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The detection of gravitational waves resulting from the coalescence of binary black holes by
the LIGO-Virgo-Kagra collaboration has inaugurated a new era in gravitational physics. These
gravitational waves provide a unique opportunity to test Einstein’s general relativity and its mod-
ifications in the regime of extreme gravity. A significant aspect of such tests involves the study
of the ringdown phase of gravitational waves from binary black-hole coalescence, which can be
decomposed into a superposition of various quasinormal modes. In general relativity, the spectra
of quasinormal modes depend on the mass, spin, and charge of the final black hole, but they can
also be influenced by additional properties of the black hole spacetime, as well as corrections to the
general theory of relativity. In this work, we focus on a specific modified theory known as dynamical
Chern-Simons gravity, and we employ the modified Teukolsky formalism developed in a previous
study to investigate perturbations of slowly rotating black holes admitted by the theory. Specifically,
we derive the master equations for the Wy and ¥4 Weyl scalar perturbations that characterize the
radiative part of gravitational perturbations, as well as the master equation for the scalar field
perturbations. We employ metric reconstruction techniques to obtain explicit expressions for all
relevant quantities. Finally, by leveraging the properties of spin-weighted spheroidal harmonics to
eliminate the angular dependence from the evolution equations, we derive two, radial, second-order,
ordinary differential equations for Wy and W4, respectively. These two equations are coupled to
another radial, second-order, ordinary differential equation for the scalar field perturbations. This
work is the first attempt to derive a master equation for black holes in dynamical Chern-Simons
gravity using curvature perturbations. The master equations we obtain can now be numerically
integrated to obtain the quasinormal mode spectrum of slowly rotating black holes in this theory,

making progress in the study of ringdown in dynamical Chern-Simons gravity.

I. INTRODUCTION

The discovery of gravitational waves (GWs) has pro-
vided a new avenue for scrutinizing the predictions and
phenomenology of Einstein’s theory of general relativity
(GR) in regimes characterized by non-linear and dynamic
gravitational effects [1, 2]. GWs offer the opportunity to
investigate the properties of astrophysical objects where
gravity is notably intense, such as black holes (BHs) and
neutron stars (NSs). In particular, GWs are often gener-
ated by the coalescence of binary BH systems, wherein
two BHs orbit each other, gradually inspiraling due to the
emission of GWs, and ultimately merging to produce a
final BH that emits GW radiation as it settles down. GWs
during this part of the coalescence, known as the ringdown
phase, comprise a superposition of numerous quasinormal
modes (QNMs), each with a complex eigenfrequency. By
analyzing GW observations, it may thus become possible
to efficiently explore the distinctive spectrum of QNMs
exhibited by BHs as they ring down [3, 4].

QNMs are the characteristic vibrational modes of BHs
that are excited when the BH is perturbed. The study
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of QNMs can provide important information about the
fundamental properties of BHs and their surrounding
spacetime. In particular, the QNM spectrum of astro-
physical (i.e., uncharged) BHs in GR is fully determined
by just two parameters: the mass and spin of the remnant
BH. One promising application of QNMs is to test modi-
fied gravity theories and alternative models of compact
objects [5]. The predictions of modified gravity theories
may deviate from GR’s and can manifest as modifications
of the QNM spectrum of BHs [6-12]. By observing the
QNM spectrum of merging BHs with GW detectors, it
may be possible to place constraints on these modifica-
tions to GR and its models given two or more detections of
QNM frequencies with a strong signal-to-noise ratio. Re-
cent GW detections of binary BH mergers have provided
some of the most precise tests of GR in the strong-field
regime [13]. With improvements in detector technology
and advancements in computational techniques, using
ringdown to test modified gravity theories seems possible
in the near future.

To study QNMs in GR, there are two well-established
approaches within BH perturbation theory. One approach,
proposed by Regge and Wheeler [14], perturbs the met-
ric directly and it has been successfully applied to non-
rotating and slowly rotating BHs in GR [14-17], as well
as in modified theories of gravity [6-12]. However, this
approach has not been successfully applied to BHs with
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a general spin. An alternative approach uses curvature
perturbations, and it was presented by Teukolsky [18] to
study rotating Kerr BHs in GR, including their QNM
spectrum and dynamical stability [19]. This framework
uses the Newman-Penrose (NP) formalism [20] and con-
siders curvature perturbations characterized by quantities
known as Weyl scalars. The success of the Teukolsky
formalism lies in its ability to provide a decoupled evo-
lution equation for each of the Wy and W, Weyl scalars,
which describe transverse gravitational perturbations, and
physically represent ingoing and outgoing GWs, respec-
tively. Not only are these quantities decoupled from
other gravitational degrees of freedom, their evolution
equations are also separable into a radial and an angular
equation [4, 19, 21].

The Teukolsky formalism in GR requires the back-
ground geometry to be algebraically of type D under the
Petrov classification [22], as is the case for Schwarzschild
and Kerr spacetimes in GR. This Petrov type D prop-
erty implies that four of the five Weyl scalars vanish on
the background. However, when considering beyond-GR
(bGR) theories, the deviations introduced may lead to
BHs described by non-Petrov-type-D spacetimes. For
instance, rotating BHs in dynamical Chern-Simons (dCS)
gravity and Einstein-dilaton Gauss-Bonnet gravity are
algebraically general and classified as Petrov type I. As a
consequence, the Teukolsky formalism cannot be directly
applied to bGR BH spacetimes. Therefore, calculating
the QNM spectra of spinning BHs in bGR theories has
been an open problem for a long time and warrants new
approaches. One potential resolution to this problem
became available recently with the development of the
modified Teukolsky formalism [23-26]. This formalism, in
theory, enables studying perturbations of spinning BHs
in bGR theories and calculating the QNM spectra of such
non-Ricci-flat, matter vacuum Petrov type I BH space-
times. Yet, for tests with GW data, a key theoretical
challenge remains to calculate the QNM spectra of BHs in
modified theories, and then compare them with observa-
tions. This work aims at computing the QNM spectrum
of one type of BH spacetimes.

In this work, we restrict our attention to modifications
to GR where a scalar field is non-minimally coupled to
topological invariant quadratic terms in curvature. A sub-
set of this class of theories, known as dCS gravity [27, 28],
was proposed to explain the matter-antimatter asymme-
try of the universe. This is achieved by the introduction of
additional parity-violating gravitational interactions, chal-
lenging a fundamental pillar of GR. Due to the quadratic
nature of this theory, it is not strongly constrained using
weak field tests and evades binary pulsar tests [29] and
GW polarization tests [30]. However, early work using
the metric perturbation approach shows promise that
ringdown tests can be useful in constraining this modified
theory of gravity [9].

We focus on slowly rotating BHs in dCS gravity to
leading order in spin in this work. This calculation serves
as a validation of the newly developed formalism [23], as

the results herein can then be confirmed with the results
obtained using the metric perturbation approach [9, 31].
We first use the formalism prescribed in [23] to obtain
the modified Teukolsky equation for a slowly rotating BH
in dCS gravity. To leading order in spin, these BH back-
grounds are described by a non-Ricci-flat, matter vacuum
Petrov type D spacetime [23, 32]. Solving the Bianchi
identities, we obtain the modified Teukolsky equation first
in the null NP basis. We then rewrite this equation in
the coordinate basis by defining a tetrad (similar to the
Kinnersly tetrad in GR). Finally, we make use of the prop-
erties of spin-weighted spheroidal harmonics to eliminate
the angular dependence and obtain a radial second-order
differential equation. Due to the non-minimal coupling
between the scalar field and the curvature, the perturbed
master equations of the scalar field and the Weyl scalars
(Pg or Uy) are coupled in dCS gravity. Moreover, some of
these quantities also require metric reconstruction within
GR [33-37], making the problem more challenging, yet
still solvable, as we demonstrate here. Having obtained
the master equations in this work, we will use the eigen-
value perturbation method [24, 38, 39] in future work to
calculate the QNM spectrum and compare it with the
results using metric perturbations in dCS gravity [9, 31].

The remainder of this paper is organized as follows. We
first present in brief the action and the field equations
of dCS gravity in Sec. II along with the slowly rotating
BH solutions in this theory. In Sec. III, we present an
overview of the modified Teukolsky formalism in [23], de-
fine a three-parameter expansion under the slow-rotation
approximation, and calculate the NP quantities on the
dCS BH background. In Sec. IV, we provide a concise
review of the metric reconstruction procedures in GR. In
Secs. V, VI, and VII, we calculate the source terms of the
scalar field equation and the modified Teukolsky equation
of ¥y and W4 in the null NP basis, the results of which
are summarized in Sec. VIII. In Sec. IX, we project the
equations into the coordinate basis and extract their ra-
dial parts using the properties of spin-weighted spheroidal
harmonics. Finally, in Sec. X, we summarize our work and
discuss some future avenues. Henceforth, we adopt the
following conventions unless stated otherwise: we work in
4-dimensions with metric signature (—, +, +, +) as in [40].
For all NP quantities except the metric signature, we use
the notation adapted by Chandrasekhar in [41].

II. BHS IN DCS GRAVITY

In this section, we will present the details of the theory
and the background BH spacetime used in this work.

A. dCS gravity

In this subsection, we briefly review the dCS gravity
following the discussion and the convention in [42]. A
more detailed review of dCS gravity can be found in



[27, 28]. The action of dCS gravity is
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and ¢ is the pseudoscalar field coupled to the Pontryagin
density P := R, "RM"P? via the dCS coupling constant
a. The quantity V(¢¥) is a potential for o}, which we set
to zero for the reasons explained in [43-45], along with
any matter contribution £,.... (since we will work with
matter vacuum BH spacetimes) for the remainder of this
work. From Eq. (1), we find that [J] = 1 and [a] = L?
in geometric units. Using these coupling constants, we
can define a dimensionless parameter ¢ characterizing the
strength of the dCS correction to GR, where ( is defined
in [42] to be

o

sza (3)

with M the typical mass of the system. When the system
under consideration contains a single black hole, then
M is its mass. When considering a binary system, then
different corrections to the solutions of the field equations
will scale with different (dimension-4) combinations of the
two masses.

Varying the action in Eq. (1) with respect to the metric
and the scalar fields, respectively, we obtain,
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where O =V, V# is the D’Alembertian operator, and

C" = (Vo) eV R + (V,V50) R7 - (6)
T = (Vud) (Vi) - (7)

We have here adopted the trace-reversed form of the field
equations, using the fact that the C-tensor is traceless, as
it will render future calculations simpler.

The dCS action presented above is an effective theory
that includes only linear in v and quadratic in curvature
corrections to the Einstein-Hilbert action, thus ignoring
higher order terms in « and in curvature. Therefore,
the resulting field equations are also similarly effective,
and their solutions ought to be truncated at leading or-
der in « and considered only for systems (and regimes
of spacetime) with small curvatures. Various previous
work [42, 46] have studied the regime of validity of this
effective action and its curvature cutoff. In essence, the

effective theory remains valid provided (a?/r,)P? < 1,
where recall that P has been defined as the Pontryagin
density. When this is the case, the higher order in «
and in curvature terms neglected in the action above can
continue to be ignored. The systems studied in this pa-
per involve the exterior spacetime of remnant BHs with
masses in the range 3Mg < M < 107 M,. For such sys-
tems, the theory remains effective, and ¢ < 1 provided
V& < 107km, which will be assumed henceforth; the best
current constraints on a come from NICER and advanced
LIGO observations, and they require that o < 8.5km at
90% confidence [47]. In this range of a and for these
BH masses, the quadratic curvature corrections to the
Einstein Hilbert action will remain perturbative, and the
higher-order in o and curvature terms will remain con-
trolled relative to the quadratic term included in the dCS
action.

B. Slowly rotating BHs in dCS gravity

Solutions to BHs in dCS gravity have been found both
numerically [48] and analytically [42, 49-51]. For this
work, we consider the analytical solution found in [49,
50], which were obtained by perturbatively solving the
field equations (4) and (5) to linear order in both the
dimensionless spin parameter x, where x = a/M (with the
dimensional spin parameter a = S/M, where S is the spin
angular moment, and M is the BH mass), and the dCS
expansion parameter ¢, defined in Eq. (3). This analytical
solution casts the line element of a slowly rotating BH in
dCS gravity as

dsz = d’s%{err + dstziCS ) (8)

where, following the convention in [41], the line element for
the Kerr metric in Boyer-Lindquist coordinates (t,, 6, ¢)
is given by
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with 52 = 72 + a%?cos?f and A = r? — 2Mr + a?. To
leading order in x and ¢, the dCS modification to the
Kerr line element is given by
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The above dCS correction to the line element is of
O(¢h, x1, €%), and thus, we can use the tri-variate notation



that we will introduce in Sec. III C to write

BLMO = ,@ sinZ 4. (12)

The dCS metric of a slowly-rotating BH is then identical
to the Kerr metric, except for the (¢, ¢) component, which
acquires the correction presented above. Similarly, the
background scalar field at O(¢!, x*!, €Y) is given by

5M?
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where we have absorbed a factor of (/2 into the expansion
of ¥ as explained in more detail in [23].
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III. BH PERTURBATIONS IN TEUKOLSKY
FORMALISM

In this section, we review the modified Teukolsky for-
malism developed in [23]. In this paper, we extend the two-
parameter expansion scheme in [23] to a three-parameter
expansion discussed in Sec. III C to incorporate the slow-
rotation approximation, following [9, 31].

A. DModified Teukolsky Equation

As discussed previously in Sec. I, for studying perturba-
tions of non-rotating BHs, we obtain the perturbed field
equations and decompose these into master equations by
making use of the metric perturbations [14-16, 52]. These
metric perturbations are separated into two sectors, de-
pending on their behavior under a parity transformation.
For each parity, all the metric degrees of freedom are
then packed into one master function: the Regge-Wheeler
function for odd parity [14] and the Zerilli-Moncrief func-
tion for even parity [15, 16]. The master equations gov-
erning these master functions are decoupled from other
dynamical degrees of freedom of the metric fields and are
separable into radial and angular equations.

However, for rotating BHs in GR, due to the lack of
spherical symmetry, to obtain the decoupled and separable
perturbed field equations, one has to use the Teukolsky
equations [18, 19, 53], where the fundamental variables to
solve for are the Weyl scalars ¥ 4 characterizing curvature
perturbations. In this case, the master equations of W 4
are decoupled from other NP quantities and are separable
into purely radial and purely angular equations. For
a quick review of the NP formalism and the Teukolsky
formalism in GR, one can refer to the original papers [18,
19, 53, 54], the book [41], or more recent papers that work
in the Teukolsky formalism [23, 37].

In modified gravity, most calculations for rotating BHs
have so far been done using metric perturbations and
the slow-rotation expansion, e.g., [9, 31] in dCS gravity,
[10, 11] in EAGB theory, and [12, 55] in higher-derivative
gravity. However, these approaches cannot deal with BHs

with arbitrary spin, which motivated the development of
the modified Teukolsky formalism in [23, 24]. Following
the formalism in [23, 24], one can find separable and
decoupled equations for ¥y 4 of BHs with arbitrary spin
in a wide class of modified gravity theories, such as in
dCS gravity, which can be treated as an EFT extension
of GR. In this paper, we will use the modified Teukolsky
equations of Wy 4 in [23]. For an alternative approach
following [56] by projecting the Einstein equations to the
Teukolsky equations, one can refer to [24].

In [23], the authors introduced a two-parameter expan-
sion, in terms of ¢ and € where

1. ¢ is the parameter characterizing the strength of
modifications to GR. In the case of dCS gravity, ¢
is given by Eq. (3).

2. € is the parameter characterizing the strength of

gravitational perturbations, which also appears in
GR.

In this way, one can expand all the NP quantities as
v, = vl 4ol
=000 L w0 L™ ™ (14)

and the extra non-metric fields, such as the pseudoscalar
field ¥ in dCS gravity, as

9 =90 4 ey = 910 4 etV | (15)

where we have reserved the single superscript notation for
only an expansion in e. When using the double-superscript
notation, however, the first superscript will also refer to
contributions proportional to { to a given power. In
contrast, the second superscript will refer to terms pro-
portional to € to a given power.

Using the expansion in Egs. (14) and (15), the authors
in [23] found that for a rotating BH described by a mat-
ter vacuum, non-Ricci-flat, Petrov type I spacetime that
perturbatively deviates from a Petrov type D spacetime
in GR, the gravitational wave perturbation ¥ satisfies

HSO,O)\IJSIJ) = S 4 SO (16)

where H(()O’O) is the Teukolsky operator for ¥y in GR [18],
and the source terms are divided into a “geometric piece”,

SED =S+ skl + st (17)
with
S = —H e, (18a)
Sy = —H W (18b)
Sthlo = H" Vot (18¢)
and a “Ricci piece”,
8(1,1) _ 52(0,0)551,1) + 52(0,1)551,0) . 51(0,0)59,1) (19)
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with S; 2 given by
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where ¥, is a NP scalar, and we have also defined
= 5[74,0,1,0] s = A[1,0,74,0] ,
J1 = Di_20,-40] J2 =0)0,—2,0,—4] » (22)
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The operators that appear in the above definitions are
defined for convenience to be

Digpedq) =D +as+be+cp+dp, (

A ped = A+ap+bi+cy+dy, (23b
Olape,a) = 0 + ad + b + cxt + dr (23¢
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where (D, A, §,6) are the usual NP differential operators
(constructed by contracting the tetrad with partial deriva-
tives), while (g, p, u, 7, v, B, 7, T) are spin coefficients, with
the overhead bar denoting complex conjugation, and
(a,b,c,d) are certain constants. For a complete derivation
of the equations above and the definition of Weyl scalars,
spin coefficients, directional derivatives, and Ricci NP
scalars, one can refer to [20, 23].

For this work, we are only interested in studying slowly
rotating BHs in dCS gravity up to O(x). Such BHs
are described by vacuum non-Ricci-flat Petrov type D
spacetimes [32]. The modified Teukolsky equations for
these BHs hold the same form as given in Eq. (16) with
the source terms S(gili‘)l-o and S{{;B}_D in Egs. (18b)—(18c¢)
vanishing. ' ’

The equation of \11510’1) can be obtained from Eq. (16)
by the Geroch-Held-Penrose (GHP) transformation [57]
and is given in [23]:
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where H io,o) is the Teukolsky operator in GR for ¥, and
the “geometric piece” of the source terms is defined as
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Although the formalism above works for BHs with ar-
bitrary spin in dCS gravity, we choose to use the slow-
rotation expansion in this paper, so we can check the
consistency of our results with prior work using metric
perturbations [9, 31] in our next paper [58]. We imple-
ment a slow-rotation expansion of the above equations in
Sec. TII C.

B. Structure of the source terms

Here, we further discuss the structure of the source
terms in Eq. (16) presented in [23]. In particular, we will
focus on the source terms that are non-vanishing for a
non-Ricci-flat, Petrov type D BH in dCS gravity, given in
Eqgs. (18a) and (19). The source term in Eq. (18a) only
depends on the perturbed Weyl scalar \I/éo’l) in GR and
the dCS corrections to the stationary NP quantities at
O(¢!, €%). One can solve the Teukolsky equation in GR

[18, 19] to calculate \1180,1) directly. The NP quantities
at O(¢1,€%) can be computed from the dCS metric in
Eq. (10), as shown in more detail in Sec. IITD.

Due to the non-minimal coupling between the scalar
field and the metric, the source term S in Eq. (19)
depends on both the scalar field perturbations and the
metric perturbations. To compute SV we first need to
calculate the NP Ricci scalars ®;; using the stress tensor
or the Ricci tensor, i.e.,

1 1
= —— = —— v
Doo 2R11 2Rw,l v, (31)



where [* is one of the NP tetrad basis vectors. Since the
background and perturbed scalar field in GR vanish, we

have that 900 = 91 = (. Therefore, the NP Ricci
(1,1)

scalars ;" can be expressed as a function of the scalar

field perturbation 9*'1) and the metric perturbation h(®:1)
as

o) = 0(OROD) + 0O (32)

where ¢(©9 and h(9D are shorthand for terms that de-
pend on the metric tensor of the GR background and
of the metric perturbation due to GWs reconstructed
in GR, respectively. From Egs. (19), (20), and (32), we
notice that S couples the GWs in GR and the scalar
field ¢, so we need to solve the equations of motions of
these non-gravitational fields to find their contributions
to the stress tensor and S, Morevover, from Egs. (21)-
(23), we see that SV in Eq. (19) depends on ¥ the
directional derivatives at O(¢%, €!), and the perturbed
spin coefficients at O(¢?, €!), which need to be retrieved

from the reconstructed metric perturbation h,(ﬁ,,’l) for GR
GWs. One can either follow the metric reconstruction
approach in [33-36, 59-63], the so-called Chrzanowski-
Cohen-Kegeles (CCK) procedures, which involves defining
an intermediate quantity called the Hertz potential, or
the approach in [37, 41], which solves the remaining NP
equation directly. In this paper, we choose to follow the
more widely used CCK procedures and apply them to
compute the source term S,

C. Slow-rotation expansion

When considering a slow-rotation expansion, in addi-
tion to the quantities given in Egs. (14) and (15), one
needs to consider an additional expansion in the dimen-
sionless spin parameter x = a/M. As an extension of
Eqgs. (14) and (15), all the NP quantities now admit a
three-parameter expansion in (, €, and x, where

U = Z Clxnten\Ij(l,’m,n)7 (33)

l,m,n

as well as the pseudoscalar field,

9= ¢merptmm. (34)

l,m,n

In what follows, it will sometimes be convenient to hide the
X expansion in more compact notation, such as w(l’l) =
P01 4yqh(LLD) | When only a two-parameter expansion
is denoted, the y expansion will be assumed.

In this paper, we will focus only on linear perturbations
in €, along with the small-coupling approximation and
the slow-rotation approximation, i.e., up to linear order
terms in ¢ and Y, respectively. Therefore, our Eqs. (33)

and (34) can be expanded as

o= w000 (\I,(O,l,O) I C\Il(l,l,o))

+6(¢wﬁJL+XWWJJ0_+<€(WUQJL+XWOJJ07
(35a)

9= ¢ (X0t 4 0N 4 eI | (35b)

Equation (35a) groups the corrections to ¥ (0.0.0) into
three sets organized by parenthesis. The first set of terms
are stationary corrections to the Schwarzschild metric
due to the slow-rotation approximation in GR, ¥(%:1.0)
and in dCS gravity, ¥(19 . The term ¥(19 can be
retrieved from the slow-rotation expansion of the Kerr
metric in Eq. (9), and ¥(119 can be evaluated with the
O(¢t, x1, €%) correction to the metric in Eq. (10) found
by [49]. Since the Pontryagin density vanishes for any
spherically symmetric spacetime, and the Schwarzschild
metric is the unique stationary spherically symmetric
solution to the Einstein equations, there is no correction
to the metric at O(¢t, x°, €?) [42]. Thus, we have dropped
the term U100 in Eq. (35a). For the same reason,
9100 — .

The second set of terms are the GW perturbations to
the Kerr metric in GR up to O(¢Y, x!, €!). These terms
include perturbed Weyl scalars, NP spin coefficients, and
directional derivatives, all of which need to be evaluated
in GR but include spin perturbations. To evaluate this
type of terms, we need metric reconstruction of GW
perturbations at O(¢?, €!), the procedures of which are
discussed in detail in Sec. IV.

The third set of terms are the one we want to solve
for, which are corrections to GW perturbations in dCS
gravity. The term U101 corresponds to gravitational
perturbations sourced by non-rotating BHs in dCS gravity.
Since 9109 = 0, U101 js purely sourced by the leading
contribution to the dynamical pseudoscalar field 9(1:0:1)
so only S(01) contributes to Eq. (16), and no metric
reconstruction is needed. The term W11 corresponds
to leading-order corrections to gravitational perturbations
of slowly rotating BHs in dCS gravity. Unlike the non-
rotating case, since both the metric and ¥ are corrected at
Ot xt, €0), \I/élil’l) can either be driven by dynamical
GW perturbatioﬁs in GR or dynamical 9.

For the first type of correction, the driving terms can
come from Sg(,eltgl) in the form of terms proportional to

the product A(LOAOD - Ag discussed in Sec. IIT A and
[23], this kind of terms is due to the correction to the
background geometry, so they are independent of bGR
theories. Up to O(¢!, xt, €'), the background spacetime

is still Petrov type D [42], so Séyln’il’f])) = Sflnilt), =0in
Eq. (17), and one does not need metric construction to
evaluate these terms [23]. In Sec. VI A, we will compute

Sg(elu’l) in detail. Besides S1)| there is also contribu-

geo
tion from S(1 in the form of terms proportional to the
product 9O RO due to the effective stress tensor. In



this case, metric reconstruction is needed, and we will
compute SV in Sec. VIB.

For the second type of correction, the driving terms
only come from StV Since both 9101 and 911D
are nonzero, the metric field in these terms needs to be
evaluated on the Kerr background, expanded to O(x). To
find 91| one needs to solve Eq. (5) at O(Ch, €l), ie.,

00,0911 — _—% pr2 [R*R](O’l) —O©ODy®0 —(36)

In Sec. V, we will compute the source terms of Eq. (36).
In Sec. VIB, we will compute the source terms driven by
9D but leave 911 unevaluated. In our follow-up work
[58], we will solve both the modified Teukolsky equation
and the scalar field equation jointly to find the QNM
shifts. Since metric reconstruction at O(CY, €!) is required
for both the modified Teukolsky equation and the scalar
field equation, we present a review of the procedures in
Sec. 1V.

D. NP quantities on background

In this subsection, we will present the background
tetrad for a non-Ricci-flat, Petrov type D, slowly rotating,
dCS gravity BH spacetime. To obtain the null tetrad
for the metric given by the line element in Eq. (8), one
can follow the general procedures prescribed in [23] or
the standard procedures for finding the Kinnersley tetrad
in GR given in [41]. In [64], such a tetrad was found by
following the second approach. Nonetheless, for complete-
ness, let us re-derive the tetrad following the prescription

in [41, 64]. Our result is consistent with the one in [64],
but with additional tetrad rotations to set \I'(()%i?; 4 =0.

To begin, we first find the null geodesics in the equato-
rial plane for a dCS BH to be

dt [TQMQCLG(T)] E

I 2 A(r)

dr A aG(r) E

— == \/A(r)A(r> (1 T2 ) A(r)" @37
dp _( G\ _E

ar (a + 2 ) A(r)’

where E = —0.Z/0t is a constant of motion, .Z is the
Lagrangian for Kerr in [41], A(r) = A(r) + 2aMG(r)/r +
G(r)?/4, and G(r) = (xG(r). Following the procedures
outlined in [41], we align the tetrad basis vectors [* and n*
along the outgoing and ingoing null geodesics respectively

at the equilateral plane with E' = 1 such that

o 1 . u 7aG(7’) DA 7aG(r)
l A(r)<2+ 2 27\/A( )A()(l 2 ),

2
(38)
nt =N (7"2 +a? - “GQ(T) : —\/A(T)A(T) (1 - af@)
G(r)
0, a+ 2) ;
(39)

where N is the normalization factor introduced to impose
I#n, = —1. Since [* and n* are along null geodesics,
"1, = n*n, = 0 is satisfied automatically. Expanding
Egs. (38) and (39) up to O(¢t, x!, €%), we find

(. XM XG(r)
lﬂ_(r—rs’l’o’r(r—rs)+2r(r—rs)>’ (40)
% r XM XG(r)

' =N(r) <r—7’5’ -1, 0, r(r—rs) + 27"(7"—7"5)) ’

(41)

where 7, is the Schwarzschild radius given by r, = 2M,
and N(r) = (r —rs)/2r. When ¢ =0, [* and n* reduce
to the Kinnersley tetrad of Kerr BHs expanded to O(x!).
The tetrad basis vectors I* and n# in Egs. (40) and (41)
are the same as the principal null directions in Eq. (31)
of [64].

To obtain the remaining components of the null tetrad,
notice that the correction to the Kerr metric due to dCS
gravity enters at O(¢!, x!, €°) only in the t¢-component.
Therefore, it can be expected that the corrections to the
Kinnersley tetrad are only along the 0; and 04 direc-
tions, which is seen to be true for [* and n*. Thus, at
O(¢t, xt, €9), the corrections to the remaining null tetrad
components, m* and m*, take the form

m 10 = (my(r,0), 0, 0, mg(r,0)) (42)
where m* can be obtained by taking the complex conju-
gation of Eq. (42). Imposing the remaining orthogonality
conditions to O(¢1, x*, €%), we find my(r,0) = my(r,0) =
0. Therefore,

1 ix M cos 6
mt = —— | ixM sin6, 0,1—u,
\/ir r

i(l - ZX]WCOSQ) csc9> .
r

Notice that m* (and therefore m*) holds the same form
as the Kinnersley tetrad of Kerr BH expanded to O(x).

(43)



Using Egs. (40), (41), and (43), to O(¢*, x!, €°), we obtain

Uy =Wy =0, \pl:_wsmg’
3279
M 3ix 5 CAx(r)
\112:7747377‘—4 <M 755 cos @, (44)
3v/2iCxAs(r) .
\PSZ_WSIHG;

where A;(r) are listed in Appendix A.

Such a calculation contradicts the claim that BHs in
dCS gravity are Petrov type D spacetimes to O(y). We
see that the seeming contradiction arises due to the non-
vanishing ¥; and V3 on the background. However, we

can perform tetrad rotations to eliminate \1151,1,0) and

\I/él’l’o), as described in detail in Appendix A. This can

be achieved by a type II rotation [i.e., Eq. (A1b)] with
b1 = /23 A, (r)sin0/(32M 1) and a type I rotation
i.e., Eq. (Ala)] with a(»10) = \/2iA3(r)sin§/(64MrT),
respectively. Following this, we finally obtain

U, =0 Vie{0,1,3,4},

M 3iyx 5 CAs(r)
\:[12:—,'03—T4<M —W cos . (45)

The explicit expression for the rotated tetrad is listed in
Eq. (A4). Different from [64], we will call the tetrad in
Eq. (A4) the “principal tetrad.” Notice that, in [32], a
Kinnersley-like tetrad for the dCS metric expanded up

to O(¢t, x?%, €%) was also found. To impose that \II&O)

vanish at O(x?), when the background spacetime is Petrov
type I, Ref. [32] added terms at O(('/2,x', €%) to the
tetrad. In this paper, however, we only want to impose
\I/((fi?é?i = \Ilé%i%é?i = 0, and prefer to keep the expansion
scheme in Eq. (14), so the tetrad in Eq. (A4) is more
suitable for our purposes.

We have also listed all the spin coefficients up to
O(¢t, xt, €%) in the principal tetrad in Appendix A.
For any vacuum Petrov type D spacetimes in GR, the
Goldberg-Sachs theorem requires that in the tetrad where
k=0 =X=v =0, the Weyl scalars ¥y ;34 = 0 and vice

J

versa. However, in dCS gravity, since the effective stress
tensor is nonzero, the background spacetime is non-Ricci-
flat. Thus, \116110% , do not necessarily vanish in the tetrad
where k(10 = ¢(1.0) = \(1,0) — 1,(1.0) — ) and vice versa.
For the tetrad in Egs. (40), (41), and (43), we found that
k10 = (1,0) = \(1,0) — (1.0) — () while \I/Séo) % 0 up
to O(¢, xt, €%). This tetrad is along the principal null
directions found in [64]. Nonetheless, the master equation
Eq. (16) is more simplified when \I/é}i??))A =0, so we will
use the principal tetrad in Eq. (A4) for the remaining
calculations even if the spin coefficients mentioned above
do not vanish along the principal tetrad.

IV. METRIC RECONSTRUCTION

This section reviews how to reconstruct the perturbed
metric and the corresponding NP quantities from solutions
to the Teukolsky equation for Kerr BHs in GR. There are
two approaches to metric reconstruction in general: the
first approach involves systematically solving the Bianchi
identities, Ricci identities, and commutation relations [37,
41], whereas the second approach, or the CCK procedures,
utilizes an intermediate Hertz potential to reconstruct the
metric [33-36, 59-63]. In this work, the second approach
is employed to perform metric reconstruction.

A. Metric perturbations

In this subsection, we present the reconstructed metric

perturbation hfﬁ)” for GR GWs. For convenience, in this
section, we will drop the superscript (0,1) of hg),,’l) and
always assume that h,, is at O(¢°, €*). The CCK proce-

dures can be carried out in two different gauge choices:

Ingoing radiation gauge (IRG): hasl° =0, h=0,
(46)

Outgoing radiation gauge (ORG): hapn® =0, h =0,
(47)

where h is the trace of hog with respect to the background
metric. The reconstructed metric hqp in the IRG and
ORG are given in Egs. (48) and (49), respectively [35, 36],

(hap)irG = [lals (011,3,0,-1]0[0,4,0,3) — ADj0,4,0,3]) + Mamms (D—1,3,0,-1)D}0,4,0,3))

—lammg) (D[1,3,1,—1]5[0,4,0,3]) + 5[—1,3,—1,—1]D[o,4,0,3]] U, +cc., (48)
(ha,B)ORG = - 074 [nanﬂ (5[—3,—1,570]5[—4,0,170]) + mamgp (A[075,17—3]A[0,1,07—4])
+nMmg) (5[—3,1,5,1]A[0,1,0,—4]) + A[—1,5,—1,—3]5[—4,0,1,0]} Uy +c.c., (49)

where the notation for the derivatives is given by Eq. (23),
and Uy is the complex conjugate of the Hertz potential.

(

We have also dropped the superscript (0, 1) of the Hertz
potential for simplicity. Notice, since we use an opposite



signature from [35, 36], our Eqgs. (48) and (49) have an
opposite sign from the results in [35, 36].

B. Hertz potential

The Hertz potential ¥y that appears in Eq. (48) in
the IRG and Eq. (49) in the ORG satisfies the Teukolsky
equation for p’4\I/§10’1) and \Iléo’l), respectively [33, 34, 59,
62, 65]. For convenience, let us drop the superscript (0,1)
of \I’&f) and always assume that Wg 4 are at O(¢%, €!) in
this subsection. Using the perturbed metric in Eq. (48),
the relation between the Hertz potential ¥y, and ¥y 4 can
be found by directly evaluating the Riemann tensor or
by using the Ricci identities. In the IRG, the perturbed
Weyl scalars can then be expressed in terms of the Hertz
potential using

Uy = —%D“\T/H, (50a)
Uy = —ép4 (LMW, — 12M 0,y | (50Db)
and in the ORG,
Uy = —3—12p4A2DT4A2\i1H, (51a)
Uy = —é (L4, + 12M 8,1, ] (51b)
where p = —1/(1 — iacosf) and
Do, =" Z“Qat 0, + 20y
D*:f2+“28t+6w%6¢, (52)

Ll =iasin00; — [0p — scot —icschdy] ,
c=rcicict cf,.

Note that the D operator was introduced before in
Eq. (23), but here we provide its expression using the
Kinnersely tetrad. We point out that these are the same
operators that appear in the Teukolsky-Starobinsky iden-
tity [19, 41]. Notice, Egs. (50) and (51) follow [35], which
corrected a factor of one-half in earlier papers [33, 34, 59].

Similar to the perturbations of ¥y and Wy, the Hertz
potential can be defined in the coordinate basis (¢,7,6, @)
as

IRG : \i/H = ZRZm(T) lem(gv (b)eiiwt 5
ORG : Uy = 9Rpm(r) —aVem (8, p)e ™t

(53a)
(53b)

where 19V (0,¢) = 1280 (0)e’™? are spin-weighted
spheroidal harmonics of spin weight +2 solving the an-
gular Teukolsky equation in GR. 3Ry, (r) are radial
functions that can be expressed in terms of the radial

Teukolsky functions QRS:;})(T) and ,2R§0’1)(r) of \I/(()O’l)

m

9

and p_4\I/(()O’1), respectively, by inverting Eqs. (50a) and
(51a) using the Teukolsky-Starobinsky identity [61],

- 2
2Rim (1) = =A% (D})" (AR ()] L (540)
- 32
2 Ren(r) = =g (D) 2RV (r). (54b)
Here, the operators D,,,, and D}  are mode decomposi-

tion of D and DT, respectively [61],

am — (r?* + a®)w

me :a"‘ - A

+1 A

am — (r* + a®)w
A

¢ is the mode-dependent Teukolsky-Starobinsky constant
[19, 61, 66, 67]

(55)
Dl =0.—i

¢ =22 (A +2)° — 8w\ [a% (5\ + 6) — 12a?]
+ 144w*@* + 144w? M2, (56)

where & = a® — am/w and X\ = (Ag, + s+ |s| with ;A
being the Teukolsky’s angular separation constant [18].
For a Schwarzschild BH, sA¢, = (¢ — s)({ + s+ 1). Fur-
thermore, one can notice from Eq. (50) that any (¢, m,w)

mode of \I’éo’l) in the IRG generates a mixture of (¢, m,w)

and (¢, —m, —@w) modes of \114(10,1). Thus, it is more conve-
nient to use the ORG when solving the modified Teukolsky
equation of \Ilfll’l). For a similar reason, when solving the
modified Teukolsky equation of \I/él’l)
IRG.

Substituting the differential operators D} and D,
in Eq. (55) into the expression for the radial part of the
Hertz potential in Eq. (54), we have

, we will use the

R (1) = 1™ (r,00, M) R (1)

F o fim(rw, M) RO (), (57a)
Ry (1) = f37 (00, M) RV (r)
+ oI (rw, M) RV (r),  (5Th)

where we have made use of the radial Teukolsky equa-
tion to reduce all second- and higher-order derivatives
of nggr’Ll)(r). In Eq. (57), the prime denotes the first
derivative with respect to the radial coordinate r. The
functions f; are spin weight s and mode dependent. These
functions are lengthy and non-illuminating, so they have
been presented in a separate Mathematica notebook [68].

C. Spin-weighted spheroidal harmonics

Spin-weighted spheroidal harmonics that appear in
Eq. (53) are solutions to the angular Teukolsky equa-
tion in GR. [18, 19]. In general, these are eigenfunctions
of an equation of the form [69]

1 d ( dz>_<m2+52+2m56050

sngao \*"

sin? 0
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—v%cos® 0 + 2sycosf — (A, Y z=0, (58)  form [69]

where s represents the spin weight, ;A) is the eigenvalue

of the equation, which has been numeﬁi%ally calculated in
the literature [19]. Comparing Eq. (58) with the angular sv/[(0+ 12 —m?[[({ + 1)% — 57]
Teukolsky equation in GR [18], we see that v = yMw. sbi'1 = — 5 , (60a)
In the slow-rotation expansion, spin-weighted spheroidal (E+1)2/(20+1)(20 +3)
harmonics ), can be expanded as [19, 69] m 5y/ (02 —m?2) (2 — s2)

sbp1 = (60b)

. . 2 /—1)(20+1)
SyZm = szém + v (sb£7g+1 s}/é+1m + Sbé,@—l sYe—1 m)

+0(%), (59)
where Yy, are spin-weighted spherical harmonics with To evaluate spin-weighted spherical harmonics, one can
spin weight s. The factors b}, in Eq. (59) hold the  use
J

Vi (6,0) = (1)”””\/ e st () e :Z:‘;“V (57) (g e (3
(61)

(

In the special case that s = 0, the spin-weighted spherical 0 and 0, respectively, i.e.,
harmonics become the standard spherical harmonics, i.e.,

1 —
5000 F = — 3 — scot ) o F, 67a
_ 1 -
Spin-weighted spherical harmonics and spin-weighted 5000 F = 7\@7" (6 + scot 0) sF (67b)

spheroidal harmonics also obey the following orthogo-

nality relations, By expanding 6(%% and 69 in terms of §(%:9) and

5(00.9) ip the slow-rotation limit, one can also replace

/ dS V5. sV = 0w Smm (63) 50 and 5§09 with & and 3. In Secs. V-VII, we will
52 use Eq. (67) to simplify the terms with §(%% and §(9
/ dS $Yom sYorm: = 000/ Oy (64) acting on spin-weighted spherical harmonics.
S2
where dS is the solid angle element, and the integration D. Perturbed NP quantities

is over the entire 2-sphere. At certain places, we might
drop the superscript v of ;) denoting its eigenvalue for
simplicity.

A spin-weighted spherical harmonic Yy, with spin
weight s can also be raised to s41Yp,, of spin weight s+ 1
via the raising operator 0 or lowered to s_1Yz,, of spin
weight s via the lowering operator d. The operators O

As we are working within the NP basis, in addition to
the perturbed metric given by Eq. (48), we also require
the reconstruction of the perturbed NP quantities, such as
the perturbed tetrad, Weyl scalars, and spin coefficients.
We adopt the methodology outlined in [37, 65] to perform

= this reconstruction. The first step involves expressin,
and 0 are defined to be [70 p b g
" ' . [70] the perturbed tetrad in terms of the background tetrad.
Do F = — (0g —icschdy — scot §) F, (65a) This is accomplished by expanding the perturbed tetrad

in terms of the background tetrad, and then utilizing
the transformation properties of the tetrad to obtain the
perturbed tetrad components in terms of the background
tetrad components such that

0sF = —(0p +icscO0y + scot ) o F, (65Db)
where ¢ F is some function of spin weight s, such that

_ 1/2
?SHM - [(l - 5)(l +s+ 1)] / S+1Y2m ’ (663) eH(Ovl) _ Aab(O,l)eH(0,0) (68)
OsYm =—[(1+8)1—s+ D" Yo . (66b) ¢ b

where e represents a null tetrad such that
One can further rewrite the directional derivatives 6(0:0:0)

and 6(®%9 on the Schwarzschild background in terms of el = {I* nt,mt mt}, (69)



and A, are coefficients that map the background tetrad
to the perturbed tetrad.

As shown in [37, 65], one can always perform tetrad
rotations to set six real parameters of the A, coef-
ficients to zero. Then, expanding h,, in terms of eﬁ(o’l)

and ez(o,o)

we find

and using the linearized completeness relation,

0.1) _ _ o [;001) (0,0, 00) (0.1)
e L L R T
(0,1) _ (0,0) (0,0) — (0,1)
T My T M My }

(70)

Comparing Eq. (70) to Eq. (68), we find [37, 65],

1
0,1) _ ~3(0,1)
01 §h” nt,
1 (0,1)
nu(OJ) = ih'gtor;,l)lu + hln Ny
miOD = Oy 0D Ly Lo
nm m 2 mm 2 mim )
(71)
where we have dropped the superscripts of 65(0,0) for

simplicity. Since we have adopted the sign convention
in [41], our signature is opposite to that used in [37,
65]. Therefore, the perturbed tetrad in Eq. (71) has
an opposite sign from the results of [37, 65], as seen in
Eq. (70). Equation (71) works for both the IRG and ORG.
In the IRG or ORG, we can further set hl(g’l) = hﬁ,?;%’ =0
or A%V = hfﬁ;%) =0 in Eq. (B4), respectively, where a is
any index in the NP basis.

For the spin coefficients, one can linearize the commu-
tation relation following [41],

el eg] = (Vba — Y ap) el = Cup“el (72)

where 7%, is the Ricci rotation coefficients. Using the
relation between spin coefficients and Ricci rotation coef-
ficients in Eq. (B1), one can write Cy° in terms of spin
coeflicients, as listed in Eq. (B2) [20, 41]. From Eq. (B2),
one can also solve for spin coefficients in terms of Cg;°,
and the results are in Eq. (B3). Expanding Eq. (72) using
Eq. (68), one finds

Cabc(O,l) _ aaAbc(O,l) _ 8bAac(0,1)

_ (Aad(O,l)dec _Abd(O,l)Cadc +Adc(0,1)Cabd>

(73)
where the superscripts of Cyp¢(%:?) are dropped for con-
venience. The coefficients A4,%1) can be retrieved from
Eq. (71). The GR structure constants C,,*%?) are di-
rectly given by Eq. (B2) and the spin coefficients in GR.
With all the quantities in Eq. (73), one can then use
Eq. (73) and (B3) to evaluate the spin coefficients at
O(¢% €'). We have listed our result in Eq. (B4), which
works for both the ORG and IRG. Our result is consistent
with [37] up to the overall minus sign due to different
signatures, which corrects some errors in [65].

To reconstruct Weyl scalars, one can either directly
linearize the Riemann tensor and project it onto the NP

11

basis to find Weyl scalars or use the Ricci identities in
Eq. (B5). For both approaches, we use the perturbed
tetrad in Eq. (71), and we check that the results are
consistent. We also compare our results in the IRG to the
equations in [35], which corrected a factor of 1/2 missed in
[59] and are listed in Eq. (B6). After expressing everything

in terms of the Hertz potential, our results of \118?1274 in

the IRG agree perfectly with Eq. (B6) but not for llléo’l).

Since \Ilgo’l) is not invariant either under tetrad rotations
or coordinate transformations at O(¢?, €!), this difference
indicates that we might have a O(¢?, €!) difference in the
choices of coordinate or tetrad.

For coordinate- and tetrad-invariant quantities \I/(()?jll),
our results are consistent with [35, 59]. In addition, since

\I/éo’l) is invariant under tetrad rotations but not coor-
dinate transformations at O(¢%, €!) [i.e., Eqs. (B9) and
(B11)], we are in the same coordinate as [35, 59], con-
sistent with that we all use the IRG. Thus, the differ-

ence in \Ilg]’l) is only due to tetrad choices at O(¢%, €!),
where we explicitly follow the convention in [37, 65], but
Refs. [35, 59] were not explicit about their tetrad choices

at O(¢% €'). More specifically, we find that the tetrad in
Eq. (71) after setting hl(g’l) = hg,?;%) = 0 differs from the
tetrad in [35, 59] by a type I rotation. In Schwarzschild,

(0,1)

this difference in W5/ can be compactly written as

3
Ui = Wl + SV (74)
where \I/g?éng is the result in [35, 59]. The results of

other Weyl scalars at O(¢?, €!) in Schwarzschild are listed
in Eq. (B7). For Kerr, we do not have such a simple
correction to \I'éo’l), so we will just use the Ricci identity
in Eq. (B5d). Similarly, in the ORG, no previous literature
provided results of all the Weyl scalars in terms of \Ifg)’l)
directly, so we also use the Ricci identity to evaluate them.

When deriving the modified Teukolsky equations, we
made the gauge choice that \I/g?él) = 0, but this is not
the case for the tetrad in Eq. (71), as one can see in
Eqgs. (B5)—(B7). Thus, to be consistent with the gauge
we chose for the modified Teukolsky equations, we need to
perform additional type I and type II rotations to remove
’\Ilg?él). From Eq. (B9), we find the rotation parameters
to be

oD NACRY
on__Y¥ = gonp__¥i 75
a v, 30, (75)

Since \Il(()(’);i = 0 are invariant under tetrad rotations at
O(¢Y, €'), one can continue using Eqs. (B5)-(B7) by just
setting \Ifg?él) = 0. For spin coefficients, their values
after the rotation are listed in Eq. (B10) following [41].
With these reconstructed quantities, we are now ready
to evaluate the source terms in the equation of 91 in

Eq. (36).



V. THE EVOLUTION EQUATION FOR 9! IN
THE IRG

In this section, we project the equation governing 911
[Eq. (36)] onto the NP basis using the IRG. For conve-
nience, we define the right-hand side of Eq. (36) as

8(1’1) = —

(L1 — 3 M2 [R*R](O’l) — (0:1)9(1,0) (76)

so that the evolution equation for ¥*'1) becomes
OO0y = gD (77)

This equation is first expressed in terms of the NP quan-
tities, following which we evaluate its left-hand side us-
ing the background NP quantities in Sec. III D and Ap-
pendix A and its right-hand side using the reconstructed
NP quantities at O(¢% €!) in Sec. IV and Appendix B.
The same methodology demonstrated in this section is
applied to computing the modified Teukolsky equation
in Sec. VI. Figure 1 presents a schematic illustration of
the steps involved in calculating a completely separated
radial evolution equation for the scalar field perturbation
in the IRG.

A. Projection onto the NP basis

In this subsection, we project Eq. (36) onto the NP
basis. This projection involves the projection of two fun-
damental quantities: the D’Alembertian operator [J and
the Pontryagin density R*R onto the NP basis. In partic-
ular, our goal is to express these quantities in terms of NP
quantities, particularly the below-mentioned quantities in
the NP basis, namely

1
*Rabcd = iecdefRabEf
ViV =V (9.4) = 0.0 — 7 ap? .

(78)

Here, 744 is the metric in the NP basis. The notation
f.o denotes the directional derivative of f defined by the
tetrad basis e£. The quantities 45, are Ricci rotation
coefficients, which can be expressed in terms of spin co-
efficients using Eq. (C1) [20]. The tensor Rgpeq can be
expressed in terms of Weyl scalars using Eq. (C3) [20].
Therefore, the Pontryagin density and the O operator can
be expressed in the NP basis as

R*'R = 8i(302 — 40, U3 + UyUy — c.c.), (79a)
+et+te—p—pA+(a—B—7+7)5  (79b)

+@a—-B—r+71)d] .

The factor of ¢ in Eq. (79a) arises from the normalization
of the Levi-Civita tensor €gp.q in the NP basis. In the
literature, such as in [71], the covariant Levi-Civita tensor

is typically defined as €,,..., = \/|g|€uv-..y, Where €,p...
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denotes the Levi-Civita symbol. However, this definition
encounters issues when attempting to convert a Levi-
Civita tensor from Boyer-Lindquist coordinates to the
NP basis, due to the determinant of the Jacobian relating
these two bases often being complex. Thus, to convert
the tensor density €,,..., to a tensor, we instead need to
define

Cury = V=G €y 5 (80)

which has the same normalization factor as the Einstein-
Hilbert action. The absolute value in the usual definition
is to impose that the Levi-Civita tensor is a real tensor in
the Lorentzian signature, but the minus sign of \/—g will
do the same trick. Since n = 1, we find the normalization
factor to be i rather than 1 from Eq. (80). This is also
consistent with that

1

€lnmm = 5 (Elnmﬁ’b - 6lnmﬁL) P (81)

which shows that €5 is an imaginary number. We
have now expressed all the terms in Eq. (36) in the NP
basis.

B. Left-hand side of Eq. (36)

In this subsection, we compute the operator (%0 act-
ing on 91 to obtain the homogeneous component of
Eq. (36). The operator (%9 can be evaluated directly
using the Kerr metric presented in Eq. (9). Alternatively,
one can use Eq. (79b) and the NP quantities of Kerr,
expanded up to O(x), as given by Egs. (A4)—(A6), and
then setting ¢ to zero. We therefore find

1

—H, (82)

0,0) _
(0,0) — —3

where H 1(90’0) is the Teukolsky operator for particles with

spin weight s = 0 in [18],

w2rd — dmywM?

H1(90,0) = —r(r—rs)0? —2(r — M)0, —

r—Ts
— 0p — cot 00y + m* csc? 0,
(83)
where we have only kept the terms up to O(x) and sepa-
rated 9(11) as

19(171) = @Zm(r)oyfm(e)e_th ; (84)
or in the slow-rotation expansion

9D — O (1) [OYZm(a, @) + xMw (obZlgH 0Yet+1m

+0b7_10Ye—1m) + O(x*)] e ™".
(85)
Thus, in the absence of sources, Oy, (r) satisfies

w?rd — dymM3w

[r(r—rs)02 +2(r — M)0, +

T —Ts
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Scalar field equation for 9"V in the IRG

Left-hand side of Eq. (36)
In coordinate basis
Equation (83)

Separated radial equation

Equation (86)

Expression for (R*R)(*) and O©%D911.0) iy

Right-hand side of Eq. (36)

Source term 81(91’1) rewritten as Eq. (91

In coordinate basis
using the Hertz potential Eq. (92)

{t,r,0, ¢} coordinates in Eq. (93) and Eq. (95)

Using the recipe in Sec. [X A

Source terms as functions of the radial coordinate
in the IRG, V% (r) and V4,,(r), are given by Egs. (133) and (134

The radial evolution equation of the scalar field perturbation JD
for slowly rotating BHs in dCS gravity in the IRG is given by Eq. (138)

FIG. 1.

A schematic flowchart prescribing the steps involved in obtaining a separated radial evolution equation for the scalar

field perturbation 9" for slowly rotating BHs in dCS gravity. This flowchart summarizes the details of the calculations
described in Sec. V and Sec. [X B. Initial and final outcomes are represented by rectangular boxes, while intermediate results are
symbolized by encapsulating bubbles. The directional arrows are meant to seamlessly guide the reader through the logical flow

of the calculations.

_OAém] Otm (’I“) =0, (86)
where oAy, is the Teukolsky’s separation constant for
s = 0 [18]. We therefore see that the left-hand side of
Eq. (36) is separable in the radial and angular coordinates.
Further, in Sec. IX, we show that the complete expression
in Eq. (36) can be separated into radial and angular parts
using spin-weighted spheroidal harmonics of spin weight
Z€ro.

c. S in terms of K™Y and 9"

To systematically calculate 81(91’1) in Eq. (76), we can
partition it into three parts based on the terms that neces-
sitate metric reconstruction, namely those at O(¢?, €!):

1. Weyl scalars at O(¢Y, e!): These terms are solely
determined by the Pontryagin density (R*R)(V.
For slowly rotating BHs in dCS gravity, these
Weyl scalars in Eq. (76) receive contributions from

both hfﬁ,’o’l) and h,&ogl’l). We expand Eq. (79a) up

to O(¢Y,e!). Since in Petrov type D spacetimes
\IJ(()?i?; 4 = 0, the only terms that survive are propor-

tional to Wy, such that

(R'R)D = a8i (w00 — 90000 | (s7)

where \I/éo’o) is given by Eq. (45) by setting ¢ = 0,
and \1,50,1) is given by Eq. (B6c) using the metric

reconstruction procedures.

2. Spin coefficients at O(¢% e'): This dependence
arises from O©DY10)  Since we are only inter-
ested in the terms up to O(¢h, x!, €!) in this work,
and 9(1:0:9) = 0 as explained in Sec. IT1 C, the met-
ric fields in 0@ D910 only have the contribution
from hgogo’l). Thus, we only need metric reconstruc-
tion at O(¢?, x°, €!) for these terms. The first two
terms in Eq. (79b) will not contribute directly, al-
though one can find additional spin coeflicients by
using the commutation relations to combine the
anti-commutators. For the rest of the terms, we



find at O(¢?, €h),

[(Hw,n 4 0D _ 40D 7(0,”) D
+ (6(0,1) 40D _ 00 ,5(0,1)) A
+ (am,l) — gon _zon 4 ;(m)) 5
+

a®n _ g1 _ z(0.1) L T(oyn) g} 91,0

where the spin coefficients at O(¢?, €!) are given by
Eqgs. (B4) and (B10) using metric reconstruction
procedures.

3. Tetrad/directional derivatives are at O(¢%, e!). Sim-
ilar to the second situation, these types of terms also
arise from O(©DP10) and vanish at O(Ch, x°, €).
Thus, we must only reconstruct the NP quantities
at O(¢% x%, €!). Using the Schwarzschild properties
of all the spin coefficients in Eq. (C10), we find

DOYA + DAY + ACVD + ADOD
—s0ODg _ 5501 _ 50,15 _ 550.1)

—2(y — p) DO —2p A 4 24 (5(0’1) + 5(0’1)>] AR
(89)
where the tetrad at O(¢°,€') is given by Egs. (71)
and (B8). Notice, the terms at O(¢?, e!) in Eqs. (88)
and (89) are all at O(¢% x°,¢') as 919 is non-
vanishing only at O(¢t, x!, €%), but we choose to
hide the expansion in y for simplicity.

A similar classification will be used when we compute
the source terms in the modified Teukolsky equation for
oY and wiY.

One can further combine the second and the third type
of source terms and express them as functionals of the

metric components in the NP basis (e.g., hS{’,;”, h%%%

h&?;}l) in the IRG) and the rotation coefficients (e.g., a(®V)
and b)) such that the separation of variables can be

J
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more easily carried out in Sec. IX. In this case, we find

O0:0:1)9(1,0,0) — _ (0,1, 9(1,0,0) — )
[(0:0,1) 9(1,1,0)

= {HOOV D~ KEEV (DB} 4 MLV

+ {(D o 2p)h5{)ﬁo’1) o (g _ 2a)h(0’0’1)} D

nm

— {(D —2p)R00D _ (5 — 2a)h£2;2’1)} 5+ c.c.} AR

(90)
Finally, we have

1

81(911011) — _7T—§M2(R*R>(O,O,1) )

(1,1,1) Lar2 0,1,1 0,0,1),9(1,1,0 (91)

Syt = —r 2 MA(RR)(O1D - OO0Dy,10)
where (R*R)(%Y) and (R*R)(®Y) are given by Eq. (87),
and O©0DyL1.0) s given by Eq. (90).

D. 87(91’1) in the coordinate basis

We now rewrite Sél’l) [Egs. (76) and (91)] in the coor-
dinate basis (¢,r, 0, ¢) using the perturbed NP quantities
found in Sec. IV and Appendix A. From Egs. (76) and
(91), we notice that 81(91’1) contains two pieces: the term
proportional to (R*R)(O>1) and the term proportional to
[7(0,1) 9(1,0)

For the first piece, according to Eq. (87), we essentially

need to evaluate \Iléo’l) up to O(x). The value of \Ifgo’l) in

terms of the Hertz potential \Ill(io’l)

is given by Eq. (B6c),
and \Ill({o’l) has the expansion in Eq. (53). Since we use the
slow-rotation approximation in this work, we can further
decompose spin-weighted spheroidal harmonics in terms
of spin-weighted spherical harmonics using Egs. (59) and
(60) such that Eq. (53) becomes

Uy = QEem(T) [znm(97 ¢) + xMw (szleﬂ 2Yor1m

. 92

+ 2b27£71 2}/—571 m) + O(X2)] €_WJt ) ( )
Now, one can insert into Eqgs. (B6¢) and (87) the decom-
position in Eq. (92) and the background NP quantities
at O(¢Y, €%) in Egs. (A4)-(A6) after setting ¢ = 0. After
using Eqgs. (67a) and (67b) to simplify the terms with
6(0:9) and 609 acting on Yz, (6, @), we find

(RR)®D = e [ (g1 (.o, M)2 R (1) + 957 (10, M) 2Ry, (1)) 0Yim (6, 6)

+X (ggm(’rvw7 M) 2R€m(r) + gim(rvw7 M) 2R2m(r)) sin ¢ 1Y€m(07 ¢)

(957 (7,0, M) 2 R () + 667 (.0, M) 24, (1) ) €050 0 Ve (6, 6)

YoumnS

X 2041

g4 (.0, M) 2 R (1) + 987 (1,0, M) 280, (1) ) 0 Vi1 (6, 0)

+x QbZL[_l <ggm(Ta W, M) 2R€7n (T) + 9{81(7“’ W, M) 2R2m (T)> On—l 7n(97 ¢):| +c.c.,

(93)



where f'(r) denotes the derivative of f with respect to the
r coordinate for any function f(r). Here, o Ry (r) is the
radial function of the Hertz potential for slowly rotating
Kerr BHs in GR, which can be computed from the radial
function of \D(()O’l)
expand 2R, (r) further in y and drop additional terms
above O(x) in Eq. (93). For simplicity, we choose not to
do this additional expansion here but implement it when
computing QNMs in [58], where we need to explicitly

using Eq. (54a). One can, in principle,
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evaluate the radial functions of \I/é?jll). We have also used

the radial Teukolsky equation to reduce any n-th radial
derivative of Ry, (r) with n > 1 to 9 Ry, and 2R, (r).
The explicit forms of gf™ (r,w, M) are long and therefore
presented through a separate Mathematica notebook as
Supplementary Material [68].

For the second piece, according to Eq. (91), there is
only a contribution from 0©:0:1)9(1:1.0) gince the scalar
field at O(¢Y, x°, %) vanishes in dCS gravity. Thus, we
only need the reconstructed metric at (%, x°,€!). Using
Egs. (92), (A6), and (48), we find

1 )
R0 —ﬁ (Az 2Rom (1) 0Yem (0, ¢)e ™" + c.c.) , (94a)
R ©O.0.1) *+ 5 —2 . S y it
oy LM = @) oo () 4 (7 = 72 By ()} Ve 0, 0)e ™ (940)
hO0L) — P 2{ r— 1) (02 + € — 2+ Tiwr) — wr(ir + 2wr?)] o Rem (r)
F2(r = 1) (O = 0r2) st (1) b Ve 0. )6 040

Now, we can evaluate all the directional derivatives and spin coefficients at O(¢%, X", €!) using Eqgs. (B4), (B8), and

(B10). In the end, using Eq. (90), we find

D(0,0,l),ﬁ(l,l,o)

= e [ (B (1,0, M) 2B () + B (0, M) 3 R, (1) ) 550161 Vi (6, 0)

+hE™ (1w, M) (20 (1) 4+ 19’ (1)) 2 Rem (1) c0s 0 ¢ Y (6, ¢)} +c.c., (95)

where ¥ (r) is the radial part of the background scalar
field in Eq. (13). In Eq. (95), the reconstructed metric
only has contribution at O(x?), so the radial function
o Rom (r) is evaluated on the Schwarzschild background.
Since we choose not to expand R(T) in x here, we do not
distinguish 3Ry, (r) evaluated on the Schwarzschild or
slowly rotating Kerr background. Combining Eqgs. (93)
and (95), we have the source terms in the equation of
I up to O(x). The master equation of ¥(11) in the
IRG in the coordinate {t,r,0, ¢} is presented in Eq. (125)
of Sec. VIII.

In Sec. IX, we will show that Eq. (76) up to O(x) can
be separated into a radial and an angular equation. In
the following section, we apply the same procedures to
evaluate the source terms in the modified Teukolsky equa-
tion of \Il(()l’l) in terms of the reconstructed NP quantities
and project the equation into the coordinate basis.

VI. THE MODIFIED TEUKOLSKY EQUATION
OoF v"" IN THE IRG

In this section, we evaluate the modified Teukolsky

)

equation of ‘~Il((J1’1 in Eq. (16) following the similar pro-

(

cedures in Sec. V. We first evaluate the left-hand side of
Eq. (16) and the source term Sggclcgl) due to the correction
to the background geometry using the background NP
quantities in Sec. IIID and Appendix A. We then project
the source term S onto the NP basis and compute
its coordinate-based value using the reconstructed NP
quantities in the IRG given in Sec. IV and Appendix B.
Figure 2 presents a schematic illustration of the steps
involved in calculating a completely separated radial evo-
lution equation for the \Ifél’l)
the IRG.

Weyl scalar perturbation in

A. Right-hand side of Eq. (16) and SV

Since slowly rotating BHs in dCS gravity are Petrov
type D up to O(¢!, x!,€%), we only need to compute

the Teukolsky operator HOO’O) in GR and its stationary

correction Hél’o) in Eq. (18a). Thus, we do not need
metric reconstruction in this subsection.

Using the Weyl scalars and spin coefficients found in
Sec. ITIID and Eq. (21), we find that

0,0,0 1 0,00
H( ) = TH((),TK ) ) (96a)
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Perturbed gravitational field equation for \I/(()l’l) in the IRG

Left-hand side of Eq. (16)
In coordinate basis
Equation (96)

Separated radial
equation

Left-hand side of Eq. (146)

Right-hand side of Eq. (16)

|
! !

Source term Séclg)l) Source term (Y

terms given
in Eq. (140)

In coordinate basis
using the Hertz
potential Eq. (92)

! l

terms proportional
t0 O¢m (1)
521,1) & 81(41,1)

terms prgportional
t0 2 Rem (1)
S(BLl) & Sj(gl,l)

Using the recipe in
Sec. IX A

terms given
in Egs. (142)

terms given
in Eqgs. (144)

The radial evolution equation of the Weyl scalar perturbation \If(()l’l) for slowly rotating BHs
in dCS gravity in the IRG is given by Eq. (146)

FIG. 2.

A schematic flowchart prescribing the steps involved in obtaining a separated radial evolution equation for the

gravitational field perturbation described by the \I/él’l) Weyl scalar in the IRG for slowly rotating BHs in dCS gravity. This
flowchart summarizes the details of the calculations described in detail in Sec. VI and Sec. IX C. Initial and final outcomes are
represented by rectangular boxes, while intermediate results are symbolized by encapsulating bubbles. The directional arrows
are meant to seamlessly guide the reader through the logical flow of the calculations.

g0 _ 1 10

0 52 Hork (96b)

where Hé?foko) and Hé%ll’(()) are O(x°) and O(x*) terms of
the Teukolsky operator Hy Tk for ¥g [Eq. (4.7) in [18]],

c(r)
r—Ts
— 97 — cot 00 + (4 +m* + 4mcosf) csc® 0 — 6,
i(r— M) — Mwr)
010 _ 4 [ M
0,TK r(r—rs)

Hd) = =r(r = )02 = 6(r = M)0, )

— wcos 0] ,
(97Db)

C(r) = diwr(r —3M) + w?rd (97¢)

where we have decomposed the Weyl scalar \Ilél) at O(e)

as

tm m

QSem(e)efinimd) .

\If(()l) _ |:2R(O’1)(r) + CQRELI)(T) + 0(42)} (98)

The Teukolsky equation corresponding to Egs. (97a) and
(97b) is separable with 2R§?_’;1)(T) satisfying

C(r)

|:’I“(’I“ —1g)02 +6(r — M), +

+4me(i(r — M) - Mwr)

r(r—rs)

- QAgm QRg)?;l)(T) =0.
(99)

Since there is no correction to the background geometry



at O(Ct, x%,€), HM*? = 0. For H{"? we find

imM* .
H(l 1 O) m (Cl (T) + 4ZWT2CQ(T)>
iM* iwrCy(r)
— W cos 0 <Cg(7') — 2)
iM*

Cs(r )811108
2r

(100)
where all C;(r) are listed in Appendix A. The source term
S is then given by

+ 39,8 {(r —15)C4(r) cos 00, —

SO =0, = g{MOg 00N

St (101)
S(:1D can be evaluated in terms of the coordinates using

Eqs (98) and (100).

B. Source term SV

In this subsection, we evaluate the source term S(-1)
from the effective stress tensor or the source term of the
trace-reversed Einstein equation in Eq. (4). The first step
is to project the Ricci tensor R, onto the NP basis such
that we can express the NP Ricci scalars ®;;, where

(I)ij ~ Rab ~ R#,,ea“eb” s (102)

in terms of NP quantities (Weyl scalars, spin coefficients,
and tetrad) and the scalar field ¥. The precise relation
between ®;; and R,y is given in Eq. (C6). Using Eq. (4),
we find

1\?
RNV: - ; M
g

+ (VOV9) Rs(u)o

(Vg?g) 60604(;LVQRV)6

(Vu?) (Vu9)

1

+ 2K4C

(103)
where we have inserted an additional (~ z to the term
linear in ¥ and an additional ¢! to the term quadratic in
¥ to compensate the factor of C 2 we have absorbed into
the expansion of ¥ in Eq. (15). Since ) enters at least
at O((), all the metric fields at the right-hand side of
Eq. (103) are at O(¢?), which can be expressed in terms
of NP quantities in GR.

d
Rab - 770 Rcadb )

(104)
chab = Rab,c

- ’YdacRdb - ’decRad

Since we are interested in gravitational perturbations
of vacuum spacetime, R,(S,’O) = RLO,,’I) = 0, and all the
metric fields in Eq. (103) enter at O(¢?), the first term in
Eq. (103) vanishes. Evaluating the rest of the terms, we
find the seven independent components of R, in terms
of Weyl scalars, spin coefficients, directional derivatives,
and the scalar field ¢ in Eq. (C4).
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We can now evaluate the source terms in the modified
Teukolsky equations. Inspecting the source term S(1) in
Eq. (19), we can divide it into two parts based on whether
S1,2 are dynamical,

sy _ 8(1,1) +S(1,1)
S (1,1) _ 520 1)S(1 ,0) 51(0,1)551,0) ’ (105)
Sﬁ,l) _ 52(0,0)551,1) . 51(0,0)S£1,1) 7

For S( ' ), one can directly evaluate S( % in terms of

the stationary scalar field 9(1%) and the metric in GR
using Eqgs. (20), (C4), and (C6). Then we only need to

reconstruct the operators 51(02’1) using our results in Sec. IV

and Appendix B. The results of S; 3 (1-0) are provided in
Appendix C.
For Sﬁ’l) the only pieces involving metric reconstruc-

tion are S(l Y. For 582’1), we can further divide them
into two parts based on whether ®,; are dynamical,

S(l ) = 5(0 1) 2,1 o]q’&fo) D[(Ozl)o 0, Q]q)élfo)

+ 20(0,1)@%0) _ 9% (0,1)(1)91,0) . R(0,1)(1)512,0) 7
S(l X 5[(8 1)2201(1)(170) D[(021)2071]q’(10)

_2ong (1 0) 4 9450, )q)(l 0) _ 2;4(0’1)@(112’0) ’
5931 = 5(020)—2 1 o]q)(()})’l) D[(OQO)O 0, 2]@(()11’1) )
Si =00 2@ — D250,y ®h"

(106)
where we used that £(09) = ¢(0.0) = X\(0.0) = (. Based
on this classification, we can then additionally separate

S}}’l) into two parts

1,1 1,1 1,1
S;I ) = S§1A) + S§IB) )

Sipy) = €085 — g00 gD (107)
1,1 (0,0) (1,1 0,0) (1,1
S;IB):“:? )SSB)_SI( )S£B)'

For SHA , similar to S( ) , we only need to evaluate <I>( 0
using the background metrlc and the stationary scalar ﬁeld
910 The only quantities need metric reconstruction

are these additional O(¢°, €!) operators acting on <I>(1 0
where @E}’O) are listed in Appendix C.

The most complicated piece of St1) is S}}j), which
(1,

needs metric reconstruction for ;. Fortunately, from

Eq. (106), we notice that we only need to evaluate @éb’l),

o5, a nd o5yY.
divide <I> LY into four parts based on which kind of terms
need metrlc reconstruction, similar to what we have done
in Sec. V. Inspecting Eq. (C4), we notice that all the
terms are some coupling of a Weyl scalar, a scalar field,
a spin coefficient, and directional derivatives, which is
due to the structure of R, in Eq. (103). In this case, we
make the following classification:

To organize our calculations, we can



18

1. Weyl scalars are at O(¢?, €!). In this case, the scalar We will solve the scalar field equation together with
field 9 is at O(¢!,€%). As discussed in Sec. I11C, the modified Teukolsky equation in our follow-up
the leading contribution to ¥(10) is at O(¢', x 1, €°) work [58].
since non-rotating BHs in dCS gravity are still
Schvlvarzlsclrllild. Thgn since we are. interestgd in At O(¢t, xt, €), using the classification above, we can
O(¢ X5 € ) COI‘I‘e(?thI'lS, all the SPH(l) c%eﬂ%ments set many terms to 0 since they are evaluated on the
and directional derlvatlYes are at O(C”, X", €"), the  Schwarzschild background (i.e., when ¥ is stationary).
order of the Schwarzschild background. Similar to Sec V, the results of ‘I’(()%] 1) (I)(l 1)’ nd (I)((]12 1)

2. Spin coefficients are at O(C,€'). Similar to the  UPto O(¢h, x ) are expressed in terms of the perturbed
first situation, the scalar field ¥ is at O(CY, x*, %), Weyl scalars metrlc perturbations, and dynamical ¥ in
so all the Weyl scalars and directional derivatives Appendix C. Due to the complication of S™V), we will not
are at O(¢% x°,€%), which are evaluated on the  Present the results here but provide its coordinate-based
Schwarzschlld background in GR. values directly in the next subsection.

3. Tetrad/directional derivatives are at O(¢%, e!). Sim-
ilar to the first two cases, since ¥ is at O(¢t, x1, %),
so all the Weyl scalars and spin coefficients can be C. S™Y in the coordinate basis
evaluated on the Schwarzschild background.

: 11 . In this subsection, we evaluate the coordinate-based val-

4 The s.calar field 9 is at O(C',e ), which has con- ues of S using the decomposition of 911 in Eq. (85
tributions from both O(¢t, X%, e') and O(¢L, xt, €h) € ) (1p1) ) a ( )
terms. Then, all the NP quantities generally need to ~ and the Hertz potential Wy in Eq. (92). Following
be evaluated on the Kerr background expanded in ~ Sec. IIT A, we separate S into two parts: the terms
the slow-rotation expansion to O(Xl) Since 19(1’1) Coupled to the dynamical Scalar ﬁeld 19(1’1) and the terms
also requires us to solve the scalar field equation in coupled to the background scalar field (0.

Egs. (36), we choose not to compute 911 in this For the first part, we find its coordinate-based value to
work but only list the source terms in terms of it.  be
J
81(41’1) = e " [(p{™(r,w, M)Opm (r) + py™ (r,w, M)O},, (r) + p§™ (r,w, M)O, (1)) 2Yem (0, ¢)
+x (P4 (r, w0, M)Opn () + p5™ (1w, M)O, (1) + pg™ (1,00, M)O,, (1)) sin 6 1Yo (6, 6)
+x (p€ (7,0, MO (1) + p§™ (7, w, MO, () + p&™ (r,w, M)OY, (1)) cos 6 2Ye (0, @)
X 00711 (PG (1w, M)Op (1) + pIT (00, MOy, (1) + pi5' (1, w0, M), (1)) 2Ye+1m( D)
+X0bée L (P15 (ryw, MO (r) + pi (1, w, M)Oy,, (r) + pi5 (r,w, M)O7,, (1)) 2Ye1m(0,6)] (108a)
SV = [ (P (ry w0, M)®pn (1) + 5™ (0, M)y (1) + B (0, M), (1) 2V (6, 9)
—X (pim(rvva)éfm( ) +p5 (vavM)(:)IZm( ) +ﬁ€ (T w, M @ )) lnaflyfm 9 (b)
+x (P (1w, M)O i () + D™ (w0, M)y, (1) + 54" (1, w0, M)OF, (1)) €08 6 —2¥ e (6, 0)
OBy (P30, M) () D1 0. M)y (1) 18 110, MO ) 2¥0s1m0,0)
~X 061 (P15 (1w, M)Oy (1) + P17 (r, w0, M)Oy,, (1) + P13 (r,w, M)O, (1)) —2Ye-1m(6.9)] . (108b)

In Sec. IX C, after getting the radial part of the equation
of 91 we will further express ©%(r) in terms of Oy, (1),

J

sy

04, (1), 2 Remm (1), and 2R2m(7").
Similarly, we find the second part to take the form

= Xe_iwt {(qu(r’ w, M) 2R£m (’I“) + qgm (Ta w, M) 2R2m(r)) sin 0 1Yem(97 (b)
+ (qgm(ra w, M) QREm (T’) + inm

+ (Q§m(Ta W, M) 2R€7n (T) + Qém (7‘, w, M) 2R2m(’l“)) Sin 9 3}/€m(07 ¢):| )

(r,w, M) ngm(r)) cos 0 oYy (0, 0)

(109a)
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S5t = xe [ (@ (rw, M) 2R () + 387 (.0, M) 2R3, (1)) si06 1Y (0, 9)

+(j§m (T7 W, M) Qéfm (T) cos 6 —2)7Zm(97 ¢):| )

where QRgm(r) is the radial function of the Hertz potential
given by Eq. (54a), and 2Ry, (r) is the complex conju-
gate of 9 Ry (r). The radial functions ¢/ (r,w, M) and
G (r,w, M) are presented in a Mathematica notebook
as Supplementary Material [68]. Note that we have used
the radial Teukolsky equation to eliminate any beyond-
first-order derivatives of the Hertz potential to obtain
a simplified expression in Egs. (109a) and (109b). The

master equation of \1181,1) in the IRG in the coordinate
{t,r,0,¢} is presented in Eq. (125) of Sec. VIIIL

VII. THE EVOLUTION EQUATION FOR 9!
AND THE MODIFIED TEUKOLSKY EQUATION

FOR Vv{"" IN THE ORG

In this section, we evaluate the equations governing
the evolution of the perturbed scalar field 9(*1) and the
perturbed Weyl scalar \I/ELM). Although one can in prin-
ciple evaluate the evolution equation of \I/fll’l)in the IRG,
as briefly discussed in Sec. IV B, the evaluation is more
convenient in the ORG. We follow a set of steps similar

to those in the IRG for 9"V in Sec. V and for \I/él’l) in
Sec. VI. Below, we present the master equations of (11
and ¥{"" in the ORG.

(109b)

(

A. The equation of 9P

The scalar field perturbations are governed by Eq. (36).
We now represent the right-hand side of Eq. (36) as

T = —rm i M2 [RR)OY - 0OD9E0 - (110)
Projecting the Pontryagin density onto the NP basis leads
to the same set of equations as described in Sec. V A since
our choice of gauge does not affect the quantities shown
in Egs. (79).

The master equation for the scalar field perturbations
in the ORG are same as that shown in the IRG

Héo’o)ﬂ(l’l) _ 7:9(1»1) , (111)

with Héo’o) and 911 both given in Eqgs. (83) and (84)

respectively, whereas ’7:9(1’1) is given in Eq.(110). The left-
hand side of Eq. (111) in the ORG remains unchanged
from the IRG since the operator acting on the scalar field
perturbations is evaluated on the background. On the
other hand, since the source term in Eq. (111) depends on
perturbed quantities, the value of these quantities is gauge
dependent. In the ORG, the Pontryagin density given in
Eq. (87) holds the following form in the coordinate basis

(R'R)D = ™ [ (0l (.0, M) -2 Rom (1) + 85" (1,0, M) 2Ry, (1)) 0Yem (0,6)

(070, M) 2R () + 857 (7,0, M) 3R, (1)) 5100 -1 Yen (6, 0)

+Xx (ggm(r,w, M) _2éem(7’) + gém(r,w, M) _gﬁigm(r)) cos 6 oYerm (6, 0)

+X 72b?f€+1 (gém (’I“, w, M) 72Rfm (T) + ﬁgm(ﬁ w, M) 72R2m(7‘)) On+1m(0> ¢)

X 26y (867 (1w, M) 2 R (1) + 55 (1,0, M) 2 R0, (7)) 0Yeo 1 (6, 0)] + ..,

(112)

where functions g;(r,w, M) are presented in a separate Mathematica notebook as Supplementary Material [68], and
_oRj, (1) is the radial function of the Hertz potential for a slowly rotating Kerr BHs in GR computed from the radial

function of the \11510’1) using Eq. (54b).
To evaluate the remaining part of the source term 7
and metric perturbations given in Eq. (49). We obtain

(1,1)

, we use the perturbed spin coefficients given in Eq. (B3)

O©0:1)y(1,1,0) _ —iwt [( M (1, w, M) _o Ro () + 5™ (r, w, M) ,Qz%gm(r)) Sin 6 _1Yem (6, 6)

5 (0, M) (0(7) + TOR(7) 2 R () €030 0Yen (6, 6)] + c.c.,

where the functions §;(r) are presented in a separate

(113)

(

Mathematica notebook as Supplementary Material [68],



and U g(r) is the radial part of the background scalar field
given in Eq. (13). Similar to the case evaluated in the
IRG in Sec. V, the radial function _s Ry, (r) is evaluated
on the Schwarzschild background. Combining Egs. (11’3)
and (112) gives us the complete source term 7'(1 2

master equation of 9"V in the ORG in the coordlnate
{t,r,0,¢} is presented in Eq. (125) of Sec. VIIIL.

B. The equation of \Ilil’l)

In this subsection, we present the modified Teukolsky
equation for the Weyl scalar perturbation \I/Z(ll’l) given in
Eq. (24) in the coordinate basis. Following steps similar to
Sec. VI, we separate the source terms into two categories:
’7;&;1) and 71 whose forms in the NP basis have been
given in Eqgs. (25)—(27).

1. Homogeneous part and 7;(6(1),1)

Similar to Sec. VI A, by using the Weyl scalars and
spin coefficients in Sec. III D and Appendix A along with
Eq. (29), we find

0,0,0) 1 0,00

00 = =% o (114a)
0,1,0 1 01,0

OO = = 00 (114b)

where we define

<H£070’0)+xH£071’0)> \1/(1) (H(ooo)+ ’H071’0) il)

(115)
by extracting a factor of p* from the Weyl scalar \I/fll)

following [18], i.e

v = oty = ot [ 2ROV () + ¢ ROV () + 0(¢Y)]

—9Sp (0)e M WITIme
(116)
The operators H, 15%0},{0) and H i%’}}’{o) are O(x") and O(x')
terms of the Teukolsky operator Hy Tk for 14 [Eq. (4.7)
n [18]], respectively,

D(r)
HO00 — r—1rg)0% 4+ 2(r — M9, —
P8 = vt g2 - a2
— 87 — cot 09y + (=2 cot § + mcsch)® —
i(r— M)+ M
Hffl}’io) =4M m(i(r )+ Mwr) —wcosf

r(r—rs)
(117b)

D(r) = —diwr(r — 3M) + w?r®.
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The Teukolsky equation corresponding to Egs. (117a) and
(117b) is separable with ,QRE(T),;U(T) satisfying

r(r —1rs)0% — 2(r — M)0, + @
_4me(i(T—M)+MWT) A, :| R(Ol)( )=0
r(r—rs) B .

(118)
For the same reason in Sec. VI A, we do not need metric
reconstruction to compute 7;&1;1) since the background

spacetime is still Petrov type D. The source terms T,(\')
hold the form

,7-(1 0,1) -0 ,7-(171,1) _ Hil’l’o)\llio’o’l) _ H§1,1,0)w§0,0,l)
‘ (119)
with
(17170) - —imM4 . 2
H4 == m (Dl(r) — 4qwr DQ(T))
iM* iwr?Dy(r)
+ w COSQ <D3(T) — 2>
iM* Dy
+ 39,12 {(r —15)Dy(r) cos 00, — 27(, r) smﬁag] ,
(120)
where we have absorbed the factor of p* into 7—[41 L0 and

the functions D;(r) are presented in Appendix A.

2. 7O

Using the expression for the metric perturbation in the
ORG given in Eq. (49), one can evaluate the perturbed
spin coefficients and perturbed Weyl scalars at O(¢?, €b).
These can then be used to evaluate the following source
terms, which can be divided into two parts based on
whether S3 4 are dynamical.

T(Ll) — 7}(171) + 7‘1(1171) ,
1,1) 0,1 1,0 0,1 1,0
T 00600 _ g0 g10)

1,1) 0,0) (1,1
7—( _ ( )Sz(; )

— {00 gt (121)

Analogous to Sec. VI, 7'1(1’1) consists of terms dependent
on the stationary scalar field, the background, and the
perturbed metric in GR.

Similarly, we can further divide 7'( 1 into two cate-
gories based on whether terms are proportional to <I>l(-j1-’0) or
@(171)

i » which we denote as 7}(11Al) and 7-1(1 ]’3) respectively.

1,1) 1 (1,1

T( TH Y+ THB) ;

7-(1 1) 5(0 0) S 5(0 0)S§1A1 7 (122)
1,1) 0,0) o(1,1 0,0) o(1,1)

TI(IB = AE )SA(L,B) - 5?E )S?(,,B .
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Here S:glj; ) and 51(111,31 ) have terms proportional to <I>EJ1-’1), Expressing these source terms in the coordinate basis,
the terms proportional to the scalar field perturbation

whereas Sé}Al) and SSAD have terms proportional to are given by
q)(l O)'

]

T = et (0 (r, 00, M) O (1) +P§m(7"awaM)92m(T) + 95" (r, w0, M)OY,, () —2Yem (0, 0)
+x ({Jim(T,w,M)@gm(T) &, w, MO, (1) + p§™ (r,w, MO, )) sin® _1Ye, (0, ¢)
+x (05 (1, w, M)O s (1) + 5™ (1, w, M) O, () + 5™ (1, w, M)OY,, (1)) cos 0 oY (0, ¢)
X 00741 ({Jligl(r’%M)@hn( ) + 917 (r,w, M)O,, (r) + 915 (r, w0, M)OY, () —2Ye+1m( :9)
+X0bgfe—1 (b33 (ry w0, M) O (1) + pi4 (7,0, M)O,, () + 915 (r,w, MO, (1) —oYe1m(0,9)] ,  (123a)

TAHY = et [— (0 (r,w, M)@p (1) + B5™ (1, w, MO}, (1) + B5™ (, w0, M)}, (1)) 2 Yo (6, )
—X (5™ (r,w, M) (1) + BE™ (r, w, M)O)y,, (r) + BE™ (r,w, M) O, (1)) $in 0 1 Vo (6, )
X (5 (7, w0, M) O (1) + BE™ (1, w0, M), (1) + 5™ (1, w, M)©Y,, (7)) 08 0 2 Yy (6, 6)
)07 (1)) 2Ye1m

(r,
X 0bflp41 (L0 (row, M)Opn (r) + b1 (7, w, M), (1) + 515 (r,w, M 0,¢)
—X 0bf—1 (B13' (r,w, M)On (r) +B1Y (w0, M) O, (r) + 15 (r, w0, M)OF,, (1)) 2Yem1m (6, 9)] - (123b)
The source terms proportional to the background scalar field can be expressed in the coordinate basis as
TBELI) = Xeiiwt |:(q€m(r7 w, M) —QRZm(T) + qgm(rv w, M) —2R2m(r)> Sin 9 —1Y€m(07 ¢)

(37,0, M) 2 R () + 57 (0, M) 2R3, (1)) €050 2o (6, 0)

+(q§m(r,w,M) 2R (1) + 46" (10, M) 2Ry, (1)) 5100 Vi (6,0)] | (124a)
TE = xe [ (3 (r.co, M) 2R (1) + 85" (r,0, M) 2Ry, (1) ) $in 01 Vo (6, 0)
—I—ﬁgm(?“,w,M) ,2}724,%(7") C08022m<9,¢):| , (124b)

(

where _ngm(r) is the radial function of the Hertz poten-  Secs. V, VI and VII. Through Secs. V, VI and VII, we
tial given by Eq. (54b). The functions ¢/ (r,w, M) and  used the tetrad defined in Sec. I1ID to rewrite Eqs. (16)
ﬁfm(r,w,M) (not to be confused with ¢ (r,w, M)) are ~ and (36) using the IRG and Egs. (24) and (36) using
functions presented in a Mathematica notebook as Sup-  the ORG. In this section, we summarize these results

plementary Material [68]. The master equation of \I,il,l) and condense them into a single master equation for

in the ORG in the coordinate {t,r,0, ¢} is presented in convenience. In later sections, we will present and apply a
Eq. (125) of Sec. VIIL procedure to decouple the master equations for the scalar

field perturbation ¥('1) and the Weyl scalar perturbations
\I/((fjll) (or \11511,1)) into a set of coupled radial ordinary

VIII. EXECUTIVE SUMMARY OF ALL differential equations in the IRG (or ORG).
MASTER EQUATIONS

With this in mind, the master equations for ¥(1-1)

This section presents an executive summary of the main  [Eq. (36)], \1181’1) [Eq. (16)], and \11511’1) [Eq. (24)] can
results of this paper, whose derivation was presented in all be expressed as

J

B r3 821/) 4xM? 0% 0% 0% oY 1 0 oY

B = 5 a0 oM —r oidg eaqs? rlr=2M)Gs s+ Ve = M)5e - 55 a(l 989)
1 1 , oy r(3M —r) oy 29

+ s [XM<2M—T T) 22c0t9c:sc0} 8—¢+2 [MJr ixM cos 6 aJr(s cot fs) &r)g,

(125)



where H represents the Teukolsky operator for a spin s
field in GR given in [18]. Recall that x is the dimensionless
spin parameter, and M is the BH mass. In Table I, we
present the field quantities ¢ which satisfy this equation
and the source terms, {(r) and & on the right-hand side
of Eq. (125), dependent on the gauge and the spin weight
s of these fields. Observe that, clearly, the differential
operator H in Eq. (125) acting on the field quantity 1 is
exactly the same as the one derived by Teukolsky in [18]
in GR for Kerr BH perturbations [c.f. Eq. (4.7) therein],
expanded to leading order in spin. In addition, from
Table I and the source terms in Egs. (101), (108), (109),
(119), (123), and (124), we notice that the (I,m) and

(I,m) modes of \I/( 1 Y need to be solved jointly, as we will
discuss in more detall in Sec. IX.

IX. SEPARATION OF VARIABLES AND
EXTRACTION OF THE RADIAL MASTER
EQUATION

In this section, we extract the radial parts of the master
equations for 91 [Eq. (36)] (both in the IRG and ORG),

J

sHum [Swfm (T)Sng (9)] —iwpmttime _

ZPﬁm
Zpé m

sHy _m [sqﬁé—m(’f')sSg_m(g)} e~ W —mt—imeé _

where Hy,, is the (¢, m) mode of the Teukolsky

operator in GR for particles of spin 0 [i.e., H(0 0

in Eq. (83)], spin 2 [i.e., H(() 9 in Egs. (96) and
(97)], and spin —2 [i.e., HEIO’O) in Egs. (114) and
(117)]. The radial function e, (1) is the radial
part of 91 [ie., O (r)], TSV [ie., 2RIV (1)),
or p’4\I/( D i.e., _QR(l 1)( )] to be solved for. The
angular function ng( ) is the -dependent part of
spin-weighted spheroidal harmonics s)(6, ¢). The
radial functions ;P (r), sQF () and angular func-
tions s f§ () can be extracted from the source terms
found in Secs. V-VII. In the equation for 9"V we
can observe from Eqgs. (93), (95), (112), and (113)
that o PF (1) = oQF (r) since the scalar field is real,

1)

. L1) .
while there is no such a constraint for \Il((J 4 since

J

\1/““) = ROV (1) Spm (B)e

Zm

flm ) ~Hembtime + SQ?m (T)sﬁfcm(g)ei@emtfim¢ ’

—iwemt+imae + Do SREO 1)( ) SZ _m(e)eiwgmt—im¢ ,
gm - swfm( )s‘s’ﬂm (9)6—1w4m,t+zm¢ + Nem swé—m (T)SSZ _m(e)eiwgmt—im¢ 5
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for \I'(()l’l) [Eq. (16)], and for \Iffll’l) [Eq. (24)]. Let us
first present our procedures for eliminating the angular
dependence in these equations and then apply them to
specific cases.

A. Eiminating the angular dependence

To eliminate the angular dependence of these mas-
ter equations, we utilize the properties of spin-weighted
spheroidal harmonics in Sec. IV C and go through the
following procedures:

1. From Secs. V-VII, we first observe that the mas-
ter equations of 19(1 D and \Il(1 D after decomposi-

tion into spin-weighted sphermdal harmonics [i.e.,
Eqgs. (84), (98), and (116)] all take the form

(126a)

f@ m( ) e mtmime +SQ?—m(T)Sﬁk—m(G)ei@[7Mt+im¢’

(126D)

they are complex in general.

2. Equation (126) assumes that a single (¢, m) mode
[Eq. (126a)] or a single (¢, —m) mode [Eq. (126b)]
can solve the modified Teukolsky equation. However,
this is in general not true since the source term in
Eq. (126a) is a mixture of modes proportional to
e~ twimt and e@emt and similarly for Eq. (126D).
On the other hand, in GR, one has the well-known
symmetry [21]

(0) -(0)

Wom = ~Welm >

(127)

so both Egs. (126a) and (126b) contain source terms
proportional to e~™emt and e~e-mt  Thus, one
has to consider Egs. (126a) and (126b) jointly or

solve the linear combination , i.e.,

(128a)
(128b)
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) Ingoing radiation gguge Outgoing radiation éauge
P &(r S S
(spin weight) (equations) (spin weight) (equations)
9D 2 0 —w_%MQ (R*R)((D’l)) ECX(D(;),OJ)19(1,1,0) 0 _F—%MQ(R*R()(OJ)) ECX(E](o,)o,l)ﬂu,l,o)
Eqs. (93) & (95 Eqs. (112) & (113
P00 o] Lo SRV STV S0V 1855 + 55 _ _
0 Egs. (101), (108), & (109)

g g0 | - - Ly [TV ATV T T () 4 T

P Egs. (119), (123), & (124)

TABLE L. In this table, we present the quantities ¥, the spin weight s and the source terms $ that appear in Eq. (125).

where we have absorbed an overall factor into the

normalization of R(O’l)( ) and st (r). Further-

more, we have also taken wéo) Qég)m not just in

GR but also in dCS gravity due to the structure of
Eq (126). As discussed and shown in more detail in
[72], one can solve for both the complex constant

sHém [swﬁm( Sfm

Z Pém

SHE —m [51/12 —m(T)sSZ —m

where we have divided a factor of 74y, in Eq. (129b),
and syt (r) are radial solutions tied to (1gm, wem )-
Similar procedures for generic modified gravity the-
ories can be found in [72].

3. For the evolution equation for ¥(1V) we observe

that ofF (0) consists of the following terms
° OHm(ay d)) and 0}/2:‘:1 m,(aa éf)),

e cos8oYem (6, ¢), and
e sinf 1Yy, (0,9).

For the master equation for \11&11)7 +2fF (0) con-
tains

o oY (0,0) and £2Yrt1.m (0, 9),
L4 COSG:I:ZY—Zm(07¢)7
o sinfd 1Yy, (6, ¢) and sin013Y, (6, ¢).

Notice that ,ff (0) are angular functions in the
modified Teukolsky equation for the particle of spin
weight s and mode (¢,m). The subscript s and
subscripts (¢,m) do not indicate the mode number
of the angular function itself. For example, o fF, (6)
contains terms proportional to sin @ 11Yz, (0, @).

Z‘me

Nem and the QNM frequencies wy,, using the eigen-
value perturbation method method in [24, 38, 39].
The combination (¢, wem) have two independent
solutions [24, 25, 72], resulting in the breaking of
isospectrality. In this case, by plugging the ansatz
in Eq. (128) into the scalar field equation or the
modified Teukolsky equations, using Eq. (126), and
matching the phase of the terms, we find

fﬁm( ) + Nem SQ?—m(T)SfTZk—m(H) ) (129&)

SEn(0) + WimsQfm<r>sffm<e>, (129h)

4. As shown in Sec. V B, the homogeneous part of
Eq. (36) for 911 is separable in r and 6 if one
decomposes 91 into 0Vem (0, ¢). Thus, to extract
the radial part of Eq. (36), we multiply Eq. (76) by
0Vem (0, @) and integrate it over the 2-sphere, uti-
lizing the orthogonality properties of spin-weighted
spheroidal harmonics in Eq. (63).

5. Similarly, as shown in Sec. VI A, the homogeneous
part of the modified Teukolsky equation for \I/(()l’l)

and p~40MY (ie., H"Y and #"?) are separable
in r and 6 if one decomposes \Ilél’l) and p’4\I/fll’1)
into 9 Vem (0, ¢) and _2Vem (0, ¢), respectively. Thus,
to extract the radial part of Eq. (16) and its GHP
transformation, we multiply StV and 701 by
2 Vem(0,¢) and _2Ym (0, @), respectively, and inte-
grate them over the 2-sphere.

6. Since we use the slow-rotation approximation in
this work, when computing the integrals involving
sVem(0,0), one can further expand ;YVem (6, ¢) in
terms of Yy, (0,¢) using Eq. (59). Thus, there
are only spin-weighted spherical harmonics in these
integrals.

7. After the angular integration, the angular functions




sJem(0)e'™? in Step 3 become coefficients of the

form
Astam = /S S Vi Ve (130a)
ALl = . dS cos0 o, Yo, m sy Yeym s (130b)
A%&:me%mmﬂm, (130c)

and the ,fy_,,(0)e’™? angular functions become
coefficients of the form

Aﬁi’izim = /5’2 as Slnlm 82)752—m7 (13184)

(131b)
J

0105 — _ X/ \/
Affif2mm :/ dS o080 o, Yy, m s3Yt0—m s
S2

sH@m [sVem(T)] — sAem = Z [Zn spzkm( ) + Tem ng_m sng—m(T) )

sgl—m [swé—m( - AZ m

where Sf{gm is the radial Teukolsky operator for
a spin s field in GR, and A, is the separation
constant in the Teukolsky equation for a spin s field
in GR, both of which can be found in [18]. The
coefficient .5 = comes from the integral of S, (6)
and s fF (6) over the 2-sphere, and similarly for its
complex conjugate sfifm. 6 and sf];m will be given
by Eqgs. (130) and (131), respectively.

Z EZ mPK —m )+771
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(131c)

S§182S8

ATZIZZ’ m = / ds sin931Yelm 82}742*7" .
S2

Since spin-weighted spherical harmonics are not or-
thogonal across different spins over the 2-sphere,
one has to calculate these coefficients in general di-
rectly. Besides evaluating the integrals in Eqs. (130)
and (131) for different (sq,£1,m) and (sg, 2, m) ev-
ery time, there are also other approaches. One
approach is to use the series-sum representation of
sYom (0, ¢) in Eq. (61), as discussed in Appendix D
with the results stored in a Mathematica notebook
n [68]. Now, the master equations of (1) and

\Il((fjll) become completely radial, i.e.,

(132a)

Eém SQZm( ) ) (132b)

m

B. Radial part of the equation of ¥

In this subsection, we present the radial part of Eq. (36)
in both the IRG and ORG found by following the proce-
dures in Sec. IX A. In the IRG, we find the radial parts
of terms proportional to e~ in Egs. (93) and (95), re-
spectively, to be

VZI;(T) = (gfm(n w, M) 2R4m(r) + gém(r7 W, M) QRZm(T)) +X (ggm(Tﬂ W, M) QR@WL(T) + gﬁm(r, W, M) QRZm(T)) A%{sn )

Vi (r)

where the terms proportional to b}’ , or cos oYz (0, ¢) in Eq. (93) are at O(x?

the ORG, we find

U () = (817 (rs0, M) —a R (1) 4+ 657 (10, M) 280, (1)) + X (87 (ry0, M) 2 R (1) + 257 (0, M) 2R}, (1))

Ut () = x (D7 (7,0, M) 2 R () + 057 (0, M) 2R3, (1) ) A%,

where SRgm(T) is the radial part of the Hertz poten-

tial given in Eq. (53), A%™ and AY“P. are given by

Eq. (130), and the prime denotes a derivative with

= x (47,0, M) 2 R (1) + 15" (7,0, M) 2Ry, (1) ) AT

(133)

10s > (134)

) after the angular integration. In

135)

(
(136)

(

respect to the radial coordinate r. The functions
{gf™(r,w, M) hﬁm(r,w,M) g™ (r,w, M), hem(r w, M)},
where i € [1, 4] and j € [1,2], are the same functions

ANm



in Egs. (93), (95), (112) and (113) and presented in a
separate Mathematica notebook [68].

Using Eq. (57), we can replace the radial Hertz po-
tential Ry, (r) and its derivative in Egs. (133)-(136)
with sRégr’Ll)(r) and SR’g?,’Ll)(r). Notice that the form
of the equations remains similar with SR[m(T) Nnow re-
placed by sRégﬁl) (r) and the prefactors now new functions
of {r,w,M}. For instance, in the first parenthesis of

J

25

Eq. (133), one finds that the prefactor of 2R§,’O1;1)<7") is

gfm(r, w, M)Zflem(ra w, M) + gém(r’ W, M)Qfgm(ra w, M) )

137
Each of the functions that would appear in V2t (r), V5 (1),
UE (r), and UER (r) are separately presented in the sup-
plementary Mathematica notebook due to their lengthy
nature [68].

Combining Eq. (86) with Egs. (133) and (134) [or
Eqgs. (135) and (136)], we now have a completely radial
equation that describes the evolution of the scalar field
perturbations,

IRG:  [r(r —ry)02 +2(r — M)9, + Wi ;inmMQw - OAEm_ Om ()
= e (V) 4 V% ) = (VB + 7% 0) (138)

ORG: [r(r—ry)0? +2(r — M)9, + Wi ;inmMQw - OAZm_ Om(r)
e (Uﬁ;z(r) + mnglj‘m(r)) —r? (UEH(T) —&:ﬁengElm(T)) . (139)

Recall that r; is the Schwarzschild radius, M is the
mass of the BH, x is the dimensionless spin param-
eter such that y = a/M with a being the spin,
0A¢m is the separation constant for a spin-0 field [18],
and {V/E (r), V) (r), UE (r),US, (r)} are radial functions
given in Eqs. (133)—(136). The constant 7, is the rel-
ative coefficient between the (¢,m) and (¢, —m) modes
of \I/éif) in Eq. (128), of which only certain values can
solve Egs. (129) and (132) consistently. To obtain this
coefficient, one has to solve Eq. (146) for the (¢, m) and
(¢, —m) modes of \I/(()l’l) [or Eq. (150) for \114(11’1) in the
ORG] jointly. In [72], it was shown that one can turn
Eq. (146) [or Eq. (150)] into an eigenvalue problem, follow-
ing [24, 38, 39], such that the solutions of 7, correspond
to the eigenvectors of the system, and the QNM frequen-
cies wyy, are eigenvalues.

In the above equation, Vgﬁm refers to taking
the complex conjugate of all the radial functions
in V[ = but replacing {Affm Ablem AbLfomy with

[
Ugfim, and Ug?m. Equations (138) and (139) can now
be solved for to obtain the scalar-led QNM frequencies.
Notice that there is a coupling between the scalar field
perturbations and the gravitational perturbations in GR,
which appear in the form of the Hertz potential radial
function 1o Re,(r) in the IRG or ORG, respectively.
C. Radial part of the equation of \Ilél‘1>

In this subsection, we present the radial part of the

modified Teukolsky equation for \I/él’l). Just like in the
case of the ¥ field, the left-hand side of the modified
Teukolsky equation Eq. (16) is the same as the Teukolsky
equation in GR and is separable under the decomposition
in Eq. (98), with its radial part given by Egs. (96) and
(97). To extract the radial part of the right-hand side, we
follow the recipe provided in Sec. IX A to eliminate all

angular dependence.

First, integrating Hél’o)\lféo’l), where H(gl’o) is given by

Eq. (100), with 5Ym (0, ¢), we find the radial part S5 (r)
of Sg(cl(;l) to be

(C1(r) + 4iwr®Cy(r)) QR(O’l)(r)

m

5152 S182¢C 17781828
{A;fflsl;?m,AZflsiim, A;[flsi’é’sm}, and similarly for V;_DW
|
ixmM?*
Seo(r) = —————
om (7) 448r%(r — ry)
ixM* iwr?
- —=——|C -C
1619 { 3(r) 4<T)( 2

o) a,-ﬂ 2Ryt (r)ASSY

_ (140)

P o) 2R ) (VIEF D= DA - VEFDE-DA%) |
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where we have used Egs. (65) and (66) to replace

(

80 (QY’Zm(oa(b)) with 1}f£m(97¢) and 3}/5m,(07¢)' In



Eq. (140), recall once more that 7 is the Schwarzschild ra-
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Next, due to the structure of Eq. (129), multiplying
Eq. (108a) by 2Yem (0, ) and Eq. (108b) by 2Vr—m (0, $)

dius, M is the mass of the BH,  is the dimensionless spin
parameter, A5 and AS7 are given by Egs. (130), and
the functions C; with ¢ € [1, 5] are presented in Eqgs. (A8).

|

and integrating over the 2-sphere, we find

Sim(r) = ( 17 (r,w, M)y (1) + p5™ (r, w0, M)O,, (1) + p3™ (r,w, M) O, (1))
X (04" (r, 0, M)®pin (1) + p5™ (1, w, M) O, (1) + pig™ (w0, M) O, (1)) AT5Y

+X(P7 (7,0, M)O gy (r) + pg™ (r,w, M)Ofy, (1) + pg™ (r, w0, M)O,, (1)) Ao (141a)
Sim(r) = = (B (r, w0, M)Opyn (r) + 5™ (r,w, M)Oy, (1) + 05™ (1, w0, M) O (7"))( n™

— X (P (r, w0, M)O i (1) + PE™ (1, 0, M), (1) + 56" (1,0, M)OY,, () AT

+ X (P77 (rw, M) O () + P§™ (1, w0, M)O,, (1) + Py (r,w, M) @ (1) A (141b)

[
Here, S (r) and S (r) denote the radial part of the  comes from that A™™ = (—1)™+5 since _,¥y (6, ¢) =

(=)™ Vi, (0, @). The terms proportional to ob}, in
Egs. (108a) and (108b) are at O(x?) after the angular in-
tegration. We can further use Eq. (138) to rewrite ©7  (r)
in term of Oy, (1), O}, (r), 2Rem (r), and o R, (r) such
that

(¢,m) mode of S " 1)( ) and 6:1(41’1)(7“), respectively. No-
tice that both Sem(r) and S, (r) contribute to the
(¢,m) mode of the radial modified Teukolsky equation
in Eq. (129a). The coefficient (—1)™ in Eq. (141b)

Sfm(r) = (kfm(nw,M)@gm(r) + kgm(r,w, M)©,,.(r) + k:gm(r,w, M) QRgm(r) + kﬁm(r,w, M) 2R2m(r))

0 (R (0, M) Ot (1) ™ (70, M)l (1) - K7™ (1,0, M) 2B () + KE™ (1,0, M) 2 R (7)) MGG

em
A22c ’

2 (K™ (o0, M) () + K5 (ry 0, MOy (1) + K (1,0, M) 2R (1) + B3 (7,0, M) 2 R (7))
(142a)

— (B (7,0, MO (1) + RS (7,0, M8, (1) + RE™ (7,0, M) 2 R (1) + K™ (0, M) 2 R (1)) (~1)"

= (R (.0, M) (1) 4+ FE™ (ry 0, M) () + R (7,0, M) 2 R () + RE™ (ry 0, M) o Ry (1)) AT

o (R (0, M) B (1) + R (ry 0, M) 8l (1) + FET (10, M) 2 R () + RE5' (0, M) 2 R (1)) A"
(142Db)

where some of the radial functions k{™(r,w, M) are

1
‘m _ . 3 . .
K (r,w, M) = — We‘zﬁ\/e(e + )V + € —2MP 2Mr(—3Apm + mx(rw — 2i) — irw — 4)
r? (2Apm — 2r’w® + 2irw + 2) + M*(8 + 2mx(2rw + 3i))] , (143a)
12 DV + 0 —2M3[M (myx — 3i - 2i
KU (0, M) = VI + 1)V + ¢ [M(mx — 3i) + r(—rw + 2i)] ’ (143b)

r8(r —2M)

(

complex conjugates of k{™ (r,w, M).
Similarly, projecting Egs. (109a) and (109b) into the
radial direction, we find

while the remaining functions k™ (r,w, M) for i € [3,12]
are provided in [68]. Recall that k{™(r,w, M) are the




V%)
=
=

I

/N

(
(

+Cj§m(7ﬂa W, M) 2R€m( )

The functions SRgm(r) and SRem(T) are the radial parts
of the Hertz potential [i.e., Egs. (53)] and its complex con-
jugate, respectively. Prime denotes a derivative with
respect to the radial coordinate r. The coefficients

qgm(r,w,M)gf?gm(r) —|—qﬁ (r,w, M) QR(m r )
G0 M) o R (1) + 057 (.00, M) 2 i (7)) M2
SE(r) = x [ (@7 0.0, M) R (1) + G5™ (r, 0, M) 3 Ry (1) ) A

124
AT—QQCm] .

1506(€ + 1)V + 0 —2M* (18M?2 + 5Mr +12) (6M + r(—3 + irw))
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aE" (7,0, M) 2 R (1) + 457 (1,0, M) 2 R, (1) ) AL52

)) AS5e

(144a)
EPne

(144b)

[
{Afgr, Afgr, AT} and (AN AT
Eqgs. (130) and (131), respectively. Due to the compli—
cated functional form of ¢! (r,w, M) with i € [1,6], w

have presented them in a separate Mathematica note—

book [68]. The radial functions §™ (r,w, M) are given
by

} are given by

~/m _
@™ (rw, M) = 20— 20 : (145a)
1560(0 + 1)V + 0 — 2M* (18 M2 + 5Mr + r?
& (row, 2y =D DVE S et ( TolrEr ), (145b)
156(¢ — 1)0(0 + 1)(£ 4+ 2)M* (54M? + 10M 2
4710, 21) = - DT DL DM G H 1OMr217). (1450)

Combining Egs. (16), (9

\I/él’l) Weyl scalar is

C(r)

6), (97), (140), (142), and (144), the modified master equation for the radial part of the

Muwr)

r—7"Ts

|:’I‘(’I‘ - 1"3)83 +6(r—M)o,. +

n dmxM (i(r — M) —

—2Aim 23(1 D
7"(7" — 7“5) ‘ ] ( ) (146)

= 20 [S552r) + (S () + Ao (1) + (B () + emSPn(7))]

where C(r) is given by Eq. (97c), Sjo(r) is given in
Eq. (140), S (r) and S, (r) are given by Eqs. (142),
whereas SP (r) and SP , (r) are given by Eqs. (144).
Notice that one needs to solve the (¢,m) and (¢, —m)
modes of Eq. (16) jointly, from which one can then obtain
the coefficient 7, between these two modes defined in
Eq. (128) and the QNM frequnecy we,,', as we will work
out in [58] following the procedures in [72].

Using Eq. (57), the radial part 3Ry, (r) of the Hertz

1 The coefficient 7;_,,, and the QNM frequency w;_,, are redundant
with g, and wyy,, respectively, since we solve the (¢, m) and
(¢, —m) modes jointly. More specifically, from Eq. (129) and a
more detailed discussion in [72], one can find that 7¢—, = 1/(em,)
when 7, # 0 and wp—m = —Wem -

(

potential ¥y in Egs. (142) and (144) can be further ex-
pressed as functions of the radial Teukolsky function

QR(O 1)( ) for the perturbed ¥y in GR [18], as discussed
in Sec. IX B. All necessary functions have been provided
in a supplementary Mathematica notebook due to their
lengthy nature [68]. One can readily use existing wave-
function ansatz in the literature to evaluate the radial
Teukolsky function [21, 73].

Notice that the modified Teukolsky equation for the
Weyl scalar perturbation \I/él’l) exhibits coupling to the
scalar field perturbation at O(¢*, €'), but no such coupling
is seen for the scalar field perturbation at the same order,

unlike the case involving metric perturbations [9)].



D. Radial part of the equations of \11511’1)

In this subsection, we present the radial part of the
modified Teukolsky equation for the Weyl scalar pertur-

bation \11511,1) for a slowly rotating BH in dCS gravity.
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Similar to the case studied in above Sec. IX C, the left-

hand side of the modified Teukolsky equation for \Ifgll’l)
in Eq. (24) holds the same form as the left-hand side of

the Teukolsky equation for \Ilflo’l) [18]. First, multiply
aHOUED = 10D by 5V (0, ¢), with H{
given in Eq. (120), and integrate over the 2-sphere

J

—ixmM*

eg;:{’(r) = m (Dl(r) — 4iwr2D2(r)) 72R(0 1)( )
) 4 ’in2 r(r —rs .
- ffs]\{s [D3( )~ D4(r)< T ( 5 )arﬂ LR (A,
-‘r%D (r) 2R01)( )( (L+2)(— l)AEf{’iQS— (€+3)(€_2)A€f§’i25) 7 (147)

where ,gRég;l)(r) is the radial function of p_4\11510’1) presented in Eq. (116), {A%“, A5, A, ) are given in
Egs. (130), and D;(r) for i € [1,5] are presented in Egs. (A9).

Next, we multiply Eq. (123a) by _2Vm (6, ¢) and Eq. (123b) by _2)r .. (0, ¢) and integrate over the 2-sphere. We
also make use of Eq. (139) to decompose the ©7, () dependence in terms of Oy, (1), 0}, (1), 2R (r), and _oRY, (7)
such that

tm\T

Tim = (7 (.0, M)Opn (r) + 05" (1,0, M)}, (1) + 5™ (.0, M) g R (1) + K" (1,0, M) 2 Ry, (7))

AM m

ot (K& (0, M@ () + B (1,0, M@ (r) + K™ (1,0, M) o R (r) + K™ (1,0, M) Rl (r

4 (R0, M) () 45 (1,10, M)l () (1,10, M) R (1) 4 K5 (1,0, M) o By (1 )A“mzc,
(148a)

Tim = = (8" (., M)Bum (1) + By (1,0, M)Op, (1) + ™ (1,0, M) B () + 8™ (v, 0, M) 2 oy, (1)) (~1)"

—fm = —lm = —m ~ —lm ~
X (85" (.0, M@ (1) + B (10, M) () + 2" (10, M) - R (1) + B (ry 0, M) o R (1)) A5

Te—m
A2 2c

(148b)

2 (Rg™ (1w, M)®eun (1) + By (1w, M)l (1) + B (1w, M) 2 R (1) + B35 (7,0, M) -2}, (1))

where we recall that ©p,, (1) is the radial part of the scalar field perturbation, _o Ry, (r) is the radial part of the Hertz
potential in the ORG, prime denotes a derivative with respect to the radial coordinate r, and an overhead bar denotes
complex conjugation. The constants A and Af are given by Egs. (130) and Egs. (131), respectively, with the relevant
subscripts and superscripts. The functions Bfm (r,w, M) and Efm(nw, M) are given in a Mathematica notebook as
supplementary material [68]. Similarly, the source terms in Eq. (124) can be decomposed into a radial equation as

T = x [ (070, M) o Ru(r) + 657 (0, M) 2R (1)) A%,

+ (qgm(r, w, M) _QRgm(r) + qﬁm(r,w, M) —2R2m(r)) Affm

* (qém(T’w’ M) —2 R (r) + 6™ (1,0, M) —2RZm(T)> AL 25} ; (149a)
T8 = [ (a0 M) s () + 4} 10, M) oy (1)) AL

ol (o M) B (DAY (149D)

Using Eq. (57), the radial function _y Ry, (r) of the Hertz potential ¥y, in Eqs. (148) and (149) can be expressed

in terms of the radial Teukolsky function ,gRéSr’Ll) of p*4\11510’1) in GR, as described in Sec. IXB. All necessary
functions have been provided in a supplementary Mathematica notebook [68]. Combining Eqs. (24), (114), (117), and



(147)—(149), we find

D(r)  4mxM((i(r — M) + Mwr)
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r—7Ts

{r(r — rs)(‘?f —2(r—M)o, +

— oA | — REY
T(T—Ts) 2 :| 2 m () (150)

= 20 [T )+ (T ) 4 7en T ) + (T + T )]

As before, one has to solve the (¢,m) and (¢, —m) modes of
Eq. (150) jointly to obtain the coefficient 7, in Eq. (128)
and the QNM frequency wy,,. This analysis shows that
the modified Teukolsky equations for the Weyl scalar

perturbations \Ifgjll) and the scalar field perturbation

YD can be separated into a radial and angular piece.
The radial piece can then be integrated numerically to
obtain the QNM frequencies.

X. DISCUSSION

In this paper, we have employed the modified Teukol-
sky formalism in [23] to investigate the perturbations of
slowly rotating BHs in dCS gravity at leading order in
spin, where the BH spacetime is non-Ricci-flat, but re-
mains of Petrov type D. To incorporate the slow-rotation
approximation, we first extended the two-parameter ex-
pansion in [23] to a three-parameter expansion. Following
[41, 64], we then re-derived the null geodesics on the
equatorial plane, from which we found the NP tetrad for
slowly rotating BHs in dCS gravity up to O(x). The
resulting tetrad is the Kinnersly tetrad expanded to O(x),
with an additional adjustment accounting for the dCS
correction. This tetrad is the same as the one in [64].
Since BHs in dCS gravity are non-Ricci-flat, this direct
extension of the Kinnersly tetrad leads to some nonzero
background Weyl scalars ¥; and W3, so we performed
additional tetrad rotations to remove them and computed
all the background NP quantities in this rotated tetrad.

The source terms of the modified Teukolsky equation for
U 4 arise from two distinct contributions. Some of them
originate from the homogeneous component of certain
Bianchi and Ricci identities, so they only rely on the
corrections to the background geometry. For Petrov type
D spacetimes, these stationary corrections only couple to
the perturbations of ¥y 4, so we evaluated them using the
NP quantities in the dCS background and the solutions
to the Teukolsky equation in GR. The other source terms
stem from the stress tensor associated with corrections to
the Einstein-Hilbert action. In dCS gravity, these source
terms couple the scalar field with the metric in GR. Thus,
to completely evaluate them, we need to solve for the
dynamical scalar field. In this case, we first evaluated the
scalar field equation and used the same methodology to
guide our calculations for Wy 4.

Since the scalar field is driven by dynamical metric per-
turbations in GR, one needs to first reconstruct the metric
associated with curvature perturbations in GR. In this

(

work, we chose to follow the CCK procedures developed
in [33-36, 59-63], where the perturbed metric is obtained
from the Hertz potential, though other procedures in
[37, 41] may also apply. Using the reconstructed metric in
[33-36, 59-63], we then computed all the perturbed NP
quantities in GR following the approach in [37, 65]. Since
we also chose the gauge that the perturbations of ¥ 3
vanish in both GR and dCS gravity [23], we performed
additional tetrad rotations to transform all the perturbed
NP quantities into this gauge. In the end, projecting the
scalar field equation onto the NP basis, we used the re-
constructed NP quantities to express all the source terms
as differential operators acting on the Hertz potential.

The Hertz potential can be obtained from the pertur-
bations of ¥y 4 in GR, which are solutions to the Teukol-
sky equations in GR. Decomposing the Hertz potential
into spin-weighted spheroidal harmonics, we presented
the source terms of the scalar field equation in Boyer-
Lindquist coordinates explicitly. The radial function of
the Hertz potential was then determined from the radial
function of the perturbed ¥ 4 in GR following [61].

In the IRG, the above steps led to three coupled, partial
differential equations for the (¢, m) and (£, —m) modes of
the Weyl scalar perturbation in dCS \I/él’l) and the (¢,m)
mode of the scalar field perturbation 91 [the (£, m)
and (¢, —m) modes of ¥(11) are redundant since 911 is
real], that we refer to as master equations. Similarly, in
the ORG, we obtained three coupled, partial differential
equations for the (£,m) and (¢, —m) modes of the Weyl
scalar perturbation in dCS \Ilfll’l) and the (¢,m) mode
of 91D More explicitly, the master equation of \I/gl’l)
(or \11511,1)) consists of the GR Teukolsky operator for a
spin 2 (or spin —2) field acting on \I/él’l) (or \I’fll’l)), as
well as a source term that depends on 9("'1) and the Weyl
scalar perturbation in GR \Iléo’l) (or \Ilflo’l)). Similarly,
the master equation of ¥(1:1) consists of the GR Teukolsky
operator for a scalar field acting on (X)) and a source
term that depends on \118071) (or \11510’1)).

To separate these master equations into radial and an-
gular ordinary differential equations, we exploited the
orthogonality properties of spin-weighted spheroidal har-
monics and performed a harmonic decomposition to elim-
inate all angular dependence of the source terms. The
homogeneous part of the scalar field equation naturally
separates, so we obtain a purely radial differential equa-
tion [i.e., Eq. (138) in the IRG and Eq. (139) in the ORG].
Similar procedures were then implemented for the modi-
fied Teukolsky equations of ¥ 4. The source terms of the



modified Teukolsky equations were expressed in terms of
the Hertz potential and the dynamical scalar field. We
then projected the source terms into the radial direc-
tion by integrating them over spin-weighted spheroidal
harmonics. The homogeneous part of these equations sep-
arates in the same way as the Teukolsky equations in GR,
so we also obtained two radial differential equations for
Uy [i.e., Eq. (146)] and ¥4 [i.e., Eq. (150)], respectively.
Through these procedures, we obtained three
coupled, ordinary  (radial)  differential  equa-

LA, R0, 650 )} (or
{ SRV (), RD (5, 6(1’1)(7")} in the ORQ),

tions for

Im
where the first two are radials functions of \1,81,1) (or

p’4\11511’1)), and the last one is the radial function of
9D All of these equations have the same structure.
The left-hand side is the radial Teukolsky operator for
particles of spin 2 (\Ilgl’l)), spin —2 (\11511’1)
0 (1),
(or \Ilfll’l)), the right-hand side contains source terms

that depend on {@gi’ll)( ), gR(O 1)( ), gRécfz(r)} (or
{@gﬁl)( )s —2R(O 1)( ) —QR(O 1)( )})7 where the last two

are radial functions of \I!éo’ ) (or p’4\11510’1)). For the radial
master equation of 91, the right-hand side contains

source terms that depend on { R 1)( ), Réo i,)b( )}

m
(or { QR(Ol (r), 72R§(22(T‘)}). The coupled system

therefore forms a (Sturm-Liouville) eigenvalue problem
that should be amenable to standard procedures to find
the eigenvectors and eigenvalues, i.e., the QNM and
scalar frequencies.

The primary objective of this study was to apply the
modified Teukolsky formalism in [23] to investigate per-
turbations of BHs in some specific modified theories of
gravity. To illustrate this, we considered the case of slowly
rotating BHs to leading order in spin within the framework
of dCS gravity. Although the slow rotation approximation
may not provide highly accurate results for more realistic
BHs (with spins x ~ 0.6), it is a simplified problem for
testing the newly developed formalism. Incorporating ad-
ditional degrees of freedom associated with dCS gravity,
coupled with the intricacies introduced by the metric re-
construction procedures, renders this calculation complex.
Yet, in this work, we successfully demonstrated that the
modified Teukolsky equation in [23] does not only decou-
ple Weyl scalars W 4 from other NP quantities but also
admits a separation into radial and angular parts, a key
advantage of the Teukolsky equation in GR, especially for
rapidly rotating BHs. Although this paper focused on the
first order in the slow rotation expansion, the separation
of the modified Teukolsky equation should hold for any
spin since the orthogonality properties of spin-weighted
spheroidal harmonics we have used to separate the equa-
tion apply for a general spin. Thus, this calculation is an
ideal initial step toward determining the QNM spectra

), or spin
For the radial master equation of \Ifgl’l)
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for BHs with general spin in modified gravity.

This work creates a new path to directly calculate the
corrections to the QNM frequencies for slowly rotating
perturbed BHs in dCS gravity. Having obtained the
master equations for the perturbed Weyl scalars ¥y 4 and
the perturbed scalar field, we can now integrate these
equations using numerical integration schemes, such as the
eigenvalue perturbation method in [24, 38, 39] to find the
QNM spectra. Moreover, the QNM spectra obtained using
the modified Teukolsky formalism can then be compared
to the results from the metric perturbation approach [6,
7,9, 31, 74] and numerical relativity [75-78]. Notice that,
in higher-derivative gravity, Refs. [25, 26] have followed
our formalism to compute the QNMs in the slow-rotation
expansion of BHs in that theory, and they obtained results
valid for x < 0.7. Nonetheless, the dCS case we have
focused on is more complicated due to the coupling to
the scalar field equation. As discussed above, we have
also presented in detail the angular dependence of the
master equations of the perturbed ¥, 4 and ¢ and showed
explicitly that they are separable, while Refs. [25, 26] only
briefly discussed using the orthogonality of spin-weighted
spheroidal harmonics to extract the radial equations.

An additional aspect worth exploring is the phe-
nomenon of isospectrality breaking in the QNM spectra.
In GR, odd and even parity modes oscillate and decay
at the same rate. However, certain modified theories of
gravity have been shown to exhibit a breaking of isospec-
trality, e.g., dCS gravity [6, 7, 9, 31, 74], EAGB gravity
[8, 10, 79], and higher-derivative gravity [55]. The inves-
tigation of isospectrality breaking has, so far, primarily
focused on metric perturbations, as the Zerilli-Moncrief
and Regge-Wheeler equations naturally separate metric
perturbations into even- and odd-parity sectors [14, 15].
However, for BHs with arbitrary spin, there are no known
extensions of the Zerilli-Moncrief and the Regge-Wheeler
equations, so we need to use the modified Teukolsky equa-
tion to study isospectrality breaking. In another study
[72] involving all the authors, the definite-parity modes of
curvature perturbations in modified gravity were found,
and the features in these bGR theories that result in
isospectrality breaking were revealed and demonstrated
in several simple cases. Nonetheless, a direct mapping
from the Zerilli-Moncrief and Regge-Wheeler functions to
the modified Teukolsy equations of these definite-parity
modes still remains unknown. The implementation of the
modified Teukolsky equation in a concrete bGR theory
has opened up possibilities for addressing these questions
and more.

Building upon the insights gained from the present
study, further investigations can be pursued involving
more complex systems within various gravitational theo-
ries. As part of our collaborative effort, we are currently
engaged in extending this calculation to derive the master
equations and QNM spectra for BHs with arbitrary spin
in dCS gravity, where the BH spacetime is Petrov type I.
In addition, we are also actively involved in computing the
master equations for rotating Petrov type I BHs within



the framework of EAGB gravity. For the first time, we
can explore the QNM spectra for BHs with general spin
in a wide range of gravitational theories and spacetime
geometries, which can then be compared with real obser-
vation data to scrutinize these possible deviations from
GR.
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Appendix A: Principal tetrad, spin coefficients, and
some auxiliary functions

In Sec. IIID, we performed tetrad rotations to set

\Ilg%éo) = 0. As discussed in [41], these tetrad rotations
preserving the orthogonality conditions of the NP tetrad
can be divided into three types,

I:l—=1l,m—>m+al, m—>m+al,

_ _ _ (Ala)
n —n+am+ am + aal .
II:n—n, m—>m+bn, m—m+bn,
_ - _ (Alb)
Il —1+4+bm+bm+bbn.
MI:1 — A7, n— An, m — e¥m,
(Alc)

m— e “Ym,

where a and b are complex functions while A and ¢ are
real functions. The transformations of Weyl scalars and
spin coefficients under the tetrad rotations in Eq. (A1)
can be found in [41]. The tetrad rotations above are
precise, but when these rotation parameters are small,
for example at O(¢!,€%), the rotations of the tetrad at
O(¢t, €9) simplify into

110 5 (10 4 pL0y 4 p10 7 — 5 A0

nt0 - (10 4 510 4 o105 4 5400, (A2)
m0 - 0 4 q(L0 4 p0p 4 (10,

where we defined §A = A—1 and combined the three types

of tetrad rotations. Then, the Weyl scalars at O(¢!, %)
transform as

v — 0,

v w4 3p 0y,
v el 4 3310,

(A3)
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where we used that the background at O(¢?, €°) is Petrov
type D, so \Il(()?i??)),él = 0. Since the spin coefficients at
O(¢t, €%) after the rotations can be easily computed from
the rotated tetrad, e.g., Eq. (A4) in this work, we do not
provide their general transformations under the tetrad
rotations here.

Using the tetrad rotations in Eq. (A1) and the results
in Eq. (A3), we set \Ilgféo) = 0 and found the principal
tetrad to be

o ( P g M GG
S\ =1y (e —ry)  2r(r — 1)
(Ada)
~ OxA(n)
16Mr7 |’
_ ok r XM XG(r)
nM_N(r><r—rs’ -10, r(r—rs)  2r(r—rs)
CxAs(r)
(Adb)

1 /. Az(r) — Ay (r)(r —rs i
m“=<ZXM <1+< 3(32)M2r5((r)—(7"s) ))Sma’

i (Ag,(r) + A (r)(r — rs)) Sinf.

32Mrb
1_M, i<1_iXMCOSG)cs00>,
r r
(A4c)
where
A1(r) = 306M7 + 140M5r + 55M°r? (Ada)
Ag(r) = 18M" + 10MSr + 5072, (A5D)

Az(r) = 612M°® — 26M " — 30M°r? — 55M°r . (A5c)

In the principal tetrad Eq. (A4), the spin coeflicients
at background are

c=X=0,

( 1 >2 5iCxBa(r) .
k= —|=——) v=—"—"5inb,
N(r) 16+/2r7
po Lo LM (1<B2<r>)cose,

N(r) T r 1675
B My ¢Bs(r)\ .
T = —7r——\/§T2< + 59,6 siné,
e = MXBa(T) o

3277

_ +r—M
’y_l’[’ 27’2 9
My (Ba(r)\ . 2
oz—\ﬁr2 <1+ 16,6 sinf — 3



32

1 M B
_ cotf— X ( (34 ¢Ba(r) sin 6 fined to be
2V/2r r 1676 4 3 5 o
Oy (r) = 57960M* — 39316 M>r — 694 M *r (Asa)
a
— csc 9)] (A6) — 1050M73 + 234514 |
th Cy(r) = 189M? + 120M?r + T0M7r? (A8D)
W1
Cs(r) = 1602M3 — 1056 M1 — 515M 1>
By (r) = 306M° + 112M°r + 33M "7, (ATa) — 925503, (A8c)
BQ(T) :306M5+140M4T+55M3r2) (A7b) C4(7n) :954M2+440M7“+1757’2, (A8d)
Bs(r) = 4680M° — 302M°r — 240M %12 (AT0) C5(r) = 4680M°> — 518 M?r — 360Mr* — 335r% . (ASe)
— 275M3r3 . o .
Ba(r) = $10M° + 54M%r — 5M2 — 55M%° . (A7d) The radial functions in Eq. (120) are given by
Di(r) = C;(r) i#3, (A9a)

Using the above NP quantities at O(¢!, €”), we com- 5 ) ) 3
puted the correction to the Teukolsky operators in Ds(r) = 306M° +28M*r — 156Mr= — 95r°.  (A9b)
Sec. VIA. In Eq. (100), these radial functions are de-

Appendix B: Reconstructed NP quantities

In this appendix, we provide the explicit expressions of these reconstructed NP quantities in Sec. IV. As discussed in
Sec. IV, one can write these structure constants Cy;° in terms of spin coefficients using Eq. (72) and the definition of
spin coefficients in terms of Ricci rotation coefficients

1 1
K =731, 7= —"7241, 525(7121—7341)7 pP="134, A= —7244, 0425(7124—7344)7

1 1
0 =733, M= "4z, [= (%23 - 7343) T =732, V=—"7242, Y= 5(7122 - 7342) . (Bl)

It was found in [41] that

Ciat =—=(y+73), C12? =—(e+8), C1oa> =F+7, Ciz3' =—a—-B+7, C13° =k, C13° =p+e—£&, Ci3* =0,

Cos' =0, Cos® = —7+a+ 8, Co3® =—p+y—7, Coz" ==X, Cas' =p—fi, Css®> =p—p, Ca® =B —a,
(B2)
and the other components can be found by using complex conjugation and that C,;¢ is antisymmetric in its first two
indices. Solving the above equation, one can also express spin coefficients in terms of Cy;©,

I€:C312,0':— 21,A20423,V:—C421,
1 1
pP=-5 (Cs:° +Cu* + Cu3®) , == (0323 + Cp' — Cu3')

1 1
T=-3 (C'+CP+Co%) 7= 3 (Ca1" + C32> — Coy ") (B3)
1
(6(414 - 031 + 2021 + p— p) = Z (C424 — 0323 + 20211 + n— ﬂ) 5

1
(Cin' = Cp®+2C5° +7—7) , B = 1(0311—03224-204344-7—7?) .

Then following the procedures in Sec. IV, one finds the spin coefficients at O(¢%, €!) to be

1
kO — 55[—2,—2,1,1]@(;0’1) - D[—Q,o,o,—uhl(g{l) , (Bda)
1
0'(0’1) = — *D[_Q 2,1 _1]h(0’1) + (’/'_T + T)hl(g,zl) s (B4b)
A0 — (7 + )h(o ,1) + A[ 11 —Q]hmm 7 (B4c)

O = 55[2,2,—1,—1]hnﬁ D A[0,1,2,0]h;0/nl) ) (B4d)



E[A[—l,l,o,—ﬂhl(lo’ — 2Dy, 1 l]h( D _ 5[ 2,0,—3, 2]h( N4 5[—2,0,1,2]h5(221) —(p— ﬁ)hgr?;?lz)} ) (Bde)
plO = %{ phlD — (p = P — 8 g0, 1 bt + 00,1 2him” — D[o,o,l,—uhsr?%lz)} : (B4f)
00 % [— ph{%) — 8(0.2,—2 —1]h( W)+ d10,2,0 1]h( D+ +(u+ N)h(o 4 Al110 O]h( : )} (Bdg)
4O — i [— Dioo -hiGD - 5{0727_2,_1]11;%) + 0 ahin — (=i — AR = (u— )| (B4h)
%l = i{ D201 72]h1('7,m + 91201110 mm 5[0 0,—1 *1]hln T A2, 2]h( g 5[270,*17*1]]152;?13} , (B4
BOD = i{ D29 1h%Y — 800 1, 1h%0 — 80,01 71]h( Dy A[1,2,2,O]hz(2§1) + 5[0772,171]]152%)} ’ (B4j)
701 = % [D[z 0,-1 O]hnm + Thgf)mrll) —070,0,—1 71]hln + Afo,1,0, 2]hl(g{1) + ?hg;%)} ) (B4k)
7O = % [ Dio2.0,- b9 + whl&Y + d0.0,1,1h5e” — Apo,—z0his + Thly, 1)} (B4l)

For Weyl scalars at O(¢°,€!), one can use Ricci identities to retrieve them from spin coefficients. The equations
below work for both vacuum and non-vacuum spacetimes since we have linearly combined Ricci identities to remove
NP Ricci scalars @, following [37, 65].

Vo =D[_31,-1,-1)0 — 0[—1,-3,1,—1]K (B5a)
¥y = Dio,0,-118 = O(-1,0,1,0€ — (@ + 7)o+ (v + p)~, (B5b)
U, = %[5[72,1,71,71]5 — 1010+ D17 — Aia,—1,-1) + 011,117 — Aj_11,-1,-11p + 2(vEk — )\a)} ,
(B5¢)
U3 = 5[0 1,0,-117 — Apo-yat (E+pv—(B+1)A, (B5d)
Uy = 5[3 L1,—1Y — Ap,3,-1A- (B5e)

The equations above are precise, so one needs to linearize them when extracting the Weyl scalars at O(¢?, e!) using
the perturbed tetrad and spin coefficients at O(¢?, €!).

In Refs. [35, 59], they also computed the perturbed Weyl scalars in the IRG and expressed them in terms of the
Hertz potentlal

1
v = —5D-s10-uD1-2,2,0,-1) S (B6a)

mm
sty

1
\Ilgo’l) =3 [QD[—1,1,1,—1]D[0 2,1 —1]h( )+ Di111,-110-22,—2 —1]h( o+ 0(—3,1,-3,-11D=2,2,0, —1]h£n7n):| ., (B6b)

s L4y

1 _ _
\1’5071) DY [D[l,l,z,—1]D[2,2,2,—1] nn11) +2 (D[1 1,2,-1]9[0,2,~1,~1] +5[—1,1,—2,—1]D[O,Q,l,—l]) hﬁlofnl)

_ _ (B6c)
+0[-1,1,-2,-1]9]-2,2,—2, —1]h(0 1)}
1 - _
\Ilgm) =3 [ (D[3,173,,1]5[2}270,—1] +5[1,1,71,71]D[2,2,72,71]) him 1+ 5[1,1,71 71]5[0 2,-1 *11hnm } ’ (B6d)
1r- _ _ _
vy = "2 [5[3,1,0,—1]5[272,0,—1]hioﬁ,ll) +3W5 (7014000 — PAP0.40] —HD(40,0.0] + T0p0.4.0,0 +2V2) ‘I’H] : (Be)

where hm | is the piece of K%Y proportional to Wy in Eq. (48), i.e., h(,fnl)l = 0[1,3,0,-1)00,4,0,3) V- As we discussed in
Sec. IV, our results using either the Ricci identities or direct computation from the linearized Riemann tensor agree for
\I/g’)ig’él but not for \Iféo’l) due to different choices of the perturbed tetrad. Thus, we can use Eq. (B6) for \I/g?f%, 4 and

Eq. (B5d) for \Iléo’l).
For Schwarzschild, the equations above simplify into

1 .-
gl = —5 D', (B7a)

L
Ui = — 2 D5~ 4a) ¥, o
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w0 = _L1p25 905 - 4a Uy, bre
2 2
\Iféo’l) _ —%D5(5 —20)(6 — 4a) Wy + g\IJthﬁ , (B7d)
1 - _ - = _ 3
\1,510,1) — _5(5 +2a)0(6 — 2a) (6 — 4a) Wy + 5‘1’2 (1D + p(A +dv) = 2W,] Uy, (B7e)

where we have added the correction term %\Ifghgloﬁll ) to \Ilgo’l).

To use a consistent gauge with the one in Sec. III A, we need to rotate the tetrad to remove \Il(l?él). Under type I
and II tetrad rotations at O(CY, €!), the tetrad becomes

1O O L pOD 4 OV g 54007 O O L GOD 4 qOD 5 4 540D,

B
mOY — O 4 qOD] 4 pODgy 450D, (B8)
and the Weyl scalars transform as
v =0, w0 5wl 430D, e o e 4 350Dy, (B9)

The rotation coefficients (%) and b(®1) are given by Eq. (75). For spin coeflicients, due to the complication of the
reconstructed tetrad, instead of computing the spin coefficients from the rotated tetrad directly, we chose to use the
transformation of spin coefficients under tetrad rotations in [41]. In this case, the spin coefficients transform as

KON 5 (0 4 j01) , _ ppo1) oD 5 5O L 400 (98 4 7) — 550D

AOD 5 AOD) 4 5O (20 4 ) + da, pO 5 0D 4L gOD (4 4 29) + AV

e@D - O L HOD 5 4 pOD (o 1), PO — pOD L O 7 4 9pOL g — pOD) (B10)
pO — O 4 gODr 4 25008 4 5500 - A0 5 A O 4 qOD g 4 gD (5 4 1),

a©D 5 oD 4 g0, L FO1 BOD _y gON L O () 4 ),

70D & 7O L 50D 4 pgOD | 7O 5 7O 4 O, 4 2pODy — ApOD)

Furthermore, besides the tetrad rotations, when one performs coordinate transformations x# — z# + £# at O(¢Y, €l),
one finds

\Ij(ovl) — \Ij(o’l) + 5“(0’1)8#\11(010) + E/L(Ofl)a“\:[j(070) . (Bll)

for the scalar-type NP quantities such as Weyl scalars and spin coefficients [65].

Appendix C: Expression of ®;;

In Sec. VIB, we want to rewrite the Ricci tensor in Egs. (103) and (104) in terms of Weyl scalars, spin coefficients,
and directional derivatives. Since 7. is antisymmetric in the first two indices, it has 24 independent components.
These 24 components can be further reduced to 14 components using complex conjugation, which can then be expressed
in terms of spin coefficients using the definition in Eq. (B1),

T21 =E+E, M2 =7+, 23 =a+ B, V31 =K, V132 =T, V133 =0, Y134 = P,

_ _ 3 _ _ _ _ (C1)

Yos1 = —T, Yoz2z = —V, Y233 = —A, Yesa = —[, Y31 =E— €, Y2 =V — 7, Yz =a— 3,
For Riemann tensor or Weyl tensor, it is antisymmetric within its first pair and second pair of indices and symmetric
under the exchange of the first and the second pair of indices, so the total number of independent components reduce
to 21 using these symmetries. Besides these symmetries, Cypeq) = 0 and Copeq is traceless in the vacuum, which further
give us the following relations in [41],

01314 = C’1323 = CV1424 = 02324 = Oa

1 (C2)
01334 = _01213 ) C12334 = 012237 C’3434 = CV1212 ) C'1342 = 5 (01212 - C‘1234) 9
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which reduce the number of independent components of Cypeq to 10. These 10 independent components can be
represented by 5 Weyl scalars and their conjugates. With complex conjugation, we can find all the components of the
Weyl tensor using the symmetries above and the components below,

Cio1z = Ua + Uy, Cio13 = Uy, Craog = —Vs3, Cloga = U — Uy, Cig13 = Vg, Cagoz = Uy (C3)

With Egs. (103) and (104) and (C1)—(C3), we find Eq. (103) in the NP basis to be

Ry = z‘Rl{(Dz?) [A\I/O Mg — (a+B+m)U; + (@+ B+ 7)) + (6 + &) (Vg — \T/z)]

—(AY) [0\1/0 — oy — &, + n\l/l]

+ (69) [ BYUg + Uy + (¢ — & — p) Ty — R(Ty — @2)} (C4a)
(50) [a B)YWg — (¢ — &+ p) Ty + 0Ty + (\112—\1:2)}

- %%{S, S} + 5\i/o{cs, 839 + U {D, 6} — U, {D, 5} — (Uy — @2)%{D, D}ﬂ} + Ro (DY) (DY),

Tz = ;R1{<Dﬂ>[vwl — 7Ty — (T4 p+ D)8 — To) + @+ F+T) Uy — (at+ §+7) Ty
- (Aﬁ)[(a+5+7")\111 —(@+B+T)T — (e +E+p+p)(Wa — Ty) + KTy frf\i/g}
+(&9)[m1 (=AW — (a— Bt 7 —7)(Ts _®2)+(s—g—p)\p3+5¢13}

- ((519)[(7—3/—/1)\111+5\\i11+(&—ﬁ+7?—7)(\112 —Ty) + 0Ty — (E—E—&-p)\flg}

U A5+ U {A, 6} + (Uy — Ty) [{D, A} + {0, 5}}19 — W {D, 5} + U5 {D, 5}0} + Ro(DO)(AY),
(C4b)

Ris = ;Rl{(Dﬁ) [V\IJO — (YT + A BTy — 20T + (a+ B+ 7)(Ty 4 20y) — 2(e + é)xifg}

—(AY) [(a F B+ — (c+E+p+p)Uy — 200 + k(Ty + 2@2)}

+ (69) [A\po —(a =B+ =)+ 2@ — BTy + (e — & — p)(Ty + 20) + 2@3}

— (00) [(7 — =¥+ (@ —B+7—7)¥; +0(Uy +2¥y) — 2;@@3}

WA,V + T, [{D, A} + {0, S}}ﬁ B {6,8)0 — (Us + 2){D, 5} + T3 {D, D}ﬂ} + Ro(DY)(89) ,
(Cie)

Rop = ml{ — (DY) [mpg ol — A+ A\h] —(AY) [(7 FA) Wy —Ty) — (@ + B+ 7)0s
(@ Bt 7Yy + Wy — 0]+ (39) [v(Wa — B2) = (y = 7+ @) W3 + A3 + (0 — B) 4

) |P(¥2 = F2) = A5 — (v = 7 = )¥s + (o —B)xm]

(C4d)

+(
%(xpz —Uo){A, A} + U3{A, 5} — U3{A, 5} — Ah{(s S} + @4{5 5}19} + Rao(AY)(AD),
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Ros = ;Rl{ — (DY) [9(2\1/2 +0y) — 205 — (Y + 7+ p+ 3) s + (a+ B+ 77)\114}
— (AY) [2(7 + )W — (@ + B+ T7)(2VUs + Ws) + 2003+ (e +E+p+ p)¥s — R\Th;}
+ (69) [21/\1/1 (A4 )2y + Ty) — 2(G— B)Us + (o — F 71— 7)Ts + 5@4}
+ (09) [217\111 — AUy + Vo) + (@—B+7—T)¥s+ (e — &+ p)\I/4]

— U {A, A + (205 + U){A, 530 — U5 {6,539 — U3 [{D, A} + {5, 5}}19 + 0D, 5}19} + Ro(AD)(59)

(Cde)
Rs33 = ZRl{ — (Dﬁ) [9\1/1 — 5\(\1/2 — @2) — (d + 8+ 77’)@3 + (8 + 5)@4]
— (A9)[(v+7) %0 — (a+ B+ 7) U1 + 0 (¥s — Tp) + 1T
+ (00) [0 — (v = 7+ W)Wy — (@ — B)(W2 — Wa) + (¢ — £ = p) + V4] (Caf)

+ (5’(9) |:Z7\I/0 — 5\\1/1 — O"i’g + H\if4i|

- %%{A, A+ W {A, 6} — %(% — B5){5,8}9 — U3{D, 5} + %@4{0, D}z?} + Ra(60)(59) ,

334;Rl{(m)[u\plm(7+7+u+ﬁ)(\p2w2)+(a+ﬁ+ﬁ)\1/3(a+5+7r)\1/3]
—(Aﬁ){(a+5+?)\111—(07+5+T)\T/1—(5+5‘+p+ﬁ)(\112—\fl2)+/<c\113—/?;\Tlg}
+(519)[m1—(7—a+u)®1 (a—ﬁ—!—ﬂ'—T)(\I/Q—\Ilg)—l-(s—s_—ﬁ)\l'g—kar\i/g}
—(519)[(7 5= i)+ A+ (= B+7—7) (T — 2)+ow3—<g—5+p)@3}
)]

AL+ T A, S+ (s — Ty) [{D A} +{6,6}]0 — W3{D,5}9 + U3 {D, 5}19} + R (50)(50)

(Cdg)
where
1\? 1
Ri=—|(— ] M?* Ry= : C5
' <“g> 7 ’ 2r4C (©5)
and the remaining components of R, can be found by exchanging the indices or complex conjugation.
The Ricci NP scalars ®;; are related to the Ricci tensor via
1 1 1 1 1
Qoo = s R11, o1 = 5 Rz, Po2 = s Ra3, P10 = ;Ria, P11 = —(Ri2 + Raa),
2 2 2 2 4 (C6)
1 1 1 1
®19 = —Roz, Pog = zRuaa, P21 = zRos, Poo = -Ros, A= R/24.
2 2 2 2
Using the projection of the Ricci tensor onto the NP basis in Eq. (C4), the stationary scalar ﬁeld in Eq. (13), and the
NP quantities in Schwarzschild [setting ¢ = x = 0 in Egs. (A4) and (A6)], we find the O(¢!, x*, €”) contributions to
(I)(()t,l,o) q)(1,1,0) <I>(1 1,0) @(1,1,0) @512 1,00 —0, (CTa)
(17170) . 7(1,170) . 15ZM5 (18M2 +8M7’+3’r ) Sln9
oy =0y T = — 5 ) (C7Db)
16v/2r

S0 _ G(110) 15iM® (r — 2M ) (18 M? + 8Mr + 3r?) sin §
=®y =

, C7
324/2r10 (C7e)
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1’1’1 and Sgi Y From Eq. (C7), one can also find S(l 0

which are used in Sec. VI to evaluate S; to be

5(171’0) _ _45ZM5(42M2 + 16Mr + 5T2) sin 0 5(17170)
! 16+/2r10 T

As discussed in Sec. VI, to compute S;rp, one needs to evaluate @6%)’1), @611’1), and @8)’1). When 9 is stationary, since

9(1.0.0) — <I>§1.’0’1) = 0, and we have only contributions from <I>§;’1’1) at O(Ct, x!, €!). Based on our classifications in
in Sec. VI, we find the first type of contributions to be

~0. (C8)

) = T o [0 (8% + 208) 910 — PO (62 + 208) 9L 4 (wOD — GPOV)p2YALO] L (Ca)

R -
o) = = (W0 ({40} — d) 910 4 (PO + 28000 (D, 5} + p3) 9010 (C9b)

ol = R [\I!(OO V(A2 4 2yA) 000 4 (@O g P0D) (62 4 206)9 L0 @510’071)17219(1’170)} . (C9c)

where we used that in Schwarzschild,

5(0:0.0) — ,(0,0,0) _ *5(0’0’0) 7 ﬁ(o,o,o) _ p(o,o,o) 7 ﬁ(o,o,o) _ Iu(o,o,o) 7 ,—y(o,o,o) _ ,y(o,o,o) : (C10)

and other spin coefficients at O(¢?, x?, €°) vanish with the gauge choice \11507” = ‘I’éo’l) = 0. For simplicity, we have

also dropped the superscripts of all the terms at O(¢?, €). For the second type of contributions, we have

s =0, (Clla)
of ) = % {2 [(D + )a®0D 1 o0y 4 M)b(O,O,l)} DILLO) LoD — p)p00D Ag10)
+2 [Qab(o’o*l) + (6 — 404)13(0*071)} s9(1L1.0) 4 [2(5 +20)p000 Dh(mo;%l)] &9(171’0)} 7 (C11b)
(I)& s =0 (Cllc)
where we used that in Schwarzschild,
‘1'5)010304)1 _0, \II(O 0,0) _ \II(O 0,0) c12)

The parameters a(®%1) and (%01 are rotation parameters given by Eq. (75). For the third type of contributions, we
find

ol =0, (C13a)
R
@611,710,1) _ 327381 2 {2 {(D—i—p)hﬁﬁ;f’l) i (D+p)a(o,0,1)} DL 4 2(D  p)p00D AYLL0)
1255(0:0:1) 5,9(1,1,0) _ [(D +p)h£2;2’1) _ 25()(0,0,1)} S9LL.0)
(C13b)
44 (hg)/r?’l) +a(o,0,1)) D2YL1.0) 4 45(0.0.1) 5249(1,1,0)
+2600 ({D, A} + {6,6}) 910 — ROAV(D, 5110}
(I)Ejlilé‘l) =0, (C].?)C)

where we used Egs. (C10) and (C12).

For the last type of contributions, since 9(*!) can have both contributions from 9(1:01) and ¥ , the background
metric we need is generally up to O(¢%, x!, €). This is also true for the operators converting ®;; to S. For this
reason, we will not expand the expression below explicitly in x but do the expansion at the end when plugging in the
coordinate-based values of the NP quantities. Then, at O(¢!, €!), we find

ZRl

(1,1,1)

oyl = RgDﬁ(l’O)Dﬁ(l’l) M (g, — By) D29 | (Clda)

(D — — TaRy (69O D + D19(1’0)6 DY L iRy (a+ B4 7)(Uy 4 202) DONY — iRy (Uy + 2W5)({D, 6} 4 po)9 V| |
01,D
(Cl14b)
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Notice, since we do not do an expansion in x above, Eq. (C14) works for fully rotating BHs in dCS gravity. In addition,
due to the expansion convention we used, where we have absorbed an additional ¢ z into the expansion of 9, there
are terms taking the form ~ R O9(11) at O(¢', €'). These terms come from the usual pseudoscalar action with
minimal coupling. In our expansion convention, we have inserted (=1 before these terms [i.e., Egs. (103) and (C5)],
so their contribution is still at O(¢!,€!). In the equations above, we have also dropped the superscript for terms at
O(¢Y, €%) for simplicity.

Appendix D: An approach to compute projection coefficients in Egs. (130) and (131)

In this section, we present an approach to compute the projection coefficients in Egs. (130) and (131) using the
series representation of spin-weighted spherical harmonics Yz, (0, ¢) in Eq. (61). From Eq. (61), we can see that the
integrals in Egs. (130) and (131) become a series sum over g; and gs of

Q(a,b,c,d) = /d9 sin® <g) cot? (g) sin'™¢ @ cos? 6, (D1)

a:2(€1+€2),
b=2(q1 +¢q2) + 51 + 50 —m1 — M2,
c,d € {0,1},

multiplied by the remaining constants dependent on (s1,¢1,m1) and (s2,#2, mo) in Eq. (61). The integral in Eq. (D1)
can be evaluated analytically in terms of Gamma functions, i.e.,

20 (1+258) T (1+3)

Qo h.0,0) = 2T (D2a)

O(a,,0,1) = H =T (Fl(gj )) ri+s) (D2b)
a—b 71)

Ofa,b,1,0) — L S )T )( ) (D20)

so we can express the coefficients in Egs. (130) and (131) as a series sum of Gamma functions, which are much faster
to evaluate than direct integration for large ¢; o. More specifically, we get

AZlsz(Oz ﬁ) _ (61 + m) (el )'(261 + ].) (62 + m) (62 — )'(2@2 + 1)
182 ’ 2 (£1+81).(€1 —51)! (€2+82).(€2 —82)!
£—

« 2 51 -5 b+ 51 ly — 59 Uy + s2 (D3a)
= qr+s1—m q2 g2+ 80— m

q

(71)(@1+£2*51*52+q1+q2)Q(2€1 + 205, 2q1 + 2g2 + 51 + 2 — 2m,o¢,[3)} ,

AT51€2m(a B) = 1 (b +m)l (b —m)! (201 + 1) | (L —m)!(la +m)! (202 + 1)
s182 ’ 2 (Zl +81).(€1 —81)! (62-}-82).((2 —82)!

y Z El — 5 01+ 51 by — s9 by + 52 (D3b)
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where
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We have provided this series-sum representation of the coefficients in Egs. (130) and (131) in a Mathematica notebook

as Supplementary Material [68].
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