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Identifying a general quasi-local notion of energy-momentum and angular momentum would be an
important advance in general relativity with potentially important consequences for mathematical
and astrophysical studies in general relativity. In this paper we study a promising approach to this
problem first proposed by Wang and Yau in 2009 based on isometric embeddings of closed surfaces
in Minkowski space. We study the properties of the Wang-Yau quasi-local mass in high accuracy
numerical simulations of the head-on collisions of two non-spinning black holes within full general
relativity. We discuss the behavior of the Wang-Yau quasi-local mass on constant expansion surfaces
and we compare its behavior with the irreducible mass. We investigate the time evolution of the
Wang-Yau Quasi-local mass in numerical examples. In addition we discuss mathematical subtleties
in defining the Wang-Yau mass for marginally trapped surfaces.

I. INTRODUCTION

The quasi-local definition of energy-momentum re-
mains one of the major problems in classical general rel-
ativity [I, 2]. The goal is to find appropriate notions of
energy-momentum and angular momentum for finite, ex-
tended regions of spacetime. At spatial infinity and at
null infinity, there are well-established concepts of energy
and angular momentum. The energy-momentum defined
by Arnowitt-Deser-Misner (ADM) [3] at spatial infinity
measures the total energy in a spacetime, and it is con-
served and shown to be positive [4} [5]. The Bondi energy
is measured at null-infinity and satisfies appropriate bal-
ance laws as gravitational radiation carries away energy
and angular momentum [6]. Similarly, there are notions
of quasi-local energy and angular momentum and balance
laws applicable for black hole horizons [7H9]. In contrast,
finding suitable analogous definitions for a finitely ex-
tended body or for an arbitrary region in spacetime is
still under active research.

Finding appropriate quasi-local notions of energy mo-
mentum and angular momentum would be desirable for
various reasons. For example, one might expect that
gravitational waves emitted from a given region in space-
time would carry away energy thus leading to a corre-
sponding decrease in the quasi-local mass. Such a link
has been shown for the Bondi mass and for black hole
horizons, but is still not available for general spacetime
regions. Once fully understood, it could potentially allow
us to infer detailed properties of dynamical spacetimes in
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the strong field region from gravitational wave observa-
tions, such as from the merger of compact objects. On
the mathematical side, it is likely that appropriate quasi-
local notions of energy and angular momentum would
play an important role in providing a full proof of the
Penrose inequality. Similarly, as we shall discuss in this
paper, quasi-local mass also plays an important role in
the process of gravitational collapse and black hole for-
mation via the hoop conjecture.

We expect quasi-local mass to be a flux type inte-
gral on a closed space-like 2-surface ¥ which bounds a
space-like hypersurface €. Since 2 is not unique in the
sense of being bounded by a given X, one would expect
that a proper notion of quasi-local mass should not de-
pend on which specific € is chosen. Restricting ourselves
to vacuum spacetimes, we can enumerate some minimal
requirements that any viable notion of quasi-local mass
Mx) should satisfy [10]:

e In flat Minkowski spacetime, M(x;) should vanish.

e In a curved spacetime, the quasi-local mass should
be non-negative.

e In the limit when X approaches a sphere at space-
like infinity on an asymptotically flat slice, or a
cross-section of null infinity, the quasi-local mass
must approach the ADM mass or the Bondi mass,
respectively.

e When ¥ is an apparent horizon, the quasi-local
mass must be bounded from below by the irre-
ducible mass of X, i.e. \/Ax /167, where Ay is the
area of X.

In this work we shall investigate properties of the quasi-
local mass originally proposed by Wang & Yau [I1]; see
also [12]. There are several other proposed definitions
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of quasi-local mass, energy-momentum and angular mo-
mentum in the literature. Some notable ones are due to
Bartnik [I3], Hawking [I4], and Penrose [15]; see [I} 2]
for a review.

Based on a variational analysis of the action of General
Relativity, Brown & York proposed a quasi-local energy
arising as a boundary term in the Hamiltonian [16] [17];
see also [10, 12 [18]. However, the Brown-York definition
depends explicitly on a choice of spacelike hypersurface
Q that is bounded by the two-surface ¥ under considera-
tion. Specifically, the mean curvature of ¥ as embedded
in ) appears in the Brown-York definition. Moreover, a
specific choice of unit lapse and zero shift is needed in re-
lating the Hamiltonian to the Brown-York mass. This
rather arbitrary gauge-fixing is undesirable in general
relativity studies. Furthermore, the Brown-York quasi-
local mass can fail to be positive in general except for
the time symmetric case [I9]. On the other hand, there
exist surfaces in Minkowski spacetime with strictly pos-
itive Brown-York mass. These undesirable features are
resolved in Wang & Yau [20] by further including momen-
tum information (second fundamental form in the time
direction) in their definition. Indeed, Euclidean space
can be regarded as the totally geodesic space-like hy-
persurface of zero momentum in Minkowski spacetime.
While Brown & York defined their reference surface by an
isometric embedding of ¥ into 3-dimensional Euclidean
space R3, Wang & Yau defined their reference surface by
an isometric embedding into Minkowski space R*! di-
rectly. The positivity proof of Wang-Yau quasilocal mass
is given along with the definition [20]. The new defini-
tion is proven to recover the ADM mass at spatial infinity
[21] and the Bondi mass at null infinity [22]. Further, the
small sphere limit is proven to recover the stress-energy
tensor at the limiting point for a spacetime with matter
fields and is related to the Bel-Robinson tensor at higher
orders for vacuum spacetime. Along the same line, they
also give a quasi-local definition for angular momentum
and center of mass [23], which are proven to be super-
translation invariant [24-26]. We will review the defini-
tion of Wang & Yau quasi-local mass below and compare
with Brown & York when it is helpful.

Besides the requirements enumerated above, addi-
tional properties would be desirable when considering the
dynamical aspects of general relativity. As mentioned
earlier, for the Bondi mass at null infinity, the Bondi
mass loss formula shows that gravitational waves carry
away energy, leading to a decrease of the Bondi mass
[6]. The flux of gravitational radiation is written as a
surface integral over cross-sections of null infinity, and
is manifestly positive. Similarly, restricting ourselves to
black hole horizons and marginally trapped surfaces, sim-
ilar balance laws with positive fluxes can be shown, lead-
ing to a physical process version of the area increase law
[(H9]. Extending these considerations to a more general
quasi-local setting would lead one to conjecture that the
emission (or absorption) of gravitational radiation from
a domain € could be written as a surface flux integral

over 3, directly related to the decrease (or increase) of
the quasi-local mass. At present we do not have a well
defined notion of such fluxes. As a first step in this di-
rection, in this work we shall study the time evolution of
Wang-Yau quasi-local mass, henceforth denoted as QLM,
in the context of a binary black hole merger. This ques-
tion is hard to answer analytically, and we resort instead
to high precision numerical simulations of the full Ein-
stein equations.

The plan for this paper is the following. The basics
of the Wang-Yau QLM and its properties are introduced
in Sec. [l We shall consider the head-on collision of two
non-spinning black holes starting with time-symmetric
initial data. The initial data and our numerical evolution
scheme is described in Il Our numerical implementa-
tion for calculating the Wang-Yau QLM, and numerical
convergence, are described in Sec. [[V] The numerical
results are presented in Sec. [V] in three steps. First,
Sec. [VA] shows the results in the initial data, i.e. with
time symmetry. As the evolution proceeds, the later time
slices are no longer time-symmetric. Sec. [V B shows re-
sults for non-time-symmetric slices and finally Sec. [VC|
presents the time evolution of the QLM and also an ex-
ploration of the hoop conjecture in the context of the
formation of the common horizon in a black hole merger.
In the course of presenting the numerical results, it will
be clear that there are mathematical subtleties in defin-
ing the QLM for a marginally trapped surface. This will
be clarified mathematically in Sec. [VI] and will justify
the various choices made in the numerical work. Finally,
Sec. [VII will discuss some implications of our results and
suggestions for future work.

II. BASIC NOTIONS

The Wang-Yau quasi-local energy (QLE) associated
with a suitable surface is defined through anchoring the
surface intrinsic geometry while comparing the extrin-
sic geometry as embedded in the original spacetime N
versus that embedded in the flat Minkowski space R3!.
Given a spacelike two-surface ¥ C N* with induced met-
ric oap, let g : & < R>! be an isometric embedding into
the Minkowski spacetime. Fixing a unit, future-pointing,
timelike vector Ty in R*!, a one-to-one correspondence
between vector fields in A* and those in R*>! is built
through the ‘canonical gauge’ condition,

(H,e1) = (Ho, €a) , (1)

where H and H, are mean curvature vectors of ¥ ¢ N*
and ip(X) C R31, respectively, and (-, -) denotes the
corresponding scalar product in N* and R3!. The ba-
sis vectors &, of N4, a € {0,1,2,3}, and é, of R®! are
chosen as follows. Let é3 be the spacelike unit normal of
10(2) which is also perpendicular to Ty. Let é4 be the
future-pointing, timelike unit normal that is perpendic-
ular to é3. Then {és,é,4} forms an orthonormal basis for
the normal bundle of ig(3) C R*!. The canonical gauge



condition picks uniquely a future-pointing, timelike
unit normal of ¥, é4. Then é3 is the spacelike normal of
3 that combined with é4 gives an orthonormal basis for
the normal bundle of ¥ C N4,

Given 7 € C*°(X), a generalized mean curvature for X
is defined as

H=—1+|V7|?(H,e3) —

where V denotes the covariant derivative on X associated
with 4, |V7|? = 0%°V,7V,7 and we write ag,(V7) =
(avey)a V7. The connection one-form az, associated with
the basis {€3, &4} is defined as

ag (V1) , (2)

ae, (V) = (DVyes, &),

where Y € TY and (YV denotes the covariant derivative
in N4, Similarly, one can define ag, for the connection
one-form associated with {é3,é,} in R®! as

ae, (V) = (BYVye3, &),

where 31V denotes the covariant derivative in R3!.
A generalized mean curvature for io(X) is defined as

H() = —\/ 1 + |VT|2<H(),é3> —

The Wang-Yau quasi-local energy associated with 7 is
then defined as

Qg (V’T) . (3)

QLE(7T) = 8i7r /E(Ho —H) dvoly; . (4)

When the mean curvature vector H is spacelike, one can
use H = —(H,es)éq + (H,e3)e3 = péy — keés and its
conjugate vector J = ke, — pés to form an orthonormal
basis for the normal bundle NX, {eyg = f%, ey = ‘—I{”}
In terms of this mean curvature vector basis,

QLE(7)

/{ 1+ |V7|? - (cosh 6p|Hy| — cosh 6| H|)

—Vr-V(by—0)— (am, — aH)(VT)} )

where 6 denotes the hyperbolic angle between {es3,€4}

and {ey = —%, ey = ﬁ} Specifically,
€3 = coshfeyg —sinhfey
ey = —sinhfey + coshbey

()

and similarly for 6y in R>'.

Solving the variational problem of minimizing the QLE
with respect to the time function 7, one gets the Euler-
Lagrange equation, called the optimal embedding equa-
tion (OEE),

V.j*=0. (6)

The minimum value of QLE is defined to be the Wang-
Yau quasi-local mass

1 1
M= “Vor=— | p,
Q 87r/2p+‘7VT SF/Ep (7)
where (see (4.4)—(4.5) in [27] for details)

(AT)2 (AT)2
Mol + 5 - IR+ 5

V14 |V7|?

(8)

and

pAT

V,sinh™!
|Hol|H|

Ja = pVaT — —(amy)a+ (an)a - (9)
The Wang-Yau QLM is defined for any closed spacelike
surface > whose mean curvature vector is spacelike and
where an admissible solution to the OEE @ exists (see
Definition 5.1 in [20] for admissible 7).

Note that if 7 = const is admissible and solves the
optimal embedding equation, it must be the global min-
imum of Wang-Yau quasi-local energy [28]. Substituting
T = const to , one sees that the Wang-Yau quasi-local
mass reduces to the Liu-Yau mass in this case [10] [12]

1
QLM = o [ 1l - a1 (10)

If further X lies in a totally geodesic slice, the Wang-Yau
quasi-local mass reduces to the Brown-York mass

1
=— [ ko—k 11
mpBy 87"/2 0 s ( )

where k is the only nonzero component of H lying in
the totally geodesic slice while kg is the mean curvature
vector of ig(X) embedded in R3. Note that 7 only appears
through derivatives and we hence use 7 = 0 and 7 =
const interchangeably.

In black hole spacetimes, there is a particular set of
surfaces of interest—the marginally outer trapped sur-
faces (MOTSs). These are used to study various aspects
of black holes quasi-locally via the framework of isolated
and dynamical horizons, respectively describing black
holes in equilibrium and in dynamical situations (see e.g.
[29-33]). In any given spacelike slice S € N4, the out-
ermost MOTS is called the apparent horizon. Given a
MOTS on a spacelike slice, the results of Andersson et
al. [34436] show the conditions under which it evolves
smoothly. It is shown that when a MOTS is stable un-
der outward deformations, then it will evolve smoothly.
Recent numerical work has applied and further explored
the stability of MOTSs and its implications for the time
evolution [37H42].

A MOTS is defined as follows. Let ¥ C N* be a closed
spacelike surface and let /T, ¢~ be two future directed
null normal fields on ¥ taken to point outward and in-
ward, respectively. We fix the cross normalization by



(+,07) = —2, which still leaves a remaining freedom to
scale
+ + - 1,
0 — fer = ?é (12)

for any positive function f. The outward and inward null
expansions, denoted © and ©_ respectively, are defined
as

0y =0 Wy it (13)
where 08 = J“bwg‘wf with 7§ the projection onto the
tangent bundle of 3. Then, X is called a marginally outer
trapped surface (MOTS) if O, = 0, an outer trapped sur-
face if © < 0 and an outer untrapped surface if © > 0.
A marginally trapped surface (MTS) is a MOTS with
©_ < 0. Note that although ©, — fO, under ,
the signs of ©L are invariant and so these definitions are
not affected.

We will often consider families of surfaces X, with
constant O, = s € R, called constant expansion sur-
faces (CESs). These do depend on the choice of ¢*,
which we fix uniquely using the spacelike slice S ¢ N*
within which the family ¥, is constructed. Concretely,
let X5 C S, v the spacelike outward unit normal of ¥
in S and u the future timelike unit normal on S in N*.
Then, we choose

F=utv. (14)

In terms of the null expansions ©4, the mean curvature
vector H and its conjugate vector J can be expressed as

B L S P

H
2 ’ 2

(15)
Since (H, H) = —©,0_, the mean curvature vector be-
comes a null vector on a MOTS. If in addition the slice
S is time symmetric, i.e. its second fundamental form
vanishes, then ¢*® WV, us = 0 and thus O, = —©_
implying that H and J both vanish on a MOTS.

To characterize the quasi-local mass of a black hole re-
gion, we take the QLM of apparent horizons. However,
the current definition of the Wang-Yau quasi-local mass
assumes the surface mean curvature vector to be space-
like and hence does not apply to MOTSs. Therefore, one
of our goals is to extend the definition of the Wang-Yau
QLM to a MOTS in time symmetry and to an MTS
without time symmetry. Limiting ourselves to the case of
axisymmetry and no angular momentum, we will argue
that a suitable extension is

1
Q= o [
T Js

With this extension, we can then investigate the time
evolution of QLM during black hole collisions. As noted
above if ¥ lies in a totally geodesic slice, e.g. in the
moment of time-symmetry, Wang-Yau QLM reduces to

with 7 = const . (16)

Brown-York mass. In this case, the above extension
simply reduces to QLM = é [ ko, which is what one
would expect for the Brown-York limit at minimal sur-
faces. Further extension of QLM to surfaces of timelike
mean curvature vector, e.g. trapped surfaces inside event
horizons, is certainly of great interest and will be studied
elsewhere.

III. INITIAL DATA AND NUMERICAL
EVOLUTION

We use Brill-Lindquist initial data [43], which solves
the constraint equations of General Relativity with van-
ishing extrinsic curvature and vanishing scalar curvature,
i.e. a time-symmetric slice in vacuum spacetime. The
Riemannian three-metric is defined on R?*\ {z1,...,2,}
with n+ 1 asymptotically flat ends, one at ||z|| — oo and
n at the punctures z;. We restrict ourselves to the case
n = 2, which describes a two-black-hole configuration.
The three-metric can then be written as

hij = 465, (17)
where d;; is the flat metric and the conformal factor is

=144 B

(18)

2|x — x4 + 2|z —xp|

We take the two punctures to be located on the z-axis at
coordinates x4 p = (0,0, £d/2), respectively. The three
ends at ||z|| — oo, z4 and zp, respectively, have ADM-
masses

MAPM — iy +mp (19)

MADM — ) 4 % : (20)
mam

MAPM = mp + % . (21)

For sufficiently large d, the slice S contains two sepa-
rate black holes, each surrounded by a stable MOTS that
contains either x4 or xg. We shall call these the individ-
uwal MOTSs ¥ 4 and X, respectively. If d becomes small
enough, there exists a stable common MOTS X ter sur-
rounding ¥ 4 p. In fact, as d passes through the value at
which Youter appears, it is found that an unstable MOTS
Yinner forms together with X,uter and “moves” inward as
d is decreased. This is discussed in more detail elsewhere
[44]E| The two common and two individual MOTSs for
an equal mass configuration are shown in Fig. [I}

The numerical data for this initial slice are generated
by the TwoPunctures [45] thorn of the Finstein Toolkit
[46l, [47]). These data are evolved in time using an axi-
symmetric version of McLachlan [48], which in turn uses

I There is a large number of additional MOTSs in these data [A0-
42], which are all found to be unstable. We will hence not discuss
these surfaces in the present work.
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FIG. 1. Common MOTS Ygyter, inner common MOTS Yinner
and the two individual MOTSs ¥ 4 and X in Brill-Lindquist
initial data with parameters ma = mp =d =1/2.

Kranc [49, [50] for generating C++ code. This uses the
BSSN formulation of the Einstein equations with gauge
conditions chosen as the so-called 1+ log slicing and a I'-
driver shift condition [51],[52]. More details about our nu-
merical simulation setup, including a convergence analy-
sis, are described in [38].

Our analysis is based on two simulations, both starting
from BL data. The first, referred to as Sim1, uses initial
data with mp/ma = 2,d = 0.9 and the second, simula-
tion Sim2, uses mp/m4 = 1.6,d = 1. Both simulations
were performed with different spatial grid resolutions to
check the accuracy of our calculations. Results shown for
Siml use a resolution 1/Axz = 720, which was evolved
until simulation time ¢y = 6. For Sim2, we used a lower
resolution of 1/Az = 312 to extend the evolution up to
time ¢y = 38.

The MOTSs and CESs are numerically found with high
accuracy both in the analytical initial data as well as in
slices produced by the Einstein Toolkit using the method
in [44] 53].

In general, the problem of locating a surface ¥, with
expansion ©; = s may have many solutions within a
given slice S. For s = 0, this corresponds to the different
MOTSs in §. By choosing suitable initial guesses for the
numerical search, we can easily select which particular
MOTS to find. As mentioned above, we focus here on
the three stable MOTSs Youter, 24 and X g, interpreted
as the horizon of the merger remnant and the smaller
and larger (in case of unequal masses) individual black
holes. Choosing one of these MOTSs as initial guess, we
construct CESs for s close to zero. Families of X, are
then built by taking small steps in s, each time using
the previous CES as initial guess for the next. CESs
far from Xouter in the nearly flat region of S are close

to being spherical in our coordinates and so we can use
coordinate spheres as initial guesses in this case.

IV. NUMERICAL METHOD FOR
EVALUATING THE QUASI-LOCAL MASS

The strategy to solve the optimal embedding equation
Vaoj* = 0 is to consider V,j as a nonlinear operator
L acting on 7, linearize that operator £ and solve the
linear problem multiple times, each time taking a small
step towards a solution of the full nonlinear problem.
This is also called the Newton-Kantorovich method [54,
Appendix CJ.

Analytically linearizing £ requires determining the ex-
plicit dependency of V,j* on 7. We make use of ax-
isymmetry, i.e. assuming the surface X, the embedding
ip and 7 are all axisymmetric, to simplify calculations.
The time function 7 then depends only on one param-
eter, say 6, increasing from one pole of ¥ to the other,
and the embedding ig can be expressed in terms of the
intrinsic metric o4, and 7/, where 7/ = Z—g. Explicitly,
for coordinates {y' = 0,y> = ¢} on ¥, 0 < § < 7 and
0 < ¢ < 27, an axisymmetric ansatz for the embedding
is

7(6)
R(0) cos ¢
R(6)sin¢

Z(0)

Writing the two-metric as do? = P2 df? + Q? sin? 0 d¢?,
we then have
R?=@%*sin®0, Z?=P*-V7?4+7%,  (23)

where V' = @Qsinf. Using this, we calculate (Hy, Hy) =
k¢ — p? via

io(0,¢) = (22)

VVNZ/ _ PQZ/ _|_ Vvlzl/

ko = , 24
" VDT PY @)
PVr — PV + V')
Do = (25)
VP2 +72P2V
Furthermore,
knpl — pok! \V A VAl
(arg)o = == 47 (26)

P PP )

The respective terms in curved space are calculated
differently using the null expansions, which we have in
highly accurate form from the MOTS and CES finding
process. In addition to , we use

1 /0% o, 5 _
(OZH)a = 5 (@; — @7,_ — Eir,—ra(‘l)VVZu) y (27)
where @i = 3683. We remark that ©4 contains first

derivatives of the 3-metric, which means that V,j* con-
tains third derivatives. In order to get numerically accu-
rate results, we expand O into a set of basis functions
and differentiate these directly.



1073 .

10
1077 .
10—9 .
10711 .

[[div(5)lloo

0 20 40 60 80 100
resolution of 7

FIG. 2. Maximum residual of the OEE (@ as the resolution
of our representation of 7 is increased. The error drops expo-
nentially up to reaching a numerical roundoff at about 101!,
The case shown here is for a CES with ©4 ~ 0.114 in a non-
time-symmetric slice.

To linearize the operator LT = V,j¢, the above ex-
pressions are first inserted in turn into , @D and V5%
Afterwards, we use SymPy [55] to symbolically differen-
tiate £ with respect to 7/, 7, 73) and 7®. In the end,
the linearized operator we implement into our numerical
code is of the form

4
O"A
(0L)A = ;(maa? : (28)

where A is a scalar function on . Starting with an initial
guess T, usually 79 = 0, we perform steps 7,411 = 7; + A4,
where A; solves the linear equation

(6L)A; = —L7; (29)

which we solve using a pseudospectral method. In most
cases, it took between 5 and 15 steps to converge up to
numerical roundoff. Fig. [2|shows that the residual of the
OEE @ decreases exponentially with the resolution of
T, where the resolution is the number of basis functions
used for the finite representation of 7.

V. NUMERICAL RESULTS
A. The QLM in time-symmetric initial data

For a time-symmetric slice S, the mean curvature vec-
tor H of ¥ lies in §. A MOTS therefore coincides with a
minimal surface (k = —(H,v) = 0, where, as before, v is
the outward unit normal of ¥ in §). Moreover, in time
symmetry we have ag = 7<(4)V€J, er) = 0 since ey lies
in S while e is the normal to the totally geodesic slice S.
And for 7 = const, ip(X) C R3, by a similar argument,
ap, = 0. Thus 7 = const trivially solves the optimal em-
bedding equation @ Furthermore, 7 = const is known
to be the global minimum of the QLE provided that it

solves the optimal embedding equation [28]. The Wang-
Yau quasi-local mass reduces to the Brown-York mass
mpy for any surface ¥ in a moment of time symmetry.

1. On the monotonicity along geometric flows

It is well known that for some cases, the Brown-York
mass exhibits a monotonically decreasing behavior [56].
As an example, consider a Schwarzschild black hole. In
a time-symmetric slice, with the metric in isotropic co-
ordinates

m

4
=) (dr?+r%d0?) (30)

ds? = (1 +
the horizon lies at » = m/2. One can show that
m
mgy<’l":5> =2m > mpy(r=00)=m.

This is interpreted as negative gravitational field energy
bringing down mpy as the surface approaches infinity [2].

In fact, this monotonicity property could be shown
more precisely. Consider two mean convex surfaces in
S, ¥; =0, i € {1,2}, with 1 C Qs and suppose there
exists a geometric flow

ar
E_fva f>0

from F(t1) = ¥ to F(t2) = ¥3. Then it is proven [57,
Corollary 3.3] that

mpy (Z2) — mpy(X1)
1

= R+ |By— B|? = (ko — k)? 31
167r QQ\Ql +| 0 | (0 )7 ( )

where B and By are the second fundamental forms of
¥ C S and of ig(X;) C R3, respectively. For a time-
symmetric slice S, the scalar curvature R = 2Ty and
hence the [ R term can be interpreted as matter con-
tribution, which in our case vanishes. The remaining
J|Bo — B|*> — (ko — k)? term is then supposed to char-
acterize the pure gravitational field energy. Note that
although the integrand |By — B|? — (ko — k)? clearly de-
pends on the foliation ¥, the total integral does not.
The work of Huisken & Yau [58] and later improvements
[59H63] show that ends of an asymptotically flat Rie-
mannian 3-manifold with positive ADM mass and non-
negative scalar curvature admit a unique canonical folia-
tion through stable constant mean curvature (CMC) sur-
faces. The geometric flow is assured in this case with >;
being CMC surfaces. Nonetheless, assume holds true
(in our case true numerically, see below), one can discuss
the sign of the gravitation field energy term. For simplic-
ity, take an orthonormal basis for ¥, {e1, e}, such that
Oab = O0qp- This basis is also an orthonormal basis for the
isometric embedding io(3;). Then in this basis,

|Bo — B|* — (ko — k) = —2det(Bo — B),  (32)
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FIG. 3. QLM calculated for a family of CESs in BL data with
ma =mp = d = 1/2, going from spatial infinity (QLM_, =
1) to the common horizon Youter (QLM, e, = 2.019209822).
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the time-symmetric Schwarzschild slice for comparison. The
left panel shows the QLM as function of the area radius 7,
defined by 4772 = A, where A is the area, and the right panel
as function of the expansion O.

where By — B = DR31J0 — Dv : TY — TY is regarded
as a linear map in this ON basis, with D® and D de-
noting covariant differentiation in R? and in Rieman-
nian S, respectively. If By — B can be chosen to be
orientation preserving throughout a foliation ¥, then
Js |Bo — B|* = (ko — k)* < 0, i.e. it indicates negative
gravitational field energy. Then mpy would be mono-
tonically decreasing as the surfaces approach infinity. We
suspect this is generally true for at least mean convex 3.
but a proof is missing at the moment.

We examine the above equality numerically. Fig.
shows the QLM for CESs with ©, > 0. Outside the ap-
parent horizon, the QLM decreases monotonically with
increasing distance to the horizon, whereas the expan-
sion ©4 = k increases from 0 at first (right panel, upper
part) and then drops back to 0 at infinity (right panel,
lower part). The balance is also verified (see Fig. |4)
although we cannot prove for now that there exists a geo-
metric flow among constant expansion (mean curvature)
surfaces in our case.

2. Outer trapped surfaces in time symmetry

In time symmetry, we have © 1 = —O_ and, since

0, —6_

k:—<H,’U>= 2 ;

(33)
k < 0 everywhere for outer trapped surfaces (04 < 0).
However, both the Wang-Yau QLE and the Brown-York
mass implicitly make the assumption that & > 0 and
hence do not apply to such surfaces. We argue that for
k = —|H| < 0 in the time-symmetric case, the same
formula works with &k replaced by its absolute value.

We first exemplify this with a time-symmetric slice of
the Schwarzschild metric (30). Recall that there is an

(m/2)

isometric inversion 1 — /=~ that sends surfaces inside

the horizon to the outside, reversing the sign of H while
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FIG. 4. Numerical evaluation of . The left panel shows
the numerical integral, where ® = |By — B|2 — (ko — k)z. It
agrees with the separately computed difference QLM(X2) —
QLM(Z) to within about 1077. The z-axis represents the
area radius of the outer surface Y2, which is varied from agree-
ing with X7 to an almost spherical CES of area radius 7 = 15.
The inner surface ¥; is a CES outside the apparent horizon
with expansion ©4 = 0.1. The right panel shows part of the
CES family integrated over. The plots were produced with a
Brill-Lindquist setup with ma = mp =d =1/2.
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FIG. 5. Same as Fig. [3] but continuing the families to the
inside of the apparent horizon in both the BL data (blue) and
in a Schwarzschild slice (orange). We show a comparison of
the Brown-York mass calculated either via &~ [, ko — |k|
(solid lines) or via ¢= [, ko — k (dotted lines). For ©4 > 0,
the two definitions agree. In the Brill-Lindquist case, the CES
family interpolates between the inner common MOTS Xinner
and the apparent horizon Youter via surfaces with © < 0.
However, these latter surfaces intersect each other (Fig. 7).
Monotonicity in this regime can therefore not be expected.
See text for discussion.

preserving Hy (Hp only depends on the surface metric).
Taking the absolute value of k, one has for a surface of
constant radius

1 m(l+3) r>
IM=— [ ko— |k| = 2r
Q 87r/ o~ I# {27’(1+$) r <

This is shown in Fig. [5| (orange), where is plotted
together with the case of no absolute value taken (dot-

(34)
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FIG. 6. Upper panel: CESs near the individual MOTS Xp
in BL data with ma = mp = d = 1/2. Lower panel: QLM
calculated for these CESs. The inset shows a close-up near
©4 = 0. As in Fig. [5| the dotted line shows calculated
via i fz ko — k. The QLM asymptotes to the ADM mass 3/4
of the end at xp as the family approaches the puncture xp.

ted), and compared with the analogous Brill-Lindquist
case (blue). Note that r denotes the isotropic radial co-
ordinate. The QLM attains its maximum value 2m at
the horizon while both the » — oo and r — 0 limit
yield QLM = m, consistent with the interpretation of a
time-symmetric slice in Schwarzschild as a wormhole con-
necting two identical, asymptotically flat regions. More
specifically, for ©4 < 0, the surface lies in the other
asymptotic region, where its outward normal is —v. If
we use k < 0 as-is, then the BY-mass remains monotonic
and diverges as || — ;|| — 0 (i.e. approaching the other
end x;). In summary, a naive extension of Brown-York
mass into the k£ < 0 region results in a smooth QLM
profile while taking absolute value yields a “kink” at the
horizon. In this case, a non-smooth QLM profile (ko—|k|)
is clearly more natural than a smooth one (kg — k) and
one might in general expect some non-analytic behavior
of QLM around MOTSs or horizons.
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FIG. 7. Family of CESs interpolating between Xquter and
Yinner in BL data with parameters ma = mp = d = 1/2.
Close to Xinner, members of this family intersect each other
and hence fails to foliate the space in this interior region.

For multiple black holes, taking the absolute value
of k yields results consistent with [43]. That is, for
large spheres one recovers the ADM mass as expected
while for small spheres approaching each puncture x;, an
asymptotic expansion yields the ADM mass associated
to each puncture (19). Numerical calculation for CES
around Youter 18 also included in Fig. [5[ (blue) and re-
veals a similar behavior as in the Schwarzschild case up
to ©4 ~ —0.2 where a turn-over happens in the multiple
holes BL data (see below for discussion). Numerical cal-
culation for CES toward each puncture, i.e. around X4 g,
is shown in Fig. [6] and again reveals a similar behavior as
in the Schwarzschild case.

We emphasize that in Brill-Lindquist data, only CES
families outside Ygyuter and inside each individual ¥4 g
are comparable with the Schwarzschild case. The region
bounded by X,yter surrounding all punctures and ¥4 B
surrounding each individual puncture does not have a di-
rect correspondence in the Schwarzschild case. The CES
family interpolates between ¥, uter and the unstable com-
mon MOTS ¥i,.er and does not approach either of the
two asymptotic ends x4, (Fig. [7). Moreover, in this
region, constant expansion or constant mean curvature
(CMC) surfaces fail to foliate space and monotonicity
of the QLM indeed fails here. These explain peculiar
features around inner in BL data seen in Fig. [f} We re-
mark that choosing other families of foliating surfaces
such as coordinate spheres yields qualitatively similar
conclusions. The choice of families of CESs, which in
time symmetry are constant mean curvature surfaces, al-
lows us to get arbitrarily close to a MOTS, which is a
CES itself.

Our extension confirms that QLM at the MOTS
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FIG. 8. Monotonicity of the QLM along a CES family going
outward from Y1 = Youter at time t = 2.5 M in simulation
Siml. The area radius 7(X) increases monotonically along
this family. The left panel shows the difference of the QLM
between Youter and g as X2 is moved outward. The right
panel shows the region around Xouter foliated by the CES
family.

should be

1 2
QLM:§/H022 % (35)

where |X| denotes the area of ¥ and the Minkowski in-
equality is invoked. This is already assumed in earlier
studies [2].

B. QLM in non-time-symmetric slices

As one numerically evolves the time-symmetric initial
data, the slices & become non-time-symmetric and the
mean curvature vector of a surface ¥ C S may acquire
a timelike component. The Wang-Yau quasi-local mass
will then in general differ from the Brown-York mass.

This has various consequences, one being that the
monotonicity of the QLM along geometric flows is not
guaranteed by anymore, although we numerically
find monotonicity remains true, as can be seen in Fig.
An analytic generalization of to the non-time-
symmetric case is under study.

1. QLM at a MOTS without time symmetry

In this section, we will numerically determine the QLM
on CES families near Youter- The goal is to justify the
definition of the QLM on a MOTS ¥ by exploring
its behavior as we approach ¥ along the family from the
O4 > 0 side, where the QLM is well defined.

Although p (8) and QLM (7)) seem well-defined even for
|H| — 0, the OEE that determines 7 is clearly singular
at a MOTS: |H| appears as denominator in both () and
(27). Therefore, the definition of the QLM cannot triv-
ially be extended to the case of a MOTS. In other words,
as ©4 — 0, |H| — 0, and so the assumption of having a
spacelike mean curvature vector in the Wang-Yau QLM

breaks down. We focus on examining this issue here nu-
merically. A mathematical treatment of this case will be
given in Sec. [V]}

To numerically explore what happens as O, — 0, we
look at the individual terms in the OEE that deter-
mines 7. As can be seen in Fig. [0 p remains finite while
T9 = 7' approaches zero, so their product vanishes at a
MOTS. Since 7" — 0, 7 — const and clearly agy, — 0.
The remaining terms 1y and ay both remain finite in the
limit. However, within numerical limits, they cancel in
Jo as ©4 — 0. The net result is thus 7 — 0 is a solution
to the OEE at a MOTS.

This suggests that as we approach a MOTS, 7 becomes
constant and j, vanishes, so that p — |Hp|. In terms of
the QLM, this limit is shown in Fig. [I0] together with the
value of the QLM calculated at the MOTS using .

C. Time evolution of the QLM at a MOTS

Having argued that one can extend the Wang-Yau
QLM to the common apparent horizon and each individ-
ual horizon by , we now examine its time evolution
during the head-on merger of two black holes.

If one interprets the Wang-Yau QLM as a measure
to separate quasi-local degrees of freedom from travel-
ing gravitational waves, then Fig. indicates the re-
gion surrounded by Xouter loses energy/mass while sub-
regions surrounded by each individual horizon ¥ 4 p gain
energy/mass during the collision. Furthermore, in the
longer simulation Sim2, we find an oscillation in en-
ergy/mass contained inside the apparent horizon Youter
(Fig. [12). It is well known that for two black hole col-
lisions, the intrinsic geometry of the apparent horizon
experiences oscillations at the (lowest) quasi-normal fre-
quency of the final black hole [64]. While the apparent
horizon area monotonically increases despite the oscilla-
tion at the quasi-normal frequency, QLM of the apparent
horizon fails to maintain monotonicity with the oscilla-
tion. Nevertheless, as the final black hole settles down
to equilibrium, the measure of QLM and area for the
apparent horizon converges.

First of all, although the Wang-Yau quasi-local mass is
defined for a 2-surface and does not depend on the choice
of slicing S, determining the apparent horizon through
O, does depend on the choice of slicing §. Bearing in
mind this ambiguity associated with the apparent hori-
zon, one tends to conclude that the Wang-Yau quasi-local
mass suggests that the region bounded by the outermost
MOTS Youter could lose energy to infinity. This is a
different picture from that indicated by the area of the
horizons, which increase monotonically, and the standard
first law of black hole thermodynamics. This difference
is actually expected: equation (6.20) in [I6] indicates
that the Brown-York quasi-local mass for a Schwarzschild
black hole satisfies a balance equation that differs from
the standard black hole thermodynamics. This again em-
phasizes that quasi-local mass as defined by Brown and
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FIG. 9. Terms appearing in (9), i.e., jo = pro — ¥o — (amy)o + (curr)p, where 1 = sinh™" (m) They are plotted as

function of ©4 for CESs outside Youter. For each curve, we fix the coordinate 6 € (0, 7) along the surface and show its value as
color. The right column is a close-up of ©1 = 0 and depicts two individual values of 6. The first five rows show the individual
quantities whereas the final row shows —tg + (ap)g. The slice is from Sim1 at time ¢ = 2.5 M.

York or Wang and Yau measures a different quantity than
irreducible mass. More specifically, as the horizon ex-
pands, more negative gravitational field energy is taken
into account by QLM which counteracts the positive con-
tribution from growing area and absorbed gravitational
waves. This issue is crucial in understanding Wang-Yau
quasi-local mass and will be carefully studied with a di-
rect calculation of gravitational wave energy in a future
study.

1. Inwvestigating the hoop-conjecture

A viable notion of QLM in general relativity should
lead to numerous applications. We conclude this section
on numerical results by exploring one such application,
namely the hoop conjecture [65] [66]. This conjecture
addresses the question of under what conditions a black
hole forms. As we shall shortly see, several aspects of the
conjecture are not precisely formulated and numerical
relativity has a role to play in exploring and evaluating
various possibilities; see e.g. [67] for recent work in this
direction.

In the case of gravitational collapse, the intuitive pic-



FIG. 10. QLM for CESs with ©4 > 0 outside the MOTS
Youter- The value for Youter at ©4 = 0 is calculated using
(16). The dotted line in the inset interpolates the data points
(red) and is obtained by fitting c¢1 — c24/©+. The curve ends
before reaching a QLM of 1 since the numerical slice does
not extend to infinity. This is for simulation Siml at time
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FIG. 11. QLM and area masses of Youter and X p calculated
using in simulation Sim1 as function of simulation time.
The smaller horizon ¥4 (not shown) has a qualitatively simi-
lar behavior, though less pronounced, as . For easier com-
parison, the QLM has been divided by 2 to account for the
fact that for Schwarzschild, the QLM of the horizon is twice
the ADM mass.

ture is that of matter fields getting compressed due to
their self-gravity and eventually becoming sufficiently
dense to form a black hole. As originally formulated by
Kip Thorne: Horizons form when and only when a mass
M gets compacted into a region whose circumference C in
every direction does not exceed 4mG M /c?. Thus, in units
with G = ¢ = 1, a horizon should form when, and only
when, C/4wM < 1. Here the notion of what one means
by mass is left vague, as is the space of curves (“hoops”)
one should use. Moreover, the value of 1 on the right
hand side is motivated by the Schwarzschild metric, and
other numerical values might be appropriate in general
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FIG. 12. Evolution of the QLM calculated using on
Youter and the horizon’s irreducible mass. This plot shows
the longer simulation Sim2. At the final time, we have

QLM 1er/2 =~ 0.9999303 and y/Aouter/167m =~ 0.9999309.
The lower panel is a close-up on the y-axis of the first panel.

situations.

If a notion of QLM is generally viable, it should be
possible to use it as the appropriate mass within the
hoop conjecture. For the Schwarzschild spacetime, as
we have seen, the Wang-Yau QLM for the horizon is
twice the ADM mass. Thus, one might expect the rele-
vant hoop conjecture inequality should be modified to
C/4wM < 0.5. For the hoops, we shall use closed
geodesics lying within the constant expansion surfaces
that we have already found. In our present case, we do
not deal with gravitational collapse, but rather with a bi-
nary black hole merger where we always have black holes
present on any time slice. We instead seek to investi-
gate the issue of when the common horizon forms, and
whether its formation can be predicted by a hoop con-
jecture argument using the Wang-Yau QLM. We assume
further that the hoop conjecture applies to the formation
of marginally trapped surfaces. In our case, the constant
expansion surfaces and the marginally trapped surfaces
turn out to be prolate so that the polar circumference C,
is larger than the equatorial circumference. Thus we cal-
culate the ratio C,/4mM for constant expansion surfaces
on different time slices in the vicinity of the time when
the common horizon is first formed.

Our results are shown in Fig. We see that the ratio
Cp/4mM approaches 0.5 asymptotically as expected. At
earlier times, this ratio is somewhat larger than the lim-
iting value 0.5. This is not unusual — similar results were
found in e.g. [67] where the ratio was about 12% larger
than the limiting value predicted by the hoop conjecture.
At each time just before the horizon is formed, the value
of Cp/4mM approaches the limiting value as the expan-
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FIG. 13. Exploring the use of the Wang-Yau QLM in the
hoop conjecture for the formation of the common horizon.
The figure shows the ratio Cp/(4m x QLM) as functions of
time for various constant expansion surfaces. The curve in
red refers to the common horizon while the other curves refer
to positive values of the expansion; the color scale indicates
the values of the expansion, which lie apart by 0.02 at the
color scale’s ticks. The time labeled as tvifurcate 18 When the
common horizon is formed.

sion becomes smaller. These results are suggestive but
inconclusive — it is not yet clear whether this can be used
as a prediction for the formation of the common horizon.
This would require us to identify a suitable threshold for
Cp/4mM for these surfaces. In the above discussion we
have considered only the constant expansion surfaces. It
is plausible that there exist other surfaces which have a
smaller value of C,/4mM. Therefore, while we shall not
do so here, it would be more satisfactory to consider a
more general class of 2-spheres and to minimize the ratio
Cp/4mM over these spheres. Following the spirit of the
hoop conjecture, one could then look for a threshold on
this minimum value of C, /47 M, and investigate whether
it can predict the formation of a black hole horizon.

VI. DEFINING THE QLM ON A MOTS

The above numerical results have already used a
“working definition” for evaluating the Wang-Yau
QLM on a MOTS. In this section, we explore the limit
©4 — 0 from a mathematical perspective to justify this
definition. It seems plausible that an extension to the
case with angular momentum is possible. However, this
will be left to future work.

Lemma VI.1. Consider an axisymmetric collision with
no angular momentum involved. Further assume isomet-
ric embedding or time function T being axisymmetric,
then j = 0 when it is well-defined, i.e. when the mean
curvature vector H 1is spacelike.

Proof. Use the definition @D We first observe that under
the above assumptions, ji, = 0. It is easy to see that
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connection one-forms vanish can be seen from computing
Christoffel symbols, using subscripts 3,4 for the H and
J direction,

) = 0 by assumption. That
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and noting that the spacetime under consideration pos-
sesses a symmetry ¢ — —¢ such that cross terms in the
metric involving ¢ all vanish.

Next we show jg = 0. The most general axisymmetric
metric for a 2-surface is

do® = 1§ P(ro,0)%d0* + r5Q(ro, 0)” sin® 0de” .
Then

o 1
Vaj - \/E
Q .

—sinfjg = t .

p siné jo = cons

Using that @, P do not vanish (metric non-degenerate),
sin(0) = sin(r) = 0 and that j is well-defined, one gets
const = 0 and hence jy = 0 on the surface.

9e(Vooje) = %&)(%Sin@ja) =0

O

Remark VI.2. This may sound contradictory to the
well-known fact that there are infinitely many non-
vanishing, smooth, divergence-free vector fields on S?.
We elaborate on this. Denote the volume form by w =
Vodd A dp. Take divergence-free vector field j = 790,
with 7% = 0. Then

div(j)w = Ljw =dijw =0

Given that H},(5%) = 0, there exist a smooth function
f(0,) such that vjw = df. That is,
o of of
r2PQsinf j%dp = df = %dG + a—¢d¢ )

It follows that % = 0. Then noting that the RHS is only
a function of ¢ while the LHS clearly has a dependence
on 0, it follows that j° = f = 0. We again reach j = 0
when axisymmetry is imposed.

Remark VI.3. When angular momentum s present, the
metric would have cross terms involving ¢ and the con-
nection one-form ap would generally not vanish (ap, =
0 since the reference spacetime is static). In fact, the
quasi-local angular momentum as defined in [23] vanishes
exactly when % = 0, consistent with our proof above. Re-
call that quasi-local angular momentum is defined as

1 .
B(S, X, To, K = 85) =~ / (K, To)p+ Ko .

If one assumes & and T both axisymmetric, (K,Ty) = 0.



Theorem VI.4. Assume Hy remains spacelike as H
turns into null or |H| — 0, then the solution T to the
OFEE approaches a constant as the surface approaches the
apparent horizon.

Proof. Note that Hy = keg + é4, where k is the

Vit \V |2
mean curvature of the projected surface m(ig(X)) in R3,
with 7 : R®>! — R being projection along Tp. Assuming
Hjy remains spacehke thus implies that 7 is well behaved
since otherwise \V | = 00 and Hy is surely timelike.

Having proved that j = 0 as |[H| — 0, we next examine
(@) term by term to show that V, (sinh ™" \;ﬁgol) needs
to be bounded, which in turn leads to A7 — 0 and hence
T — const as |[H| — 0.

First look at the ayg term. Use and the fact
that the family of ¥ is constant expansion surface with

5a(9+ = 0,

ay— L (00
=2\ e
and hence bounded as . — 0.

Next look at the ap, term. Using é4 =

(DV,é3,Tp) =0

<<4>vae,£+>)

To+VT

and
V1 VT2

VTt
— (BT 3. 8,) =

ap,(€eq) = Vaés, éq) =11 ey, —m | ,

Ho(€a) = ( 3,€4) ( 1+V72>
where I1 is the second fundamental form of the cylinder
spanned by io(¥) and Ty in R31. Therefore ay, is also
bounded as 6, — 0.

Lastly, note that

(A
= ( {/I1Ho2 + HP? +
pVT = (\/| of* + 1+|v E \/' I+ 1+|v E

WP

also remains bounded as 64 — 0.

. o 1.—1  pAT
Putting together, one sees that Vy (Smh 7|HHH0\)

has to remain finite for j = 0 as |H| — 0. This is only
possible when A7 — 0 as |H| — 0, i.e. 7 — const.

To gain more understanding about the limit 7 — const,
we use another formula for j that does not invoke picking
the specific frame {eg,e;}

J=pVT — g, + og, .
Indeed,
. -1 pPAT
—ag, JraHV(smh ! )
’ | H || Ho|
= —ap, — Vo + ag + V¢
= —Qg; + g, -
Imposing 7 = const, pV7 = 0 and as =

To+VT

(BNVes,é4) = 0, recalling that &, = One
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is left with ae, only. Recall that €3 is the ‘spacelike’ unit
normal chosen by the gauge condition

(€4, H) = (€4, Ho) ,
which vanishes for 7 = const or ip(X) C R3. When
H is spacelike, this gauge condition picks €3 «x H and
oz, = am which in general do not vanish. So 7 = const
does not solve OEE in general.

Now consider the limit © — 0. Since

- O 0_+0_1, J_ Ol —0_11
2 ’ 2
as ©;1 — 0, H and J both turn to null vectors along ¢ .
The gauge condition (4, H) = 0 forces €4,€3 x ¢4. Thus
s, = (Ves,e4) = 0 and j = 0 is satisfied. O

Remark VI.5. The above proposition shows that one
can extrapolate the definition of the QLM to |H| = 0 with
the optimal embedding being T = const. In this case, i.e.
T = const and |H| =0,

1
LM = —
Q 87r/p
— i/ \/|H°|2 1+|v7|2 \/|H‘2 1+\vT|2
87 V14 |VT|?

Remark VI.6. As proved in [28], a solution T to the
optimal embedding equation is a local minimum of Wang-
Yau quasi-local energy if

|H-| > |H| >0,

where H. is the mean curvature vector of the isomet-
ric embedding with time function 7. The condition is
satisfied for constant expansion surfaces with ©y > 0
(Fig. . Assume continuity, 7 = const is a local min-
imum of Wang-Yau quasi-local energy at the apparent
horizon.

The numerical calculations in Sec. comply with
the above results.

VII. CONCLUSIONS

In this work, we have studied the Wang-Yau quasi-
local mass during a binary black hole merger. The Wang-
Yau QLM uses an embedding of 2-surfaces in Minkowski
space. We have solved the optimal embedding equation
numerically and applied it to the head-on collision of two
non-spinning black holes starting with Brill-Lindquist
initial data. We numerically determined the QLM for
surfaces close to the horizons and for families of surfaces
approaching the asymptotically flat ends and study their
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FIG. 14. Value of |H.| and |H| along the CESs outside Youter
at simulation time ¢ = 2.5 M in Siml. As Fig. [0 the colors
indicate the coordinates on the surface.

time evolution, and also present a preliminary investi-
gation of the hoop conjecture applied to the formation
of the common horizon. Finally, we have suggested an
extension of the Wang-Yau QLM to marginally trapped
surfaces.

For a Schwarzschild black hole, our calculations agree
with the well known result of the Brown-York mass, i.e.
the QLM is twice the ADM mass on the horizon. The
Brown-York mass decreases monotonically as one moves
outward from the horizon, and for the sphere at infinity,
it yields the ADM mass. This is in sharp contrast to other
quasi-local mass definitions such as Hawking and Bart-
nik masses. The Wang-Yau quasi-local mass also inherits
this monotonic decreasing property. Such monotonicity
is clearly demonstrated numerically for our family of con-
stant expansion surfaces. Therefore, it is a crucial prop-
erty of the Wang-Yau quasi-local mass that some measure
of negative gravitational field energy is accounted for. In
particular, for surfaces ¥ in a time-symmetric slice S,
an explicit expression for gravitational field energy was
written down [57]. An analogous expression for the case
of non-time-symmetric slices is under study.

We have extended the definition of Wang-Yau quasi-
local mass for 2-surfaces of spacelike mean curvature vec-
tor to 2-surfaces of null mean curvature vector, i.e. .
With this extension, we examined the time evolution of
QLM for a black hole, defined as QLM at ¥,uter, during
the head-on collision of two non-spinning black holes. As
is well known, the area increases monotonically through-
out the evolution. At late stages, the area evolution ex-
hibits damped oscillations which are known to be associ-
ated with the quasi-normal modes of the remnant black
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hole (see e.g. [68]). In contrast, QLM decreases mono-
tonically at first and starts to lose monotonicity when
oscillations take place. We see from the bottom panel
of Fig. that the oscillation frequency of the QLM is
similar to that of the area and one might expect these to
also be associated with the quasi-normal modes. Mono-
tonicity could be included as one of the additional re-
quirements for a QLM, and in future work we shall in-
vestigate the possibility to modifying the definition of the
QLM appropriately to make it monotonic.

That QLM and area evolve differently seems to comply
with a variation equation for the Brown-York mass in the
Schwarzschild black hole case [16], which differs from the
standard first law of black hole thermodynamics. One
might again invoke negative gravitational field energy to
explain this difference. Nevertheless, both of these mea-
sures, namely the area and half of QLM of the apparent
horizon converge to the same value asymptotically as the
final black hole settles down to its equilibrium state. We
expect that employing estimates of gravitational wave
energy will greatly clarify on various distinctive features
of the Wang-Yau quasi-local energy.

Future work will extend this study in various direc-
tions. Further extension of quasi-local definition for mass
and angular momentum to surfaces of time-like mean cur-
vature vector is of great interest. An example is trapped
surfaces inside the horizon, whose quasi-local mass might
reveal important information about black holes. An at-
tempt definition based on Brown-York mass was made in
a previous study [I7], where it is found the quasi-local
mass either experiences an infinite slope or a cusp at the
horizon while the former was preferred by those authors.
A naive extension of Wang-Yau QLM presented here re-
veals a similar behavior. A careful study of this issue will
be presented elsewhere.

Furthermore, it will be important to calculate the
QLM in cases with rotation or angular momentum. In
these cases, we can also calculate the quasi-local angu-
lar momentum. Quasiloal mass and angular momentum
for surfaces inside Kerr’s ergoregion might exhibit inter-
esting features related to the Penrose process. The time
variation of the mass and angular momentum should be
related to appropriate fluxes. Moreover, the event hori-
zon, whose determination requires the knowledge of the
whole spacetime evolution, may reveal different informa-
tion from the apparent horizon studied here. Finally, an
extension of the QLM and angular momentum to cos-
mological spacetimes would be of great interest. Here it
would be necessary to consider a reference configuration
not in Minkowski spacetime, but in de Sitter or anti-
de Sitter spacetime [69].

[1] R. Penrose, Some unsolved problems in classical general
relativity, in \Seminar on Differential Geometry. (AM-
102), Volume 102, edited by S.-T. Yau (Princeton Uni-

versity Press, Princeton, 1982) pp. 631-668.
[2] L. B. Szabados, Quasi-local energy-momentum and an-
gular momentum in general relativity, Living reviews in


https://doi.org/doi:10.1515/9781400881918-034
https://doi.org/doi:10.1515/9781400881918-034

relativity 12, 1 (2009).

[3] R. L. Arnowitt, S. Deser, and C. W. Misner, Dynamical
Structure and Definition of Energy in General Relativity,
Phys. Rev. 116, 1322 (1959).

[4] R. Schoen and S.-T. Yau, Positivity of the Total Mass of
a General Space-Time, Phys. Rev. Lett. 43, 1457 (1979).

[5] E. Witten, A Simple Proof of the Positive Energy Theo-
rem, (Commun. Math. Phys. 80, 381 (1981).

[6] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner,
Gravitational waves in general relativity. 7. Waves from
axisymmetric isolated systems, [Proc. Roy. Soc. Lond. A
269, 21 (1962).

[7] A. Ashtekar and B. Krishnan, Dynamical horizons: En-
ergy, angular momentum, fluxes and balance laws, Phys.
Rev. Lett. 89, 261101 (2002), arXiv:gr-qc/0207080.

[8] A. Ashtekar and B. Krishnan, Dynamical horizons and
their properties, Phys. Rev. D 68, 104030 (2003),
arXiv:gr-qc/0308033.

[9] E. Gourgoulhon and J. L. Jaramillo, Area evolution, bulk
viscosity and entropy principles for dynamical horizons,
Phys. Rev. D 74, 087502 (2006), larXiv:gr-qc/0607050.

[10] C.-C. M. Liu and S.-T. Yau, Positivity of quasi-local mass
I1,|Journal of the American Mathematical Society 19, 181
(2006).

[11] M.-T. Wang and S.-T. Yau, Quasilocal mass in gen-
eral relativity, Phys. Rev. Lett. 102, 021101 (2009)),
arXiv:0804.1174 [gr-qc].

[12] C.-C. M. Liu and S.-T. Yau, Positivity of quasilocal mass,
Phys. Rev. Lett. 90, 231102 (2003)!

[13] R. Bartnik, New definition of quasilocal mass, Phys. Rev.
Lett. 62, 2346 (1989).

[14] S. Hawking, Gravitational radiation in an expanding uni-
verse, J. Math. Phys. 9, 598 (1968).

[15] R. Penrose, Quasilocal mass and angular momentum
in general relativity, Proc. Roy. Soc. Lond. A 381, 53
(1982).

[16] J. D. Brown and J. W. York, Jr., Quasilocal energy and
conserved charges derived from the gravitational action,
Phys. Rev. D 47, 1407 (1993)} arXiv:gr-qc/9209012.

[17] A. P. Lundgren, B. S. Schmekel, and J. W. York Jr, Self-
renormalization of the classical quasilocal energy, Physi-
cal Review D 75, 084026 (2007).

[18] J. Kijowski, A Simple Derivation of Canonical Structure
and Quasi-local Hamiltonians in General Relativity, Gen-
eral Relativity and Gravitation 29, 307 (1997).

[19] Y. Shi and L.-F. Tam, Positive Mass Theorem and the
Boundary Behaviors of Compact Manifolds with Nonneg-
ative Scalar Curvature, Journal of Differential Geometry
62, 79 (2002).

[20] M.-T. Wang and S.-T. Yau, Isometric embeddings into
the minkowski space and new quasi-local mass, Commu-
nications in Mathematical Physics 288, 919 (2009).

[21] M.-T. Wang and S.-T. Yau, Limit of quasilocal mass
at spatial infinity, Communications in Mathematical
Physics 296, 271 (2010).

[22] P. Chen, M.-T. Wang, and S.-T. Yau, Evaluating quasilo-
cal energy and solving optimal embedding equation at
null infinity, Communications in mathematical physics
308, 845 (2011).

[23] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Conserved
quantities in general relativity: from the quasi-local
level to spatial infinity, Communications in Mathemat-
ical Physics 338, 31 (2015).

[24] P.-N. Chen, J. Keller, M.-T. Wang, Y.-K. Wang, and S.-

15

T. Yau, Evolution of angular momentum and center of
mass at null infinity, Communications in Mathematical
Physics 386, 551 (2021).

[25] P.-N. Chen, M.-T. Wang, Y.-K. Wang, and S.-T. Yau,
Supertranslation invariance of angular momentum, arXiv
preprint arXiv:2102.03235 (2021).

[26] P.-N. Chen, M.-T. Wang, Y.-K. Wang, and S.-T.
Yau, Supertranslation invariance of angular momentum
at null infinity in double null gauge, arXiv preprint
arXiv:2204.03182 (2022).

[27] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Evaluating
quasilocal energy and solving optimal embedding equa-
tion at null infinity, |[Commun. Math. Phys. 308, 845
(2011), [arXiv:1002.0927 [math.DG].

[28] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Minimizing
properties of critical points of quasi-local energy, Com-
munications in Mathematical Physics 329, 919 (2014).

[29] A. Ashtekar and B. Krishnan, Isolated and dynamical
horizons and their applications, Living Rev. Rel. 7, 10
(2004), arXiv:gr-qc,/0407042.

[30] I. Booth, Black hole boundaries, Can. J. Phys. 83, 1073
(2005), arXiv:gr-qc/0508107.

[31] E. Gourgoulhon and J. L. Jaramillo, A 341 perspective
on null hypersurfaces and isolated horizons, Phys. Rept.
423, 159 (2006), arXiv:gr-qc/0503113|

[32] S. A. Hayward, Energy and entropy conservation for dy-
namical black holes, [Phys. Rev. D70, 104027 (2004),
arXiv:gr-qc,/0408008.

[33] J. L. Jaramillo, An introduction to local Black Hole hori-
zons in the 3+1 approach to General Relativity, Int. J.
Mod. Phys. D20, 2169 (2011), [arXiv:1108.2408 [gr-qc].

[34] L. Andersson, M. Mars, and W. Simon, Local existence
of dynamical and trapping horizons, Phys.Rev.Lett. 95,
111102 (2005), arXiv:gr-qc/0506013 [gr-qc|.

[35] L. Andersson, M. Mars, and W. Simon, Stability of
marginally outer trapped surfaces and existence of
marginally outer trapped tubes, Adv.Theor.Math.Phys.
12 (2008), [arXiv:0704.2889 [gr-qc].

[36] L. Andersson and J. Metzger, The area of horizons and
the trapped region, Communications in Mathematical
Physics 290, 941 (2009).

[37] D. Pook-Kolb, O. Birnholtz, B. Krishnan, and E. Schnet-
ter, Interior of a Binary Black Hole Merger, Phys. Rev.
Lett. 123, 171102 (2019), arXiv:1903.05626 [gr-qc|.

[38] D. Pook-Kolb, O. Birnholtz, B. Krishnan, and E. Schnet-
ter, Self-intersecting marginally outer trapped surfaces,
Phys. Rev. D 100, 084044 (2019), |arXiv:1907.00683 [gr-
qc].

[39] D. Pook-Kolb, O. Birnholtz, J. L. Jaramillo, B. Krishnan,
and E. Schnetter, Horizons in a binary black hole merger
I: Geometry and area increase, [arXiv:2006.03939 [gr-qc]
(2020).

[40] D. Pook-Kolb, R. A. Hennigar, and I. Booth, What
Happens to Apparent Horizons in a Binary Black
Hole Merger?, Phys. Rev. Lett. 127, 181101 (2021),
arXiv:2104.10265 [gr-qc].

[41] D. Pook-Kolb, I. Booth, and R. A. Hennigar, Ultimate
fate of apparent horizons during a binary black hole
merger. II. The vanishing of apparent horizons, Phys.
Rev. D 104, 084084 (2021)} arXiv:2104.11344 [gr-qc].

[42] I. Booth, R. A. Hennigar, and D. Pook-Kolb, Ulti-
mate fate of apparent horizons during a binary black
hole merger. I. Locating and understanding axisymmet-
ric marginally outer trapped surfaces, Phys. Rev. D 104,


https://doi.org/10.1103/PhysRev.116.1322
https://doi.org/10.1103/PhysRevLett.43.1457
https://doi.org/10.1007/BF01208277
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1103/PhysRevLett.89.261101
https://doi.org/10.1103/PhysRevLett.89.261101
https://arxiv.org/abs/gr-qc/0207080
https://doi.org/10.1103/PhysRevD.68.104030
https://arxiv.org/abs/gr-qc/0308033
https://doi.org/10.1103/PhysRevD.74.087502
https://arxiv.org/abs/gr-qc/0607050
https://doi.org/10.1090/S0894-0347-05-00497-2
https://doi.org/10.1090/S0894-0347-05-00497-2
https://doi.org/10.1103/PhysRevLett.102.021101
https://arxiv.org/abs/0804.1174
https://doi.org/10.1103/PhysRevLett.90.231102
https://doi.org/10.1103/PhysRevLett.62.2346
https://doi.org/10.1103/PhysRevLett.62.2346
https://doi.org/10.1063/1.1664615
https://doi.org/10.1098/rspa.1982.0058
https://doi.org/10.1098/rspa.1982.0058
https://doi.org/10.1103/PhysRevD.47.1407
https://arxiv.org/abs/gr-qc/9209012
https://doi.org/10.1023/A:1010268818255
https://doi.org/10.1023/A:1010268818255
https://doi.org/10.4310/jdg/1090425530
https://doi.org/10.4310/jdg/1090425530
https://doi.org/10.1007/s00220-011-1362-2
https://doi.org/10.1007/s00220-011-1362-2
https://arxiv.org/abs/1002.0927
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.12942/lrr-2004-10
https://arxiv.org/abs/gr-qc/0407042
https://doi.org/10.1139/p05-063
https://doi.org/10.1139/p05-063
https://arxiv.org/abs/gr-qc/0508107
https://doi.org/10.1016/j.physrep.2005.10.005
https://doi.org/10.1016/j.physrep.2005.10.005
https://arxiv.org/abs/gr-qc/0503113
https://doi.org/10.1103/PhysRevD.70.104027
https://arxiv.org/abs/gr-qc/0408008
https://doi.org/10.1142/S0218271811020366
https://doi.org/10.1142/S0218271811020366
https://arxiv.org/abs/1108.2408
https://doi.org/10.1103/PhysRevLett.95.111102
https://doi.org/10.1103/PhysRevLett.95.111102
https://arxiv.org/abs/gr-qc/0506013
https://arxiv.org/abs/0704.2889
https://doi.org/10.1103/PhysRevLett.123.171102
https://doi.org/10.1103/PhysRevLett.123.171102
https://arxiv.org/abs/1903.05626
https://doi.org/10.1103/PhysRevD.100.084044
https://arxiv.org/abs/1907.00683
https://arxiv.org/abs/1907.00683
https://arxiv.org/abs/2006.03939
https://doi.org/10.1103/PhysRevLett.127.181101
https://arxiv.org/abs/2104.10265
https://doi.org/10.1103/PhysRevD.104.084084
https://doi.org/10.1103/PhysRevD.104.084084
https://arxiv.org/abs/2104.11344
https://doi.org/10.1103/PhysRevD.104.084083

084083 (2021)} arXiv:2104.11343 [gr-qc].

[43] D. R. Brill and R. W. Lindquist, Interaction energy in
geometrostatics, Physical Review 131, 471 (1963).

[44] D. Pook-Kolb, O. Birnholtz, B. Krishnan, and E. Schnet-
ter, Existence and stability of marginally trapped sur-
faces in black-hole spacetimes, Phys. Rev. D 99, 064005
(2019), |arXiv:1811.10405 [gr-qc].

[45] M. Ansorg, B. Briiggmann, and W. Tichy, A single-domain
spectral method for black hole puncture data, Phys. Rev.
D 70, 064011 (2004), arXiv:gr-qc,/0404056.

[46] F. Loffler, J. Faber, E. Bentivegna, T. Bode, P. Diener,
R. Haas, I. Hinder, B. C. Mundim, C. D. Ott, E. Schnet-
ter, G. Allen, M. Campanelli, and P. Laguna, The Ein-
stein Toolkit: A Community Computational Infrastruc-
ture for Relativistic Astrophysics, Class. Quantum Grav.
29, 115001 (2012), arXiv:1111.3344 [gr-qc]

[47] EinsteinToolkit, Einstein Toolkit: Open software for rel-
ativistic astrophysics, http://einsteintoolkit.org/.

[48] J. D. Brown, P. Diener, O. Sarbach, E. Schnetter, and
M. Tiglio, Turduckening black holes: an analytical and
computational study, Phys. Rev. D 79, 044023 (2009),
arXiv:0809.3533 [gr-qc].

[49] S. Husa, I. Hinder, and C. Lechner, Kranc: a Mathemat-
ica application to generate numerical codes for tensorial
evolution equations, Comput. Phys. Commun. 174, 983
(2006), arXiv:gr-qc,/0404023.

[50] Kranc, Kranc: Kranc assembles numerical code.

[61] M. Alcubierre, G. Allen, B. Briigmann, T. Dramlitsch,
J. A. Font, P. Papadopoulos, E. Seidel, N. Stergioulas,
W.-M. Suen, and R. Takahashi, Towards a stable numer-
ical evolution of strongly gravitating systems in general
relativity: The Conformal treatments, Phys. Rev. D62,
044034 (2000)} arXiv:gr-qc/0003071 [gr-qc].

[62] M. Alcubierre, B. Briigmann, P. Diener, M. Koppitz,
D. Pollney, E. Seidel, and R. Takahashi, Gauge condi-
tions for long term numerical black hole evolutions with-
out excision, Phys. Rev. D67, 084023 (2003), arXiv:gr-
qc/0206072 [gr-qc].

[63] D. Pook-Kolb, O. Birnholtz, I. Booth, R. A. Hennigar,
J. L. Jaramillo, B. Krishnan, E. Schnetter, and V. Zhang,
Mots finder version 1.5/ (2021).

[54] J. Boyd, Chebyshev and Fourier Spectral Methods (Dover
Publications, New York, 2001).

[55] A. Meurer, C. P. Smith, M. Paprocki, O. Certik, S. B.
Kirpichev, M. Rocklin, A. Kumar, S. Ivanov, J. K.
Moore, S. Singh, et al., SymPy: symbolic computing in
Python, PeerJ Computer Science 3, €103 (2017).

16

[56] E. A. Martinez, Quasilocal energy for a kerr black hole,
Physical Review D 50, 4920 (1994).

[67] P. Miao, Y. Shi, and L.-F. Tam, On geometric problems
related to brown-york and liu-yau quasilocal mass, Com-
munications in mathematical physics 298, 437 (2010).

[58] G. Huisken and S.-T. Yau, Definition of center of mass for
isolated physical systems and unique foliations by stable
spheres with constant mean curvature, Inventiones math-
ematicae 124, 281 (1996).

[59] J. Qing and G. Tian, On the uniqueness of the foliation
of spheres of constant mean curvature in asymptotically
flat 3-manifolds, Journal of the American Mathematical
Society 20, 1091 (2007).

[60] J. Metzger, Foliations of asymptotically flat 3-manifolds
by 2-surfaces of prescribed mean curvature, Journal of
Differential Geometry 77, 201 (2007).

[61] L.-H. Huang, Foliations by stable spheres with constant
mean curvature for isolated systems with general asymp-
totics, Communications in Mathematical Physics 300,
331 (2010).

[62] C. Nerz, Foliations by stable spheres with constant mean
curvature for isolated systems without asymptotic sym-
metry, Calculus of Variations and Partial Differential
Equations 54, 1911 (2015).

[63] M. Eichmair and T. Koerber, Foliations of asymptoti-
cally flat 3-manifolds by stable constant mean curvature
spheres, arXiv preprint arXiv:2201.12081 (2022).

[64] P. Anninos, D. Bernstein, S. R. Brandt, D. Hobill, E. Sei-
del, and L. Smarr, Dynamics of black hole apparent hori-
zons, Physical Review D 50, 3801 (1994).

[65] K. Thorne, MAGIC WITHOUT MAGIC - JOHN
ARCHIBALD WHEELER. A COLLECTION OF ES-
SAYS IN HONOR OF HIS 60TH BIRTHDAY (Freeman,
San Francisco, 1972) p. 231.

[66] J. M. M. Senovilla, A Reformulation of the Hoop Con-
jecture, EPL 81, 20004 (2008), arXiv:0709.0695 [gr-qc].

[67] E. Ames, H. Andréasson, and O. Rinne, On the
Hoop conjecture and the weak cosmic censorship con-
jecture for the axisymmetric Einstein-Vlasov system,
arXiv:2305.04360 [gr-qc| (2023).

[68] P. Mourier, X. Jiménez Forteza, D. Pook-Kolb, B. Kr-
ishnan, and E. Schnetter, Quasinormal modes and
their overtones at the common horizon in a binary
black hole merger, Phys. Rev. D 103, 044054 (2021)),
arXiv:2010.15186 [gr-qcl

[69] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Quasi-local en-
ergy with respect to de sitter/anti-de sitter reference,
arXiv preprint arXiv:1603.02975 (2016).


https://doi.org/10.1103/PhysRevD.104.084083
https://arxiv.org/abs/2104.11343
https://doi.org/10.1103/PhysRev.131.471
https://doi.org/10.1103/PhysRevD.99.064005
https://doi.org/10.1103/PhysRevD.99.064005
https://arxiv.org/abs/1811.10405
https://doi.org/10.1103/PhysRevD.70.064011
https://doi.org/10.1103/PhysRevD.70.064011
https://arxiv.org/abs/arXiv:gr-qc/0404056
https://doi.org/doi:10.1088/0264-9381/29/11/115001
https://doi.org/doi:10.1088/0264-9381/29/11/115001
https://arxiv.org/abs/arXiv:1111.3344 [gr-qc]
http://einsteintoolkit.org/
https://doi.org/10.1103/PhysRevD.79.044023
https://arxiv.org/abs/arXiv:0809.3533 [gr-qc]
https://arxiv.org/abs/arXiv:gr-qc/0404023
http://kranccode.org/
https://doi.org/10.1103/PhysRevD.62.044034
https://doi.org/10.1103/PhysRevD.62.044034
https://arxiv.org/abs/gr-qc/0003071
https://doi.org/10.1103/PhysRevD.67.084023
https://arxiv.org/abs/gr-qc/0206072
https://arxiv.org/abs/gr-qc/0206072
https://doi.org/10.5281/zenodo.4687700
https://doi.org/10.7717/peerj-cs.103
https://doi.org/10.1209/0295-5075/81/20004
https://arxiv.org/abs/0709.0695
https://arxiv.org/abs/2305.04360
https://doi.org/10.1103/PhysRevD.103.044054
https://arxiv.org/abs/2010.15186

	Properties of Quasi-local mass in binary black hole mergers
	Abstract
	Introduction
	Basic Notions
	Initial Data and numerical evolution
	Numerical Method for Evaluating the Quasi-local Mass
	Numerical Results
	The QLM in time-symmetric initial data
	On the monotonicity along geometric flows
	Outer trapped surfaces in time symmetry

	QLM in non-time-symmetric slices
	QLM at a MOTS without time symmetry

	Time evolution of the QLM at a MOTS
	Investigating the hoop-conjecture


	Defining the QLM on a MOTS
	Conclusions
	References


