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On Classification of Q-Fano 3-folds
of Gorenstein index 2. III

HIROMICHI TAKAGI

Dedicated to Professor Yujiro Kawamata on the occasion of his 70th birthday

ABSTRACT. We classified prime Q-Fano 3-folds X with only 1/2(1, 1, 1)-singularities

and with h0(−KX) ≥ 4 a long time ago. The classification was undertaken by

blowing up each X at one 1/2(1, 1, 1)-singularity and constructing a Sarkisov link.

The purpose of this paper is to reveal the geometries behind the Sarkisov links for

X in 5 classes. The main result asserts that any X in the 5 classes can be embed-

ded as linear sections into bigger dimensional Q-Fano varieties called key varieties,

where the key varieties are constructed by extending partially the Sarkisov link in

higher dimensions.
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1. INTRODUCTION

1.1. Background. In this paper, we work over C, the complex number field.

This is a continuation of the papers [Tak1] after a long time. A projective variety

X is called a Q-Fano variety if X has only terminal singularities and −KX is ample.
A Q-Fano variety X is called prime if −KX generates the group of numerical equiv-

alence classes of Q-Cartier divisors on X . In [Tak1], we classified prime Q-Fano

3-folds X with only 1/2(1, 1, 1)-singularities and with h0(−KX) ≥ 4. In this paper,
we further study X in the 5 classes No.1.1, 1.4, 1.9, 1.10, and 1.13 among [Tak1,

Table 1].

1.2. Prime Q-Fano 3-fold and Sarkisov link. In this subsection, we explain our

method of the classification of prime Q-Fano 3-folds in [Tak1] only in the five

classes. The result is presented in the following table:

No. g(X) N e degC g(C) X ′

1.1 4 2 7 7 8 P(13, 2)

1.4 5 1 6 9 9 P3

1.9 6 1 6 3 0 B3

1.10 6 1 5 9 6 Q3

1.13 8 1 4 7 2 B5

The number g(X) in the second column of the table is the genus of X defined to

be h0(−KX) − 2. The number N in the third column is the number of 1/2(1, 1, 1)-
singularities of X . We explain the data in 4th–7th column below. For X ’s in the 5
classes, we classify them by constructing the following Sarkisov links:

(1.1) Y //❴❴❴

f

��⑧⑧
⑧⑧
⑧⑧
⑧⑧

Y ′

f ′

!!❇
❇❇

❇❇
❇❇

❇

X X ′,

where f : Y → X is the blow-up of X at a 1/2(1, 1, 1)-singularity, Y 99K Y ′ is a flop,
and f ′ is the blow-up of a Q-Fano 3-fold X ′ along a smooth curve C in X ′ \ SingX ′

with the genus g(C) and the degree degC as in the 5th and 6th column of the

table, where the degree of C is measured by the primitive Cartier divisor on X ′.

We denote by E the f -exceptional divisor and by Ẽ the strict transform on Y ′ of

E. The flop Y 99K Y ′ is the E-flop in the sense of [Ko]. The number e in the
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4th column is defined to be E3 − Ẽ3, which roughly measures how many flopping

curves the flop Y 99K Y ′ has (see [Tak1] for more details). In the 7th column, B3 is
a smooth cubic 3-fold in P4, B5 is a codimension 3 smooth linear section of G(2, 5),
and Q3 is a smooth quadric 3-fold. Let h : Y → W be the E-flopping contraction.

We call W the mid point (for No. 1.1, however, see Caution in the subsection 2.3).
For simplicity, we call a Q-Fano 3-fold X as in the table as follows:

Names of Q-Fano 3-folds: a prime Q-Fano 3-fold of genus 4, of genus 5, of genus
6 and C-type, of genus 6 and Q-type, of genus 8, for X of No.1.1, 1.4, 1.9, 1.10, and

1.13 respectively, where the word C-type (resp. Q-type) comes from the fact that X ′

is isomorphic to the cubic 3-fold for No.1.9 (resp. the quadric 3-fold for No.1.10).

1.3. Main result. The main result of this paper is a classification of Q-Fano 3-

folds in the 5 classes in different nature to that in [Tak1]. The prototype of this

result is the following: in [Gu], Gusheĺ shows that any smooth prime Fano 3-
fold of genus 8 is a linear section of G(2, 6). In [Mu1, Mu2], Mukai shows that

any prime smooth prime Fano 3-fold of genus 7, 9, 10 is a linear section of the

orthogonal Grassmanian OG(5, 10), the symplectic Grassmannian Sp(3, 6), and the
adjoint homogeneous variety of type G2, respectively. Here we say that a projective

variety X is a linear section of a projective variety Σ with respect to a linear system
|M | if it holds that X = Σ ∩ D1 ∩ · · · ∩ Dk for k = dimΣ − dimX and some

D1, . . . , Dk ∈ |M |. In the case of Gusheĺ and Mukai, the linear system is the one

generated by the primitive very ample divisor of a homogeneous space. We usually
do not mention the linear system |M | if M generates the group of the numerical

equivalence classes of Q-Cartier divisors on Σ.

Theorem 1.1 (Embedding theorem). For each one of the 5 classes, there is a unique

rational Q-Fano variety Σ of Picard number 1 such that any prime Q-Fano 3-fold X
in the class is a linear section of Σ. The Q-Fano varieties Σ are of 11-, 12-, 9-, 8-, and

5-dimensional for X of genus 4, 5, of genus 6 and Q-type, of genus 6 and C-type, and

of genus 8, respectively.

For a prime Q-Fano 3-fold X in each of the 5 classes, we will call the variety Σ
the key variety for X . Theorem 1.1 is proved separately in each case; Theorem 3.7

(genus 8), Theorem 5.17 (genus 4, 6), and Theorem 6.15 (genus 5). We refer for
more detailed descriptions of Σ (constructions, birational geometries, singularities,

etc) to the section 3 (genus 8), the sections 4 and 5 (genus 4, 6), and the section 6

(genus 5).
The equations of the key varieties are also available; see [R, Ex.6.8] in the genus

4 case, and [Ha] in the genus 5 case. In the genus 6 and 8 cases, we will publish
them in separated papers (cf. [Tak4]).

1.4. Structure of the paper. The section 2: After showing some miscellaneous

results in the subsection 2.1, we investigate in the subsections 2.2–2.5 the mid
point of the Sarkisov link (1.1) in details in each of 5 cases.

The section 3: In this section we concentrate in studying the genus 8 case. In the

subsection 3.1, we extend the mid point based upon the result in the subsection
2.5. In the subsection 3.2, we construct the key variety modifying birationally the

extension of the mid point (Theorem 3.6). In the subsection 3.3, we show Theorem

1.1 in the genus 8 case (Theorem 3.7).
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In the other cases, constructions of the key varieties and proofs of Theorem 1.1

are similar to those in the genus 8 case but are more involved.
The genus 4 and 6 cases are treated in a unified way in part in the sections 4 and

5; The mid points are extended in Propositions 4.3, 4.9 and 4.14. Together with

compensations in the subsection 5.3, the key varieties are constructed in Theorem
5.11, and Theorem 1.1 is proved in Theorem 5.17.

The genus 5 case is treated in the section 6; The mid point is extended in the
subsection 6.1, the key variety is constructed in the subsection 6.2, and Theorem

1.1 is proved in the subsection 6.3.

1.5. Flow of the construction of the key variety . Roughly speaking, the key

variety in any case is constructed in the following manner: First we extend the mid

point of the Sarkisov link (1.1) to an appropriate variety Σ (in the genus 4 case,
the mid point is replaced by another 3-fold in the subsection 2.3). The extension

Σ is found more or less naturally from the equation of the mid point. Second we

construct a good resolution of Σ. Except in the case of genus 6 and C-type, we can
construct a small crepant resolution Σ′ → Σ with a projective bundle structure over

certain Fano manifold. Except in the case of genus 4, the Fano manifold is X ′ as in

(1.1). The small resolution is actually an extension of Y ′ in (1.1). Ideally, as the

third step, we would construct a small birational map Σ′
99K Σ̃ such that Σ̃ is an

extension of Y and find a contraction Σ̃ → Σ such that Σ is the desired key variety.
This strategy works in the genus 8 case. Even in the other cases except the case of

genus 6 and C-type, this works but the construction of Σ′
99K Σ̃ is slightly involved

(we refer a more detailed explanation of this to Remark 4.7). Hence we choose

another resolution Σ̂ → Σ except in the genus 8 case. The variety Σ̂ has a structure
of a projective bundle over certain Fanifold. Then we perform a small birational

map Σ′
99K Σ̃ which is a composite of a flop and a flip such that Σ̃ is an extension

of Y and find a contraction Σ̃ → Σ such that Σ is the desired key variety. the

advantage of this construction is that the flop and the flip can be described easily.
Moreover, this works also in the genus 6 and C-type. Actually, the cases except the

genus 5 case can be treated in a unified way in part. For unified treatement, we
take a bit roundabout way. We refer for this to the sections 4 and 5. The case of

genus 5 can be treated more or less in a straightforward way. We refer for this to

the section 6.

1.6. Future plan. In this subsection, we use the notation as in the subsection 1.5.
The construction of the key variety in each case is slightly involved but we have a

significant application; in the forthcoming paper [Tak3], we construct a projective

bundle which, in a certain sense, is dual to Σ̂ in the case of genus 6 and C-type, or

is dual to Σ′ in the other cases. Using these dual varities, we can describe the cubic

3-fold X ′ in the case of genus 6 and C-type, or the curve C as in the Sarkisov link
(1.1) in the other cases.

Notation and Conventions

• Conventions on projective bundle: Let E be a vector bundle on a variety X ,

or a vector space. The notation P(E) is just the projectivization of E (We

don’t use the Grothendieck notation). Setting Σ = P(E), we often denote by

OΣ(1), or HΣ the tautological line bundle associated to the vector bundle E
without mentioning E .
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• Point of a projective space: Let V be a vector space. For a nonzero vector

x ∈ V and a 1-dimensional subspace V 1 ⊂ V , we denote by [x] and [V 1]
the point of P(V ) corresponding to x and V 1 respectively.

• Cartier divisor and invertible sheaf : We sometimes abuse notation of a

Cartier divisor and an invertible sheaf. For example, we sometimes use
the expression like D = f∗OX(1).

• Join Xa ∗Xb : The projective variety in P(Va ⊕Vb) which is the union of all
the lines joining two projective varieties Xa ⊂ P(Va⊕0) and Xb ⊂ P(0⊕Vb).
If Xb is a projective space, Xa ∗Xb is just the cone over Xa with the vertex

Xb.
• Flopping contraction of Atiyah type: The small contraction f : X → Y such

that, for a sufficiently small analytic neighborhood U of any point y of Y in

the image of the f -exceptional locus, f |f−1(U) : f
−1(U) → U is isomorphic

to the product of some open subset U0 ⊂ Cn−3 with a small resolution
X0 → {xy + zw = 0} ⊂ C4.

• 1/2 (1n)-singularity: The singularity of an n-dimensional variety analyti-

cally isomorphic to that of the origin of the quotient of Cn by the invo-
lution defined by Cn ∋ x 7→ −x ∈ Cn. We often call this singularity a

1/2-singularity for simplicity.
• Qn: The smooth quadric n-fold.

Acknowledgment: I am grateful to Professor Shinobu Hosono for his encourage-

ment while writing this paper. From personal conversations with Professor Mukai,
I learned a lot of things around his articles [Mu1, Mu2], and I have been strongly

motivated to get some results on Q-Fano 3-fold similar to his results. I appreciate

his generosity that gave me a lot of ideas. I got a sprout of the research in this pa-
per while I was staying at the Max-Planck-Institut für Mathematik in 2007–2008.

I appreciate after a long time the institute providing a nice research environment

with a free atmosphere. Finally, I sincerely thank Professor Yujiro Kawamata, my
thesis advisor, for his appropriate guidance, encouragement and patience in the

doctoral course, which has been supporting my life as a mathematician. This work
is supported in part by Grant-in Aid for Scientific Research (C) 16K05090.

2. PRELIMINARIES

2.1. Miscellaneous results. The results in this subsection are frequently used in

the sequel. Proofs for them are omitted since they are elementary.

Lemma 2.1. Let V be a vector space, and V = V 1⊕V ′ be a direct sum decomposition

with a 1-dimensional subspace V 1 and a complementary subspace V ′. The vector space

∧2V has the following direct sum decomposition:

∧2V = V ′ ⊕ ∧2V ′,

where we identify the subspace V 1 ∧ V ′ with V ′. Let U ⊂ ∧2V ′ be a subspace. For

x ∈ V ′ and y ∈ U , the following are equivalent:

(1) x+ y ∈ G(2, V ) ∩ P(V ′ ⊕ U).
(2) There exists a 2-dimensional subspace V 2 ⊂ V ′ such that ∧2V 2 ⊂ U , x ∈ V 2 and

y ∈ ∧2V 2.

Lemma 2.2. Let S be a projective manifold and A,B vector bundles on S whose

dual bundles are globally generated. Let UA := H0(S,A∗)∗and UB := H0(S,B∗)∗.
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Let p : PS(A ⊕ B) → S be the natural morphism and µ : PS(A ⊕ B) → P(UA ⊕
UB) the morphism defined by the tautological linear system |HP(A⊕B)|. The following

assertions hold:

(1) The projective bundle PS(A⊕B) is contained in P(UA ⊕ UB)× S as a subbundle,

and the morphism µ is nothing but the composite PS(A⊕ B) →֒ P(UA ⊕ UB) × S →
P(UA ⊕UB). The pull-back of OP(UA⊕UB)(1) by this morphism is the tautological line

bundle of PS(A⊕ B).

(2) For a point s ∈ S, let As and Bs the fibers of A and B at s respectively, which are

subspaces of UA and UB respectively. The µ-image coincides the locus

{[x+ y] ∈ P(UA ⊕ UB) | ∃s∈S ,x ∈ As,y ∈ Bs}

and the µ-fiber over a point [x+y] coincides with the locus {s ∈ S | x ∈ As,y ∈ Bs} .

Lemma 2.2 also holds for a direct sum of three or more vector bundles.

2.2. Indecomposability of the mid point . In this subsection, we quickly review

the classification of the mid point W of the Sarkisov link (1.1) with a few com-

pensation. An important concept for the classification is indecomposability of an
effective divisor due to Mukai.

Definition 2.3. Let X be a normal projective variety and D a Weil divisor on X .
We say that D is indecomposable if there exists no Weil divisors A and B such that

D ∼ A+B and h0(A) ≥ 2 and h0(B) ≥ 2. If −KX is indecomposable, then we say

X is indecomposable.

An indecomposable Q-Fano variety generalizes a prime Q-Fano variety for pos-

sibly non Q-factorial Q-Fano variety. In our context, we have the following:

Proposition 2.4. The mid point W is indecomposable. In the genus 5,6, or 8 case,

the anti-canonical divisor −KW is very ample. The image Π of E on W is a plane.

Proof. Assume by contradiction that there exist Weil divisors A and B such that

−KW ∼ A + B and h0(A) ≥ 2 and h0(B) ≥ 2. Then we have −KZ ∼ h−1
∗ (A) +

h−1
∗ (B)+∆ with an effective h-exceptional divisor ∆ (possibly equal to 0) since g is

crepant. Further we have −KX ∼ g∗h
−1
∗ (A)+g∗h

−1
∗ (B)+g∗(∆) with h0(g∗h

−1
∗ (A)) ≥

2 and h0(g∗h
−1
∗ (B)) ≥ 2. This is a contradiction since X is prime.

In the genus 5,6, or 8 case, W is Gorenstein. Hence, by [Mu2, Thm.6.5 (2) and
Prop.7.8], −KW is very ample. Since (−KW )2E = 1, we see that Π is a plane. �

Corollary 2.5. In the genus 5, 6, or 8 case, the rational map W 99K X ′ in the

Sarkisov link (1.1) is the projection of W from the plane Π.

Proof. In the genus 5, 6, or 8 case, we have E′ ∼ z(−KY ′) − (z + 1)Ẽ, where
z + 1 is the Fano index of X ′ by [Tak1, Part I, Table 1]. Since f ′ is the blow-

up along the curve C, we have −KY ′ = f ′∗(−KX′) − E′. Therefore we obtain

−KY ′ − Ẽ = f ′∗HX′ where HX′ is the primitive Cartier divisor. This implies the
assertion since −KY ′ is the pull-back of OW (1). �

2.3. Mid point in the genus 4 case . In the genus 4 case, we slightly modify the

Sarkisov link (1.1) partially.
Let g : Z → X be the blow-up at the two 1/2-singularities, and E1 and E2 be

the g-exceptional divisors. By [Tak1, Part II, Thm.1.0], −KZ is nef and big. Let

h : Z → Z be the anti-canonical model and Π1 and Π2 the images on Z of E1 and
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E2 respectively. In the same way as in the proof of Proposition 2.4, we see that Z
is indecomposable, −KZ is very ample and Π1 and Π2 are planes on Z. By [Mu2,

Thm.6.5 (2) and Prop.7.8], Z is the intersection of a quadric and a cubic.

Proposition 2.6. The following assertions hold:

(1) It holds that Π1 ∩Π2 = ∅.

(2) h : Z → Z is a crepant small contraction, and hence Z has only terminal singular-

ities.

Proof. First of all, we show that h has no exceptional divisor G such that h(G) is a

point. Assume by contraction that there is such a divisor G. Since G is a crepant

divisor while −KX is ample, we see that G intersects E1 or E2. We may assume
that G ∩ E1 6= ∅. Then any irreducible component of G ∩ E1 is a curve which is at

the same time numerically trivial and negative for KY , a contradiction.
Assume by contradiction that Π1 ∩ Π2 6= ∅. Let t be a point of Π1 ∩ Π2. Let

γ1 ∪ · · · ∪ γk be the irreducible decomposition of the fiber of Z → W over t, where

any γl is a curve by the first paragraph. For any l, it holds that E1 · γl > 0 or
E2 · γl > 0, and there exist i and j such that E1 · γi > 0 and E2 · γj > 0. We fix a

curve γj such that E2 · γj > 0. Since E2 is mapped isomorphically onto the plane

Π2, we have E2 · γj = 1. Now we consider Y in the Sarkisov link (1.1) as the target
of the contraction of E2 from Z and E as the image of E1. Let γ′

j be the image of γj
on Y . We have −KY · γ′

j =
1
2 since E2 · γj = 1. Let γ′′

j be the strict transform of γ′
j

on Y ′. By a property of flop (cf.[Ko]), we have −KY ′ ·γ′′
j = −KY ·γ′

j =
1
2 . By [Tak1,

Part I, Table 1], we have E′ ∼ 4(−KY ′)−5Ẽ. This implies that E′ ·γ′′
j = 2−5Ẽ ·γ′′

j .

If Ẽ ·γ′′
j > 0, then E′ ·γ′′

j ≤ −3 and hence γ′′
j ⊂ E′. This is impossible since E′ does

not contain the 1
2 -singularity of Y ′ while γ′′

j contains it. Thus Ẽ · γ′′
j = 0, and hence

E1 · γj = 0 and γj does not intersect any γl such that E1 · γl > 0. This implies that

the fiber of Z → W over t is disconnected, a contradiction.
If h is a crepant divisorial contraction, then, by the first paragraph, the h-

exceptional locus contains a prime divisor, say G, such that h(G) is a curve, and

G intersects E1 or E2. Assume that E1 ∩ G 6= ∅ and E2 ∩ G 6= ∅. By the argument
of the first paragraph, Ei ∩G (i = 1, 2) cannot contain an h-exceptional curve, and

hence Ei∩G dominates h(G). This implies that Π1∩Π2 6= ∅, a contradiction to (1).
Therefore, we may assume that E1 ∩ G 6= ∅ and E2 ∩ G = ∅. Again, we consider

Y in the Sarkisov link (1.1) as the target of the contraction of E2 from Z and E as

the image of E1. Then the image of G on Y is a crepant divisor. This is impossible
since Y has no crepant divisorial contraction by [Tak1, Part I, Table 1]. �

Caution (change of notation): In the genus 4 case, henceforth we set

W := Z

for notational convenience. We also call this W the mid point in the genus 4 case.

2.4. Mid point in the genus 6 case . By [Mu2, Thm.6.5 (2) and Prop.7.8], the

mid point W is a quadric section of a del Pezzo 4-fold W0 with only canonical

singularities. The indecomposability simplifies the situation as follows:

Proposition 2.7. The del Pezzo 4-fold W0 is smooth.
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Proof. Assume that W0 is singular and is not a cone over the smooth quintic del

Pezzo 3-fold B5 (we do not exclude the possibility that W0 is a cone over a singular
quintic del Pezzo 3-fold). Then, by [Fuj3, p.160, (6)], W0 contains a double point,

say, t. By projecting W0 from t, W0 is mapped onto a non-degenerate cubic 4-fold

W ′
0 in P6. By the classification of W ′

0, we see that OW ′
0
(1) is decomposable. This

implies that OW0(1) is, and hence −KW is decomposable, a contradiction.
Assume that W0 is the cone over B5. If W do not contain the vertex of W0, then,

by projecting W0 from the vertex, B5 contains the plane which is the image of Π.

This is absurd since B5 does not contain a plane. Therefore W contains the vertex
of W0, and hence W has a non-hypersurface singularity at the vertex. This is again

absurd since W has only Gorenstein terminal singularities. �

By [Fuj3], we can write W0 = G(2, V )∩P(U8) with V ≃ C5 and U8 ≃ C8 ⊂ ∧2V .

We write W = W0 ∩Q, where Q is a quadric 6-fold in P(U8). It is well-known that

the 2-plane Π has one of the following description as a subvariety of G(2, V ):

(1)
Π = {[C2] | V 1 ⊂ C2 ⊂ V 4} ⊂ G(2, V )

with some fixed vector subspaces V 1 ≃ C and V 4 ≃ C4 of V .

(2)

Π = {[C2] | C2 ⊂ V 3} ⊂ G(2, V )

with a fixed vector subspace V 3 ≃ C3 of V .

Proposition 2.8. If X is of Q-type, then Π satisfies (1). If X is of C-type, then Π
satisfies (2).

Proof. Since W 99K X ′ is the projection from Π by Corollary 2.5, X ′ is contained in
the image W ′

0 of the projection of W0 from Π. By [Fuj3] (see also [IsP, Lem.3.4.4]),

W ′
0 is a smooth quadric 3-fold Q3 if Π satisfies (1), or is P4 if Π satisfies (2). If X

is of C-type, then X ′ is a smooth cubic 3-fold, hence Π must satisfy (2). Assume
by contradiction that X is of Q-type and Π satisfies (2). Then, since X ′ is a smooth

quadric 3-fold Q3, we may choose the quadric 6-fold Q as the cone over Q3 with

the vertex Π . This implies that W is singular along Π, a contradiction. �

Q-type:

Caution (change of notation): Hereafter, for notational convenience, we denote
by Π0 the 2-plane Π only in this case.

Note that Π0 satisfies (1). The notation Π will denote the unique 3-plane

Π := {[C2] | V 1 ⊂ C2} ⊂ G(2, V )

containing Π0. It holds that Π0 = Π∩P(U8). By a simple dimension count of linear

subspaces, the linear hull P(U9) of Π ∪ P(U8) is a hyperplane of P(∧2V ). We set

AQ := G(2, V ) ∩ P(U9).

Since W0 is a linear section of G(2, V ), so is AQ. Thus AQ is not a cone over W0

since otherwise AQ cannot be contained in G(2, 5). We can show that AQ is actually

smooth in the same way as the proof of Proposition 2.7. Now we produce the

situation as in Lemma 2.1. We choose a direct sum decomposition V = V 1 ⊕ V ′

with a complementary subspace V ′ to V 1. Note that Π = P(V 1 ∧ V ′), which we

identify with P(V ′). There exists a 5-dimensional subspace U5 ⊂ ∧2V ′ such that

U9 = V ′ ⊕ U5.



Hiromichi Takagi 9

The projection of G(2, V ) from the 3-plane Π induces the natural rational map

AQ 99K G(2,V′) ∩ P(U5) and the target G(2,V′) ∩ P(U5) is nothing but the smooth
quadric 3-fold Q3 as in the proof of Proposition 2.8.

By [Fuj3], the pair (AQ,Π) is unique up to projective equivalence. We may take

the following coordinates: Let ei (1 ≤ i ≤ 5) be a basis of V . We set V 1 := Ce1,
and V ′ := the subspace of V generated by e2, . . . , e5. Let zi (1 ≤ i ≤ 5) be the

coordinate for ei and xij the Plücker coordinate for ei ∧ ej (1 ≤ i < j ≤ 5). We set

Π := {xij = 0 (2 ≤ i ≤ j ≤ 5)} ⊂ P(∧2V ),

U9 := {x24 − x35 = 0} ⊂ ∧2V,

U5 := {x24 − x35 = 0} ⊂ ∧2V ′.

Moreover, dropping the coordinate x24 by the equality x24 = x35, we consider AQ as

a subvariety of P8 with coordinates z2, z3, z4, z5 and tx :=
(
x23 x25 x34 x35 x45

)

defined by the following equations:

Equation of AQ

(2.1) NQx = o, x23x45 − x2
35 + x25x34 = 0,

where we set

NQ :=




z4 0 z2 −z3 0
z5 −z3 0 z2 0
0 −z4 0 z5 z2
0 0 z5 −z4 z3


 .

In this situation,

Π = {x = o} ,

Q3 =
{
x23x45 − x2

35 + x25x34 = 0
}
⊂ P4.

C-type:

In this case, we set

AC := W0.

Since Π = P(∧2V 3) in this case, we may write U8 = ∧2V 3⊕U5 with some U5 ≃ C5.

The projection of G(2, V ) from the 2-plane Π induces the natural rational map
Ac 99K P(U5) and the target P(U5) is nothing but P4 as in the proof of Proposition

2.8. Let a : ÂC → AC is the blow-up of AC along Π. By a general property of linear

projection, a morphism b : ÂC → P(U5) is induced. By [Fuj3, Sect.10], b is the
blow-up of P(U5) along a twisted cubic γC.

By [Fuj3, Sect.10] again, the pair (AC,Π) is unique up to projective equivalence.
For choices of coordinates x1, x2, x3 of ∧2V 3 and y1, . . . , y5 of U5, we may write the

equation of AC as follows:

Equation of AC

(2.2)

(
y4 y3 y2
y3 y2 y1

)


x1

x2

x3


 =

(
0
0

)
, y5




x1

x2

x3


 =




y22 − y1y3
y1y4 − y2y3
y23 − y2y4


 ,
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where the twisted cubic γC is equal to
{
y22 − y1y3 = y1y4 − y2y3 = y23 − y2y4 = y5 = 0

}
.

2.5. Mid point in the genus 8 case . Let V be a 6-dimensional vector space. By

[Mu2, Thm.6.5 (2) and Prop.7.8], W is a codimension 5 linear section of G(2, V ).
We write W = G(2, V ) ∩ P(U10) with a 10-dimensional subspace U10 ⊂ ∧2V . Note

that the image of a fiber of E′ → C on W in the Sarkisov link (1.1) is a line

intersecting Π since the equality E′ ∼ −KY ′ − 2Ẽ holds by [Tak1, Part I, Table

1]. Therefore, by [Tak2, Lem.5.3], the 2-plane Π has the following description as a

subvariety of G(2, V ):

Π = {[C2] | V 1 ⊂ C2 ⊂ V 4} ⊂ G(2, V )

with some fixed vector subspaces V 1 ≃ C and V 4 ≃ C4 of V .

3. EMBEDDING THEOREM IN THE GENUS 8 CASE

3.1. Extending the mid point . The 2-plane Π is contained in the following 4-

plane

Π := {[C2] | V 1 ⊂ C2} ⊂ G(2, V ),

and it holds that Π = Π∩P(U10). By a simple dimension count of linear subspaces,

the linear hull P(U12) of Π ∪ P(U10) is a codimension 3 linear subspace of P(∧2V ).
We set

Σ := G(2, V ) ∩ P(U12).

Since W is a linear section of G(2, V ), so is Σ. Now we produce the situation
as in Lemma 2.1. We choose a direct sum decomposition V = V 1 ⊕ V ′ with a

complementary subspace V ′ to V 1. Note that Π = P(V 1 ∧ V ′), which we identify

with P(V ′). There exists a 5-dimensional subspace U7 ⊂ ∧2V ′ such that U12 =
V ′ ⊕ U7.

The projection of G(2, V ) from the 4-plane Π induces the natural rational map

Σ 99K G(2,V′)∩P(U7). This also induces the rational map W 99K G(2,V′)∩P(U7),
which is the projection from Π. By Corollary 2.5, we have G(2,V′)∩P(U7) = X ′ ≃
B5.

3.2. Construction of the key variety .

Definition 3.1. Let U be the rank two universal subbundle on G(2, V ′) ≃ G(2, 5).
Set

Σ′ := PB5(U|B5 ⊕OB5(−1)).

Note that, by a standard computation, it follows that

(3.1) −KΣ′ = 3HΣ′ .

To investigate the birational geometry of Σ′, we need the following beautiful

classical result:

Lemma 3.2. The natural morphism PB5(U|B5) → P(V ′) to P(V ′) ≃ P4 from the

total space of lines in P4 parameterized by B5 ⊂ G(2, V ′) is the blow-up along the

projected Veronese surface V .
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Proof. By [Il, Prop.2.4 (b)], B5 parameterizes tri-secant lines of the projected sec-

ond Veronese surface V ⊂ P4. Let s be a point of P4. The fiber of PB5(U|B5) → P(V ′)
parameterizes the tri-secant lines of V through s. If s 6∈ V , then there is a unique

tri-secant line of V through s (this is classically known and follows by [L, Lem.8.1]

for example), and if s ∈ V , then tri-secant lines of V through s are parameterized
by P1 ([Il, Prop.2.4 (a)]). Note that −KPB5(U|B5)

= 2HPB5(U|B5)
+L, where L is the

pull-back of OB5(1). Since a fiber of PB5(U|B5) → P(V ′) is not contained in a fiber
of PB5(U|B5) → B5, it is positive for −KPB5(U|B5)

. Therefore, by [An, Thm.2.3],

PB5(U|B5) → P4 is the blow-up along V . �

Proposition 3.3. The tautological linear system |HΣ′ | defines a surjective birational

morphism Σ′ → Σ, which we will denote by ϕ|HΣ′ |. It is a flopping contraction of

Atiyah type. The image of the flopping locus on Σ is a projected second Veronese

surface V in Π.

Proof. Take a point p := [∧2V 2] ∈ B5 = G(2, V ′) ∩ P(U7), where V 2 ⊂ V ′ is a
2-dimensional subspace such that ∧2V 2 ⊂ U7. The fiber of the projection Σ′ → B5

over p is P(V 2 ⊕ ∧2V 2), which is a linear subspace of P(V ′ ⊕ U7).
For a 2-dimensional subspace V 2 ⊂ V ′ such that ∧2V 2 ⊂ U7, we take a point

[x+ y] ∈ P(V 2 ⊕ ∧2V 2) with x ∈ V 2 and y ∈ ∧2V 2. By Lemma 2.1, it holds that

[x + y] ∈ G(2, V ) ∩ P(V ′ ⊕ U7) = Σ. Therefore the image of Σ′ → P(V ′ ⊕ U7) is

contained in Σ, and hence the desired morphism Σ′ → Σ is induced. By Lemma

2.2 (1), this is defined by the tautological linear system |HΣ′ |.
Let t := [x + y] be a point of Σ with x ∈ V ′ and y ∈ U7. Then the fiber of

Σ′ → Σ over t is {t}×
{
[∧2V 2] | x ∈ V 2,y ∈ ∧2V 2 ⊂ U7

}
by Lemma 2.2 (2), which

is nonempty by Lemma 2.1. Therefore the morphism Σ′ → Σ is surjective. If y 6= o,
then V 2 is uniquely determined by ∧2V 2 = Cy. Therefore the morphism Σ′ → Σ is

birational.
If y = o, then t is a point of Π. Note that the restriction of the morphism Σ′ → Σ

over Π is PB5(U|B5 ⊕ 0) → P(V ′ ⊕ 0) = Π ≃ P4, which can be identified with

the natural morphism PB5(U|B5) → P(V ′) to P(V ′) ≃ P4 from the total space of
lines in P4 parameterized by B5 ⊂ G(2, V ′). Let l be the fiber of PB5(U|B5 ⊕ 0) →
Π over a point of the projected Veronese surface V ⊂ P(V ′). We compute the

normal bundle Nl/Σ′ . Since PB5(U|B5 ⊕ 0) → Π is the blow-up of Π along V by

Lemma 3.2, we see that Nl/PB5 (U|B5⊕0) = O⊕2
l ⊕ Ol(−1). Let LΣ′ be the pull-

back of OB5(1) on Σ′. Since PB5(U|B5 ⊕ 0) is linearly equivalent to HΣ′ − LΣ′

in Σ′, we see that NPB5(U|B5⊕0)/Σ′ |l = Ol(−1). Therefore, by the normal bundle

sequence 0 → Nl/PB5 (U|B5⊕0) → Nl/Σ′ → NPB5 (U|B5⊕0)/Σ′ |l → 0, we see that

Nl/Σ′ = O⊕2
l ⊕ Ol(−1)⊕2, and Σ′ → Σ is a flopping contraction of Atiyah type as

desired. �

Let Σ′
99K Σ̃ be the flop for this flopping contraction. Let Π′ and Π̃ be the

strict transforms of Π on Σ′ and Σ̃ respectively. It is well-known that the flop can

be constructed by the blow-up along the flopping locus and the blow-down of the

exceptional divisor along the other direction. From this, we see that the restriction

Π′
99K Π̃ of the flop is the blow-up Π′ → Π of Π along V . Therefore Π̃ is isomorphic

to P4. Let HΣ̃ be the strict transform on Σ̃ of HΣ′ .

Lemma 3.4. The normal bundle NΠ̃/Σ̃ is OP4(−2).
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Proof. We have HΣ̃|Π̃ = OP4(1) since OΣ(1)|Π = OP4(1). Therefore we have

−KΣ̃|Π̃ = OP4(3). Since −KΠ̃ = OP4(5), we have NΠ̃/Σ̃ ≃ OP4(−2) as desired. �

Lemma 3.5. 2HΣ̃ + Π̃ is semiample.

Proof. We show that 2HΣ̃+Π̃ is nef. Assume that (2HΣ̃+Π̃)·γ < 0 for an irreducible

curve γ. Then Π̃ · γ < 0 since HΣ̃ is nef, and hence γ ⊂ Π̃. Since Π̃|Π̃ = OP4(−2)

and HΣ̃|Π̃ = OP4(1), we have (2HΣ̃+Π̃) ·γ = 0, a contradiction. Therefore 2HΣ̃+Π̃
is nef.

Since −KΣ̃ is nef and big, 2HΣ̃ + Π̃ is semiample by the Kawamata-Shokurov

base point free theorem ([KMM]). �

Theorem 3.6. Let µ : Σ̃ → Σ be the contraction defined by a sufficient multiple of

2HΣ̃ + Π̃. The exceptional locus of this contraction is Π̃. The image of Π̃ on Σ is

a 1/2-singularity. Σ is a 5-dimensional rational Q-Fano variety with only one 1/2-

singularity and with ρ(Σ) = 1. The image MΣ of HΣ̃ is a primitive Weil divisor and it

holds that −KΣ = 3MΣ.

Proof. As we have checked in the proof of Lemma 3.5, 2HΣ̃ + Π̃ is numerical trivial

for any curve in Π̃. Thus the image of Π̃ by Σ̃ → Σ is a 1/2-singularity by Lemma

3.4. Assume by contradiction that (2HΣ̃ + Π̃) · γ = 0 for an irreducible curve γ 6⊂Π̃.

Since HΣ̃ is nef and γ 6⊂ Π̃, we have HΣ̃ · γ = Π̃ · γ = 0. By the condition that

HΣ̃ · γ = 0, γ is a flopped curve. This is absurd since Π̃ is positive for a flopped

curve.
We show that ρ(Σ)=1. Since Σ′ → B5 is a projective bundle, we see that ρ(Σ′) =

ρ(B5) + 1 = 2. Since Σ′
99K Σ̃ is a flop, we have ρ(Σ̃) = ρ(Σ′) = 2. Finally, since

Σ̃ → Σ contracts a divisor, we have ρ(Σ) ≤ ρ(Σ̃)− 1 = 1. Hence we have ρ(Σ) = 1.

The equality −KΣ = 3MΣ follows from (3.1). We show that MΣ is primitive. If

MΣ were not primitive, then MΣ would be written as MΣ = αM ′
Σ with a primitive

Weil divisor M ′
Σ and positive integer α ≥ 2. Since Σ has only a 1/2-singularity, 2M ′

Σ

is a Cartier divisor. Therefore we have 2HΣ̃+FΣ̃ = αµ∗(2M ′
Σ) and hence there is a

Cartier divisor D on Σ′ such that 2HΣ′ +Π′ = αD. Since Π′ · l = −1 for a flopping

curve l by the proof of Proposition 3.3, this implies that αD · l = −1, which is

impossible if α ≥ 2. Therefore MΣ is primitive.
The rationality of Σ follows since Σ is birational to the projective bundle Σ′ over

the rational Fano 3-fold B5. �

3.3. Embedding theorem . Now we show Theorem 1.1 for a prime Q-Fano 3-fold

X of genus 8.

Theorem 3.7. A Q-Fano 3-fold X of genus 8 is a linear section of Σ.

Proof. Note that W∩Sing Σ is 0-dimensional since W has only terminal singularities

and W is a linear section of Σ with respect to |OΣ(1)|. Therefore, since Σ̃ → Σ is
crepant and small and nontrivial fibers are 1-dimensional, the strict transform WΣ̃

of W in Σ̃ is a linear section of Σ̃ with respect to |HΣ̃| and hence the restriction

WΣ̃ → W of Σ̃ → Σ over W is also crepant and small. Since W has only terminal

singularities and WΣ̃ → W is crepant, we see that WΣ̃ is normal and has only

terminal singularities by [CKM, the proof of Prop.16.4]. Note that Π̃ is relatively

ample for WΣ̃ → W . Since Y → W is the unique small extraction such that the
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strict transform of Π is relatively ample, we see that Y = WΣ̃. Since we may write

Y = WΣ̃ = H̃1 ∩ H̃2 with H̃i ∈ |HΣ̃| (i = 1, 2), we see that X = M1 ∩M2 with the

images Mi ∈ |MΣ| of H̃i as desired. �

3.4. Extension of the Sarkisov link. By the proof of Theorem 3.7, we have the
following:

Corollary 3.8. The following diagram is an extension of the Sarkisov link (1.1):

(3.2) Σ̃
flop

//❴❴❴❴❴❴❴

��✁✁
✁✁
✁✁
✁✁

��
❂❂

❂❂
❂❂

❂❂
Σ′

  
❆❆

❆❆
❆❆

❆❆

����
��
��
��

Σ Σ B5,

where Σ, Σ̃, Σ and Σ′ are extensions of X , Y , W and Y ′ respectively.

4. EXTENDING THE MID POINT IN THE GENUS 4 OR 6 CASE

In this section, we extend the mid point W to a certain variety Σ in the genus 4

or 6 case. We also construct a crepant small resolution of Σ in case of genus 4 or
genus 6 and Q-type, which will be the main ingredient for Theorem ?? in each of

these cases.

4.1. Genus 4 .

4.1.1. Extending the mid point. As we have seen in the subsection 2.3, the mid

point W is a complete intersection of a quadric and a cubic in P5 containing two
disjoint planes Π1 and Π2.

To extend W , we start from mutually disjoint two planes Π1 and Π2 in P5. By a
coordinate change, we may assume that Π1 = {x1 = x2 = x3 = 0} and Π2 = {y1 =
y2 = y3 = 0} in P5 with coordinates x1, x2, x3, y1, y2, y3. Set tx =

(
x1 x2 x3

)

and ty =
(
y1 y2 y3

)
. Take a quadric Q0 and a cubic C0 both of which contain Π1

and Π2. Then we may write

Q0 = {tyM0x = 0}, C0 = {tyM1x = 0},

where M0 (resp. M1) is a 3× 3 matrix with constant entries (resp. linear entries).
Remarkably, the indecomposability simplifies the situation as follows:

Lemma 4.1. It holds that rankM0 = 3. We may assume that M0 is the identity

matrix by a coordinate change, namely,

Q0 = {tyx = 0}.

Proof. If rankM0 = 1, then Q0 ∩ C0 is reducible, a contradiction. Assume that
rankM0 = 2. Then Q0 is the cone over P1 ×P1. Therefore Q0 contains two families

of 3-planes {Pa}a∈P1 and {Pb}b∈P1 such that the sums Pa + Pb are hyperplane sec-

tions of Q0. Hence (Pa + Pb) ∩ Q0 ∩ C0 are anti-canonical divisors, a contradiction
to the indecomposability of Q0 ∩ C0. Therefore rankM0 = 3. The latter assertion is

obvious. �

Moreover, subtracting (1/3TrM1) times the equation of Q0 from the equation of
C0, we may assume that

trM1 = 0.
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With the considerations as above, we will see that the mid point W = Q0∩C0 can

be extended to the following 11-dimensional complete intersection Σ of a quadric

and a cubic:

Definition 4.2 (Extension of W ). Fix a 3-dimensional vector space U3. Let S1,0,−1U3

be the 8-dimensional irreducible component of U3 ⊗ (U3)∗ as representation space

of SL(U3). We define Σ to be the complete intersection

Q ∩ C ⊂ P
(
(U3)∗ ⊕ U3 ⊕ S1,0,−1U3

)
≃ P13

with

the quadric Q := {(y,x) = 0} and the cubic C := {〈y,M,x〉 = 0},

where

• x ∈ U3, y ∈ (U3)∗, and M ∈ S1,0,−1U3,

• ( , ) is the dual pairing between (U3)∗ and U3, and
• 〈 , , 〉 is the natural tri-linear form induced by the contraction

(U3)∗ × (U3 ⊗ (U3)∗)× U3 → C.

We set

Π1 := P
(
(U3)∗ ⊕ 0⊕ S1,0,−1U3

)
= {x = o} , Π2 := P

(
0⊕ U3 ⊕ S1,0,−1U3

)
= {y = o} ,

which are 10-planes contained in Σ.

Proposition 4.3. The mid point W is a codimension 8 linear section of Σ such that

Π1 ∩W = Π1 and Π2 ∩W = Π2.

Proof. By taking a basis of U3, we may describe Σ explicitly as follows:

Let e1, e2, e3 be a basis of U3 and x1, x2, x3 the coordinates of U3 associated
to this basis. Let y1, y2, y3 be the coordinates of the dual space (U3)∗ associated

to the dual basis e∗1, e
∗
2, e

∗
3. Set tx =

(
x1 x2 x3

)
and ty =

(
y1 y2 y3

)
. These

notation will be compatible with the above. Let zij (1 ≤ i, j ≤ 3) be the coordinates

of U3 ⊗ (U3)∗ associated to the basis ei ⊗ e∗j . Then

• S1,0,−1U3 is the subspace {
∑3

i=1 zii = 0} of U3 ⊗ (U3)∗,

• Q = {tyx = 0},

• C = {tyMx = 0}, where M is the 3× 3 matrix with the entries (zij), and

• Π1 = {x = o} , Π2 = {y = o}.

Therefore we have the assertion by the discussion above. �

By elementary calculations, we obtain the singular locus of Σ as follows:

Proposition 4.4. The singular locus of Σ is contained in Π1 ⊔ Π2 and is equal to

{
[y,o,M ] ∈ Π1 | rank

(
ty

tyM

)
≤ 1

}
∪

{
[o,x,M ] ∈ Π2 | rank

(
tx

tx tM

)
≤ 1

}
.

In particular, Σ is Gorenstein and normal.
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4.1.2. Crepant small resolution . We take the coordinates of U3 and (U3)∗ as in

the proof of Proposition 4.3. We consider

B6 = {tyx = 0} ⊂ P((U3)∗)× P(U3).

We also identify B6 with its image by the Segre embedding

S : P((U3)∗)× P(U3) →֒ P((U3)∗ ⊗ U3)

[y]× [x] 7→ [y ⊗ x].

Then B6 spans P(S−1,0,1U3), where S−1,0,1U3 is the 8-dimensional irreducible com-
ponent of (U3)∗⊗U3 as SL(U3)-representation space. We denote by pij the coordi-

nate of P((U3)∗ ⊗U3) corresponding to e∗i ⊗ ej . The subspace S−1,0,1U3 is nothing

but
{∑3

i=1 pii = 0
}
. We denote the natural projections by p1 : B6 → P((U3)∗) and

p2 : B6 → P(U3), and set OB6(1, 0) := p∗1OP((U3)∗)(1) and OB6(0, 1) := p∗2OP(U3)(1).

Definition 4.5. We set

Σ′ := PB6(OB6(−1, 0)⊕OB6(0,−1)⊕ Ω1
P(S−1,0,1U3)(1)|B6).

Note that, by a standard computation, it follows that −KΣ′ = 9HΣ′ .

Proposition 4.6. The following assertions holds:

(1) The tautological linear system |HΣ′ | defines a surjective birational morphism

Σ′ → Σ, which we will denote by ϕ|HΣ′ |.

(2) The morphism ϕ|HΣ′ | is an isomorphism outside of SingΣ (note that Π1 ∩Π2

is contained in Sing Σ by Proposition 4.4). Moreover, the ϕ|HΣ′ |-fiber over a

point t ∈ Sing Σ is
{
P1 : t 6∈ Sing Σ \ (Π1 ∩ Π2),

a sextic del Pezzo surface: t ∈ Π1 ∩ Π2.

(3) The morphism ϕ|HΣ′ | is a crepant small resolution.

Proof. Take a point p := [W 1 ⊗ U1] ∈ B6, where W 1 ⊂ (U3)∗ and U1 ⊂ U3 are

1-dimensional subspaces such that W 1 ⊂ (U1)⊥ with respect to the dual pairing.
We set (W 1 ⊗ U1)⊥ = (S−1,0,1U3/(W 1 ⊗ U1))∗. The fiber of the projective bundle

Σ′ → B6 over p is

P(W 1 ⊕ U1 ⊕ (W 1 ⊗ U1)⊥),

which is a linear subspace of P((U3)∗ ⊕ U3 ⊕ S1,0,−1U3). By Lemma 2.2 (1), the

tautological linear system defines a map Σ′ → P((U3)∗ ⊕ U3 ⊕ S1,0,−1U3). By the

descriptions of fibers of Σ′ → B6 and the definition of Σ, we see that the image of

this map is contained in Σ.
Let t = [y + x+M ] be a point of Σ with y ∈ (U3)∗,x ∈ U3,M ∈ S1,0,−1U3 . By

Lemma 2.2 (2), the fiber of Σ′ → Σ over t is

{t} ×
{
[W 1 ⊗ U1] | W 1 ⊂ (U1)⊥,y ∈ W 1,x ∈ U1,M ∈ (W 1 ⊗ U1)⊥

}
.

We check the condition for (t, [W 1 ⊗ U1]) to be in the fiber of Σ′ → Σ over t. If

t 6∈ Π1 ∪Π2, then W 1 and U1 are uniquely determined as W 1 = Cy and U1 = Cx.

Therefore the morphism Σ′ → Σ is an isomorphism outside of Π1∪Π2. In particular,

the morphism Σ′ → Σ is surjective and birational. Assume that t ∈ Π1 \ (Π1 ∩ Π2),
equivalently, x = o and y 6= o. Then W 1 is uniquely determined as W 1 = Cy. We
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set My :=

(
ty

tyM

)
. Note that, by Proposition 4.4, t ∈ (Sing Σ)∩Π1 if and only if

rankMy = 1. The condition for U1 is that U1 ⊂
{
z ∈ U3 | Myz = 0

}
. Therefore,

if rankMy = 2, then U3 is uniquely determined, and if rankMy = 1, U1’s are

parameterized by P((W 1)⊥) ≃ P1. From this, the description of the fiber Σ′ → Σ
over t follows. We can also describe the fiber over t ∈ Π2 \ (Π1 ∩ Π2) in the same

way. Finally, assume that t ∈ Π1 ∩ Π2. Since Π1 ∩ Π2 = P(S1,0,−1U3), its inverse

image in Σ′ is the projective subbundle

SΣ′ := PB6(Ω
1
P(S−1,0,1U3)(1)|B6).

Note that SΣ′ ⊂ P(S1,0,−1U3)×B6, and SΣ′ → P(S1,0,−1U3) is the universal family

of hyperplane sections of B6, which is a fibration of sextic del Pezzo surfaces. Hence
the description of the fiber of Σ′ → Σ over t ∈ Π1 ∩ Π2 follows.

The assertion (3) follows from (2) since it holds that −KΣ′ = 9HΣ′ . �

Remark 4.7. It is possible to construct the flop for Σ′ → Σ but the construction is

slightly involved (and produce singularities) since the flopping contraction Σ′ → Σ
has jumping fibers as in Proposition 4.6 (2). We will see that the construction as

in Proposition 5.4 is very close to and is easier than the construction of the flop for
Σ′ → Σ.

4.2. Genus 6. In this subsection, we use the notation as in the subsection 2.4.

4.2.1. Extending the mid point in the case of Q-type .

Definition 4.8 (Extension of W ). We denote by Qq the quadric in the projective

space P(V ′ ⊕ U5 ⊕ (U5)∗) defined by the dual pairing U5 × (U5)∗ → C. We set

Σ :=
(
AQ ∗ P

(
(U5)∗

))
∩Qq,

and
Π := P(V ′ ⊕ 0⊕ (U5)∗) ⊂ P(V ′ ⊕ U5 ⊕ (U5)∗).

Note that Π ≃ P8 and Π ⊂ Σ.

Proposition 4.9. The pair (W,Π0) is projectively equivalent to the pair of a linear

section W ′ of Σ and the 2-plane Π ∩W ′.

Proof. We take coordinates x1, . . . , x4 of V ′ and y1, . . . , y5 of U5 respectively. Recall
that AQ = G(2, V ) ∩ P(V ′ ⊕ U5), and W is a quadric section of AQ ∩ P(U8) with

U8 ⊂ V ′ ⊕ U5. We may assume that Π0 = Π ∩ {x1 = 0} = {x1 = y1 = · · · = y5 =
0} ⊂ P(V ′⊕U5). Then we may write U8 = (V ′⊕U5)∩{l(x, y) = 0} and W = AQ∩
{l(x, y) = q(x, y) = 0}, where l(x, y) = x1+ l′(y) with a linear form l′(y) and q(x, y)
is a quadratic form. Since Π0 ⊂ W , we can write q(x, y) = x1m(x) + q′(x, y) with a
linear form m(x) and a quadric form q′(x, y) ∈ (y1, . . . , y5). Replacing q(x, y) with

q(x, y)−l(x, y)m(x) = −l′(y)m(x)+q′(x, y), we may assume that Π ⊂ {q(x, y) = 0}.

Therefore we may write

q(x, y) = l1y1 + · · ·+ l5y5

with linear forms l1, . . . , l5.
Now we consider the projective space P(V ′ ⊕ U5 ⊕ (U5)∗) and the quadric Qq

as in Definition 4.8. Explicitly, let z1, . . . , z5 be the coordinates of (U5)∗ dual to

y1, . . . , y5. Then

(4.1) Qq = {y1z1 + · · ·+ y5z5 = 0} ⊂ P(V ′ ⊕ U5 ⊕ (U5)∗).
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Then, by the above construction, we see that the pair (W,Π0) is projectively equiv-

alent to the pair of W ′ := Σ ∩ {z1 − l1 = · · · = z5 − l5 = 0, l(x, y) = 0} and

Π ∩W ′ = {x1 = y1 = · · · = y5 = 0, z1 − l1 = · · · = z5 − l5 = 0}. �

Now we use the coordinates and the equation for AQ as in (2.1). We denote

by y23, y25, y34, y35, y45 be the coordinates of (U5)∗ dual to that of U5. Then Σ is

defined by the equations of AQ and

Qq = {x23y23 + x25y25 + x34y34 + x35y35 + x45y45 = 0} .

Using these, we obtain the following by an explicit calculation:

Proposition 4.10. We set

tx :=
(
x23 x25 x34 x35 x45

)
, ty :=

(
y23 y25 y34 y35 y45

)
,

MQ :=




0 z22 z23 z2z3 z2z4 − z3z5
−z22 0 z3z5 + z2z4 z2z5 −z25
−z23 −(z3z5 + z2z4) 0 −z3z4 −z24
−z2z3 −z2z5 z3z4 0 −z4z5

−(z2z4 − z3z5) z25 z24 z4z5 0




.

The singular locus of Σ is contained in Π and is equal to {x = o,MQy = o}. In

particular, Σ is Gorenstein and normal.

4.2.2. Crepant small resolution of the mid point in the case of Q-type .

Definition 4.11. We set

Σ′ := PQ3(U|Q3 ⊕OQ3(−1)⊕ ΩP(U5)(1)|Q3) → Q3,

where U is the rank 2 universal subbundle on G(2,V′). By a standard computation,
it follows that −KΣ′ = 7HΣ′ .

Proposition 4.12. The following assertions hold:

(1) The tautological linear system |HΣ′ | defines a surjective birational mor-

phism Σ′ → Σ, which we will denote by ϕ|HΣ′ |.

(2) The morphism ϕ|HΣ′ | is an isomorphism outside of Sing Σ (note that P
(
(U5)∗

)
=

P
(
0⊕ 0⊕ (U5)∗

)
is contained in Sing Σ by Proposition 4.10). Moreover,

the ϕ|HΣ′ |-fiber over a point t ∈ Sing Σ is
{
P1 : t 6∈ Sing Σ \ P

(
(U5)∗

)
,

a quadric surface: t ∈ P
(
(U5)∗

)
.

(3) The morphism ϕ|HΣ′ | is a crepant small resolution.

Proof. Take a point p := [∧2W 2] ∈ Q3 = G(2,V′) ∩ P(U5), where W 2 ⊂ V ′ is a 2-
dimensional subspace such that ∧2W 2 ⊂ U5. We set (∧2W 2)⊥ = (U5/∧2W 2)∗. The

fiber of Σ′ → Q3 over p is P(W 2⊕∧2W 2⊕ (∧2W 2)⊥), which is a linear subspace of

P(V ′⊕U5⊕ (U5)∗). By Lemma 2.2 (1), the tautological linear system |HΣ′ | defines
a morphism Σ′ → P(V ′ ⊕ U5 ⊕ (U5)∗). By the descriptions of fibers of Σ′ → Q3,

Lemma 2.1 and Definition 4.8, we see that the image of this map is contained in Σ.
Let t = [x + y + z] ∈ Σ ⊂ P(V ′ ⊕ U5 ⊕ (U5)∗) be a point with x ∈ V ′, y ∈ U5

and z ∈ (U5)∗. By Lemma 2.2 (2), the ϕ|HΣ′ |-fiber over t is

{t} ×
{
[∧2W 2] ∈ G(2, V ′) | ∧2W 2 ⊂ U5,x ∈ W 2,y ∈ ∧2W 2, z ∈ (∧2W 2)⊥

}
.
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If y 6= o, namely, t ∈ Σ\Π, then y uniquely determines the 2-dimensional subspace

W 2 ⊂ V ′ by Cy = ∧2W 2. Then the fiber is nonempty by Lemma 2.1 and (4.1),

and consists of one point. Therefore the morphism Σ′ → Σ is an isomorphism
outside of Π. In particular, the morphism Σ′ → Σ is surjective and birational.

We assume that t ∈ Π \ P
(
(U5)∗

)
, namely, x 6= o and y = o. The condition of

W 2 so that {t} ×
{
[∧2W 2]

}
is contained in the ϕ|HΣ′ |-fiber over t is that x ∈ W 2,

∧2W 2 ⊂ U5 and z ∈ (∧2W 2)⊥. Using this with the coordinates and the equation

(2.1) for AQ and the description of Sing Σ as in Proposition 4.10, we see that the

ϕ|HΣ′ |-fiber over t consists of one point if t ∈ Π \ SingΣ, or is isomorphic to P1 if

t ∈ Sing Σ \ P
(
(U5)∗

)
. Finally, assume that t ∈ P

(
(U5)∗

)
. The inverse image in Σ′

of P
(
(U5)∗

)
is the projective subbundle

SΣ′ := PQ3(Ω1
P((U5)∗)(1)|Q3).

Note that SΣ′ ⊂ P
(
(U5)∗

)
× Q3, and SΣ′ → P

(
(U5)∗

)
is the universal family

of hyperplane sections of Q3, which is a fibration of quadric surfaces. Hence the

description of the fiber of Σ′ → Σ over t ∈ P
(
(U5)∗

)
follows.

The assertion (3) follows from (2) since it holds that −KΣ′ = 7HΣ′ . �

4.2.3. Extending the mid point in the case of C-type .

Definition 4.13 (Extension of W ). We denote by Qc the quadric in the projective

space P(∧2V 3 ⊕ U5 ⊕ (U5)∗) defined by the dual pairing U5 × (U5)∗ → C. We set

Σ :=
(
AC ∗ P

(
(U5)∗

))
∩Qc,

and

Π := P
(
∧2V 3 ⊕ 0⊕ (U5)∗

)
⊂ P

(
∧2V 3 ⊕ U5 ⊕ (U5)∗

)
.

Note that Π ≃ P7 and Π ⊂ Σ.

Proposition 4.14. The pair (W,Π) is projectively equivalent to the pair of a linear

section W ′ of Σ and the 2-plane Π ∩W ′.

Proof. We can show this in a similar (and simpler) way to Proposition 4.9, hence

we omit a proof. �

5. EMBEDDING THEOREM IN THE GENUS 4 AND 6 CASES

In this section, we show Theorem 1.1 in the genus 4 and 6 cases (Theorem

5.17). To show the theorem in a unified way, we proceed in the the following two
subsections 5.1 and 5.2 under a more general setting.

5.1. Basic set-up. Let A be a Fano manifold. We denote by fA the Fano index of

A, and by LA the ample divisor such that −KA = fALA.

Assumption 1. We assume that LA is very ample, dimA ≥ 4, and

(5.1) d := fA − (dimA− 2) > 0.

We embed A by |LA| the projective space denoted by P(UA). Sometimes we also

denote LA by OA(1).

Assumption 2. We assume moreover that A contains mutually disjoint codimen-

sion two linear spaces Π1 = P(U(1)), . . . ,Πl = P(U(l)), where U(1), . . . , U(l) are

linear subspaces of UA of dimension dimA− 1.
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We set

Π := Π1 ⊔ · · · ⊔ Πl.

Let a : Â → A be the blow-up along Π and Fa the a-exceptional divisor, which
consists of l connected components.

Assumption 3. We further assume that there exists a morphism b′ : Â → P(UB) to
a projective space P(UB) ≃ PN such that

b′
∗
OP(UB)(1) = a∗(dLA)− Fa,

where d is defined as in (5.1).

We denote by B the image of b′ and by b : Â → B the induced morphism. We

also set LB := OP(UB)(1)|B . Therefore we have

(5.2) b∗LB = a∗(dLA)− Fa,

Remark 5.1. We can classify the situation as above but we omit a proof since we
will just apply the construction in the section 5 to the situations appearing for prime

Q-Fano 3-folds of genus 4 or 6.

5.2. Construction of the key varieties .

Definition 5.2. We define

(5.3) Σ̂ := PÂ(a
∗OA(−1)⊕ b∗(ΩP(UB)(1)|B)).

We denote by π : Σ̂ → Â the natural projection.

The linear system |HΣ̂| defines a morphism ϕ|HΣ̂| : Σ̂ → Σ since Bs |HΣ̂| = ∅.

Note that Σ ⊂ P(UA ⊕ (UB)
∗).

Summarizing the above constructions, we obtain the following diagram:

(5.4) Σ̂

π=proj. bundle

��

ϕ|H
Σ̂

|
// Σ ⊂ P(UA ⊕ (UB)

∗)

Â

a=bl.up along Π

xxrr
rr
rr
rr
rr
rr

b

''◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆◆

P(UA) ⊃ A B ⊂ P(UB).

Using −KÂ = a∗(−KA)− Fa and (5.2), we have

−KΣ̂ = (N + 1)HΣ̂ − π∗(KÂ + a∗LA + b∗LB) =

(5.5)

(N + 1)HΣ̂ + (fA − d− 1)π∗a∗LA = (N + 1)HΣ̂ + (dimA− 3)π∗a∗LA,

where we also use (5.1) in the last equality. By this calculation, we see that Bs | −

KΣ̂| = ∅. We denote by ν : Σ̂ → Σ̂′ the anti-canonical model.
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The Q-Fano variety Σ will be constructed as in the following several steps sum-

marized in the diagram:

(5.6) Σ̂

b◦π

�� ��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

Atiyah flop
//❴❴❴❴❴❴ Σ+ standard flip

//❴❴❴❴❴❴

��

Σ̃

contr. of the str. trans. of the div.EΣ̂ and FΣ̂

����⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦

B Σ Σ,

where the divisors EΣ̂ and FΣ̂ are defined in the sequel. We will finally achieve the

construction of Σ in Theorem 5.11.

Remark 5.3. This is not a Sarkisov link since the relative Picard number of b ◦ π is

greater than or equal to 3 in any case. We will, however, explain later that this is

close to an extension of the Sarkisov link for a Q-Fano 3-fold of genus 4 or 6.

Two divisors EΣ̂ and FΣ̂ on Σ̂.

We define the following two divisors EΣ̂ and FΣ̂ on Σ̂:

EΣ̂ := PÂ(0⊕ b∗ΩP(UB)(1)|B), FΣ̂ := π∗Fa.

We remark that

(5.7) EΣ̂ ∼ HΣ̂ − π∗a∗LA, and FΣ̂ ∼ π∗(a∗(dLA)− b∗LB),

where the former is a standard equation as for projective subbundle and the latter

follows from (5.2).

In the step by step construction of the birational map from Σ̂ to Σ in the sequel,

it is useful to describe how these two divisors EΣ̂ and FΣ̂ on Σ̂ are transformed by

birational maps.

Flop Σ̂ 99K Σ
+.

Proposition 5.4. The following assertions hold:

(1) The anti-canonical model ν : Σ̂ → Σ̂′ is defined over Σ, and is a flopping contrac-

tion of Atiyah type. The divisor π∗b∗LB is relatively ample for the flopping contraction.

(2) The anti-canonical model EΣ̂ → E′
Σ̂

is the restriction of ν and is also a flopping

contraction of Atiyah type. It is defined over P(0⊕ (UB)
∗).

Proof. (1). Let l ⊂ Σ̂ be an irreducible ν-exceptional curve (the existence of such an

l will be verified below). By (5.5), we have HΣ̂ · l = π∗a∗LA · l = 0, where we also

use the assumption dimA ≥ 4. By the former condition, ν is defined over Σ. Since

π : Σ̂ → Â is a projective bundle and HΣ̂ = O(1) in a fiber, l is not contracted by π.

By the latter condition, l is contracted also by a ◦ π : Σ̂ → A. Therefore the image

γ of l on Â is an exceptional curve of the blow-up a : Â → A along Π. Thus γ ≃ P1

and is mapped isomorphically to a line γ′ on B by the equation (5.2). Then, by

(5.3), the restriction Σ̂γ of Σ̂ over γ is isomorphic to PP1(O⊕N
P1 ⊕ OP1(−1)). Since

l is contained in Σ̂γ and the map defined by |HΣ̂|Σ̂γ
| is the blow-up of PN+1 along

a (N − 1)-plane, we see that l is an exceptional curve of this blow-up and hence

l ≃ P1 (now the existence of the curve l has been verified).
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To show the first assertion, it suffices to show Nl/Σ̂ ≃ O⊕ dimA+N−3
P1 ⊕OP1(−1)⊕2.

Note that the normal bundle Nγ/Â is OP1(−1) ⊕ O⊕ dimA−2
P1 since a : Â → A is

the blow-up along Π and γ is one of its fiber. Therefore the restriction to l of

NΣ̂γ/Σ̂
is also OP1(−1) ⊕ O⊕ dimA−2

P1 . Moreover, Nl/Σ̂γ
≃ OP1(−1) ⊕O⊕N−1

P1 since

l is a fiber of the blow-up Σ̂γ → PN+1 along a (N − 1)-plane. Therefore, by the

normal bundle sequence 0 → Nl/Σ̂γ
→ Nl/Σ̂ → NΣ̂γ/Σ̂

|l → 0, we see that Nl/Σ̂ ≃

O⊕ dimA+N−3
P1 ⊕OP1(−1)⊕2 as desired.
The divisor LB is relatively ample for the flopping contraction since the image

of a flopping curve on B is a line as we have seen above.

(2). Note that, by (5.5) and (5.7), we have

−KEΣ̂
= {(N + 1)HΣ̂ + (dimA− 3π∗a∗LA}|EΣ̂

− (HΣ̂ − π∗a∗LA)|EΣ̂
=(5.8)

N(HEΣ̂
) + (dimA− 2)π∗a∗LA.

Thus Bs | −KEΣ̂
| = ∅. Using these, we can show (2) in a similar way to (1). �

Let Σ̂ 99K Σ+ be the flop for this flopping contraction ν. It is well-known that the
flop can be constructed by the blow-up along the ν-exceptional locus and the blow-

down of the exceptional divisor along the other direction. Let EΣ+ be the strict

transform on Σ+ of EΣ̂. By the construction of the flop, we see that the restriction

EΣ̂ 99K EΣ+ of Σ̂ 99K Σ+ is also the flop.

We call a positive dimensional fiber of ϕ|HΣ̂| : Σ̂ → Σ a ϕ|HΣ̂|-exceptional curve,

and the union of ϕ|HΣ̂|-exceptional curves the ϕ|HΣ̂|-exceptional locus. We can iden-

tify the ϕ|HΣ̂|-exceptional locus as follows:

Lemma 5.5. The ϕ|HΣ̂|-exceptional locus is the union of the flopping locus for Σ̂ 99K

Σ+ and the divisor EΣ̂. The flopping locus is contained in FΣ̂. The ϕ|HΣ̂|-image

of EΣ̂ = PÂ(0 ⊕ b∗ΩP(UB)(1)|B) is P(0 ⊕ (UB)
∗) and the ϕ|HΣ̂|-inverse image of

P(0⊕ (UB)
∗) coincides with EΣ̂.

Proof. Let l be a ϕ|HΣ̂|-exceptional curve. Note that HΣ̂ ·l = 0. If π∗a∗LA ·l > 0, then

by (5.7), we have EΣ̂ · l < 0 and hence l ⊂ EΣ̂. If π∗a∗LA · l = 0, then, by the proof

of Proposition 5.4, l is an exceptional curve of the anti-canonical model Σ̂ → Σ̂′,

namely, a flopping curve. Therefore the ϕ|HΣ̂|-exceptional locus is contained in the

union of the flopping locus for Σ̂ 99K Σ+ and the divisor EΣ̂. Since the restric-
tion of ϕ|HΣ̂| to EΣ̂ is PÂ(0 ⊕ b∗ΩP(UB)(1)|B) → P(0 ⊕ (UB)

∗), EΣ̂ is contained in

ϕ|HΣ̂|-exceptional locus. Thus the first assertion follows. By the second assertion

of Proposition 5.4 (1) and (5.7), a flopping curve is negative for FΣ̂, hence is con-

tained in FΣ̂. Therefore the second assertion follows. The final assertion obviously

holds. �
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We denote by a′ and b′ the restriction to Fa of a and b respectively. By (5.3), we

have FΣ̂ = PFa
(a′

∗OΠ(−1)⊕ b′
∗
ΩP(UB)(1)|B).

FΣ̂

πF

��

Fa

a′

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ b′

!!❇
❇❇

❇❇
❇❇

Π B.

Lemma 5.6. The following assertions hold:

(1) Let νF be the restriction to FΣ̂ of the flopping contraction ν (note that νF is the

contraction over Π by the proof of Proposition 5.4). The νF -image of FΣ̂ is isomorphic

to PΠ(OΠ(−1) ⊕ (UB)
∗ ⊗ OΠ) = ⊔l

i=1PΠi
(OΠi

(−1) ⊕ (UB)
∗ ⊗ OΠi

). The image of

PΠi
(OΠi

(−1)⊕ (UB)
∗ ⊗OΠi

) on Σ is P(U(i) ⊕ (UB)
∗), which we denote by Πi.

(2) Let FΣ+ be the strict transform on Σ+ of FΣ̂. The restriction FΣ̂ 99K FΣ+ of the

flop Σ̂ 99K Σ+ is identified with the contraction FΣ̂ → PΠ(OΠ(−1)⊕ (UB)
∗ ⊗OΠ).

Proof. (1). As we have seen in the proof of Proposition 5.4, a fiber of FΣ̂ → Π (Σ̂γ

in the proof) is PP1(O⊕N
P1 ⊕ OP1(−1)). By the proof of Proposition 5.4 again, the

restriction of νF to a fiber of F → Π is the blow-up of PN along a (N − 1)-plane.

Hence νF (FΣ̂) is the PN -bundle PΠ(EFΣ̂
) with EFΣ̂

:= {a′∗πF ∗OFΣ̂
(HFΣ̂

))}∗. We

have

a′∗πF ∗OFΣ̂
(HFΣ̂

) ≃ a′∗(a
′∗OΠ(1)⊕b′

∗
TP(UB)(−1)|B) ≃ OΠ(1)⊕a′∗b

′∗TP(UB)(−1)|B.

To compute a′∗b
′∗TP(UB)(−1)|B, we consider the restriction to B of the Euler se-

quence of P(UB):

0 → OB(−1) → UB ⊗OB → TP(UB)(−1)|B → 0.

Since a′∗b
′∗OB(−1) = R1a′∗b

′∗OB(−1) = 0 by (5.2), we have a′∗b
′∗TP(UB)(−1)|B ≃

UB ⊗ OΠ. Therefore we have EFΣ̂
≃ OΠ(−1) ⊕ (UB)

∗ ⊗ OΠ as desired. The final

assertion obviously holds.

(2). The assertion follows from the explicit construction of the flop of Atiyah type.

�

Lemma 5.7. The following assertions hold:

(1) EΣ+ ∩ FΣ+ = PΠ((UB)
∗ ⊗OΠ) ≃ Π× P((UB)

∗).
(2) The exceptional locus of Σ+ → Σ is the union of the divisor EΣ+ and the

flopped locus.

Proof. (1). By definition, the intersection EΣ̂∩FΣ̂ is equal to PFa
(b′

∗
(Ω1

P(UB)(1)|B)).

By the contraction FΣ̂ → PΠ(OΠ(−1) ⊕ (UB)
∗ ⊗ OΠ) ≃ FΣ+ , EΣ̂ ∩ FΣ̂ is mapped

onto PΠ((UB)
∗ ⊗ OΠ). By the explicit construction of the flop Σ̂ 99K Σ+, we see

that EΣ+ ∩ FΣ+ = PΠ((UB)
∗ ⊗OΠ).

(2). The assertion follows from Lemma 5.5. �
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In the following steps, we separate EΣ+ and FΣ+ by a flip, and finally contract their

strict transforms.

Flip Σ
+

99K Σ̃.
Let HΣ+ and L+

A be the strict transforms on Σ+ of HΣ̂ and π∗a∗LA respectively.

Proposition 5.8.

(1) Let Γ be a fiber of EΣ+ ∩FΣ+ → P((UB)
∗), which is a copy of Π by Lemma

5.7 (1). It holds that

NΓ/Σ+ = OPdimA−2(−1)⊕2 ⊕O⊕N
PdimA−2 .

(2) There exists a small contraction Σ+ → (Σ+)′ contracting EΣ+ ∩ FΣ+ ≃
Π× P((UB)

∗) onto P((UB)
∗).

Proof. (1). We set G = EΣ+ ∩ FΣ+ . To determine the normal bundle NΓ/Σ+ , let

us consider the normal bundle sequence 0 → NΓ/FΣ+
→ NΓ/Σ+ → NFΣ+/Σ+ |Γ →

0. Since G = PΠ((UB)
∗ ⊗ OΠ) ⊂ PΠ(OΠ(−1) ⊕ (UB)

∗ ⊗ OΠ) = FΣ+ , we have
NG/FΣ+

= (HF
Σ+

−LΠ)|G, where LΠ is the pull-back of OΠ(1). Therefore we have

NΓ/FΣ+
≃ OPdimA−2(−1) ⊕ O⊕N

PdimA−2 . By (5.5), we have −KΣ+ = (N + 1)HΣ+ +

(dimA − 3)L+
A. Since HΣ+ |Γ = 0 and L+

A|Γ = OPdimA−2(1), we have −KΣ+ |Γ =
OPdimA−2(dimA − 3). Therefore degNΓ/Σ+ = dimA − 3 − (dimA − 1) = −2 and

hence by the above normal bundle sequence, FΣ+ |Γ = OPdimA−2(−1) and then we

have NΓ/Σ+ = OPdimA−2(−1)⊕2 ⊕O⊕N
PdimA−2 .

(2). We show that L+
A + FΣ+ is nef over Σ and numerically trivial only for fibers

of G → P((UB)
∗). Assume that (L+

A + FΣ+) · γ ≤ 0 for an exceptional curve γ for

Σ+ → Σ. It is enough to show that γ is contained in a fiber of G → P((UB)
∗), and

(L+
A +FΣ+) · γ = 0. By Lemma 5.7 (2), γ is a flopped curve or is contained in EΣ+ .

Assume that γ is a flopped curve. Let γ′ ⊂ Σ̂ be the corresponding flopping curve.

Since π∗a∗LA · γ′ = 0 on Σ̂, we have L+
A · γ = 0 on Σ+. By the proof of Proposition

5.4, we have FΣ̂ · γ′ = −1, hence we have FΣ+ · γ = 1 by a property of the flop

of Atiyah type. Therefore (L+
A + FΣ+) · γ = 1 > 0, a contradiction. Thus we have

γ ⊂ EΣ+ . If FΣ+ · γ < 0, then γ ⊂ FΣ+ , hence γ ⊂ FΣ+ ∩ EΣ+ = Λ. Since γ is
exceptional over Σ, γ must be contained in a fiber of G → P((UB)

∗). To compute

(L+
A + FΣ+) · γ, we may assume that γ is a line. Then we have L+

A · γ = 1, and

FΣ+ · γ = −1 by the proof of (1). Therefore (L+
A + FΣ+) · γ = 0 as desired. Since

we are already done if FΣ+ · γ < 0, we may assume that FΣ+ · γ ≥ 0 in the sequel.
Then, since L+

A is nef, we have (L+
A+FΣ+) ·γ ≥ 0, hence L+

A ·γ = FΣ+ ·γ = 0 by the

assumption that (L+
A + FΣ+) · γ ≤ 0. By FΣ+ · γ = 0, γ cannot be a flopped curve.

Therefore its strict transform γ′ on Σ̂ satisfies π∗a∗LA · γ′ = 0 and HΣ̂ · γ′ = 0.

However, this implies that γ′ is a flopping curve by the proof of Proposition 5.4, a

contradiction. Now we have shown that L+
A + FΣ+ is nef over Σ and numerically

trivial only for fibers of G → P((UB)
∗).

Note that −KΣ+ is nef and big since so is −KΣ̂ by Proposition 5.4 and Σ̂ 99K Σ+

is a flop. Therefore, L+
A +FΣ+ is semiample by the Kawamata-Shokurov base point

free theorem (cf.[KMM]). Thus the contraction over Σ defined by L+
A + FΣ+ is the

desired one. �

By Proposition 5.8 (1), the contraction Σ+ → Σ
+

is of flipping type, and the flip

can be constructed by the blow-up along G and the blow-down of the exceptional
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divisor along the other direction (this is a so called a family of standard flips [Ka1]).

Let Σ+
99K Σ̃ be the flip. By Proposition 5.8 (1) again, the flipped locus is a P1-

bundle over P((UB)
∗). We denote by EΣ̃, FΣ̃ and HΣ̃ be the strict transforms on Σ̃

of EΣ+ , FΣ+ and HΣ̂ respectively.

Contracting EΣ̃ and FΣ̃.

By the constructions of the flop Σ̂ 99K Σ+ and the flip Σ+
99K Σ̃, and the description

of EΣ+ ∩ FΣ+ as in Lemma 5.7 (1), we see that EΣ̃ ∩ FΣ̃ = ∅.

By the construction of the flip, we see that the restriction FΣ+ 99K FΣ̃ of the flip

Σ+
99K Σ̃ is the contraction FΣ+ → ⊔l

i=1P(U(i) ⊕ U∗
B), where we recall that U(i)

are defined in the beginning of the subsection 5.1. Thus FΣ̃ is the disjoint union of

F̃i := P(U(i) ⊕ U∗
B) ≃ PdimA+N−1 (i = 1, . . . , l).

Lemma 5.9. The normal bundle NF̃i/Σ̃
is OPdimA+N−1(−2) for i = 1, . . . , l.

Proof. Since EΣ̃∩FΣ̃ = ∅, we see that the restriction to FΣ̃ of the strict transform on

Σ̃ of π∗a∗LA is linearly equivalent to HΣ̃|FΣ̃
by (5.7). Therefore, by (5.5), we see

that −KΣ̃|F̃i
= OPdim A+N−1(N+dimA−2). Since −KF̃i

= OPdimA+N−1(dimA+N),

we have NF̃i/Σ̃
= OPdimA+N−1(−2) as desired. �

Lemma 5.10. 2HΣ̃ + FΣ̃ is semiample.

Proof. We show that 2HΣ̃ + FΣ̃ is nef. Assume that (2HΣ̃ + FΣ̃) · γ < 0 for an

irreducible curve γ. Then FΣ̃ · γ < 0 since HΣ̃ is nef, and hence γ ⊂ FΣ̃. Since
FΣ̃|F̃i

= OPdimA+N−1(−2) and HΣ̃|F̃i
= OPdim A+N−1(1), we have (2HΣ̃+FΣ̃) ·γ = 0,

a contradiction. Therefore 2HΣ̃ + FΣ̃ is nef.
To show 2HΣ̃ + FΣ̃ is semiample, we have only to show m(2HΣ̃ + FΣ̃) −KΣ̃ is

nef and big for m ≫ 0 by the Kawamata-Shokurov base point free theorem. Since

−KΣ̂ is nef and big, and Σ̂ 99K Σ+ is a flop, we see that −KΣ+ is also nef and big.

Since Σ+
99K Σ̃ is a flip, we see that −KΣ̃ is big and is negative only for flipped

curves. Let γ be a flipped curve. Then −KΣ̃ · γ = −(dimA+N − 2) and FΣ̃ · γ = 1
by the construction of the flip, we have (m(2HΣ̃ + FΣ̃) − KΣ̃) · γ > 0 for m ≫ 0.
Therefore m(2HΣ̃+FΣ̃)−KΣ̃ is nef for m ≫ 0. The bigness is clear since 2HΣ̃+FΣ̃
is nef and −KΣ̃ is big. �

Theorem 5.11. Let µ : Σ̃ → Σ be the contraction defined by a sufficient multiple of

2HΣ̃ + FΣ̃. We recall that P(UB) ≃ PN . The following assertion holds:

(1) The µ-exceptional locus is the union of the two divisors EΣ̃ and FΣ̃.

(2) The µ-image of FΣ̃ consists of l 1/2-singularities.

(3) The discrepancy of EΣ̃ is dimA − 3 and µ(EΣ̃) ≃ P((UB)
∗). In particular Σ has

Gorenstein terminal singularities along P((UB)
∗).

(4) If ρ(A) = 1, then the (dimA+N)-dimensional variety Σ is a Q-Fano variety with

only terminal singularities and with ρ(Σ) = 1.

(5) The image MΣ of HΣ is a primitive integral ample Weil divisor MΣ and it holds

that −KΣ = (dimA+N − 2)MΣ.
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Proof. As we have checked in the proof of Lemma 5.10, 2HΣ̃ + FΣ̃ is numerical

trivial for any curve in FΣ̃. Thus the image of FΣ̃ by Σ̃ → Σ consists of l 1/2-

singularities by Lemma 5.9. Since EΣ̃∩FΣ̃ = ∅, we have (2HΣ̃+FΣ̃)|EΣ̃
= 2HΣ̃|EΣ̃

.

Therefore EΣ̃ is µ-exceptional and µ(EΣ̃) is isomorphic to P((UB)
∗).

We show that the µ-exceptional locus is the union of EΣ̃ and FΣ̃. Assume by

contradiction that (2HΣ̃ + FΣ̃) · γ = 0 for an irreducible curve γ 6⊂ EΣ̃ ∪ FΣ̃. Since
HΣ̃ is nef and γ 6⊂ FΣ̃, we have HΣ̃ ·γ = FΣ̃ ·γ = 0. Then, by Lemma 5.7 (2) and the

conditions that HΣ̃ · γ = 0 and γ 6⊂ EΣ̃, γ is a flipped curve or the strict transform

of a flopped curve. If γ is a flipped curve, then FΣ̃ · γ > 0, a contradiction. Assume
that γ is the strict transform of a flopped curve. If γ is disjoint from flipping curves,

then FΣ̃ · γ > 0 since a flopped curve is positive for FΣ+ , a contradiction. Therefore

γ intersects a flipped curve. Let γ′ be the strict transform of γ on Σ+ (γ′ is a flopped

curve). Since γ intersects a flipped curve and the flipping locus is EΣ+ ∩ FΣ+ , we
see that γ′ intersects EΣ+ . Since EΣ+ ·γ′ = 0, this implies that γ′ ⊂ EΣ+ and hence

γ ⊂ EΣ̃, a contradiction.

We compute the discrepancy of EΣ̃. By (5.5) and (5.7), we have −KΣ̃ = (N +

1 + dimA− 3)HΣ̃ − (dimA− 3)EΣ̃. Since HΣ̃ ∼Q µ∗MΣ − 1
2FΣ̃, we have

(5.9) −KΣ̃ ∼Q (N+1+dimA−3)µ∗MΣ̃−
N + 1 + dimA− 3

2
FΣ̃−(dimA−3)EΣ̃.

Therefore the discrepancy of EΣ̃ is equal to dimA − 3. Since this is a positive

integer, Σ has only Gorenstein terminal singularities along µ(EΣ̃). By (5.9), we

have −KΣ = (dimA+N − 2)MΣ.

We show that ρ(Σ)=1. Since Â → A is the blow-up along l disjoint projective

spaces, and Σ̂ → Â is a projective bundle, we see that ρ(Σ̂) = ρ(A) + l + 1. Since

Σ̂ 99K Σ̃ is small, we have ρ(Σ̃) = ρ(Σ̂) = ρ(A) + l + 1. Finally, since Σ̃ → Σ

contracts l + 1 disjoint divisors, we have ρ(Σ) ≤ ρ(Σ̃)− (l + 1) = ρ(A) = 1. Hence
ρ(Σ) = 1.

Finally, we show that MΣ is primitive. If MΣ were not primitive, then MΣ would

be written as MΣ = αM ′
Σ with a primitive Weil divisor M ′

Σ and positive integer α ≥
2. Since 2M ′

Σ are Cartier divisors by (2) and (3), we have 2HΣ̃ + FΣ̃ = αµ∗(2M ′
Σ).

Hence there is a Cartier divisor D on Σ̂ such that 2HΣ̂ + FΣ̂ = αD. Let l be a

flopping curve for Σ̂ 99K Σ+. By (5.2) and the proof of Proposition 5.4, we have
FΣ̃ · l = −1. This implies that αD · l = −1. This is impossible for α ≥ 2. Therefore

MΣ is primitive. �

5.3. Application to the three cases . In this subsection, we produce the situation

as in the subsections 5.1 and 5.2 for a Q-Fano 3-fold of genus 4 or 6.

5.3.1. Genus 4 . In this case, we set

A := Q4 ⊂ P((U3)∗ ⊕ U3)

with the same equation as that of Q in Definition 4.2, and

Π1 := P((U3)∗), Π2 := P(U3),

which are certainly contained in Q4. We also set

B := B6 = P(Ω1
P2(1))
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with the equation as in the subsection 4.1.2, and

Â := PB6(OB6(−1, 0)⊕OB6(0,−1)).

Finally, we set b as the projection morphism

PB6(OB6(−1, 0)⊕OB6(0,−1)) → B6.

Lemma 5.12. There exists a morphism a : Â → A which is the blow-up of Â along

Π = Π1 ⊔ Π2 and whose exceptional divisor Fa is PB6(OB6(−1, 0) ⊕ 0) ⊔ PB6(0 ⊕

OB6(0,−1)). The pull-back of OA(1) on Â is the tautological line bundle associated

with OB6(−1, 0)⊕OB6(0,−1). The triplet (Q4,Π = Π1 ⊔ Π2, B6) satisfies the condi-

tion of (A,Π, B) as in the subsection 5.1 by setting d = l = 2.

Proof. Take a point p := [W 1 ⊗ U1] ∈ B6, where W 1 ⊂ (U3)∗ and U1 ⊂ U3 are
1-dimensional subspaces such that U1 ⊂ (V 1)⊥ with respect to the dual pairing.

The fiber of the projection Â → B6 over p is P(W 1⊕U1), which is a linear subspace

of P((U3)∗ ⊕ U3). Note that, for a point [y + x] ∈ P(W 1 ⊕ U1) with y ∈ W 1

and x ∈ U1, it holds that tyx = 0 since U1 ⊂ (W 1)⊥. Therefore the image of

Â → P((U3)∗ ⊕ U3) is contained in Q4. We denote by a the induced morphism

Â → A = Q4. By Lemma 2.2 (1), the second assertion follows.
Let q := [y+x] be a point of Q4 with y ∈ (U3)∗ and x ∈ U3. By Lemma 2.2 (2),

the fiber of Â → Q4 over q is

{q} ×
{
[W 1 ⊗ U1] | U1 ⊂ (W 1)⊥,y ∈ W 1,x ∈ U1

}
.

If y 6= o and x 6= o, then W 1 and U1 are uniquely determined as W 1 = Cy and
U1 = Cx (since tyx = 0, it holds that U1 ⊂ (W 1)⊥). Therefore the morphism

Â → Q4 is dominant, hence is surjective, and is an isomorphism outside of Π. The

fiber of Â → Q4 over o + x ∈ Π1 is isomorphic to P((Cx)⊥) ≃ P1, and the fiber

of Â → Q4 over y + o ∈ Π2 is isomorphic to P((Cy)⊥) ≃ P1. Note that, since

−KÂ = 2HÂ + b∗LB, we see that −KÂ is relatively ample for Â → Q4. Therefore,

by [An, Thm.2.3], Â → Q4 is the blow-up of Q4 along Π and the a-exceptional

divisor is PB6(OB6(−1, 0)⊕ 0) ⊔ PB6(0⊕OB6(0,−1)).
Assumptions 1–2 are clearly satisfied. We check Assumption 3, equivalently, the

relation (5.2) with d = 2. Take a hyperplane L ⊂ S−1,0,1U3. We consider elements

of S1,0,−1U3 and S−1,0,1U3 as 3 × 3 traceless matrices. The dual pairing between
U3 ⊗ (U3)∗ and (U3)∗ ⊗ U3 induces a natural dual pairing between S1,0,−1U3 and

S−1,0,1U3. Explicitly, for Z = (zij) ∈ S−1,0,1U3 and P = (pij) ∈ S1,0,−1U3, the
dual pairing is defined as (Z, P ) 7→

∑
zijpij . For L, there exists M = (mij) ∈

S1,0,−1U3 such that L =
{∑

1≤i,j≤3 mijzij = 0
}
. The above construction show

that Q4 \Π → B6 is defined by [y + x] 7→ [y ⊗ x]. Therefore we see that a∗b
∗(B6 ∩

P(L)) = Q4 ∩ {tyMx = 0}, which is a quadric section of Q4 containing Π. We

can explicitly check that a general a∗b
∗(B6 ∩ P(L)) is generically smooth along Π.

Since b∗(B6 ∩ P(L)) does not contain the a-exceptional divisor Fa, it is the strict
transform of a∗b

∗(B6 ∩ P(L)) for a general L. Therefore the relation (5.2) holds

with d = 2. �

In the following subsections 5.3.2 and 5.3.3, we use the notation as in the sub-

section 2.4.
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5.3.2. Genus 6, Q-type . In this case, we set

A := AQ = G(2, V ) ∩ P(V ′ ⊕ U5)

and Π the same as in the subsection 2.4. We recall that the projection of G(2, V )
from the 3-plane Π induces the natural rational map AQ 99K G(2,V′) ∩ P(U5) and

the target G(2,V′) ∩ P(U5) is the smooth quadric 3-fold Q3. We set

B := Q3 = G(2,V′) ∩ P(U5),

and

Â := ÂQ := PQ3(U|Q3 ⊕OQ3(−1)),

where U is the rank two universal subbundle on G(2, V ′). Finally we set b as the

projection morphism

PQ3(U|Q3 ⊕OQ3(−1)) → Q3.

Lemma 5.13. There exists a morphism ÂQ → AQ which is the blow-up of ÂQ along

Π and whose exceptional divisor is PQ3(U|Q3 ⊕ 0). The pull-back of OAQ
(1) on ÂQ is

the tautological line bundle associated with U|Q3 ⊕ OQ3(−1). The triplet (AQ,Π, Q
3)

satisfies the condition of (A,Π, B) as in the subsection 5.1 by setting d = l = 1.

Proof. Since we can show the first two assertions in a quite similar way to Lemma

3.3, we only show that ÂQ → AQ is the blow-up along Π. Note that the restriction of

the morphism ÂQ → AQ over Π is PQ3(U|Q3 ⊕ 0) → P(V ′ ⊕ 0) = Π ≃ P3, which can

be identified with the natural morphism PQ3(U|Q3) → P(V ′) to P(V ′) ≃ P3 from

the total space of lines in P3 parameterized by Q3 ⊂ G(2, V ′). By [SW, Prop.3.4],

PQ3(U|Q3 ) → P3 is the projectivization of the null-correlation bundle. Note that,
since −KÂQ

= 2HÂQ
+LQ3 where LQ3 is the pull-back of OQ3(1), we see that −KÂ

is relatively ample for ÂQ → AQ Therefore, by [An, Thm.2.3], ÂQ → AQ is the blow-
up of AQ along Π and the exceptional divisor is PQ3(U ⊕0). By the construction, the

pull-back of OAQ
(1) on ÂQ is the tautological line bundle associated with PQ3(U|Q3⊕

OQ3(−1)).
Assumptions 1–2 are clearly satisfied. Since AQ 99K Q3 is the restriction of the

projection from Π, the relation (5.2) follows. �

5.3.3. Genus 6, C-type . In this case, we set

A := AC = G(2, V ) ∩ P(U8),

Π the same as in the subsection 2.4, and a : Â → A the blow-up of A along Π. We

recall that the projection of G(2, V ) from the 2-plane Π induces the natural rational
map AC 99K P(U5). We set

B := P(U5) ≃ P4,

and b : Â → B the naturally induced morphism.

Lemma 5.14. The triplet (A,Π,P4) satisfies the condition of (A,Π, B) as in the sub-

section 5.1 by setting d = l = 1.

Proof. The assertion is almost clear. �
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5.3.4. Rationality of the key varieties.

Corollary 5.15. In the genus 4 or 6 case, Σ is rational.

Proof. The assertion follows since Σ is birational to a projective bundle over a ra-

tional Fano manifold in the genus 4 or 6 case. �

5.4. Coincidence between Σ’s in the subsection 5.2 and in the section 4.

Lemma 5.16. In the genus 4 or 6 case, the variety Σ as in the subsection 5.2 is the

same as the variety Σ defined as in the section 4. The morphism ϕ|HΣ̂| : Σ̂ → Σ is

birational. The ϕ|HΣ̂|-image of EΣ̂ on Σ is disjoint from W .

Proof. The variety Σ as in the subsection 5.2 defined for the triplet (A,Π, B) is con-
tained in P(UA⊕U∗

B) by the fact that H0(a∗OA(1)) = UA and H0(b∗(Ω1
P(UB)(1)|B)) =

U∗
B. Temporarily, we denote by Σ

′
the variety Σ as in the subsection 4, which is also

contained in P(UA ⊕ U∗
B) in each case .

First we show that Σ ⊂ Σ
′
. For this, it suffices to check the ϕ|HΣ̂|-image of a

general point of Σ̂ is mapped in Σ
′

since Σ̂ is irreducible. Since Â ⊂ A × B by

Lemma 2.2 (1) and the results in the subsection 5.3, we can express a point of Â as
([x], [y]) with x ∈ UA and y ∈ UB. Note that x satisfies the equation of A. The fiber

of π : Σ̂ → Â over p is P(Cx ⊕ (UB/Cy)
∗). We choose a point p := ([x], [y]) ∈ Â

such that [x] 6∈ Π. In this case, it holds that [y] = [b(a−1(x))]. In each of the three

cases, we check that the fiber π−1(p) is mapped by ϕ|HΣ̂| into Σ
′

in the sequel.

Genus 4: We can express a point of Â as ([x1 + x2], [y]) with x1 ∈ (U3)∗, x2 ∈

U3,y ∈ S−1,0,1U3. We are choosing a point p := ([x1 + x2], [y]) ∈ ÂQ such that
[x1 + x2] 6∈ Π, namely, x1 6= o and x2 6= o. In this case, it holds that [y] =
[x2 ⊗ x1] by the proof of Lemma 5.12 and hence the π-fiber over p is P(C(x1 +

x2) ⊕ (U5/C(x2 ⊗ x1))
∗). Therefore, by the definition of Σ

′
as in 4.2, we see that

Σ ⊂ Σ
′
.

Genus 6, Q-type: We can express a point of ÂQ as ([x1 + x2], [y]) with x1 ∈ V ′,

x2,y ∈ U5. We are choosing a point p := ([x1+x2], [y]) ∈ ÂQ such that [x1+x2] 6∈
Π, namely, x2 6= o. In this case, it holds that [y] = [x2] since AQ 99K Q3 is the

projection from Π, and hence the π-fiber over p is P(C(x1 + x2) ⊕ (U5/Cx2)
∗).

Therefore, by the definition of Σ
′
as in 4.8, we see that Σ ⊂ Σ

′
.

We can show that Σ ⊂ Σ
′

in the case of genus 6 and C-type in a similar way to
the case of genus 6 and Q-type, so we omit a proof.

Now we check that Σ = Σ
′
. Since dim Σ̂ = dimΣ

′
, it suffices to show a general

ϕ|HΣ̂|-fiber consists of one point. This also implies that ϕ|HΣ̂| : Σ̂ → Σ is birational.

We take a point t := [t1 + t2] ∈ Σ \ Π with t1 ∈ UA \ {o} and t2 ∈ U∗
B. Since

π−1(Fa) = ϕ−1
|HΣ̂|(Π) , we have

ϕ−1

|H
Σ̂
|(t) = {t} ×

{
([x], [b(a−1(x))], t) ∈ Σ̂ | [x] 6∈ Π, t1 ∈ Cx, t2 ∈ (UB/(Cb(a−1(x))))∗)

}

by Lemma 2.2 (2). This is nonempty since we take t in the ϕ|HΣ̂|-image of Σ̂.

Moreover, it consist of one point as desired since [x] = [t1].
We show the last assertion. Note that the ϕ|HΣ̂|-image of EΣ̂ = P(0⊕b∗(Ω1

P(UB)(1)|B))

on Σ coincides with P(0 ⊕ U∗
B). In the genus 4 case, this is equal to Π1 ∩ Π2 =
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P(0 ⊕ 0 ⊕ S1,0,−1U3) and is disjoint from W since W ∩ (Π1 ∩ Π2) = Π1 ∩ Π2 = ∅
by Proposition 2.6. In the genus 6 case, Σ has non-hypersurface singularities along

P(0⊕ U∗
B), hence must be disjoint from W . �

5.5. Embedding theorem . Now we show Theorem 1.1 for a prime Q-Fano 3-fold
X of genus 4 or 6.

Theorem 5.17. A Q-Fano 3-fold X of genus 4 or 6 is a linear section of Σ.

Proof. The proof which will be given below is more or less the same as that of
Theorem 3.7 but is slightly involved, so we write it for readers’ convenience.

Note that W∩Sing Σ is 0-dimensional since W has only terminal singularities and

W is a linear section of Σ with respect to |OΣ(1)|. By Lemmas 5.16, W is disjoint

from the image of EΣ̃. Therefore, since Σ̃ → Σ is crepant and small and nontrivial

fibers are 1-dimensional over W , the strict transform WΣ̃ of W in Σ̃ is a linear

section of Σ̃ with respect to |HΣ̃| and hence the restriction WΣ̃ → W of Σ̃ → Σ
over W is also crepant and small. Since W has only terminal singularities and

WΣ̃ → W is crepant, we see that WΣ̃ is normal and has only terminal singularities

by [CKM, the proof of Prop.16.4]. Note that FΣ̃|WΣ̃
is the strict transform of Π and

is relatively ample for WΣ̃ → W . Since Y → W in the genus 6 case (resp. Z → W
in the genus 4 case) is the unique small extraction such that the strict transform
of Π is relatively ample, we see that Y = WΣ̃ in the genus 6 case (resp. Z = WΣ̃

in the genus 4 case). Since we may write Y = WΣ̃ = H̃1 ∩ · · · ∩ H̃dim Σ̃−3 with

H̃i ∈ |HΣ̃| (1 ≤ i ≤ dim Σ̃ − 3), we see that X = M1 ∩ · · · ∩ Mdim Σ̃−3 with the

image Mi ∈ |MΣ| of H̃i as desired. �

5.6. Extension of the Sarkisov link. We have obtained the following diagram in
the genus 4 or 6 case:

(5.10) Σ̃
anti-flip

//❴❴❴

µ

��✁✁
✁✁
✁✁
✁✁

  
❅❅

❅❅
❅❅

❅❅
Σ+ flop

//❴❴❴

��

Σ̂

b◦π

��
❄❄

❄❄
❄❄

❄❄

��⑦⑦
⑦⑦
⑦⑦
⑦⑦

Σ Σ B.

Corollary 5.18. In the case of genus 4, the restriction of (5.10) to 3-folds, we obtain

the following diagram:

(5.11) Z
flop

//❴❴❴❴❴❴❴

g

��⑧⑧
⑧⑧
⑧⑧
⑧⑧

��
❅❅

❅❅
❅❅

❅❅
Z ′

g′

!!❇
❇❇

❇❇
❇❇

❇

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥

X W B6,

where Z and W defined as in the subsection 2.3 are linear sections of Σ̃ and Σ with

respect to |HΣ̃| and |OΣ(1)| respectively; Z ′ is defined as the corresponding linear

section of Σ̂ with respect to |HΣ̂|; the restriction of the anti-flip to Z is the identity.

Moreover, the following assertions hold:

(1) The morphism g′ : Z ′ → B6 is the blow-up of B6 along a smooth curve C′ of genus

8 isomorphic to C.

(2) The curve C′ is the complete intersection of the strict transforms of the g-exceptional

divisors, which are divisors of types (2, 1) and (1, 2).
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In the case of genus 6, (5.10) is an extension of (1.1), where Y ,W and Y ′ are

linear sections of Σ̃, Σ and Σ̂ with respect to |HΣ̃|, |OΣ(1)| and |HΣ̂| respectively, and

X ′ = B = Q3 in the case of Q-type (resp. X ′ is a cubic 3-fold in P(U5) in the case of

C-type). The restriction of the anti-flip to Y is the identity.

Proof. The genus 4 case: The restriction of the anti-flip to Z is the identity since

the flipped locus in Σ̃ is contained in EΣ̃ by Proposition 5.8 (2), and EΣ̃ is disjoint

from Z ′ by Lemma 5.16. The rest of the assertion except (1) and (2) easily follow
from the proof of Theorem 5.17.

(1). Since Σ̂ → B6 is a P8-bundle, and Z ′ is a linear section of Σ̂ with respect to
|HΣ̂| of codimension 8, we see that Z ′ → B6 is birational and −KZ′ = π∗a∗LQ4 |Z′

by (5.5). Since EΣ̂ is disjoint from Z ′, we have HΣ̂|Z′ ∼ (π∗a∗LA)|Z′ by (5.7).
Therefore we have −KZ′ = HΣ̂|Z′ . Since HΣ̂ is relatively ample over B6, so is

−KZ′ . Since ρ(Z ′) = 3 and ρ(B6) = 2, the relative Picard number of the morphism

Z ′ → B6 is 1. Therefore, by [Mo], Z ′ → B6 is the blow-up of B6 at a point or along
a curve C′. Comparing the Intermediate Jacobians of Z ′ and the 3-fold obtained by

blowing up of Y ′ at the 1/2-singularity, we see that Z ′ → B6 is the blow-up of B6

along a curve C′ such that C ≃ C′ as desired.

(2). Since the images of E1 and E2 on W are disjoint by Proposition 2.6, the strict

transforms E′
1 and E′

2 on Z ′ of E1 and E2 respectively are also disjoint. Therefore
C′ is set-theoretically the intersection between the strict transforms E′′

1 and E′′
2

on B6 of E1 and E2. Moreover, since Z ′ → B6 is the blow-up along C′, and

E′
1 ∩ E′

2 = ∅, it holds that C′ is the complete intersection of E′
1 and E′

2. Note

that the anticanonical morphism Z ′ → W is induced from the restriction of Σ̂ →
Q4 since −KZ′ = π∗a∗LQ4 |Z′ as we saw in the proof of (1). Therefore we have

FΣ̂|Z′ = E′
1 ⊔ E′

2. From this, we obtain (2π∗a∗LQ4)|Z′ − E′
1 − E′

2 = (π∗b∗LB6)|Z′

by the equation (5.2). Since −KZ′ = HΣ̂|Z′ as we saw in the proof of (1), we

have −2KZ′ − E′
1 − E′

2 = (π∗b∗LB6)|Z′ . On the other hand, we have −KZ′ =
(2π∗b∗LB6)|Z′ −EC′ , where EC′ is the exceptional divisor of the blow-up Z ′ → B6.
Therefore we obtain E′′

1 + E′′
2 = 3LB6 . For the curve C′ of genus 4 to be the

complete intersection of E′′
1 and E′′

2 , it must holds that E′′
1 and E′′

2 are of types
(2, 1) and (1, 2).

The genus 6 case: We can show the assertions in a similar and simpler way as in

the genus 4 case. �

5.7. Singularity of Σ along P((UB)
∗). By Theorem 5.11, the birational morphism

µ : Σ̃ → Σ contracts EΣ̃ onto P((UB)
∗). In this subsection, we describe the mor-

phism µ|EΣ̃
: EΣ̃ → P((UB)

∗). This follows by studying how fibers of the morphism

EΣ̂ → P((UB)
∗) are transformed by the flop Σ̂ 99K Σ+ and the flip Σ+

99K Σ̃.

We note that the natural morphism P(ΩP(UB)(1)) → P((UB)
∗) is the universal

family of hyperplanes of P(UB). Therefore the naturally induced morphism EΣ̂ →
P((UB)

∗) is the universal family of the members of |b∗LB|. In particular, EΣ̂ →
P((UB)

∗) is flat.

Note that the restrictions of the flopping and flipping contractions on the strict

transforms of EΣ̂ are defined over P((UB)
∗). The strict transform EΣ+ on Σ+ of

EΣ̂ is smooth since EΣ̂ 99K EΣ+ is also a flop of Atiyah type by Proposition 5.4. By

Proposition 5.8 and the construction of the flip Σ+
99K Σ̃, we see that EΣ̃ is smooth
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since EΣ+ 99K EΣ̃ is the blow-up along l µ|EΣ̃
-sections whose exceptional divisor is

P((UB)
∗)×Π.

By the description of EΣ̂ → P((UB)
∗) and EΣ̂ 99K EΣ+ 99K EΣ̃ as above, the

morphism EΣ̃ → P((UB)
∗) is also flat.

We denote by Γ̂, Γ+, and Γ̃ a general fiber of EΣ̂ → P((UB)
∗) and its strict

transforms on Σ+ and Σ̃ respectively. By the argument as above, we see that the

restriction Γ̂ 99K Γ+ to Γ̂ of the flop Σ̂ 99K Σ+ is also a flop of Atiyah type, and

the restriction Γ+
99K Γ̃ to Γ+ of the flip Σ+

99K Σ̃ is the blow-up of Γ̃ at l smooth

points whose exceptional divisor is Π. Moreover, Γ+ and Γ̃ are general fibers of

EΣ+ → P((UB)
∗) and EΣ̃ → P((UB)

∗) respectively. We set FΓ̂ := FΣ̂|Γ̂ and FΓ+ :=
FΣ+ |Γ+ .

Hereafter we consider separately in each case and determine Γ̃.

5.7.1. Genus 4.

Proposition 5.19. A general fiber Γ̃ of the morphism EΣ̃ → P(S1,0,−1U3) is P1 ×
P1 × P1.

Proof. Since a general fiber of P(ΩP(S−1,0,1U3)(1)|B6) → B6 is a smooth sextic del

Pezzo surface S, Γ̂ is isomorphic to PS(OS(−1, 0) ⊕ OS(0,−1)) by Lemma 5.12.

The divisor FΓ̂ of Γ̂ consists of Ĝ1 := PS(OS(−1, 0) ⊕ 0) ≃ S and Ĝ2 := PS(0 ⊕
OS(0,−1)) ≃ S. It is easy to see the assertion as in the following steps:

• Let Γ̂ → Γ̂′ be the flopping contraction, which is the restriction of Σ̂ → Σ̂′.

This induce the morphisms Ĝ1 → P(U∗
3 ⊕ 0) and Ĝ2 → P(0⊕ U3), each of

which is a contraction of three (−1)-curves. These can be identified with

the restrictions of Ĝ1 99K G+
1 and Ĝ2 99K G+

2 respectively, where G+
1 and

G+
2 are the strict transforms of Ĝ1 and Ĝ2 respectively on Γ+.

• The restriction Γ+
99K Γ̃ to Γ+ of the flip Σ+

99K Σ̃ is the blow-up of Γ̃ at

two smooth points whose exceptional divisor consists of G+
1 and G+

2 .

• Γ̃ is isomorphic to P1×P1×P1. Indeed, it holds that ρ(Γ̃) = 3 since ρ(Γ̃)+

2 = ρ(Γ+) = ρ(Γ̂) = 5. Moreover we see that Γ̃ is a sextic del Pezzo 3-folds

as follows: it holds that (−KΓ̃)
3 = (−KΓ+)3 + 2 = (−KΓ̂)

3 + 2 = 6. Since
−KΓ̂ = 2HΓ̂, we have −KΓ̃ = 2HΓ̃ where HΓ̃ is the strict transform of HΓ̂.

Since −KΣ̂ is nef and big and is numerically trivial only for flopping curves,
−KΓ+ is nef and big and is numerically trivial only for flopped curves.

Therefore, −KΣ̃ is ample since flopped curves is numerically positive for

the exceptional divisor G+
1 ∪G+

2 of the blow-up Γ+ → Γ̃. Since Γ̃ is a sextic

del Pezzo 3-folds of ρ(Γ̃) = 3, Γ̃ ≃ P1 × P1 × P1 by [Fuj1, Thm.5.16].

�

5.7.2. Genus 6, Q-type.

Proposition 5.20. A general fiber Γ̃ of the morphism EΣ̃ → P((U5)∗) is P2 × P2.

Proof. Since a general fiber of P(ΩP(U5)(1)|Q3) → Q3 is P1 × P1, Γ̂ is isomorphic to

PP1×P1(O(−1, 0)⊕O(0,−1)⊕O(−1,−1)) by the definition of ÂQ as in the subsection

5.3.2. The divisor FΓ̂ of Γ̂ is PP1×P1(O(−1, 0) ⊕ O(0,−1) ⊕ 0). Referring to [Fuk,

Thm.5.1] for details, we see the assertion as in the following steps:
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• The flopping locus of the flop Γ̂ 99K Γ+ is PP1×P1(O(−1, 0) ⊕ 0 ⊕ 0) ⊔
PP1×P1(0⊕O(0,−1)⊕ 0). The divisor FΓ+ of Σ+ is P3.

• The restriction Γ+
99K Γ̃ to Γ+ of the flip Σ+

99K Σ̃ is the blow-up of Γ̃ at
a smooth point whose exceptional divisor is FΓ+ ≃ P3.

• Γ̃ is isomorphic to P2 × P2.

�

5.7.3. Genus 6, C-type.

Proposition 5.21. A general fiber Γ̃ of the morphism EΣ̃ → P((U5)∗) is P1×P1×P1.

Proof. By [Fuj3], b : ÂC → P(U5) is the blow-up of P(U5) along a twisted cubic γ.

Since a general fiber H of P(ΩP(U5)(1)) → P((U5)∗) is a hyperplane of P(U5), Γ̂

is isomorphic to the 3-fold obtained by blowing up H ≃ P3 along H ∩ γ which

consists of three points p1, p2, p3 in a general position. Referring to [Fuk, Thm.4.1]
for details, we see the assertion as in the following steps:

• The flopping locus of the flop Γ̂ 99K Γ+ consists of the strict transforms of

three lines lij through pi and pj (1 ≤ i < j ≤ 3). The divisor FΓ+ of Σ+ is

P2.
• The restriction Γ+

99K Γ̃ to Γ+ of the flip Σ+
99K Σ̃ is the blow-up of Γ̃ at

a smooth point whose exceptional divisor is FΓ+ ≃ P2.

• Γ̃ is isomorphic to P1 × P1 × P1.

�

5.7.4. Comparison of Σ′ and Σ̂ . In this subsection, we clarify the relationship

between Σ̂ as in the subsection 5.2 and Σ′ as in the subsections 4.1.2 and 4.2.2.

Setting

F :=

{
OB6(−1, 0)⊕OB6(0,−1) : genus 4,

U|Q3 ⊕OQ3(−1) : genus 6, Q-type,

we may write Â = PB(F) and Σ′ = PB(F⊕ (Ω1
P(UB)(1)|B)) in each case.

Proposition 5.22. There exists a naturally induced birational morphism τ : Σ̂ → Σ′

over Σ and its exceptional locus coincides with EΣ̂. The morphism τ is the blow-up of

Σ′ along PB(0⊕ Ω1
P(UB)(1)|B).

Proof. By Lemmas 5.12 and 5.13, we have a surjection b∗F∗ → a∗OA(1), which

induces the following natural morphism τ :

Σ̂ = PÂ(a
∗OA(−1)⊕ b∗(Ω1

P(UB)(1)|B))

→֒ PÂ(b
∗(F⊕ Ω1

P(UB)(1)|B)) := Σ′′

→ PB(F⊕ Ω1
P(UB)(1)|B) = Σ′,

where the former is the inclusion morphism of projective bundles, and the latter

is a P1-bundle since it is the base change of the P1-bundle b : Â = PB(F) → B.

By this construction, the τ -pull-back of OΣ′(1) coincides with OΣ̂(1). Therefore

the composite of the morphism τ and ϕ|HΣ′ | : Σ
′ → Σ coincides with ϕ|HΣ̂|. This

implies that τ is birational since so is ϕ|HΣ̂| by Lemma 5.16.
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By Lemma 5.5, EΣ̂ is contracted by τ since ϕ|HΣ′ | is small. By the description

of ϕ|HΣ̂|-fibers as in Lemma 5.5, and the description of ϕ|HΣ′ |-fibers as in Propo-

sitions 4.6 and 4.12, τ is isomorphic outside EΣ̂. Note that τ induces EΣ̂ =

PÂ(b
∗(Ω1

P(UB)(1)|B)) → PB(Ω
1
P(UB)(1)|B) and this is a P1-bundle. Moreover, by

(5.5), −KΣ̂ is τ -ample for the morphism. Therefore τ is the blow-up of Σ′ along

PB(Ω
1
P(UB)(1)|B) by [An, Thm.2.3]. �

6. EMBEDDING THEOREM IN THE GENUS 5 CASE

In this section, we treat the genus 5 case. The overall story is similar to the

one of the section 5 though details are different. We develop the discussion in this
section while keeping in mind the flow of discussion of the section 5.

6.1. Extending the mid point . By [Mu2, Thm.6.5 (2) and Prop.7.8], W is a

complete intersection of three quadrics in P6. Let x1, . . . , x7 be coordinates of P6.

We may assume that the plane Π in W is equal to {x1 = · · · = x4 = 0}. In this
situation, the equation of W is of the following form:




l11 l12 l13 l14
l21 l22 l23 l24
l31 l32 l33 l34







x1

x2

x3

x4


 =




0
0
0


 ,

where lij are linear forms of x1, . . . , x7.

Assume by contradiction that the dimension of the vector space generated by
the linear forms lij(0, 0, 0, 0, x5, x6, x7) is less than or equal to 2. Then W is the

cone over a complete intersection of three quadrics in P5 with a point v in Π as the

vertex. Then the Zariski tangent space of W at v is dimension 6. This is absurd since
W has only Gorenstein terminal singularities. Therefore, by a coordinate change

keeping the equation of Π if necessary, we may assume that some three of lij , say,

li1j1 , li2j2 , li3j3 are equal to x5, x6, x7 respectively.

Definition 6.1 (Extension of W ). In the projective space P15 with coordinates

x1, . . . , x4 and yij (1 ≤ i ≤ 3, 1 ≤ j ≤ 4), let Σ be the the following complete

intersection of three quadrics:

Σ :=
{
[My,x] ∈ P15 | Myx = o

}
,

where

My :=




y11 y12 y13 y14
y21 y22 y23 y24
y31 y32 y33 y34


 , tx =

(
x1 x2 x3 x4

)
.

We set

Π := {x1 = x2 = x3 = x4 = 0} ⊂ P15.

Proposition 6.2. The pair (W,Π) is projectively equivalent to the pair of a linear

section W ′ of Σ and the 2-plane Π ∩W ′.

Proof. By writing yi1j1 , yi2j2 , yi3j3 as x5, x6, x7 respectively, it holds that the pair

(W,Π) is projectively equivalent to the pair of

W ′ = Σ ∩ {yij = lij for (i, j) 6= (i1, j1), (i2, j2), (i3, j3)} ,

and Π ∩W ′. �
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We use the following notation:

Σi :=
{
[My,o] ∈ Σ | rankMy ≤ i

}
⊂ Π.

By elementary calculations, we determine the singular locus of Σ as follows:

Proposition 6.3. The singular locus of Σ is contained in Π and is equal to Σ2. In

particular, Σ is Gorenstein and normal.

Remark 6.4. The variety Σ is an example of a variety of a complex (cf. [Tan, Sect.

5]).

6.2. Construction of the key variety .

Definition 6.5. For U3 ≃ C3 and U4 ≃ C4, we set

Σ′ := PP(U4)(U
3 ⊗ Ω1

P(U4)(1)⊕OP(U4)(−1)).

Note that, by a standard computation, it follows that −KΣ′ = 10HΣ.

Under the situation of the subsection 6.1, we consider x as a coordinate vector
of U4 and My as a coordinate matrix of U3 ⊗ (U4)∗. Then we can regard Σ as a

subvariety of P(U3 ⊗ (U4)∗ ⊕ U4). With this identification, we have the following
proposition:

Proposition 6.6. The following assertions hold:

(1) The tautological linear system |HΣ′ | defines a surjective and birational morphism

Σ′ → Σ, which we denote by ϕ|HΣ′ |.

(2) The morphism ϕ|HΣ′ | is an isomorphism outside of Σ2 = Sing Σ.

(3) The ϕ|HΣ′ |-fiber over a point t ∈ Σ2 is
{
P1 : t 6∈ Σ1,

P2 : t ∈ Σ1.

The morphism ϕ|HΣ′ | is a crepant small resolution.

Proof. Let p := [U1] ∈ P(U4) be a point, where U1 ⊂ U4 is a 1-dimensional vector

space. The fiber of the projective bundle Σ′ → P(U4) over p is

P(U3 ⊗ (U4/U1)∗ ⊕ U1),

which is a linear subspace of P(U3⊗(U4)∗⊕U4). By Lemma 2.2 (1), the tautological
linear system |HΣ′ | defines a morphism Σ′ → P(U3⊗(U4)∗⊕U4). By the description

of fibers of Σ′ → P(U4) as above and the definition of Σ, we see that the image of

this map is contained in Σ.

Let t = [My,x] be a point of Σ. By Lemma 2.2 (2), the fiber of Σ′ → Σ over t is

{t} ×
{
[U1] | My ∈ U3 ⊗ (U4/U1)∗,x ∈ U1

}
.

If t 6∈ Π, namely, x 6= o, then U1 are uniquely determined as U1 = Cx (since

t ∈ Σ, it holds that My ∈ U3 ⊗ (U4/Cx)∗). Therefore the morphism Σ′ → Σ

is an isomorphism outside of Π. In particular, the morphism Σ′ → Σ is bira-
tional. Assume that t ∈ Π, equivalently, x = o. The condition for U1 is that

U1 ⊂
{
x ∈ U4 | Myx = 0

}
≃ C4−rankMy . Therefore the fiber of Σ′ → Σ over t

is isomorphic to P3−rankMy . From this, the description of the fiber Σ′ → Σ over t

follows. The morphism Σ′ → Σ is crepant since it holds that −KΣ′ = 10HΣ′ . �
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Let Σ′
1 ⊂ Σ′ be the inverse image of Σ1. Since Σ1 = P(U3) × P((U4)∗), we see

that

(6.1) Σ′
1 = P(U3)× P(Ω1

P(U4)(1)).

Let τ : Σ̂ → Σ′ be the blow-up of Σ′ along Σ′
1 , and EΣ̂ the τ -exceptional divisor.

We denote by Π′ and Π̂ the strict transforms of Π on Σ′ and Σ̂ respectively. Note

that

(6.2) Π′ = P(U3 ⊗ Ω1
P(U4)(1)⊕ 0).

Lemma 6.7. Let t = [U1] × [W 1] be a point of Σ1 = P(U3) × P((U4)∗), where

U1 and W 1 are 1-dimensional subspaces of U3 and (U4)∗ respectively. The following

assertions hold:

(1) The fiber of Σ′
1 → Σ1 over t can be identified with the fiber of P(Ω1

P(U4)(1)) →

P((U4)∗) over the point [W 1] and then with P(W 1,⊥), where W 1,⊥ is the subspace of

U4 orthogonal to W 1 with respect to the dual pairing. Let Et be the fiber of EΣ̂ → Σ1

over t. It holds that

Et = PP(W 1,⊥)((U
3/U1)⊗ Ω1

P(W 1,⊥)(1)⊕OP(W 1,⊥)(−1)),

and

Et ∩ Π̂ = PP(W 1,⊥)((U
3/U1)⊗ Ω1

P(W 1,⊥)(1)⊕ 0).

(2) We identify an element of (U3/U1) ⊗ (W 1,⊥)∗ with a 2 × 3 matrix. The linear

system |HEt
| defines a morphism Et → P((U3/U1) ⊗ (W 1,⊥)∗ ⊕ W 1,⊥), and the

image is

Et :=
{
[M,x] | M ∈ (U3/U1)⊗ (W 1,⊥)∗,x ∈ W 1,⊥,Mx = o

}
,

which is a complete intersection of two quadrics.

(3) The singular locus of Et is
{
[M,o] | M ∈ (U3/U1)⊗ (W 1,⊥)∗, rankM ≤ 1

}
,

which is P(U3/U1) × P((W 1,⊥)∗) ≃ P1 × P2. The morphism Et → Et is an isomor-

phism outside of SingEt, and the fiber over a point of SingEt is P1. The morphism

Et → Et is a crepant small resolution.

(4) The induced morphism Et ∩ Π̂ → P((U3/U1)⊗ (W 1,⊥)∗ ⊕ 0) ≃ P5 is the blow-up

of P5 along SingEt ≃ P1 × P2. Let LP(W 1,⊥) be the pull-back to Et ∩ Π̂ of a line in

P(W 1,⊥) ≃ P2. The exceptional divisor of the blow-up of P5 along P1 × P2 is linearly

equivalent to 2HEt∩Π̂ − LP(W 1,⊥).

Proof. We show the assertion (1). The first assertion of (1) easily follows from

(6.1). For the second assertion of (2), we have only to determine the restriction
to P(W 1,⊥) of the normal bundle NΣ′

1/Σ
′ . Since Σ′

1 is a sub P2 × P2-bundle of the

P8-bundle Π′ over P(U4) by (6.1) and (6.2), we see that

(6.3) NΣ′
1/Π

′ ≃ TP(U3) ⊗ TP(Ω1
P(U4)

(1))/P(U4)

relativising the normal bundle of the Segre embedded P2×P2 in P8. Let p : P(Ω1
P(U4)(1)) →

P(U4) be the natural morphism. We consider P(W 1,⊥) as the p-fiber over [W 1] ∈
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P((U4)∗). Restricting to P(W 1,⊥) the relative Euler sequence

0 → O(−HP(Ω1
P(U4)

(1))) → p∗Ω1
P(U4)(1) → TP(Ω1

P(U4)
(1))/P(U4)(−HP(Ω1

P(U4)
(1))) → 0,

we obtain the exact sequence

0 → OP(W 1,⊥) → Ω1
P(W 1,⊥)(1)⊕OP(W 1,⊥) → TP(Ω1

P(U4)
(1))/P(U4)|P(W 1,⊥) → 0

since HP(Ω1
P(U4)

(1))|P(W 1,⊥) = 0. Therefore we have TP(Ω1
P(U4)

(1))/P(U4)|P(W 1,⊥) ≃

Ω1
P(W 1,⊥)(1). We also note that TP(U3)|[U1] ≃ (U3/U1)⊗ (U1)∗. Hence, by (6.3), we

obtain

NΣ′
1/Π

′ |P(W 1,⊥) ≃ (U3/U1)⊗ (U1)∗ ⊗ Ω1
P(W 1,⊥)(1) ≃ (U3/U1)⊗ Ω1

P(W 1,⊥)(1).

Let LP(U4) be the pull-back to Σ′ of a hyperplane of P(U4). Since

(6.4) Π′ ∼ HΣ′ − LP(U4),

we have NΠ′/Σ′ |P(W 1,⊥) ≃ OP(W 1,⊥)(−1). Therefore, by the normal bundle se-

quence 0 → NΣ′
1/Π

′ → NΣ′
1/Σ

′ → NΠ′/Σ′ |Σ′
1
→ 0, we obtain

NΣ′
1/Σ

′ |P(W 1,⊥) ≃ (U3/U1)⊗ Ω1
P(W 1,⊥)(1)⊕OP(W 1,⊥)(−1),

and hence the assertion (1) follows.

The assertions (2)–(4) can be proved in a similar way to Proposition 6.6 due to

structural similarity between Et and Σ′, so we omit a proof. �

Note that

(6.5) −KΣ̂ = τ∗(−KΣ′)− 4EΣ̂ = 10τ∗HΣ′ − 4EΣ̂ = 2τ∗HΣ′ + 4(2τ∗HΣ′ − EΣ̂).

By Proposition 6.6, HΣ′ is nef and big and, since Σ1 is the intersection of quadrics,

Bs |2τ∗HΣ′ − EΣ̂| = ∅. Therefore −KΣ̂ is nef and big. Let ν : Σ̂ → Σ̂′ be the anti-
canonical model.

Flop Σ̂ 99K Σ
+.

Proposition 6.8. The anti-canonical model ν : Σ̂ → Σ̂′ is defined over Σ and is a

Π̂-negative flopping contraction of Atiyah type. The morphism ν|EΣ̂
is also a flopping

contraction of Atiyah type.

Proof. Let l ⊂ Σ̂ be an irreducible ν-exceptional curve. By (6.5) and −KΣ̂ · l = 0,
we have τ∗HΣ′ · l = (2τ∗HΣ′ − EΣ̂) · l = 0, and hence τ∗HΣ′ · l = EΣ̂ · l = 0.

By τ∗HΣ′ · l = 0, the morphism ν is defined over Σ. Since Π′ is smooth, we have

Π̂ = τ∗Π′ − EΣ̂. Therefore Π̂ is negative for any ν-exceptional curve since Π′ is

negative for any exceptional curve for Σ′ → Σ by (6.4). By Proposition 6.6 (2), l is

contained in the union of EΣ̂ and the strict transform Σ̂2 of Σ2. By Proposition 6.6

(3), the ν-fiber over a point s ∈ Σ̂2 \ EΣ̂ is P1. Note that Et as in Lemma 6.7 (1) has

two nontrivial contractions; one is the morphism Et → P(W 1,⊥), and nontrivial
fibers of another morphism are P1 by Lemma 6.7 (3). Since ν|Et

cannot be the

morphism Et → P(W 1,⊥), we see that the nontrivial ν-fiber over a point s ∈ EΣ̂ is

also P1. Therefore any nontrivial fiber of the morphism ν|Π̂ : Π̂ → ν(Π̂) is P1. In

particular, this implies that the relative Picard number of ν|Σ̂ is one. Note that, since

Π̂ is ν-negative , −KΠ̂ is ν-ample. Therefore, by [An, Thm.2.3], ν(Π̂) is smooth and

ν|Π̂ is the blow-up of ν(Π̂) along a smooth subvariety of ν(Π̂) which is the strict
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transform of Σ2. This implies that Nl/Π̂ ≃ O⊕9
P1 ⊕OP1(−1), and Π̂ · l = KΠ̂ · l = −1.

Therefore, by the normal bundle sequence 0 → Nl/Π̂ → Nl/Σ̂ → NΠ̂/Σ̂|l → 0, we

have Nl/Σ̂ ≃ O⊕9
P1 ⊕ OP1(−1)⊕2, and hence ν is a flopping contraction of Atiyah

type.
Since EΣ̂ · l = 0, ν|EΣ̂

is also a flopping contraction of Atiyah type. �

Let Σ̂ 99K Σ+ be the flop for the flopping contraction ν. It is well-known that

the flop can be constructed by the blow-up along the ν-exceptional locus and the

blow-down of the exceptional divisor along the other direction. We denote by Π+

and EΣ+ the strict transforms on Σ+ of Π̂ and EΣ̂ respectively. By the construction

of Σ̂ 99K Σ+, we see that the induced map EΣ̂ 99K EΣ+ is also the flop and the

induced map Π̂ 99K Π+ is identified with ν|Π̂ : Π̂ → ν(Π̂), which is the blow-up of

ν(Π̂) along the strict transform of Σ2 on ν(Π̂) by the proof of Proposition 6.8.

In the following steps, we separate EΣ+ and Π+ by a flip, and finally contract
their strict transforms.

Flip Σ
+

99K Σ̃.
We set

G := EΣ+ ∩ Π+.

Lemma 6.9. The exceptional locus of Π+ → Π is G and G is a P5-bundle over P(U3)×
P((U4)∗).

Proof. As we note above, we may identify Π+ → Π with ν(Π̂) → Π. Therefore the

assertion follows by Lemma 6.7 (4) and the construction of the flop. �

Proposition 6.10.

(1) Let Γ ≃ P5 be a fiber of G → P(U3)× P((U4)∗). It holds that

NΓ/Σ+ = OP5(−1)⊕2 ⊕O⊕5
P5 .

(2) There exists a small contraction Σ+ → Σ
+

contracting EΣ+ ∩ Π+ onto

P(U3)× P((U4)∗).

Proof. (1). Let l be a general line in a fiber of the P3-bundle Et ∩ Π̂ → P(W 1,⊥)
as in Lemma 6.7 (1) and l+ the strict transform of l on Σ+. Since l is contained

in a fiber of the blow-up τ : Σ̂ → Σ′ and EΣ̂ is the τ -exceptional divisor, we have

−KΣ̂ · l = 4 and EΣ̂ · l = −1. Since both −KΣ̂ and EΣ̂ are numerically trivial

for flopping curves by the proof of Proposition 6.8, we have −KΣ+ · l+ = 4 and
EΣ+ · l+ = −1. From the latter equality, we have (G · l+)Π+ = EΠ+ · l+ = −1.

Therefore, by the normal bundle sequence 0 → NΓ/G → NΓ/Π+ → NG/Π+ |Γ → 0

and NΓ/G ≃ O⊕5
Γ , we have NΓ/Π+ ≃ OP5(−1) ⊕ O⊕5

P5 . Since −KΣ+ · l+ = 4 and

Γ ≃ P5, we have degNΓ/Σ+ = −2. Therefore, by the normal bundle sequence

0 → NΓ/Π+ → NΓ/Σ+ → NΠ+/Σ+ |Γ → 0, we have NΓ/Σ+ ≃ OP5(−1)⊕2 ⊕ O⊕5
P5 as

desired.
(2). Let HΣ+ be the strict transform on Σ+ of τ∗HΣ′ . We can show that (2HΣ+ −
EΣ+) + Π+ is nef over Σ and numerically trivial only for fibers of G → P(U3) ×
P((U4)∗). A proof is quite similar to the one of Proposition 5.8 (2), so we omit

it. �
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By Proposition 6.10 (1), the contraction Σ+ → Σ
+

is of flipping type, and the flip
can be constructed by the blow-up along Λ and the blow-down of the exceptional

divisor along the other direction . Let Σ+
99K Σ̃ be the flip. By Proposition 6.10 (1)

again, the flipped locus is a P1-bundle over P(U3)× P((U4)∗). We denote by EΣ̃, Π̃

and HΣ̃ the strict transforms on Σ̃ of EΣ+ , Π+ and HΣ+ respectively.
The following lemma will describe a part of singularities of the key variety Σ

which we are going to construct:

Lemma 6.11. Let t = [U1] × [W 1] be a point of Σ1 = P(U3) × P((U4)∗) as in

Lemma 6.7. The fiber E+
t of EΣ+ → P(U3) × P((U4)∗) over t is the blow-up of the

Grassmannian G(2, (U3/U1) ⊕ ((W 1)⊥)∗) ≃ G(2, 5) at the point [∧2(U3/U1)]. The
fiber of EΣ̃ → P(U3)× P((U4)∗) over t is G(2, (U3/U1)⊕ ((W 1)⊥)∗).

Proof. For simplicity of notation, we set U
2
:= U3/U1,Gr := G(2, U

2
⊕ (W 1,⊥)∗)

and denote by G̃r the blow-up of Gr at the point [∧2U
2
]. By Lemma 6.7, the fiber

Et of EΣ̂ → P(U3) × P((U4)∗) over t has two contractions, one of which is the P4-

bundle Et → P(W 1,⊥) and another of which is the flopping contraction of Atiyah

type Et → Et. Note that Et has another unique small resolution different from

Et → Et, which we denote by E+
t → Et. Therefore, to show E+

t ≃ G̃r, it suffices

to show that G̃r has a small contraction onto Et (note that G̃r is different from Et

since Et has no contraction onto G(2, 5)). We note the following decomposition:

∧2
(
U

2
⊕ (W 1,⊥)∗

)
= ∧2U

2
⊕ U

2
∧ (W 1,⊥)∗ ⊕ ∧2(W 1,⊥)∗

≃ ∧2U
2
⊕ U

2
⊗ (W 1,⊥)∗ ⊕W 1,⊥.

Therefore, the linear projection from the point [∧2U
2
] maps Gr into the projec-

tive space P

(
U

2
∧ (W 1,⊥)∗ ⊕W 1,⊥

)
. Let e1, e2 and e3, e4, e5 be basis of U

2
and

(W 1,⊥)∗ respectively, and pij the Plücker coordinates associated to the basis e1, . . . , e5

of U
2
⊕ (W 1,⊥)∗. The equation of Gr is given by ∧2(

∑
1≤i<j≤5 pijei ∧ ej) = o. We

can check explicitly that the image of the projection of Gr is defined by

(6.6)


 ∑

i=1,2,j=3,4,5

pijei ∧ ej


 ∧


 ∑

3≤i<j≤5

pijei ∧ ej


 = o

in P

(
∧2U

2
⊕ U

2
∧ (W 1,⊥)∗ ⊕ ∧2(W 1,⊥)∗

)
, and the projection is birational onto

the image. We identify ∧2(W 1,⊥)∗ with W 1,⊥ by regarding e3 ∧ e4, e3 ∧ e5, and

e4 ∧ e5 as e∗5, −e∗4, and e∗3 ∈ W 1,⊥ respectively, and also U
2
∧ (W 1,⊥)∗ with U

2
⊗

(W 1,⊥)∗ by regarding ei ∧ ejwith ei ⊗ ej . Then the equation (6.6) defines Et in

P

(
U

2
∧ (W 1,⊥)∗ ⊕W 1,⊥

)
. By a standard property of linear projection, a natural

morphism ρ+ : G̃r → Et is induced. Let EGr be the exceptional divisor of the blow-

up G̃r → Gr, and LGr the total transform on G̃r of a hyperplane section of Gr. We

have −K
G̃r

= 5(LGr − EGr) and LGr − EGr is the total transform of a hyperplane

section of Et. Therefore the morphism ρ+ is crepant, and hence must be small

since Et has only terminal singularities. Now we have shown that G̃r has a small

contraction onto Et as desired.
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The description of the fiber of EΣ̃ → P(U3) × P((U4)∗) over t follows from the

above by the construction of the flip Σ+
99K Σ̃. �

Contracting EΣ̃ and Π̃.

By the constructions of the flop Σ̂ 99K Σ+ and the flip Σ+
99K Σ̃, and the description

of EΣ+ ∩ Π+ as in Lemma 6.9, we see that EΣ̃ ∩ Π̃ = ∅.

By the construction of the flip, we see that Σ+
99K Σ̃ induces the contraction

Π+ → P(U3 ⊗ (U4)∗). Thus Π̃ ≃ P11.

Lemma 6.12. The normal bundle NΠ̃/Σ̃ is OP11(−2) .

Proof. A proof is similar to those of Lemmas 3.4 and 5.9, so we omit it. �

Lemma 6.13. 2HΣ̃ + Π̃ is semiample.

Proof. A proof is quite similar to the one of Lemma 5.10, so we omit it. �

Theorem 6.14. Let µ : Σ̃ → Σ be the contraction defined by a sufficient multiple of

2HΣ̃ + Π̃. The following assertions hold:

(1) The µ-exceptional locus is the union of EΣ̃ and Π̃.

(2) µ(Π̃) is a 1/2-singularity.

(3) The discrepancy of EΣ̃ is 4 and µ(EΣ̃) ≃ P(U3) × P((U4)∗). Any fiber of EΣ̃ →
µ(EΣ̃) is G(2, 5). In particular Σ has Gorenstein terminal singularities along P(U3)×
P((U4)∗).

(4) The variety Σ is a 12-dimensional rational Q-Fano variety with ρ(Σ) = 1.

(5) The image MΣ of HΣ is a primitive integral ample Weil divisor MΣ and it holds

that −KΣ = 10MΣ.

Proof. The assertion (3) follows from Lemma 6.11. The rest assertion can be proved

similarly to Theorem 5.11, so we omit a proof. �

6.3. Embedding theorem . Now we arrive at Theorem 1.1 for a prime Q-Fano

3-fold X of genus 5.

Theorem 6.15. A Q-Fano 3-fold X of genus 5 is a linear section of Σ.

Proof. We only remark that W is disjoint from Σ1 since Σ has non-hypersurface

singularities along Σ1. The rest of the proof is similar to the one of Theorem 5.17,
so we omit it. �

6.4. Extension of the Sarkisov link. We have obtained the following diagram:

(6.7) Σ̃
anti-flip

//❴❴❴

µ

��✁✁
✁✁
✁✁
✁✁

  
❅❅

❅❅
❅❅

❅❅
Σ+ flop

//❴❴❴

��

Σ̂

��
❅❅

❅❅
❅❅

❅❅

��⑦⑦
⑦⑦
⑦⑦
⑦⑦

Σ Σ P3.

By the proof of Theorem 6.15, we obtain the following:
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Corollary 6.16. The diagram (6.7) is an extension of (1.1) in the case of genus 5,

where Y ,W and Y ′ are linear sections of Σ̃, Σ and Σ̂ with respect to |HΣ̃|, |OΣ(1)|
and |HΣ̂| respectively. The restriction of the anti-flip to Y is the identity.

Proof. The restriction of the anti-flip to Y is the identity since the image in Σ of the

flipped locus in Σ̃ is contained in the image of EΣ̃ on Σ by Proposition 6.10 (2),

and the latter is disjoint from W as we remarked in the proof of Theorem 6.15. The

rest follows easily. �
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