = 4
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and for the maximal degree deg =2 occurring in the update, we indeed have
mdepdeg = deg?™! = 231, So the bound on mdepdeg in Lemma 6.9 (c) is tight.
As another example, consider the update 1 = (3-x; +5-x3-x8+7-x%,x2,9). Now

we have depdeg ;(x;) = max{1, depdeg;(9)} = max{1,0} = 1,depdeg ;(x,) = depdeg ﬁ(xg) =
depdeg ;(x3) =2 - depdeg;(x;) =2-1=2, and depdeg;(x,) = depdeg;(5 - x3 - x5 +7 - x%)
= max{ depdeg ;(x] - x5), depdeg ;(x3)} = max{4 - depdeg ;(x,) + 6 - depdeg ;(x;),8 - depdeg ;(x;)}
=max{4-2+6-1,8-1} =14

Now we prove that Algorithm 3 only constructs updates u”n for monomials m with
depdeg (m) < mdepdeg. Hence, this also proves termination of the algorithm since there
are only finitely many such monomials, and it allows us to give a bound on the number
of iterations of the algorithm’s while-loop.

Theorem 6.11 (Dependency Degree Suffices for Linearization)

(a) Algorithm 3 only computes u”n for monomials m with depdeg (m) < mdepdeg.

d + mdepdeg ) —1times.

(b) The while-loop of Algorithm 3 is executed at most( mdepdeg

(c) Algorithm 3 terminates.
The following theorem summarizes the main properties of Algorithm 3.

Theorem 6.12 (Soundness of Algorithm 3)

(a) For any tnn-loop (@,u), Algorithm 3 computes a linearization (¢',u') via
w=(my,...,my), where deg(m,) < depdeg (m;) < mdepdeg foralll <i<d'

(b) The loop (@, ) terminates iff (¢', ') does.

(¢) Theloop (¢, 1) is a linear-update tnn-loop.

As mentioned, the technique in this section is based on the linearization method of
[48], where instead of tnn-loops as in Theorem 6.12, [48] works in the setting of solvable
loops (Definition 2.3). But [48] has no notion like the dependency degree of Definition
6.8. Instead they only consider the degree of the polynomials in the update u#. However,
Example 6.7 shows that the polynomials in w that are used for the linearization may have a
higher degree than the ones in i. Here, the polynomials in 1 = (x%, xg, x3) only have degree
2. However, x, is (eventually) updated to x‘s‘. Thus, to linearize this loop, polynomials up to
degree 2 do not suffice, but w must contain a polynomial of degree 4 like x‘;.

As we showed in Theorem 6.11 (a), the dependency degree (and hence, also the degree)
of the polynomials in w is bounded by mdepdeg = max{ depdeg;(x;,) | 1 <i < d}. Indeed,
in Example 6.7 we have depdeg;(x;) = 4. Hence, our new concept of the dependency
degree was needed for the upper bound on the number of iterations of the linearization
algorithm in Theorem 6.11 (b). Based on this, we can now infer the asymptotic complexity
of Algorithm 3. As mentioned, we will need this in Sect. 7.2 to analyze the complexity of
deciding termination of twn-loops.
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By Theorem 6.11 (b), the while-loop of Algorithm 3 is executed at most
d + mdepdeg — 1 times. Since " € O(n*) for any natural numbers n > k, we have
mdepdeg k

< d + mdepdeg

d + mdepde dende
mdepdeg ) = ( d pacs > € O((d + mdepdeg)™4¢) n O((d + mdepdeg)?).

By Lemma 6.9 (c), we have mdepdeg < deg?~! where deg is the maximum of 1 and the
highest degree of any polynomial in the update . Hence,

( d + mdepdeg

d—1\d d—1\deg?! d—1~d
mdepdeg > € O((d +deg”™ ) )N O((d + deg™ )™ ) C O((d + deg”")*).

For the expression (d + deg?')? we have (see also App. A.23):

(d + deg?™)d < 2 . 2d+1d(deg)-(d-1)d 15)

Here, as usual, 1d denotes the logarithm to the base 2.

Thus, (d + deg?™")? is at most exponential in d, i.e., the number of iterations of Algo-
rithm 3 is at most exponential in d. In each such iteration, one has to compute a new poly-
nomial ufl e -ufl". By Theorem 6.11 (a), this polynomial only contains monomials m
d ;Ziiliieg > € O((d + deg? %) many
such monomials (see Theorem 6.11 (b)). To compute their coefficients, one has to multiply
up to z; + ... + z, factors, where z; + ... + z, < mdepdeg < deg?~!. This corresponds to a
nested multiplication of two factors, where the result of one multiplication step is the input
to the next multiplication, and the depth of the nesting is exponential in d. So the results
and the factors of the multiplications grow at most doubly exponentially in d. Therefore,
this proves Lemma 6.13 (a), i.e., the runtime of Algorithm 3 is at most double exponential.

However, if the number of variables d is bounded by a constant D, then the number of
iterations of Algorithm 3 and the number of monomials in the linearized updates is

bounded by ( d ;(Zﬁ;ﬁf‘g

with depdeg (m) < mdepdeg and there are (

> € O((degP + D)P), which is polynomial in deg. For their

coefficients, one has to multiply up to mdepdeg < degP~! (i.e., polynomially) many factors,
i.e., this corresponds to a nested multiplication where the depth of the nesting is polyno-
mial in deg. So the results and the factors of the multiplications grow at most exponentially
in deg. Therefore, then linearization can be computed in exponential time. This proves
Lemma 6.13 (b).

Lemma 6.13 Let D € N be fixed. The lineariza tion of a tnn-loop

(a) can be computed in double exponential time.
(b) can be computed in exponential time if the number of variables d is at most D.

Example 6.14 While Lemma 6.13 only gives upper bounds on the complexity of lineariza-
tion, the loop L,,,,_space from (10) can be used to infer lower bounds. Here, the linearized
loop operates on the variables

y)(I 5 ann ,yxd, yxg, ,yﬂ, yxgdz)’ ’yx;dz)’ yx(ddfz),yx‘(jdfz), yx(ddd—l)

d-1

@ Springer



Formal Methods in System Design

while (¢) do T« A-F+5b
Fig.4 Linear-update loop

while (¢ Az; = 1) do [fb] - L{; ll’] : {fb]
Fig. 5 Homogeneous linear-update loop

and the corresponding linearized update i’ instantiates

* by yxfz”
® Y. with Y ) forall0 <i<1,
2 3

() with yx(d(Hl)) forall0<i<d-— 2, and
d

d—1

* Y with d -y g forall0<i<d-1.
d

So in particular, the update contains the constant d@"™) which shows that this linearization
requires exponential space if d is not bounded.

7 Complexity of deciding termination

In this section, we study the complexity of deciding termination for different classes of loops
by using our results from Sects. 4 to 6. We first regard linear-update loops in Sect. 7.1, where

the update is of the form ¥ « A - ¥ + b with A € 8* and b € &’. The reason for this restric-
tion is that such loops can always be transformed into twn-form by our transformation Tr
from Sect. 5. More precisely, we show that termination of linear loops with rational spectrum
is Co-NP-complete if S € {Z,Q, R, } and that termination of linear-update loops with real
spectrum is VR-complete if S = R,. Since our proof is based on a reduction to Thy (S, R4),
and R, and R are elementary equivalent, our results also hold if the program variables range
over R. By combining these results with our observations on the complexity of linearization
from Sect. 6, we then analyze the complexity of deciding termination for arbitrary twn-loops
in Sect. 7.2. In Sect. 7.3, we show that there is an important subclass of linear loops where
our decision procedure for termination works efficiently, i.e., when the number of eigenvalues
of the update matrix is bounded, then termination can be decided in polynomial time. Here,
we again use our transformation Tr from Sect. 5.

For our complexity results, we assume the usual dense encoding of univariate polynomi-
als, i.e., a polynomial of degree k is represented as a list of k + 1 coefficients. As discussed
in [55], many problems which are considered to be efficiently solvable become intractable if
polynomials are encoded sparsely (e.g., as lists of monomials where each monomial is a pair
of its non-zero coefficient and its degree). With densely encoded polynomials, all common
representations of algebraic numbers can be converted into each other in polynomial time [3].

7.1 Complexity of deciding termination for linear-update loops

When analyzing linear-update loops, w.l.0.g. we can assume b =0 since a loop of the form

in Fig. 4 terminates iff the loop in Fig. 5 terminates, where x; is a fresh variable (see [31,

@ Springer



Formal Methods in System Design

1
nesses (eventual) non-termination for the loop in Fig. 5. Note that the only eigenvalue of

S .. - e I
49]). Moreover, ¢ witnesses (eventual) non-termination for the loop in Fig. 4 iff [ ] wit-

b o . , , . -
[6T 1] whose multiplicity increases in comparison to A is 1. Thus, to decide termination of

linear-update loops with rational or real spectrum, respectively, it suffices to decide termi-
nation of homogeneous loops of the form (¢, A -X) where A has only rational or real
eigenvalues.

Such loops can always be transformed into twn-form using our transformation T from
Sect. 5. To compute the required automorphism #, we compute the Jordan normal form Q
of A together with the corresponding transformation matrix 7, i.e., T is an invertible real
matrix such that A= T-'-Q-T. Then Q is a triangular real matrix whose diagonal con-
sists of the eigenvalues A € Ry of A. We define # € Endg, (R4 [X]) by 7(¥) = T - X. Then

n € Auty, (R4 [X]) has the inverse n~'(®) = T~! - X. Thus, Tr (@, A -X) is a twn-loop with
the update

=l

@A -HO'@)=T-A-T" - ¥=0-

To analyze termination of the loop on &7, we have to consider termination of the trans-
formed loop on F = ﬁ(S‘l) =7.-& (see Corollary 5.16).

The Jordan normal form Q as well as the matrices T and 7~! can be computed in poly-
nomial time [23, 54]. Hence, we can decide whether all eigenvalues are rational or real
numbers in polynomial time by checking the diagonal entries of Q. Thus, we obtain the
following lemma.

Lemma7.1 Let (@, A - X) be a linear-update loop.

(a) It is decidable in polynomial time whether A has only rational or real eigenvalues.
(b) If A has only real eigenvalues, we can compute a linear n € Autg (RA [55]) such that

T, (0,A- X) is a linear-update twn-loop in polynomial time.

(¢) If(@,A-X)is alinear loop, then so is Tr (¢, A - X).

So every linear(-update) loop with real spectrum can be transformed into a
linear(-update) twn-loop, i.e., the transformation Tr from Sect. 5 is complete for such
linear(-update) loops. Note that Lemma 7.1 (a) yields an efficient check whether a given
linear\(-update)\ loop has rational or real spectrum.

As chaining (Definition 3.1) can clearly be done in polynomial time, w.l.o.g. we may
assume that Tr, (p,A - X) = (¢', 0 - X) is tmn. Next, to analyze termination of a tnn-loop,
our technique of Sect. 4 (resp. Sect. 5.3) uses a closed form for the update. For tnn-loops
(¢, Q- X) where Q is a triangular matrix with non-negative diagonal entries, a suitable
(i.e., poly-exponential) closed form can be computed in polynomial time analogously to
[35, Prop. 5.2]. This closed form is linear in X (we will discuss this closed form in Sect. 7.3,
see Lemma 7.12).

According to our approach in Sect. 5.3, we now proceed as in Algorithm 2 and con-
struct the formula 3X € RY. wy A 1ed (@(G,,y)) € Ths (S,Ry) in polynomial time due to
Corollary 5.24. Hence, we get the following lemma.
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Lemma7.2 Let (@, A - X) be a linear-update loop with real spectrum. Then we can compute
a closed formula w € Thg (S, R,) in polynomial time such that y is valid iff the loop is
non-terminating. If @ is linear, then so is y.

Note that y is existentially quantified. Hence, if the loop has rational spectrum and coef-
ficients, @ (and thus also y) is linear, and S € {Z,Q,R,, R}, then invalidity of y is in
Co-NP as validity of such formulas is in NP, see [50]. Thus, we get the first main result
of this section. Here, we fix an inaccuracy in [20, Thm. 42], where we also allowed irra-
tional eigenvalues and coefficients, and thus y may contain irrational coefficients. How-
ever, to the best of our knowledge, it is not known whether validity of linear formulas from
Th; (S, R,) with irrational algebraic coefficients is in NP.

Theorem 7.3 (Co-NP-Completeness) For linear loops (@, A -X + b) with rational spec-

trum where @ € Thqf (Q),A € Q™4 and be Q¢4, termination over Z, Q, Ry, and R is
Co-NP-complete.

Co-NP-hardness follows from Co-NP-hardness of unsatisfiability of proposi-
tional formulas: let & be a propositional formula over the variables X. Then the loop
(&[x;/(x; > 0) | 1 < i <d],X) terminates iff & is unsatisfiable.

We now consider linear-update loops with real spectrum (and possibly non-linear condi-
tions) on IR‘A and R?. Here, non-termination is IR-complete.

Definition 7.4 (3R [57, 58]) Let
Th;y (R)r = {yw € Thy (R) | w closed and valid}.

The complexity class AR is the closure of Thy (R)+ under poly-time-reductions.

We have NP C 3R C PSPACE (see [12]). By Lemma 7.2, non-termination of linear-
update loops over R, with real spectrum is in 3R. It is also IR-hard since (@, X) is non-

terminating iff 3% € IR‘/g. @ is valid. So non-termination is 3R-complete, i.e., termination is
Co-IR-complete (where Co-dR = VR [58]).

Theorem 7.5 (VR-Completeness) Termination of linear-update loops with real spectrum
over Ry and R is VR-complete.

7.2 Complexity of deciding termination for twn-loops over S € {R,, R}

By Corollary 4.11 (b) termination is decidable for arbitrary twn-loops over R, and R. So
in this section, we discuss the complexity of this decision problem. First of all, deciding
termination of arbitrary twn-loops over R, and R is VR-hard since termination of linear-
update loops with real spectrum over R, and R is VR-hard by Theorem 7.5 and any such
linear-update loop can be transformed into a twn-loop in polynomial time by Lemma 7.1
(b). Thus, we have a lower bound on the complexity of deciding termination for arbitrary
twn-loops.
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while (z1 > —z3) do

1 r1 + T2
T2| < |T2 + T3
T3 xr3 —

Fig.6 Uniform loop [7] via Polynomials

while (1 > —z3 Azqa =1) do

1 110 0] a1
X2 011 0 T2
{m} = [0 01 1} : {13}
xTa 000 1 T4

To find an upper asymptotic bound for deciding termination of fwn-loops, first note that
we can restrict ourselves to tnn-loops again, as any twn-loop can be transformed into a tnn-
loop by chaining (Definition 3.1) in polynomial time.

The next step of our decision procedure in Algorithm 1 is to compute closed forms for
the update. However, the loop L,,,_c. in (10) showed that in general, the computation
of closed forms cannot be done in polynomial space. On the other hand, as mentioned in
Sect. 7.1, for linear-update loops, closed forms can be computed in polynomial time. To
benefit from this upper bound, we therefore do not proceed directly as in Algorithm 1, but
instead we first linearize the tmn-loop. While linearization cannot be computed in poly-
nomial space either (see Example 6.14), in Sect. 6 we formalized and analyzed the com-
plexity of the linearization technique from [48]. Given a mn-loop (@, i) we can compute a
linear-update mn-loop (¢’, ") such that (¢, i) terminates if and only if (¢’, ") does (Theo-
rem 6.12). Clearly, linear-update tnn-loops over R4 and R always have real spectrum as the
eigenvalues of a triangular matrix are its diagonal entries. So by using this linearization,
we can give an upper complexity bound for deciding termination of arbitrary rwn-loops.

As linearization can be computed in double exponential time and thus, also in double expo-
nential space, and termination of linear-update loops is in VR € PSPACE C EXPTIME by
Lemma 7.2 (where the size of the linear-update loop may be at most double exponential), we
obtain that deciding termination of twn-loops is in 3-EXPTIME (i.e., it is between VR and
3-EXPTIME). Moreover, if the number of variables is bounded, checking validity of a for-
mula in Thy (Ry) is in P (see [2]). In this case, combining linearization which can be com-
puted in exponential time and thus, also in exponential space when d is bounded (Lemma 6.13
(b)), and deciding termination of linear-update loops which is polynomial in this case (where
the size of the linear-update loop may be at most exponential), we obtain Theorem 7.6 (b).

Fig. 7 Uniform loop [7] via Matrix

Theorem 7.6 (Membership in 3-EXPTIME) Let D € N be fixed. Termination of twn-loops
over Ry and R

(a) isin3-EXPTIME.
(b) is in EXPTIME if the number of variables d is at most D.

7.3 Complexity of deciding termination for uniform loops

In Sect. 7.1, we showed that termination of linear loops with rational spectrum is Co-NP-
complete. For proving Co-NP-hardness, we used the trivial update X < X induced by the
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identity matrix. Therefore, the question arises whether imposing suitable restrictions to the
update matrix (which exclude the identity matrix) leads to a “more efficient” decision pro-
cedure for termination (assuming P # NP). We now analyze a special case of linear loops
(so-called uniform loops) and show that for these loops deciding termination is polynomial,
if one fixes the number of eigenvalues of the update matrix.

In Sect. 7.3.1, we introduce uniform loops and parameterized decision problems, and
state the main result of Sect. 7.3 (Theorem 7.10). To prove it, we show that for uniform
loops, instantiating the variables in the loop guard by §,,,,, (as required by our decision
procedure from Sect. 4) results in formulas of a special structure (so-called interval condi-
tions, see Sects. 7.3.2 and 7.3.3). Validity of these formulas can be checked in polynomial
time (Sect. 7.3.4) which proves Theorem 7.10 for uniform loops over Q, R,, and R. In
Sect. 7.3.5 we show that our result holds for uniform loops over Z as well.

7.3.1 Uniform loops and the parameterized complexity class XP

Definition 7.7 (Uniform Loop) A linear loop (¢, A - X) over S € {Z,Q, R, } is uniform if
each eigenvalue A of A is a non-negative number from S whose eigenspace w.r.t. A is one-
dimensional, i.e., A has geometric multiplicity 1.

The latter property is equivalent to requiring that there is exactly one Jordan block for each
eigenvalue in A’s Jordan normal form. To grasp uniform loops intuitively, consider trian-
gular linear loops with updates x; < A-x; + p; for all 1 <i <d, where the factor 4 > 0 is
the same for all i. These loops are uniform iff the relation >; is total (or equivalently, iff the
variables can be ordered such that the super-diagonal of A does not contain zeros).

Lemma 7.8 A triangular linear loop (@, A - X) where all diagonal entries are identical and
non-negative is uniform iff > is a total ordering.

Thus, loops like the leading example from [7] in Fig. 6 which is equivalent to Fig. 7
are uniform. In contrast, a loop is not uniform if each x; is updated to A - x; + ¢; for con-
stants ¢; € S. The reason is that the x; do not occur in each other’s updates. Hence, we have
X; Fq X and x; F x; forall1 <i,j<d.

So in particular, a uniform loop cannot have more than one update of the form x; « x;.
However, the loop condition can still be an arbitrary Boolean formula over linear inequa-
tions. Thus, our complexity result is quite surprising since it shows that for this class of
loops, termination is easier to decide than satisfiability of the condition (e.g., unsatisfiabil-
ity of linear formulas over R, is Co-NP-complete). Intuitively, the reason is that our class
prohibits multiple updates like x; < x; where variables “stabilize”” and where termination is
essentially equivalent to unsatisfiability of the condition.

To give an intuition how hard the restriction to uniform loops is, we analyzed the TPDB
[63] used at the Termination and Complexity Competition [25]. In the category for “Termi-
nation of Integer Transition Systems (ITSs)” we identified 467 polynomial loops with non-
constant guard (i.e., termination is not trivial) and 290 (62 %) of them are uniform loops
over Z. Similarly, in the category for “Complexity Analysis of ITSs” we found 1,258 such
polynomial loops and 452 (36 %) are uniform. In fact, in practice one is often interested
in termination of triangular loops where after chaining, all variables belong to the eigen-
values O or 1. The reason is that termination is usually easy to show if there are eigenval-
ues greater than 1, because they lead to exponential growth. Thus, if the loop terminates,
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A1 0 0
ox 1 -0
Q=
00 Al
00 (VDY

Fig. 8 Jordan block

() -2 (3) A7 H (5) A2 e (1) An e
0 (0) AT (1) AT (u—2) AnTvE
QX = :
0 0 0 (1) - an—t
0 0 0 () - A™

Fig.9 Multiplication of Jordan block

termination is usually reached after few steps (e.g., consider a loop (x < ¢,2 - x) for any
constant ¢). Hence, the number of eigenvalues k is usually smaller than the number d of
program variables. In this section we show that the complexity for deciding termination
of uniform loops is exponential in k but not in d. More precisely, termination of uniform
loops is in the parameterized complexity class XP, where the parameter is the number k of
eigenvalues.

Definition 7.9 (Parameterized Decision Problem, XP [16]) A parameterized decision
problem is a language £ C X* X N, where X is a finite alphabet. The second component
(from N) is called the parameter of the problem.
A parameterized problem L is slicewise polynomial if the time needed for deciding the
question “(x, k) € L£?” is in O(|x}f'®) where fis a computable function depending only on k.
The corresponding complexity class is called XP.

In the remainder of this section, we prove that for any fixed & € N, termination of uni-
form loops with & eigenvalues is decidable in polynomial time.

Theorem 7.10 (Parameterized Complexity of k-Termination) We define the parameterized
decision problem k-termination as follows: (¢, A - X), k) € Ly_ermination i the loop (@, A - X)
terminates over S and A has k eigenvalues.

For uniform loops, k-termination is in XP. Moreover, for such loops, k-termination over
R is in XP as well.

7.3.2 Hierarchical expressions and partitions

We now elaborate on the closed forms arising from uniform loops. To this end, we
fix a uniform loop (@,A-X). Let spec(A) = {A,,..., 4} be A’s eigenvalues where
0< A <...< 2 let Q be A’s Jordan normal form where the Jordan blocks are ordered
such that the numbers on the diagonal are weakly monotonically increasing, and let T be
the corresponding transformation matrix, i.e., A = T~'. Q- T. Moreover, let 5 be the auto-
morphism defined by 7(X) = T - X and let Tr ,(@,A - X) = @), 0-%) =(¢',0-%) as in
Sect. 7.1.
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Fig. 10 Uniform loop and normalized closed form

Instead of termination of the original loop on S, we now have to prove termination of
the transformed loop on A(SH=T- -8 ForSe {QR a }» if the eigenvalues of A are from
S, then the transformation matrix 7T is an invertible matrix over S. Therefore, we obtain
T -8 =8 Hence, we now have to analyze termination of (¢’, Q - X) over S. In contrast,
if S = Z, then even if the eigenvalues of A are integers, the transformation matrix 7 or its
inverse may contain non-integer rational numbers. Thus, we first regard uniform loops over
S € {Q, R4} and discuss the case S = Z in Sect. 7.3.5.

By uniformity, Q = diag (QA], . Q/lk) has k Jordan blocks pr Q/lk where Q, is as in
Fig. 8. For each eigenvalue 4, let v(4) be the dimension of Q,. Since each eigenvalue has
geometric multiplicity 1, v(4) is the algebraic multiplicity of A, i.e., the multiplicity as a
root of the characteristic polynomial of A. For v = v(4), Fig. 9 shows the form of Q7 as in,

e.g., [35, 49], where < Z ) = 0if n < 5. This directly yields a closed form ¢ for the n-fold

application of the update Q - X of the transformed loop. Since our approach from Sect. 4
works by analyzing eventual non-termination, we are only interested in validity of formulas
for large enough n. Thus, we may assume that 7 is larger than the algebraic multiplicities
v(4) of all eigenvalues A € spec (A). Then one obtains a resulting normalized closed form
Grorm Which consists of normalized poly-exponential expressions of a special form, so-
called hierarchical expressions. Here, for any a € Qg[x], deg, (a) is the highest power of x;
occurring in a monomial of «, i.e., it is the degree of « when interpreting all variables
besides x; as constants.

Definition 7.11 (Hierarchical Expression) Let Qg[X];, denote the set of linear poly-
nomials from Qg[X], i.e., of degree at most 1. An expression & € NPEg[X] for some ring
Z < S < R, is a hierarchical expression over the indices 1 < i; < ... <i, < d if there exist
1 <r<vand i€ S,jsuch that

h= Z:_r a,-n’" A,

where a, € Qs[x,»‘, ,xib]“n, a,0,...,00=0, and degX’ (a;) =1 for r <s <v. Here,
a,(v, ..., v,) abbreviates a,lx; /vy, ....x; /v,] for v, ....v, € Ry. We call off (h) = r the
offset, v the order, and base (h) = A the base of h.

Lemma 7.12 states this observation on g,,,,,, formally, where the index idx (4) is the
sum of the algebraic multiplicities of all smaller eigenvalues than 4, i.e.,

. _ li
idx (4) = ZA’ESPCC(A),A’<A v(A).

If A’s smallest eigenvalue 4, is 0, then all entries gy, ..., ¢igx (1,) Of Guorm are 0, i.e., when
inserting g,,,, into the loop condition, the variables x;, ..., X4, ) vanish. So from now on
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we assume that O is not an eigenvalue of A. (Note that since we just ignore the variables
which belong to the eigenvalue zero, we can also permit uniform loops where the eigen-
value 0 may have a higher geometric multiplicity.)

Lemma 7.12 For all A € spec(A) and 1 < r < v(A), the (idx (1) + r)-th element of G,,,,,, IS
a hierarchical expression over the indices idx (4) + 1, idx (4) + 2, ..., idx (1) + v(4) with
offset r, order v(A), and base A.

Example 7.13 Consider the uniform loop and its normalized closed form g,,,,, in Fig. 10,
where the update matrix A has k = 2 eigenvalues A; = 1 of algebraic multiplicity v, =2
and A4, = 2 of algebraic multiplicity v, = 3, both of which have geometric multiplicity one.
Moreover, idx (4;) = 0 and idx (4,) = 0 + v; = 2. Here, we have d = 5.

For §,,,, in Fig. 10, h=q, =x,-2" + % -n-2"is a hierarchical expression over the
indices i; = 3,i, = 4, i; = 5 with offset 2, order 3, and base 2, as h = 2322 a - n'~2 . 2" for

@ = xy € Ryloy,xs]and ay = 2 € Ry [xs],

To describe the form of the whole vector g,,,,.,,» we now introduce hierarchical parti-
tions. To this end, similar to the concept of solvable loops in Definition 2.3, we consider
a partitioning of {1, ...,d}.

Definition 7.14 (Hierarchical Partition) For k> 1, let v;,...,v, €N form a k-par-
tition of d, ie., vi+...+v,=d and v, >0 for all 1 <i<k. The blocks associated
to the partition v,,...,v, are B, ={l,...,v;}, By={vi+1,...,vy+v,}, .., and
B ={vi+..+v_, +1,....4d}

The hierarchical expressions A, ..., h, are a hierarchical k-partition via vy, ..., v, with
bases0 < 4, < ... < A from Sifforalll <i<k:

(a)  h;is a hierarchical expression over the indices B, for all j € B,

(b) base (h]) = j;forall j € B,
(¢) h;hasorderv;forall j € B,
(d)  off (Aping,) = 1, and

() Ifjj+1€ B, thenoff (h) + 1 = off ().

Indeed, when transforming the update of a uniform loop to Jordan normal form, then the
normalized closed form is always a hierarchical partition.

Corollary 7.15 (4,,,, is Hierarchical Partition) Let A be the update matrix of a uni-
form loop with eigenvalues 0 < A; < ... < A, and algebraic multiplicities v, ...,V,,
and let Q be its Jordan normal form where the numbers on the diagonal are weakly
monotonically increasing. Then the normalized closed form g, of the update Q is
a hierarchical k-partition via vy, ...,v, and bases A; < ... < A,. Here the i-th block is
B, ={idx(1)+ 1, ..., idx(4;) +v;}.

Example 7.16 In Fig. 10, 7 = Gporm 18 @ hierarchical 2-partition via v, = 2 and v, = 3, blocks

B, ={1,2}, B, ={3,4,5}, and A4, =1 <2 = A,. Moreover, off (#;) =1 and off (h,) =2,
while off (h;) = 1, off (h,) = 2, and off (hs) = 3.
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7.3.3 Interval conditions

Our decision procedure in Sect. 4 instantiates the variables in the polynomials f of the loop
guard by G,,,., = (h, ..., hy), resulting in poly-exponential expressions p = f(hy, ..., hy).
We now prove that in the setting of a hierarchical k-partition g,,,,,,, the atoms in red (p > 0)
(see Lemma 4.7 and (7)) are equivalent to so-called interval conditions, whose satisfiabil-
ity is particularly easy to check (Sect. 7.3.4). In Lemma 7.19, Lemma 7.21, and Corollary
7.23, we introduce the different subformulas occurring in red (p > 0). Here, it is convenient
to define the active variables of polynomials.

Definition 7.17 (Active Variables) Let f=c,+ Zl (€ - X; € S[X]y,. We  define
actVar () = {xi | c; # 0}. If x; € actVar (f), then coeff (f, x;) = c;.

Example 7.18 Consider f = —x; +3-x3+4 € S[x,, ..., x5];;,- Then actVar (f) = {x,x3},
coeff (f, x;) = —1, and coeff (f, x;) = 3.

From the addends «; -n% - b" of p=f(hy,....,h;) with a; € Qg[X];;,, a; €N, and
b; € S, we again compute the set coefs (p) of marked coefﬁc1ents as in Deﬁmtlon 4.5,

Wthh have the form a/( ") For any b € S,y and a € N, we now define a formula zero (b, a)
which is equivalent to requiring that all addends a; - n% bj’f vanish where b; = b and where
a; 2 a.

Lemma7.19 (Formulas for Vanishing of Addends) Let h, ..., h,; be a hierarchical k-parti-

tion via vy, ..., v, with bases 0 < A; < ... < A, and let f € S[X];,. For any 1 <i <k, let
N _ —£(0.....0) o .
F@) ={jeB| X; € actVar )} Let M = I —— if A; = 1and F@i) # @, where

. . : 2
Cnin F() 1S the coefficient of Xy pay i1 My piiy

Foranyb € S,yand a € N, we define zero (b, a):

(@) Ifd; # 1foralll <i<kori; =1forsomel <i<kandF(i) =, then zero (1,0) is
the formula f(0, ...,0) = 0.

(b) If 4,=1 for some 1 <i<k and F(i)# @, then zero(1,0) is the formula
Xnin ) = M A Niep, minriy<j 5 = 0)

(© If 4=0b for some 1<i<k, FO)#P, and (ba)#(1,0), then

zero (b, a) = /\jeBi’aermF(i)si (x; = 0).
(d) Otherwise, we define zero (b, a) = true.

Let p = f(h,, .. hd) € NPEg[Z]. As in Definition 4.5, let coefs (p) = {a\"", ..., a"*"}

(b-a;)

where a; " < (xj % for all 1 < i <j<?.

Then zero(b,a) is equivalent to the requirement that a, =0 holds for all

a.ﬁbx’“” € coefs (p) withb, = band a; > a.

2 By Definitions 7.14 and 7.11, x,;, F(@) oceurs only in a unique (linear) monomial of 4 whose coef-

ficient is not 0.

'min F(i)*
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Example 7.20 Consider f = —x; +3-x;+4 from Example 7.18 and h= Gorm from
Fig. 10.
We have p =f(hy,....hs) = —h; +3 - hy +4 =

(—x1+4)—x2-n+3~x3-2”+<3%—%)-n'2"+3%-n2~2".

In the notation of Lemma 7.19, since B, ={1,2}, B,=1{3,4,5}, and
actVar (f) = {x,x3}, we have F)={je{1.2}|x; € {x.x3}} = {1} and
FQ2)={je{3,4,5} |xj € {x;,x3}} = {3}. Thus, min F(1) = 1, ¢y, pqy = L is the coeffi-
cient of x; in hy, coeff (f, X,y 1)) = —1and thus M = :—‘1‘ = 4. Hence,

zero (1,0) = (x; =4) A (x, = 0) and zero (2,0) = (x3 = 0) A (x4 = 0) A (x5 = 0).
Sov e R/i satisfies zero (1, 0) or zero (2, 0), respectively, iff all terms with base 1 or 2 van-

ishin f(h,, ..., hs)[%/71.

After introducing zero (b, a), we are now ready to show that the formulas in Lemma
4.7 and Theorem 4.9 have a special form when considering uniform loops. In the follow-
ing lemmas, corollaries, and definitions, let A, ..., hy, vy, ..., v, f, F(i), p, coefs (p), and £
always be as in Lemma 7.19.

Lemma 7.21 For any 1 <5, < ¢, the formula a;, >0 A /\J - (as = 0) is equivalent to
the following formula p; ; , which can be computed in polynomlal time fromhy, ..., h, and f:

(a) If(bs(l a, )= (1, 0) and either A; # 1foralll <i < korﬂ = lfor somel < iy < k and
F(iy) = 0, then Py, IS
f(0,...,00>0A /\ie{lwwi>1 zero (A;,0).

(b) If(bSO,aJO) =(1,0), /ll-o = 1for some1 < iy < k, and F(iy) # @, then there is @PCce Qs
with C # 0 such that P, is

sign (C) *Xmin Fiiy) T f(o """ ) > 0 A zero (IL,H A /\ zero (4;, 0).

© If bSO <1, fQ0,...,0) #0, and either A; # 1 for all 1 <i <k or /lio =1 for some
1 < iy < kand F(ig) = 0, then py ; is false.

(d) Otherwise, we have /1 = b for some 1 < iy <k, F(iy) # @, and there is a number*

sg € {1,—=1} such zhat P s, 1S

k
58 * Xinin Fliyyta,, > 0 A zero(4;,a, + 1) A /\i=in+1 zero (4;,0).

Example 7.22 For f, Z, p of Example 7.20, coefs (p) is

3 . .
C = coeff (f, Xmin F(3y)) * Cmin i) TOr the coefficient cpyin p,) OF Xmin iy IN Mimin £y

* More precisely, sg = sign ( coeff (f, X, Ftip) Comin F(iy 4, ), Where Cpyin i) +a, is the unique coefficient of

inh )’s addend of the form f§ - no by with § € Qs[Xmin Fligyra, > %

mlnF(lO)+a 'min F (i vi+.. +v ]]m
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LO) (L) (200 21 (22
{ai ),(x; ),(xg ),ai >,(x( >} where

3-x, 3-x. 3-x.
a=-x+4, ay=-x,, 0a3=3-x3, a4:T4_T5’ aszTS.

Let us compute p4. For a®P, we have ip =2, minF@i,) =3, and a, =1

4 9
Moreover, we have sg = sign ( coeft (f, x3) - c4) = sign (3 . %) =1 and

zero (2,2) = /\je{3,4’5}’2+3g(xj = 0) = (x5 = 0) and hence by Lemma 7.21:

(@ >0)A(as=0) <= (58 X4 4minri,) > 0) A zero(2,a, + 1)
= (5 >0AMK;=0)

For ail’o), as A; = land F(1) = {1} # @, by Lemma 7.21 we use C = coeff (f,x;) - 1 = —1,
fQ@,...,0) =4, and zero(1,1) = /\je{l,2},1+15j(xj =0)=(x, =0) to obtain Pris where
zero (2,0) = /\f=3 (x; = 0) by Example 7.20:

(@ >0AA(@=0) = (=x; +4>0)A(x, = 0) A zero(2,0)

In addition to the formulas p; for 1 <s < ¢, we also introduce a formula p,, which
expresses that all coefficients of p vanish.

¢
Corollary 7.23 A (as = O) is equivalent to pyy: zero (1,0) A /\ zero(4,0)
s=1 . AE(L,.. kY A#L

Example 7.24 Reconsider Example 7.22. By Corollary 7.23, /\le(ogY =0) is equiva-
lent to pro= zero(1,0) A zero(2,0), where zero(1,0)=(x; =4)A(x, =0) and
zero (2,0) = (x;3 = 0) A (x4, = 0) A (x5 = 0) by Example 7.20.

We can now combine Lemma 7.21 and Corollary 7.23 with Lemma 4.7 to obtain the
following result. Here, “ic” stands for interval conditions.

Corollary 7.25 For > € {>,>}, red (p > 0) is equivalent to the formula ic (p > 0), where
ic(p>0)= \/f=l prsandic(p 2 0)=ic(p > 0)V ps.

Example 7.26 Reconsider Examples 7.22 and 7.24. By Corollary 7.25, red (p > 0) is equiv-
alenttoic(p > 0) = p; Vo VpraVpraV pps =

(—xl +4>0Ax, =0A zero(2, O))v(—xz > 0 A zero(2, O))
V(x3>0Ax, =0Ax5=0) V(xy > 0Axs=0) V(x5 > 0),and

red (p > 0) is equivalent to ic (p > 0) = ic(p > 0) v (zero (1,0) A zero (2,0)).
The formulas p, ; in Lemma 7.21 and Corollary 7.23 are so-called interval conditions.

Definition 7.27 (Interval Condition) For 1 <i,i’ <d,i#i', 1 C{1,...,d}, sg € {-1,1},
and 0 # ¢ € Qg, an interval condition has the following forms:
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(@) /\je] (xl =0)
(b) S8 - X; >0 A /\jel\(i} (xj = 0)
©) X =¢ A Nengy @45=0)
@) sg-x >0 A xy=c A/\je]\{i,i’] (x; =0)
(e) sg-x;+¢c >0 A /\jel\m (x; =0)

Example 7.28 The formulas Pra=0g>0As=0) and ppy =(—x; +4>0)A

/\f=2(xj = 0) from Example 7.22 are interval conditions as in Definition 7.27 (b) and (e).

7.3.4 Checking satisfiability of interval conditions

We now show that to decide satisfiability of the formulas ic (p > 0), we only have to regard
instantiations of the variables with values from {0, 1, —1, x }, where % stands for one
additional non-zero value. There are only polynomially many such instantiations and the
particular value for * is later determined by SMT solving. This SMT solving only takes
polynomial time, because the resulting SMT problem only contains a single variable.
Definition 7.29 instantiates variables accordingly and performs Boolean simplifications as
much as possible.

Definition 7.29 (Evaluation) Let p be a propositional formula built from the connectives
A and V over atoms of the form sg-x+c¢ >0 and x = for sg € {1,—-1}, c € Qg, and
x € {x,,...,x;}. Moreover, let v € {0, 1, —1, % }%. The evaluation of p w.r.t. v (written
p(¥)]) results from p(v) = p[X/V] by simplifying (in)equations without % to true or false,
and by simplifying conjunctions and disjunctions with true resp. false. We write v &’ p if
p(V)| # false.

For example, if p is the formula (x; — % > 0) A (x, =0) and vV = (%,0), then p(V)| is
* — % > 0. Hence, v ¥’ p. So in general, ¥ E* p means that p(v)| = true or that there could
be a value w for % such that p[X/V, * /w]] = true.

Now we define candidate assignments cndAssg (p; ) for the formulas p; in Lemma
7.21 and Corollary 7.23 which contain all ¥ € {0, 1, —1, % }¢ that may satisfy prs (if 2
suitable value for x is found). However, for each Block B;, at most one variable X; with
J € B; may be assigned a non-zero value (i.e., 1, —1, or x). Moreover, the value x may only
be used in the block for the eigenvalue 4; = 1.

Definition 7.30 (Sets of Candidate Assignments) For all 0 < s < ¢, we define:

endAssg (pr,) = (Ve {0, 1, =1, x} | VE pp,
V1 <i < k. there is at most one j € B; with v; #0,
v;= % = j€B; where }; =1}

Example 7.31 In Examples 7.22 and 7.24, for p;, = (x, > 0) A (x5 = 0), V ' p; 4 implies

vy = 1 and v5 = 0. Here, v, = * is not possible, because 4 does not belong to the block
B, = {1,2} for the eigenvalue 1. Since at most one value for each block may be non-zero,
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Input: a formula ¢ over the atoms {f >0 | f € S[Z]un,> € {>,>}},
a hierarchical k-partition h= (h1,...,hg), and aring S € {Z,Q,Rp}

Result: T if 37 € S9. ic(p(h)) is valid, L otherwise
¥« ic(p(h))
foreach v € cndAssg(y) do

Y P(0)

if SMT((¢' Ax #0),{x},S) then return T
return L

Algorithm 4 Checking Interval Conditions

we have v; = 0. In contrast, v, and v, can be arbitrary, but at most one of them may be non-
zero. Hence, we obtain the following for p, 4 and for p; 5 = (x; = 4) A /\;zz(xj =0):

1 * -1 0 0 0 0 *
0 0 0 1 * -1 0 0
cndAssg(pfA): 0L1O0L] O |,L1OL{O]l O [,|O|g, cndAssg(pf,0)= 0
1 1 1 1 1 1 1 0
0 0 0 0 0 0 0 0

Lemma 7.32 | cndAssg (p;,)| < (3-max{v; | 1 <i <k} + 1)kf0r all0<s<?.

Lemma 7.32 is crucial for our algorithm to decide k-termination for uniform loops:
| endAssg (py,)| is bounded by a polynomial in d if k is assumed to be a parameter. This
is because the v; form a k-partition of d, i.e., v; < d for 1 <i < k. Hence, computing
cndAssg (p; ) can be done in polynomial time for fixed k.

Example 7.33 In Example 7.31, we have v, =2 and v, =3, and thus, k=2 and
max{v, | 1 <i <k} = 3. Here,|cndAssg(p;4)] =7 <100 =107 = (3 -3+ 1)~

This example shows that the bound in Lemma 7.32 is coarse, but it suffices for our
analysis. We now combine Corollary 7.25 and Definition 7.30 to obtain the sets of can-
didate assignments for the disjunctions ic (p > 0) and ic (p > 0).

Corollary 7.34 We lift cndAssg to inequations by defining

cndAssg (ic(p > 0)) = Ule cndAssg (py,)

and cndAssg (ic(p > 0)) cndAssg (ic (p > 0)) U cndAssg (py ).

Then we have
| ecndAssg (ic(p>0)| < (d+2)- (3 -max{y;, | 1 <i<k}+ 1)k.

For a uniform loop with condition ¢ and normalized closed form g,,,,, = h, let o(h)
contain the atoms f(ﬁ)l>0, where f € S[X];;,. To decide termination, our algorithm
computes cndAssg (ic 0‘(%) > ()) for all these atoms f(i;) > 0, and then checks for each
of the candidate assignments whether it is a witness for eventual non-termination. We
first lift ic and cndAssg to linear formulas.
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Definition 7.35 (ic and cndAssg for Linear Formulas) Let ¢ be a linear formula
over the atoms {f>0|f € S[X];,.> € {>,>}} and let h=(h,...,h;) be a hier-
archical k-partition. Then the formula ic ((p(;z)) results from replacing each atom
f(71)>0 in (p(;z) = (p[}/fz] by ic (f(71)>0). By cndAssg (ic (go(ﬁ))) we denote the set
U 0 atom in oy CNAASSE (ic (f(h) & 0)).

To analyze termination of uniform loops, we now present an algorithm to decide
whether for a hierarchical k-partition # and a linear formula ¢,

TesneN.vneN,, k)  (see(9)

is valid. Our algorithm calls a method SMT(y,),S) which checks whether the linear for-
mula y in the variables V is satisfiable. Here, the variables V) range over S € {Z,Q,R,}
and the coefficients of the polynomials are from Qg. (So for S = Z, one can first multi-
ply all inequations in y by the main denominator to result in coefficients from Z.) In our
case, V = { % } and thus, || = 1. With these restrictions, the method SMT has polynomial
runtime (see [2, 41]). More precisely, SMT is called in Algorithm 4 to determine whether
* can be assigned a non-zero value such that w(v)] is satisfiable. Here, we have to assign
all occurrences of * in the formula y (V)| the same value.

Let us discuss the complexity of Algorithm 4. The formula ic ((p(ib) and each ele-
ment of cndAssg (ic ((/)(71))) can be computed in polynomial time. By Corollary 7.34,
cndAssg (ic ((h))) has at most |@| - (d+2)- (3-max{v, |1 <i<k}+ l)k elements,
where || is the number of atoms in @ and v; < d for all 1 <i < k. Thus, when consider-
ing k to be a parameter, cndAssg (ic ((p(fz))) can be computed in polynomial time. More-
over, evaluating a formula w.r.t. v according to Definition 7.29 is possible in polynomial
time, too. Finally, SMT has polynomial runtime as discussed before. So the runtime of
the algorithm is polynomial when regarding k as a parameter. We now prove that Algo-
rithm 4 is sound and complete.

Theorem 7.36 Algorithm 4 returns T iff 3x € & ic ((p(iz')) is valid.

Example 7.37 Consider the uniform loop in Fig. 10 where ¢ =f>0Af' >0 for
f=-x+3-x;+4and f/ =2-x, 5. Let h = G, as in Fig. 10 and let p = f(h) and
P =f(h)=Q2-x, =5 +2-x,n Here, y = ic(p(h)) = ic(p > 0) A ic(p > 0), where
ic(p>0)= \/f:1 psy is stated in Example 7.26. Note that coefs (p) = {a;(l’o),(x;(l’l)}
with a]=2-x, -5 and a)=2-x,. Hence, ic(p'>0)=py,Vpp, To com-
pute Pprs for C = coeff(f',x;) - ¢, =2-1=2 and f0,...,0) = =5,
Lemma 721 (b) results in pp;=(x — % >0) A, =0). For pp, with
sg = sign (coeff (f',x,) - ¢;) = sign(2- 1) = 1, Lemma 7.21 (d) results in p; , = (x, > 0).
Now from ic(p > 0) let us choose the disjunct pra = (=x; + 4>0)A /\;zz(xj =0) and
from ic (p’ > 0) let us choose the disjunct Py = (x; — % > 0) A (x, =0). We consider
v =(%,0,0,0,0). Then
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(rai A )DL = (=% +4>0) A (*x —2>0)

is satisfiable with the model * = 3. Hence, this model also satisfies w(v)| A * # 0. Thus,
for both S € {Q,R,}, Algorithm 4 proves validity of 3% € S’. ic (@(h)) and therefore,
non-termination of the uniform loop over S.

So for a uniform loop over S € {Q, Ry}, non-termination is equivalent to validity of
wesS.vne NS, @(Gporm)» Which in turn is equivalent to a formula only containing
interval conditions. This insight reduces the search space for proving validity drastically.
Thus, we can now prove Theorem 7.10 for S € {Q, R4, R}.

Proof of Theorem 7.10 For S € {Q, Ry}, we first transform the uniform loop such that the
update matrix is in Jordan normal form and then compute the normalized closed form as in
Lemma 7.12 in polynomial time. This closed form is a hierarchical partition by Corollary
7.15. By combining Corollary 7.25 and Theorem 7.36, Algorithm 4 can decide validity of
the formula from Theorem 4.9, i.e., termination of the transformed loop (which is equiva-
lent to termination of the original loop by Corollary 5.16).

As the computation of the equivalent interval conditions in Corollary 7.25 clearly works
in polynomial time and we have discussed that Algorithm 4 runs in polynomial time when
k is assumed to be a parameter, this proves the statement.

Finally, these loops terminate over R 4 iff they terminate over R by Corollary 4.11.

O

For Theorem 7.10, it was crucial to transform the loop such that the update matrix is in
Jordan normal form. Here we relied on a special closed form for the Jordan normal form,
while in Sect. 7.1 we only used the transformation to argue why the closed form is comput-
able in polynomial time. Thus, the transformation from Sect. 5 does not only generalize
our results from Sect. 4 to a wider class of loops but it also gives rise to novel results like
Theorem 7.10.

The approach in the proof of Theorem 7.10 also works for uniform loops over Z if the
update matrix is already in Jordan normal form. But otherwise, in addition to @(g,,,,,) We
also have an update-invariant and Thg (S, R, )-definable subset F which stems from the
transformation into Jordan normal form (see Sect. 5). Thus, to decide termination we have
to decide validity of 3x € R%.Vn € N, . @(G,0,,,) A . We will discuss this in the next
section.

>n,

7.3.5 Termination of uniform loops over the integers

Now we show that deciding termination of uniform loops (@, A - X) over the integers is
also in XP. Let A € Z% with k integer eigenvalues each of geometric multiplicity one.
Then there is a matrix 7 € Q%< such that A = T~! - Q - T for a matrix Q in Jordan normal
form. However, in general we do not have T,7~! € Z% (see, e.g., [59]). As before, let
n(®) =T -X and @’ = 5~ (@). Then termination of (¢, A - X) on Z¢ is equivalent to termina-
tion of (¢’, Q - ¥) on §(Z¢) = T - 74 by Corollary 5.16. Here, L; = T - Z¢ is the set of all
integer linear combinations of 7’s columns, i.e., their lattice. In general, we have L, # z4.
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Hence, we now call Algorithm 4 with the input (¢’ ,h,Q), where 7 = Grorm 18 the
normalized closed form for the update Q - X. For y = ic (¢’ (ﬁ)), we want to find out if
w (V) holds for some v € L. Such a v € £, would witness eventual non-termination of
(¢',Q - X), and since L is update-invariant under Q - X by Lemma 5.12, this is equivalent
to non-termination of (¢’, Q - X) on L.

We modify Algorithm 4 such that it computes all v € cndAssg(y) where
w(¥)} A % # 0 is satisfied by some V' that results from v by instantiating * with a suitable
number from Q. As shown in Corollary 7.34, for a fixed number of eigenvalues k, there are
only polynomially many such candidate assignments v. Note that the formula ¢’ is only
built from the connectives A and V, and y results from ¢’ by replacing each atom f > 0 by
ic (f(E) > 0). Hence, for every such v there is a subset { ic (f; (71) >, 0),...,1ic (fe(ﬁ) >,0)}
of these formulas such that V' satisfies them all and such that satisfying these formulas is
sufficient for satisfying y. For each 1 <r <e, let £, = | coefs (f,(ii))l. By Corollary 7.25,
ic Q‘r(ﬁ) >, 0) has the form \/f;l Py.s OF \/f;o Py 5 So for every r there is at least one s where

p; (V') is true. But due to the construction of p, ;in Lemma 7.21 and Corollary 7.23, there
is at most one 0 < s < 7, where p_f,.,s(‘_},) is true. Thus, for every 1 < r < e, there is a unique
0 <s, < ¢, where p; | (V') is true.

By Lemma 7.21 and Corollary 7.23, all p;  are interval conditions. Thus, for each entry
v; of V' we can find out whether x; = v; is required by some p; ; , or whether v; = 0 is just
due to setting variables to zero by default, i.e., the formula would still hold when assigning
an arbitrary value from Q to v;. So every v € cndAssg () gives rise to a certain set of for-
mulas { Pfsys oo pf 5. 1 Wthh in turn results in a certain abstract assignment that indicates

for each entry of v " whether its actual value is necessary to be a model.

Definition 7.38 (Abstract Assignment) Let [ be the set of all intervals of the forms [c, c],
(=0, 0), (¢, ), (—0, ), or (c, d) for c,d € Q with ¢ < d. Then an abstract assignment is
an element of 1.

For each of the obtained abstract assignments, we now have to check whether it
is satisfied by some value from £;. Let N C {I,...,d} be those indices where j € N
iff the j-th component of the abstract assignment is [0, O], i.e., iff the j-th compo-
nent must be 0 in order to satisfy all Prm,- Then we compute a basis of the sublattice
Ly={we&Ly|w;=0forje N} To this ‘end, we solve the system of linear equations
/\jeN(T x)j =0 where % € Z%. Here as usual, (T - x)j denotes the j-th component of the
vector T - X. This problem can be solved in polynomial time (see, e.g., [22, 60]). Since in
general this system contains more variables than equations, the solutions yield a certain
linear dependence between the variables. This dependence can then be used to reduce the
number of variables in the system, i.e., it gives rise to a basis of £, where each basis vec-
tor is represented by a Z-linear combination of the columns of T. Let d’ < d be the rank
of the sublattice £, (i.e., the number of its basis vectors) and let P € Q% be the matrix
whose columns form the basis of £,

Let N' C {1,...,d} be those indices where j € N’ iff the j-th component of the abstract
assignment is neither [0, 0] nor (—oo, 00). So the j-th component must be from a certain
interval in order to satisfy all Ptm.- To ease notation, we define I; = (=00, 00) if j & N and
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let K = H [, C Q7. Now we have to decide whether there exists an X € Z¢ such that

P-XeKk.

Let By, ..., B, again be the blocks from the k-partition A, ..., h,. Note that if there is
a block B; where some pg o requlres x; with j € B, to be non-zero (i.e., j € N’), then Pr.s,
requires all x; with J>J and J € B, to be zero (i.e., j/ € N). Thus, since V' satisfies all
formulas p, ; for 1 <r <e, for each block B, there can be at most one r € B; where some
Py 5, Tequires x; to be non-zero. Hence, for each block B, there is at most one j € B; where
J € N'. Note that containment in an interval can be described by at most 2 inequations,
where the strict inequations can be turned into weak ones since the variables only range
over the integers. Thus, to describe the required containment in the intervals for all x; with
J € N’, we need at most 2 - k inequations. In other words, the requirement P - X € K can be
described by 2 - k linear inequations where the coefficients are from Q. Since linear integer
programming with rational coefficients and a fixed number of constraints is possible in pol-
ynomial time (see [41]), this shows that checking whether a candidate assignment v gives
rise to a solution in £ can be done in XP. As| cndAssg (y)| is also polynomial for fixed &,
k-termination of uniform loops over Z is in XP as well.

8 Conclusion and related work

In this work, we studied termination of fwn-loops, i.e., loops where the update X « 1 is
a triangular system of polynomial equations and the use of non-linearity in # is mildly
restricted. We first presented a reduction from termination of rwn-loops to Thy (S) in
Sects. 3 and 4. This implies decidability of termination over S € {R,, R} and semi-decida-
bility of non-termination over S € {Z, Q}.

In addition, we showed how to transform certain non-twn-loops into twn-form in Sect. 5,
and discussed how this generalizes our results to a wider class of loops. We also showed
that twn-transformability is semi-decidable.

Afterwards, we analyzed the complexity of deciding termination for different subclasses
of rwn-loops. In Sect. 6, we first showed that linearizing twn-loops can be done in double
exponential time. In Sect. 7, we used our transformation and decision procedure to prove
Co-NP-completeness (VYR-completeness) of termination of linear (linear-update) loops
with rational (real) spectrum, and based on linearization, that deciding termination of arbi-
trary twn-loops over R, or R is in 3-EXPTIME.

Finally, we showed that for the subclass of uniform loops over S € {Z,Q,R,, R}, ter-
mination can be decided in polynomial time, if the number of eigenvalues of the update
matrix is fixed. So here our decision procedure can be used as an efficient technique for
termination analysis.

8.1 Related work

In contrast to automated termination analysis (see e.g., [1, 6, 7, 9, 11, 24, 25, 39, 40, 51]),
we investigated decidability of termination for certain classes of loops in Sect. 4. As ter-
mination is undecidable in general, decidability results can only be obtained for very
restricted classes of programs.
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Nevertheless, many techniques used in automated tools for termination analysis (e.g.,
ranking functions [1, 5-7, 9, 51]) focus on similar classes of loops, since such loops occur
as sub-programs in (abstractions of) real programs. Tools based on these techniques have
turned out to be very successful, also for larger classes of programs. Thus, these tools
could benefit from integrating our (semi-)decision procedures and applying them instead of
incomplete techniques for any sub-program that can be transformed into a twn-loop.

Related work on decidability of termination also considers similar (and often more
restricted) classes of loops. For linear conjunctive loops, termination over R [42, 45, 62,
66] and Q [10] is decidable. Decidability of termination of linear conjunctive loops over Z
was conjectured to be decidable in [62]. After several partial results [8, 19, 49] this con-
jecture was confirmed recently in [31]. However, [4] shows that for slight generalizations
of linear conjunctive loops over Z, where a non-deterministic update or a single piecewise
update of a variable are allowed, termination is undecidable. Tiwari [62] uses the special
case of our trwn-transformation from Sect. 5 where the loop and the automorphism are lin-
ear. In contrast to these results, our approach applies to non-linear loops with arbitrary
conditions over various rings.

Linearization is another attempt to handle non-linearity, see Sect. 6. While the update of
solvable loops can be linearized [48], the condition cannot. Otherwise, one could linearize
any loop (p = 0,X), which terminates over Z iff p has no integer root. By [31], this would
imply decidability of Hilbert’s Tenth Problem.

In the non-linear case, [43] proves decidability of termination for conjunctive loops on
R4 for the case that the condition defines a compact and connected subset of R4. In [65],
decidability of termination of conjunctive linear-update loops on R¢ with the non-zero min-
imum property is shown, which covers conjunctive linear-update loops with real spectrum.
For general conjunctive linear-update loops on R? undecidability is conjectured. Moreover,
[64] shows that termination of conjunctive linear-update loops where the update matrix has
only periodic real eigenvalues is decidable, which also covers conjunctive linear-update
loops with real spectrum. Here, a special case of our transformation from Sect. 5 with lin-
ear automorphisms is used. In combination with [48], the papers [64, 65] both yield a deci-
sion procedure for termination of conjunctive twn-loops over R. Furthermore, [47] proves
that termination of (not necessarily conjunctive) linear-update loops is decidable if the con-
dition describes a compact set. Finally, [67] gives sufficient criteria for (non-)termination
of solvable loops and [44] presents sufficient conditions under which termination of non-
deterministic non-linear loops on R¢ can be reduced to satisfiability of a semi-algebraic
system.

For linear-update loops with real spectrum over R, we prove VR-completeness of ter-
mination, whereas [64, 65] do not give tight complexity results. The approach from [67]
is incomplete, whereas we present a complete reduction from termination to the respective
existential fragment of the first-order theory. The work in [44] is orthogonal to ours as
it only applies to loops that satisfy certain non-trivial conditions. Moreover, we consider
loops with arbitrary conditions over various rings, while [43, 44, 64, 65] only consider
conjunctive loops over R and [47] only considers loops over R where the condition defines
a compact set.

Regarding complexity, [49] proves that termination of conjunctive linear loops over Z
with update X « A - ¥ + b is in PSPACE if [¥| < 4 resp. in EXPSPACE if A is diagonaliz-
able. Moreover, in [5] it is shown that existence of a linear (lexicographic) ranking function
for linear conjunctive loops over Q or Z is Co-NP-complete.

Our Co-NP-completeness result is orthogonal to those results as we allow disjunctions
in the condition. Moreover, Co-NP-completeness also holds for termination over Z, while
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[10, 62] only consider termination over Q resp. R. Additionally, we showed that k-termina-
tion of uniform loops over Z, @, R,, and R is in XP, where the parameter k is the number
of eigenvalues. This result is also orthogonal to [10, 62] since we again allow disjunctions
in the condition. Furthermore, existence of a linear (lexicographic) ranking function is not
necessary for termination of linear loops. We refer to [29] for further discussion on pos-
sible extensions of our results to uniform loops over S, where however the eigenvalues are
not from S.

Several works exploit the existence of closed forms for solvable (or similar classes of)
loops, e.g., to analyze termination on a given input, to infer runtime bounds, or to reason
about invariants [28, 32, 35, 36, 48, 56]. While our approach covers solvable loops with
real eigenvalues (by Corollary 5.20), it also applies to loops which are not solvable, see
Example 5.23. Our transformation of Sect. 5 may also be of interest for other techniques
for solvable or other sub-classes of polynomial loops, as it may be used to extend the appli-
cability of such approaches.

Appendix

A Proofs

A.1 Proof of Theorem 3.2
Proof

(a) By weak non-linearity, u; = ¢; - x; + p; with x; € V(p;) for all 1 <i < d. Then
u,(u) = ¢; - (¢c; - x; + p;) + p;(W) = C? - x;+c; - p; + pi(i).

Assume x; € V(p,(it)). As x; & V(p;) by weak non-linearity, there is an x; € W(p,) with
x; #x; and x; € V(u;), which implies x; >; x;. But x; € V(p;) also implies x; >; x;,
which violates well-foundedness of >;, i.e., it contradicts the triangularity of (¢, i).
Hence, ¢? is the coefficient of x; in u,(it). Since ¢ > 0, (@ A @(id), (1)) is non-nega-
tive. Note that x; >;, x; implies x; € V(p;) (then we also have x; > x;) or it implies
that there is an x;, € V(p;) with x; € V(i) (then we have x; >; x; and x; >; x;). So in

=i %

both cases, x; >y X; implies x; > x;. Thus, >4, C >;. As >; is well founded, this
means that > is well founded, too. Hence, (¢ A (i), 1(it)) is triangular.

(b) Now we prove that (¢, i) does not terminate on ¢ € S iff (¢ A (i), (i) does not

terminate on é.

(@, 1) does not terminate on ¢

Vn € N. @(ii"(¢)) (by Definition 2.1)
Vn € N. (ii*"(@)) A U*"*'(2))

Vn € N. p(i>"(@)) A () @*" (@)

Vn € N. (¢ A @) ((1))" ()

(@ A @), u(i)) does not terminate on €

11eee
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A.2 Proof of Lemma 4.4

Proof Recall that for f,g : N - R, f(n) € o(g(n)) means
Vm>0.3n, e N.VneN,, . [f(n)] <m-|g(n)|.

First consider the case b, > b;. We have b = b - ()", where 2 > 1. As 7%t € o((2)"),
1 1 1
we obtain n - b € o((32)" - ") = o(b2) C o(n® - bY), i.e., n - b € o(n - b%).
1

Now consider the case b, = by and a, > a;. Then n® - b} € o(n® - b)) trivially holds.

A.3 Proof of Equation (5)

Proof If p(¢) = 0, then k = 0 by Definition 4.5 and hence o(p(é)) = o(k - n“ - b*) = 0(0).
Otherwise, p(¢) has the form

m
ken® b+ Y k;-n% - b
i=1
for k #0 and m > 0. We have kfb"a") € coefs (p(é')) and hence (b,a) >,,, (b;,a;) for all
1 <i < m. Thus, Lemma 4.4 implies n® - b € o(n - b") and we get

o(p@) =o(k-n"-b"+ 37" ki -n%-b') =on® - b") = o(k - n* - b").

A.4 Proof of Equation (6)

Proof If k = 0, the claim is trivial, so assume k # 0, i.e., p(¢) = k - b" - n* + p’ for some
p' € NPEg. By Lemma 4.4 we have

p €o(k-b"-n%)
= Vm>O.EInOEN.VnEN>nO.|p’|<m'|k~b"-n“|
= dn,eN.VneN,, .|p'| < |k-b"-n|.

>n,
Assume k > 0. Then

ng eN.VReEN,, . p'] < |k-b" - n9

Ing eN.VREN,, . —p <|k-b"-n‘|
Iy eN.VReEN,, . —p' <k-b"-n

g €N.VReN,, . 0<k-b"-n"+p'
ng eN.VREN,, .0 < p(@)

Ing €N.VneN,, . sign (p(@)) = sign (k).

[

If k < 0, then
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Ing €N.VREN,, . [p'| <|k-b"-n‘|

g €EN.VREN,, .p" <|k-b"-n
IngeN.VREN,, .p' <—k-b"-n

g €N.VREN,, . k-b"-n"+p' <0
Iny eN.Vn e N>n0.p(2) <0

dng €N.Vn€EN,, . sign (p@) = sign (k).

peeel

A.5 Proof of Lemma 4.7

Proof We have p € NPE[X], so p(¢) € NPEg for any ¢ € &¢. Hence,
IngeNVreEN,, p@ > 0 iff unmark(max, (coefs(p@))) >0  (by (6)).

Let coefs (p) = {(xib"“‘), ,a(fb”’a")}, where afbi’a’) <coef ajbjﬂ") for all 1 <i<j<?. If
p@ =0, then & @=..=a,@=0 and thus coefs(p@)= {017} and

unmark (max, (coefs (p(@)))) = 0. Otherwise, there is an 1 < i < ¢ with
unmark (max, _ ( coefs (p(€)))) = a;(¢) # 0 and a;(¢) = O forall i+ 1 <j < 7.

So when defining red (p > 0) and red (p > 0) as in (7), we obviously have

unmark (max, (coefs (p(@)))) >0 iff (red(p > 0)) (@) holds.

Hence, (8) is equivalent to
Ik e & red(p0). (16)

The time needed to compute and sort coefs (p) is polynomial. Furthermore, red (p > 0) is
a disjunction of at most # + 1 subformulas, where each subformula is a conjunction of at
most # (in-)equations over coefs (p). Thus, the time needed to compute red (p > 0) resp.
(16) is polynomial in the size of p.

A.6 Proof of Theorem 4.9

Proof We have to prove
9) = FTie s red(®) (17)

where red (&) results from replacing each atom p>0 in & by red (p > 0). Since each
red (p > 0) can be computed in polynomial time due to Lemma 4.7, the computation of the
formula “3% € &7. red (£)” clearly works in polynomial time, too.

To prove (17), we introduce the notion of a fundamental set. Let p; >, 0,...,p, >, 0

denote the atoms in &. We call a subset / C {1, ..., k} fundamental if \,;p;>;0 => &.
Recall that w.l.o.g., we can assume that £ does not contain any connectives except A and V.
Thus, whenever & # false, the formula & must have fundamental sets. Clearly, we have
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% € & red(£) < 3 fundamental set /. 3% € S°. /\IEI red (p; >; 0).

Thus, to prove (17), it suffices to show the following:
(9) < 3 fundamental set /. I € §'. A\ _ red (p; >, 0). (18)
For the “«—="-direction, assume there is such a fundamental set and 8 € &, i.e.,
Nis 1ed > 0@)
is valid. Then as in the proof of Lemma 4.7, for each i € I, there is an n; € N such that
Fes . vneN,,. p>0.

As [ is finite, n,, = max {n,-|i el } exists. Hence, we get

Wes.vne N, o Pi i 0.
Since I is fundamental, this implies (9).

For the “=="-direction, assume (9). Then there is an ¢ € S? and an ny € Nsuch that for
each n € N,, , there is a fundamental set /, such that Nie; Pi(€) >; 0 holds. As there are
only finitely many fundamental sets, there is some fundamental set / that occurs infinitely

often in (1,),cn. - Hence we get
>nq
Ing eN.I¥nEN,, . /\ielpi(é) >; 0. 19)

By definition of poly-exponential expressions, each p,(€) is weakly monotonic in n for large
enough n. Thus, (19) implies®

Ing eNVreN,, . \_,pi@ 0.

Asé € &, there is a fundamental set / such that 3% € S*. A, red (p; >; 0) holds.

A.7 Proof of Theorem 4.10

Proof By Corollary 3.3, termination of twn-loops is reducible to termination of mn-
loops. Given a mn-loop (¢, 1), we obtain g,,,, € (NPE 5[35])d such that (¢, ) is (even-
tually) non-terminating iff (4) holds, where @ is a propositional formula over the atoms
{a >0, > 0| a € S[X]}. Hence, ¢(G,,,,) is a propositional formula over the atoms

> This corresponds to the observation that if the loop condition is a disjunction (and hence also & is a dis-
junction of the form &, Vv &,), then non-termination of the original loop implies non-termination of one
of the loops where instead of the disjunction one only takes one of the disjuncts as the loop guard. The
reason is that for every fundamental set / and every ¢ € &, Nici i@ >0 = (£,(@) V &(¢)) implies
Nict i@ >0 = £@) or \ig; pi(@)>;0 = &(é). The restriction to fmn-loops implies that the
closed forms are poly-exponential expressions and hence, that the p,(é) are weakly monotonic in n for large
enough n. Therefore, the above argumentation in the proof shows that there is a fundamental set / such that
Nic; Pi(@) ;0 holds for all large enough n and thus, for some j € {1,2}, @(E) holds for all large enough n
as well. Hence, the loop would also be non-terminating if one only takes the corresponding disjunct as the
loop guard.
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{p>0|p e NPE4[X],> € {>,>}}. Thus, by Theorem 4.9, validity of (4) resp. (9) is
reducible to Thy (S).

A.8 Proof of Corollary 4.11

Proof Again, by Corollary 3.3, termination of twn-loops is reducible to termination of tn-
loops. By Theorem 4.10, termination of tmn-loops is reducible to invalidity of a closed
formula y € Thg(S). If S = R, then validity of y is decidable, and if S=Z or S= Q,
then validity of y is semi-decidable [13, 61]. But y is valid iff the loop is non-terminating.
Hence, non-termination is decidable for S = R, and semi-decidable if S=Z or S= Q.
The claim (b) for S = R, follows since deciding non-termination is equivalent to deciding
termination. Finally, (a) and the claim (b) for S = R follow due to elementary equivalence
of R, and R.

A.9 Proof of Lemma 4.12

Proof We have:

¢ witnesses eventual non-termination of (¢, i)

Ang € N.Vn €N, . (0(Gpom)) (@) (by (4))
Ing €N.VrneN,, . £(@)

red (&)(€) (as in the proof of Theorem 4.9)

111

A.10 Proof of Lemma 5.6

Proof Let (¢, i) be a loop. Since idg[lz] = idgpy;, we obtain Tr idg, (p,u) = (¢',u’) with

/

— i1 —
=idg (@) =9

"= (idy ofioidg))() = WH = i

ST

Now we take 7,1, € Autg(S[x]). Note that (q0m)~' =n;'on;!.  Let
Ty on, (@, 1) = (¢, 84"), Tt , (@, 4) = (¢",u"), and Tr, (¢",u") = (¢",ui""). We have

@ =y on o)
o =n' ()
(pl// n;l((pl/)
ny (7 (@)
1y ony (@)

Moreover, we have
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i = (ny'ony " olion; ony)(X)

= (1,(®) (@) @ (7' @) (15 @)
B = (n olion)(®)

= (m () @ (' @)
u" = (ny'oli" ony)X)

= 912(3)) (m () @) (' @) (13" X))
=u'

A.11 Proof of Lemma 5.7

Proof Leté € &% and n € N. Then
@' (@Y ((n(®) (€)))
= 71 e) (@) (1)) (€)))
= @[X/n7 @] [X/u'1[x/n®@)][X/e]
——

n times
= @R/n ' @1 RX/n@®] [X/d] [X/n7'@]1[E/n@)][X/€]
;Y_/
n times
= ¢ [x/u] [%/e]
——

n times

= (")

A.12 Proof of Theorem 5.10

Proof In Corollary 5.8, we have seen that if ¢ is a witness for (eventual) non-termination
of (¢, 1), then 7(¢) witnesses (eventual) non-termination of Tr , (¢, %). Now let ¢’ be a wit-
ness for (eventual) non-termination of Tr , (¢, i). Then by Corollary 5.8, n~!(¢') witnesses

. . .. Lemma 5.6 i N ~
(eventual) non-termination of Tr (T (@ou) = T -1 (@, u) = (@, u). Hence, 7

maps witnesses for (eventual) non-termination of (¢, i) to witnesses for (eventual) non-
termination of Tr , (¢, 1) and #~! maps witnesses for (eventual) non-termination of Tr (@ i)
to witnesses for (¢, ). These two mappings are inverse to each other: For ¢’ € S we have
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AT @) R
= (' @)E")) (by definition of #~1)
= @) @)@')  (by definition of 7)
= n®F/ T ®]1E/e']

e /

RUG)
= TH((IE)E) (by definition of 7)
(' @)NME)@)  (by definition of 771)
= 7 ®E/MEIE/E)

= e.

Hence, 7 is indeed a bijection with inverse mapping 7L

A.13 Proof of Lemma 5.12

Proof Leté’ € 7j(F). Thené’ = 7(¢) for some é € F. As F is u-invariant, we have 1i(é) € F.
We obtain

@'@ = (@)@ o' @)E"

= (@) @) (17" () (1) @)
(n()) (@) (€)
1(i(é)) € n(F).

A.14 Proof of Lemma 5.13

Proof Let F be defined by wi € Thy(S,Ry). Consider the following formula
w € Thy(S,Ry):

3 € RY. v G) AT = (1)) G).

Then y(2) holds for ¢ € R4 iff € = 7(u) for some ii € R? with y(id), i.e., with i € F.

A.15 Proof of Theorem 5.15

Proof As (g, 1) is solvable, there is a partitioning 7 = {J}, ..., J, } as in Definition 2.3, i.e.,

{1,....d} = L+Jf=l Jiand i, =A;-X; +p, for all 1 <i <k, where p; € (SI%;_,....%; %

W.l.o.g., X is ordered according to 7, i.e., if x;, €J; andx; €J; for j; <j,, theni; <i,
For each A, let O, =T, A;- Tl.‘1 be its Jordan normal form, where T; is the corre-

sponding transformation matrix. Since A; has only real eigenvectors, this means that
the entries of Q,, T;

i

and Ti‘l are real algebraic numbers. Let # be the endomorphism
defined by n(?cji) =T, -?cji. This means that # is induced by the block diagonal matrix
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-

Diag(Ty, T,, ..., Ty). Then 5 is an automorphism and its inverse satisfies n~'(X;) = 7' - ;.
Furthermore, the degree of # is obviously 1. Moreover, 7 and ! are compatible with the
partition, i.e., the images of the variables in X 5, under n and n~! are polynomials only using
the variables X j- Foreach1 < i < k we have:

(™! °ﬁ°f1)(31i)
ﬂ(x_}i)[f/ﬁ][%/’?_l(f)]

(T;- %, ) %/ullx/n~ @)

(T; - ﬁj,,)[}/ﬂ_l(?f)]

(Tl : (Ai ';CJ, +l_5i))[3é/’7_1(})]
( }j‘. + T, f),)[ff/f?_l(})]
(

(

(

T;-A; -

A X)X/ 1+ (T3 ) %/ @)
A -

X

~

~

T %) + (T 5) G/ )
%) + (T3 B) /0™ @)

Q

i

We have T;-p; € SI%; ... ,}Jk]df. Therefore, (T;-p;)[X/n~'(®)] € RIET ,},k]di as
well, since #~! is compatible with the partitioning. This implies that Tr o (@, 1) is weakly
non-linear. As we assumed that X is ordered w.r.t. the partitioning and each Q, is triangular,
Tr (¢, 1) is triangular, too. Thus, Tr, (@, %) is in twn-form.

A.16 Proof of Lemma 5.18

Proof Let 6 = deg(n). For any k € N, there is only a finite number of monomials over X of
d+k-1
k
Theorem 6.11 (b).) Hence, for any 1 <i < d we can construct the following term that

stands for 71 (x,):

degree k. (The number of monomials of exactly degree k is , see the proof of

- -
m is a monomial of (at most) degree §4-1 LM

Here, the monomials m contain the variables X and the a; , are variables that stand for the
unknown coefficients of the polynomial 77! (x,).

Hence, for any 1 < i < d we now build a formula p, ; which stands for the requirement
“(non™")(x)) = (n7'(x)) (X)) = x;” (i.e., that n~"is a right inverse of ):

PN a . m) = Xx;
Pr.i ZM is a monomial of (at most) degree §4-1 %M 7]( ) t

Similarly, for any 1 <i < d we construct a formula p;; which stands for the requirement
“(;1‘1 on)(x,—) = (n(xl-))(n‘l(?c)) =x;” (i.e., that n~'is a left inverse of #):

.o X 2 a.  -m)=x.
Pui n( ’) < m is a monomial of (at most) degree 541 &M > t

Thus, the formula
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vieR. AL siA AL o 20)
is valid iff # has an inverse of degree at most §¢~!. By Theorem 5.17, this is equivalent to
the question whether # has an inverse, i.e., whether # is an automorphism. Unfortunately,
(20) ¢ Thg (R,). However, /\f."l:1 Pri A /\f."l:1 p;; has to hold for all X € R4. So, we can
reduce this formula to a system of equations: one simply has to check whether there is an
instantiation of the unknown coefficients a; ,, such that all monomials in p, ; and p,; except
x; get the coefficient O and the monomial x; gets the coefficient 1. When building the con-
junction of these equations and existentially quantifying the unknown coefficients a; ,, one
indeed obtains a formula from Thy (R, ).

A.17 Proof of Theorem 5.19

Proof Foreveryl <i <d, let

rl(xi) = Zm is a monomial of (at most) degree & bi’m s,

where the b; ,, are variables that stand for unknown coefficients. By Lemma 5.18 there is a
Thy (R )-formula that contains both b, and the variables a;,, (for the coefficients of nh
which expresses that 7 is an automorphism.

Furthermore, using these coefficients we can construct a formula from Thy(R,)
which expresses that the update @' = (u),...,u) = (7~ 'olion)(X) is twn: We have
deg(') = deg((n~" otion)(X)) < deg(n™") - deg(@) - deg() < 67" - deg(@) - 6. So there is
a bound on the degree of the polynomials in the transformed loop Tr (¢, #). For every
1<i<d,let

]

’
u, = z A Cipn®
i m is a monomial of (at most) degree 69-1-deg()-6 ™

where the variables c;, stand again for unknown coefficients. Now we can build a

ijm

Thg (Ry)-formula which is valid iff %@’ is in twn-form by requiring that certain coef-

ficients c;,, are zero. Moreover, we can construct a Thg (R,)-formula which is valid iff
W = (n~'olion)(X).

A.18 Proof of Corollary 6.3

Proof The proof is by induction on n. The induction base n = 0 is trivial. In the induction
step n > 0 we obtain

W@t @)

= Ww(i" (u(€)))
= ("Y' (w(u(e))) (by the induction hypothesis for #i(¢) € S%)
= @@")" (@' (w(@))) (by Definition 6.1)

= @'y (@)
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A.19 Proof of Lemma 6.6
Proof

(a) If there is no ¢ € S such that ¢’ = W(¢), then ¢'[y/é ] is false by Definition 6.4.
(b) Foranyn € N, we have

@'[y/ @'y (W)

@'/ w" @))] (by Corollary 6.3)
@[/ @) A /\, 41 (3, /W@ @)] — w,[X/i"(@)] = 0) (by Definition 6.4)

Q[xX/u"(@)] A /\, sl (w,(@"(@)) — w;(@"(@€)) = 0)

pX/u"(€)] A /\l a1 0=0)
p[x/u"@)].

Hence, (¢, i) terminates on ¢ € &7 iff (¢/, ') terminates on W(&).

I[IIIIIIH

A.20 Proof of Lemma 6.9

Proof The claim (a) is obvious. The claim (b) is proved by induction on i. In the induction
base, leti = d. Since x, is minimal w.r.t. >, we have depdeg(x,) = 1 < deg® = deg®*
In the induction step i < d, the claim is obviously true if p; = 0. Otherwise, we obtain:

depdeg ;(x;)
max {1, depdeg;(p;)}
max({1} U {depdeg (m) | m is a monomial in p;})

= max({1} U {Z i1 % depdeg;(x)) | xl":]' o -xZ” occurs in p;})

< max({l}u {Z i1 % deg = |x“' e xd"' occurs in p;})  (by induction hypothesis)

< max({1}u {degd L i ,+| Zlx ,;1' T 'XZ” oceurs in p;})

< max({1} U {deg?="! - deg}) (as z}‘.’zmzj < deg)
= deg®!

The claim in (c) immediately follows from (b).

A.21 Proof of Theorem 6.11

Proof Letz,,...,z, € N. We first show that for all monomials m inu}" - ... - 1 we have
depdeg (m) < depdeg (x]' - ... - x;). )
To prove (21), note that m must have the form m,-...-m;  -...-myy-...-my_,

where the monomial m,; occurs in u; for all 1 <i<dand1<j syzi. Therefore, we have
depdeg (m;;) < depdeg (x;). This is clear for m;; = x; and for m,; # x; it follows directly
from the definition of the dependency degree in Definition 6.8. Hence, we can now prove

(21):
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depdeg (m) depdeg (m; ;) + ... + depdeg (md’zd)
7, - depdeg (x;) + ... +z, - depdeg (x,)

depdeg (xi‘ e -xZ").

iIA -l

Now assume that (a) were not true. Then consider the first execution of Line 4 where we

compute an update v’ for a monomial m with depdeg-(m) > mdepdeg. The monomial m
m u

. . z Z - . z b4
resulted from taking a monomial x' - ... - x/ from v and constructing u)' - ... - u;, where

m occurs in ui' Caee “Zd . Since m is the first monomial whose dependency degree is greater

than mdepdeg, we have depdeg;(x}' - ...-x.) < mdepdeg. But by (21), this implies
depdeg ;(m) < depdeg a(xi‘ . ~xfi”) < mdepdeg, which contradicts our assumption.

For (b), since we do not build any update u:n for the constant monomial m, (a)
implies that the number of non-constant monomials m over the variables X with
depdeg (m) < mdepdeg is an upper bound on the number of executions of the while-loop.
As we have deg(m) < depdeg (m) for any monomial by Lemma 6.9 (a), this number is
bounded by the number of monomials over the variables X with a degree between 1 and
mdepdeg.

The number of monomials over d variables with the exact degree mdepdeg is

d + mdepdeg — 1
< mdepdeg
parts) and the number of monomials over d variables with a degree between 1 and mdepdeg

; d " d+1 - d+mdepdeg — 1\ _ [ d+ mdepdeg 1
S\ 1 2 mdepdeg - mdepdeg ’

Termination of Algorithm 3 follows from (b) since the while-loop is only executed
finitely often.

> (this is the number of so-called weak compositions of mdepdeg into d

A.22 Proof of Theorem 6.12

Proof The statement in (a) is obvious from Algorithm 3 and Theorem 6.11, the claim in
(b) follows from Lemma 6.6, and the linearity of the update in (c) is again obvious from
Algorithm 3.

It remains to show that (¢’,u’) is triangular and non-negative (i.e., it is weakly non-
linear and the coefficient of the monomial y,, in i is always non-negative).

For triangularity, we again assume that x; >; x; implies i > j for all 1 <i,j < d. Then we
show that y,, >z y,, implies m’ > m, where > is the lexicographic ordering on monomials.
Thus, if m’ = ¥" and m = ¥, then m’ > m holds iff 7’ >, 7. Since > is well founded, this
implies the well-foundedness of >, i.e., the loop (¢’, u') is triangular.

. Z Z .
So let m’ # m and y,, occur in u,’ﬂ,. Ifm = x]' B 'xd", then this means that m occurs
. 2y 24 _ .
inouy' -y Thus, m=myy - ooomy oo oomgy e mg . Where my; occurs in u;

forall1 <i<dandl <j<z. Hence, we have m;; = x; or m;; only contains variables x;

with x; >; x;. Thus, x; > m;;, where > is the reflexive closure of >. Hence, this implies

/— L Fl 2d — : /
m =X X Emy ey Mgy oMy, =m. Since m’ #m, we have

m' > m. As > is the transitive closure of {(y,,,y,,) | m occurs in u/ ,}, the claim follows.
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<1

2d —
e uy, where w; = ¢; - x; + p; for

For non-negativity, note that u’., ., results from u
Xl '...'.Xd
all 1 <i<d, and where ¢; > 0 since (@, u) is a tmn-loop. Hence, vy, 7 only occurs in
R
/
Uar )
¢y - ... - ¢y = 0, this implies non-negativity of (¢’, ).

., in the addend c| - ... c;-ya. . Since this is a linear monomial and since
. Y

A.23 Proof of Equation (15)

Proof We have

| I
™M M
TR
(=} (=)

S

d
24 . (degd‘l) +d?
od+1d(deg)-(d-1)d 4 Hd+1d(d)d
9 . 9d+1d(deg)-(d—1)d

A
™M
T
L~ ©
A~

IAI

A.24 Proof of Lemma 7.8

Proof In the following, leti = A - X.

<«: Let >; be a total ordering and A the unique eigenvalue of A, i.e., the diagonal of A
only contains 4. We now prove that the matrix A — 4 - 19%d has rank at least d — 1, i.e., its
kernel, which is the eigenspace of A w.r.t. 4, has dimension at most 1. As 4 is an eigenvalue
of A, its eigenspace then must be exactly one-dimensional.

Since A is triangular, so is A — A - 194, As > is a total ordering, the super-diagonal
of A — A -1 contains only non-zero values, whereas its diagonal contains only zeros.
Thus, by deleting the first row and the last column of this matrix, we obtain a triangu-
lar (d — 1) X (d — 1) submatrix B whose diagonal is the super-diagonal of A — 4 - I™*?, ie.,
it contains only non-zero values. Thus, the product of the diagonal entries of B is non-
zero, i.e., det(B) # 0. But B is a submatrix of A — A - I%4 je., A — A- I has a non-zero
(d — 1) X (d — 1) minor. Hence, rank(A — A - I¥*¢) > d — 1.

= Let us assume that >; is not a total ordering. In this case, the super-diagonal of

A — A - 19 contains a zero and its diagonal contains only zeros. Due to triangularity, its
rank can be at most d — 2. Thus, A has at least two linear independent eigenvectors.

@ Springer



Formal Methods in System Design

A.25 Proof of Lemma 7.12
Proof Let Q be the Jordan normal form of A. From the form of Q7 in Fig. 9, we directly
obtain the following observation:

For all 1 € spec(A) and 1 < r < v(4), the (idx (4) + r)-th element of g

= v(d) n — (22)
= Qn XIS Z.v:r (s — r) A . xidx(ﬂ)+s'

For s — r € N, in general < G > is not a polynomial in the variable n, as one has to dis-

tinguish the cases n < s — r and n > s — r. But since our approach from Sect. 4 analyzes
eventual non-termination, we are only interested in validity of formulas for large enough n.

Thus, we may assume n > s — r. Then, <s f - is indeed a polynomial from Q[n] of

degree s —r, i.e., there are coefficients c,_, ;€ Q such that for all n > s —r we have

n s o
<s—r> - ijocs—rj nl

In fact, ¢, , = SirG=rd)

smrj = where stir is the signed Stirling number of the first kind (see,

(s—r)!

e.g., [27, Ch. 6]). While stir’s formal definition is not of interest for us, we use
stir (s — r,s — r) = 1 # 0. We obtain the following from (22).

For all A € spec(A) and 1 < r < v(4), the (idx (1) + r)-th element of g,,,,,, is

v(4) s=r _s . . (23)
Zszr(Zj:o Comrj " Xidx(ays - A0 1+ 1) € NPEG[R].
Re-arranging the order of summation of the closed form in (23) yields
v(4) s—r —g :
Zs=, (2]‘:0 Cs—rj " Xidx (A)+s AT An)
_ V(4 v(A)—s —5—7 S—
= 2o ( =0 Csmrtis—r " Xidx (s AT T (24)
o ~
i
=a,
Here, a; is a linear polynomial in the variables x4, (115 -+ s Xidx (2)4v(2)- NOte that the coef-
: . : —s __ Stir(s=r,s—r) —s 1 -
ﬁ01ent Of 'xidx(l)+s mn ag 1S CS_,.,s_r AT = W AT = (v—_r)’ AT ?é O

By (23) and (24), the elements of g,,,,, are hierarchical expressions. Note that here we
indeed need stir (s —r,s —r) = 1 # 0, i.e., deg, . (a)=1
A.26 Proof of Lemma 7.19
Proof We have

p = f(0,...,0)+21g5k3r€m) coeff (f, x,) - h,. (25)

Moreover, for every 1 <i < k and every r € B, the hierarchical expression /4, has the form
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(d

(a)

(©

(b)

Vit

h, = Z By -n" - A, where B, € Qglxg, ..., x, 4 4y liin- (26)
Ss=r

Here, A; # bforalll <i <korA; =bforsomel <i < kbut F(i) = 3. Moreover, b # 1
or a > 1. Hence, (25) and (26) imply that there is no a, with b, = band a, > a.

If 4;#1foralll <i<kor A =1forsomel <i<kand F(i) =0, then in (d) we
already showed that there is no a, with b, = 1 and a, > 1. However, there is an a, with
b, =1and a; =0, viz. &, = f(0, ..., 0). Thus, we have a, = 0iff f(0,...,0) =0.

The largest number in B;isv, + ... +v;. Soifa > v; + ... + v; — min F'(i) then we have
zero (b, a) = true. This is sound because then there is no a, with b, = b and a; = a.
Hence, we now consider the case a < v, + ... +v; —minF(i). Since 4; =b and
F(i) # 0, there is an «,, with b,, =b. Let 1 <5, < be the largest number with
by, = b= 4;. By (25) and (26), the corresponding addend a, -n%o - b;‘n of p has the

form coeff (f, x,) - B, 4. 4, 1

S
Vit Ayimr, A? for the smallest possible r € F(i). So we

get

5 — <AV —min F(i
aso : na'O : b:~l0 - COeff(f, xminF(i)) : ﬂminF(i),v]+...+v‘- ! nVI+ T /1:1
Here, Brin riiyv,+..+v, € QS[xv|+...+vi]lin and in fact, Brnin Flywy 4oy, = € Xy, for
some ¢ # 0. Hence, a, = Ois equivalentto x, , ,, =0.
Now consider the second largest number s; = s, — 1 < £ such thatb, =b = ;. By
(25) and (26), for a, =vi+...+v,— min F(i) — 1 we obtain

s . — . . a\ . n
a, -n® b = Z coeff (f, x,) ﬂr’rﬂﬂ n - A7,
r€F (i), min F(i)<r<min F()+1
where ,[irq,JraSl € Qs[x,.wjl s +--> Xy 4. 4, iin- By taking into account that x, , ,, =0,

this simplifies to
a -n% Pt = coeff(f X )ﬁ . . _nv,+m+vi—minF(i)—1

S| 51 > “Ymin F (i) 'min F(i),v,+...+v;,—1 .

HCI'C, ﬂminF(i),vl+...+vl—1 € QS[xvl+m+v‘-—l’xvl+m+vi]1in‘ But when again taking into
account that x, , ,, =0, in fact we have B, r)y 4. 4v,—1 = ¢ * X, 44, 1 for some
¢"#0. Hence, a; =0 is equivalent to Xy 4.4+v-1 =0, or in other words (as
Vit...+v,—1=minF@) +aq,)to Xinin Fiya, =

We repeat this reasoning until we reach an s’ <¢ with a, =a. Thus,
a, =0 for all s <¢ with by =b=4; and a; > a is equivalent to x; =0 for all
minFi@)+a<j<v,+..+v,le.,to /\jEB,-,cH—minF(i)gj (x; = 0).

To ensure that @, =0 for all 1 <s<¢ where b, =1 and a, >0, we have to
show that this holds if a, > 1 and if a, = 0. The former case is equivalent to
zero(1,1) = /\jeBi!minF(M (xj = 0) according to (c).

If b, = 1and a; = 0, then (25) and (26) imply
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& =fO0..... 00+ Y coeff(fx,) - .

where f,, € Qglx,,....x, 4, lin Clearly r € F(i) implies r > min F(i). Taking

into account that x; = 0 for all min F(i) <j < v, + ... +v,, we therefore obtain
@ = f(0, ....,0) + coeft (f, Xuin £(1) * Binin (i) min Fiiy»
where rin £ min F) = CminF() * *min (- Therefore,

a, =0
= f(O,...,0)+ coeff(f, Xmin i) " Cmin FG) * Xmin FG) = 0
= Xninrp) = M-

A.27 Proof of Lemma 7.21

Proof

(a) As in the proof of Case (a) of Lemma 7.19, we have a, =f(0,...,0) and thus
a, >0 < f(0,...,0)> 0. In this case, for all 5, <s < we must have b, > 1.
Hence, /\f:s(,+1 (0,=0) = A,

(b) Now (bSO,aSO) =(1,0), /11-0 = 1for some 1 < iy < k, and F(iy) # . By Lemma 7.19 we
obtain that @, = 0 for all 5, < s < £ with b, = 1is equivalent to zero (1, 1), and &, = 0
for all 5, < s < £ with b, > 1is equivalent to /\f:io +1 Zero (4;,0).

Finally, as in the proof of Case (b) of Lemma 7.19, we get

i).4>1 2ero (4;,0) by Lemma 7.19.

ay =£(0,...,0) + coeff (f, Xinin i) * Prmin Fiig)min Fiig)>

with ﬂminF(iO),mm Fliy) = CminF(iy) * *min F(iy)* For C = coeff (f, xyin F(io)) * Crmin F(iy)®

aSo>0
= f(07~~~50)+C‘xminF(i0) >0

C f(0,...,0)
IC| : xminF(iD) IC >0
fQ....0) > 0.

— Sigl’l (C) ° xminF(io) + ICl

(c) If bSO <1, f0,...,0) #0, and either 4, # 1 for all 1 <i<k or /lio =1 for some

1 < iy <k and F(iy) = @, then /\f=50+1 (as = O) is false. The reason is that coefs (p)
contains a""” with s, < s and since there is either no 4, = I, or 4, = 1 for some
1 < iy < kbut F(iy) = @, we have a, = f(0, ...,0) # 0.

(d) In the remaining case, since b # 1, there must be an 1 < i, <k with 4; = b, and
F(iy) # 0. By Lemma 7.19, a, = 0 for all s, < s < £ with by = b, = 4, is equivalent
to zero(4;,a, +1), and a; =0 for all s, <s < ¢ with b, # b, is equivalent to
/\i;in +1 2e10(4;,0). Finally, (25) and (26) from the proof of Lemma 7.19 imply
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a=z coeff (f, x,) - B, - no /1”
So re€F(ip).r<vi+...4v, —a (. r) ﬂ“”’“:o

S0

for ﬁr,rmm S Qs[xrmso, ’xv]+.“+v;0]lin' Clearly r € F(i,) implies r > min F(i;).
Considering that x; = 0 for all min F(iy) + a, <j <v; + ... +v;, we therefore obtain

n

j— a, .
a, = coeff (f, Xpin i) - ﬁminF(il)),minF(i(,)+um s /1,-0’

where  Brin (iy).min Fiy) vay 1S Comin Fligyray, * Xmin Fpyra, Let sg = sign(coeff

f, Xin FGip)) " Cmin Fiy) +a.v0)' Thus, ag > 0is equivalent to sg - X,;, Flig)+ay, > 0.

A.28 Proof of Lemma 7.32

Proof For any 0 < s < ¢ we have cndAssg (py) C cA, where
cA={ve{0,1, -1, *}d|V1 5isk.thereisatmostonejeBiwithvj#O}.

Now we over-approximate the cardinality of cA. If v € cA, then for every 1 <i <k, we
have v; # 0 for at most one j € B;. So for the values v; with j € B;, there are 3 - |B | + 1 pos-
51b111tles either exactly one of them is 1, —1, or *, or we have v; = 0 for all j € B;. When
combining this result for all 1 < i < k by multiplication, we obtam | endAssg (pf,,)| <

k k
|cA|=H( |B|+1 = 3v+1 (3 max{v|1<l<k}+l)
=1

i=1 i

A.29 Proof of Corollary 7.34

Proof We show that £ < d + 1 for | coefs (p)| = . Then the result follows from Lemma
7.32 and the definition of cndAssg, since cndAssg (ic (p > 0)) C Uf:o cndAssg (py ). The
number of coefficients of p is determined by the number of terms of the form a - n* - b"
occurring in p. But these terms are connected to the bases 0 < 4; < ... < A, of the hierar-
chical k-partition: either b = 4, for some ]l <i<kand0<a<v,—lora=0and b =1

So we have at most 1 + Zf;] v;=1+4+dsuchtermsinp,ie.,? <d+ 1

A.30 Proof of Theorem 7.36

Proof Soundness: If Algorithm 4 returns T, then there is a Vv € cndAssg (ic ((p(ib))
where ic (p(h))(¥) is satisfiable, i.e., a w € S where V[ % /w] is a model of ic (@(h). So
3% € &. ic(p(h)) is valid.

Completeness: Let y = ic (@(h)) and let 3% € S”. y be valid, i.e., there is a ¥ € S such
that y (V) holds.

We have to prove that there is a V' € cndAssg (ic (@(h))) where w(7)| is satisfiable.
Then the claim follows as the algorithm calls SMT on y(¥')| and thus returns T.

Note that ¢ is a propositional formula only built from the connectives A and V, i.e., it
does not contain . By construction, ic (qo(ib) results from ¢ by replacing each atom f >0
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by ic (f' (71) > 0). So similar to the concept of fundamental sets in the proof of Theorem 4.9,
there is a subset { ic (f; (ﬁ) >, 0),..., ic (fe(ﬁ) >, 0)} of these formulas such that v satisfies
them all and such that satisfying these formulas is sufficient for satisfying y.

Let 7, ..., £, be the numbers of coefficients in the poly-exponential expressions f; (i;),
... f,(h). By Corollary 7.25, ic (f,(ﬁ) >.0) has the form \/f;1 Py OT \/:10 py s for each
1 <r < e. So for every r there is at least one s where pfﬂs(T/) is true. But due to the construc-
tion of p; , in Lemma 7.21 and Corollary 7.23, for every v there is at most one 0 < s < 7,
where oy ,A-(T;) is true. Thus, for every 1 < r < e, there is a unique 0 < s, < ¢, where Prs. )
1s true.

Let By, ..., B, again be the blocks from the k-partition 4, ..., h,. Note that if there is a
block B; and some p;, , requires x; with j € B; to be non-zero, then p, , requires all x; with
Jj' >jand j € B, to be zero. Thus, since V satisfies all formulas p, ; for1 < r < e, for each
B; there is at most one r € B; where some p; ; requires x; to be non-zero. Hence, we can
assume that for each block B; there is at most one j € B; where v; # 0.

(i) Case 4; =1 forsome 1 < i, <k :In this case, for the non-zero entries in v belong-
ing to indices in B; with i # i, only their sign is important since the formulas
requiring them to be non-zero are interval conditions according to Definition 7.27
(b) resulting from Lemma 7.21 (d). So these entries can be chosen to be 1 or —1.
If there is a (unique) non-zero value v; with j € B, its value is indeed important:
the formulas requiring this value to be non-zero have the form of Definition 7.27 (e)
(in Lemma 7.21 (b)) or Definition 7.27 (d) (in Lemma 7.21 (d)) or Definition 7.27
(c) (in Corollary 7.23). Thus, let

0, ifvj=0
o *, ifvj;&O/\jeB,»0
J 1, ifvj>0/\j§£BiO
-1, ifvj<0/\j¢Bi0

As discussed before, w(V')| is satisfiable as (Prs, A A pf(,,s‘,)(v ) is satisfiable by
construction: If the formula contains x, then assigning x the unique non-zero value
v; # 0 for j € B, is a satisfying assignment.

(i) Cased; # 1 forall 1 <iy <k:lIn this case, p; ;. ..., p, are interval conditions
according to Definition 7.27 (a) or (b). Thus, only the sign of the non-zero values in
v is important to satisfy these formulas. Hence we define

0, ifvj=0
vi=<1, ifv,>0
J J

-1, ifv; <0

Thus, w(V')| is satisfiable since (pfl s N Ay "%)(T/’ )| is true by construction.
So in both cases V' € UlSrSe cndAssg (pf”s,) C cndAssg (v), i.e., Algorithm 4 returns T.
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