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Deformations of categories of coherent sheaves
via quivers with relations

Severin Barmeier and Zhengfang Wang

ABSTRACT

We give an explicit description of the deformation theory of the Abelian category of
(quasi-)coherent sheaves on any separated Noetherian scheme X via the deformation
theory of path algebras of quivers with relations, by using any affine open cover of X,
or any tilting bundle on X, if available.

We also give sufficient criteria for obtaining algebraizations of formal deformations,
in which case the deformation parameters can be evaluated to a constant and the
deformations can be compared to the original Abelian category on equal terms. We give
concrete examples as well as applications to the study of noncommutative deformations
of singularities.

1. Introduction

A momentous result due to P. Gabriel [Gab62] and A.L. Rosenberg [Ros98, Bral8] shows that
any quasi-separated scheme can be reconstructed from its Abelian category of quasi-coherent
sheaves. Abelian categories which are “close to” categories of quasi-coherent sheaves on a variety
or scheme can thus be viewed as generalizations of commutative schemes and are of central
importance in noncommutative algebraic geometry.

In [LVABO05, LVdB06] W. Lowen and M. Van den Bergh developed a deformation theory for
abstract Abelian categories, controlled by a version of Hochschild cohomology H%, for Abelian
categories, with first-order deformations parametrized by Hib and obstructions lying in H‘Zb. For
a separated Noetherian scheme X over an algebraically closed field k of characteristic 0, Lowen
and Van den Bergh showed that the Hochschild cohomology of the Abelian categories

— Mod(Ox) of all sheaves of Ox-modules
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— Qcoh(X) of quasi-coherent sheaves

— coh(X) of coherent sheaves

are all isomorphic to the Hochschild cohomology HH®(X) of the scheme X.

For smooth X, first-order deformations are thus parametrized by
HH?*(X) ~ H° (A*Tx) @ H'(Tx) ® H*(Ox),

where the isomorphism is given by the Hochschild-Kostant—Rosenberg decomposition [Swa96,
Yek02]. This shows that the deformation theory of Mod(Ox), Qcoh(X) and coh(X) can be
understood as an amalgamation of quantizations of algebraic Poisson structures on X, classical
commutative deformations of X and deformations of the gerbe structure of Ox (see §3). Further
aspects of this deformation theory were studied for example in [BBP07, DHL22, DLL17, LL19].

Lowen and Van den Bergh showed that for any associative algebra A, one has an equivalence
of deformation theories

deformations of A deformations of Mod(A)
as associative algebra as Abelian category

(1.1)

and in case A is commutative, Mod(A) ~ Qcoh(Spec A), so that this equivalence shows that
deformations of Qcoh(Spec A) are determined by associative deformations of A. (Note that “ge-
ometric” deformations of Spec A correspond to commutative deformations of A, which are trivial
if Spec A is smooth.)

If X is now a quasi-compact separated scheme, then we have an equivalence Qcoh(X) ~
Qcoh(Ox|y), where Qcoh(Ox|y) is the Abelian category of quasi-coherent modules for the dia-
gram of algebras Ox |y obtained by restricting the structure sheaf Ox to an affine open cover i
closed under intersections. Lowen and Van den Bergh showed that in fact the full formal de-
formation theories of Mod(Ox), Qcoh(X) and coh(X) are equivalent to the deformation theory
of Ox |y as a twisted presheaf of associative algebras, which can be viewed as a “global” analogue
of (1.1) (see Theorem 3.1).

The deformation theory of a diagram of algebras is controlled by an L, algebra structure on
the Gerstenhaber—Schack complex of the diagram [GS88], which can be viewed as a generalization
of the classical Hochschild complex which controls the deformation theory of a single algebra — for
a single algebra, the Gerstenhaber—Schack complex coincides with the Hochschild complex. This
L algebra structure controlling formal deformations of diagrams of algebras, or more generally
of prestacks, was constructed by H. Dinh Van and W. Lowen [DL18]. Their construction uses
(a categorical analogue of) the observation [GS88| that with any diagram A of algebras, one
can associate a single algebra A!, whose deformation theory is also equivalent to that of the
diagram A.

In the case of a single algebra, this L., algebra structure recovers the classical DG Lie al-
gebra structure on the Hochschild complex given by the Gerstenhaber bracket. Although these
higher structures on the Gerstenhaber—Schack complex give a natural obstruction calculus for
deformations of diagrams of algebras, it is not clear how to construct formal deformations from
this point of view. For example, already for the single algebra A = k[x1,...,x4], that is, the
algebra of global functions on affine space A%, the explicit construction of a formal deformation
is nontrivial — formal deformations of Qcoh (Ad) ~ Mod(A) are given by deformation quantiza-
tions of Poisson structures on A? which were constructed by M. Kontsevich as part of the proof
of his formality conjecture [Kon03, Kon01], and the explicit formula uses certain integrals over
configuration spaces of points which are related to multiple zeta values [BPP20)].
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In [BW20] we used the combinatorics of reduction systems to give a description of the defor-
mation theory of arbitrary path algebras of quivers with relations and showed how this approach
can be used to produce explicit combinatorial quantizations of Poisson structures by writing
klzq,...,2q] = k(z1,...,2q)/(xj2; — 2iTj)1<icj<a and systematically deforming the ideal of re-
lations. In the present article we “globalize” this approach to describe the deformation theory
of Qcoh(X) for any separated Noetherian scheme X.

The basic theoretical idea of [BW20] is to replace the bar resolution, giving rise to the
Hochschild cochain complex, by a smaller, combinatorial, resolution available for path algebras
of (finite) quivers with relations. This resolution was constructed by M. J. Bardzell [Bar96, Bar97]
for monomial relations and by S. Chouhy and A. Solotar [CS15] in the general case by using
the combinatorics of reduction systems. We show in §2.3 that for any affine hypersurface A =
k[z1,...,24]/(f) this resolution is isomorphic to the classical BACH resolution [GGRV92].

The deformation theory of path algebras of quivers with relations can then be studied via
a natural L., algebra structure on the corresponding cochain complex of this smaller resolution,
obtained by homotopy transfer from the DG Lie algebra structure on the (shifted) Hochschild
cochain complex. We denote the resulting L, algebra by p(Q, R), where @ is the quiver and R
a reduction system for the ideal of relations. This point of view gives a systematic method of
deforming the ideal of relations and allowing one to construct explicit formal deformations of
such path algebras, as well as give sufficient criteria for the existence of an algebraization.

In the present article we show how to use this point of view to give an explicit description
of the deformation theory of the diagram algebra Ox|y!, where X is any separated Noetherian
scheme and Ox/|y is the restriction of the structure sheaf of X to any affine open cover 4 of X
which is closed under intersections. The approach via reduction systems allows one to deform
the diagram of algebras by deforming the relations appearing in the diagram. By the above-
mentioned results of [LVAB05, LVABO06], this gives an explicit description of the deformation
theory of Mod(Ox), Qcoh(X) and coh(X). Our first main result can be phrased as follows.

THEOREM 1.2 (Theorem 3.11). Let X be any separated Noetherian scheme, and let i be
any affine open cover of X closed under intersections. Then there is an explicit L., algebra
p(Qdiag , Rdiag) controlling the deformation theory of the diagram algebra Ox|y! and of the Abe-
lian categories Mod(Ox ), Qcoh(X) and coh(X).

This theorem relies on the construction of a quiver Q48 whose vertices correspond to open
sets in the cover Y, and a finite reduction system RY2& which together encode the diagram
algebra Ox|y!. Here, the Noetherian condition on the scheme X ensures that the individual
algebras Ox (U) for each U € 4l are finitely generated, so that the quiver Q48 is finite. The
reduction system R%28 is obtained by “gluing” finite reduction systems arising from Grébner
bases of the commutative algebras Ox(U) for U € 4. Deformations of the diagram algebra
can then easily be viewed as deformations of the diagram Ox|y and are thus very close to the
geometry in the sense that the Abelian category of quasi-coherent modules over a deformation
of Ox|y can be viewed as a direct analogue of Qcoh(X).

The use of reduction systems and Grobner bases gives a combinatorial description of the de-
formation theory of Qcoh(X) which is surprisingly workable. However, the number of generators
and relations for the diagram algebra increases with the dimension and with the number of affine
charts needed to cover X, so the following alternative description can also be useful.

In case X admits a tilting bundle £, the deformation theory of Mod(Ox), Qcoh(X) and
coh(X) can also be described more economically via the deformation theory of End £, which can
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also be naturally written as the path algebra of a quiver with relations, where now each vertex in
the quiver corresponds to a direct summand of £. The algebra End £ is always much “smaller”
than the diagram algebra — for example, it is finite-dimensional if X is projective — but since one
has to pass through a derived equivalence D(X) ~ D(End &), this point of view is not quite as
close to the geometry. Our second main result is the following.

THEOREM 1.3 (Theorem 3.18). Let X be any separated Noetherian scheme, and let £ be a
tilting bundle on X. Write End € = kQ"!*/I, and let R"" be any reduction system satisfying (o)
for I. Then p(Q", R"") controls the deformation theory of the Abelian categories Mod(Ox),
Qcoh(X) and coh(X).

Theorems 1.2 and 1.3 should generally be understood in the context of formal deformation
theory. In [BW20, § 9] we gave criteria for the existence of algebraizations of formal deformations,
by using the notion of admissible orders < on the set of paths of the quiver. In particular, this
allows one to construct algebraic varieties V4 of “actual” deformations obtained by evaluating
the deformation parameters to a constant. In view of the Gabriel-Rosenberg reconstruction
theorem [Gab62, Ros98, Bral8|], the resulting deformations of the Abelian categories or algebras
can be viewed as noncommutative schemes which are “close to” the original scheme and can be
compared to it on equal footing.

In examples, namely for the smooth quasi-projective surfaces Z, = Tot Op1(—k), we show
how to use this idea to obtain explicit families of actual deformations for the Abelian categories
Qcoh(Zy), which also give rise to explicit families of generally noncommutative deformations of
the 4(1,1) surface singularities.

1.1 Structure of the article

In §2, we briefly recall the main results of [BW20] which allow us to study deformations of
path algebras of quivers with relations via the combinatorics of reduction systems. In §3 we
show how to apply these techniques to study the deformation theory of Qcoh(X) and prove
Theorems 1.2 and 1.3. In §4 we illustrate the deformation—obstruction theory for the category
of (quasi)coherent sheaves for a particular class of smooth quasi-projective surfaces, namely
Zy, = Tot Op1(—k). In § 5 we show how to apply the deformation theory of path algebras of quivers
with relations to study noncommutative deformations of singularities, which we illustrate for the
cyclic surface singularities of type %(1, 1) by applying the results for the deformation theory of
Qcoh(Z) obtained in §4.

2. Deformations of path algebras of quivers with relations

Let @ be a finite quiver, let k@) denote its path algebra, and let I C k@ be any two-sided ideal
of relations. The quotient algebra A = kQ/I is a path algebra of a quiver with relations, and
any finitely generated algebra is of this form. In [BW20] we showed how to obtain a complete
description of the deformation theory of A for any finite quiver () and any ideal of relations I via

the combinatorics of reduction systems. We will give a brief summary of the construction here
and refer to [BW20] for details.

2.1 Deformations via the Hochschild complex

Classically, the formal deformation theory of an associative algebra A is controlled by the
Hochschild cochain complex C*(A, A) = (Homk (A®k', A),d) equipped with the Gerstenhaber
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bracket [—,—].

We have a DG Lie algebra h(A) = (C**1(A, A),d, [—,—]) whose Maurer—Cartan elements are
precisely associative multiplications A®y A — A. This DG Lie algebra naturally controls formal
deformations of A.

Note that Homy (A", A) ~ Hom 4 (Bar, (A), A), where Bars(A) is the bar resolution
o A AP A —> o —> A AQ A — ARy A

which is a projective resolution of A viewed as a bimodule over itself.

2.2 Deformations via reduction systems

If A~kQ/I for some finite quiver ) and some two-sided ideal I C k@, Chouhy and Solotar con-
structed a smaller A-bimodule resolution of A via the combinatorics of reduction systems [CS15].
This projective resolution can be used instead of the bar resolution to describe the full deforma-
tion theory of A. We briefly recall the basic notions and refer to [BW20] for more details.

2.2.1 Reduction systems. The following notion of a reduction system was introduced by
G. M. Bergman [Ber78] in the statement and proof of his diamond lemma.

DEFINITION 2.1 (Bergman [Ber78, §1]). A reduction system R for k@ is a set of pairs
R={(s,) | s € S and o, € kQ},
where

— S is a subset of @2 such that s is not a subpath of s’ when s # s’ € S;

— s and g are parallel for all s € S}

— s is irreducible (that is, it is a linear combination of irreducible paths) for all s € S.
Here a path is irreducible if it does not contain elements in S as a subpath, and we denote by
Irrg = Irrg(Q) = Qe \ QoS Qe the set of all irreducible paths.

Given a two-sided ideal I of k@, we say that a reduction system R satisfies the condition
(0) for I if
(i) I is equal to the two-sided ideal generated by the set {s — ¢s}(s.0,)eR;

(ii) every path is reduction-finite and reduction-unique; that is, every path can be “reduced”
to a unique element in klrrg by repeatedly replacing subpaths s € S by ;.

As a consequence of the diamond lemma [Ber78, Theorem 1.2], it follows that if R satisfies (¢)
for an ideal I C k@), then the set Irrg of irreducible paths forms a k-basis of the quotient algebra
A =kQ/I. We write

m:kQ — A=kQ/I
for the projection.

In particular, the deformation theory of A = kQ/I via a reduction system R described below
in §2.2.3 can be understood as deforming the algebra in the basis Irrg determined by R.

Remark 2.2. A reduction system R = {(s,ys)} is uniquely determined by the set S C Qx2
together with an element ¢ € Hom(kS,klrrg) so that ¢(s) = ¢s for each s € S. (Here Hom
denotes the set of kQp-bimodule homomorphisms.)

Note that the diamond lemma implies in particular that we may identify A ~ klrrg and thus
Hom(kS, kIrrg) ~ Hom(kS, A).
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Remark 2.3. Reduction systems “always exist”. More precisely, we have the following two facts:

(i) For any finite quiver @ and any two-sided ideal I C k@), there exists a reduction system R
satisfying (¢) for I (see [CS15, Proposition 2.7]). However, if kQ/I is noncommutative, it
is in general undecidable whether there exists a finite reduction system, even if I is finitely
generated.

(ii) Any Grobner basis for I gives rise to a reduction system R = {(s,¢s)} (see for exam-
ple [BW20, §3.3.1]). In particular, if k@Q/I is commutative, then I always admits a finite
Grobner basis [EPS98], which gives rise to a finite reduction system.

2.2.2 Higher ambiguities. We now recall the definition of n-ambiguities, which will be used
to construct a projective A-bimodule resolution of A.

DEFINITION 2.4. Let p € Q=9 be a path. If p = gr for some paths q,r, we call ¢ a proper left
subpath of p if p # q.

Now let n > 0. A path p € Q. is an n-ambiguity if there exist a ug € @1 and irreducible
paths w1, ..., up41 such that

(i) p=uo-uny1;
(ii) for all 4, the path w;u;4+1 is reducible, and the path w;d is irreducible for any proper left
subpath d of ;4.

Now let Sy = Qo, S1 = @1, S2 = S, and let S,,42 for n > 1 denote the set of n-ambiguities.
Generalizing Bardzell’s resolution for monomial algebras [Bar96, Bar97], Chouhy—Solotar [CS15]
constructed a smaller A-bimodule resolution P, of A = k@/I associated with any reduction
system R = {(s,ps) | s € S} satisfying (o) for I,

On 15) On— o) 4]
. Intt P, -2 P L 1

P Py, (2.5)

where P, = A®kS,,® A and the augmentation map dy: A® A — A is given by the multiplication
of A. A recursive formula for the differential is given in [BW20, Theorem 4.2].

2.2.3 An explicit Ly algebra. Using this smaller resolution, we obtained the following result.

THEOREM 2.6 ([BW20, §7]). Let A =kQ/I. Then there exists an Lo, algebra p(Q, R) with under-
lying cochain complex P**! = Hom e (Ps,1, A) and an Lo, quasi-isomorphism between p(Q, R)
and the DG Lie algebra h(A) = (Homge(Bare+1(4), A),d, [—,—]).

As a consequence, the Lo, algebra p(Q, R) controls the deformation theory of A.

With any complete local Noetherian k-algebra (B,m) — the base of the deformation, for
example B = k[[t] and m = (t) — and any clement § € P? ® m, we may associate a certain
combinatorially defined operation x, 15: A® A — A ® B, which we call combinatorial star
product (see [BW20, Definition 7.18]). This operation can be described by performing rightmost
reductions with respect to the new formal reduction system

ch-i—@ = {(37‘;05 +(Es) | s € S}v
where @, € klrrg ® m is the image of 3(s) under the natural isomorphism klrrg ~ A.

This can be understood as follows. Given any two irreducible paths u, v € Irrg, the concatena-
tion uw is not necessarily irreducible. The multiplication in A is given by repeatedly replacing any
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subpath s of uv with s € S by ¢(s). Since the reduction system R is assumed to be reduction-
unique, this process finishes after finitely many steps and does not depend on the choice of
subpath at each step. The operation %, is defined similarly with the only difference being
that one starts with uv and repeatedly replaces the rightmost subpath s € S with (¢ + @)(s).
(See [BW20, §10] and Remark 4.9 for a graphical description of %,z for the polynomial algebra
A= k[.%‘l, ey xd])

This combinatorial operation *,, 5 can be used to give the following necessary and sufficient
condition for ¢ to be a Maurer—Cartan element.

THEOREM 2.7 ([BW20, Theorem 7.37]). Let ¢ € Hom(kS, A) ® m, and write x = %, 5. Then @
satisfies the Maurer—Cartan equation of p(Q, R) ® m if and only if for any wvw € S with
uwv,vw € S, we have

m(u) x (m(v) *xm(w)) = (7(u) x 7(v)) * (W) . (2.8)

This theorem shows that to check whether ¢ is a Maurer—Cartan element, it suffices to check
whether x = %, 5 is associative on elements in S3. Moreover, when ¢ is a Maurer-Cartan element
of p(Q, R) ®m, then  gives an explicit formula for the corresponding formal deformation of A. It
follows from [BW20, Corollary 7.31] that up to gauge equivalence, any formal deformation of A
over (B, m) is of the form (A ® B, ) for some Maurer-Cartan element 3.

Remark 2.9. For B =k[t]/(t?), Theorem 2.7 provides a combinatorial way to compute HH?(A).
Let ¢ € Hom(kS, A). Then ¢ is a 2-cocycle if and only if for any wow € S3 with uv,vw € S, we
have

(m(u) % w(v)) *x 7(w) = 7(u) * (7(v) * 7(w)) mod 2,
where * = %, 5. See [BW20, § 7.A] for more details.

2.2.4 Algebraization and actual deformations. Let A= (A[t],*) be a formal one-parame-
ter deformation of an associative algebra A. An algebraization of Aisa C-algebra A= (AC, ),
where C' is the coordinate ring of an affine curve, together with a smooth closed point of Spec C
corresponding to a maximal ideal m of C' such that A is isomorphic to the (A®m)-adic completion
of A as a formal deformation.

When A is infinite-dimensional over k, an algebraization does not always exist. However,
when it does, one can consider the formal deformation parameter ¢ as an actual parameter. For
example, if there exists an algebraization with C' = k[t] the coordinate ring of an affine line,
the formal parameter ¢ can be evaluated to any constant A € k, giving an “actual” deformation
Ay = E/ (t — A) having the same k-basis as A, but usually different geometric or representation-
theoretic properties.

In [BW20, §9] we use the notion of admissible orders on the set of paths for the quiver @
to give criteria for the existence of algebraizations of formal deformations. More precisely, let
A =kQ/I,and let R = {(s,ps) | s € S} be a reduction system satisfying (¢) for I obtained from
a noncommutative Grébner basis with respect to some admissible order < on Q,.

Now consider the subspace Hom(kS, A)< C Hom(kS, A) consisting of elements ¢ which satisfy
the following degree condition:

o(s) e kQ<s forany se€ S, (<)

where k() -, is the k-linear span of all paths which are “smaller” than s with respect to the
order <. Here we use the identification Hom(kS, A) ~ Hom(kS,klrrg) and thus view @(s) €
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kIrrs NkQ<s in (<). Note that we have ¢ € Hom(kS, A)~ since by definition ¢(s) = ps < s for
any s € S.

PRrROPOSITION 2.10 ([BW20, Proposition 9.17]). Let ¢ € Hom(kS, A)< @ (t).

(i) For any a,b € A, we have that a %,z b is a finite sum.

(ii) If @ satisfies the Maurer-Cartan equation of p(Q, R) & (t), then the formal deformation
(A[t], xp+3) admits (A[t], *,15) as an algebraization.

In particular, in [BW20] it was shown that when R is a finite reduction system, the set V- of
Maurer—Cartan elements in Hom(kS, A)< of p(Q, R) admits the structure of an affine algebraic
variety of algebras previously studied by E. Green, L. Hille and S. Schroll [GHS21]. This variety
has the following properties.

THEOREM 2.11 ([BW20, Theorem 2.10]). Let dim Hom(kS, A)x = N < oo.

(i) There is a natural groupoid action G5 =3 V. corresponding to equivalence of reduction
systems, such that two Maurer—Cartan elements in V- are equivalent if and only if they lie
in the same orbit of G4, =3 V.

(ii) The Zariski tangent space of V< at the point ¢ € V. is isomorphic to the space of 2-co-
cycles in Hom(kS, A, 5)<. In particular, we have a Kodaira-Spencer map KS: TzV, —
HHQ(AgoJr(ﬁv Alp+[ﬁ)’

(iii) The Zariski tangent space to the orbit of the groupoid Go == V_ at ¢ is contained in the
subspace of the 2-coboundaries lying in Hom(kS, A, 4 5)<.

2.3 Hypersurfaces

Affine hypersurfaces, that is, varieties whose coordinate ring is of the form A = k[z1,...,2z4]/(f)
with deg f = n > 2, are an interesting class of algebraic varieties. A projective A-bimodule
resolution of affine hypersurfaces was given by the Buenos Aires Cyclic Homology Group (BACH)
in [GGRV92]. In the following, we show that this resolution can be viewed as a special case of
the Bardzell-Chouhy—Solotar resolution P, in (2.5).

Let @ be the quiver with one vertex and d loops z1,...,x4. Write A = kQ/I, where the
ideal I is generated by the set
{fY Uiz — zivjhicicj<a-
After a linear change of coordinates, we may assume that f has leading term z; with respect to
the lexicographic ordering r1 < 3 < --- < 4. We may thus write

T SR R
0<i1 - yig<n
i tigen
with A;; i, € k and Ao, 0, = 0. Then we have a reduction system
R={(2g, = X Myt 25 2 F U{ (@20, 2005) ey
which satisfies the condition (o) for I. We have S = {2} } U {zi, %, }1<i, <io<d-
Set Sop = Qo = {®} and S1 = Q1 = {x;i}1<i<a- For m > 0, the set of m-ambiguities is
Sm+2 :{$Zj$ik"‘$i2xz‘1 \j,k>0, 1< <~ <1 <dand 2j—|—k:m+2}.

In particular, we have So = S, and (2.5) gives an explicit resolution P, of A.
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PROPOSITION 2.12. The resolution P, is isomorphic to the BACH resolution C,.
Proof. Let e;, ---e;,tY) be a basis element of the BACH resolution (see [GGRV92, §2.3]). The
map Py, — C, given by
xfinxikxikA ce Xy ey -'-eikt(j)
is an isomorphism of complexes. O

Remark 2.13. Under the above identification, by Theorem 2.6 we obtain an L., algebra structure
on the BACH complex C**1 = Hom e (Coy1, A).

The underlying complex of the L, algebra p(Q, R) is Hom(kSe41, A). Note that we have the
following natural identification:

Hom(kS; 1, A) =~ @ Aey ,
YESit1

where e, denotes the dual basis of y € S;y1. Under this identification, the differential of p(Q, R)
is given by

'k

k
of
=) (D) ae g -
8(0’636;]:):% IiQQJil) ZZ;( ) aaxil ede*l)m. ...xil...xil’

where a € A. In particular, we have d(ae_n;j) = 0. Thus we have the following result (see
d
also [GGRV92, Theorem 3.2.7]).
LEMMA 2.14. We have HH?(A) ~ A/([)Tf ) ® N, where
- of
Z aji€y;a; Z (ag; — aix) e =0foreach 1 <k < d}.
Ly

1<i<j<d
Here we set aj; =0 if j <1
Note that the first summand is isomorphic to the Harrison cohomology Har?(A), which cor-

responds to commutative deformations of A. If A is regular, then Har?(A) = 0 and the second
summand is the space of bivector fields on Spec A.

2.3.1 Singular hypersurfaces. We now give a first affine example by using the deformation—
obstruction calculus for the Ly, algebra p(Q, R).

Example 2.15. Consider f = 2§ —z122 € klx1, z2, 23] forn > 2. Let A = kQ/I = k[z1, z2, 23]/(f).
We have a reduction system satisfying the condition () for I:

R = {(a%, m122) } U {(w221, 7122), (z321, 2173), (2372, T223) }
with S = {l‘gL,CCQLUl,ﬂZgJJl,JUgQ?Q}
and S3 = {Jigl'l,ngSUQ,a?ngl,l‘gIEQJ)l}.
Consider the element ¢ € Hom(kS, A) ® (t) given by
P(ay) =0, o(x3r1) = 21t
Plzowy) = (x3 +1)" —ay,  @(wgwe) = —xat.

Write x = %43, where ¢ € Hom(kS, A) is the element corresponding to R (see Remark 2.2).
Let us verify (2.8) for the elements in S3. Using the graphical description of % in [BW20, §10],
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we have
n—1 o n—1
ot (w3 kwy) = (a7 wag) x 1

since both sides equal

n
n i
x%$2+ E <>:L‘1:L‘g’ A
i
i=1

Similarly, we may verify (2.8) for the other elements z%zs, x§+1, x3x9x1 in S3. It follows from
Theorem 2.7 that (A[t],x) is a formal deformation of A. We also note that (A[t], ) is a defor-
mation quantization of the (exact) Poisson bracket on A determined by

of of of

_871'2’ [x3ax2] = 871'1’ [anxl] =

Remark 2.16. Let n = 2. Evaluating the deformation (A[t], ) at t = 1, we obtain that (4, ) is
isomorphic to A = U(sly)/(C+3), where C = XY +Y X + 2 H? is the Casimir element of U(sly).
(This can be seen by constructing an algebra isomorphism which sends X to —z1, Y to zo and H
to 2z3 + 1.)

The category Mod (ﬁ) is thus an actual deformation of Mod(A) ~ Qcoh(Spec A) (cf. (1.1)),

so that Mod (A) can be viewed as the category of quasi-coherent sheaves on a “singular quantum
hypersurface”.

[.2133,.1‘1] = 81'3 .

By Proposition 4.20(ii) the above deformation can be obtained from the deformed preprojec-
tive algebra of type A;. Similarly, for general n > 2, we may recover the deformation (A[t],x)

from the deformed preprojective algebra of type A,_; studied in [CH9S|.

3. Deformations of categories of coherent sheaves

In this section we show how deformations of the Abelian category Qcoh(X) can be described
as deformations of a path algebra of a suitable quiver with relations. In this context there are
two main sources of such quivers with relations: one is defined from any affine open cover 4
of X, and the other is defined from a tilting bundle on X, if available. The former works in
greater generality, but when X admits a tilting bundle, the latter can be computationally more
convenient.

Let X be a separated Noetherian scheme over an algebraically closed field k of characteristic 0,
so that X admits a finite affine open cover 4l which is closed under intersections.

The restriction Ox |y of the structure sheaf to the cover 4 can be viewed as a diagram of alge-
bras (see Definition 3.5) which is a contravariant functor (a presheaf) Ox|y: U — lg,, where {4
can be viewed as a finite subcategory of the category Open(X) of open sets with morphisms
given by inclusion. Deformations of diagrams of algebras were first studied by Gerstenhaber—
Schack [GS88], and higher structures on the Gerstenhaber—Schack complex were given in Dinh
Van-Lowen [DL18] and also in Dinh Van-Hermans-Lowen [DHL22| using operads. (See also
[BEF20] for a construction via higher derived brackets.)

The following result establishes an equivalence of different deformation problems.

THEOREM 3.1 (Lowen—Van den Bergh [LVAB05, LVdBO06]). Let (X, Ox) be a quasi-compact and
separated scheme over an algebraically closed field k of characteristic 0.

There is an equivalence of formal deformations between deformations of

(i) Ox|y as a twisted presheaf

10



DEFORMATIONS OF CATEGORIES OF COHERENT SHEAVES

(ii) Oxly! as an associative algebra
(iii) Qcoh(X) as an Abelian category
(iv) Mod(Ox) as an Abelian category.

Moreover, if X is Noetherian, then the above deformations are also equivalent to deformations
of

(v) coh(X) as an Abelian category.

In the remainder of the paper we phrase all statements for deformations of Qcoh(X), but
since we work with Noetherian schemes, Theorem 3.1 shows that analogous statements hold for
Mod(Ox) and coh(X).

The different types of deformations in Theorem 3.1 are parametrized by what are essentially
various versions of Hochschild cohomology with first-order deformations parametrized by

HH?(X) ~ H4(Oxly) ~ HH?(Ox|y!) ~ H%,,(Qcoh(X)) (3.2)

and obstructions in HH?(X) ~ ... ~ H3, (Qcoh(X)). Here HH®(A) = Ext%.(4, A) is the usual
Hochschild cohomology for associative algebras, and the Hochschild cohomology of a scheme may
be defined analogously as

HH®*(X) := Exty, (0:0x,0.0x), (3.3)

where 0,Ox is the pushforward of the structure sheaf along the diagonal map §: X — X x X
[GS88, Kon03, Swa96]. Also, Hg,q is a cohomology theory for diagrams (or prestacks) of algebras
(see [DL18, GS88]) and H};, a cohomology theory for Abelian categories (see [LVdB05, LVAB06]).

3.0.1 Geometry. Theorem 3.1 shows that the deformation theory of the Abelian category
Qcoh(X) admits several equivalent algebraic descriptions — namely deformations of Ox|y as
a twisted presheaf, or deformations of the diagram algebra Ox|y! as an associative algebra.

The isomorphisms (3.2) showed that the cohomology groups parametrizing these deformations
are isomorphic to the Hochschild cohomology HH2(X ) of the scheme, furnishing the following
geometric interpretation.

If X is smooth, then the Hochschild-Kostant—Rosenberg theorem (see [Yek02]) gives a de-
composition

HH"(X) ~ €P HP (A97x), (3.4)
pt+g=n
where A?Tx is the sheaf of sections in the gth exterior power of the tangent bundle. A similar
geometric interpretation can be given for singular X for which a decomposition of HH®(X) was
given in [BF08a, BF08b].
First-order deformations of Qcoh(X) are thus parametrized by

HH?(X) ~ H° (A*Tx) @ H'(Tx) ® H*(Ox) ,
where

(i) H° (A%Tx) is the space of bivector fields, which for Poisson bivector fields parametrize
a (noncommutative) algebraic quantization of Ox;

(ii) H'(Tx) is well known to parametrize algebraic deformations of X as a scheme (which over
k = C corresponds to classical deformations of the complex structure);

11
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iii I‘I2 O)( parametrizes “tWiStS”, that iS, deformations of the (trivial) O%-gerbe structure
X g
of O X -

Hence deformations of Qcoh(X) can be thought of as a combination of these three types of
deformations.

Note that if X is a curve, then HH?(X) ~ H!(7x) and HH3(X) = 0 so that all deformations
of Qcoh(X) are induced by classical deformations of the curve (cf. Example 3.14).

3.1 Deformations via the diagram algebra

First we shall consider assertion (ii) of Theorem 3.1, which concerns deformations of the so-called
diagram algebra Ox|y! which is defined as follows.

DEFINITION 3.5. A diagram of k-algebras over a small category 4 is a contravariant functor
A: U — Alg, to the category of associative k-algebras.

The diagram algebra of A, denoted by Al, is given as a k-module by
A=1] @ AU,
vesl f: U-V

where the sum is over all morphisms in { and z is simply a formal (bookkeeping) symbol. The
multiplication of elements a € A(U) and b € A(V) is defined by

{a.A(f)(b)a:gof if g o f is defined,

otherwise,

(azf)(brg) =

where a.A(f)(b) is the product of a and A(f)(b) in the algebra A(U)

DEFINITION 3.6. Let A be a diagram of algebras. An A-module M is a contravariant functor
M: U — Yeck to the category of k-vector spaces such that M(U) is an A(U)-module for
each U € Y and M(f): M(V) — M(U) is a morphism of A(V)-modules for each morphism
frU—V.

An A-module M is quasi-coherent if the induced map A(U) ® 40y M(V) — M(U) is
an isomorphism for any f: U — V (see Enochs-Estrada [EE05, §2]). We denote by Mod(.A)
the Abelian category of all A-modules and by Qcoh(.A) the full subcategory of quasi-coherent
modules.

This definition of modules over a diagram of algebras is compatible with the usual notion of
modules in that we have an equivalence of Abelian categories Mod(.A) ~ Mod(.A!). We denote
by Qcoh(A!) the full subcategory of the images of Qcoh(A). It follows from [EE05, § 2] that for
any separated Noetherian scheme X and any finite affine open cover 4 which is closed under
intersections, we have

Qcoh(X) ~ Qcoh(Ox|y) ~ Qcoh(Ox|y!) .

Theorem 3.1 states that studying deformations of Qcoh(X) as an Abelian category is equiv-
alent to studying deformations of the diagram algebra Ox|y!. The construction summarized in
the following proposition can be used to study deformations of Qcoh(X) for X any separated
Noetherian scheme via the approach outlined in § 2 for deformations of k@Q/I.

12
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PROPOSITION 3.7. Let X be any separated Noetherian scheme, and let i be any finite affine
open cover of X which is closed under intersections.

The diagram algebra Ox|y! is isomorphic to the path algebra of a finite quiver Q438 on #l
vertices modulo a finitely generated ideal J of relations. Moreover, there exists a finite reduction
system RY28 satisfying (o) for J.

Proof. We give a general constructive proof, but for concrete examples see Example 3.14 and
§4.1.

Let Uy,...,U, be an affine open cover of X, and let & = {Uj,.q,, | 1 < i1 < -+ < ipy
< nhi<m<n, where

Uii, =0y, NN,

m
that is, 4l is the closure of {Uy,...,U,} under taking intersections.

The diagram Ox |y can be viewed as the 1-skeleton of an n-hypercube with one vertex (cor-
responding to X) and the incident edges removed. The cover 4 has cardinality 2" — 1, and the
diagram algebra Ox|y! can then be written as the path algebra kQ412/.J of a quiver Q4#8 with
relations J as follows.

Let Q428 be the quiver on 2" —1 vertices, each vertex corresponding to an open set Uiy i, €4,
and let each vertex be labelled by iy - - - i, say. To simplify the indexing, let us write i for some
label i1 -« iy, and if m < mand j € {1,...,n}\{i1,...,im}, we write ij for the label i1 -7+ -y,
obtained by adding j to i. We will now add several sets of arrows to the quiver.

If i = 414, there are n — m inclusions U;; C Uj, so for each such inclusion, we add an
arrow :

ij i
in the opposite direction since Ox|y is contravariant. For example, for n = 1,2, 3, this gives the
following acyclic quivers:

/01 \
012 02 0
0le——0
0 013 03 1
01 < 012«—02><1 0123< (3.8)
1 >< 023 12 2
25—
123 13 3
\23/
For each square
PR}
ijk — T i (3.9)
we add the relation
A it (3.10)

since the diagram Ox |y is commutative. Let Jo denote the ideal generated by the relations (3.10)
for all squares of the form (3.9). Let

Ry = U {(fl; gi‘kaf}fligj)}j<k’

1<lil[<n—2

13
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where the length |i| of the label is assumed to be at most n—2 so that adding two distinct indices
is possible. Then Ry is a reduction system which satisfies (¢) for the ideal J, since reductions
correspond to reordering the lower indices to be strictly increasing. (Any overlap for Ry is of the
form f}fl f]i-’“l for some j < k < [, which uniquely resolves to f} e )

Now at each vertex i, we have a finitely generated commutative algebra

This algebra can be written as the path algebra of a quiver of a single vertex with N; loops

:cil,...,x}vi modulo the ideal J' generated by commutativity relations :c;x; = x;x; and the
relations Fi, ... ,F]iwi. For each vertex i, fix any finite reduction system R! satisfying (o) for Ji.

(Note that such a finite reduction system exists by Remark 2.3 and can be explicitly computed
from a commutative Grébner basis.) At each vertex i we thus add N loops to the quiver Q428

and set
Ry= |J R
1<]il<n
We need to add one last set of relations involving the loops at two vertices which are connected
by an arrow of the underlying acyclic quiver. For each f;, we have

@W# ).

ij ij i i
7 ,...,xNij Ty Thy,

T

Now add relations x;, fji- — fji-Xquj , where X is the image of the generator x; of Ox (U;) under the
restriction map Ox (U;) — Ox (Ujj), expressed in terms of a linear combination of irreducible
paths (with respect to R) in the generators z7,... ,ac}f,ij.

These relations are encoded into a reduction system by setting
RY = {(xi”fyl’ f;X;’j)}lgrgNi ’

Ry= |J RY.
1<]il<n—1

Finally, we define R4#8 = RyURURy and let J = (s—¢,) (sips)c Rtz a8 usual. By construction
we have that kQU8/.J ~ Ox|y!.

Clearly RY28 is finite, so it only remains to show that RY2e is reduction-unique, so that R4128
satisfies (¢) for J. Since R; has no overlaps and the overlaps in Ry and Ry resolve, we only
need to show that overlaps in R428 arising from combinations in Ry, R1, Ry also resolve. These
additional overlaps are of the form

(i) sif]i- for any (si,gosi) € R!

(ii) x;f,;f]‘k for j < k and any 1 <7 < V.
Note that at each vertex i, reductions (with respect to RU# or equivalently R!) induce the
identity map on the quotient algebra k<xil, el ac%\,i>/Ji ~ Ox(U;) and the arrows fJ‘ correspond
to the algebra homomorphisms Ox (U;) — Ox(Uij). The overlap st f; thus uniquely resolves
to fji-Y, where Y is the unique linear combination of irreducible paths (with respect to RY ) such

that [Y] € ]1<§<xi1j,...,x%ij>/Jij ~ Ox(Uyj) equals the image of [s!] = [pg] € Ox(U;) under

14
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Ox (U;) — Ox (Ui ). Similarly, zi fi fJi-’c uniquely resolves to f]i- flij Z, where Z is the unique linear
combination of irreducible paths (with respect to RY¥) such that [Z] is the image of z! under
O)((Ui) —> OX(Uijk)' ]

THEOREM 3.11. Let X be any separated Noetherian scheme, and let Q128 and RY2e be as in
Proposition 3.7. Then the L, algebra p (Qdiag, Rdiag) controls the deformation theory of Qcoh(X)
as an Abelian category.

Proof. 1t follows from Theorem 2.6 and Proposition 3.7 that p(Qdiag, Rdiag) controls the defor-
mation theory of the diagram algebra Ox|y! ~ kQ%8/J. The result then follows from Theo-
rem 3.1. 0

Remark 3.12. Dinh Van-Lowen [DL18| defined an Ly, algebra structure gs(Ox|y) on the Ger-
stenhaber—Schack complex by homotopy transfer from the DG Lie algebra h(Ox|y!) (cf. §2.1).
We thus have a zigzag of Ly, quasi-isomorphisms

p(Qdiag’Rdiag) — h(Oxly!) < g5(Ox|y)

(cf. Remark 3.19) so that both p(Q48, R128) and gs(Ox|y) control the deformation theory
of Ox|y! (and thus the deformation theory of Qcoh(X)).

Note, however, that p(Qdiag,Rdiag) is practically always much smaller than gs(Ox]|y). For
instance, if X = A% we may take { = { X} whence Ox|y! ~ Ox(X) ~ K[y, ...,24]. The cochain
complex underlying p(Qdiag, Rdiag) has trivial differential and is therefore already isomorphic to
HH®*(X) ~ H°(A*T4a) (see [BW20, Lemma 10.21]), whereas the Gerstenhaber-Schack complex
is the full Hochschild cochain complex for k[z1,...,2q]. In this case deformations of Qcoh (A%)
correspond to deformation quantizations of algebraic Poisson structures on A%, which is a diffi-
cult problem [Kon03], and a formal solution does not necessarily give a handle on the problem
of finding algebraizations. Working with p(Qdiag,Rdiag) one can obtain explicit quantizations
[BW20, §10] which can be used to obtain (nonformal) strict deformation quantizations of alge-
braic Poisson structures [BS23].

Now, if X is a projective hypersurface, the cochain complex underlying p(Qdiag, Rdiag) coin-
cides with the BACH complex (see §2.3) at each vertex of the diagram instead of the Hochschild
cochain complex. The BACH complex was also used by L. Liu and W. Lowen [LL19] to study
the Hochschild cohomology of projective hypersurfaces X which can be viewed as first-order
deformations of Qcoh(X) up to equivalence. The Lo, algebra p(Q%#8, R1128) thus gives the nat-
ural higher structure to use the BACH complex to study the full formal deformation theory of
Qcoh(X) and moreover gives a route to study algebraizations.

3.1.1 Algebraization. Using the same idea as in Proposition 2.10, we can use the admissible
order on the algebra Ox (U) at each vertex of Q928 to give a sufficient criterion for the existence
of an algebraization of a formal deformation of the diagram algebra Ox|y!.

Recall that RY28 = Ry U Ry U R, is obtained by gluing the commutative Grébner basis with
respect to some admissible order < at each vertex. Let Sy = {s}(s,)er,- Then we have the
following result.

PROPOSITION 3.13. Let ¢ € Hom (kS,kQ%?¢/J) ® (t) be a Maurer—Cartan element of the Lo
algebra p(Q¥28, R128) @ (t) such that $(s) < s for each s € Sy. Then (Ox|y![t], *,+3) admits
(Ox|y![t], *,+3) as an algebraization.

15
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Proof. This follows from the same idea as Proposition 2.10, namely if ¢(s) is polynomial in ¢ for
each s € S and @ satisfies the degree condition ¢(s) < s for all s € Sp, then x5 is a finite sum
and is thus already well defined on Ox|y![t]. O

This can be generalized to any complete local Noetherian k-algebra (B, m).

3.1.2 An example in dimension 1. In the following example we show how to calculate the
family of deformations of a (smooth) genus 3 curve using the deformation theory of Oxly! ~
kQ%28 /] for Q28 and J as in Proposition 3.7. Of course the deformation theory of smooth
projective curves is one of the best understood examples, but we provide the example as a point
of reference to illustrate which shape the deformation theory of Qcoh(X) takes when computed
as deformations of Ox|y! ~ kQ428/.J. (Note that curves of genus at least 1 do not admit tilting
bundles, and so the usually more economical approach via tilting bundles studied in § 3.2 does
not apply here.)

Ezample 3.14 (Deformations of a genus 3 curve). Consider the smooth genus 3 curve X C P? =
{[z0, z1, 2]} cut out by the quartic equation

F:x8x1+x:{’x2+x%:0_
Note that the point [0, 0, 1] does not lie in X, so that X c P2\ {[0,0,1]} = Uy U Uy, where
Up = {0, x1,22] | 20 # 0} = {[1, 2,u]} ~ k2,
Uy = {[zo,z1,22) | 1 # 0} = {[¢, 1,v]} ~ k2.

Let U, V denote the restrictions of Uy, Uy to X. Setting U = {U,V,U NV} we can follow the
proof of Proposition 3.7 and write the diagram algebra Ox|y! as the path algebra of the quiver

Vs QRe U
9 9
U Uunv v

with ideal of relations J generated by s — ¢4 for (s,¢s) € RY28, where RY8 is the reduction
system consisting of the following pairs:

— (uz, zu), (v(, (), (wr,zw), (WY, yw) commutativity of charts
— (2f, fz), (uf, fw), (Cg,9y), (vg, gyw) compatibility with morphisms
- (zy,1), (yz,1) mutually inverse coordinates
— (ut, = — 2), (wh, —2Pw — z), (v*, —C® — ) equation of curve

which can be obtained from the admissible orders extending z < u, { < v and z < y < w at the
vertices Q928 corresponding to the open sets U, V, U NV, respectively. Note that we have

S = {’LLZ,’UC, wx? wy? my? yx7 Zf? uf? C‘g? vg? u47v47 w4} *

To show that RY28 satisfies (o) for J, it suffices to show that the overlaps uzf, u'f, v(g, vig,

zyz, yry, wry, wyx, wir, why, utz, v4¢ in S; are resolvable. For each overlap this is a short and
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straightforward computation, for example

uzf wly wxy
VAN VRN N
zuf ufx yw? —3wy — xy Twy
| | | | !
zfw fwx —yzdw —yr —xdyw —1 TYW
% 7 /
frw —zrw —1 w.

Now let ¢ € Hom (kS, deiag/J) be any 2-cochain, and as usual we write g5 = @(s) € klrrg.
Let Fyr, Fy and Fyy denote the restrictions of F' to the charts Uy, Uy and Uy, = Uy N U of P2,
that is,

Fp=ut4+2u+z, Fy=v'4+C+v and Fy=w'+2’w+z.

In order for ¢ to satisfy the Maurer—Cartan equation, we need only check that (2.8) holds
for the elements in S3, giving the conditions

&wx = [ﬁwy = @uz = (Evc =0 and &xy = &yz (3-15)
as well as
~ ~ ofFy _ oFy _ OFw o
Gt = 9y Put + - Peg+ —Pog — I Y Pya »
aC ov Ox (3.16)
ofy OFy

(Eu‘lf: f(ﬁw“ + ou Puf + O Pzf -

Here (3.15) signifies that the commutativity relations of the charts should not be changed,
and (3.16) imposes compatibility conditions between changing the morphisms and changing the
equation of X in the individual charts.

We may first deform the individual algebra k[, v]/(Fy ) in the chart V' by setting
Bot = A1 4 A2 4 A3v 4+ MCv + Asv? + AgCo?

since we have

k[¢, v]/ (aaFg’V’ aé?) =Kk[¢,v]/(4v® + 1,3¢%) .

Then setting @.r = Qur = P¢g = Pvg = Pya = Pay = 0 and solving (3.16) gives
Gt = Mt + Aox® + A3zdw + N\adw + Asz2w? + Agrw?,
Gyt = M 2d + M2 + A323u + M2Bu + As22u? + Ngzu? .

(Note that ¢ satisfies @(s) < s for all s € Sp, so we may view Aq,...,Ag directly as “actual”
rather than formal parameters; cf. Proposition 3.13.)

Note that for a genus g curve C, one has HH?(C) ~ HY(7¢) ~ k33, Here X is a genus 3
curve, and indeed we obtain a 6-dimensional family of nontrivial “actual” deformations of X
parametrized by A = (A1,..., \g) € kO with fibres X, = {F) = 0} C P2, where

Fy = 2jx1 + o5 + Aix] + dawox? + (1 + Ag)alws + Mmoatas + Asatas + Nexor1 a3 -

This example shows that the deformation theory of Qcoh(X) can be studied rather explicitly.
(See §4.1 for the case X = Tot Op1 (—k).) Indeed, each element (s, 5) in the reduction system has
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a clear geometric meaning: it corresponds to a commutativity relation of the local coordinates, to
the identification of coordinates across charts, to the defining equations or to the commutativity
of the coordinate changes across charts. That is, the geometric meaning of the modifications to
the reduction system is very much transparent.

Note that, in general, a deformation of Ox |y may be a not necessarily commutative diagram
of not necessarily commutative associative algebras, so it is natural to look at deformations
of Oxly! in this general context of path algebras of quivers with relations.

3.2 Deformations via tilting bundles

By Theorem 3.1 deformations of the Abelian category Qcoh(X) admit a description as deforma-
tions of the diagram algebra Ox|y! which by Proposition 3.7 can be written as kQ42/.J.

In case the variety or scheme admits a tilting bundle (for instance, projective spaces [Bei7§],
Grassmannians, quadrics[Kap84, Kap88], rational surfaces [HP11], hypertoric varieties [SVdB21])
— for example the tilting bundle obtained from a strong full exceptional collection — there is a much
more economical description of this deformation theory by means of a smaller quiver: we have

End £ ~ kQ'/T

for some finite quiver Q"!* and some ideal of relations I. Here Q' is constructed by putting
a vertex for each direct summand of £ and adding arrows to generate the morphism spaces
between the direct summands.

The tilting bundle &€ induces a derived equivalence between the Abelian category of quasi-
coherent sheaves on X and the Abelian category of right modules for the endomorphism algebra
kQW /T ~ End €,

D(Mod(End £)) ~ D(Qcoh(X)), (3.17)

given by the functors RHom(&,—) and — ®¥ &, and (3.17) induces an isomorphism of Hochschild
cohomologies

HH®*(End £) ~ HH*(X).

(See for example [Bae88, Bon90, BH13, HVdB07].)

THEOREM 3.18. Let X be a separated Noetherian scheme, and let £ be a tilting bundle on X.
Write End& = kQW'/I, and let R%! be any reduction system satisfying (o) for I. Then
p(Qtﬂt, Rtﬂt) controls the deformation theory of the Abelian category Qcoh(X).

Proof. 1t follows from Hille-Van den Bergh [HVdB07, Theorem 7.6] that the derived tensor
functor — ®% £ induces an equivalence between D(Mod(End&)) and D(Qcoh(X)). Then by
Lowen—Van den Bergh [LVdB05, Theorem 6.1] there is a B, quasi-isomorphism between
C*(End £,End €) and C%,(Qcoh(X)) which in particular gives an Lo, quasi-isomorphism be-
tween h(End €) and [v(Qcoh(X)), where the latter denotes the DG Lie algebra structure on
C%t (Qeoh(X)) controlling the deformation theory of Qeoh(X) introduced in [LVABO5]. It now
follows from the Ly, quasi-isomorphism in Theorem 2.6 that p(Q'*, R'!*) controls the deforma-
tion theory of Qcoh(X). O
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Remark 3.19. Collecting the various DG Lie and L, algebras which all control the deformation
theory of Qcoh(X) in some way, we have the following natural zigzags of Lo, quasi-isomorphisms:

gs(ix ) IU(Qth(X )
p(QYeE, Ra8) — b(Ox|y!) — lo(Mod(Ox|y!)) (3.20)

|
p(Q'!, Rlt) — ph(End &) — lb(Mod(End £)),
where the two left horizontal arrows are given in Theorem 2.6, the middle vertical arrow was
constructed by Dinh Van-Lowen [DL18| (cf. Remark 3.12) and the other arrows follow from
Lowen—Van den Bergh [LVdBO05].

The advantage of the two Lo, algebras p(Q*, R*) for * € {diag, tilt} on the left-hand side is
that their underlying complexes are usually much smaller. These L, algebras control the full
deformation theory of Qcoh(X), but at the same time the deformations are often possible to
construct explicitly (even by hand) by using the combinatorial criterion for the Maurer—Cartan
equation given in Theorem 2.7.

To complete the picture, we note that the derived equivalence (3.17) obtained by tilting can
be extended to any formal deformation.

PRroOPOSITION 3.21. Let X be any separated Noetherian scheme, let i1 be an affine open cover
of X closed under intersections, and let £ be a tilting bundle on X . Then the derived equivalence
D(Qcoh(X)) ~ D(Mod(End £)) lifts to any formal deformation.

More precisely, let (B,m) be any complete local Noetherian k-algebra, let ® be a Maurer—
Cartan element of p(Qdiag, Rdiag) @ m, and let & be the corresponding Maurer—Cartan element
of p(Q'lt, RUIY) ® m. Then we have a triangulated equivalence

D(Qeoh((Ox|y! ® B, %4, 5))) ~ D(Mod((End € ® B, *,45))) -

Proof. The tilting bundle £ is a compact generator of D(Qcoh(X)), and Blanc-Katzarkov—Pandit
[BKP18, Theorem 4.29] showed more generally that for any k-linear co-category D, a compact
generator of D lifts to any formal deformation of D. A proof in the case of purely commutative
deformations can also be found in Karmazyn [Karl8, Theorem 3.4]. O

4. A quasi-projective example

In this section we give a detailed description of the deformation theory of the Abelian cate-
gory Qcoh(Zy), where Zj, = Tot Opi(—k) for k > 2 is the total space of a negative line bundle
on P! with first Chern class —k. This family of smooth quasi-projective surfaces allows us to illus-
trate the various aspects of the combinatorial approach to deformations of Abelian categories of
(quasi-)coherent sheaves, such as the obstruction calculus for p(@, R) and the problem of finding
algebraizations. The surfaces Z; are particularly well suited for the following reasons.

Firstly, the surfaces Z; admit tilting bundles, so that we can compare the two different
descriptions of the deformation theory of Qcoh(Zy) given in § 3 via deformations of the diagram
algebra and via deformations of the endomorphism algebra of the tilting bundle. Since Zj is
covered by two copies of A?, both the diagram algebra and the endomorphism algebra of the
tilting bundle can be easily described.
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Secondly, the Hochschild-Kostant—Rosenberg theorem decomposes the second Hochschild
cohomology into two direct summands

HH?(Zy,) ~ H° (A*Tz,) ® H'(Tz,)

corresponding to noncommutative deformations parametrized by algebraic Poisson structures
and commutative deformations, respectively (see Lemma 4.4). Moreover, obstructions lie in

HH?(Z),) ~ H' (A*T,) ~KF2,
which is nontrivial for k& > 4, allowing us to illustrate a nontrivial obstruction calculus of the Ly

algebra p(Q, R) by using the necessary and sufficient condition given in Theorem 2.7.

Thirdly, the surfaces Z;, are minimal resolutions of the cyclic surface singularities X of type
%(1, 1), and any deformation of Qcoh(Zy) induces a deformation of Xj. In §5 we use the geo-
metric description of the deformation theory of Qcoh(Zy) to produce a family of simultaneously
commutative and noncommutative deformations of Xj.

4.1 Deformations of the diagram algebra

The surface Z is a smooth toric surface covered by only two affine open sets U = {(z, u) € k2}
and V = {(¢,v) € k?}, and for z,( # 0, we have (¢,v) = (27}, 2"u) on UNV ~k* x k. (Here z
and ( are the local coordinates on P'.) We may thus take { = {U,V,U NV} as the affine open
cover closed under intersections and consider the diagram of algebras Oz, |y given by

Ozk<U) — Ozk(UﬂV) «— Ozk(V),

which in the above coordinates can be written as

K[z, u] —5> K[z, y, w]/(zy — 1) < K[¢, 0]

ZH——x y<—C (4.1)

U > w l'k’LU‘—{’U.

By Proposition 3.7 we have an algebra isomorphism Oy, |y! ~ kQ%2¢ /], where Q9128 is the quiver

z r Y
QfQ.g

00

<Ce D

U unv 14

and J is the two-sided ideal of relations generated by s — @, for (s, ®;) € RY%8, where R is
the reduction system consisting of the following pairs:

— (uz, zu), (v(,Cv), (wr,zw), (WY, yw) commutativity of charts
— (2f, fz), (uf, fw), (Cg,9Y), (vg, gzFw) compatibility with morphisms
= (2y,1), (y=,1) mutually inverse coordinates.

In particular, we have that
S = {uz7 UC? wx? wy7 zf? uf? <g7 Ug') xy7 yx} )
S3 = {uz f,v(g, wzy, wyx, ryT, yry} .
We denote by ® € Hom (]kS, kQdias /. ) the element determining R4#8 (cf. Remark 2.2).

(4.2)
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The reduction system RY28 can be obtained from the construction in the proof of Proposi-
tion 3.7 by choosing the Grobner bases on Oz, (U), Oz, (V), Oz, (U NV) corresponding to the
admissible orders extending z < u, ( < v and z < y < w, respectively.

Remark 4.3. The quiver for Z, = Tot Op1(—k) is exactly the same as the quiver in Example 3.14.
However, the relations are different: the genus 3 curve of Example 3.14 was written as a hyper-
surface in Tot Op1(1) = Uy U Uy, where Uy, Uy are two of the standard affine coordinate charts
of P2.

From the reduction system R4 we obtain a projective resolution P,, see (2.5), of the diagram
algebra Oz, |y!. The following lemma can be calculated geometrically as Cech cohomology with
respect to the cover {U, V'}, see [BG19, BG22] and the first-named author’s PhD thesis (Miinster,
2018), or algebraically using (3.2) and Remark 2.9.

LEMMA 4.4. The cohomology groups relevant to the deformation theory appearing in the Hoch-
schild-Kostant—-Rosenberg decomposition of HH'(Zy,) are the following:

HD((’)Zk) ~ ]k[u, 2U, ... ,zku] ~ klz0, ..., 2]/ (2241 — Zi412))o<i<j<k
.0
HY(T2,) ~k <z_k+3> ~ kF!
* Ou/1¢jch

H°(0z,) <8A8> if k=2

0 /A2 0z Ou

H (A*Tz,) ~ 0 0
HO(OZk)<2JuA> ifk>3
0z Ou 0<j<2

0 if k=23

1 2
H (A Ek)g k<zj8/\a> :]kkig ifk>4.
82 8U 1<j<k—3

Here we express these cohomology groups in terms of the polyvector fields in the chart U,
which can be naturally identified with cocycles in p (Qdiag, Rdiag). For instance, the basis element

z*kﬂ'a% of H(T%,) corresponds to the 2-cocycle ® € Hom (kS, ]deiag/J) defined by

S(uf) = fy*~
and ®(s) = 0 for any s € S\ {uf}. Similarly, the generator zju%/\a% of H°(A%7T7,) corresponds
to the cocycle ® € Hom (kS, deiag/J) given by

O(uz) = Fu, W) =—-Cv, O(wz)=2w, D(wy)=—-y* 7w (4.5)

and ®(s) = 0 for all other s € S.
By Theorems 2.6 and 3.1, the deformation theory of Qcoh(Zy) is controlled by the Lo, algebra

p(Qdiag ) Rdiag). In the following we will use Theorem 2.7 to construct a family of explicit formal
deformations of Qcoh(Zy) and use §3.1.1 to find algebraizations where possible.

4.1.1 Commutative deformations. The commutative deformations of the surfaces Zj; were
studied in [BG19], where it was shown that the nontrivial deformations corresponding to cocycles
in H'(7%,) are smooth affine varieties. Here we illustrate how to study these “commutative”
deformations of Qcoh(Z) via the diagram algebra Oy, |y! ~ kQ%2&/J.
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Consider the element ® € Hom (kS, deiag/J) ® (t1,...,tp_1) given by
_ k—1
O(uf) =Y [yt
j=1

and ®(s) = 0 for all other s € S in (4.2). By Theorem 2.7, ® is a Maurer—Cartan element
of p(Qdiag,Rdiag) ® (t1,...,t,_1) since *g,.§ 1S associative on elements in S3 in (4.2) as can
be easily checked (cf. (4.7) below). This corresponds to a commutative deformation of Zj, and
this deformation is algebraizable (cf. §3.1.1). Evaluating the algebraization to t; — \; for some
A= (A1, ., A1) € kF—1, we obtain the diagram algebra of the commutative deformation of Zj
given by the diagram

K[z, u] 5 Klw,y,w] / (zy — 1) < K¢, 0]

ez Yy —¢ (4.6)
ur——w+ Y. N fy 2w ——v.
j=1
This is a diagram of commutative algebras, and the Abelian category of quasi-coherent modules
for the diagram (4.6) (see Definition 3.6) is equivalent to the category of quasi-coherent sheaves on
the commutative deformation of Zj. (This is an analogue of the usual equivalence Qcoh(Spec A) ~

Mod(A) in the affine case.)

4.1.2 Noncommutative deformations. The “purely noncommutative” deformations of Zj
corresponding to quantizations of Poisson structures on Zj were studied (over C) in [BG22]
by using Kontsevich’s universal quantization formula on C2. Here we give a different combi-
natorial construction of the quantizations via p(Qdiag,Rdiag) that also allows us to construct
a “g-deformation” of Z.

Consider the element ® € Hom (kS, kQ128/.J) @ (t],t5) given by
(uz) = a(z)u, @(v¢) =B v, P(wz)=alr)w, P(wy)=>,(yw
and ®(s) = 0 for all other s € S in (4.2). Here a(z) =t} + 2t} and B(¢) = S C(=Ct) — th)",
so that (z + «(z))(y + B(y)) = 1. By Theorem 2.7, we may check that ® is a Maurer-Cartan
element of p(Q4iae, RY8) @ (¢],15).

Concretely, this can be done by checking (2.8) on elements of S3 in (4.2). For example, for
uzf € S, we have ux (z x f) = (u* z) % f, as illustrated by the diagram

uzf

7N

ufr  zuf 4+ a(z)uf

1 1 (4.7)

fwz  zfw+ a(z)fw

frw+ fa(x)w.
Let us take t) = poh and t;, = pih, where pg, 1 € k and h is another formal parameter.

The corresponding deformation of the diagram algebra Oz, |y(! ~ kQ%28 / J gives a deformation
quantization of the Poisson structure (pou+ g1 zu)% A a% of Zj., which can be seen by comparing
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the first-order term of ® with the cocycle defined in (4.5). The resulting formal deformation is
the diagram algebra of the diagram of algebras

(k[z, w)[1], %) = (i, w] [/ (wy — 1), %) < (G, w] [, %) (4.8)

As for the commutative case, the Abelian category of quasi-coherent modules for the diagram
(4.8) can be viewed as the analogue of the Abelian category of quasi-coherent sheaves on some
(formal) “noncommutative deformation” of Zj.

Remark 4.9. In [BW20, § 10] we gave a graphical description of the combinatorial star product x,
similar to Kontsevich’s graphical calculus for his universal quantization formula [Kon03]. In
particular, the star product on the individual algebras in (4.8) can be given by the formula

axb=>_I" > Cu(ab),
n=0 IeG, o

where &,, 5 is a set of admissible graphs for the combinatorial star product and Cfy is a bidiffer-
ential operator associated with an admissible graph II. See also [BS23] for further applications
in deformation quantization.

A g-deformation of Zj. From the diagram (4.8) we can also get an “actual” noncommuta-
tive deformation of Qcoh(Zy) corresponding to the quantization of the “log-canonical” Poisson
structure zu%/\%. Let A? denote the diagram of algebras

k{z,u)/(uz — qzu) R k{z,y,w)/J L k(c, v)/(v( - q_lCU) , (4.10)

where J = (wx—qxw, wy—q lyw, zy—1, yx—l) and g € k\ {0} is obtained by evaluating 1+ to
some nonzero constant. Note that ¢ = 1 recovers the diagram Oy, |y. The diagram A?, see (4.10),
can thus be viewed as a “g-deformation” of Oz, |y, and the Abelian category of modules over
this diagram can be compared to Qcoh(Zy) ~ Qcoh(Og, |y) on equal terms. For example, one
can find g-analogues of line bundles on Z; and study their moduli spaces of vector bundles or
instantons. (In the context of formal deformation quantizations, these questions were studied
in [BG22].)

One can also find a corresponding g-deformation A% of the endomorphism algebra A =
End(Oz, ® Oz, (1)) of a tilting bundle on Zj, which is derived equivalent to A? (see §§4.2-4.3).

4.2 Deformations via the tilting bundle

The pullback of the tilting bundle Op1 @ Op1(1) on P! along the projection Z; —> P! is
Oz, @ Oy, (1), which is a tilting bundle on Zj,. We have

Zo,T1
A =End(Oz, ® Oz, (1)) :k(-\—/>—>-)/1, (4.11)
Y03 Yk—1
where [ is the ideal generated by
T1Yj—1 — ToY;

YjTo — Yj—1T1

1<j<k-1 (4.12)

and A is the reconstruction algebra for the +(1,1) singularity (cf. Wemyss [Wem11]). We use
the usual notation Q'!* for the quiver arising from the tilting bundle in (4.11) and label the left
vertex of QU corresponding to Oy, by 0 and the right vertex corresponding to Oz, (1) by 1.
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4.2.1 Reduction system and Hochschild cohomology. For A = kQ""/I as in (4.11), we can
give the following reduction system:

R = L(21y;_1, 20y;), (520, ¥j-121) o jcpr (4.13)

with S = {z1Yj-1,Yj%0 o< j<k—1 5

and it is straightforward to check that R satisfies (¢) for I. Indeed, the indices were chosen so
that their sum is preserved by reductions, and each path can thus be uniquely reduced to a path
such that the indices are as large as possible towards the right.

In fact, R can be obtained from the (reduced) noncommutative Grébner basis for I with
respect to the following order <. Let p,q € Q! and let |—| denote the path length.
— If |p| < |ql, set p < q.
— If |p| = |g| and deg(p) < deg(q), set p < ¢, where deg is the degree defined on k@ by setting
deg(z;) =i for i = 0,1 and deg(y;) =j for 0 < j <k — 1.
— If |p| = |¢| and deg(p) = deg(q), let < be defined as the lexicographical order which extends
To =Y =1 <Y1 <Y2 < < Yg—2 < Yk—1-

The reduction system R, see (4.13), has overlap ambiguities

S3 = {xlij0}0<j<k;—1
and no higher ambiguities (that is, S>4 = @). Note that if k = 2, we also have S5 = @.

Relevant to the deformation theory are 2-cocycles, which for k > 3 are seen to be generated
as HHY(A)-module by a4, ..., ax_1, Bo, f1, B2 € Hom(kS, A), where

ai(z1yj-1) = dijeo,  Bi(x1yi-1) = Toyj—141
a;(yjxo) = —dijer,  Bilyjwo) =0, (4.14)

where 1 < j < k— 1 and zoyr := x1yr_1. For k = 2, the 2-cocycles are generated by «; and
Bsymp defined as

ai(z1yo) =eo,  Bsymp(T1y0) = €0,
Oél(ylfﬂo) = —€1, Bsymp(yl:po) = 0 . (415)
The cocycle condition for a;, Bo, 51, B2 and Bsymp can easily be checked by using Remark 2.9.
(Note that for k = 2, the 2-cochains g, (1, f2 are also 2-cocycles, but they can be obtained from
Bsymp by multiplying by the paths zoyo, Zoy1, T1y1 viewed as elements in HHY(A) = Z(A).)
Under the natural isomorphism HH?(A) ~ HH?(Z), one may obtain the following correspon-
dence between “algebraic” 2-cocycles in HH?(A) and “geometric” 2-cocycles in HH?(Zy):

‘ commutative ‘ noncommautative
algebraic a; Bsymp By
. i 0 o] o) l,, 0 o) <4'16)
geometric 25, 32\ 5u Zug- Ngy
(k>2) (k=2) (k>2)

where 1 < j < k—1and 0 << 2 (cf. Lemma 4.4). Note that Ssymp corresponds to the canonical
holomorphic symplectic form on the open Calabi-Yau surface Tot Op1 (—2) ~ T*P*.

4.2.2 Commutative deformations. We now construct a family of deformations of A which
correspond to “classical” geometric deformations of Zj.
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Let aq,...,ar_1 be as in (4.14). Consider the element
p=ait1+ - +ap_1tg_1 € Hom(kS, A) @ (tl, - ,tkfl) .

By Theorem 2.7, the element ¢ is a Maurer—Cartan element of the L., algebra p(Qtﬂt, Rtﬂt) ®
(t1,...,tp—1) since %, 5 is associative on elements in S3 = {zoy;T1}o<j<k—1, as can be eas-
ily checked. Since each «;, and thus also @, satisfies the condition (<), the associated formal
deformation admits the algebra

ALp-HZ = (At . .. ,tk_l],*@_;'_@) ~ thilt[tl, e 7tk:—1]/Igp+<Z
as an algebraization (see Proposition 2.10), where I, is the ideal generated by

T1Yj—1 — ToYj — €ot;

1<j<k—1.
Yixo — Yj—121 + e1t;

Evaluating this algebraization to t; — ); for some A = (Aq,..., \p—1) € k*~1, we obtain an
actual deformation Ay := A 4 5i,—», of A.

PROPOSITION 4.17. The algebra Ay is Morita equivalent to its center Z(Ay) ~ egAxeg ~ e1 Axer

precisely when A = (A1,...,Ag—1) # 0. In this case we have algebra isomorphisms
Z(Ay) ~e;Are; ~Kz0,. .. ,zk]/(rank(i‘i 212;)‘1 ZZ;"S’\Q o z’“—l;:)‘k—l) < 1) .

Proof. 1t follows from [Buc03, Proposition 1.9] that Ay is Morita equivalent to egAyep if and
only if the restricted multiplication map

Peg: Areo Degaye, €0AN — A
a QeyAyeg b " ab

is surjective. If there exists a 1 < j < k — 1 such that \; # 0, then we have
Heg (60 RegAsreo €0 T )\%.yjfl RegAreg T1 — /\%,yj RegAxeo xO) =e+e=1.

Thus e, is surjective. If (A1,...,Ag—1) = 0, then e; ¢ im(u,,). This yields that Ay is Morita
equivalent to egAyeq if and only if (A1,..., A\x_1) # 0. We obtain that their centers are isomorphic
as algebras, namely Z(A)) = egAxep.

It is not difficult to show that there is an algebra isomorphism
fo: k20, .- ,zd/(rank(z‘; Zl;;’\l - Zk—l;:’\k—l) < 1) > egAaen

determined by fo(20) = —xoyo, folzk) = —z1yk—1, fo(2j) = —zoy; — Ajeg for 1 < j < k— 1.
Similarly, we have an algebra isomorphism

f1: k[zo,. .. ,zk]/<rank(20 A+AL Z’“‘I—M’“‘l) < 1) > e1Ayer

Z1 Z2 ... 2k

determined by fi(z0) = —yoxo and fi(zj) = —yj—121 for 1 < j <k —1. O

Geometrically, Proposition 4.17 reflects the fact that the nontrivial commutative deformations
of Zj, induced by 1-cocycles in H!(7,) are smooth affine varieties (see [BG19, Theorem 6.18])
with coordinate rings Z(A)). From a singularity point of view, these affine varieties are obtained
from smoothening the %(1, 1) singularity obtained by contracting the exceptional P! C Z; with

self-intersection —k (cf. §5.3).
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4.2.3 Noncommutative deformations. We now also construct a family of deformations of A
corresponding to quantizations of Poisson structures.

Let k > 3, and let By, 51, 52 be as in (4.14). Using Theorem 2.7 one checks that the 2-cocycle
Boto + Bit1 + Pots is itself not a Maurer—Cartan element of p(Qtﬂt, Rt ® (to,t1,t2). However,
we may consider the element $ € Hom(kS, A) ® (to,t1,t2) given by @(y;x0) = 0 and (z1y;-1)
equal to

—xoy; + Toyj—1to + Z xoyitéij(l + 1t + totQ) + xoyk_ltl;i]il(l + tl) + l’lyk_ltgij
i=j
for each 1 < j < k — 1. For instance, ¢(z1yx—2) = Toyg—oto + Toyr—1t1 + T1yr—_1te. That is, @
“corrects” the 2-cocycle Botg+B1t1+Pate to a Maurer—Cartan element of p (Qt“t, Rtﬂt) ®(tg, t1,t2)
by adding higher-order terms.
PROPOSITION 4.18. (i) The element ¢ is a Maurer—Cartan element ofp(Qtilt, Rtﬂt) ® (to, t1,t2).

(ii) The formal deformation associated with ¢ := Boto + [f1t1 admits an algebraization

Az = (Alto, t1], xp15) = kQ™[to, t1] /I o1 5 |

where I, 5 is the two-sided ideal generated by

T1yj-1 — Loyj—1to — woy; (1 +11),
YijTo — Yj—121
for 1 < j < k — 1. Evaluating the algebraization at u = (g, 1) € k%, we obtain actual deforma-
tions of A corresponding to quantizations of Poisson structures on Zy,.
Proof. By Theorem 2.7 it suffices to verify that x := x5 is associative on elements in S3 =
{z1yj20}0o<j<k—1. This follows since both (1 % y;) * o and x1 * (y; * xo) equal
k—2
i—j k—j—1 k—j
zoyj—171to + Z zoyix1ty T (1 +t1 + totz) + Toyp—171t5 (1+t1) + mryp—171ty 7.
i=j
Now assertion (ii) follows from Proposition 2.10, noting that g = Sotg + [it1 satisfies the
degree condition (<) since zoyj—1,Z0Y; < T1Yj—1- O

4.2.4 The Calabi-Yau case. For k = 2, the %(1,1) singularity is just the Aj singularity
whose minimal resolution Zj ~ Tot Op1(—2) =~ T*P! is an open Calabi-Yau surface, and A is
the preprojective algebra of type Aj.

Let RY' be the reduction system given in (4.13). Since S3 = @ it follows that any element
¢ € Hom(kS, A) ® m is a Maurer—Cartan element of p(Qtﬂt, Rtﬂt) ® m. Consider the Maurer—
Cartan element § = ait; + Beympt2 of p(QM, RUY) & (t1,¢5) (cf. (4.15)). The corresponding
formal deformation (A[ty, 2], *,15) admits an algebraization

(Altr, ta), %) =~ KQ™[t1, 1] /Iy, (4.19)
where I, is the two-sided ideal generated by
1Yo — Toy1 — eot1 — eolz,
Yy1zo — yoxr1 + ety .

Denote by Ay, the algebra evaluating the algebraization (4.19) at t; = X and ty = p for
some A, i1 € k.
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PROPOSITION 4.20. (i) The subalgebras egAy ,eq and e1 Ay ,e1 are commutative if and only if
p = 0, in which case Ay for A # 0 is Morita equivalent to a commutative deformation of the
A surface singularity.

(ii) If pn # 0, then we have that

/\2 _ MQ
242

A2+ 2\
202 ’

eo A ueo U(ﬁ[g)/ <C’ — > and ejAp e U(slg)/ <C’ —
where U(sly) is the universal enveloping algebra of sly = (H,X,Y) and C = XY + Y X + %HQ
is the Casimir element.

Proof. Assertion (i) follows from [CH98, Theorem 0.4] and also from Proposition 4.17 for k = 2.
A27N2
— 24

) —

To see assertion (ii) one verifies that there is an algebra isomorphism fy: U(sly)/(C
eoAp,1€0 given by

2 A+
folH) = —zoyn + K

1 1
eo, fo(X)= *;foyo and fo(Y) = ;961?/1-

Similarly, we have an algebra isomorphism f;: U(sly)/ (C — )‘2;722)‘“) —> e1Ap1e1 given by
2 A 1 1
filH) = —yor1 — —e1, fi(X)=——yzo and fi(Y)=—y121. O
[ [ [ [

Remark 4.21. Since k = 2, note that the algebra A)W is the deformed preprojective algebra of
type A corresponding to (A 4 p, —A) with ey being the special vertex. It follows from Crawley-
Boevey-Holland [CH98, Theorem 0.4(4)] that eg Ay ,eo has infinite global dimension if and only
A = 0, where A corresponds to the “commutative” direction in HHQ(A). In this case we have
that egAoueo =~ U(sly)/(C + 3), and it follows from Crawford [Cral8, Corollary 1.2.6] that
there is a triangulated equivalence of singularity categories Dgg(€9Ao o) =~ Dgg(egAeg). The
latter is the singularity category of the Aj singularity, which stays unchanged under “purely
noncommutative” deformations induced by the holomorphic symplectic structure on Zs but
becomes trivial whenever one also deforms in a commutative direction (that is, A # 0).

4.2.5 Variety of simultaneous deformations. Recall from §4.2.1 that the reduction system
R is obtained from the noncommutative Grébner basis for I with respect to the order <. Using
Theorem 2.11 we obtain an algebraic variety V< C Hom(kS, A) ~ AN of actual deformations
of A and a natural groupoid G< == V. whose orbits correspond to the isomorphism classes of
actual deformations.

If k£ = 2, there are no obstructions and the variety V- of simultaneous deformations is simply
the space Hom(kS, A)< ~ AS. We note that the 3-dimensional linear subspace spanned by ar,
Bsymp and (1 gives rise to the so-called deformed quantum preprojective algebras of type A;
studied by M. Kalck [Kal09] and S.P. Crawford [Cral8], where o; and Ssymp correspond to the
“deformed” part and (51 to the “quantum” part as (1 is the term giving rise to a “¢-deformation”
of the preprojective relations.

Now let & > 3. In this case there are obstructions to simultaneous deformations, so it is
convenient to work with a smaller set of 2-cocycles in Hom(kS, A)~. Let H C Hom(kS, A)< be
the k-linear subspace spanned by the 2-cocycles o, . . ., ax_1, Bo, B1, see (4.14), so that H ~ AFFT,
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(Note that 82 ¢ Hom(kS, A)~ .) Now consider the element
k—1
© = poBo + p1p1 + Z Njoj € H C Hom(kS, A)
j=1
with o, pi1, A1, .-+, Ag—1 € k. Then @ is a Maurer—Cartan element of p(Qtﬂt, Rtﬂt) if and only if
for each 1 < j <k —2, we have (1 *y;) x 29 = 21 % (y; * o), where x = x,, 5. This is equivalent
to

[

poA; + pidjp1 =0 foreach 1 <j <k —2. (4.22)
Thus we obtain the following result.

PROPOSITION 4.23. For k > 3, the equations (4.22) cut out an affine variety V.= HNV, C AF+!
of simultaneous deformations of A.

For example, for k = 3, the variety V in Proposition 4.23 is isomorphic to an ordinary double
point threefold singularity (conifold) given by zy — zw = 0 in A%

In §5.3.2 this variety will also be viewed as a variety of actual simultaneous deformations of
the %(17 1) singularity.

4.3 Diagram algebra versus tilting bundle

Recall from Proposition 3.21 that on the level of formal deformations, the two approaches to
deformations of Qcoh(X) — via deformations of the diagram algebra Ox|y! or via deformations
of the endomorphism algebra End £ of a tilting bundle — are derived equivalent.

This also holds for actual deformations, as can be checked directly for the actual deformations
corresponding to commutative (§§4.1.1 and 4.2.2) and noncommutative deformations (§§4.1.2
and 4.2.3).

Although the derived equivalence between Qcoh(Z;) and Mod(A) lifts to their formal and
actual deformations, it may happen that A admits an algebraization that does not appear to
give rise to an algebraization of Oy, |y

In particular, consider the element ® € Hom (kS,kQ%28/.J) ® (th,th,t1,...,t,_1) given by

k—1
Buwa) = alehw, Bloy) =B, Buf) =Y 1t

(uz) = a2)u,  P(v() =B(()v,

where a(z) = t) + xt] and B(y) = >0, y(—yty — t;)". That is, ® corresponds to arbitrary
commutative and certain noncommutative deformations — indeed, exactly those corresponding
to the 2-cocycles aq,...,ar_1, 80,51 in §4.2.5. By Theorem 2.7 it follows that ® is a Maurer—
Cartan element if and only if

tot; +thtjs1 =0 foreach 1 <j<k—2. (4.24)

! A similar phenomenon can also be observed for P? when comparing deformations of the diagram Opz |g, where 4 is
the closure of the standard affine open cover {Uy, U1, Uz } under intersections, to deformations of the endomorphism
algebra of the tilting bundle £ = Op2 @ Op2(1) ® Op2(2). Deformations of the 15-dimensional algebra End &
are unobstructed, so one can obtain a versal family of deformations over (AlO,O)7 where dim HH? (IP’Q) = 10,
corresponding geometrically to quantizations of Poisson structures on P?. However, only some of these Poisson
structures give rise to algebraizable deformations of the diagram Opz|y.

28



DEFORMATIONS OF CATEGORIES OF COHERENT SHEAVES

We thus obtain a formal deformation (Ogz, |! ® B, *p+3) of the diagram algebra Oy, |y(! over the
complete local Noetherian k-algebra

B= k[[tEb t,17 t,... >tk’—1]]/(t6tj + tllthrl)lgjgku :

Although we saw in §4.1 that all purely commutative deformations of Oy, |¢! and certain purely
noncommutative deformations admit algebraizations, the formal simultaneous deformation over
B does not appear to admit an obvious algebraization. However, comparing (4.22) and (4.24),
we note that B is exactly the formal completion of the coordinate ring of the variety V of
actual deformations of A given in Proposition 4.23, reflecting the fact that Og,|y! and A =
End(Oz, & Oz, (1)) have the same formal deformation theory.

5. Deformations of singularities via their noncommutative resolutions

In this section we apply the techniques developed thus far to study deformations of singular-
ities via their noncommutative resolutions. Let X = SpecC be an affine variety with an iso-
lated singularity. The commutative deformation theory of the singularity is well understood:
deformations are parametrized by the second Harrison cohomology group Har?(C), which is
finite-dimensional when the singularities are isolated, with obstructions in Har3(C) (see for ex-
ample Stevens [Ste03]). For many classes of singularities, versal deformation spaces have been
constructed [Alt97, Ste9l, Ste03]. These versal deformation spaces are varieties of “actual” de-
formations which completely describe the commutative deformation theory of the singularity. In
particular, the formal completion of the versal family at the point corresponding to the original
algebra captures the formal deformation theory of C.

However, Har?(C) is usually strictly contained in HH?(C), and the latter is often infinite-
dimensional even if C' has an isolated singularity (see §5.3 below for an example). As HH?(C)
parametrizes associative deformations of C', an unobstructed 2-cocycle will parametrize a formal
noncommutative deformation of C, but in general formal noncommutative deformations of C will
not necessarily admit an algebraization, so that one cannot expect a versal deformation space
for the full associative deformation theory of C' to exist.

However, using the notion of an admissible order for a suitable quiver with relations, one can
construct varieties V of actual deformations of C' which contain at least some (often interesting)
noncommutative deformations. In § 5.1, we show how to use noncommutative resolutions of the
singularity to obtain such varieties, and in §5.3 we illustrate this for the cyclic %(1, 1) surface
quotient singularities, which can be linked to the geometry of the deformation theory of Qcoh(Zy)
described in §4.

5.1 Deformations of noncommutative resolutions

Let C be a (singular) Noetherian commutative k-algebra. A noncommutative resolution of C' is a
k-algebra of the form A = Endc(C'@® M), where M is a finitely generated C-module, such that A
has finite global dimension (see for example [VdB04, DITV15]). Let e € A be the idempotent
of A corresponding to the direct summand C of C' @ M so that C' = eAe. Writing A as kQ/I,
with e corresponding to a vertex of (), we have the following general result.

PROPOSITION 5.1. Let A = Endc(C @& M) ~kQ/I be a noncommutative resolution of C. Let R
be a reduction system satisfying (o) for I. Then p(Q, R) controls the deformation theory of A.

Moreover, for any Maurer-Cartan element & of p(Q,R) ® m, the deformation @ﬁ@ of A
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induces a deformation eA, ze of C.

For any degree condition (<), the variety V-~ of actual deformations of A gives rise to a family
of actual deformations of C.

Proof. The first assertion follows from Theorem 2.6. For the second assertion, note that the
restriction map h(A) — h(eAe) is a morphism of DG Lie algebras. Composing this with the Lo,
quasi-isomorphism in Theorem 2.6, we obtain an L., morphism p(Q, R) — h(eAe) which thus
induces a map between the deformation functors. For any Ay € V., the algebra eAye is an actual
deformation of C' = eAe. O

Note that noncommutative resolutions of a commutative singularity can sometimes be ob-
tained from geometric resolutions of the singularity, as is the case for cyclic quotient surface
singularities (see Wemyss [Weml1] and § 5.3 below for a particular case).

Finding “actual” noncommutative deformations of singularities is in general difficult. By using
Kontsevich’s formality morphism, M. Filip [Fill18] showed that Poisson structures on singular
affine toric varieties can always be formally quantized. From this formal statement, however, it
is unclear how to construct any explicit algebraizable quantizations. Theorem 5.1 shows that
we can use the degree condition (<) to construct actual noncommutative deformations, for
example via noncommutative resolutions of the singularity, giving a whole variety V- of actual
deformations.

5.2 Deformations and singularity categories
Recall that the singularity category Dgg(A) of a Noetherian (not necessarily commutative) algebra
A is defined as the Verdier quotient of the bounded derived category of finitely generated A-
modules by the full subcategory of perfect complexes. This notion was first introduced by R.-
O. Buchweitz [Buc86] (cf. [Buc21]) and then rediscovered by D.O. Orlov [Orl04] in the context
of Landau—Ginzburg models in homological mirror symmetry.

One may now ask whether the singularity category changes under deformations of the singu-
larity. In particular, about the variety V- obtained from actual deformations of a noncommutative
resolution, we can ask the following question.

Question 5.2. For which points v € V. does eA,e have the same singularity category as C' = eAe?

The singularity category of a singular algebra is always nontrivial. In general, we expect the
singularity category of eA,e to become “smaller” for commutative deformations. For example,
if the induced deformation of the singularity is smooth, the singularity category is trivial. On
the other hand, Remark 4.21 showed that for a certain purely noncommutative deformation
of the A; singularity, the singularity category remained invariant. Indeed, it seems natural to
conjecture that “purely noncommutative” deformations of commutative isolated singularities
leave the singularity category invariant.

5.2.1 A deformation-theoretic perspective. In order to determine whether two algebras have
equivalent singularity categories, one generally needs a larger set of tools and techniques than
those introduced in this article. (See for example Kalck—Karmazyn [KK17] for singular equiv-
alences between cyclic quotient surface singularities and certain finite-dimensional algebras.)
However, a general deformation-theoretic framework for answering the above question is the
following. We have an Ly, morphism

p(Q, R) — h(eAe) — bsg(eAe), (5.3)

30



DEFORMATIONS OF CATEGORIES OF COHERENT SHEAVES

where the first arrow is the Lo, morphism given in the proof of Proposition 5.1 and hss(eAe) =
(C;gr (eAe,eAe),d,[—,—]) is a DG Lie algebra whose underlying cochain complex is the (shifted)
singular Hochschild cochain complex C;g(eAe, eAe) which computes the singular Hochschild co-
homology HH,(eAe) (see [Wan21]). The DG Lie algebra hsg(eAe) admits h(ede) as a DG Lie
subalgebra, and B. Keller’s conjecture in [Kel18] implies in particular that the deformation theory
of the DG singularity category of eAe is controlled by hgg(eAe).

The Lo, morphism (5.3) induces a map between the Maurer—Cartan spaces. Let ¢ be a Mau-
rer—Cartan element of p(Q, R), and let A, 5 be the corresponding (actual) deformation of A. If
the image of ¢ is gauge equivalent to the zero Maurer—Cartan element of hgy(eAe), then by the
general philosophy of deformation theory, we expect that the singularity category Dsg(eAWr(;e)
does not change. In other words, one expects that a deformation has the same singularity category
when the corresponding 2-cocycle lies in the kernel of the map HH? (A) — HHzg(eAe) induced
by (5.3).

Let us point to some evidence for this. If eAe is an affine hypersurface with an isolated sin-
gularity, then HHgg(eAe) is isomorphic to the Harrison cohomology Har?(eAe) (see Lemma 2.14
and [Kell8, §4]), so that the kernel of the map HH?(eAe) — HHgg(eAe) coincides with the
direct summand AN in Lemma 2.14, which correspond to purely noncommutative deforma-
tions. In line with the above reasoning, this gives a deformation-theoretic interpretation for
Crawford’s singular equivalence in Remark 4.21 since the 2-cocycle corresponding to the de-
formation egAgueo ~ U(sl)/(C + 3) lies in N (see Remark 2.16). Note that the image of
the 2-cocycle corresponding to the deformation egAy ,eq for A # 0 is nonzero along the map
HH?(eAe) — HHgg(eAe) and the singularity category Dgg(egAx ueo) does indeed change — it is
trivial since egA) ;€9 is of finite global dimension.

5.3 The %(1, 1) surface singularities

We now apply the above scheme of studying noncommutative deformations of singularities via
their noncommutative resolutions to the %(1, 1) singularity, which also allows us to apply the
results obtained in §4. In the rest of this section we work over k = C.

Let Xj be the 7(1,1) singularity
X, = C?/T' = SpecC,
where

C =Clzo, ..., 2]/ (zizj4+1 — Zi41%))0<i<j<k

and I' < GL3(C) is a cyclic group of order k with the generator acting on C? by

(v 2)

for w some primitive kth root of unity. (For k = 2, we have that I' < SLy(C) and the 3(1,1)
singularity is the “usual” A; surface singularity.)

Note that the coordinate ring C' of X is the ring of global functions on Z, = Tot Op1(—k) and
Zj, is the minimal resolution of Xj. Recall from §4 that Zj, admits a tilting bundle Oz, & Oy, (1)
whose endomorphism algebra A is given in (4.11). Since Zj is smooth, A is of finite global
dimension, and in fact [Weml1] the algebra A is a noncommutative resolution of X (cf. §5.1).

Indeed, letting eg denote the idempotent corresponding to the direct summand Oz, , we have
eero =C.
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Writing A=CQ"! /I and letting R'!* be the reduction system (4.13), we saw that p(Q"!*, R"!*)
controls the deformation theory of Qcoh(Zy). As in (5.3), we have an Lo, morphism
p(Qtﬂt, Rtilt) N [](0) )
Deformations of Qcoh(Zy) described in §4 thus induce deformations of Xj = SpecC.

5.3.1 Commutative deformations. Let us first recall the commutative deformation theory
of the singularity X; = SpecC. Note that the relations of C' can be written in matrix form as
follows:

C ~Clz, ..., 2] / (rank(zg O I 1) (5.4)
Z0 21 v Zk—3 Zk—2
~ Clzo, . .., 2k / (rank(zl z2 v Zp—2 qu) < 1) .
29 23 v Zk_1 2k

The commutative deformations of C are parametrized by the Harrison cohomology Har?(C) C
HH?(C). We have a decomposition

Har?(C) ~ C* 1@ CF3

and for all k > 2, there exists a versal family with a component A¥~1 called Artin component
corresponding to the first summand of Har?(C) (see for example [Al1t95, Pin74, Rie74, Ste91]).
For k = 4, the versal family also contains a second irreducible component A and for k > 4 an
embedded component at 0 € A¥~1 (see [Ste03, Chapter 1, p. 11]). In the Artin component the
fibres of this family may be described explicitly by modifying the matrices in the presentation
(5.4) to read

20 21+ A 224+ A o0 Zpo1+ A
21 22 23 ce 2k ’

where (/\1, ey )\k—l) S Ck-1,

The algebras egAyeg in Proposition 4.17 correspond to the Artin component in the versal
family of commutative deformations of C' = egAey. That is, commutative deformations of Zj
parametrized by H'(7z,) ~ C*~! as described in §4 induce commutative deformations of the
#(1,1) singularity.

5.3.2 Simultaneous deformations. Recall from Proposition 4.23 the variety V' C V. Then
from Proposition 5.1 we obtain the following.

COROLLARY 5.5. Each point v = (uo, 11, A1, - - -, A\gk—1) in the variety V' gives an actual deforma-
tion egAyeq of egAeg ~ C, where we denote by A, the actual deformation of A corresponding to
apointv e V.

Note that for Ay = --- = A1 = 0, the equations defining V are satisfied for any ug, u1
so that the points v = (ug, p1,0,...,0) correspond to “purely noncommutative” deformations
of X} induced by algebraizable deformation quantizations of algebraic Poisson structures on Z.
Similarly, for pg = u1 = 0, one obtains the irreducible (k — 1)-dimensional component of “purely
commutative” deformations of Xj. All other points in V may be viewed as “simultaneously
commutative and noncommutative” deformations of Xj.

Remark 5.6. For each uy € C, the point v = (0, u1,0,...,0) corresponds to a “g-deformation”
egAyeq of X. In this case we have

epAyep =~ (C<ZO7 SUR) Zk>/I7
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where I is the two-sided ideal generated by
2i%j — qj*izjzi for 0<i<j<k,
2z — Q4171 for 1 <i<j<k,
221 — Zj4120 for 1<j<k,

where ¢ = 1+ p1. (This can be seen by constructing an algebra isomorphism which sends x1y,—1
to zg and xoyr_; to z for each 1 < i < k.) It turns out that this family of ¢-deformations leaves
the singularity category of the %(17 1) singularity invariant (cf. Remark 4.21 and Question 5.2).
The details for the general case of cyclic quotient surface singularities will appear in future work

joint with M. Kalck.
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