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ABSTRACT. We classified prime Q-Fano 3-folds X with only 1/2(1, 1, 1)-singularities
and with h®(—Kx) > 4 a long time ago. The classification was undertaken by
blowing up each X at one 1/2(1, 1, 1)-singularity and constructing a Sarkisov link.
The purpose of this paper is to reveal the geometries behind the Sarkisov links for
X in 5 classes. The main result asserts that any X in the 5 classes can be embed-
ded as linear sections into bigger dimensional Q-Fano varieties called key varieties,
where the key varieties are constructed by extending partially the Sarkisov link in
higher dimensions.
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1. INTRODUCTION

1.1. Background. In this paper, we work over C, the complex number field.

This is a continuation of the papers after a long time. A projective variety
X is called a Q-Fano variety if X has only terminal singularities and — K x is ample.
A Q-Fano variety X is called prime if — K x generates the group of numerical equiv-
alence classes of Q-Cartier divisors on X. In [Takll], we classified prime Q-Fano
3-folds X with only 1/2(1, 1, 1)-singularities and with 2°(—Kx) > 4. In this paper,
we further study X in the 5 classes No.1.1, 1.4, 1.9, 1.10, and 1.13 among
Table 1].

1.2. Prime Q-Fano 3-fold and Sarkisov link. In this subsection, we explain our
method of the classification of prime Q-Fano 3-folds in [Takl1]] only in the five
classes. The result is presented in the following table:

| No. [g(X) [ N]eldegC[g(C)] X" |

[T1] 4 [2]7] 7 | 8 [P(%2)]
141 5 [1]6] 9 9 P3
19 6 |1|6| 3 0 B,
110 6 |1]5] 9 6 Q3
113 8 |1 ]4] 7 2 B

The number ¢(X) in the second column of the table is the genus of X defined to
be h’(—Kx) — 2. The number N in the third column is the number of 1/2(1,1,1)-
singularities of X. We explain the data in 4th-7th column below. For X’s in the 5
classes, we classify them by constructing the following Sarkisov links:

(1.1) ) G
/ N,
X X/,

where f: Y — X is the blow-up of X ata 1/2(1, 1, 1)-singularity, Y --» Y” is a flop,
and f’ is the blow-up of a Q-Fano 3-fold X’ along a smooth curve C in X'\ Sing X’
with the genus ¢g(C') and the degree degC' as in the 5th and 6th column of the
table, where the degree of C' is measured by the primitive Cartier divisor on X’.
We denote by E the f-exceptional divisor and by E the strict transform on Y’ of
E. The flop Y --» Y’ is the E-flop in the sense of [Ko]]. The number e in the
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4th column is defined to be E3 — E3, which roughly measures how many flopping

curves the flop Y --» Y’ has (see for more details). In the 7th column, B3 is

a smooth cubic 3-fold in P4, B is a codimension 3 smooth linear section of G(2, 5),

and @? is a smooth quadric 3-fold. Let h: Y — W be the E-flopping contraction.

We call W the mid point (for No. 1.1, however, see Caution in the subsection [2.3).
For simplicity, we call a Q-Fano 3-fold X as in the table as follows:

Names of Q-Fano 3-folds: a prime Q-Fano 3-fold of genus 4, of genus 5, of genus
6 and C-type, of genus 6 and Q-type, of genus 8, for X of No.1.1, 1.4, 1.9, 1.10, and
1.13 respectively, where the word C-type (resp. Q-type) comes from the fact that X’
is isomorphic to the cubic 3-fold for No.1.9 (resp. the quadric 3-fold for No.1.10).

1.3. Main result. The main result of this paper is a classification of Q-Fano 3-
folds in the 5 classes in different nature to that in [Takl]. The prototype of this
result is the following: in [Gu], Gushel’ shows that any smooth prime Fano 3-
fold of genus 8 is a linear section of G(2,6). In [Mu2l], Mukai shows that
any prime smooth prime Fano 3-fold of genus 7, 9, 10 is a linear section of the
orthogonal Grassmanian OG(5, 10), the symplectic Grassmannian Sp(3, 6), and the
adjoint homogeneous variety of type G, respectively. Here we say that a projective
variety X is a linear section of a projective variety ¥ with respect to a linear system
|M] if it holds that X = XN Dy N---N Dy for k = dim¥ — dim X and some
Dq,..., Dy € |[M|. In the case of Gushel” and Mukai, the linear system is the one
generated by the primitive very ample divisor of a homogeneous space. We usually
do not mention the linear system |M]| if M generates the group of the numerical
equivalence classes of Q-Cartier divisors on X..

Theorem 1.1 (Embedding theorem). For each one of the 5 classes, there is a unique
rational Q-Fano variety Y. of Picard number 1 such that any prime Q-Fano 3-fold X
in the class is a linear section of ¥.. The Q-Fano varieties Y are of 11-, 12-, 9-, 8-, and
5-dimensional for X of genus 4, 5, of genus 6 and Q-type, of genus 6 and C-type, and
of genus 8, respectively.

For a prime Q-Fano 3-fold X in each of the 5 classes, we will call the variety &
the key variety for X. Theorem[I.1]is proved separately in each case; Theorem [3.7]
(genus 8), Theorem[5.17] (genus 4, 6), and Theorem [6.15] (genus 5). We refer for
more detailed descriptions of 3 (constructions, birational geometries, singularities,
etc) to the section[3] (genus 8), the sections [ and 5] (genus 4, 6), and the section [6]
(genus 5).

The equations of the key varieties are also available; see [R], Ex.6.8] in the genus
4 case, and in the genus 5 case. In the genus 6 and 8 cases, we will publish
them in separated papers (cf. [Tak4]).

1.4. Structure of the paper. The section Bt After showing some miscellaneous
results in the subsection 2.I] we investigate in the subsections the mid
point of the Sarkisov link (I.I) in details in each of 5 cases.

The section Bt In this section we concentrate in studying the genus 8 case. In the
subsection [3.1] we extend the mid point based upon the result in the subsection
In the subsection [3.2] we construct the key variety modifying birationally the
extension of the mid point (Theorem[3.6). In the subsection[3.3] we show Theorem
[[Ilin the genus 8 case (Theorem[3.7).



4 Q-Fano 3-folds III

In the other cases, constructions of the key varieties and proofs of Theorem [I.1]
are similar to those in the genus 8 case but are more involved.

The genus 4 and 6 cases are treated in a unified way in part in the sections[@land
B The mid points are extended in Propositions [4.3] and [4.14] Together with
compensations in the subsection [5.3] the key varieties are constructed in Theorem
[5.17] and Theorem[I.Ilis proved in Theorem[5.17]

The genus 5 case is treated in the section [} The mid point is extended in the
subsection the key variety is constructed in the subsection and Theorem
[I.1lis proved in the subsection

1.5. Flow of the construction of the key variety . Roughly speaking, the key
variety in any case is constructed in the following manner: First we extend the mid
point of the Sarkisov link (I.I) to an appropriate variety > (in the genus 4 case,
the mid point is replaced by another 3-fold in the subsection [2.3). The extension
3 is found more or less naturally from the equation of the mid point. Second we
construct a good resolution of 3. Except in the case of genus 6 and C-type, we can
construct a small crepant resolution ¥’ — ¥ with a projective bundle structure over
certain Fano manifold. Except in the case of genus 4, the Fano manifold is X’ as in
(I.ID. The small resolution is actually an extension of Y’ in (]E]) Ideally, as the
third step, we would construct a small birational map ¥’ --» % such that ¥ is an
extension of Y and find a contraction & — ¥ such that ¥ is the desired key variety.
This strategy works in the genus 8 case. Even in the other cases except the case of
genus 6 and C-type, this works but the construction of ¥’ --» ¥ is slightly involved
(we refer a more detailed explanation of this to Remark [4.7). Hence we choose
another resolution & — ¥ except in the genus 8 case. The variety 3. has a structure
of a projective bundle over certain Fanifold. Then we perform a small birational
map ¥’ --» X which is a composite of a flop and a flip such that % is an extension
of Y and find a contraction ¥ — ¥ such that ¥ is the desired key variety. the
advantage of this construction is that the flop and the flip can be described easily.
Moreover, this works also in the genus 6 and C-type. Actually, the cases except the
genus 5 case can be treated in a unified way in part. For unified treatement, we
take a bit roundabout way. We refer for this to the sections (] and The case of
genus 5 can be treated more or less in a straightforward way. We refer for this to
the section [6l

1.6. Future plan. In this subsection, we use the notation as in the subsection [I.5]
The construction of the key variety in each case is slightly involved but we have a
significant application; in the forthcoming paper [Tak3]], we construct a projective
bundle which, in a certain sense, is dual to S in the case of genus 6 and C-type, or
is dual to ¥’ in the other cases. Using these dual varities, we can describe the cubic
3-fold X’ in the case of genus 6 and C-type, or the curve C' as in the Sarkisov link
([I3) in the other cases.

Notation and Conventions

e Conventions on projective bundle: Let £ be a vector bundle on a variety X,
or a vector space. The notation P(£) is just the projectivization of £ (We
don’t use the Grothendieck notation). Setting ¥ = IP(£), we often denote by
Ox(1), or Hy, the tautological line bundle associated to the vector bundle £
without mentioning €.
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e Point of a projective space: Let V be a vector space. For a nonzero vector
x € V and a 1-dimensional subspace V! C V, we denote by [z] and [V]
the point of P(V) corresponding to « and V! respectively.

e Cartier divisor and invertible sheaf: We sometimes abuse notation of a
Cartier divisor and an invertible sheaf. For example, we sometimes use
the expression like D = f*Ox(1).

e Join X, x X}, : The projective variety in P(V,, & V},) which is the union of all
the lines joining two projective varieties X, C P(V,®0) and X, C P(0®V}).
If X, is a projective space, X, * X} is just the cone over X, with the vertex
Xp.

e Flopping contraction of Atiyah type: The small contraction f: X — Y such
that, for a sufficiently small analytic neighborhood U of any point y of Y in
the image of the f-exceptional locus, f|;-1(y: f~'(U) — U is isomorphic
to the product of some open subset Uy C C"~3 with a small resolution
Xo — {zy + 2w =0} C CL

e 1/2(1™)-singularity: The singularity of an n-dimensional variety analyti-
cally isomorphic to that of the origin of the quotient of C™ by the invo-
lution defined by C* 5  — —ax € C". We often call this singularity a
1/2-singularity for simplicity.

e (Q": The smooth quadric n-fold.

Acknowledgment: I am grateful to Professor Shinobu Hosono for his encourage-
ment while writing this paper. From personal conversations with Professor Mukai,
I learned a lot of things around his articles [Mu2]], and I have been strongly
motivated to get some results on Q-Fano 3-fold similar to his results. I appreciate
his generosity that gave me a lot of ideas. I got a sprout of the research in this pa-
per while I was staying at the Max-Planck-Institut fiir Mathematik in 2007-2008.
I appreciate after a long time the institute providing a nice research environment
with a free atmosphere. Finally, I sincerely thank Professor Yujiro Kawamata, my
thesis advisor, for his appropriate guidance, encouragement and patience in the
doctoral course, which has been supporting my life as a mathematician. This work
is supported in part by Grant-in Aid for Scientific Research (C) 16K05090.

2. PRELIMINARIES

2.1. Miscellaneous results. The results in this subsection are frequently used in
the sequel. Proofs for them are omitted since they are elementary.

Lemma 2.1. Let V be a vector space, and V = V* @V’ be a direct sum decomposition
with a 1-dimensional subspace V'* and a complementary subspace V'. The vector space
A2V has the following direct sum decomposition:

NV =V @ A2V,
where we identify the subspace V' A V' with V'. Let U C A*V’ be a subspace. For
x € V' and y € U, the following are equivalent:
(1) z+yeG2,V)NPV' @ U).
(2) There exists a 2-dimensional subspace V? C V' such that A>V? C U, « € V? and
y € A2V2,

Lemma 2.2. Let S be a projective manifold and A, B vector bundles on S whose
dual bundles are globally generated. Let Uy := H°(S, A*)*and Ug := H°(S,B*)*.
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Let p: Ps(A @ B) — S be the natural morphism and p: Ps(A @ B) — P(Ua @
Up) the morphism defined by the tautological linear system |Hp(4q)|- The following
assertions hold:

(1) The projective bundle Ps(A @ B) is contained in P(U4 @ Ug) x S as a subbundle,
and the morphism y is nothing but the composite Ps(A & B) — P(U4 & Ug) x S —
P(Ua @ Up). The pull-back of Op (s ,eu,) (1) by this morphism is the tautological line
bundle of Pg(A @ B).

(2) For a point s € S, let A, and B, the fibers of A and B at s respectively, which are
subspaces of U 4 and Up respectively. The p-image coincides the locus

{[.’1} + y] € ]P)(U.A S5 UB) | dses, T € »Asvy € Bs}
and the p-fiber over a point [x + y| coincides with the locus {s € S | x € As,y € B} .

Lemma[2.2] also holds for a direct sum of three or more vector bundles.

2.2. Indecomposability of the mid point . In this subsection, we quickly review
the classification of the mid point W of the Sarkisov link (I.I) with a few com-
pensation. An important concept for the classification is indecomposability of an
effective divisor due to Mukai.

Definition 2.3. Let X be a normal projective variety and D a Weil divisor on X.
We say that D is indecomposable if there exists no Weil divisors A and B such that
D ~ A+ Band h°(A) > 2 and h°(B) > 2. If —Kx is indecomposable, then we say
X is indecomposable.

An indecomposable Q-Fano variety generalizes a prime Q-Fano variety for pos-
sibly non Q-factorial Q-Fano variety. In our context, we have the following:

Proposition 2.4. The mid point W is indecomposable. In the genus 5,6, or 8 case,
the anti-canonical divisor — Ky is very ample. The image 11 of E on W is a plane.

Proof. Assume by contradiction that there exist Weil divisors A and B such that
—Kw ~ A+ B and h°(A) > 2 and h°(B) > 2. Then we have —K» ~ h;1(A) +
hi;1(B)+ A with an effective h-exceptional divisor A (possibly equal to 0) since g is
crepant. Further we have — K x ~ g.h; 1 (A)+g.h; 1 (B)+g.(A) with h%(g.h 1 (A)) >
2 and h°(g.h;(B)) > 2. This is a contradiction since X is prime.

In the genus 5,6, or 8 case, W is Gorenstein. Hence, by Thm.6.5 (2) and

Prop.7.8], — Ky is very ample. Since (—Ky )?E = 1, we see that IT is a plane. [J

Corollary 2.5. In the genus 5, 6, or 8 case, the rational map W --» X' in the
Sarkisov link () is the projection of W from the plane TI.

Proof. In the genus 5, 6, or 8 case, we have ' ~ z(—Ky/) — (z + 1)5, where
z 4+ 1 is the Fano index of X’ by [Takl, Part I, Table 1]. Since f’ is the blow-

up along the curve C, we have — Ky, = f*(—Kx,) — E’. Therefore we obtain
—Ky' — E = f""Hx:, where Hy: is the primitive Cartier divisor. This implies the
assertion since — Ky~ is the pull-back of Oy (1). O

2.3. Mid point in the genus 4 case . In the genus 4 case, we slightly modify the
Sarkisov link (I.1I) partially.

Let g: Z — X be the blow-up at the two 1/2-singularities, and F; and E5 be
the g-exceptional divisors. By Part I, Thm.1.0], — K is nef and big. Let
h: Z — Z be the anti-canonical model and II; and II, the images on Z of E; and
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E, respectively. In the same way as in the proof of Proposition [2.4] we see that Z
is indecomposable, — K+ is very ample and II; and II, are planes on Z. By [Mu2]
Thm.6.5 (2) and Prop.7.8], Z is the intersection of a quadric and a cubic.

Proposition 2.6. The following assertions hold:
(1) It holds that T1; N 11y = 0.

(2) h: Z — Z is a crepant small contraction, and hence Z has only terminal singular-
ities.

Proof. First of all, we show that /4 has no exceptional divisor G such that h(G) is a
point. Assume by contraction that there is such a divisor GG. Since G is a crepant
divisor while — Ky is ample, we see that G intersects F; or Ey;. We may assume
that G N E; # 0. Then any irreducible component of G N F; is a curve which is at
the same time numerically trivial and negative for Ky, a contradiction.

Assume by contradiction that IT; N IIs # (. Let t be a point of II; N IT;. Let
~v1 U -+ - U~ be the irreducible decomposition of the fiber of Z — W over t, where
any ~; is a curve by the first paragraph. For any [, it holds that £, - 9, > 0 or
E5 -~ > 0, and there exist ¢ and j such that Fy -v; > 0 and Es - v; > 0. We fix a
curve v; such that Es - v; > 0. Since Es is mapped isomorphically onto the plane
II,, we have Es -, = 1. Now we consider Y in the Sarkisov link (I.I) as the target
of the contraction of F> from Z and E as the image of F;. Let 7} be the image of ~;
onY. We have — Ky - 7;- = % since Ey - v; = 1. Let 7;-’ be the strict transform of 7;-
onY’. By a property of flop (cf.[Kal), we have — Ky -7} = =Ky -7} = 5. By
Part I, Table 1], we have E’ ~ 4(—Ky/)— 5E. This implies that F’ -7;’ =2 5E-7§’.
If Ew}’ >0, then £’ -~7 < —3 and hence 77 C E'. This is impossible since £’ does
not contain the §-singularity of Y’ while 7; contains it. Thus E- 7v; =0, and hence
E, - v; = 0 and ~; does not intersect any +; such that E; - v, > 0. This implies that
the fiber of Z — W over t is disconnected, a contradiction.

If h is a crepant divisorial contraction, then, by the first paragraph, the h-
exceptional locus contains a prime divisor, say G, such that h(G) is a curve, and
G intersects F; or Fy. Assume that 1 NG # () and E» N G # (). By the argument
of the first paragraph, £; NG (i = 1,2) cannot contain an h-exceptional curve, and
hence E; NG dominates h(G). This implies that IT; NI, # (, a contradiction to (1).
Therefore, we may assume that £y NG # () and F> NG = (). Again, we consider
Y in the Sarkisov link (T.I) as the target of the contraction of E, from Z and F as
the image of E;. Then the image of G on Y is a crepant divisor. This is impossible

since Y has no crepant divisorial contraction by [Takll Part I, Table 1]. O

Caution (change of notation): In the genus 4 case, henceforth we set
W=7

for notational convenience. We also call this W the mid point in the genus 4 case.

2.4. Mid point in the genus 6 case . By [Mu2, Thm.6.5 (2) and Prop.7.8], the
mid point W is a quadric section of a del Pezzo 4-fold W, with only canonical
singularities. The indecomposability simplifies the situation as follows:

Proposition 2.7. The del Pezzo 4-fold Wy is smooth.
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Proof Assume that W is singular and is not a cone over the smooth quintic del
Pezzo 3-fold Bs (we do not exclude the possibility that W is a cone over a singular
quintic del Pezzo 3-fold). Then, by p.160, (6)]1, W, contains a double point,
say, t. By projecting W, from t, W, is mapped onto a non-degenerate cubic 4-fold
W in PO, By the classification of W, we see that Oy, (1) is decomposable. This
implies that Oy, (1) is, and hence — Ky is decomposable, a contradiction.

Assume that W, is the cone over Bs. If W do not contain the vertex of Wy, then,
by projecting W, from the vertex, Bs contains the plane which is the image of II.
This is absurd since Bs does not contain a plane. Therefore W contains the vertex
of Wy, and hence W has a non-hypersurface singularity at the vertex. This is again
absurd since W has only Gorenstein terminal singularities. O

By [Fuj3Jl, we can write Wy = G(2, V)NP(U®) with V ~ C® and U® ~ C8 C A%V.
We write W = W, N Q, where Q is a quadric 6-fold in P(U®). It is well-known that
the 2-plane IT has one of the following description as a subvariety of G(2,V):

D
M= {[CY|VIcC*cV*}cCG(2V)
with some fixed vector subspaces V! ~ C and V* ~ C* of V.
2
M= {[C | C*CV3} CG(2V)
with a fixed vector subspace V3 ~ C3 of V.

Proposition 2.8. If X is of Q-type, then II satisfies (1). If X is of C-type, then II
satisfies (2).

Proof. Since W --» X' is the projection from IT by Corollary2.5] X' is contained in
the image W} of the projection of Wy, from II. By (see also Lem.3.4.4]),
W{ is a smooth quadric 3-fold Q3 if 1I satisfies (1), or is P* if II satisfies (2). If X
is of C-type, then X’ is a smooth cubic 3-fold, hence IT must satisfy (2). Assume
by contradiction that X is of Q-type and II satisfies (2). Then, since X’ is a smooth
quadric 3-fold @3, we may choose the quadric 6-fold Q as the cone over Q* with
the vertex IT . This implies that W is singular along II, a contradiction. d

Q-type:
Caution (change of notation): Hereafter, for notational convenience, we denote
by Iy the 2-plane II only in this case.

Note that IIj satisfies (1). The notation IT will denote the unique 3-plane

II:={[C* | V' cC*} C G(2,V)
containing IIy. It holds that ITy = IINP(U®). By a simple dimension count of linear
subspaces, the linear hull P(U?) of I1 U P(U®) is a hyperplane of P(A%V'). We set
Ag == G(2,V)NPU?).

Since W} is a linear section of G(2,V), so is Ag. Thus Agq is not a cone over W
since otherwise Ag cannot be contained in G(2,5). We can show that Ag is actually
smooth in the same way as the proof of Proposition [2.71 Now we produce the
situation as in Lemma 2.1 We choose a direct sum decomposition V = V! @ V’
with a complementary subspace V' to V!. Note that IT = P(V! A V'), which we
identify with P(V’). There exists a 5-dimensional subspace U5 C A2V’ such that
U =Vv'aU®°.
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The projection of G(2, V) from the 3-plane II induces the natural rational map
Aq --» G(2, V') NP(U®) and the target G(2, V') N P(U?) is nothing but the smooth
quadric 3-fold Q? as in the proof of Proposition 2.8

By [[Fuj3l, the pair (Aq,II) is unique up to projective equivalence. We may take
the following coordinates: Let e; (1 < i < 5) be a basis of V. We set V! := Cey,
and V' := the subspace of V' generated by es,...,e5. Let z; (1 < ¢ < 5) be the
coordinate for e; and x;; the Pliicker coordinate for e; A e; (1 <i < j <5). We set

M:={2;; =0(2<i<j<5)}CPA*V),
U? = {294 — w35 = 0} C A%V,
U® :={xgy — w35 = 0} C A2V,
Moreover, dropping the coordinate xo4 by the equality xo4 = 35, we consider Aq as

a subvariety of P® with coordinates 23, 23, 24, 25 and ' := ( 223 @25 ¥4 ¥35 a5 )
defined by the following equations:

Equation of Ay

2
(2.1 Nox = 0, x23%45 — T35 + T25T34 = 0,

where we set

zZ4 0 zZ9 —2Z3 0
25 —Z 0 2z 0
Ng:= 5 3 2
O —Z4 O z5 z9
0 0 25 —z4 23
In this situation,
= {z = o},

Q= {waswas — Ths 4+ To5T3s = 0} C P

C-type:

In this case, we set

Ac = Wo.

Since IT = P(A2V3) in this case, we may write U8 = A2V3@U® with some U® ~ C5.
The projection of G(2,V) from the 2-plane II induces the natural rational map
A. --» P(U®) and the target P(U?) is nothing but P* as in the proof of Proposition
Let a: Ac — Ac is the blow-up of A¢ along II. By a general property of linear
projection, a morphism b: A; — P(U®) is induced. By [Fuj3} Sect.10], b is the
blow-up of P(U®) along a twisted cubic ~c.

By [[Fuj3}, Sect.10] again, the pair (Ac, II) is unique up to projective equivalence.
For choices of coordinates x1, z2, 3 of A2V3 and y1, ..., ys of U®, we may write the
equation of A as follows:

Equation of A

2
€1 x Ya — Y1y3
0
(2.2) < gaYs U2 ) r2 | = ( 0 >,y5 x2 | = | viya—w2uy3 |,

gso W2 r3 T3 y%—y2y4
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where the twisted cubic ¢ is equal to
{43 — y1ys = y1ya — yays = Y3 — yaya = ys = 0} .

2.5. Mid point in the genus 8 case . Let V' be a 6-dimensional vector space. By
Thm.6.5 (2) and Prop.7.8], W is a codimension 5 linear section of G(2, V).
We write W = G(2, V) NP(U'°) with a 10-dimensional subspace U'® C A?V. Note
that the image of a fiber of E/ — C on W in the Sarkisov link (LI is a line
intersecting I since the equality B/ ~ —Ky, — 2E holds by Part I, Table
1]. Therefore, by Lem.5.3], the 2-plane II has the following description as a
subvariety of G(2,V):

M= {[CY|VIcC*cV*}cCG(2V)

with some fixed vector subspaces V! ~ C and V* ~ C* of V.

3. EMBEDDING THEOREM IN THE GENUS 8 CASE

3.1. Extending the mid point . The 2-plane II is contained in the following 4-
plane

M:={[C?] | V! c C?} c G(2,V),
and it holds that IT = TINP(U'?). By a simple dimension count of linear subspaces,
the linear hull P(U'2) of TUP(U'?) is a codimension 3 linear subspace of P(A2V).
We set
= G2, V)NPU?).

Since W is a linear section of G(2,V), so is ¥. Now we produce the situation
as in Lemma 2Tl We choose a direct sum decomposition V = V! @ V' with a
complementary subspace V' to V!. Note that IT = P(V! A V'), which we identify
with P(V'). There exists a 5-dimensional subspace U” C A2V’ such that U'? =
Veur.

The projection of G(2,V) from the 4-plane II induces the natural rational map
3 --» G(2,V/)NP(UT). This also induces the rational map W --» G(2, V/)NP(U7),
which is the projection from II. By Corollary2.5] we have G(2, V/)NP(U") = X' ~
Bs.

3.2. Construction of the key variety .

Definition 3.1. Let I/ be the rank two universal subbundle on G(2,V’) ~ G(2,5).
Set

E/ = PBs(ulBs ©® 085(_1))-
Note that, by a standard computation, it follows that
3.1 — Kyy = 3Hyy.

To investigate the birational geometry of ¥/, we need the following beautiful
classical result:

Lemma 3.2. The natural morphism Pg, (U|p,) — P(V') to P(V') ~ P* from the
total space of lines in P* parameterized by Bs C G(2,V’) is the blow-up along the
projected Veronese surface V.
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Proof. By [II, Prop.2.4 (b)], Bs; parameterizes tri-secant lines of the projected sec-
ond Veronese surface V C P*. Let s be a point of P*. The fiber of Pp. (U|5,) — P(V")
parameterizes the tri-secant lines of V through s. If s ¢ V, then there is a unique
tri-secant line of V through s (this is classically known and follows by [L} Lem.8.1]
for example), and if s € V, then tri-secant lines of V through s are parameterized
by P! ([II, Prop.2.4 (a)]). Note that ~Kpy,_ws,) = 2Hpp_ w)s,) + L, where L is the
pull-back of Op, (1). Since a fiber of Pp, (|5,) — P(V’) is not contained in a fiber
of Pp,(U|p;) — Bs, it is positive for —Kp,_(|,_ ). Therefore, by [An, Thm.2.3],
Pp,(U|p,) — P* is the blow-up along V. O

Proposition 3.3. The tautological linear system |Hsy| defines a surjective birational
morphism ¥/ — X, which we will denote by o\ _,|. It is a flopping contraction of
Atiyah type. The image of the flopping locus on ¥ is a projected second Veronese
surface V in I1.

Proof. Take a point p := [A?V?] € By = G(2,V') NP(UT), where V2 C V' is a
2-dimensional subspace such that A2V? C U”. The fiber of the projection ' — Bj
over p is P(V2 & A?V?2), which is a linear subspace of P(V' & U”7).

For a 2-dimensional subspace V2 C V' such that A2V2 C U7, we take a point
[ +y] € P(V2 @ A2V2) withx € V2 and y € A?V2. By Lemmal[21] it holds that
[ +y] € G2, V)NP(V' @ U") = X. Therefore the image of ¥ — P(V' @ U”") is
contained in ¥, and hence the desired morphism ¥’ — ¥ is induced. By Lemma
(1), this is defined by the tautological linear system | Hyy|.

Let t := [x + y] be a point of ¥ with # € V' and y € U". Then the fiber of
¥ — Sovertis {t} x {[\*V?] |z € V% y € A2V2 C U"} by Lemmal[2.2] (2), which
is nonempty by Lemma[2.1l Therefore the morphism ¥/ — X is surjective. If y # o,
then V2 is uniquely determined by A?V? = Cy. Therefore the morphism ¥/ — ¥ is
birational.

If y = o, then t is a point of II. Note that the restriction of the morphism ¥/ — X
over Il is Pg, (U|p, © 0) — P(V' @ 0) = II ~ P*, which can be identified with
the natural morphism Pg, (U|5,) — P(V') to P(V’) ~ P* from the total space of
lines in P* parameterized by Bs C G(2,V’). Let [ be the fiber of P, (U|p, & 0) —
II over a point of the projected Veronese surface V C P(V’). We compute the
normal bundle N;/sv. Since P, (U|p, ¢ 0) — II is the blow-up of II along V by
Lemma we see that NVy/p, (s a0) = 0% @ O(—1). Let Ly be the pull-
back of Op,(1) on ¥'. Since Pp, (U|p, ® 0) is linearly equivalent to Hsxy — Ly
in ¥/, we see that Nsz(mBs @0)/s |t = Oi(—1). Therefore, by the normal bundle
sequence 0 — Nyp, s @0) = Nys = Neg @wis@0)/s7li — 0, we see that
Nysy = 072 @ 0y(—1)%%, and ¥’ — ¥ is a flopping contraction of Atiyah type as
desired. O

Let ¥/ --» X be the flop for this flopping contraction. Let IT’ and II be the
strict transforms of II on X’ and ¥ respectively. It is well-known that the flop can
be constructed by the blow-up along the flopping locus and the blow-down of the
exceptional divisor along the other direction. From this, we see that the restriction
IT" --» II of the flop is the blow-up II' — TI of II along V. Therefore II is isomorphic
to P%. Let Hg be the strict transform on Y of Hsy.

Lemma 3.4. The normal bundle N5 5 is Ops(—2).
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Proof. We have Hg|z = Opa(1) since Ox(1)[g = Ops(1). Therefore we have
— K5l = Opa(3). Since — K = Opa(5), we have Nﬁ/i ~ Opa(—2) as desired. O

Lemma 3.5. 2H5 + IT is semiample.

Proof. We show that 2 H; +1I1is nef. Assume that (2H 5 +1I1)-~ < 0 for an irreducible
curve . Then II - v < 0 since Hy is nef, and hence v C II. Since Il|g = Ops(—2)
and Hs|g = Ops(1), we have (2H5; +1I)-~ = 0, a contradiction. Therefore 2H +11
is nef.

Since — K is nef and big, 2H + Il is semiample by the Kawamata-Shokurov
base point free theorem ([KMM]). O

Theorem 3.6. Let u: Y — X be the contraction defined by a sufficient multiple of
2Hg + IL. The exceptional locus of this contraction is II. The image of II on ¥ is
a 1/2-singularity. 3 is a 5-dimensional rational Q-Fano variety with only one 1/2-
singularity and with p(X) = 1. The image My of Hy is a primitive Weil divisor and it
holds that — Kx, = 3Ms.

Proof. As we have checked in the proof of Lemma[3.5] 2H5, + IT is numerical trivial
for any curve in II. Thus the image of I by & — Y isa 1 /2-singularity by Lemma
[3.4l Assume by contradiction that (2Hy, + IT) - v = 0 for an irreducible curve v ¢II.
Since Hy is nef and v ¢ ﬁ, we have Hg - v = II - ~ = 0. By the condition that
Hs -+ =0, v is a flopped curve. This is absurd since II is positive for a flopped
curve.

We show that p(3)=1. Since ¥’ — Bs is a projective bundle, we see that p(3') =
p(Bs) +1 = 2. Since X --» X is a flop, we have p(X) = p(X’) = 2. Finally, since
S — ¥ contracts a divisor, we have p(2) < p(X) — 1 = 1. Hence we have p(2) = 1.

The equality — Kx, = 3My, follows from (3.I). We show that My, is primitive. If
My, were not primitive, then My, would be written as My, = aM{;, with a primitive
Weil divisor M{, and positive integer o > 2. Since ¥ has only a 1/2-singularity, 2\,
is a Cartier divisor. Therefore we have 2Hg + Iy = ap*(2My;) and hence there is a
Cartier divisor D on X’ such that 2Hyy, + IT' = aD. Since II' - I = —1 for a flopping
curve | by the proof of Proposition [3.3] this implies that oD - | = —1, which is
impossible if a > 2. Therefore My is primitive.

The rationality of ¥ follows since X is birational to the projective bundle X' over
the rational Fano 3-fold Bs. O

3.3. Embedding theorem . Now we show Theorem [L.T] for a prime Q-Fano 3-fold
X of genus 8.

Theorem 3.7. A Q-Fano 3-fold X of genus 8 is a linear section of X..

Proof. Note that WNSing ¥ is 0-dimensional since W has only terminal singularities
and W is a linear section of ¥ with respect to |Ox(1)|. Therefore, since S = Yis
crepant and small and nontrivial fibers are 1-dimensional, the strict transform W
of W in X is a linear section of 3 with respect to |Hg| and hence the restriction
Ws — W of ¥ — ¥ over W is also crepant and small. Since W has only terminal
singularities and W5 — W is crepant, we see that W5 is normal and has only

terminal singularities by [CKM, the proof of Prop.16.4]. Note that II is relatively
ample for Wy — W. Since Y — W is the unique small extraction such that the
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strict transform of II is relatively ample, we see that Y = W. Since we may write
Y =Wg = Hy N Hy with H; € |Hs| (i = 1,2), we see that X = M; N M, with the
images M; € |Mx)| of H; as desired. O

3.4. Extension of the Sarkisov link. By the proof of Theorem [3.7], we have the
following:

Corollary 3.8. The following diagram is an extension of the Sarkisov link (I.1):

(3.2) R

SN\,

where , 3, S and X are extensions of X, Y, W and Y respectively.

(o}
b
4. EXTENDING THE MID POINT IN THE GENUS 4 OR 6 CASE

In this section, we extend the mid point W to a certain variety 3. in the genus 4
or 6 case. We also construct a crepant small resolution of ¥ in case of genus 4 or
genus 6 and Q-type, which will be the main ingredient for Theorem ?? in each of
these cases.

4.1. Genus 4.

4.1.1. Extending the mid point. As we have seen in the subsection 2.3} the mid
point W is a complete intersection of a quadric and a cubic in P® containing two
disjoint planes I1; and II5.

To extend W, we start from mutually disjoint two planes II; and II, in P°. By a
coordinate change, we may assume that I1; = {z1 = 22 = 23 = 0} and I, = {y; =
y2 = y3 = 0} in P° with coordinates x1, x2, 23, y1,92,y3. Set'w = (21 2 w3
and 'y = (y1 y2 ys). Take a quadric Qo and a cubic Co both of which contain II;
and IT,. Then we may write

Qo = {'yMoz = 0}, Co = {'yMiz = 0},

where M, (resp. M;) is a 3 x 3 matrix with constant entries (resp. linear entries).
Remarkably, the indecomposability simplifies the situation as follows:

Lemma 4.1. It holds that rank My = 3. We may assume that M, is the identity
matrix by a coordinate change, namely,

Qo = {'yz = 0}.

Proof. If rank My = 1, then Qo N Cq is reducible, a contradiction. Assume that
rank M, = 2. Then Qq is the cone over P! x P!. Therefore Q, contains two families
of 3-planes {P,},cpr and {P;}ycpr such that the sums P, + P, are hyperplane sec-
tions of Qg. Hence (P, + Pp) N Qo N Co are anti-canonical divisors, a contradiction
to the indecomposability of Qg N Cy. Therefore rank M, = 3. The latter assertion is
obvious. O

Moreover, subtracting (1/3 Tr M; ) times the equation of Qg from the equation of
Co, we may assume that
tr M1 =0.
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With the considerations as above, we will see that the mid point W = QyNCq can
be extended to the following 11-dimensional complete intersection Y. of a quadric
and a cubic:

Definition 4.2 (Extension of V). Fix a 3-dimensional vector space U3. Let S10-— 13
be the 8-dimensional irreducible component of U? @ (U?)* as representation space
of SL(U?). We define ¥ to be the complete intersection

QNCcP (U aU*®s" " 1U?) =P
with
the quadric Q := {(y, ) = 0} and the cubic C := {{y, M, z) = 0},

where
e xcU3 yec (U and M € SLO~1U3,
e (, ) is the dual pairing between (U3)* and U?, and
e ( , , )isthe natural tri-linear form induced by the contraction

(U3 x (U @ (U**) x U - C.
We set
0 =P((U00as" 'U%) ={z=0},L:=P0aU*®S""'U% = {y = o},
which are 10-planes contained in .

Proposition 4.3. The mid point W is a codimension 8 linear section of > such that
IL,NW =11 and II, N W = I1,.

Proof. By taking a basis of U?, we may describe ¥ explicitly as follows:

Let ey, ey, e3 be a basis of U? and x,, x2, x5 the coordinates of U? associated
to this basis. Let y1, 2,93 be the coordinates of the dual space (U?)* associated
to the dual basis e}, e3, e5. Set ‘c = (z1 22 wx3)andy = (y1 y2 y3). These
notation will be compatible with the above. Let z;; (1 <, j < 3) be the coordinates
of U® @ (U?)* associated to the basis e; ® e}. Then

SL0:-173 is the subspace {37, z; = 0} of U3 @ (U?)*,

Q = {tyw = O}’

C = {'yMx = 0}, where M is the 3 x 3 matrix with the entries (z;;), and
II; ={xz =0}, I, = {y = o}.

Therefore we have the assertion by the discussion above. O

By elementary calculations, we obtain the singular locus of ¥ as follows:

Proposition 4.4. The singular locus of ¥ is contained in I1; LI II, and is equal to

_ t, . tp
{[y,o,M] €Il | rank ( ty?}lw ) < 1}U{[o,w,M] € Il | rank ( T ) < 1}.

In particular; ¥ is Gorenstein and normal.
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4.1.2. Crepant small resolution . We take the coordinates of U? and (U®)* as in
the proof of Proposition [4.3] We consider
Bg = {'yx = 0} C P((U*)*) x P(U®).
We also identify Bg with its image by the Segre embedding
S:P((U?)*) x P(U?) — P(U?)* @ U?)
[yl x [z] = [y @ x].

Then Bg spans P(S~1:01U3), where S~1:0:1U3 is the 8-dimensional irreducible com-
ponent of (U?)* @ U? as SL(U?)-representation space. We denote by p;; the coordi-
nate of P((U?)* ® U?) corresponding to e; ® e;. The subspace S~1:%:1U? is nothing

but {23:1 Dii = O} . We denote the natural projections by p; : Bg — P((U?)*) and
p2: Bg — ]P)(Ug), and set Op, (1, O) = pTO]P((US)*)(l) and Op, (O, 1) = pSOp(Ua)(l).
Definition 4.5. We set

% = Ppe (OB, (—1,0) ® Op, (0, 1) © Vp(s-1.0.173)(1)

Note that, by a standard computation, it follows that — Ky = 9Hy.

BG)'

Proposition 4.6. The following assertions holds:
(1) The tautological linear system |Hy| defines a surjective birational morphism
¥ — X, which we will denote by ¢|p_,)-
(2) The morphism ¢ g, | is an isomorphism outside of Sing 3. (note that 11; N1,
is contained in Sing ¥ by Proposition d.4). Moreover, the ¢y, -fiber over a
point t € Sing ¥ is

P! t¢Sing§\(ﬁ1 ﬂﬁg),
a sextic del Pezzo surface: t e II; N1l,.

(3) The morphism ¢p,| is a crepant small resolution.

Proof. Take a point p := [W! ® U'] € Bg, where W' C (U3)* and U! C U? are
1-dimensional subspaces such that W' C (U')+ with respect to the dual pairing.
We set (W! @ Ut = (S7101U3 /(W' @ U'))*. The fiber of the projective bundle
3 — Bg over p is
PW'aeU'e (W eUYH)™),

which is a linear subspace of P((U?)* & U3 & S1:0~1U3). By Lemma [22] (1), the
tautological linear system defines a map ¥’ — P((U?)* @ U? @ S»0-~1U?). By the
descriptions of fibers of ¥/ — B and the definition of 3, we see that the image of
this map is contained in X.

Lett = [y + = + M] be a point of > with y € (U3)*,x € U?, M € S10~1U3 . By
Lemma [2.2] (2), the fiber of ¥ — ¥ over t is

{x{W'eU'|W' c(UHY  yeWheaeU" MW aU")"}.

We check the condition for (t, [W! @ U1]) to be in the fiber of ¥’ — X over t. If
t ¢ II; UIl,, then W' and U' are uniquely determined as W' = Cy and U' = Czx.
Therefore the morphism ¥’ — ¥ is an isomorphism outside of IT; UII,. In particular,
the morphism ¥’ — ¥ is surjective and birational. Assume that t € II; \ (IT; N IIy),
equivalently, x = o and y # o. Then W' is uniquely determined as W' = Cy. We
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t
set My, = ( ty?\/j ) . Note that, by Proposition[d.4} t € (Sing ) N1I; if and only if
rank M,, = 1. The condition for U! is that U' C {z € U? | Myz = 0}. Therefore,
if rank M,, = 2, then U?® is uniquely determined, and if rank M,, = 1, U"s are
parameterized by P((W1!)+) ~ P'. From this, the description of the fiber ¥’ — %
over t follows. We can also describe the fiber over t € II, \ (II; N Il,) in the same
way. Finally, assume that t € II; N I,. Since II; N I, = P(SY%~1U3), its inverse
image in ' is the projective subbundle

Sy = Pp, (Qllp(s—l,o,lUS)(l) Bs)-

Note that Sxy € P(SY071U3) x Bg, and Sxr — P(SH0~1U3) is the universal family
of hyperplane sections of Bg, which is a fibration of sextic del Pezzo surfaces. Hence
the description of the fiber of ¥ — ¥ over t € II; N II; follows.

The assertion (3) follows from (2) since it holds that — Ksy = 9Hy. O

Remark 4.7. It is possible to construct the flop for ¥’ — X but the construction is
slightly involved (and produce singularities) since the flopping contraction ¥/ — X
has jumping fibers as in Proposition [4.6] (2). We will see that the construction as
in Proposition [5.4]is very close to and is easier than the construction of the flop for
¥ =X

4.2. Genus 6. In this subsection, we use the notation as in the subsection [2.4]
4.2.1. Extending the mid point in the case of Q-type .

Definition 4.8 (Extension of 1¥). We denote by Q4 the quadric in the projective
space P(V' @ U® @ (U°)*) defined by the dual pairing U° x (U®)* — C. We set
Y= (Ag P ((U°)*)) N Qq,
and
MT:=PV' @0 U*) cPV' aU>g (U*).
Note that IT ~ P® and IT C X.

Proposition 4.9. The pair (W, 1l,) is projectively equivalent to the pair of a linear
section W' of ¥ and the 2-plane TIN W',

Proof. We take coordinates x1, . ..,z4 of V' and y, . .., ys of U® respectively. Recall
that A = G(2,V) NP(V' @& U®), and W is a quadric section of Aq N P(U®) with
U8 C V' ®U®. Wemay assume that Ilp = IIN{z; =0} ={z1 =y1 = --- = y5 =

0} Cc P(V'@U?). Then we may write U® = (V'@ U®)N{l(z,y) = 0} and W = Agn
{l(z,y) = q(z,y) = 0}, where l(z, y) = x1 +1'(y) with a linear form I'(y) and ¢(z, y)
is a quadratic form. Since IIy C W, we can write ¢(z,y) = z1m(z) + ¢'(z,y) with a
linear form m(z) and a quadric form ¢'(z,y) € (y1,--.,ys). Replacing ¢(x,y) with
q(z,y)—l(z,y)m(z) = =I'(y)m(z)+4¢ (z,y), we may assume that IT C {¢(z,y) = 0}.
Therefore we may write

q(z,y) = lhiyr + -+ lsys

with linear forms Iy, ..., 5.
Now we consider the projective space P(V' & U® & (U®)*) and the quadric Qq
as in Definition @8] Explicitly, let 21, ..., z5 be the coordinates of (U°)* dual to

Y1yevosYse. Then
(4.1) Qq={mz+ - +yszs =0} CP(V @ U* @ (U?)).
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Then, by the above construction, we see that the pair (W, Il) is projectively equiv-
alent to the pair of W/ := XN {z —l; = --- = z5 — I5 = 0,l(x,y) = 0} and
HﬂW’Z{.Tl:ylZ"'=y5=0,2’1—ll:"'225—15:0}. ]

Now we use the coordinates and the equation for Ay as in (2.I). We denote
by w23, Y25, Y34, U35, Yas be the coordinates of (U®)* dual to that of U®. Then ¥ is
defined by the equations of Ag and

Qq = {723Y23 + T25Y25 + ¥34Y34 + T35Y35 + Tasyas = 0} .

Using these, we obtain the following by an explicit calculation:

Proposition 4.10. We set

[ [
T = ( T23 X25 X34 T35 45 ),y = ( Y23 Y25 Y34 Y35 Yas )7

0 z% z§ 2923 29Z24 — 2325
—z% 0 2325 + 2224 2225 —zg
My = —23 —(2325 + 2224) 0 —2324 —23
—Z9Z3 —Z9Z5 Z324 0 —Z4Z5
—(2224 — 2325) 22 23 2425 0

The singular locus of ¥ is contained in II and is equal to {x = o, Mqy = o}. In
particular, ¥ is Gorenstein and normal.

4.2.2. Crepant small resolution of the mid point in the case of Q-type .
Definition 4.11. We set
E/ = ]P)QS (M|Q3 D OQS(—].) D QP(U5)(1)|Q3) — Q3,

where U is the rank 2 universal subbundle on G(2,V’). By a standard computation,
it follows that — K~y = 7THsv.

Proposition 4.12. The following assertions hold:

(1) The tautological linear system |Hy| defines a surjective birational mor-
phism ¥’ — ¥, which we will denote by ¢, Hy/|-

(2) The morphism ¢z,
P(0®0® (U®)*) is contained in Sing ¥ by Proposition {10). Moreover,
the ¢y, -fiber over a point t € Sing X is

{]P’lz t ¢ Sing S\ P ((U%)*),

a quadric surface: te P ((U%)*).
(3) The morphism ¢, is a crepant small resolution.

Proof. Take a point p := [A?W?] € Q3 = G(2,V') NP(U5), where W2 C V' is a 2-
dimensional subspace such that A2W?2 C U°. We set (A2W?2)1 = (U?/A2W?2)*. The
fiber of ' — Q® over p is P(W2 & A2W?2 & (A2W?2)1), which is a linear subspace of
P(V'@U®® (U%)*). By Lemmal[2.2] (1), the tautological linear system |Hs | defines
a morphism >’ — P(V’ @ U® & (U®)*). By the descriptions of fibers of ' — @3,
Lemma [2.T] and Definition [4.8] we see that the image of this map is contained in X.

lett=[x+y+2z] €XCPV' &U>® (U*) be apoint withxz € V', y € U®
and z € (U®)*. By Lemma[2.2] (2), the go‘HZ,rﬁber over t is

{t} x {[N*W? € G2,V) [ NPW? C Uz € W2y e N°W?, z € (NPW?)T}.

is an isomorphism outside of Sing ¥ (note that P ((U®)*) =
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If y # o, namely, t € ¥\ II, then y uniquely determines the 2-dimensional subspace
W?2 c V' by Cy = A2W?2. Then the fiber is nonempty by Lemma [2.1] and (&1,
and consists of one point. Therefore the morphism ¥’ — X is an isomorphism
outside of II. In particular, the morphism ¥’ — ¥ is surjective and birational.
We assume that t € I\ P ((U®)*), namely, « # o and y = o. The condition of
W2 so that {t} x {[A?W?]} is contained in the ¢y, -fiber over t is that x € W2,
A?W? C U® and z € (A2W?2)+. Using this with the coordinates and the equation
(21D for Aq and the description of Sing ¥ as in Proposition d.10] we see that the
¢\, |-fiber over t consists of one point if t € II\ Sing ¥, or is isomorphic to P if
t € SingX \ P ((U®)*) . Finally, assume that t € P ((U®)*). The inverse image in 3’
of P ((U®)*) is the projective subbundle

Note that Sy C P ((U%)*) x @3, and Syy — P ((U®)*) is the universal family
of hyperplane sections of @3, which is a fibration of quadric surfaces. Hence the
description of the fiber of &' — ¥ over t € P ((U®)*) follows.

The assertion (3) follows from (2) since it holds that — Ksy = THy. O

4.2.3. Extending the mid point in the case of C-type .

Definition 4.13 (Extension of 1/"). We denote by Q). the quadric in the projective
space P(A2V3 @ US @ (U®)*) defined by the dual pairing U® x (U®)* — C. We set
Y= (AcxP((U°)")) NQ.,
and

I:=P(A°V?a0® (U°)*) cP(AV?aU’a (U%)).
Note that IT ~ P” and II C X.

Proposition 4.14. The pair (W,1I) is projectively equivalent to the pair of a linear
section W' of ¥ and the 2-plane TI N W'.

Proof. We can show this in a similar (and simpler) way to Proposition [4.9] hence
we omit a proof. O

5. EMBEDDING THEOREM IN THE GENUS 4 AND 6 CASES

In this section, we show Theorem [I.1] in the genus 4 and 6 cases (Theorem
[5.17). To show the theorem in a unified way, we proceed in the the following two
subsections[5.1]and [5.2lunder a more general setting.

5.1. Basic set-up. Let A be a Fano manifold. We denote by f4 the Fano index of
A, and by L 4 the ample divisor such that —K 4 = faLa.

Assumption 1. We assume that L 4 is very ample, dim A > 4, and
5.1 d:=fa—(dimA—-2)>0.

We embed A by |L 4| the projective space denoted by P(U4). Sometimes we also
denote L4 by O4(1).

Assumption 2. We assume moreover that A contains mutually disjoint codimen-
sion two linear spaces II; = P(U(xy)),...,II; = P(Uy)), where Upyy,...,Uq) are
linear subspaces of U, of dimension dim A — 1.
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We set
I =10 U---u Il

Let a: A — A be the blow-up along II and F, the a-exceptional divisor, which
consists of [ connected components.

Assumption 3. We further assume that there exists a morphism b': A — P(Ug) to
a projective space P(Up) ~ PV such that

V' Op(up) (1) = a*(dLa) — F,

where d is defined as in (5.1).

We denote by B the image of &’ and by b: A — B the induced morphism. We
also set Lp := Op(y,)(1)| 5. Therefore we have

(5.2) b*Lp = a*(dL4) — F,,

Remark 5.1. We can classify the situation as above but we omit a proof since we
will just apply the construction in the section[5lto the situations appearing for prime
Q-Fano 3-folds of genus 4 or 6.

5.2. Construction of the key varieties .

Definition 5.2. We define

(5.3) S :=Pz(a"0a(=1) @ b (Qw,)(1)]8))-
We denote by 7: & — A the natural projection.

The linear system |Hg| defines a morphism ¢z S — ¥ since Bs |Hg| = 0.
Note that X C P(Us @ (Up)*).
Summarizing the above constructions, we obtain the following diagram:

(5.4) E—>§C P(Us® (Up)*)

7=proj. bundle

a=Dbl. uialoy/ \

P(Us)D A B C P(Up).

B Sl

Using —K 3 = a*(—Ka) — F, and (5.2), we have

(5.5)

(N + 1)H§ +(fa—d—D7m"a"La=(N+ 1)H§ + (dim A — 3)7*a* L 4,
where we also use (5.1) in the last equality. By this calculation, we see that Bs | —
K| = (). We denote by v: ¥ — ¥’ the anti-canonical model.
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The Q-Fano variety 3 will be constructed as in the following several steps sum-
marized in the diagram:

= Atiyah flop standard flip =
(5.6) PO -y ST -~

b))
bor |c0ntr of the str. trans. of the div. E and F
X,

where the divisors Eg and Fg are defined in the sequel. We will finally achieve the
construction of ¥ in Theorem 5111

Remark 5.3. This is not a Sarkisov link since the relative Picard number of b o 7 is
greater than or equal to 3 in any case. We will, however, explain later that this is
close to an extension of the Sarkisov link for a Q-Fano 3-fold of genus 4 or 6.

Two divisors Iy and Fg on 5.

We define the following two divisors Eg and Fis on s
Ei = PA*(O D b*QIP’(UB)(l)|B)7 Ff] = W*Fa.
We remark that
(5.7) EEA] ~ HEA] — W*a*LA, and FEA] ~ W*(a*(dLA) — b*LB),

where the former is a standard equation as for projective subbundle and the latter
follows from (5.2).

In the step by step construction of the birational map from $ to ¥ in the sequel,
it is useful to describe how these two divisors Fg and Fg on S are transformed by
birational maps.

Flop & --» &+,

Proposition 5.4. The following assertions hold:

(1) The anti-canonical model v : S — S is defined over S, and is a flopping contrac-
tion of Atiyah type. The divisor 7*b* L g is relatively ample for the flopping contraction.

(2) The anti-canonical model Eg — E’i is the restriction of v and is also a flopping
contraction of Atiyah type. It is defined over P(0 & (Up)*).

Proof. (1). Letl C 5. be an irreducible v-exceptional curve (the existence of such an
I will be verified below). By (5.5), we have Hg -l = n*a*Ly4 - | = 0, where we also
use the assumption dim A > 4. By the former condition, v is defined over . Since
7: 3 — A is a projective bundle and Hg = O(1) in a fiber, [ is not contracted by .
By the latter condition, [ is contracted also by a o 7: S — A. Therefore the image
v of lon A is an exceptional curve of the blow-up a: A A along II. Thus v ~ P!
and is mapped isomorphically to a line 4/ on B by the equation (5.2). Then, by
(53), the restriction ¥, of 3 over ~ is isomorphic to Pp: (05N @ Opi(—1)). Since
[ is contained in 27 and the map defined by |H§|§W| is the blow-up of PV*! along
a (N — 1)-plane, we see that [ is an exceptional curve of this blow-up and hence
[ ~ P! (now the existence of the curve [ has been verified).
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To show the first assertion, it suffices to show AV} & ~ O, dim ATN =35 Op: (—1)92.
Note that the normal bundle N 7 is Op:(-1) ® 05,442 since a: A= Als
the blow-up along II and + is one of its fiber. Therefore the restriction to I of
Niw/i is also Op1(—1) ® OF ™ A~2. Moreover, /\/‘l/iw ~ Opi(—1) & OZN " since
| is a fiber of the blow-up ¥, — P¥*! along a (N — 1)-plane. Therefore, by the
normal bundle sequence 0 — /\/l/E — /\/l/E - Ng /2|l — 0, we see that

OG5 ATN=3 @ Op1 (—1)®? as desired.
The divisor Lp is relatively ample for the flopping contraction since the image
of a flopping curve on B is a line as we have seen above.

(2). Note that, by (5.5) and (5.7), we have

/=

(5.8) _KEi = {(N + 1)H§ + (dimA — 37T*a*LA}|E§ — (Hi — 77*a*LA)|E§ =
N(HE;:) + (dimA - Q)F*G*LA.

Thus Bs| — KE§| = (). Using these, we can show (2) in a similar way to (1). O

Let S --» £+ be the flop for this flopping contraction v. It is well-known that the
flop can be constructed by the blow-up along the v-exceptional locus and the blow-
down of the exceptional divisor along the other direction. Let Fx+ be the strict
transform on X of Eg. By the construction of the flop, we see that the restriction

Eg --» Ex+ of & --» £+ is also the flop.

We call a positive dimensional fiber of ¢y : Y5 Ya ¢\ |-exceptional curve,
and the union of ¢y |-exceptional curves the ¢ g |-exceptional locus. We can iden-
tify the | |-exceptional locus as follows:

Lemma 5.5. The |y -exceptional locus is the union of the flopping locus for PN
YT and the divisor E. The flopping locus is contained in Fg. The ¢, H,|-lmage
of Bg = P;(0@ b*Q]p ws)(Dp) is P(0 & (Up)*) and the o g -inverse image of
PO® (UB)*) coincides with Exg.

Proof. Letlbea ¢ p_|-exceptional curve. Note that Hg-l = 0. If 7*a* L4+l > 0, then
by (5.7), we have Eg -1 < 0 and hence [ C Es. If *a*L4 -1 = 0, then, by the proof
of Proposition [54} [ is an exceptional curve of the anti-canonical model & — ¥,
namely, a flopping curve. Therefore the ¢, ;_-exceptional locus is contained in the

union of the flopping locus for $ --» ©T and the divisor Es. Since the restric-
tion of p|p | to Eg is P2(0 © b* Qe (1)|5) — P(0 & (Up)*), Eg is contained in
¢|m|-exceptional locus. Thus the first assertion follows. By the second assertion
of Proposition[5.4] (1) and (5.7), a flopping curve is negative for Fy, hence is con-
tained in F. Therefore the second assertion follows. The final assertion obviously
holds. O



22 Q-Fano 3-folds IIT

We denote by o’ and b’ the restriction to F, of a and b respectively. By (5.3), we
have FEA] = PFa (a’*(’)n(—l) (&) b/*QIF’(UB)(lﬂB)-

135
92

F,
7N
T B.
Lemma 5.6. The following assertions hold:

(1) Let vr be the restriction to Fg of the flopping contraction v (note that vp is the
contraction over II by the proof of Proposition[5.4). The vp-image of Fy; is isomorphic
to Pp(On(—1) ® (Ug)* ® On) = LLt_ P, (O, (—1) @ (Up)* ® On,). The image of
P, (O, (—1) & (Up)* ® On,) on S is P(U;y & (Up)*), which we denote by TI;.

(2) Let Fx+ be the strict transform on X7 of Fg. The restriction Fg --» Fy+ of the
flop & --» $+ is identified with the contraction Fs = Pu(On(—-1) @ (Up)* ® On).

Proof. (1). As we have seen in the proof of Proposition[5.4] a fiber of Fg — II (f],y
in the proof) is Pp: ((’)EEN @ Op1(—1)). By the proof of Proposition [5.4] again, the
restriction of vr to a fiber of F — II is the blow-up of PV along a (N — 1)-plane.
Hence vp(Fy) is the PV-bundle Py (€, ) with Ep := {a’.7p.Op (Hp.))}*. We
have

a/*ﬂ'F*OFi (HFfl) ~ a/*(a/*On(l)@b/*Tp(UB)(—1)|B) ~ On(l)@a/*b/*Tp(UB)(—1)|B.

To compute a’,b""Tp(17,)(—1)| s, we consider the restriction to B of the Euler se-
quence of P(Up):

0— OB(—l) —-Up®0p — TP(UB)(_1)|B — 0.

Since a/,b"" Op(—1) = R*d/.b/"Op(—1) = 0 by (5.2), we have a’,.b" " Tpy,,) (—1)| B =~
Up ® On. Therefore we have £ ~ On(—1) © (Up)* ® On as desired. The final
assertion obviously holds.

(2). The assertion follows from the explicit construction of the flop of Atiyah type.
O

Lemma 5.7. The following assertions hold:

(1) Ex+ NFyy = PH((UB)* X OH) Z_H X P((UB)*)
(2) The exceptional locus of ¥ — X is the union of the divisor Ex: and the
flopped locus.

Proof- (1). By definition, the intersection £ NIy is equal to Pr, (b (g, (1)[5))-
By the contraction Iy — Pr(On(—1) ® (Up)* ® On) ~ Fx+, Eg N Fg is mapped
onto Pr;((Ug)* ® Or). By the explicit construction of the flop & --» £, we see
that Es+ NFyt = PH((UB)* ® OH).

(2). The assertion follows from Lemma [5.5] O
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In the following steps, we separate Ex;+ and Fx+ by a flip, and finally contract their
strict transforms.

Flip =+ --> 3.
Let Hy+ and L be the strict transforms on 7 of Hg and n*a*L 4 respectively.

Proposition 5.8.

(1) LetT be a fiber of Ex+ N Fx+ — P((Up)*), which is a copy of IT by Lemma
[5-71(1). It holds that

NF/Z+ == OPdimA72(_1)®2 @ OI?d—Zi\](HA*2'

(2) There exists a small contraction ¥* — (X7)" contracting Fs+ N Fy+ =~
IT x P((Up)*) onto P((Up)*).

Proof. (1). We set G = Ex+ N Fy+. To determine the normal bundle Ny /s, let
us consider the normal bundle sequence 0 — Np,p_, — Np/s+ — Np_ st lr —
0. Since G = Pu((Up)* ® On) C Pu(Onu(-1) ® (Up)* ® On) = Fx+, we have
Ng/r,, = (Hr,, — Lu)|c, where Ly is the pull-back of Ori(1). Therefore we have
/\/’F/FZ+ ~ Opdima—2(—1) ® (’)Ifd]i\f“,g. By (55D, we have —Kx+ = (N + 1)Hg+ +
(dim A — 3)L7. Since Hy+|r = 0 and L|r = Opaima2(1), we have —Ky+|r =
Opaim a—2(dim A — 3). Therefore deg Ny s+ = dimA — 3 — (dim A — 1) = —2 and
hence by the above normal bundle sequence, Fy+|r = Opaima-2(—1) and then we
have NF/§]+ = O]pdimA—2(—1)®2 & O?d]i\ran,T

(2). We show that L + Fy+ is nef over ¥ and numerically trivial only for fibers
of G — P((Up)*). Assume that (L} + Fx+) -y < 0 for an exceptional curve ~ for
¥+ — 3. It is enough to show that 7 is contained in a fiber of G — P((Up)*), and
(Lz + Fx+) -y = 0. By Lemma[5.7] (2), v is a flopped curve or is contained in Ex+.
Assume that + is a flopped curve. Let 4/ C 3 be the corresponding flopping curve.
Since 7*a*L4 -7 = 0 on &, we have LY -+ = 0on %*. By the proof of Proposition
5.4, we have Fy - 4" = —1, hence we have Fy+ - v = 1 by a property of the flop
of Atiyah type. Therefore (LT + Fx+) -y =1 > 0, a contradiction. Thus we have
v C Es+. If Fs+ -y < 0, then v C Fy+, hence v C Fy+ N Ex+ = A. Since v is
exceptional over 3, v must be contained in a fiber of G — P((Up)*). To compute
(LY + Fx+) - v, we may assume that v is a line. Then we have LY -y = 1, and
Fy -y = —1 by the proof of (1). Therefore (L + Fx+) - v = 0 as desired. Since
we are already done if F5+ - v < 0, we may assume that Fx+ - > 0 in the sequel.
Then, since L}, is nef, we have (L} + Fx+)-v > 0, hence LY -y = Fy+ -y = 0 by the
assumption that (L} + Fy+) -+ < 0. By Fy+ - v = 0, 7y cannot be a flopped curve.
Therefore its strict transform 4/ on 3 satisfies 7*a*L4 -7/ = 0 and Hg -~ = 0.
However, this implies that 4’ is a flopping curve by the proof of Proposition [5.4] a
contradiction. Now we have shown that LY + Fx+ is nef over ¥ and numerically
trivial only for fibers of G — P((Up)*).

Note that — K+ is nef and big since so is — K by Proposition[5.4land IR 5o
is a flop. Therefore, L 4+ Fx+ is semiample by the Kawamata-Shokurov base point
free theorem (cf.[KMM]). Thus the contraction over % defined by Lj + Fs+ is the
desired one. O

By Proposition [5.8] (1), the contraction ¥+ — " is of flipping type, and the flip
can be constructed by the blow-up along G and the blow-down of the exceptional
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divisor along the other direction (this is a so called a family of standard flips [Kall)).
Let ©* --> 3 be the flip. By Proposition [5.8 (1) again, the flipped locus is a P!-
bundle over P((Up)*). We denote by 5, I and Hg be the strict transforms on 5
of Ex+, Fy+ and Hg respectively.

Contracting E5 and F5.

By the constructions of the flop & --» £+ and the flip £+ --» %, and the description
of Es+ N Fy+ as in Lemmal[5.7] (1), we see that By N Fy = (.

By the construction of the flip, we see that the restriction Fy;+ --+ F§ of the flip
¥+ --» 3 is the contraction Fy: — L P(Uy) @ Up), where we recall that U
are defined in the beginning of the subsection[5.1l Thus F is the disjoint union of
Fii=P(Uy @ Up) = PURATN-1 (G =1 ).

Lemma 5.9. The normal bundle NE/E is Opaimasn—1(—=2) fori=1,... 1.

Proof. Since ExNFy5 = (), we see that the restriction to Fi of the strict transform on
Y of 7*a* L, is linearly equivalent to Hg|r, by (5.2). Therefore, by (5.5), we see
that _Ki |}71 = Opaima+n—1(N+dim A— 2). Since _Kﬁ: = Opdima+n—1 (dim A+N),

we have Nj 5 = Opama+n-1(—2) as desired. O

Lemma 5.10. 2Hg, + F5 is semiample.

Proof. We show that 2Hg + Fy is nef. Assume that (2Hg + F5) -y < 0 for an
irreducible curve 7. Then F - v < 0 since Hg is nef, and hence v C F. Since
Fi'ﬁ = O[pdimA+N—1(_2) and H§|ﬁ1 = Opaima+n-1(1), we have (QHE + Fi) -y =0,
a contradiction. Therefore 2Hg, + F5; is nef.

To show 2Hg, + F%; is semiample, we have only to show m(2Hg + Fx) — Kg is
nef and big for m > 0 by the Kawamata-Shokurov base point free theorem. Since
— Ky is nef and big, and S --» Xt is a flop, we see that — K+ is also nef and big.
Since ¥+ --» X is a flip, we see that — K is big and is negative only for flipped
curves. Let  be a flipped curve. Then —Kg -7y = —(dimA+ N —2) and F5 -y =1
by the construction of the flip, we have (m(2Hy, + F5x) — Kg) - v > 0 for m > 0.
Therefore m(2Hg + I) — K is nef for m > 0. The bigness is clear since 2Hg + F
is nef and — K is big. O

Theorem 5.11. Let yu: & — X be the contraction defined by a sufficient multiple of
2Hg + Fx. We recall that P(Ug) ~ PV. The following assertion holds:

(1) The p-exceptional locus is the union of the two divisors Es, and F5..

(2) The p-image of Fs consists of | 1/2-singularities.

(3) The discrepancy of Eg is dim A — 3 and pu(Eg) ~ P((Up)*). In particular ¥ has
Gorenstein terminal singularities along P((Ug)*).

(4) If p(A) = 1, then the (dim A + N)-dimensional variety ¥ is a Q-Fano variety with
only terminal singularities and with p(X) = 1.

(5) The image My, of Hy is a primitive integral ample Weil divisor My, and it holds
that — K, = (dlmA + N — 2)ME.
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Proof. As we have checked in the proof of Lemma [5.10} 2Hg + F§ is numerical

trivial for any curve in Fyz. Thus the image of F§ by 3 — ¥ consists of [ 1 /2-
singularities by Lemmal[5.9] Since E5 NFx = (), we have (2Hg + Fx)| . = 2Hs| 5, -
Therefore E is p-exceptional and ju(£5) is isomorphic to P((Up)*).

We show that the p-exceptional locus is the union of Eg and Fy. Assume by
contradiction that (2Hg + F5) - v = 0 for an irreducible curve v ¢ Eg U F. Since
Hg isnefand v ¢ Fy, we have Hg -y = F -y = 0. Then, by Lemmal[5.7] (2) and the
conditions that Hs, -y = 0 and v ¢ E, + is a flipped curve or the strict transform
of a flopped curve. If ~ is a flipped curve, then Fy -y > 0, a contradiction. Assume
that ~ is the strict transform of a flopped curve. If 7 is disjoint from flipping curves,
then F§; -y > 0 since a flopped curve is positive for Fy+, a contradiction. Therefore
~ intersects a flipped curve. Let o' be the strict transform of v on X+ (v is a flopped
curve). Since ~ intersects a flipped curve and the flipping locus is Es;+ N Fx+, we
see that 4/ intersects Fy.+. Since Fx.+ -+' = 0, this implies that v’ C Fs;+ and hence
v C Ej, a contradiction.

We compute the discrepancy of Eg. By and (57), we have — Ky = (N +
1+dim A — 3)Hg — (dim A — 3)Eg. Since Hg ~q p* My, — 3 F5, we have

N+1+dimA-3
2

Therefore the discrepancy of E is equal to dim A — 3. Since this is a positive
integer, ¥ has only Gorenstein terminal singularities along ;(Egx). By (G.9), we
have — Ky, = (dim A + N — 2) M.

We show that p(X)=1. Since A — A is the blow-up along ! disjoint projective
spaces, and & — A is a projective bundle, we see that p(i) = p(A) +1+ 1. Since
S --» ¥ is small, we have p(X) = p(X) = p(A) + | + 1. Finally, since & — %
contracts [ + 1 disjoint divisors, we have p(X) < p(S) — (I + 1) = p(A) = 1. Hence
p(X) =1.

Finally, we show that My is primitive. If My, were not primitive, then My would
be written as My, = oM, with a primitive Weil divisor M5, and positive integer o >
2. Since 2My, are Cartier divisors by (2) and (3), we have 2Hg + Fy = ap*(2My,).
Hence there is a Cartier divisor D on 3 such that 2Hg + Fg = aD. Letl be a

flopping curve for I Y By (5.2) and the proof of Proposition [5:4] we have
Fy -1 = —1. This implies that aD - | = —1. This is impossible for o > 2. Therefore
My, is primitive. O

(5.9) _Ki ~Q (N+1+dimA—3)/L*Mi—

F‘i—(dim A—3)E§.

5.3. Application to the three cases . In this subsection, we produce the situation
as in the subsections[5.1] and [5.2] for a Q-Fano 3-fold of genus 4 or 6.

5.3.1. Genus 4 . In this case, we set
A:=Q'cP(U)* ®U?)
with the same equation as that of Q in Definition [4.2] and
Iy == P((U%)"), Iy := P(U),
which are certainly contained in Q*. We also set

B := Bs = P(Q:(1))
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with the equation as in the subsection 4.1.2] and

~

A:=Pp,(0Op,(—1,0) ® Op,(0,—1)).
Finally, we set b as the projection morphism
]P)BG (OBG(—l, O) &) OBG (0, —1)) — Bg.

Lemma 5.12. There exists a morphism a: A — A which is the blow-up of A along
IT = II; U IIy and whose exceptional divisor F, is Pp,(Op,(—1,0) ¢ 0) U Pp, (0 &
Op,(0,—1)). The pull-back of O 4(1) on A is the tautological line bundle associated
with Opy(—1,0) ® Op, (0, —1). The triplet (Q*, 11 = 11, U Iy, Bg) satisfies the condi-
tion of (A, 11, B) as in the subsection[5.11 by setting d = [ = 2.

Proof. Take a point p := [W! @ U'] € Bg, where W! C (U3)* and U' C U? are
1-dimensional subspaces such that U* C (V*1)+ with respect to the dual pairing.
The fiber of the projection A — Bg over p is P(W!@U?'), which is a linear subspace
of P((U3)* @ U?). Note that, for a point [y + z] € P(W! @ U') with y € W!
and = € U!, it holds that 'yx = 0 since U' C (W!)L. Therefore the image of
A — P((U®)* @ U3) is contained in Q*. We denote by a the induced morphism
A A= Q*. By Lemma [2.2] (1), the second assertion follows.

Let q := [y + x| be a point of Q* with y € (U3)* and = € U3. By LemmaR2.2] (2),
the fiber of A — Q* over q is

{g}x {W'eU"|U'cWHt,ye W' zeU'}.

If y # oand = # o, then W' and U' are uniquely determined as W' = Cy and
U' = Cz (since yx = 0, it holds that U' c (W')+). Therefore the morphism
A — Q* is dominant, hence is surjective, and is an isomorphism outside of II. The
fiber of A — Q% over o + x € I is isomorphic to P((Cz)t) ~ P!, and the fiber
of A — Q% over y + o € II, is isomorphic to P((Cy)*) ~ P'. Note that, since
—K; =2H; +b*Lp, we see that — K ; is relatively ample for A — Q*. Therefore,
by Thm.2.3], A — Q* is the blow-up of Q* along II and the a-exceptional
divisor is P, (Op4(—1,0) ® 0) LUPp, (0 ® Op, (0, —1)).

Assumptions 1-2 are clearly satisfied. We check Assumption 3, equivalently, the
relation with d = 2. Take a hyperplane L ¢ S~%%1{/3. We consider elements
of S1:0-=1y3 and S~1:0:1U3 as 3 x 3 traceless matrices. The dual pairing between
U3 ® (U?)* and (U?)* ® U? induces a natural dual pairing between S%~1U/? and
S—LO1y3, Explicitly, for Z = (z;;) € S™H01U3 and P = (p;;) € SHO71U3, the
dual pairing is defined as (Z, P) ~ > z;;pi;. For L, there exists M = (my;) €
St0.-1y3 such that L = {Zl<i7j<3 mijzij = O}. The above construction show

that Q* \ II — Bg is defined by [y + x| — [y ® x]. Therefore we see that a..b*(Bg N
P(L)) = Q* N {"yM=x = 0}, which is a quadric section of Q* containing II. We
can explicitly check that a general a.b*(Bg NP(L)) is generically smooth along II.
Since b*(Bs N P(L)) does not contain the a-exceptional divisor Fy, it is the strict
transform of a.b*(Bs NIP(L)) for a general L. Therefore the relation holds
with d = 2. O

In the following subsections [5.3.2] and [5.3.3] we use the notation as in the sub-
section[2.4]
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5.3.2. Genus 6, Q-type . In this case, we set
A=A =G(2,V)NP(V' & U5

and IT the same as in the subsection 2.4l We recall that the projection of G(2,V)
from the 3-plane II induces the natural rational map Aq --+ G(2,V’) N P(U) and
the target G(2, V') N P(U®) is the smooth quadric 3-fold Q3. We set

B:=Q° =G(2,V)nPU?),

and
A = AQ = ]P)QS (U|Q3 EB OQS(—l)),

where U is the rank two universal subbundle on G(2,V”). Finally we set b as the
projection morphism

Pgs (Z/[|Q3 S OQS(—I)) — QS.

Lemma 5.13. There exists a morphism /TQ — Aq which is the blow-up of XQ along
IT and whose exceptional divisor is Pgs(U|gs @ 0). The pull-back of O ,(1) on Aq is
the tautological line bundle associated with U|gs & Ogs(—1). The triplet (Aq, I, Q%)
satisfies the condition of (A, 11, B) as in the subsection 5. 11by setting d =1 = 1.

Proof. Since we can show the first two assertions in a quite similar way to Lemma
3.3 we only show that /TQ — Aq is the blow-up along II. Note that the restriction of
the morphism Aq — Aq over IT is Pgs(U|gs ®0) = P(V' @ 0) = II ~ P3, which can
be identified with the natural morphism Pgs (U|gs) — P(V') to P(V’) ~ P? from
the total space of lines in P® parameterized by Q3 C G(2,V’). By Prop.3.4],
Pgs(U|gs) — P is the projectivization of the null-correlation bundle. Note that,
since —Kz = 2H + Lqgs where Lgs is the pull-back of Ogs (1), we see that —K 3
is relatively ample for EQ — Aq Therefore, by [An, Thm.2.3], EQ — Ag is the blow-
up of Aq along IT and the exceptional divisor is Pgs (U ©0). By the construction, the
pull-back of O 4,(1) on Ay is the tautological line bundle associated with Pgs (U|gs®

Ogs(—1)).
Assumptions 1-2 are clearly satisfied. Since Aq --» Q? is the restriction of the
projection from II, the relation (5.2]) follows. O

5.3.3. Genus 6, C-type . In this case, we set
A= Ac = G(2,V)nPU®),

II the same as in the subsection 2.4} and a: A — A the blow-up of A along II. We
recall that the projection of G(2, V') from the 2-plane II induces the natural rational
map Ac --» P(U®). We set

B :=P(U°) ~ P!,
and b: A — B the naturally induced morphism.

Lemma 5.14. The triplet (A, 11, P*) satisfies the condition of (A, I1, B) as in the sub-
section[5. 11by setting d = 1 = 1.

Proof. The assertion is almost clear. O
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5.3.4. Rationality of the key varieties.
Corollary 5.15. In the genus 4 or 6 case, ¥ is rational.

Proof. The assertion follows since ¥ is birational to a projective bundle over a ra-
tional Fano manifold in the genus 4 or 6 case. O

5.4. Coincidence between Y’s in the subsection[5.2] and in the section[4l

Lemma 5.16. In the genus 4 or 6 case, the variety ¥ as in the subsection [5.2 - is the
same as the variety 3 defined as in the section @ The morphism ¢, He|: S = Yis

birational. The |y |-image of Ex on Y is disjoint from W.

Proof. The variety X as in the subsection[5.2]defined for the triplet (A, II, B) is con-
tained in P(U®U}) by the fact that H%(a*O4(1)) = U, and Ho(b*(Q}P(U y(DB)) =
U}. Temporarily, we denote by Y the variety 3 as in the subsectiond] which is also
contained in P(U4 @ U}y) in each case .

First we show that & C ¥ . For this, it suffices to check the ¢\, |-image of a

general point of & is mapped in Y since ¥ is irreducible. Since A C A x B by
Lemmal[2.2] (1) and the results in the subsection[5.3] we can express a point of A as
([=], [y]) with @ € U and y € Up. Note that « satisfies the equation of A. The fiber
of m: & — A over p is P(Cz & (Up/Cy)*). We choose a point p := ([z],[y]) € A
such that [x] ¢ II. In this case, it holds that [y] = [b(a~*(=))]. In each of the three

cases, we check that the fiber 7! (p) is mapped by ¢ H| into Y in the sequel.

Genus 4: We can express a point of A as ([x; + @2], [y]) with z, € (U3)*, z; €
U3,y € S~101U3, We are choosing a point p := ([@1 + @2, [y]) € Aq such that
[£1 + ®2] & II, namely, ©; # o and x> # o. In this case, it holds that [y] =
[x2 ® x1] by the proof of Lemma and hence the 7-fiber over p is P(C(z; +
@3) @ (U® /C(@y ® @1))*). Therefore, by the definition of & as in 2] we see that
Ty,

Genus 6, Q-type: We can express a point of Aq as ([x; + 2], [y]) with z; € V7,
@2,y € US. We are choosing a point p := (@1 + x|, [y]) € Aq such that (@1 + x] &
II, namely, 2 # o. In this case, it holds that [y] = [x2] since Aq --+» Q3 is the
projection from II, and hence the w-fiber over p is P(C(z + x2) ® (U?/Cx)*).
Therefore, by the definition of & as in @8] we see that T C & .

We can show that & ¢ & in the case of genus 6 and C-type in a similar way to
the case of genus 6 and Q-type, so we omit a proof.

Now we check that & = 5. Since dim & = dim Y, it suffices to show a general
|1 |-fiber consists of one point. This also implies that ¢z : $ — ¥ is birational.
We take a point t := [t + t2] € ¥ \ Il with ¢; € Us \ {0} and t, € U};. Since
7 Y(F,) = (‘0|—I;§:|(ﬁ) , we have

Craig) (0 = {8} x { (@], e @)],1) € T [2] ¢ It € Ca,t2 € (Us/(Chla™ @)))") }

by Lemma (2). This is nonempty since we take t in the ¢y |-image of s,
Moreover, it consist of one point as desired since [x]| = [¢1].
We show the last assertion. Note that the ¢ y_|-image of Eg = P(0&b* (€2 IF,(UB)( )B))

on X coincides with P(0 @ U}). In the genus 4 case, this is equal to II; N1l =
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P(0 ® 0 @ SH%~1U?) and is disjoint from W since W N (II; NTz) = II; NIy = ()
by Proposition[2.6] In the genus 6 case, ¥ has non-hypersurface singularities along
P(0 @ U}), hence must be disjoint from W. O

5.5. Embedding theorem . Now we show Theorem [I.1] for a prime Q-Fano 3-fold
X of genus 4 or 6.

Theorem 5.17. A Q-Fano 3-fold X of genus 4 or 6 is a linear section of .

Proof. The proof which will be given below is more or less the same as that of
Theorem [3.7] but is slightly involved, so we write it for readers’ convenience.

Note that WNSing ¥ is 0-dimensional since 1/ has only terminal singularities and
W is a linear section of ¥ with respect to |Ox(1)|. By Lemmas W is disjoint
from the image of E. Therefore, since ¥ — 3 is crepant and small and nontrivial
fibers are 1-dimensional over W, the strict transform Wg of W in Y is a linear

section of & with respect to |Hg| and hence the restriction Wy — W of IS
over W is also crepant and small. Since W has only terminal singularities and
W5 — W is crepant, we see that W5, is normal and has only terminal singularities
by the proof of Prop.16.4]. Note that F |y, is the strict transform of IT and
is relatively ample for Wi — W. Since Y — W in the genus 6 case (resp. Z — W
in the genus 4 case) is the unique small extraction such that the strict transform
of II is relatively ample, we see that Y = W in the genus 6 case (resp Z = Ws

in the genus 4 case). Since we may write Y = Wy = Hl ‘NH dim 5 With
H; ¢ |Hg| (1 <@ < dim Y — 3),weseethat X = M;N---N M(]IiI][1273 with the
image M; € |Myx| of H; as desired. O

5.6. Extension of the Sarkisov link. We have obtained the following diagram in
the genus 4 or 6 case:

(5.10) 5 antflip o flop &

/\/\

Corollary 5.18. In the case of genus 4, the restriction of (5.10) to 3-folds, we obtain
the following diagram:

(5.11) Z—-— === =7/

where Z and W defined as in the subsection are linear sections of ¥ and T with
respect to |Hg| and |Ox(1)| respectively; Z' is defined as the corresponding linear
section of S with respect to |Hg|; the restriction of the anti-flip to Z is the identity.
Moreover, the following assertions hold:

(1) The morphism ¢': Z' — B is the blow-up of Bg along a smooth curve C' of genus
8 isomorphic to C.

(2) The curve C" is the complete intersection of the strict transforms of the g-exceptional
divisors, which are divisors of types (2,1) and (1,2).
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In the case of genus 6, (5.10) is an extension of (I.1), where Y,W and Y' are
linear sections of ., & and S with respect to | H 5|, |Ox(1)| and |Hg| respectively, and
X' = B = @® in the case of Q-type (resp. X' is a cubic 3-fold in P(U®) in the case of
C-type). The restriction of the anti-flip to Y is the identity.

Proof. The genus 4 case: The restriction of the anti-flip to Z is the identity since
the flipped locus in ¥ is contained in FE5 by Proposition[5.8] (2), and Ex is disjoint
from Z’ by Lemmal5.16l The rest of the assertion except (1) and (2) easily follow
from the proof of Theorem[5.17}

(1). Since & — By is a PS-bundle, and Z’ is a linear section of 3. with respect to
|Hg| of codimension 8, we see that Z" — By is birational and — Kz = n*a*Lqa |z
by (55). Since Eg is disjoint from Z’, we have Hg|z ~ (7*a*La)|z by (B2).
Therefore we have —Kz = Hg|z. Since Hg is relatively ample over Bg, so is
— Kz . Since p(Z') = 3 and p(Bs) = 2, the relative Picard number of the morphism
7' — Bg is 1. Therefore, by [Moll, Z" — Bg is the blow-up of Bg at a point or along
a curve C’. Comparing the Intermediate Jacobians of Z’ and the 3-fold obtained by
blowing up of Y at the 1/2-singularity, we see that Z/ — Bg is the blow-up of Bg
along a curve C” such that C' ~ C’ as desired.

(2). Since the images of E; and F> on W are disjoint by Proposition [2.6] the strict
transforms F{ and F} on Z' of F; and F, respectively are also disjoint. Therefore
(" is set-theoretically the intersection between the strict transforms E{ and EY
on Bg of Fy and E». Moreover, since 7' — Bg is the blow-up along C’, and
E{ N E} = 0, it holds that C’ is the complete intersection of E; and F). Note
that the anticanonical morphism Z’ — W is induced from the restriction of P
Q* since — K = n*a* L]z as we saw in the proof of (1). Therefore we have
Fs|z = E} U Ej). From this, we obtain (2n*a*Lqa)|z: — B} — Ey = (70" L,)| 2
by the equation (5.2). Since —Kz = Hg|z as we saw in the proof of (1), we
have —2Kz — E} — E} = (7*b*Lp,)|z. On the other hand, we have — Kz =
(27*b* L, )|z — Ecr, where E¢ is the exceptional divisor of the blow-up Z' — Bg.
Therefore we obtain E} + EY = 3Lp,. For the curve C’ of genus 4 to be the
complete intersection of Ei and EY, it must holds that F{ and Ef are of types
(2,1) and (1, 2).

The genus 6 case: We can show the assertions in a similar and simpler way as in
the genus 4 case. O

5.7. Singularity of 3 along P((Uz)*). By Theorem[5.T1] the birational morphism

p: ¥ — ¥ contracts Eg onto P((Up)*). In this subsection, we describe the mor-
phism y|g_ : E5 — P((Up)*). This follows by studying how fibers of the morphism

Eg — P((Up)*) are transformed by the flop S --»> ©T and the flip &+ --» 5.

We note that the natural morphism P(Qp(1,)(1)) — P((Up)*) is the universal
family of hyperplanes of P(Ug). Therefore the naturally induced morphism Eg —
P((Ug)*) is the universal family of the members of [b*Lp|. In particular, Eg —
P((Up)*) is flat.

Note that the restrictions of the flopping and flipping contractions on the strict
transforms of Eg are defined over P((Up)*). The strict transform Es+ on X* of
FEs is smooth since Es --» Ex+ is also a flop of Atiyah type by Proposition[5.4l By

Proposition[5.8]and the construction of the flip ¥ --» i, we see that E is smooth
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since Fy+ --» F is the blow-up along [ | p_-sections whose exceptional divisor is
P((Ug)*) x IL.

By the description of Es — P((Up)*) and Eg --» Ex+ --» Eg as above, the
morphism Eg — P((Up)*) is also flat.

We denote by T, I't, and I a general fiber of Eg — P((Up)*) and its strict
transforms on X+ and ¥ respectively. By the argument as above, we see that the
restriction T' --» T to T of the flop $ --» Xt isalso a flop of Atiyah type, and
the restriction I't --» I to I'" of the flip £+ --» % is the blow-up of T at / smooth
points whose exceptional divisor is II. Moreover, I' and I' are general fibers of
Es+ — P((Up)*) and Eg — P((Up)*) respectively. We set Fs := Fgl|s and Iyt =
Fsi|p+.

Hereafter we consider separately in each case and determine T

5.7.1. Genus 4.

Proposition 5.19. A general fiber I' of the morphism Eg — P(SY%71U3) is P x
P! x PL
Proof. Since a general fiber of P(Qp(s-1.0.113y(1)|B;) — Bg is a smooth sextic del
Pezzo surface S, T is isomorphic to Pg(Os(—1,0) & Og(0,—-1)) by Lemma [5.12)
The divisor Fr of T consists of Gy := Pg(Os(—1,0) @ 0) ~ S and Gy := Pg(0 &
0s(0,-1)) ~ S It is easy to see the assertion as in the following steps:

e Let T — I be the flopping contraction, which is the restriction of DS

This induce the morphisms G, — P(U3 @ 0) and Ga — P(0 & Us), each of
which is a contraction of three (—1)-curves. These can be identified with
the restrictions of G, --» G} and Gy --» G respectively, where G} and
G7 are the strict transforms of G, and G, respectively on I'".

e The restriction I't --» I to I'" of the flip £+ --» ¥ is the blow-up of I at
two smooth points whose exceptional divisor consists of G| and G .

o I'is isomorphic to P! x P! x P'. Indeed, it holds that p(T') = 3 since p(T') +
2 = p(I't) = p(T') = 5. Moreover we see that I is a sextic del Pezzo 3-folds
as follows: it holds that (—K7)® = (—Kp+)* +2 = (—Kz)? + 2 = 6. Since
—Kp = 2Hp, we have — K = 2Hy where H is the strict transform of Hp.
Since — K is nef and big and is numerically trivial only for flopping curves,
—Kr+ is nef and big and is numerically trivial only for flopped curves.
Therefore, — K5 is ample since flopped curves is numerically positive for
the exceptional divisor Gf UG of the blow-up I'" — T'. Since I is a sextic
del Pezzo 3-folds of p(T') = 3, T ~ P! x P! x P! by Thm.5.16].

O

5.7.2. Genus 6, Q-type.
Proposition 5.20. A general fiber T of the morphism Eg — P((U%)*) is P? x P2

Proof. Since a general fiber of P(Qp(ys)(1)|gs) — Q* is P! x P, [ is isomorphic to
Ppiyp1 (O(—1,0)@0(0, —1)BO(—1, —1)) by the definition of Aq as in the subsection
The divisor F5 of [ is Ppiyp1 (O(—1,0) & O(0, —1) @ 0). Referring to [Fuk
Thm.5.1] for details, we see the assertion as in the following steps:
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e The flopping locus of the flop I' --» I'" is Ppiyp1 (O(—1,0) & 0 & 0) LI
Pp1yp1 (0 O(0, —1) @ 0). The divisor Fr+ of X7 is P3.

e The restriction I't --» I to I'" of the flip ¥ --» ¥ is the blow-up of I at
a smooth point whose exceptional divisor is Fy-+ ~ P3.
e T is isomorphic to P? x P2,

5.7.3. Genus 6, C-type.
Proposition 5.21. A general fiber I of the morphism Eg — P((U%)*) is P! x Pt x PL.

Proof. By [[Fuj3]l, b: Ac — P(UP) is the blow-up of P(U?) along a twisted cubic ~.
Since a general fiber H of P(Qp(ys)(1)) — P((U)*) is a hyperplane of P(U?), T
is isomorphic to the 3-fold obtained by blowing up H ~ P3 along H N ~ which
consists of three points py, po, p3 in a general position. Referring to Thm.4.1]
for details, we see the assertion as in the following steps:
e The flopping locus of the flop T' --» 't consists of the strict transforms of
three lines /;; through p; and p; (1 <4 < j < 3). The divisor Fy+ of X7 is
P2.
e The restriction I't --» I to I'" of the flip £ --» ¥ is the blow-up of I at
a smooth point whose exceptional divisor is Fp ~ P2,
e T is isomorphic to P! x P! x P
(]

5.7.4. Comparison of ¥’ and 5 . In this subsection, we clarify the relationship
between ¥ as in the subsection and Y’ as in the subsections [4.1.2] and 4.2.2]
Setting
) OBs(—=1,0) © Ops(0,~1) : genus 4,

Ulgs ® Ogs(—1): genus 6, Q-type,

we may write A = Pp(F) and &/ = Pp(F & (inw(UB)(l”B)) in each case.
Proposition 5.22. There exists a naturally induced birational morphism 7: & — 3

over ¥ and its exceptional locus coincides with Eg. The morphism 7 is the blow-up of
> along PB(O S QIIP(UB)(U|B)'

Proof. By Lemmas and we have a surjection v*F* — a*O (1), which
induces the following natural morphism 7:

S =P3(a"0a(=1) &b () (1)]5))
= P30 (F @ Qpy,)(D)]B)) = 2"
= P(F & Y,y (1)) = ¥,
where the former is the inclusion morphism of projective bundles, and the latter
is a P'-bundle since it is the base change of the P*-bundle b: A = Pp(F) — B.
By this construction, the 7-pull-back of Oy (1) coincides with Oi(l). Therefore

the composite of the morphism 7 and ¢y, : X" — Y coincides with ¢, m,|- This
implies that 7 is birational since so is ¢z | by Lemma[5.16l
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By Lemma [5.5] Eg is contracted by 7 since ¢y, is small. By the description
of ¢ -fibers as in Lemma [5.5] and the description of ¢, |-fibers as in Propo-
sitions [4.6] and .12} 7 is isomorphic outside Eg. Note that 7 induces Fg =
Pz(0* () (DIB)) = Pr(Qp, (1)) and this is a P'-bundle. Moreover, by
(G3), — Ky is 7-ample for the morphism. Therefore 7 is the blow-up of X’ along
]P)B(QI%"(UB)(lﬂB) by UA_I].I, Thm23] O

6. EMBEDDING THEOREM IN THE GENUS 5 CASE

In this section, we treat the genus 5 case. The overall story is similar to the
one of the section 5] though details are different. We develop the discussion in this
section while keeping in mind the flow of discussion of the section 5

6.1. Extending the mid point . By Thm.6.5 (2) and Prop.7.8], W is a
complete intersection of three quadrics in PS. Let z1,..., 27 be coordinates of IPS.
We may assume that the plane IT in W is equal to {z1 =--- = x4 = 0}. In this
situation, the equation of W is of the following form:

lin Lz iz lis z; 0
log loo oz log e | = 01,
l31 32 I3z 34 ) 0

where [;; are linear forms of zy, ..., z7.

Assume by contradiction that the dimension of the vector space generated by
the linear forms 1;;(0,0,0,0, x5, z6, z7) is less than or equal to 2. Then W is the
cone over a complete intersection of three quadrics in P° with a point v in II as the
vertex. Then the Zariski tangent space of W at v is dimension 6. This is absurd since
W has only Gorenstein terminal singularities. Therefore, by a coordinate change
keeping the equation of II if necessary, we may assume that some three of /;;, say,
livj1s lisjs, lisjs are equal to x5, xg, x7 respectively.

Definition 6.1 (Extension of W). In the projective space P'® with coordinates
x1,...,x4 and y;; (1 < i < 3,1 < j < 4), let 3 be the the following complete
intersection of three quadrics:

Y= {[M,,z] € P*® | Myxz = o},

where
Yy Yi2 Y13 Y4
My:=| ya1 Y22 Y23 Y |.x= (21 22 23 4).
Y31 Y32 Y33z Ys4
We set

ﬁ:z{,fl :$2=$3=$4:0}CP15.

Proposition 6.2. The pair (W,1II) is projectively equivalent to the pair of a linear
section W' of ¥ and the 2-plane TIN W'.

Proof. By Writing i, i, , Vi s Yisjs aS Ts,Ts, 7 respectively, it holds that the pair
(W, 11) is projectively equivalent to the pair of

W'=Y N {ys; =l for (i,5) # (i1, j1), (i2, j2), (i3, J3)} ,
and TINW". O
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We use the following notation:
3= {[M,,0] € |rank M, < i} CIL
By elementary calculations, we determine the singular locus of ¥ as follows:

Proposition 6.3. The singular locus of ¥ is contained in TI and is equal to Y. In
particular, 3 is Gorenstein and normal.

Remark 6.4. The variety ¥ is an example of a variety of a complex (cf. Sect.
5D.
6.2. Construction of the key variety .
Definition 6.5. For U? ~ C3 and U* ~ C*, we set
P PP(U4)(U3 (24 QI%’(U‘L)(l) D OIF’(U4)(_1))-
Note that, by a standard computation, it follows that — Ky = 10Hx.

Under the situation of the subsection [6.1] we consider « as a coordinate vector
of U* and M, as a coordinate matrix of U3 @ (U*)*. Then we can regard ¥ as a
subvariety of P(U? @ (U*)* @ U*). With this identification, we have the following
proposition:

Proposition 6.6. The following assertions hold:
(1) The tautological linear system |Hy| defines a surjective and birational morphism
¥ — ¥, which we denote by y|x,,|-
(2) The morphism ¢y, is an isomorphism outside of ¥ = Sing 3.
(3) The @\, |-fiber over a point t € 3 is

P': ot & El,

P2: te il.
The morphism |y, | is a crepant small resolution.
Proof. Let p := [U'] € P(U*) be a point, where U! C U* is a 1-dimensional vector
space. The fiber of the projective bundle ¥’ — P(U*) over p is

P(U3 @ (U*/UY o UY),
which is a linear subspace of P(U?® (U*)*&U*). By Lemmal[2.2] (1), the tautological
linear system | Hyy | defines a morphism ¥/ — P(U?®(U*)*®U*). By the description
of fibers of ¥ — P(U*) as above and the definition of 3, we see that the image of
this map is contained in X.
Let t = [M,, z] be a point of .. By Lemma [2.2] (2), the fiber of ¥’ — ¥ over t is
{t} x{[U"]| M, e U @ (U* /U, 2z e U'}.

If t ¢ II, namely, * # o, then U' are uniquely determined as U! = Cx (since
t € %, it holds that M, € U?® ® (U*/Cz)*). Therefore the morphism %' — %
is an isomorphism outside of II. In particular, the morphism ¥’ — X is bira-
tional. Assume that t € II, equivalently, x = o. The condition for U! is that
U' ¢ {x e U*| Myx =0} ~ C kM, Therefore the fiber of &' — X over t
is isomorphic to P3— 2"k My - From this, the description of the fiber ¥’ — ¥ over t
follows. The morphism ¥’ — ¥ is crepant since it holds that — Ky = 10Hy. O
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Let 32} C ¥ be the inverse image of ¥;. Since ¥; = P(U3) x P((U*)*), we see
that

(6.1) 5 =PU?) x P(Qp(ra) (1))

Let 7: & — Y/ be the blow-up of ¥’ along ¥ , and Es the 7-exceptional divisor.
We denote by II’ and II the strict transforms of II on ¥’ and ¥ respectively. Note
that

(6.2) II' = P(U° © Qp 4y (1) ©0).

Lemma 6.7. Let t = [U'] x [W!] be a point of ¥; = P(U?) x P((U*)*), where
U' and W' are 1-dimensional subspaces of U3 and (U*)* respectively. The following
assertions hold:

(1) The fiber of ¥ — X over t can be identified with the fiber of ]P(inw(m)(l)) —
P((U*)*) over the point [W'] and then with P(W11), where W' is the subspace of
U* orthogonal to W with respect to the dual pairing. Let Ey be the fiber of Eq — 4
over t. It holds that

By = Poaw1.1) (U /UY) @ Dy (1) © Opwray (1)),

and
Ee NI = Ppgyry (U3 /U) @ Qb (1) @ 0).

(2) We identify an element of (U®/U') @ (WLL)* with a 2 x 3 matrix. The linear
system |Hg,| defines a morphism E, — P((U?/UY) @ (Wh+)* @ W), and the
image is

By :={[M,z] | M e (U*/U") o (W', x e Wht, Mz = o},
which is a complete intersection of two quadrics.
(3) The singular locus of E is

{[M,o] | M € (U?/U") ® (W")*, rank M < 1},

which is P(U3/U") x P(WH1)*) ~ P! x P2. The morphism E, — E is an isomor-
phism outside of Sing E\, and the fiber over a point of Sing E. is P'. The morphism
E, — E\ is a crepant small resolution.
(4) The induced morphism E, N 11 — P((U3/UY) @ (WL)* @ 0) ~ P is the blow-up
of P along Sing E; ~ P' x P2. Let Lp(y1.+) be the pull-back to Ey N 1I of a line in
P(W ') ~ P2, The exceptional divisor of the blow-up of P> along P* x P? is linearly
equivalent to 2H, (g — Lpw1.1).

Proof. We show the assertion (1). The first assertion of (1) easily follows from
(6.1). For the second assertion of (2), we have only to determine the restriction
to P(W" ) of the normal bundle Ny /5. Since ¥} is a sub P x P?-bundle of the
P8-bundle I’ over P(U*) by and (6.2), we see that

(6.3) Negme = Tews) @ Teeal ,, (10)/B@)

relativising the normal bundle of the Segre embedded P* xP? in P*. Let p: P(Qp;4y(1)) —
P(U*) be the natural morphism. We consider P(W 1) as the p-fiber over [W?] €



36 Q-Fano 3-folds IIT

P((U*)*). Restricting to P(W ) the relative Euler sequence

0—O(— HIF’(Q]P 4)(1))) = p*Qpay (1) = Tpen (1))/P(U4)(—HP(Q;(U4)(1))) — 0,

P(U4)

we obtain the exact sequence

0— OP(WI,L) — Ql]é;(wlj_)( ) P OP(WI 1y — TP(QP(U4)(1))/P(U4)|P(W1’L) — 0

since HP(QP U4)(1))|[p(w1,¢) = 0. Therefore we have TP(Q;(U4)(1))/P(U4)|P(W1,L) ~
Q1.1 (1). We also note that Te(ys)|jp1) = (U*/U') @ (U')*. Hence, by (6.3), we

obtain

Neg o lpwisy = (UP/U) @ (U)* @ Qpya 1) (1) = (UP/U) @ Qpya 1 (1),
Let Lp(y4) be the pull-back to 3’ of a hyperplane of P(U*). Since
6.4) II' ~ Hsy — Lp(yy,

we have N sy |powr.r)y =~ Opayir)(—1). Therefore, by the normal bundle se-
quence 0 — Ny i — Nyg s = N s |y — 0, we obtain

ng/zl lpew.1y = U/t ® Qzlp(wu)(l) © Opw1.1)(—1),

and hence the assertion (1) follows.
The assertions (2)—(4) can be proved in a similar way to Proposition due to
structural similarity between E; and X', so we omit a proof. O

Note that
(6.5 — K¢ =1"(—Ks/) —4Eg = 107" Hyy — 4Eg = 27" Hyy + 4(27" Hsy — Eg).

By Proposition[6.6] Hs; is nef and big and, since ¥, is the intersection of quadrics,
Bs|27*Hy: — Eg| = (. Therefore — K is nef and big. Let v: ¥ — X/ be the anti-
canonical model.

Flop & --» &+,

Proposition 6.8. The anti-canonical model v: S — S is defined over T and is a
II-negative flopping contraction of Atiyah type. The morphism v|g_ is also a flopping
contraction of Atiyah type.

Proof. Letl C S be an irreducible v-exceptional curve. By and —Kg -1 =0,
we have 7*Hy/ - | = (27*Hy — Eg) -1 = 0, and hence 7" Hy - | = Eg -1 = 0.
By m*Hy: -1 = 0, the morphlsm v is defined over Y. Since IT' is smooth we have
0 =r1-— Es. Therefore I is negative for any v-exceptional curve since II’ is
negative for any exceptional curve for ¥’ — ¥ by (]@) By Proposition[6.6] (2), [ is
contained in the union of Eg and the strict transform S, of 5. By Proposition [6.6]
(3), the v-fiber over a point s € 22 \ Eg is P!. Note that E; as in Lemmal[6.7] (1) has
two nontrivial contractions; one is the morphism E, — P(W'1), and nontrivial
fibers of another morphism are P! by Lemma [6.7] (3). Since v|g, cannot be the
morphism E, — P(W!1), we see that the nontrivial v-fiber over a pomt scEgis
also P'. Therefore any nontrivial fiber of the morphism v|: o — 1/(1'[) is Pl.

particular, this implies that the relative Picard number of v| is one. Note that, since
I is v-negative , — Ky is v-ample. Therefore, by Thm.2.3], V(ﬁ) is smooth and
v|g is the blow-up of v(I) along a smooth subvariety of v(IT) which is the strict
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transform of 5. This implies that J\/l/fI ~ OF? ® Op1(—1), and M-1= Kg-l=-1.
Therefore, by the normal bundle sequence 0 — N i N, ol N /§|z — 0, we
have WV, = O]g?lg @ Op1(—1)®2, and hence v is a flopping contraction of Atiyah

type.
Since Eg -1 = 0, v|g, is also a flopping contraction of Atiyah type. O

Let & --» £+ be the flop for the flopping contraction v. It is well-known that
the flop can be constructed by the blow-up along the v-exceptional locus and the
blow-down of the exceptional divisor along the other direction. We denote by IT+
and Ex. the strict transforms on £+ of II and Eg respectively. By the construction
of & --» ¥+, we see that the induced map Eg --» Ex+ is also the flop and the
induced map II --» IT* is identified with Vlg: I — v(II), which is the blow-up of
v(I1) along the strict transform of 5 on v(II) by the proof of Proposition [6.8

In the following steps, we separate Ex-+ and II" by a flip, and finally contract
their strict transforms.

Flip Xt --» 3.
We set
G:=FEs+ N .

Lemma 6.9. The exceptional locus of II* — I is G and G is a P>-bundle over P(U?) x
P((U*)").

Proof. As we note above, we may identify II* — II with u(ﬁ) — II. Therefore the
assertion follows by Lemmal[6.7] (4) and the construction of the flop. O

Proposition 6.10.
(1) Let ' ~ P5 be a fiber of G — P(U?) x P((U*)*). It holds that
NF/E+ = Ops(—1)®2 S3) O;‘%S.
(2) There exists a small contraction T — Dl contracting Es+ N IIT onto

P(U3) x P((U*)*).

Proof (1). Let [ be a general line in a fiber of the P3-bundle E; N o — P(Wht)
as in Lemma [6.7] (1) and [T Athe strict transform of [ on XT. Since [ is contained
in a fiber of the blow-up 7: ¥ — ¥’ and Eg is the 7-exceptional divisor, we have

—Kg -1 =4and Eg -l = —1. Since both —Kg and Eg are numerically trivial
for flopping curves by the proof of Proposition we have —Ks: - It = 4 and
Es+ - IT = —1. From the latter equality, we have (G - i*)g+ = Fp+ - 1T = —1.

Therefore, by the normal bundle sequence 0 — Nr,¢ = Nr/n+ = Ng/m+|r — 0
and Np/g ~ 0%, we have Nrjme =~ Ops(—1) @ OZP. Since —Kyx+ - 1T = 4 and
I ~ P°, we have degNr s+ = —2. Therefore, by the normal bundle sequence
0— Np/n+ — Np/g+ — NH+/E+|F — 0, we have NF/Z+ ~ Ops (—1)692 2 OIEFE? as
desired.

(2). Let Hy+ be the strict transform on ¥* of 7*Hy,. We can show that (2Hy+ —
Es+) + I is nef over & and numerically trivial only for fibers of G — P(U?) x
P((U*)*). A proof is quite similar to the one of Proposition (2), so we omit
it. O
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By Proposition [6.10] (1), the contraction ¥+ — T is of flipping type, and the flip
can be constructed by the blow-up along A and the blow-down of the exceptional
divisor along the other direction . Let ©* --» ¥ be the flip. By Proposition[6.10] (1)
again, the flipped locus is a P'-bundle over P(U?) x P((U*)*). We denote by Fx, II
and Hg the strict transforms on S of Ex+, IT and Hy+ respectively.

The following lemma will describe a part of singularities of the key variety X
which we are going to construct:

Lemma 6.11. Let t = [U'] x [W!] be a point of ¥1 = P(U?) x P((U*)*) as in
Lemmal6.Z] The fiber E; of Ex:+ — P(U3) x P((U*)*) over t is the blow-up of the
Grassmannian G(2, (U?/UY) @ (W1)+)*) ~ G(2,5) at the point [N\2(U3/U")]. The
fiber of Eg, — P(U?) x P((U*)*) over tis G(2, (U?/U") @ (Wh)1)*).

Proof For simplicity of notation, we set U := U3/U,Gr = G(2,T" @& (W'1)*)
and denote by Gr the blow-up of Gr at the point [/\QUQ]. By Lemma the fiber
E; of Eg — P(U?) x P((U*)*) over t has two contractions, one of which is the P*-
bundle E; — P(W'+) and another of which is the flopping contraction of Atiyah
type By — E.. Note that E; has another unique small resolution different from
E. — E,, which we denote by E;” — E;. Therefore, to show E;" ~ Gr, it suffices
to show that Gr has a small contraction onto E, (note that Cr is different from FE
since E; has no contraction onto G(2,5)). We note the following decomposition:

A2 (U2 ® (W“)*) = NT @ T A (WhH)* @ A2(Whiy*
~ N T oT © (Whiy @ wht.

Therefore, the linear projection from the point [/\QUQ] maps Gr into the projec-
tive space P (U2 A (WhEH)* g W“‘) . Let ey, es and e, e, e5 be basis of U~ and
(WhL)* respectively, and p;; the Pliicker coordinates associated to the basis e, . . . , €5
of U @ (W'L)*. The equation of Gr is given by N (Y1 <icjes Dijei N ej) = 0. We
can check explicitly that the image of the projection of Gr is defined by

(6.6) Z pije; Nej | A Z pije; Nej | =o

i=1,2,j=3,4,5 3<i<j<5

in P (/\QU2 T AW @ /\Q(WLL)*), and the projection is birational onto
the image. We identify A2(W11)* with W'+ by regarding ez A ey, e3 A es, and
es Aes as el, —ej, and e € W' respectively, and also U~ A (Wh1)* with T @
(WhL)* by regarding e; A e;with e; ® e;. Then the equation defines E; in
P (U2 AWEL)* @ WLL) . By a standard property of linear projection, a natural

morphism p™: Gr — E is induced. Let Eq, be the exceptional divisor of the blow-
up Gr — Gr, and L, the total transform on Gr of a hyperplane section of Gr. We
have —Kg, = 5(Lar — Ear) and L, — Eg, is the total transform of a hyperplane
section of E;. Therefore the morphism p* is crepant, and hence must be small
since E; has only terminal singularities. Now we have shown that Gr has a small
contraction onto E; as desired.
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The description of the fiber of Eg — P(U?) x P((U*)*) over t follows from the
above by the construction of the flip S --» 3. O

Contracting £z and I1.

By the constructions of the flop & --» £+ and the flip £+ --» %, and the description
of Fx.+ NII* as in Lemmal6.9] we see that Es N IT = 0.

By the construction of the flip, we see that £ --» % induces the contraction
It — P(U3 © (U*)*). Thus IT ~ P'1,

Lemma 6.12. The normal bundle Ny 5 is Op1i (—2) .

Proof. A proof is similar to those of Lemmas[3.4] and SO we omit it. O
Lemma 6.13. 2Hg + I1 is semiample.

Proof. A proof is quite similar to the one of Lemma [5.10] so we omit it. O

Theorem 6.14. Let p: 3 — X be the contraction defined by a sufficient multiple of
2Hg + IL. The following assertions hold:

(1) The p-exceptional locus is the union of Eg and IL

(2) p(Il) is a 1/2-singularity.

(3) The discrepancy of Es; is 4 and pu(Eg) ~ P(U®) x P((U*)*). Any fiber of Es —
w(Es) is G(2,5). In particular ¥ has Gorenstein terminal singularities along P(U?) x
P((U*)")-

(4) The variety ¥ is a 12-dimensional rational Q-Fano variety with p(X) = 1.

(5) The image My, of Hy is a primitive integral ample Weil divisor My, and it holds
that — Ks, = 10Ms.

Proof. The assertion (3) follows from Lemmal6.11] The rest assertion can be proved
similarly to Theorem[5.17] so we omit a proof. O

6.3. Embedding theorem . Now we arrive at Theorem [L.] for a prime Q-Fano
3-fold X of genus 5.

Theorem 6.15. A Q-Fano 3-fold X of genus 5 is a linear section of X.

Proof. We only remark that W is disjoint from 3, since ¥ has non-hypersurface
singularities along ¥1. The rest of the proof is similar to the one of Theorem[5.17]
SO we omit it. O

6.4. Extension of the Sarkisov link. We have obtained the following diagram:

(6.7) s antflp oy flop &

VRNV AN

By the proof of Theorem we obtain the following:
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Corollary 6.16. The diagram (6.2) is an extension of (II) in the case of genus 5,
where Y,W and Y are linear sections of &, ¥ and ¥ with respect to |Hg|, |Os(1)|
and |Hg| respectively. The restriction of the anti-flip to Y is the identity.

Proof. The restriction of the anti-flip to Y is the identity since the image in ¥ of the
flipped locus in ¥ is contained in the image of Eg on ¥ by Proposition (2,
and the latter is disjoint from W as we remarked in the proof of Theorem[6.15] The
rest follows easily. O
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