arXiv:2309.07233v2 [hep-th] 14 Jan 2024

CPHT-RR062.092023

CONSISTENT TRUNCATION
OF ELEVEN-DIMENSIONAL SUPERGRAVITY ON S® x S1

Guillaume Bossard!, Franz Ciceri?,

Gianluca Inverso® and Axel Kleinschmidt?*

LCentre de Physique Théorique, CNRS, Institut Polytechnique de Paris,
FR-91128 Palaiseau cedex, France

2 Mazx-Planck-Institut fiir Gravitationsphysik (Albert-Einstein-Institut)
Am Mdihlenberg 1, DE-14476 Potsdam, Germany

3INFN, Sezione di Padova
Via Marzolo 8, 85131 Padova, Italy

4 International Solvay Institutes
ULB-Campus Plaine CP231, BE-1050 Brussels, Belgium

Eleven-dimensional supergravity on S8 x S! is conjectured to be dual to the M-theory matrix
model. We prove that the dynamics of a subset of fluctuations around this background is
consistently described by D = 2 SO(9) gauged maximal supergravity. We provide the full
non-linear uplift formulse for all bosonic fields. We also present a further truncation to
the SO(3)xSO(6) invariant sector and discuss its relation to the BMN matrix model at
finite temperature. The construction relies on the framework of generalised Scherk—Schwarz
reductions, established for Eg exceptional field theory in a companion paper. As a by-
product, we severely constrain the most general gauge deformations in D = 2 admitting an
uplift to higher dimensions.



http://arxiv.org/abs/2309.07233v2

Contents

1 Introduction and summary 1
2 Spectral flow and duality frames 4
2.1 SL(9) subgroups of Eg . . . . . ... 5
2.2 Basic module and its decomposition . . . . . ... ... Lo 10
2.3 Interpretation of spectral flow as change of duality frame . . . . . . . . ... ... 12
2.4 From pseudo-Lagrangians to physical Lagrangians . . . . . ... ... ... ... 15
3 Consistent truncation on S% x S*! 20
3.1 Review of SO(9) gauged supergravity . . . . . . . . ... ... ... 20
3.2 The generalised Scherk-Schwarz ansatz on S® x S* . . . .. .. ... ... .. .. 22
3.3 From pseudo-Lagrangian to physical Lagrangian . . . .. ... ... .. .. ... 26
3.4 Duality equation for the gauge field strength . . . . . ... ... ... ...... 30
4 Uplift formulae 31
4.1 Derivation of the uplift formulas . . . . .. . ... ... ... ... ... ... .. 34
4.2 Truncation to the SO(3) x SO(6) invariant sector . . . . . . . ... ... .. ... 37
A Algebras and decompositions 41
A.1 The glg branchingof egsandeg . . . . . ... .. .. .. . 41
A.2 Basic representation . . . . ... oL oL Lo 43
A.3 Branching of the basic module under spectrally flowed slg . . . . . . . ... ... 44
A.4 Inequivalent flows . . . . . . . . . .. 48
A.5 Reproducing physical Lagrangians . . . . . . ... ... ... .. ......... 49
B Details on the Weitzenbock connection 51
C Exceptional field theory conventions in eleven dimensions 52
D Gauge invariance and uplift formulae 53
E Embedding tensors with uplift 56
E.1 Eleven-dimensional supergravity . . . . .. .. .. .. ... ... ... 58
E.2 TypelIB supergravity . . . . . . . . . . . 60

1 Introduction and summary

The SU(N) matrix quantum mechanics, first introduced as a regularisation of the superme-
mbrane [1,2], has been proposed as a non-perturbative definition of M-theory in the infinite



momentum frame [3]. A more recent perspective on this conjecture is provided by hologra-
phy [4,5], where the strong coupling limit of the matrix model is described by eleven-dimensional
supergravity on the SO(9)-invariant pp-wave solution [6,7]. The corresponding ten-dimensional
description involves ITA supergravity on the near-horizon geometry of N DO-branes, whose met-
ric is conformal to AdS; x S®. The above holographic duality has been the subject of several
studies, including numerical evaluations of some correlation functions, see for example [8-12].

In order to apply holographic techniques such as holographic renormalisation [13-15], it is
generally very useful to have a consistent truncation to a lower-dimensional supergravity theory,
capturing a subset of fluctuations in the asymptotically AdS space-time. For the S& x S' pp-
wave background, the natural candidate is SO(9) gauged maximal supergravity in D = 2 space-
time dimensions [16], in which the pp-wave is a 1/2-BPS domain wall solution with a running
dilaton. A U(1)* axion-free subsector has been shown to consistently uplift to ten dimensions
n [17]. Holographic renormalisation was used in this model to derive the two-point functions
of quadratic and cubic operators [11]. In order to further probe the connection between SO(9)
gauged supergravity and the M-theory matrix model, it is necessary to have at one’s disposal a
consistent embedding in eleven dimensions that captures all possible fluctuations. The consistent
uplift of the entire two-dimensional theory, which was announced in [18], is the main result of
this paper.

In a companion paper [19], we have described how generalised Scherk—Schwarz reductions [20—
31] of Eg exceptional field theory [32,33] can be used to obtain the complete bosonic dynam-
ics of two-dimensional gauged maximal supergravity theories that admit a consistent uplift to
maximal supergravity in D = 10 or D = 11 dimensions. The resulting theory was described
uniformly by a pseudo-Lagrangian whose Euler-Lagrange equations need to be supplemented
by a set of duality equations that reduce the number of propagating bosonic degrees of freedom
to 128 as required by maximal supersymmetry. The pseudo-Lagrangian consists of a potential
and a topological term.

In the present paper, we apply the general results obtained in [19] to the particular case of
SO(9) gauged supergravity in D = 2 dimensions. We recover the SO(9) gauged supergravity
theory that was originally derived by Ortiz and Samtleben [16] using supersymmetry, and pro-
vide moreover concrete formulse for the uplift of any two-dimensional configuration to D = 11
supergravity. The complete form of the metric and the three-form gauge field in eleven dimen-
sions is necessary to interpret holographically the solutions of SO(9) gauged supergravity. We
then focus on the SO(3)xSO(6) invariant subsector of the theory, including the axion that was
not captured in [17]. This truncation is a priori relevant to the description of the BMN mass
deformation of the BFSS matrix model [34]. We will show that it includes a non-normalisable
mode that triggers the BMN deformation at finite temperature [35].

The generalised Scherk—Schwarz reduction of Eg exceptional field theory rests, as all such
reductions, first and foremost on the identification of a twist matrix taking values in the hidden
symmetry group and depending on the so-called internal coordinates of exceptional field theory.
We recall that in exceptional field theory [36-43,32,33] there are external coordinates (that here
belong to D = 2 space-time dimensions) as well as internal coordinates that transform in a rep-
resentation of the hidden symmetry group, here in the infinite-dimensional basic representation



of Eg.! Importantly, the internal coordinates are constrained by the so-called section constraint
that guarantees a consistent diffeomorphism algebra [44,45] and the correct counting of degrees
of freedom. The dependence of the twist matrix on the internal coordinates determines which
subgroup of Eg is gauged along with the resulting dynamics and is constrained by the generalised
Scherk—Schwarz consistency condition as discussed in the companion paper [30].

The SO(9) gauge subgroup related to the S® sphere reduction sits inside an SL(9) subgroup
of Eg as is usual for sphere reductions [30,46]. This SL(9) is different from the (geometric)
SL(9) arising in the TY torus reduction from D = 11 to two dimensions. One determines the
correct SL(9) C Eg through the identification of the fields supporting the one-half BPS pp-wave
solution [7]. Remarkably, this reveals that the SL(9) relevant for SO(9) gauged supergravity
can be obtained by spectral flow from the eleven-dimensional one. The relation between these
two SL(9) subgroups of Eg will be central for deriving the explicit uplift formulee to D = 11
dimensions in Section 4.

In order to give the reader an impression of the uplift formulee, we display here the reduction
ansatz for the D = 11 metric

ds?,, = p_ge2<§wdaz“dx” + ,O%ij(dyl~ + Ai)(dyj + Aj) . (1.1)

Its components along the two external dimensions involve the conformal factor €2, the uni-
modular metric of the two-dimensional space-time g,,, and the internal volume density that
reads

p(x,y) = (detg)Z o(z), (1.2)

in terms of the determinant of the round S® metric Gij, as well as the two-dimensional dilaton
0. The unimodular internal (9 x 9)-part of the D = 11 metric further decomposes into

G;rdyldy’ = Gijdy'dy’ + (det Gij) ™" (dy® + Kidy')>? (1.3)
with respect to the M-theory fibre. The inverse G is expressed, up to the conformal factor, as
€2<Gij = g2g§e20(det f])% Y[ §Zk8kYJ YK éjlalYL (2mKUmJ}L + 9_2/3mPQCLIJPCLKLQ) R (1.4)

where the right-hand side contains the nine embedding coordinates Y (in Euclidean R?) of the
reduction space that is homological to the eight-sphere, and that satisfy g;; = 8¢Y18jYJ§I 7 as
well as the propagating fields of the two-dimensional SO(9) gauged supergravity (see (3.39)). The
latter are the SL(9) metric mpg = mgp and the conjugate three-form a//% = /7K1, Further
equations for the remaining bosonic fields of D = 11 supergravity expressed through those of
the SO(9) gauged theory can be found in Section 4. We stress that all uplift expressions are
finite expression although they are constructed at intermediate steps from infinite-dimensional
E9 modules. Their structure is similar to that occurring in lower rank cases, see for instance [47—
49,29, 50-52].

The global symmetry group of ‘extended’ Eg exceptional field theory [33] also contains half of a Virasoro
group related to reparametrisations of the spectral parameter occurring in the loop group description of the affine
E9 symmetry. This is discussed in more detail in [33,19] and in Section 2.



Another important result of this paper is that we explain in detail how one can obtain a
proper physical Lagrangian from the combined pseudo-Lagrangian and duality equation system.
This hinges on choosing an appropriate parabolic gauge for the scalar fields, tantamount to a
choice of duality frame, and then rewriting the pseudo-Lagrangian in a form of a finite set of
terms plus an infinite set of terms that are all bilinear in components of the duality equation. The
bilinearity implies that these terms can be ignored when varying the pseudo-Lagrangian as their
contribution to the Euler—Lagrange equations will be set to zero by the duality equation that
has to be imposed separately. However, it turns out the duality equations no longer constrain
the finitely many fields occurring in the finitely many terms that were separated out, so that
the latter constitute a proper physical Lagrangian for the propagating fields, potentially with
a finite number of auxiliaries. This mechanism was already encountered in [33,53] and will be
described in detail in Section 2.4.

The construction described in this paper can be extended to other gauge groups. In fact,
our results include the case of CSO(p,q,r) gaugings with p+g+r=9 [54] in a straight-forward
manner by replacing the embedding tensor ©; ~ d7; by the appropriate invariant (degenerate)
metric of CSO(p, ¢, 7). Here, ©1; = © 1, in the 45 of SL(9), arises from the appropriate choice of
twist matrix. Besides this minimal generalisation, one may also envisage the study of completely
different gaugings in D = 2 using different choices of twist matrix and following the steps of the
present paper.

We also address the question of which embedding tensors admit an uplift to eleven-dimen-
sional or type IIB supergravity. We show that any Lagrangian gauging admitting such an uplift
is only parametrised by finitely many components, which we identify explicitly. This analysis,
presented in Appendix E, relies on choosing the appropriate duality frame and decomposition
of the embedding tensor.

The structure of this article is as follows. We begin with a review of the algebraic un-
derpinnings of the construction, including Eg, its representations and spectral flow. We also
explain the transition from the pseudo-Lagrangian to a proper Lagrangian in Section 2. In
Section 3 we present all the relevant steps for obtaining SO(9) gauged supergravity via a gener-
alised Scherk—Schwarz reduction. Section 4 is devoted to deriving explicit uplift expressions for
any configuration in SO(9) gauged supergravity to D = 11 supergravity. We describe in detail
the SO(3)xSO(6) invariant subsector and its relevance for the BMN matrix model. Several
appendices contain additional, more technical, details on some aspects presented here.

2 Spectral flow and duality frames

In this section, we set up the algebraic preliminaries needed for describing the generalised Scherk—
Schwarz reduction of Eg ExFT that leads to SO(9) gauged supergravity as a consistent truncation
of higher-dimensional supergravity. We begin by identifying various SL(9) subgroups of Eg that
have different physical interpretations. This will be illustrated by substituting them into the
pseudo-Lagrangian (of D = 2 supergravity) to generate proper physical Lagrangians in different
duality frames.
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Figure 1: Dynkin diagram of eg with labelling of nodes. Nodes 1,...,8 make up the diagram of eg.

2.1 SL(9) subgroups of Eg

At the level of the Lie algebra, we describe ¢g as the loop extension of the split exceptional eg,
together with a central element K and a Virasoro operator Ly that is part of a whole Virasoro
algebra spanned by L, for m € Z and we follow the conventions of [19] for the commutation re-
lations. The Dynkin diagram of the affine Kac-Moody algebra ¢g is shown in Figure 1, including
a numbering of its nodes.

2.1.1 Branching of eg

In order to exhibit the various sly subalgebras we first need to decompose eg. The adjoint

representation of eg decomposes under the glg that is embedded along nodes 1,...,7 as
248 =8 @282 056V @ (gly)"” @ 561/Y @ 28“" @ 81, (2.1)
where the superscripts describe the eigenvalue of the gl; of the reductive glg = slg @ gl;. Writing
the generators of glg as Tij with 7,7 =1,...,8 and commutation relation
[T@-,T%} — Sk T = 5T, (2.2)

the various graded pieces in this decomposition can be given as tensor densities transforming
under this glg, explicitly

8V T, (T%;, T3] = -0}, T,
28(72/3) . Tklkg — T[klkﬂ |:TZ] Tklkz_ — _25[k1Tk2}2 _ l(;szlkz
. ) ] ] 3 ‘] )
56 /Y. T =T T, T =300 T, Lsimy
: kikoks — 1 [k1kaks] [ Jo klkzks] = (k11 kaks)j + 3% kikzks »
56(1/3) . Tklkgkg — T[klkzkg} |:TZJ Tklkgkg_ — 36[]91Tk?2k‘3]’l o léj,TklekS
) ] ,7 3 )
28 Ty, =T T, T,y | = 260 T, Lsim
. kike — L[k1k2] [ R k1k2] = 2Okt ko5 + 3 it k1ks >
gv . Tk [T"j,Tk_ — kT (2.3)

The absence of density terms in the transformation of 7% and T} is the reason for our choice of
normalisation of the glg. Some relevant eg commutation relations in this basis read

[T, T)) =T+ 85 TR, [T, Ty,5) = 1801217 (2.4)

[7172 Js]’

and further relations can be found in Appendix A.1.



One consequence of this is that defining
T =T and T% :=T;, (2.5)

leads to an sly subalgebra of eg that we write as T ;, where now I, J = 0,1,. .., 8 are fundamental
indices of slg with commutation relations

(77, 7% ,] =51, — 61T ;. (2.6)
This sly is a maximal subalgebra of eg. The adjoint 248 of ¢ decomposes under this sly as’
248 =84 980 @ 84, (2.7)

where 80 is the adjoint of slg and 84 corresponds to a three-form T'/K of sly while 84 is a
dual three-form 77 5. The branching under glg C slg gives the components shown in (2.3), for
example T1/K — (TWk 705 = T4),

The affine extension ¢g of eg consists of infinitely many copies of the adjoint of eg, labelled by
a mode number m € Z, together with a central element K. The mode number means appending
an index m to all generators in (2.3), leading for example to T, and T},;. The mode number is
additive in commutators. The central element K occurs as an extension in commutators when
the mode numbers add up to zero and we also make use of Virasoro generators L,, for m € Z
with the standard commutation relations.’
elements by [Ly,, Ta] = —nTn

m+n»

The Virasoro generators act on the loop algebra
where e can be any of the slg-representations in (2.3). We will
also make use of a non-degenerate bilinear form 7_j, o3 over e¢g @ (L_j) (for a fixed k) that pairs
loop generators whose mode numbers add up to —k as well as K with L_;. For more details
on the algebraic structures we refer to [19]. Further details on this branching and commutation
relations can be found in Appendix A.1.

2.1.2 Spectrally flowed slg algebras

The identification of the slg subalgebra can be generalised within eg by using a version of spectral
flow [55,56]. We define for p € Z the generators

Tij:ng+ga;iK, Tio=Ti, T% =T, (2.8)
where the generators in the 8 and 8 of glg have been shifted by p affine units in opposite
directions. This means that the definition is different for every p € Z, but we are not indicating

by how many units p we have flowed in the notation to avoid cluttering.® The addition of the
central term for the glg is necessary in order to maintain the sly commutation relations, viz.

[T, T%] = Tg; + 0) Toe + 05K = T 4+ 85 TF = TV — 61T, (2.9)

2This is a Zs-graded decomposition although this grading will not play a role in our analysis.

3The value of the Virasoro central charge will drop out of any final formula.

4Only in Appendix A.4, where we make statements about inequivalent values of p, we will need the distinction.
A specific convention for p = 1 and p = 2 which will play a special role will be introduced in Section 2.1.3.



by the vanishing trace of T!;. This last relation is still in agreement with the general slg
structure (2.6). The case p = 0 leads to the maximal sly C ¢g and then T?; = T ; as defined
in (2.6).

The spectral flow of the sly subalgebra extends to all of eg. The generators of the affine
extension of sly are defined as

T, =T +E6i5,0K, Tho="T;

97 n+p > ng = Tn—p’i 5 (210)

for any mode number n € Z. They satisfy the usual 5/[\9 algebra relations
1
[Ths T80 = 05 Ths = 01T o (0405 = Gabof ok (21

We have in particular

[ in,Ongzj] =T,

A T sk MO, 0L K (2.12)

m—+nj m

that extends (2.9) for any p and any mode numbers m and n. The other flowed generators in eg
are defined according to

ik mijk G0 g
Tn—p/3 - TTZL] ’ Tn—p/3 - TN—P’
Toip/zijk = Tnijk s Trtp/3ijo = Tntpij - (2.13)

Here, we have included in the definition of the level a shift that is related to the way the
generators appear in the glg decomposition of eg, see (2.3).
The commutation relations associated with these definitions are
I Io1 - (1112 +1I3] I [T p
|:T1’r11,—2p73’ Toip/s JlJng} = 18015, 7, Tonnag) T 605750, <m - g) Om, K,
1
Lol IIs],
[Tn}bfp%’TnA}—;/%} - _6611 Ing+"—2/3171819‘ (2.14)

In this flowed basis we also define the Virasoro generators L,

2

5 oK, (2.15)

Lyw = Ly +pTF, + 5

that satisfy the Virasoro algebra for the same central charge as the original L,,. The action of
these redefined Virasoro operators on the flowed eg basis is

[LW? T£L J] = _nTni-‘rnJv
p
S B
[Lons Trtp/a 1k = — (n + g) Tontntp/317K - (2.16)

The redefined Virasoro generators are thus tuned to the mode numbers of the generators given
in (2.10) and (2.13).



The formulation of Eg ExFT in [32,33] also makes use of shift operators Sy, that act on the
original unflowed generators according to

Sn(TH =Thr s Sn(Ln) = Lintn, Sm(K)=0. (2.17)

Here, A is an adjoint Eg index and this definition of shift operators is adapted to the eg basis
of eg.

One can similarly define shift operators that are adapted to the spectrally flowed sly basis
of eg and they appear in the generalised Scherk—Schwarz reduction in this paper. We will write
these shift operators as S,, and they act by

Sm (Tns) = Tvns S (TRII) = ThED o (2.18)
S (Totp/anitats) = Timtntp/3 Llals » Sm(Ln) = Lim+n, Sm(K) =0.

It is important to note that the two shift operators are not identical but differ by central terms
due to the explicit K modifications appearing in (2.10) and (2.15). The relation between the
two shift operators is given, in the flowed basis, by

S (T )
S (Ta255)
)=

Sm ( n+p/3 EWEYE]

S (TL 7) = Sm,—n (6] 6% — 85509) K,
S (Tﬁ_f;ff;,) :
S

m (Tn+p/311[213) ’
2

S(Ly) = Sim(Ly) — 5m,_n4%x. (2.19)

The extra terms in the first and last relation show that the shift operators S,, appearing in the
construction of Eg ExFT are not slg covariant. However, the additional central terms can be
reabsorbed in the definition of the constrained fields (x| and x, such that one may work with
S, that are slg covariant throughout.”

We finally note the following identity involving the shifted bilinear form 7_y o3 for the flowed
and unflowed generators

Nkap T @ TP =n_papT* @T". (2.20)

Following the conventions of [33], the index « in this formula ranges over both ég and the
Virasoro generators. We display the expansion of the bilinear form 7_j, o3 in the flowed slg basis
in detail in (A.18).

As we show in Appendix A.4 there are only two different Eg conjugacy classes of spectral
flows, namely those with p = 0 mod 3 and the remaining p = 1,2 mod 3. The p = 0 flowed
basis corresponds physically to the dimensional reduction of three-dimensional supergravity on
a circle. The Eg subgroup commuting with Ly is the three-dimensional Cremmer—Julia group
of Ehlers type. We will next explain the physical meaning of the other spectrally flowed bases.
In fact, even though p = 1 and p = 2 are conjugate, it is useful to consider them separately. To

®When relating two distinct flowed bases, one has to recall these extra terms.



distinguish and relate them explicitly, we will use the notation of the generators introduced in
this section for the p = 2 flowed basis only, while we shall write T/ j» Til_hl%, T /31 Dol for the
generators in the p = 1 flowed basis. Moreover, we also put a tilde on the fundamental index
I whose decomposition under glg we choose as I = (i,9) instead of I = (0,7). So unless stated
specifically, the generators T ;, Tilflg, Th_1/311.1; Will always be in the p = 2 flowed basis.
Relating the supergravity field components then amounts to using the change of basis de-
scribed in (2.10) and (2.13) together with the corresponding choice of coset representative. As
explained in more detail in the sequel, with this convention that eleven-dimensional supergravity
is written in the p = 1 flowed basis, while the consistent truncation on S® x S! leads to the
gauging of the SO(9) C SL(9) in the p = 2 flowed basis. For short, we will therefore use the no-
tation of the generators introduced in this section for the p = 2 flowed basis only, while we shall
write T2 j» Til_hl%, L /311 Il for the ~genera‘cors in the p = 1 flowed basis. Moreover,~ we also
put a tilde on the fundamental index I whose decomposition under glg we choose as I = (i,9)
instead of I = (0,7). So, unless stated specifically, the generators TZ ;, Tfjﬁ%, Th_1/30 10 Will

always be in the p = 2 flowed basis.

2.1.3 Spectral flow by p = 1 unit

If one carries out the dimensional reduction from eleven-dimensional supergravity on 77, the
SL(9) symmetry of Matzner—Misner type of the torus is the one commuting with the derivation
Lo in the p = 1 flowed basis. The degrees of freedom coming from the internal metric are
associated to the generators Ly and 'T'g j» while those coming from the internal three-form are
associated to 'T"i jl‘% The relation to the Cremmer—Julia Eg group in the p = 0 flowed basis can
be seen from the fact that the glg C e¢g that is common to all spectrally flowed slg corresponds to
the eight-torus that is used in the reduction from D = 11 to D = 3 space-time dimensions. The
generators 'T'f)g in the 8 that are used for p = 1 correspond to the eight Kaluza—Klein vectors
that appear additionally when reducing on 7 instead of 78. The generators 'T'f)g are equal to
T?, in the p = 0 basis, which agrees with the fact that the eight Kaluza—Klein vectors translate
into the first set of dual scalar fields in the Eg formulation [57-59].

Another way of understanding this is by recalling general aspects of the so-called gravity
line of hidden symmetries [60-63]. The D = 11 gravity line of a hidden exceptional symmetry
corresponds to the horizontal line of Cartan type A in Figure 1. This A-type algebra clearly
includes the glg that was used in the glg decomposition (2.1). In order to extend the algebra to
also include node 0 one must add an 8 that uses the affine node generator exactly once. This
means taking the 8 for m = 1 and this argument confirms that p = 1 unit of spectral flow is
related to D = 11 dimensions.

2.1.4 Spectral flow by p = 2 units

With the convention that eleven-dimensional supergravity is written in the p = 1 flowed basis,
we will now see that the consistent truncation on S® x S! leads naturally to the gauging of the
SO(9) C SL(9) in the p = 2 flowed basis.



The SO(9) gauge group is associated to the isometries of S®. The rotation group SO(8) C
SO(9) appears as a subgroup of the GL(8) for the GL(8)/SO(8) coset entering the type ITA
metric on $8,% but the full isometry group SO(9) is not a subgroup of the geometric GL(9) for
the GL(9)/SO(9) coset representing the M-theory metric on S® x S! and must instead lie in
another SL(9) in a different spectrally flowed basis.

To identify the relevant spectrally flowed basis for the S& x S compactification, it is useful
to analyse the fields involved in the corresponding AdSs x S® x S vacuum solution [7]. The S®
metric is determined by the type ITA GL(8)/SO(8) coset, but the M-theory circle is not fibered
over S® and the solution does not involve the full GL(9)/SO(9) M-theory coset. The circle is
instead fibered over the AdSs space through the Kaluza—Klein vector field. The relevant duality
frame is determined by the two-dimensional scalars, so one should instead interpret the Kaluza—
Klein vector field as the dual of the dual graviton field h;, .99 on S8 x St i.e. schematically

€i1"'i86i1 hig...i89,9 ~ €wjau14,,9 . (2.21)

In the p = 1 flowed basis this is the component in 'T'_gu that is Tgi in the p = 2 flowed basis.
We find therefore that the scalar fields involved in the S® x S' compactification parametrise the
SL(9)/SO(9) coset of zero Ly level in the p = 2 flowed basis.

The general framework for reductions of maximal supergravities on S™ to D > 3 external
dimensions was presented in [30]. The resulting gauge group SO(n+1) always lies inside an
SL(n+1) rigid symmetry group and the n coordinates of the S™ are components of the ExFT
generalised coordinates sitting in an antisymmetric rank two tensor of this SL(n+1). As we
show in detail in the next section, the S® coordinates sit in the 9 = 8 & 1 of the p = 1 flowed
SL(9) and translate to the vector eight in the 36 = 8 @ 28 of the p = 2 flowed SL(9), thus
confirming that the latter is the correct choice of basis. The argument relies on the study of the
branching of the basic module in which the generalised coordinates are defined.

2.2 Basic module and its decomposition

In Eg exceptional field theory, the derivatives 9y take values in a lowest weight representation
that was denoted R(Ag)—1 in [32,33]. This is the conjugate of the basic representation of e¢g and
the subscript denotes the conformal weight of the lowest weight vector. Following the notation
of [32,33], we shall write the derivatives as bra vectors (9| that can be expanded over the lowest

weight vector (0| in the eg-grading of eg as
(0] = (0] (O + T'0a +...) (2.22)
and where the lowest weight vector satisfies

(0|Ly, =0 form<1 and (0|T4 =0 forall m <0. (2.23)

In the standard level decompositions of hidden symmetries [60-63] the type ITA gly corresponds to nodes
0,1,...,6 of the Eg Dynkin diagram in Figure 1. Upon conjugation under the M-theory SL(9) we can as well
choose the type ITA gl as corresponding to the nodes 1,...,7 that is common to all spectrally flowed algebras.
This freedom can be interpreted as choosing a different M-theory circle.
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Since the basic module is a level K = 1 module, we have (0|K = (9| for the action of the central
element on the whole module. In fact, K can be replaced by one in all the formulas.
Under eg the module decomposes as [64]

R(Ao)_1 = 19 @ 248, & (1 & 248 & 3875), @ (30380 & 3875 ® 2x248 & 1),
& (147250 & 30380 & 27000 & 2x 3875 & 3248 B 2x1), & ... . (2.24)

The subscripts denote the eigenvalues under Ly = Lg).

For us it will be important how the states in R(Ag)_; reorganise themselves under the
spectrally flowed sly bases discussed in Section 2.1.2. We note that the groundstate of (2.24)
satisfies (0|Ly = %(O\ under the Ly generator that has been flowed by p units, see (2.15), and
it is not necessarily the state of lowest Ly eigenvalue in the module.

As we analyse in Appendix A.3 in detail, the branching under slg is different for different
units p of spectral flow. Summarising the result from there, we have that for p =0

R(Ag)—1 =10 @ (B4 ® 80 © 84), @ (240 @ 1050 @ 1215 © 80 @ 1050 & 240), & ... . (2.25)

For p = 1, we have by contrast

R(Ag)1 =91 @367 ©12610 & (9& 315) ® (36 459 720) 15 D ... . (2.26)
9
And finally for p = 2
R(Ag)_1 = 5% ® 867 ﬁvo ®(9®315) 5 13 ® (36945 720)16 & ... . (2.27)

The subscripts in each case correspond to the Ly eigenvalues for the chosen value of p. We note
that the decompositions for p = 1 and p = 2 differ by conjugating the slg representations.

The physical interpretation of this 9 appearing for p = 1 is that the corresponding nine
derivatives are those with respect to the coordinates of the M-theory compact space that com-
pletes the two external coordinates to D = 11 dimensions.

For p = 2 and the decomposition (2.27), we introduce the notation

Olr, (/31" = (/37" (/3"FF = (2/3[l/KE ) = (1l (2.28)

for the first few levels, where the number in the bra vector denotes the difference of the eigenvalue
with respect to Ly — %. The precise definition of these states and their relations are given in
Appendix A.3. Of particular interest to us will also be the 45 with Ly = % appearing in (2.27).

This symmetric tensor will be written as
(/3" = (/31" (2:29)

and its components define a basis for the embedding tensor of CSO(p, ¢, r) gaugings with p+ ¢+
r = 9. These can be obtained by consistent truncations of type ITA and the type IIA coordinates
are appearing inside the 3679 in (2.27).

11



Similarly to (2.28) one can define a basis of R(Ag)_; adapted to the p = 1 decomposi-
tion (2.26). The corresponding generators are written with tildes for distinction and denoted
by

O, 1/8lr5=—=/3l51, 2/Bliks = @Bz, UF* =, (2.30)
In Appendix A.3.3, we study the relation between the two bases (2.28) and (2.30). By construc-
tion this relation cannot be slyg covariant. For example, the lowest 9 in (2.26) is expressed in
terms of vectors of (2.28) as

(O = (a3, (0 = (173" (2:31)
In the above equation, we have broken the two slg algebras to their common glg and denoted
the extra (vector) index by 9 for the p = 1 flow and by 0 for the p = 0 to distinguish them.
Further relations are given in (A.34).

Throughout this paper, we will also encounter ket vectors that belong to the representation
R(Ag)—1, such as the vector field |A,). All branchings and algebraic relations described above
apply to R(Ag)—1, with conjugated SL(9) representations and opposite signs for the Ly grading.

We close this section with a comment on a subtle technical point. On the representation
R(Ag)s (or another conformal weight) we can define a K (eg) invariant pairing that we will write
using a bra-ket notation, such as ;|0) = ((0|7)', and that will feature prominently for instance
in the potential (3.40). The ‘kets’ in such expressions are still elements of R(Ag)s and can be
distinguished from ‘proper’ kets from context or by the position of SL(9) indices.

2.3 Interpretation of spectral flow as change of duality frame

Let us now give an interpretation of spectral flow in terms of the supergravity theory. For
simplicity, we first focus on the case of D = 2 ungauged supergravity, in the language used
in [19,33].
The theory can be formulated in terms of infinitely many scalar fields parametrising
Eg x Vir™

KBy (2.32)

with coset representative V', Hermitian currents P, and anti-Hermitian composite connection
@, defined from the Maurer-Cartan form (2:

dvv—l=Q=P+Q. (2.33)

On shell, the currents obey the twisted self-duality constraint (in form notation, so that P =
P,dzH)

*P = 8,(P) + 1K = PW) | (2.34)
where the shift operator is defined in (2.17) and the auxiliary one-form y; is introduced to

restore K (Eg) covariance. For later convenience, we shall indeed define the K(Eg) covariant

combinations

P® = 8,(P) + K, (2.35)
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with Xp = x¥_; are independent auxiliary one-forms, except for xYo = Px. These new one-forms
will be necessary in writing a pseudo-Lagrangian later on. They are related by iterating (2.34)
and writing

P =k p (2.36)

in which only the K component is independent of the original twisted self-duality. Equation
(2.34) determines the duality relations between physical and dual scalars, but the distinction
between the two is only determined by fixing a parametrisation of the coset representative V.
Different parametrisations provide dual description of the same physical system. A first example
is the Eg covariant parametrisation based on the grading with respect to the Ly generator

Lo — _ : A A _
V =g logmprltompaloz  y N1aTs o YouTo, o gm0k (2.37)

where V is a coset representative for Eg/(Spin(16)/Zs) and the central factor is identified with
the determinant of the metric: €2 = \/—g. This parametrisation is naturally obtained when
constructing D = 2 maximal supergravity as Kaluza—Klein reduction of D = 3 maximal su-
pergravity. The Lagrangian obtained from such a dimensional reduction only involves the Eg
scalars, the D = 2 metric and the dilaton g, corresponding to the size of the Kaluza—Klein circle:

Esugra =v—g (QR - QUABPM,»(L)XPM%) ) (238)

with Pug the Hermitian projection of the Maurer—Cartan form of Eg/(Spin(16)/Zs), constructed
from V and also corresponding to the degree 0 loop component of P,. Twisted self-duality
provides duality relations between these currents and the infinite series of dual potentials YTQ,
which do not appear in the physical Lagrangian.” In fact, once one establishes that the theory
(2.38) admits the duality relations (2.34), its dynamics are entirely encoded in the integrability
conditions of the latter. One may then investigate whether other Lagrangians lead to the same
twisted self-duality relations and are hence (classicaly) equivalent to (2.38).

Theories equivalent to (2.38) must involve a different subset of the fields parametrising (2.32)
and can be obtained by a procedure analogous to (non-)Abelian T-duality [65]. It amounts to
gauging part of the symmetries of (2.38) and introducing Lagrange multipliers (corresponding to
some combination of the Y4 fields) to impose flatness of the gauge connection. Integrating out
the latter produces a new Lagrangian based on a different non-linear sigma model. We refer to
this procedure as a change of duality frame, in analogy with the choice of a symplectic frame for
vector fields in D = 4 theories (see e.g. [66,67]). We can reinterpret such changes of duality frame
in terms of different parametrisations of V', associated with inequivalent choices of parabolic
subalgebras of eg. Spectral flows such as the one described in the previous sections indeed
determine a choice of parabolic subalgebra associated to the grading of the flowed derivation L.
We can for instance look at the duality frame associated with the p = 2 spectrally flowed SL(9)
and introduce the new parametrisation

IJK
_%aIJK—L J

1
V= Q—Loe—<p1Lf1e—302'-72 ove 310K g 61K T 5 5 o =h! T Ay oK , (2.39)

"Relations bewteen g and all ., are also obtained from (2.34), but the only nontrivial relation is dp1 = 2*dp,
while all others are algebraically solved in terms of ¢ and ;.
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where v is a coset representative for SL(9)/SO(9) x, where from now on the subscript K is used
to distinguish the local reparametrisation invariance of the coset space from the SO(9) gauge
group that will appear in later sections. The map between this expression and (2.37) involves
a change of K(Eg) gauge and field redefinitions of the loop scalars, mixing in particular some
of the original Eg scalars with the dual potentials, thus reflecting the spectral flow relations
(2.10), (2.13). We also stress that while the dilaton and other Virasoro scalars are not affected
by the redefinitions, the conformal factor €2” = \/—g is. We nevertheless keep the same symbol.
The physical field content consists of the D = 2 metric g,,, the dilaton p, the scalar fields
parametrising SL(9)/SO(9)x and the axions a//% transforming as a three-form under SL(9).
All together, these scalars parametrise the coset space

GLM(9) x R3

500)x (2.40)

where the R3* factor is parametrised by a!//%.® The physical Lagrangian reads

1 1
Lsugra = vV —9g <QR + ZQQ“VaumIJaumIJ — == p B¢ 8,0 2139, 12 s my 5 m12J2m13J3>

12
1
+ @E’“’Eh,,,19a11]2138ua1415]6Z?Valﬂslg . (2.41)
where we have introduced the matrix mjy; = m(r.y) and its inverse m!’ to parametrise the

SL(9)/SO(9) k scalar fields. It is mapped to the basic representation as the hermitian element
m=vlv. (2.42)

The relation between the operator m and matrix myy is such that m™'dm = —mIKdeKTOJ[.
In line with the comment at the end of Section 2.2, we can indeed write (0|;m~!;]0) = my.
It is instructive to look at the first few duality relations descending from (2.34) in this duality

frame
Q%mILmemKQ *xda™PQ = db i — %6UKP1P2P3Q1Q2Q3aP1P2P3daQ1Q2Q3 , (2.43)
oxmiEdmp; = drl; + %aIKL (deKL - ﬁsJKLP1P2P3Q1Q2Q3aP1P2P3daQ1Q2Q3)
—1—185§aKLdeKLP .

8Notice that GL* (9) x R3* is not a subgroup of Eg, since the generators T_1/315x do not commute but rather
produce lower-degree generators. The correct way to interpret the numerator of (2.40) is as a quotient of the
parabolic subgroup of Eg parametrised by (2.39) by its further subgroup generated by algebra elements of degree

1JK

smaller than —1/3. In more physical terms, the non-commutativity of the a axion shifts is hidden in the

physical spectrum since it only affects dual potentials absent from the physical Lagrangian.
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Eliminating by sx in the second equation one finds that A’ ; is dual to the SL(9) Noether current
for the Lagrangian (2.41)

IKL P1PP3

I IK 1
dh’y = o0xm deJ—§g3me1pr2mLp3a *xda

1
+ 1_8Q§5§mQ1P1 szpzmQ3P3anQ2Q3 * dal 20

- ﬁWKLPIPngQlQngaIKL@PlP2P3d@Q1Q2Q3 : (2.44)

Recall that the p = 2 spectral flowed basis is conjugate under Eg to the p = 1 one, up to
conjugation of all SL(9) representations. Therefore one obtains in the p = 1 basis the same
Lagrangian as (2.41), except that the position of the indices on the axions is interchanged, i.e.
a'’® — aryi. This p = 1 Lagrangian can be obtained by dimensional reduction of eleven-
dimensional supergravity, after integrating out the non-dynamical fields. The axions aj g (with
lower indices) are then the components of the eleven-dimensional three-form along the torus

2/9mr; is the internal components of the metric.” The construction of the SO(9) gauged

and o
theory proceeds via the p = 2 flowed basis and a central theme in Section 4 will be how to relate

this to the p = 1 flow and D = 11 supergravity. '’

2.4 From pseudo-Lagrangians to physical Lagrangians

The relation between physical Lagrangians in specific duality frames on the one hand, and
parametrisations of (2.32) in specific parabolic subgroups of Eg on the other hand, is made
systematic by rephrasing ungauged D = 2 maximal supergravity in terms of a duality invariant
pseudo-Lagrangian. We will now describe this approach and demonstrate how physical La-
grangians can be extracted from the pseudo-Lagrangians. It should be noted that for ungauged
supergravity this pseudo-Lagrangian is entirely redundant, since one must anyway impose af-
ter variation the twisted self-duality constraint, whose integrability already encodes the full
dynamics of the theory. The advantage of the pseudo-Lagrangian formulation is that it straight-
forwardly generalises to gauged supergravity (and in fact, to Eg ExFT as well), as we will show
in Section 3.3. Throughout this section we will use for convenience the conformal gauge for the
external metric

Juv = 62077;11/7 (245)

such that * denotes Hodge duality with respect to the flat metric.
The pseudo-Lagrangian for ungauged supergravity is topological and can be written in terms
of the currents P,, their shifted versions (2.35) as well as the associated composite connection

9As noted in [16], the p = 1 Lagrangian obtained from the reduction of D = 11 supergravity contains a
Chern—Simons-type term unlike its Eg version (2.38).

10Tn the rest of this paper we will deal with certain truncations on non-toroidal manifolds, such that the
structure group of the internal space is indeed associated to a p = 1 flowed SL(9), but the resulting D = 2 gauged
supergravity is naturally written in terms of the p = 2 parametrisation and associated duality frame. For this
reason we work with p = 2 in all sections related to D = 2 (gauged) supergravity.
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Q.- The pseudo-Lagrangian 55151;?;10 is defined by [33]'!

sugra

2—1Q,cpseud° da® Ade!' K= dPW + [Q, PU] 4+ p(PH+Y — pl=1)
k=1

o0

+ Coic Z(kﬁg — k)P (Pk+1 + Pk—l) K, (2.46)
k=2

where the term in the second line is invariant by itself.'> The Maurer-Cartan equation for P
guarantees that the right-hand side of (2.46) is indeed entirely proportional to K. We shall
explain below how to obtain well-defined equations of motion from this infinite sum of terms.

2.4.1 Eg duality frame

As (2.46) is written in terms of the ¢g @ vir-valued currents, the expression is independent of the
choice of basis of ¢g in which expand the currents (for instance, T% rather than T as defined in
the previous sections). We stress in particular that the forms Py are the Virasoro components
of the current and are independent of whether or not we choose an expansion in terms of Ly
or the flowed L. Writing ¢g @ vit in the eg decomposition and using (2.35) to identify the K
component of the shifted currents, we obtain

(o.]
crsende da® Ada’ = 20d¥1 — 2002 Y nQEAPE" 420> PuA (X1 — Xa—1) . (2.47)
n k=1

The second term is the central component of the commutator in (2.46) in the p = 0 flowed
basis, in which the loop components of P and @ are expanded in terms of the generators T2,
for instance

P=) PPTa+ > PyuLpy+Px. (2.48)
meZ meZ

The expansion (2.47) is the most convenient one when working in the Eg duality frame, as
we shall see shortly. Nonetheless, (2.47) is valid regardless of the choice of parabolic gauge.
Expanding .cgig?;‘o in terms of other bases is more convenient (albeit not strictly necessary) in
order to perform computations in other duality frames. Different expansions amount to a field
redefinition of the auxiliary one-forms, as we shall see below.

Let us first show how we can recover the physical Lagrangian (2.38) from (2.47). The
idea [33,53] is that, once a parabolic parametrisation of the coset representative V' is made, we

can manipulate and reorganise the terms in (2.47) to write it as the sum of a finite set of terms,

HMWedge products are understood on the right-hand side and the Lie algebra commutator is understood to be
graded such that [Q, PV =Q A PY 4+ PW A Q.

2The second line is proportional to cyic, the Virasoro central charge associated to the representation in which
V and the currents have been defined. It is introduced to make the pseudo-Lagrangian independent of such choice
by cancelling a similar term coming from the commutator in the first line. As a result, the topological term
ngg;‘g% as a whole, does not depend on cyi.. This will become apparent in the explicit expressions (2.47) and
(2.58), in which cyi. indeed cancels out.
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involving only the fields of lowest degree in the parabolic expansion, and an infinite series of
squares of the twisted-selfduality constraint (2.34). Since (2.34) must be imposed after variation
of the pseudo-Lagrangian, one is then allowed to drop the squares of twisted self-duality and
recovers a true Lagrangian for a finite set of ‘physical’ fields.

To see this in practice, we begin with the sector involving Virasoro and central charge one-
forms. Integrating by parts the first term in (2.47) and dropping for brevity the overall factor of
20 we have that the first and last term in (2.47) can be manipulated into the following expressions
(recall that wedge products are understood)

P0>u(1 + Z Pn(;(n—l—l - )u(n—l) (2.49)
n>1

= —P Pc+ Z(Pn—l — Pui1)Xn

n>1
= Pyx Pc+ (xPo = P)Pc+ Y _[(Puo1 — *Pp) = (Pag1 — *Po)|Xn

n>1

where we isolated each x,, n > 0 and in the second line we just added and subtracted xP,.
Then, we separate the two pieces in the series and combine the last one with (xPy — P;) Pk to

write
+oo
Po)h + Z Pn()zn—i-l - )zn—l) = PO * PK + Z(*Pn - Pn-i—l)()zn - *Xn-i—l) : (250)
n>1 n=0

We see that the infinite series is a sum of bilinears of components of the duality relations (2.36).
Thus, only the first term contributes to the physical Lagrangian. Indeed, using Py = —p 'do
and Px = —do, it expands to (reinstating the overall 2p factor)

20P) * Px = 2dpxdo = \/—go Rdz" A dz!, (2.51)

where the last identity holds up to a total derivative in the conformal gauge.
Let us now focus on the cocycle term in (2.47). Using the parametrisation (2.37) for V, we
find the relation Q" = —sgn(n)PY} for n # 0, so that

2008 " n@QuPy" ! =200*P Y n| PRPE"T, (2.52)
nez nez

We need to perform several manipulations analogous to the ones above in order to isolate a term
depending only on the Eg currents Pg. Details are given in Appendix A.5. We arrive at the
expression

2008 Y In| PiPR" " = — 0P P« Py (2.53)
nez
+ QTIAB Z(PEKH-H _ *P22n)(PB?2n _ *Pén-i-l)
n>0

o QUAB Z(Pin-l-l _ *P;2n—2)(PB?2n—2 _ *Pén-i-l) ’
n>0
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so that the first term gives the physical kinetic term for the Eg/(Spin(16)/Zs2) non-linear sigma
model, completing the physical Lagrangian (2.38) as anticipated. We have proved that, schemat-
ically,

crsendo — 99,00 0 — on? PMEP“ 9 + “self-duality square terms” . (2.54)

sugra

Because we defined the topological term in the conformal gauge, we must also ensure that the
Virasoro constraint, coming from the variation of the uni-modular component g, of the metric
in the physical Lagrangian, is correctly reproduced. In the Eg duality frame, this is written as

S5 (QPHKPVO — PuoPyo+0,Po — nABPM%PV%> ~0 (2.55)

with §g"” symmetric traceless with respect to 7,,. This equation can be obtained from the
Einstein equations of (2.38). Alternatively, we can define .CES;}ISO without imposing conformal
gauge by following the same procedure as what was done for the minimal formulation of Eg ExF'T
in [53]. The current P,k is shifted by a term §*?0,§.» and the topological term is complemented
by the single extra term i ot sopg“augaﬁaugpk Following the exact same steps as above to
recover a physical action, these modifications combine to reproduce the term gR in (2.38).

We therefore conclude that the dynamics captured by the pseudo-Lagrangian combined with
twisted self-duality and the Virasoro constraint are the same as those of the physical Lagrangian
(2.38). The advantage of the pseudo-Lagrangian formulation is that it generalises to gauged
supergravity (and ExFT) and guarantees that the resulting equations of motion are invariant
under gauge transformations (generalised diffeomorphisms for ExFT) as well as local K (Eyg)

reparametrisations.’?

2.4.2 SL(9) duality frame

We now perform a similar computation to recover the physical Lagrangian in the p = 2 flowed
SL(9) frame given in (2.41). The computation for p = 1 is completely analogous. Some inter-
mediate steps are displayed in Appendix A.5. The starting point is to notice that the definition
(2.35) of the shifted currents relied on the definition of the shift operators (2.17). We can equiv-
alently use the shift operators S,,, defined in (2.18), absorbing the difference between the two
into a redefinition of the auxiliary one-form:

P = 8 (P) 4 Xm K = Sm(P) + %m K. (2.56)

Furthermore, we will expand the currents in the spectrally flowed basis of generators T defined
in Section 2.1.2,

P= > P"AT,Ba+ ) Puly +PkK
meZ meZ

BTo see this, one uses that z:gjgggo is invariant by construction and that the gauge and K(eg) variations of
squares of twisted self-duality are again proportional to squares of twisted self-duality equations. It follows that
the gauge and K (eg9) variations of the corresponding Euler-Lagrange equations are by construction proportional
to the twisted self-duality equation and the Euler-Lagrange equations themselves.
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+ % S pmTUBABCT L aasc + % ST PR PTARS 4, (2.57)
nez nez
and analogously for Q. Notice that we have changed symbol for the central charge component
(Pk instead of Px) to reflect that it is redefined compared to (2.48). We are using A, B, C for
the indices transforming under local SO(9)k of SL(9)/SO(9)k, whereas we use I,.J, K for the
SL(9) indices. The SO(9)x vector indices A, B, C should hopefully not be confused with the Eg
adjoint indices A, B, C used in the preceding section in the Eg duality frame.
Extracting Liop from (2.46) in these variables, we find

1 R y y e
% £rsendodz® Ada! = dit + Y P A (s — Xnm1) — D nQ g APTTIBY (2.58)

k=1 nez
=3 5 (0= QTS o (4 2) Qs ABCR
nez
The terms in the first line correspond to the dilaton/central sector plus the loop cocycle for
the ;[9 currents. The second line is the cocycle term for the axion sector. Using the coset
parametrisation (2.39), we can rewrite the twisted self-duality relations for the loop currents as

follows:
PAg = xmIpOAg (2.59a)
pV/3mmABC — ymp=1/SABC -y > 0, (2.59b)
Pad " =+ Pral m>0, (2.59¢)
Pral® =« P8 (2.59d)

In the last line we have used the SO(9)g-invariant metric dag for lowering the indices on the
right-hand side.

We now want to manipulate (2.58) into a physical Lagrangian plus bilinears of the relations
(2.59). The manipulations of the first line are identical to the Eg case above, so we focus on the
axion sector. After some steps displayed in Appendix A.5, we find the identity

ﬁgﬁg}lg‘o dz® A dzt

2 S -
= GoP TS PR — So PTIAAC w Pel (2.60)

axions
where the dots correspond to squares of twisted self-duality equations. Expanding the Maurer—
Cartan form we then find

ﬁpseudo de A dl’l

1
1/3 7, 11121 J1J2J:
sugra = —35P / da™'"?" x da”t? 3mI1J1m12J2mI3J3

‘axions 12
+ @ElllgnglJ2J3K1K2K3da111213daJ1J2J3aK1K2K3
1
+ 1—8dCLIJde[JK 4+ ..., (2.61)
We see that by jx only appears in a total derivative and can therefore be dropped. Adding back
the dilaton/central sector as well as the SL(9) kinetic term, the physical Lagrangian (2.41) is
reproduced.

1414 is useful to note the identity —o g“”PgABPgBA = igg““a#m”aumu .
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One computes an equation analogous to (2.55) from the SL(9) frame Lagrangian (2.41):
w 1. _
5" <2PuKP,,0 ~ PuoPuo + 8uPyo — POAEPIEA — gP,f/‘“”*BCP,,”""Arsc) =0. (2.62)

One checks that the same equation is obtained from the Virasoro constraint (2.55) in the Eg
basis simply by relating the coefficients in the expansions (2.48) and (2.57) of the current P and
using twisted self-duality to write the result exclusively in terms of the physical fields.

3 Consistent truncation on S8 x S!

In this section, we apply the general procedure of gSS reduction of Eg ExFT [19] to obtain
SO(9) gauged supergravity in D = 2 space-time dimensions. SO(9) gauged supergravity has
been constructed directly in D = 2 using supersymmetry in [16] as we shall review in Section 3.1.
Our gSS construction, presented in Section 3.2, produces the same bosonic theory and moreover
proves that the theory is obtained by consistent truncation from D = 11. In Section 4, we shall
use this to present general uplift formulee for D = 2 solutions to D = 11 dimensions, where the
differently flowed SL(9) subgroups play an important role.

3.1 Review of SO(9) gauged supergravity

SO(9) maximal gauged supergravity was constructed in [16] using supersymmetry starting from
ungauged supergravity written in an SL(9) duality frame. In this section, we briefly review some
aspects of the construction of the reference translated into our conventions.

The bosonic field content and Lagrangian of ungauged maximal supergravity in the p = 2
flowed SL(9) duality frame was reviewed in Section 2.3. The fermionic fields of the theory are
given by a gravitino, transforming as a spinor under the local SO(9)x, as well as matter fermions
transforming as a vector-spinor under SO(9)x. We will not use supersymmetry in this paper
and therefore do not display fermions. Details on fermions can be found in [16].

The construction of [16] starts from an ungauged Lagrangian density whose bosonic part, in
our conventions, is given by (2.41). The gauging of SO(9) C SL(9) requires introducing vector
fields Af[] = ALI T in the adjoint representation. These vector fields occur in the gauged covariant
derivative

D, = au — ALJQJK 8K1 (3.1)

where 6% is the rigid sl(9) variation of the field on which the derivative is acting. For instance,
o (myr) = 25(IKmL)J - %5§mKL. The constant symmetric tensor ©7; = © 5 is the embedding
tensor describing the embedding of SO(9) in SL(9). We have written a more general symmetric
tensor Oy in order to accommodate gaugings of the type CSO(p,q,r), with p+¢+r =9, in
analogy with [54,68]. The SO(9) gauging corresponds to a positive-definite or negative-definite
©;s which, up to a rigid SL(9) transformation, can always be cast to the form ©;; = gds;.
In (3.1) we have written the generators T} ; that correspond to the p = 2 flowed slg. The vector
fields A{;J are not propagating in D = 2.
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The gauged theory is then given by covariantising all derivatives in (2.41) and introducing a
topological term for the non-abelian field strength and a scalar potential in the form

1
‘Cgsugra = ﬁsugrmcov + §EMVF;{IL/]®JK}1KI - Vgsugra ) (32)

where the vector field strength reads

Fu = 200,40 + 20k A AL (33)
and the scalar fields h!; are identified with those introduced on-shell in the duality rela-
tion (2.44). The potential term Vigugra Was obtained from supersymmetry in [16, Eq. (5.5)].
We shall derive it from the gSS reduction of Eg ExFT in Section 3.3 and therefore do not
display it here. It is however important to stress that only the anti-symmetric combination
hKU@J]K appears in Viguera as well as in (3.2).

Both fields h!; and Aﬁ‘] are auxiliary in SO(9) gauged supergravity. Their equations of

motion are consistent with the gauge-covariantised version of the duality equation (2.44) when
v
terms of the remaining fields of the theory. Integrating out the auxiliary field h!; that occurs

varying AL/, while varying h'; fixes the curvature F /f;] of the non-propagating vector fields in

only algebraically in the Lagrangian leads to a Yang—Mills kinetic term for the vector fields.

In order to covariantise the duality relations (2.34) properly, we need to identify which part
of the infinite-dimensional rigid on-shell symmetry of ungauged D = 2 supergravity is gauged.
Both from the general structure of the gSS reduction of Eg ExFT [19] and the analysis of
supergravity directly in D = 2 dimensions [59], one knows that Lagrangian gaugings utilise an
embedding tensor that takes values in the basic representation R(Ag)_; that was discussed in
Section 2.2. The general coupling of vector fields |A,) in R(Ap)—; to the embedding tensor is
given through the pairing

Dy = By + 1-10p (0T A,)5° (3.4)

where the covariant derivative acts through the rigid eg @ (L_1) variation ©* on the various
fields.!” The decomposition under the p = 2 spectrally flowed sly was given in (2.27). The
restriction to (0| in the 45,6/9 , with

(0] = —©15(4/3]" (3.5)

reproduces the gauged covariant derivative (3.1) when acting on the physical fields. The expres-
sion (3.4) also determines the gauging of shift symmetries of the dual potentials. The first few
terms in its expansion are determined as follows

1
N-1a5 (0T AT = — 01 A7 To'y - §9K11(1’g13’Au>T?2173{3
+207,(4/3) KA T e + 01, (4/311 [A)Ly + ... (3.6)

'5See [19]. For instance, *V = VT® — k*V with k* a compensating K (¢9) transformation. Notice that the
choice of T® rather than, for example, 7%, is linked to the choice of such basis in (3.4).
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where the dots stand for generators of lower Ly degree, and we identified AII;] = (1/3|17]A,).
Notice in particular that, based on the coset parametrisation (2.39), the shift symmetries of
the dual axions b;jx are entirely gauged, while only the shifts of the symmetric combination
Ok hE 7), which does not enter the Lagrangian, are gauged.

We also provide the general expression for the field strengths, which is, in form notation

1 (o3 (e
[£) = 1dA) = 51-1a5(0]T%|4) ATPIA) =110 (8]T @ TP|C) (3.7)

where [|[C') denotes the two-form, sitting in the symmetric tensor product of two R(Ag) repre-
sentations, with the R(2A¢) representation subtracted.'® Using (3.5), the first few entries in |F)
are found to be

3[MF) = (1/3"7]dA) + O (1/3["F1A) A (1/3]77]A) (3.8)
@/31"1F) = (4/3]"7|dA) + 201 (1/35V14) A (4/37F|4)

(Olr|F) = (0l71dA) = ©1,(1/3]75[A) A (0lk|A) + ©1s(1/3"" @ (0]« [C)

(UHIF) = (U51dA) = ©po(1/3[ 7| A) A (1IF)]4) +20p1(1/3[7|A) A (1]50]4)

140, ({1/3195 (1150 + (07 @ (4/3157)|C) + 25 X,

where the definition of |C) has been modified compared to (3.7) in order to reabsorb some
|A) A|A) terms. The gauge field (0|7|A) is therefore pure gauge, as well as all but the completely
antisymmetric component © L[1<1‘§K}’A> of the weight %3 gauge field. The trace component of
(1)¥%|F) has a piece 5[11{ X j; which we do not display explicitly since it is projected out from all
physically relevant quantities. From (3.8) we see that the restriction to the 36_,5/9 component

F17 = (1/3|17|F) reproduces (3.3).

3.2 The generalised Scherk—Schwarz ansatz on S% x S*

The generalised Scherk—Schwarz ansatz for the SO(9) gauging follows the general procedure
for Eg ExFT presented in [19]. We recall from there that a complete gSS ansatz consists in
identifying a twist matrix U(y) € Eg, along with an additional y-dependent (w™| € R(Ag)_2,
that together induce the constant embedding tensor of the SO(9) gauged theory and that factor
out of the pseudo-Lagrangian. The twist matrix & comprises a scalar component r(y) along L
and the bra vector (w™| satisfies the ‘flat version’ the section constraint, namely the bra vector
(wT|U must be on section.
The structure of the gSS ansatz for the exceptional field theory fields is [19]

V(z,y) =V(z)U(y),
p(z,y) =r(y) o(z), (3.9)
Az, y)) =r () U (y)|Ax)) .

In these expression the ExFT fields are on the left-hand side and the twist matrix U(y) and
the scalar r(y) must be chosen such that the dependence on the internal ExFT coordinates y

'In the companion paper [19], we denote |C) = |C(1) ® |Ca)).
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factorises from all equations. The bra vector (w™| appears in the expression for the embedding
tensor below. The ansatz (3.9) will be central for the derivation of the uplift formulee in Sec-
tion 4.7 Besides the ansatz for the fields we also record the ansatz for the parameter |A) of
generalised diffeomorphisms in Eg ExFT:

Az, y)) = U (YA () - (3.10)

The generalised diffeomorphism action on the ExFT fields reduces to the gauge symmetries of
the gauged supergravity theory in two dimensions. Consistency of the resulting gauge algebra
places constraints on U(y) and r(y) that we review next.

The twist matrix U gives rise to the Weitzenbock connection (W, | through its first internal
derivative according to

Ol OU = r(Wald @ TOU . (3.11)

Notice that we expand the Weitzenbock connection in terms of the p = 2 flowed basis, as this
will be the natural choice for the case of the SO(9) reduction ansatz. Then, the embedding
tensor resulting from a gSS reduction is made of two components (9| and (6] [64,19]'®

(O] = (WalT*, (O] = = (WalSsa (T*) = (w]. (3.12)

The component (| corresponds to non-Lagrangian gaugings of the Ly symmetry. We will only
consider situations in which (J| = 0. The components of the embedding tensor must be constant
and integrability of its definition also enforces the quadratic constraint [59,19]

N-1ap(0|T* @ (6|17 = 0, (3.13)

where we have already set (J] = 0.

We have argued for the relevance of the p = 2 spectrally flowed slg C ¢g in the previous
section. From the general analysis that we review in Appendix E, we know that the twist
matrix must decompose as in equation (E.3). This implies that & belongs to the parabolic
subgroup obtained from the generators of non-positive Ly degree. Because we are looking for
a consistent truncation contaning a purely gravitational pp-wave, it is also natural to restrict
the ansatz to a parabolic element in the affine extension of SL(9). This is the relevant structure
for eleven-dimensional gravity without three-form. One can moreover use gauge invariance to
restrict the ansatz to the SL(9) subgroup. Using the notation Tfn ; ete. for the flowed generators
as in Section 2.1.2, we therefore make the following ansatz for the inverse of the twist matrix

Ut =rloesky=1, (3.14)

where u belongs to the p = 2 flowed SL(9). Recall from (2.15) that Ly = Lo + QT& + %GK.
Except for the occurrence of (w™| whose form will be determined below, the twist matrix and
choice of section are analogous to what happens for other sphere reductions [30].

"By ExFT contains additional constrained fields and two-forms that have to be considered in the general
construction but will not play a role in this paper.
!8Notice that writing (| in terms of Sy rather than St only amounts to a redefinition of (w™].
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We also have to specify a solution to the section constraint corresponding to the coordinates
on S% x S'. As argued in Section 2.1.4, the S® coordinates are expected to sit within the 36
of the p = 2 flowed SL(9) and we indeed find such a representation at Lo-degree 7/9 in the
decomposition (2.27). The solution to the section constraint for the derivatives (9| € R(Ag)—-1
is naturally written in the branching (2.30) with respect to the p = 1 flowed SL(9). It can be
expressed in the branching (2.28) with respect to the p = 2 flowed SL(9) relevant for the SO(9)
gauging, by splitting the index I in (2.30) into I = (i,9) and the index I in (2.28) into I = (0, 1)
and using (2.31): -
(@] = (0" oy = (1/3]”9; + (4/3|™0y . (3.15)

In terms of the 3679 derivatives dr; the solution (3.15) implies in particular that only 0; =
Op; # 0 among the Jry. That this corresponds to a solution of the section constraint can be
verified in a straight-forward manner. The gSS ansatz for the physical fields will only involve
the eight coordinates along (1/3|%, corresponding to %, while the component (4/3|"0 associated
to the S! coordinate ° will only feature in the constrained fields.'” This kind of interplay of
the p = 1 flowed branching and p = 2 flowed branching of the R(Ag)_1 representation will be
central in Section 4 when we determine the explicit uplift formulse.

Equipped with the choice of Section (3.15) and ansatz (3.14) for the twist matrix, we can
evaluate the Weitzenbock connection (3.11). Some details of this calculation are given in Ap-
pendix B. From this we deduce the following expressions for the trombone embedding tensor

(9] € R(Ag)—-1 and the standard embedding tensor (f| € R(Ag)o given by
(0] = (WalT® = =r~19; (rieru™ O™y ) (1/3)17, (3.16)
and
(O] = —(WalS11(T%) — (w™|

. , 2
= oefu™ Opuliy, <8iu50u_103 + &-usju_lJR) ((1/3|[KLT{2}S - ?<1/3|Q[KT5Q5§>

1 . .
+ §7"_%es (u_loK&'u_“L —u M ouT 0 — Wb U_loK”_loL) <1/3|P(KT1L33
9 .
oy e, <7"14/9“_10KU_ML) (1/3[%FLy, (3.17)

where we have simplified the constrained (w*| = W (4/3|° = W()Jg(f(ﬂg as a specialisation of
the solution (3.15) to the section constraint.

In order to obtain a Lagrangian gauging corresponding to a sphere reduction of type ITA
supergravity we now consider an ansatz for the SL(9) twist matrix that is inspired by [30,46]. We
denote embedding coordinates or the sphere S® by Y; where I = 0,1, ... 8 are Euclidean ambient
space coordinates with E?:o Y7 =1 and we raise and lower these indices with the Euclidean
ambient space metric dz7, invariant under SO(9). The SL(9) twist matrix components then are

Tn terms of the expansion (2.22), the nine non-vanishing components of the derivatives (9] € R(Ao)_1 are
rewritten as (0|770; # 0, (0|0y # 0, where the generators T} refer to the glg basis (2.3).
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taken to be
u‘”z = (det §)1/9 (éijanI + ciYI) ’

w07 = (det g) ¥/ 2y (3.18)

where g;; = 8iY]anJ5[ 7 is the induced metric on the (round) sphere, ¥ its inverse and det § its
determinant. The field ¢’ is akin to a Kaluza-Klein vector and related to the flux of the sphere
compactification. The embedding coordinates satisfy the completeness relation and eigenvalue
equation

§ij8,~Y18jYJ =057 —Y7Y; and (det §)_1/28i ((det §)1/2§ijan]> = —8Y7, (319)

as can be checked easily by going to stereographic coordinates. The components of the inverse
SL(9) matrix are then

u'; = (det g) 207",

ulg = (det §)/OF2 (VI - o, vT) (3.20)

We next determine the conditions on the remaining components of the twist matrix (3.14).
The requirement that the gauging be Lagrangian means that the trombone embedding tensor
(9] in (3.16) has to vanish. Using (3.19) and [K L] anti-symmetry we find that this is tantamount
to

0= <r%eS(det g)—7/9+1/2§ijanKYL> (1/3KL
- (r%eS(det g)—7/9) (det §)M/25% 0, Vi Y, (1/3]KE (3.21)
so that we deduce
riet = g(det §)7/? (3.22)

for the vanishing of (¥|. In the above relation we have introduced a convenient integration
constant.

In order to represent a consistent gSS reduction, the embedding tensor (f| must be constant
and we need it to be solely along the 45 component according to the discussion in Section 3.1.
Substituting the sphere ansatz into (3.17), we find that the component along the 720 vanishes
automatically and for the vanishing of the 36 component along (1/3|5%L; we get

08 <r14/9(det g)—5/18YK§ijanL) (1/35EL, (3.23)
whose vanishing according to (3.19) requires
r=(dety)/? = ¢ =g(det)/®. (3.24)

Here we fixed the integration constant for r using the ExFT Ly scaling symmetry.
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Substituting this back into (3.17), we are left with
(0] =g |01 + ((det 9)71/20;((det )1 /2¢") — (det ) /W55 — 7) VY5 | (/377 (3.25)

For this to be a constant multiple of the SO(9) metric d;; we need to make the anisotropic
components vanish. Due to the presence of the component WOJB of (wt|, the first condition
(det )~ /29, ((det é)l/Qci) — (det §)'/2Wyh = 7 is trivially satisfied. From the perspective of
type IIA supergravity it is natural to set WOJB = 0, in which case this condition fixes the field
¢’ corresponding to the seven-form type IIA potential in the ansatz. One then identifies the
expected 8-form flux on S8. From the perspective of eleven-dimensional supergravity, the field
¢’ is a component of the dual graviton and it is natural to absorb the flux in the constrained
field component WOJB.
The summary of the analysis above is that we have achieved the form

(¥ =0 and (0] = —gdrs(4/3", (3.26)

for the embedding tensor, which agrees with the identification ©;; = gd;s in Section 3.1.

This construction can be easily adapted to accommodate also CSO(p, ¢, 9—p—q)-type gaug-
ings [54,68] where the signature (p,q,9—p—¢q) describes the number of positive, negative and
vanishing eigenvalues of the symmetric tensor O in (3.5). The internal space in these cases is
HP4 x T97P=4 x St with HP? the (p+q—1)-dimensional sphere or hyperboloid defined by the
equation Y“nabe = 1 with 74 of signature (p, q) in p+¢ dimensions and O, = gng,. We then
write accordingly i = 1,..., p+¢g—1 for the coordinate indices of HP? and 7 = p+q, ..., 8 for the
indices of the coordinates on T97P~9. The twist matrix takes the form

u®; = |det g| /20,y
uly = |det §|7V/OH2 (YO — oy ?)
ul; = 62, (3.27)

where g;; is the pseudo-Riemannian induced metric nab(‘)iY“(‘)ij and ¢ and WOJB satisfy

| det §|'/%0; (| det §|/%c") — |det g|*Wo =p+q—2. (3.28)

3.3 From pseudo-Lagrangian to physical Lagrangian

As described in the companion paper [19], for any embedding tensor (6| admitting a consistent
uplift, the gSS reduction of the ExFT pseudo-Lagrangian leads to a pseudo-Lagrangian for
gauged supergravity that decomposes into

pseudo __ ptop
ﬁgsugra - ﬁgsugra - Vgsugra . (329)

The general expression of the scalar potential Visygra in terms of (| will be recalled later on.
We stress that we include the measure factor in its definition. The topological term .ngﬁgra
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corresponds the gauged version of the (topological) pseudo-Lagrangian 55151;?;10 for ungauged

supergravity defined in (2.46). It can be written schematically as the sum of two terms

cior da Adzt = 20Dy + 0 (A|O(M)|F) . (3.30)

gsugra

The first term corresponds to (2.58) with partial derivatives traded for gauge covariant ones. The
second term, linear in the field strengths, is new and descends from the proper covariantisation
of the Maurer—Cartan equation used in (2.46) to define LRonw®. See equation (B.4) of the
companion paper [19] for the gauged supergravity version of the relation (2.46). Here we are
already considering an expansion in terms of the p = 2 spectrally flowed SL(9) basis. Explicitly,
we have

0 {B10(M)|F) = 0(0] (ST (L-1) + ST, (L)) IF) (3.31)
— 00" (V)[ST,(T%) + SL,(T%)] 115, 6] T7|F).
where we have introduced the group cocycle
0% (9)K = So(T*) — g™ 'So(g T ")y, g€ Egx Vir, (3.32)
as well as a field-dependent version of the shift operators

ST(X) = So(VIS,(VXVhHV) (3.33)
= Q_m(sm(X)_mSDISm—l(X)+---), X € eg D vir.

The second line displays how these field-dependent shift operators are expanded in terms of the
standard ones Sg, with & < m, a fact that we will use shortly. Details on this construction are
found in [33,19].

We will now present how to obtain a physical Lagrangian for gauged supergravity from
the pseudo-Lagrangian (3.29). Apart from the scalar potential, the other terms in the physical
Lagrangian are obtained from (3.30) by first repeating the same steps that we used in Section 2.4
to reproduce (2.41) from (2.58), with covariant differentials instead of partial ones, and then
adding (9|O(M)|F) to the final result. Let us now show this for the SO(9), or more generally
for CSO(p, q,r) gaugings of which the SO(9) gauging is a special case.

The first term in (3.30) corresponds to (2.58) with covariant differentials. All steps carried
out in Section 2.4 are still valid, until one arrives at the expression (2.61). Since the differentials
are now covariantised, the last term there is no longer a total derivative but instead contributes
with

—1—18aIJKD2b]JK = —%QL1L2L3@L1KFIKI)L2L3] — %GL1L2L3@L1KFIII{2L3 N (334)
where we have defined the 36_;6/9 component F'/ = (1/3|'/|F) and the (9 & 315)_;3/9 com-
ponents FX = (1|/|F) of the field strength |F) so that

1
N-1a50|TO|F)TP = —Q;x F/5T! ; - §@K11F§ISTI_1§7§3 ... (3.35)
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Looking now at the first line of (3.31) and using the expansion in (3.33), we see that acting
on (] is a series of Virasoro generators L_; with k£ > 0. One immediately finds that

@3 =0 Vk>1, (3.36)

hence for CSO(p, ¢, ) gaugings, only the term proportional to (f|Lo|F) survives. But then we
find

0 (01(STa (L) + T4 (L) IF) = 01 (/3 Lol F) = Orsa/3laa),  (331)

which is a total derivative. We used the quadratic constraint to remove the A A A term coming
from the field strength, since it is proportional to 17_14s(0|T%|A)(9|T?|A) = 0.

We are left with computing the second line of (3.31). Given the triangular gauge (2.39) for
V and the fact that the CSO(p, ¢, ) embedding tensor does not gauge positive level generators
in this decomposition, we conclude that within the square bracket, only the positive shift con-
tributes, with terms proportional to the gauging of Ty!; and T': ‘]2]/%, on which acts the constant
shift operator S;;. Then, computing the loop cocycle is just a matter of dressing such terms

with V' and extracting the K component. We thus find

1 01—
0 (0|O(M)|F) = 0,k FIEV T, V7!, + §@K11Ff§ISV Thilsy, (3.38)

1
—-2/3 |K

1 1
= Q xFEnl;+ EaLlLQLSGLlKFIKbLngl + EGL1L2L3@L1KF£§L3 ;

up to the total derivative in (3.37). Here, | denotes a projection on the central charge, defined
as in (3.32). We see that the last two terms cancel out the contribution obtained from (3.34).
This means that the non-potential terms in the physical Lagrangian are given by the naive
covariantisation of (2.41), plus the only extra term O jx F'% h!;. The physical Lagrangian for
CSO(p, q,r) gauged supergravity therefore reads,

1 1
£gsugra =v—4g <QR + QZQ“VDumIJDumIJ - Epl/sg“VDuahIﬂSDuaJ1J2J3m11J1 m12J2m13J3>

1 1
- @aﬂ”ah___IgaflfﬂSDuaMsfﬁD,,af71819 + 5&”3{;’% 19K.7 — Vesugra - (3.39)

For the determination of the scalar potential we start from the general formula [18,19]

1 _ 1 o
Visugra = @ww 116) + Q—Qn_w(ew M~1TA|g)

_ %wyv—lv—”m + 2i93n_2aﬁ<oyv—lTaTﬁfv—lﬂe> . (3.40)
Notice that Vigugra includes the measure factor in its definition because the K component of
M = VTV contains €2?. As discussed at the end of Section 2.2, we use the notation for Hermitian
conjugation of bra-ket vectors |§) = ({f|)T to simplify the contractions appearing in the potential.
The second line shows a rewriting where the coset representatives V' were moved through the
generators T, T? in the second term. This is allowed as all terms that might be generated
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by such a manipulation turn out to vanish, see equation (3.71) of [19]. For both terms in the
potential the basic ingredient to compute is then (9]V 1.

We plug the ansatz (2.39) for the supergravity scalar fields as well as the embedding ten-
sor (3.5) into this expression. As shown in more detail in Appendix A.3.3 we have

<9|V_1 — @IJeaglﬁ/Q ( _ V—l IAV—l JB<4/3|AB + Q_lhIKV_l JAV—lKB<1/3|AB

1 _ _ _
_ 2,18 IKL,~1T (B .\ C (1A — 0 4/3 KLy, J

29 AV KVL v K<0|A
* 5139_2/3 LI B v pvP o (2/3] acD
+25138@ talFakz I RaRagRoRo Rty e pov ™ Fav™1 o5 (1/3|A%
" ﬁ9—4/3aIK1K2aJK3K4aK5K6K7aK8K9L€K1”'KQVAL<O‘A> 7 (3.41)

where (A.32) was used and the generators and states of the basic module were written with
local SO(9)k indices using the action by v. Notice that the Virasoro scalar fields ¢,, n > 1
do not contribute. This is easy to check using (3.36) and that the contribution proportional to
<1\’§CL_1 25{* (0]C vanishes because ©77a’/K = 0. We also note that the term in by T/E 5/3
in the ansatz for V I disappears as would any term with a field multiplying T_4/317K (by
incompatible index symmetries) or more negative degrees (by grading).

From this we can determine the various terms in Vggygra. Collecting all the terms leads to
the following potential

5/9
IK _JL 1J KL
‘/gsugra = ——0,0kL (( m —m-m )

IKP ,JLQ

1
o3 (aIPQaKRSmJLmPRmQS _ 9

9 me>

+2Q—2hIPhKQmQ[PmJ}L 4 Q—8/3aIPRhJPaKQShLQmRS

—2
—1—9,7—2}1 PaKQlQQCLLQSQAL Q5Q6Q7€Q Qo m!Q8mP Qe (3_42)

3
—4/3 I[My1 Mo, MsMy|J K[N1N2 N3N4|L
+§Q /CL[ 1452438 1l a (V1 2q°'3 al ML Ny MMy No MAs Ns ML N,

-2
o IN1N3 JN3N4  N5NgN: KPP, LP3Py PsPsP
+ SIRPVE 1Nz 3 JIN3Na N5 Ne 75N1...Nga 152 o L3y P56 75P1...P9m

—8/3
0
+ WGIRPhJRaKNlNzaLN3N4aN5N6N7aN8N9Q€NlmN9mPQ

NSPSmNQPQ

—8/3
+Q /aINlNz

JN3Na [ N5sNeN7 , Ns NoQ
11522

a ENy...No a KPP aLP3P4aP5P6P7aP8P955P1 By ng) ‘
For the SO(9) gauging we choose ©1; = gdrJ.

To conclude this section, we compare our Lagrangian for SO(9) gauged supergravity to that
presented in [16], whose scalar potential can be computed by expanding the Yukawa couplings

in their eq. (4.22). We performed this computation and find perfect agreement with (3.42) upon

29



identifying their Y7; = Y7, = © K[IhK ) and also taking into account the typo mentioned in
footnote 1 of [17].2°
3.4 Duality equation for the gauge field strength

In order to determine completely the uplift ansatz in eleven dimensions, it is also useful to derive
the expressions of fields that do not appear in the physical two-dimensional Lagrangian. The
field strength duality equation

| . e
[F)+ 5 (M U0) + g0V I TOTHY T|0>) ~0, (3.43)

determines all the gauge fields that appear in the uplift ansatz [19, Sec. 6]. The relevant field
strength equations are

(1/3|"|F) = =% » (1/3]"/ M 1|0) (3.44a)
av sugra
(4/3)M|F) = —x =T (3.44b)
(O7|F) = =0~ % (0] M~"(0) (3.44c)
AGIF)Y = =07 % (U5M7H0) — 07 'n_sgap * (1| T*MT71|6) . (3.44d)

The right-hand side of (3.44a) gives

o 3(1/311 M~1)9) = ezog_§@KL<(2mKUmJ}P +g_§mRsa”RaKPS)th (3.45)

P I P -2 1 PP P3sPyK LPsPgs  P7rPsP
€P1...P9(m 1 /] 2_1_%9 SMpga JR,P1 25)(1 3PaK  LPs Ps , PrPs 9)

9

i
144
and can be checked to be compatible with the equation of motion of k! using

0 Vgsugra

i = —Orgo 3(1/3|"EM~19) . (3.46)

This duality equation is identical to the equation of motion of k! ; for the SO(9) gauging O7; =
gd77, but includes more components if ©7; is degenerate.
Similarly one computes the right-hand side of (3.44c)

-3 —1 20 —19 JPK i L 1 PiPoK _LP3P, PsPsP; PsPyJ
0 <0|1M |9> =—e“ 9@KLm1J<a h P— To=EP.. PO 1528 g7 37 q 56 g 80 )

1152
(3.47)

2ONote that the second term in the second line of (3.42) above was overlooked in eq. (5.5) of [16].
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and of (3.44d)

o (UM THO) + 0™ n-2ap (UL T M T7|0)

RSPmQK KL

1
= —e2gg_§@pQ <mIRmJ5a + 25[1;mJ]LaQ

2
-2 KRS, L1LyP, QLsL
+§Q 3MrL,MjL,MRLsMSL,A alrl2P qQlsla

1 _4 5
+48 S 0 3E1JLy. L-ERy..Ro aKL1L2GL3L4L° mLGRl mL7R2 aR3R4PaQT’oR6aR7R8R9

1
24

-0 <2hK[ImJ}L +

Q 3€IJL1 L7h RmQleRLzaKL3L4aL5L6L7

1
KRiRs  R3RaRs, ReReT
Tad MLTELI Ry Ry G 112 q T g T

% (aLsth g, sgasl SzPCLQSSS4aS536S7a58SgL) I 5[ ZZQ)

1152
+bryro (/315 EM ) (3.48)

where the tensor ZfQ is not spelt out because it does not contribute to the eleven-dimensional
fields.

4 Uplift formulae

In this section we will present the uplift formulee for the eleven-dimensional metric and the
three-form potential. We use the standard Kaluza—Klein ansatz for the metric

sy, = p~ e G datda” + pd Gy 5(dy’ + AN (dy” + A7) | (4.1)
and the three-form

A= g (dy ANy F ANy +AT )+ 5 A7 Ay + AN (dy? +AT)+BA(dy " +AT)

(4.2)
such that e2<§W is the two-dimensional metric, Al ,Aj; are one-forms and Bj is a two-form
in two dimensions. The coordinates yl~ decompose into the eight coordinates y* on the space
homological to S® and the circle coordinate y”, with the internal metric splitting accordingly as

G;idy'dy’ = Gijdy'dy! + detG! (dy® + K;dy')? . (4.3)

The external coordinates z* can be fixed in the conformal gauge g, = 1, to 20 =tand 2! = 2.
The components can be identified with the Eg ExFT fields using the basis of generators in the
p = 1 spectral flowed basis (2.30). As explained in Section 2.2, we write T the generators in the
p =1 basis and T the generators in the p = 2 spectral flowed basis (2.28) associated to SO(9)
gauged supergravity. It is convenient to gauge-fix the additional Virasoro fields to zero to write
the uplift ansatz. The exceptional field theory scalar fields then parametrise the Eg/K (Eg) coset
representative

“1/3 ki 1~-Oov_l,ol‘oeg (4.4)
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where the components of o' € GL(8) in the basis 'T'OJ ; are the vielbeins for the metric G;;.*!
The normalisations of the fields in this ansatz are determined in Appendix C. Note that p is
independent of the parabolic decomposition of the coset and is therefore the same in all bases.
One identifies similarly the one-forms in the ansatz (4.2) with the following components of the
exceptional field theory gauge field |.A)

AT = O 14y, Ap; = (1/3]3514) (4.5)

while the two-form in (4.2) is the first component of the exceptional field theory two-form. Recall
that the unconstrained ExFT two-form belongs to the symmetric tensor product of two copies
of R(Ag) with the representation R(2A() removed [33]. We therefore use the notation |[C) to
express that it belongs to the tensor product. This representation decomposes as

R(Ao)VR(Ao) © R(2A0) D R(A7) =91 © 1261 & . (4.6)

o
where the first component 9;;/9 comes from the eleven-dimensional supergravity 3-form, the
second 1264/ from the supergravity 6-form, etc. In components we have

B; = 2(0]" @ (1/3]751C") = 2(0]” @ (1/3|751C) + 5(01"|4)(1/3] ;5[4 , (4.7)
where we have redefined for convenience the two-form |C’) from
IC) = 1Ca) @ [Co) (4.8)

n [33], see Appendix C for details. Following [30], one identifies the uplift ansatz in terms of
the relevant exceptional field theory matrix elements

171 1T~ _1 174 7o1 1K~ _1 I K
1<O‘IM 1J’0> 2§ 9GIJ p 1<1/3‘ij 1K‘O> — _e2§p 9aijGLK ] (49)

In this equation and the ones below, we use the notation

([ Am M0 ) = (en | M7 e "2 (4.10)

for the matrix elements of the Ey group element M~! between the basis elements (hi|4" and
(h|Pr2, as defined in (2.30).

Before exposing the computations, we shall display the result in terms of the gauged super-
gravity fields through the matrix components of the supergravity Eg group element M,

p(z,y) = (detg)? o(x) , (4.11)

while the other metric components are determined by the conditions
pIeXGY = g 9_36(det§)%EéikakYJYK!?jlalYL<1/3|UM_1KL|1/3> ;
pIRGIK; = —g20 (det §)5 V1YY 0,y (4317 M EE13)
p5e% (detG + GUKK;) = g20 9 (det §)5 YV Vi Yy (4/3[1 M~ KL |4/3) . (4.12)

21 For example, in the symmetric gauge v~ T = exp(hi/ Tq;), one would have Gi; = exp(h):* 8 exp(h);'.
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These matrix elements without tilde are evaluated in the p = 2 flowed basis of the module (2.28)
and the conversion between the two bases is given in Appendix A.3.3.

One can in particular obtain the expression of the external metric’s conformal factor from
the determinant??

(p~5e%/g2)° (4.13)
_ 9—16 det Y]f]ikakYJY[{anL<1/3’IJM_1 KL‘1/3> Y]éikakYJYKYL<1/3’IJM_1 KL‘4/3>
Y]YJYK@jYL<4/3‘IJM_1 KL‘1/3> YIYJYKYL<4/3’IJM_1 KL‘4/3> )
We will show below that one can rewrite the components of a;jz in terms of SL(9) tensors
ary(Y) and arsjx(Y) as follows

agij = 0:Y10;Y a1 (YY), i =0Y'0, Y70, Y Kok (Y) . (4.14)
These only depend on the sphere coordinates through the harmonic variables Y; and are deter-
mined by
oy (Y)YpdiY IV (1/3|1P ML EL1/3) = 9,V TV (0], M~ EL(1/3) |
arg(V)Ypdi Y Y Y (1/3[P/ M~ KL 14/3) = 0,V Ive Yo (0, M~ EE14/3) ,  (4.15)
and
arsQ(Y)0: Y10, YpYi (1/31P9 M= KE|1/3) (4.16)

= —0Y1o, Y YpYr (1), M~ KL1/3) — ar s (V) Yoo Y10,V YpYic (4/3|1FC M~ KL |1/3)
ars Q)oY 10, Y YpYrYr (1/3/PC M1 KE|4/3)
= —OY10, Y YpYr YL (18, M~ KL|4/3) — ar (V) Yodi Y10,V YpYic Y1, (4/3/P9 M1 KL|4/3) .

Relevant matrix elements for the two-dimensional scalar fields can be determined from the
expressions given in Appendix A.3.3 and take the form

O] M L)1 /3) = €27 g5 aX L my ;| (4.17a)
(1/3)77 MEE|1/3) = 270 (2mF U m I 4 o= Bmpoal TP IR) | (4.17b)
14 2

M~ 1/3) = € <5§bsu + 5ﬁbJ]RS> (2m K mbIS 4 o= 3 mpy a7 o 1)
+ 262 05 (81" 51" FPmig — B ym 5 ga” ) (4.17c)
7w PQR,STU ( \VIK LW 1 -2 GVWX KLY
BT 9 EIJQRSTUVW G a ( +30 3m a ) )

and
<4/3|IJM—1 KL|1/3> _ 62(7@% (ZmP[KmL}Q + 9—2/3mRSaPQRaKLS)

I,J 3
v <5é2h )P 288€PQT1 T1T2(IaJ)T3T4aTdT6T7>

1
TG oQ%€P1...PgaPng(IaJ)P3P4aP5P6P7anP9QaKLRmQR L (4.17d)

22Where we write the 9 by 9 matrix as <é9j‘ §99>-
g 9
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One also needs other components such as (4/3|/ M~15%|4/3), which can straightforwardly be
computed from (A.37).

The one-forms (4.5) are determined similarly in terms of the gauged supergravity one-
form | A)

= (| 4) = gY7§Y9;Y,(1/3]"7|A) (4.18a)
= (0]°]4) = gY7Ys(4/31]4) , (4.18b)
Agi = (1/3]oi] A) = —g &Y (0]]4) | (4.18¢c)
Ay = (1/3]514) = gYraY! 9,77 (154) . (4.18d)

As usual the SO(9) Yang-Mills fields A’/ = (1/3|!/|A) appear in the Kaluza-Klein one-forms
contracted with the sphere Killing vectors. The other components of |A) do not appear in the
gauged supergravity Lagrangian, they are determined by the first order equation (3.43). The
two-forms (4.7) are given in terms of the gauged supergravity two-form [|C') as

By = 2001 ® (1/3],51C") = —g2¥1 (1/3]"7 @ (0], (|C) + 2|1 A) A | A)) (4.19)
B, = 2001 @ (13],;]C") = —g2YiYs0,Y ¥ ((4/3]" ® (0 + (1/3]" @ (11%.)[C) .

Note that the Kaluza—Klein anséatze for the eleven-dimensional three-form and metric depend
on the fields bryx and g ThE 7y that do not appear in the gauged supergravity Lagrangian and
moreover turn out to be pure gauge. Consistently, we show in Appendix D that byjx can
be eliminated in eleven-dimensional supergravity using a three-form gauge transformation of
two-form parameter

AU (. g) = %A(m)ff]YK&-YI@jYJ(dyi + A A (dy? + AT (4.20)
while g ( hK ) can be gauged away using the diffeomorphism
v’ =y — gYIiju(az) . (4.21)

One may therefore set them to zero.

4.1 Derivation of the uplift formulas

To derive the metric ansatz one uses the relations between the two spectral flowed basis (A.34)
and substitutes the generalised Scherk-Schwarz ansatz (3.14) to get

(1/3M109]1/3) = e 5 ™10 jum 100 (1317 MR E1)3) (4.22a)
(4/3|0 M=% 1/3) = 2y u0um 0 Um0 Y (43 M1 3) (4.22b)
(4/3]0 ML 004 /3) = 25775y 1010,y 10y 20, (g /3|1 Np LKL |4 /3) (4.22¢)
Comparison with (4.9) and using the explicit form (3.20) of the twist matrix (ufp,ul;) gives

immediately (4.12). To understand the dependence in the embedding coordinates Y7 it is useful
to combine these matrix elements into the nine by nine matrix
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Gl =YY (135 M= B 11/3) — YIYpYo Yy (4/3|P9 M~ E7)1/3)
~YIVpYoYi(1/3[5 I M1 PR4/3) + Y IV ViYL YpYo(4/3|PO M1 KE|4/3) | (4.23)

that satisfies

Yig*oRY Y0 YL (13| M~ KL11/3)  —Y14%0, Y Y YL (1/3|1 M~ KL|4/3)
—Y1Y Yg0;Y(4/3|17 M~ KL /3) Y Y Y Y (4/3|1 M~ EE|4/3)

( g0y > é”( 0,Y,, Y, ) . (4.24)
Yr
In this form it is manifest that G/ only depends on the sphere coordinates through the embed-
ding coordinates Y, and therefore admits an expansion in spherical harmonics. The expression
of e takes the form
e =g? detégg_g detG—3 , (4.25)

and the metric G j

Gij Gio \ . ..1. ~1[gY! T v
<G9j o > — detg™ b detGb ( i >G1J< NERERN (4.26)

It is useful to introduce this inverse matrix G 77 to exhibit the dependence of the uplift ansatz
in the embedding coordinates and their derivatives, but it may not be the best way to obtain
the explicit uplift for a given solution. We will also use it to prove that the three-form scalar
components satisfy (4.15) and (4.16).

For the three-form, (3.14), (4.9) and (A.34) give us

(0; M~109)1/3) = %y 9 uf,u 007 0| g M 1/3) (4.27a)
(0); M™100|4/3) = €255 uX ;u=10,u=10 (0| M 117 |4/3) (4.27b)
<1|?j/\/l_10k|1/3> = 2% ullu‘]yu 10,y 10wtk (1|2, M1 /3) (4.27¢)
(1]%./\/1_100\4/3> = e2roul, ul jum 0 pu 00 (P ML |43) (4.27d)

One combines these equations into the matrix equation

Lk L9

_e2< % zyLG aZ]LG (4 28)

p o GEE o Do :
9]L 9]L

VIg.y/ ~1QL L P A r—1QR
— 2 detd %Y ;Y fPYQ(<1’1J¥PL 1/3) +LY YR(U[{{‘}{ 14/3)) ( HOYL, Y, > 7
0¥ Y (01 M PH1/3) + Y PYo (0], M 1724/3))

such that one can give the solution for a;;; and ag;; in terms of the inverse matrix G IJ as
Qiji Qg (4.29)
Q9K 0
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0Y'0;Y 'YpYo (U, M~1CH1/3) + YEYR(T, M 1@R4/3)) |\ 5 K yK
- J ~1PL L Z1pPQ GLK< HhYHY ) )
—0;Y7Yp ({0 ;M= PLI1/3) + YV (0]; M~1FQ|4/3))

Computing the inverse matrix G 17 is straightforward, but would be rather cumbersome, and
might not be the easiest way to get the explicit uplift ansatz. We will rather use this formula
to prove equation (4.15) and (4.16) that are a priori easier to use in practice. Note first that
(4.29) is compatible with the ansatz (4.14). Putting back this ansatz in (4.9) one obtains

a7 (O/FE M0y = —(1/3]; ;MK |0y . (4.30)
We note that the right ket on both sides of this equation reads
U K0y = (UF(0) , UT10)) = gdetg? (§Fa VLYo Q1/3) , YoYs @S[4/3)) . (4.31)
Using this expression one rewrites (4.30) as®?

<8iY18jYJ8lYL(X[JL ainanJocU> <§lp6pYRYp<%|PRM_1

®<QK1Y 7 QSény)
an‘IalYLOCJL 0 YPYR<§|PRM_1 ) I5)Ye ERC

B S I B Y (TN
;Y oy Yp(3[PEM ! R

—0.Y1o; Y7y (1|F, M1
8jYJ<0|JM_1

) ® (U)o, P4 veYs) . (4.32)
where one used the identity

0,V oy Mo, vy = o,y sk (4.33)
to factor out the tensor product with the vector
(QK 11/3)V5, @5 14/3>YQYS> : (4.34)

Recombining these equations into the four components of a matrix gives precisely (4.15) and
(4.16). These equations are equivalent to (4.29), and therefore completely determine «;;, and
Qgjj.

For the one-forms one computes from (A.34) and (3.9) that

OF14) = rSetu™u=1 (17317 A) = g Y1§90,¥5(1/37|4)
- 7
OP14) = rietuu™,(4/31"7|4) = g YiY(4/3]]4)
L :
) = —r Sy (014) = —g A YT (0]1]4),
)

(1/3]0i] A
4
= rocfu Wruliu/;(1F|A) = g YO, Y10, Y7 (1155 |A) (4.35)

—_~—

(1/3i5|A

23This equation should be read such that( Ezll ) ® ([3), [¥a)) = < Ezl Izsi 251:54; ).Note that one cannot
2 2|13 2[4

eliminate the multiplication by the right vector on both sides of the equation because of the Hilbert space scalar
product.
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Note that this does not involve the degree 2/3 component of the gauge supergravity one-form
that contribute instead to the six-form potential in eleven-dimensional supergravity, with

1 —
g Sidktpars(2/3[P1A) = —rsetul ju? jupu(2/3] 1k | A)
= —gainanJakYKalYL<2/3|1JKL|A> . (4.36)

For the two-form one computes that

T~ T 1 7 5, _

(07 @ (1/3g51C") = —35" se?u™r (1/31" @ (0 (IC) +214) A |4)) (4.37)

~—F T~ 12 50 _ _

(07 @ (1/3[,51C") = —57’962 0T (/317 @ (0l + (1/31M @ (1) 1C)

which gives (4.19).

4.2 Truncation to the SO(3) x SO(6) invariant sector

The solutions of SO(9) gauged supergravity are expected to be relevant to the study of the
holographic dual of the DO-brane matrix quantum mechanics [3]. It is natural to wonder if its
massive supersymmetric deformation known as the BMN matrix model [34] can also be analysed
in gauged supergravity. The latter deformation breaks SO(9) to SO(3)xSO(6). There is a large
set of vacua in the BMN matrix model that are holographically dual to one-half BPS solutions
in eleven-dimensional supergravity with a non-vanishing four-form field strength [69,70]. These
solutions are generally too complicated to be uplifts of solutions of SO(9) gauged supergravity,
because they involve arbitrary combinations of the SO(3)xSO(6) invariant harmonics on S%.
Moreover, one can check from the supersymmetry transformations given in [16] that the one-
half BPS solutions within the SO(3)xSO(6) invariant truncation of SO(9) gauged supergravity
necessarily have a vanishing axion, and therefore uplift in eleven dimensions to solutions with
vanishing four-form field strength.?* It is therefore very unlikely that SO(9) gauged supergravity
reproduces any BMN vacuum solutions. Nevertheless, we will argue that this truncation is
relevant for describing the BMN matrix models at finite temperature.

The general SO(3)xSO(6) invariant ansatz for the fields of SO(9) gauged supergravity can
be written as follows

m=e22T3 @ e?lg = m® =299 | mi = =959 a®e = gbeq (4.38)

where a = 1,2,3 and @ = 4 to 9. We set to zero the pure gauge fields by, A%, and h&l;. One
parametrises the S® embedding coordinates Y/ as

YO=CYs, Y0=y1-¢%y, (4.39)

in terms of the S? and S° embedding coordinates Y§ and Y and ¢ € [0,1]. One defines
accordingly the round metrics

G208 = a0 Y5'03YS G545 = 0,30aY5 05V . (4.40)

24In principle the eleven-dimensional solution could involve sixteen Killing spinors that are not all contained
within the truncation to D = 2 supergravity.
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Within this truncation, the internal metric is determined by the matrix elements

<1/3‘abM—1cd‘1/3> — 6 99 ( 4¢ +o0 36 —2¢ 2)250[a5b]d
<1/3‘alA)M—lccz‘1/3> = ¢ og?eqﬁéacébd 7
<1/3|abM—1ad|1/3> _ 6209%46—2¢25é[d5b]d
<4/3‘abM—lcd‘4/3> — 2 70 9 ( 4¢ +o0” 36 —2¢ 2)6c(a6b)

i i 1
<4/3‘abM—1cd‘4/3> _ 262(7@9 ( ¢+%Q_§€_5¢a2)(5a6(5bd 7
(4/3)300—1%d)4/3) = 20 pF e~205%aghd (4.41)
while the other components appearing in (4.12) vanish. One obtains the inverse matrix G~! as
a block diagonal matrix

e ?A

e2PA(1+f),
2 {295

¢
+e?(1— %02 +92A2(1+ f)6w> (4.42)

e2§ngjj81~8J~ = g%¢*(1 — ?)* detgy det§562"g? < aﬁ@ 0p —|— 68 8

where
42 o4 Q—% a2
A

We write 1) = y? the coordinate of the M-theory fibre, and ¢, z the two-dimensional coordinates.
25

A=+ (1-He? >0, f= >0. (4.43)

Altogether, we obtain the eleven-dimensional metric is

ds?p = g2 A(1+ )3 (—dt2+dz2) + 9 (14 f) 5 ( op A, e C2d52+e (1—<2)d§2)
14 1 2
+o 9 ————— (W + Pz + (1= Phws) ™, (4.44)
Al + f)i ( )
where the Kaluza—Klein one-form (4.18b) is given in terms of the two gauge supergravity one-
forms A A
w60 = g(4/3|"A) ,  ws 8™ = g(4/3]"]4) , (4.45)
that satisfy
dws = g2e20g9( 4¢+66¢+6_2¢g_%a2)dt/\dz,
dws = g2e20g9 (46_2¢ + 3e¢)dt Ndz . (4.46)

This uplift ansatz was already written in [17,11] for a vanishing axion a = 0.
For a # 0, one also gets a non-zero three-form in eleven dimensions. It is determined by the
matrix elements

<O‘CM_1ab’1/3> — ab 620996 2¢>a7
(AepM1473) = e 6D 0% =20 + 57,251
6 j 1
(UM~ N4/3) = Sea e 0T ea, (4.47)

ZHere d3 = §apdy®dy” denotes the sphere round metric and d$2 the round metric on S°.
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where the unspecified tensor ng does not contribute to the three-form ansatz, while the other
components of (4.28) vanish. One obtains

e~
Ofgij = EabCY2aaiY2ban2 Q Cs (1 T f) aijk = 0 s (448)
and
d(1[5,|4) = —gez"g_%e_zd’a eap’dt Adz . (4.49)
The three-form expression (4.2) then reduces to
11D 2 e 2 2 3
AP (Q gma(d¢+g ws + (1= ¢2)ws) +A3) A C3dQge (4.50)

with the one-form A3 defined by Azeqp® = g(1/¢,|A) and satisfying
dAs = —g2e20g_%e_2¢a dt Adz . (4.51)

Let us now describe a few properties of the corresponding solutions. The topology of the
sphere S® is not modified by the deformation. The coordinate singularities at ¢ — 0

_ d¢? e 5 24 792 2 2 2752 22
e Ml e + T f)g ds3 + (1 — ¢?)dsE ~ e729(d¢® + ¢2ds3) + e®dsz (4.52)
and ( — 1
e ?A d¢? N e ¢%ds3 4+ (1 — ¢?)ds2 ~ e?((dV/1 - ¢2)? —¢*)ds3)
1= 1+ 7 °

20

+ >
(1+e 6207 5a2)

ds? (4.53)

can indeed be removed by a change of variables for all finite values of the fields ¢ and a. In
particular the internal space parametrised by the segment ¢ € [0, 1] and the two spheres is a
squashed S8.

The Killing vector field 9, is light-like in the one-half BPS purely gravitational pp-waves in
eleven dimensions [11], however, it is never light-like for a non-trivial axion profile. The norm
squared of 0; is indeed proportional to

g2 A%(1+ f) — g—%”‘(g%gt + (1 = P)wg)?, (4.54)

which never vanishes for a # 0.

Let us now compare the SO(3)xSO(6) truncation ansatz derived in this section to the
SO(3)xSO(6) invariant ansatz in eleven dimensions considered in [35]. To do so we introduce
the inverse radius holographic coordinate z(z), that is related to the conformal gauge coordinate
z as .

r(z) _1=x() (4.55)
0z 2(2)?
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The coordinates we use here are related to the one used by CGPS in [35] as follows

t="nNcers , ¢ = Teeps V2-— (SUCGPS)2 , %= —Coeps — Ncaps ;T = Yoeps - (4-56)

For simplicity we set g = 1. Following the ansatz considered in [35], one writes

= ———Mh@), o=13"h(2), (4.57)

for the functions hi(x), ha(z), a(z) and ¢(z) that are analytic at x = 0. For a = ¢ = 0 and
hi1 = he = 1, one gets back the black hole solution [71,72], which was shown to be a solution of
SO(9) gauged supergravity in [17]. This solution interpolates between the one-half BPS pp-wave
solution [7] at z = 0 and the near horizon of a ten-dimensional Schwarzschild black hole solution
times a circle at x = 1. It is therefore interpreted as the holographic dual of the BFSS matrix
quantum mechanics at finite temperature [4,72,35]. Here we use dimensionless coordinates as
in [35], such that the radius of the M-theory circle and the mass of the black hole are reabsorbed
in the rescalings €27 (z) — £2¢2?(rox), o(x) — 03 o(rox).

According to [35], one can consider the high temperature limit of the BMN matrix model by
including a perturbation associated to the non-normalisable mode of the three-form potential.
Within gauged supergravity, one can consider the linearised solutions for the axion and the
dilaton expressed in terms of hypergeometric functions oF}

3/.
a(x) = —Z</mc2F1(%,%,%,x7) + ax 2F1(%,$;%7w7)) +0(%)
o(x) = Ba®oF1(3, 3 7527) + 92" 2B (3, 35 i 2T) + O(Y) (4.58)

where the neglected orders are needed to solve the non-linear equations and are indicated in
the limit # — 0. They can be solved perturbatively in = near the asymptotic boundary at
x = 0, and perturbatively in (1 — z)log(1 — z) and 1 — x near the black hole horizon at « = 1.
Here the parameters {1 and § are associated to the non-normalisable modes, while o and ~ are
associated to normalisable modes (in D = 2) that must be determined by the regularity of the
solution at the horizon. It is the parameter i = 127TT that triggers the BMN deformation,
where p is the BMN mass parameter and 7' the temperature [35]. The corresponding system we
obtain from SO(9) gauged supergravity is a truncation of the ansatz considered in [35] to the
lowest harmonics on the sphere S®, and on which one imposes the gauge giip (O¢, 0x) = 0 using
a reparametrisation x = x(2/, ().
Solving this system perturbatively in small  one obtains the expansion

(1_% igo =+ 0(c )>
B2

1—27 14ﬁ2 1142
20 5 6

_ 1— O ) , —
¢ o ( 3% " Ta00% TOE) e
245211

3. 3
a———(uaz+am —|—<3aﬁ— 13

4
such that

)x5—|—(’)(a:6)), ¢ = B2’ + x + y25 + O(2%) , (4.59)

AlD _ i(ﬂ-ﬁ- 3(a —3B4)

5 z? + O(m4))dt ACdQge — %,:Lx‘*(l +O(2?))d A (3dQg2 . (4.60)
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The leading term of A"P proportional to i reproduces the asymptotic expansion of the non-
normalisable mode that triggers the BMN deformation. However, one can check that the uplifted
solution does not include all the harmonics in ¢ that appear in the numerical solution [35] and
therefore, we cannot reproduce the latter from SO(9) gauged supergravity. It would be very
interesting to investigate whether a regular solution exists within the consistent truncation.

SO(9) gauged maximal supergravity captures important features of the BFSS matrix model
both at zero and finite temperature [17,11] and we have argued that it can also be relevant in
describing the BMN model at finite temperature. An interesting application in this direction
would be to study axionic perturbations of the so-called rotating DO brane solutions [71,17],
along the lines of the discussion above. More generally, having access to the full SO(9) theory
and its uplift opens up the possibility of studying many other deformations of the BFSS model
with different symmetry breaking patterns.
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A Algebras and decompositions

In this appendix, we collect more details on several decompositions of eg, eg and their represen-
tations that are used in the main body of the paper.

A.1 The glg branching of eg and eg

The graded decomposition of eg under its glg subalgebra associated with nodes 1, ..., 7 of Figure 1
was given in (2.1) along with a convention of the generators and their transformation under glg
in (2.3).
In order to complete this description to eg, we begin by giving the normalisations of all the
generators
k ik Lcick
T*,) = 50} - =030F

| §iriats
'5J1J2J3 ?




The induced bilinear form is the Cartan—Killing form on ¢g and invariant under the commu-
tation relations (2.4) and?®

[T“sz TZ“”ZG] % 1. ZGMTM, [Tilz'zia’lejz] — _%Ehz’ziajljzhkzkgTklekS7
[T“ZQZS TJ1]2] =6 ]211]1221—123} [T’i1i2i37 ] 35{11 ini3)
[T4,T;] = T + 6: T, [T, Tyy] = 45{; T]]Q — 250",
[TZJka] Z]k‘ (AQ)

In particular, we note T° = % [Tijm, T;, jQ].

As explained in Section 2.1, the generators T%;, 7% and T_; form an sly algebra whose
generators are denoted by T ; and commutation relation given in (2.6). The eg Killing form
restricted to this slg is

1
(T15|T* 1) = 0185 — §050L - (A.3)
The branching of eg under slg is (see (2.7))
248 =84 © 80 @ 84 (A.4)

where the 84 generators T7/K = TUJK] are made out of T%* and T% and similarly for the
downstairs indices and the induced normalisation is

(T Tpan) = 316001 » (A.5)
while the eg commutation relations become

[ TK1K2K3 KITK2K3]I 5ITK1K2K3

1
5K1 Ko K3]J + 5JTK1K2K3 )

1112 TI3]

I 121
[T 11213 TJ1J2J3 [J1J2 AR

] =

[T7 7, Tie, k515
] (A.6)
] =

|:T11[213 TI4I516

[TI112137TI41516] =

Note that (2.7) is not a graded decomposition of eg as exemplified by the last two commutators
above.

The glg basis of eg can be extended to the loop algebra eg of eg as

TL]?

with n € Z corresponding to the loop number.

26The numerical £ € {—1,0,1} commutes with T°;.
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The central element K occurs in the central extension of the loop commutators:
([T, T ] = fAP 0 T+ mi P8, —aK, (A-8)
where fAB ¢ are the eg structure constants and 42 the Killing form. For example, we have

[T{,T_1;] =T + 6iT%, + 6iK. (A.9)

A.2 Basic representation

The dual of the basic representation R(Ag)—_1, in which derivatives take their values, is written
in terms of bra vectors as in (2.22) with eg decomposition given in (2.24). Using the gly C eg
subalgebra defined in (2.3), this can be further decomposed under glg according to the following
doubly graded decomposition

RA)1 =100 (E(’” 328 0567 @ (gls)” @ 562 © 28V @ 8(1)) (B (A10)

The superscripts denote the gl; C glg weights whereas the subscripts are the affine levels (in
¢g) with respect to Lg. For example, the 8(11) corresponds to the state (0|T;. We also note the
decomposition

3875 =8 a 70 & (282 8) Ve (56 85 36) " @ (TO® 89 168) Y
@ (720 32x633 1) @ (T02 8@ 168)"Y ... (A.11)

of the next eg representation under glg which enters at affine level two in (2.24). Some of the
representations were written reducibly as tensor products for conciseness. The following mixed
tensors appear: 168 = R(A1+)2) and 720 = R(M\o+Xg), where the weights refer to slg and
8 = R()\7) in these conventions.

The module R(Ag)—; is irreducible and therefore there are null vectors that are generated
when acting with the loop generators on the groundstate (0|, i.e., not all states

O ] T (A.12)

are non-vanishing, where n; > 0 since the groundstate is eg invariant, and A; denotes an adjoint
¢g index. As we shall make use of some them, we work out a few examples of such null states in
the further gly decomposition.

At Lg-level two, we could write the vector

o|rir? (A.13)

By construction this would have to be part of the 27000 in the symmetric tensor product of
two eg adjoints. However, by inspecting (2.24), we know the generic symmetric 27000 of eg is
absent at level two. Therefore, the above vector has to be a null vector in the Verma module,
i.e., it vanishes in the irreducible module R(Ag)_;.
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This can be checked by direct computation by using (2.12) and the glg invariance of the
ground state:

O TIT_ ), = (0] <5(2T] + 10T 4+ 50TITE, 4 5 T”)
= o] (o = o) — o) + oy 1)
~0. (A.14)

Since the generic anti-symmetric 30380 is also absent (and since [T7,, T3] = 0 by glg grading),
one actually has the null vector

O|TiT! =0 (A.15)

without any specific symmetry assumptions.
This null state has as a descendant

7Ty = ST 1) Ly (A.16)

DO | =

since again [T}, Ty J ] = 0. Therefore in the module R(Ag)_; the following relation holds
O/ = (OIT{'Ty, (A.17)

which thus automatically projects to the anti-symmetric rank-two representation of glg at Ly
eigenvalue three.

A.3 Branching of the basic module under spectrally flowed slgy

In Section 2.1.2 we have introduced spectrally flowed slyg subalgebras of eg for any p € Z. The
case p = 0 corresponds to the sly C eg with generators 77 ; that appear in (2.6). For any p € Z,
we have defined the flowed slg in (2.8). We also record here that the shifted bilinear form 7_j 3
introduced in (2.20) takes the following form in the basis where the sly was flowed by p € Z
units

NkapTO@ TP =" <T Lo,oT!, 1+ 6T{7;”§ /3@ T mip/31K
MmEZ

1
+ ET—m+p/3 1JK ® T;’,;]_Igg_p/?,) — L, K—-—K®L_y. (A.18)

In the following we work out some details of the decomposition of the basic module R(Ag)_;
under the various flowed slg subalgebras of ¢g. A summary of the results was given in Section 2.2.

A.3.1 Spectral flow by p = 1 unit

The case p = 1 corresponds to the D = 11 gravity line and we recall from Section 2.1.3 that
we use the convention to denote generators in the p = 1 with a tilde. The corresponding
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fundamental indices are written as I = (7,9), where, contrary to the p = 2 flow, we denote the
index extending the glg by 9 rather than 0.
The lowest eigenvalue of Lo = Lo + T(f ¢+ %K is Lg = % and it is realised by the states

1 1, ~p =~ . ~.

(0] = S{OITFT 1) = S {0 TG Tox and (O[T = (0]Tg,- (A-19)
in the module R(Ag)_1. We have written the states in several forms to emphasise that we can
identity among these lowest Ly states an slg representation 9 of the p = 1 flowed sly that we
write as

of with (0]°=(0|, (0 =—(0|T}. (A.20)

Under the p = 1 flowed slg this transforms as

(O T ==L (0|7 + =5L(0]", (A.21)
where the extra term is required by the tracelessness of slg and the minus sign in (A.20) is
related to the minus sign in the slg action.

The physical interpretation of this 9 is that the corresponding nine derivatives are those
of the coordinates of the M-theory solution of the section constraint that completes the two
external coordinates to D = 11 dimensions.

The next possible E(] eigenvalue is g and is obtained by the action with 'T'l /31 O the 9:

—_— 1~—s~
(/3155 = ;<0|KT1/3ijf<- (A.22)

Plugging in the definition of 'T'l /3 LIR from (2.13) we find for example explicitly
(1/3lij = = (0 Taij — = {071 Toij

—_~—

1
(1/3li9 = ?<0\T1kTuk- (A.23)

One can continue the construction of the module R(Ag)_; along these lines and ends up with
the following decomposition

R(AO)_l = 9% ® 6%

12610 & (99 315)1 © (360450 T720) 16 ... . (A.24)
9 9

Some specific basis elements of this decomposition are defined as

~ o~ —_—

(13177 = O Ty sy > (2731750 = (O T55",
~ ~ 1 —_— ~
/ OFTi, @3l = §<1/3|f<(fT{<j) ; (A.25)

where we have labelled the state by the [0 weight relative to that of the lowest 9. Note that,
due to the irreducibility of the module, some symmetries are implied for the left-hand sides that
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are not manifest on the corresponding right-hand sides. For instance, the state <2/3|I~ JKL g
completely anti-symmetric in its four indices and belongs to the 126 representation. The naive
(3,1) mixed symmetry term on the right-hand side of its definition is a null state. Similarly, the
state (Al/]g is anti-symmetric in IJ and contains a trace and thus represents reducibly the two
components 9 @ 315 at Eo level %. For Eo level % we have only written out the definition of

the component in the 45 since this is the only one that appears in our analysis.

A.3.2 Spectral flow by p = 2 units

The generators and indices for the spectral flow by p = 2 are the prevalent ones in the paper
and therefore written without tilde. The lowest Ly = Lg + 2TOZ ,t+ %K eigenvalue that can be
obtained is again Lo = % and arises for the states

(O|T{T1 45 = (O[T g T_1/3450 and  (O|T{T1 4T3 = (0T o T 13450 Thao (A.26)

that together form a 9 under the p = 2 flowed slg. We have written the states both in the
standard glg basis of eg and in terms of the flowed affine generators from Section 2.1.2. We will
write the corresponding ground state as

‘ . 1 . ;
that transforms under the flowed slg as
1
O Tgx = 6701k — 55}]{(0’17 (A.28)

where the extra term is due to the tracelessness of Tb] K-

The next Ly eigenvalue that arises is Ly = g which occurs for the states

O|Ti = (0]T ., and (0|TiT] = (0] T" ;o T, - (A.29)

Due to the structure of the module R(Ap)_; we know (see (A.17)) that the second state is
automatically anti-symmetric in [ij] and therefore these two states together form a 36 of the
flowed slg. We write it and subsequent states as

1
(/317 = ;<O\KT1’/J§{ : (2/3l1skL = Ol Toz kL »
1 J
(15 = 1T~ 1605 Ol T (/3" = g T (As0)

Note that (1]52 is anti-symmetric in IJ even though this is not manifest on the right-hand side
of its definition. This formula is similar to (A.25) and corresponds to the branching

R(Ag)-1=9.@ 36; @m% ®(9®315),5 ® (36 D45 D 720)1 ... (A.31)
9

4
9

It is also useful to write out some consequences of the irreducibility of the module in this
basis, i.e., the structure of the null vectors. We have

I
(O] TIA = 38 (173751,
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Ol Tos3 kL = Ol T2z k1) > (A.32)
<O‘KT{%LT2/3L[J1J2 O g1 = —42(0|1;, T1 1, O g1 »

where in the last relation ©7; = ©(; ) is any symmetric sly tensor (in the 45).
Moreover, since the 365/9 in (A.31) is multiplicity-free, one can show that

/3T, = 5173171, (A.33)

by relating the two ways of reaching this representation.

A.3.3 Relation between the two bases and matrix elements

The basis elements in the two decompositions (A.25) and (A.30) are related by

(0] = (4/31, (01 = (1/3],
(1/3]i9 = (0l; (1/3];5 = (115
QB = — RS0 3] Ty = /309
(15 = 2(4/3]°. (A.34)

This can be verified by following through the definitions of all objects.

For the uplift formule we also require the dressing by V' of the basis states (A.30) in the
p = 2 flowed basis of the basic representation. Here, V' is the Eg element given in (2.39) and the
dressing results in

4
<0|[V_1 = 60Q5VA[<0|A
(173" V 1 = 75 (v M oy g (1/3]"8 + g—%a”KvAKm\A) , (A.35)
as well as

_ o 13 1
(1|§V L— 09 (VA[VBJV 1K (1|A —59 3aKPQvA1vBJV PV Q<2/3|ABCD (A.36)

2 1
o 3 (5?()[]@ + 5[I§bJ]PQ) <V—1PAV—1QB<1/3|AB + Q—gaPQRVAR<0|A)

1
o LiL2 jLaLaLs,~1Lg  \ ~1L AB
489 351JL1 12 ghabatoy™ 86 v (1 /3|

1
(25[1 hLJ] —onk [15J] €[Jp1 aKP1P2CLP3P4P5aP6P7L>VAL<0|A>
and
16
<4/3|IJV— _ Q? < —IIAV—IJ <4/3|AB —lh(IKV—lJ)AV—lKB<1/3|AB

1/3,KL(I,~1J) B

AV KVCL<1‘,§C+Q—4/3GKL(I}IJ)

1 _
+ 5@ LVAK<0’A

1 _
- 50 2/3 KLU g HPQUA B \C LD @(2/3|aBcD
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1

288

1
_ —1152 9_4/3aK1K2(IaJ)K3K4aK5KGK7GK8K9L€K1“.KQVAL<0|A> : (A37)

1 K1 Ko(I, J)K3Ks4 KsKeK 1R -1S AB
a1 K2 (1 o N) KKy o K5 K T€K,.. KRSV AV B(1/3]

where use of (A.32) was made repeatedly. The (flattened) basis vectors are normalised such
that

(0/a®10) = 5% | (1/3|*Bcpl1/3) = 2668
C[F E
(2/3]aBcp EFOM|2/3) = 24 95RSH | (15 7 11) = 205505 + 405 oe) |
A B
(4/3*B cpl4/3) = o¢ o) - (A.38)

A.4 Inequivalent flows

Using the decomposition of the basic representation, we can discuss conjugacy of the various
flowed algebras that were defined in Section 2.1.2. As one of the main points will be comparing
different units of flow p, we decorate the Virasoro generator by a label that keeps track of this
and so write L(Op ) and similarly for the other flowed generators T in this section only.

In the case p = 0 mod 3, the algebra that commutes with Lg’ ) is again gl @ gly ® e, composed
of

I 1JK
K, LY, T, IO, T9 . (A.39)

Starting from the original vacuum of the basic module (0|, one can built a state of eigenvalue 0
with respect to LB3) for p=3 as

(0] = (0|T{ Ty T1 45 - (A.40)

This state is in the highest weight representation of the 1472504 of Eg in (2.24), and is therefore
annihilated by all generators
1

35n,05;lK, TR Ty iy, Tii, . (A41)

1-n >

ij i
T nsi, T, o, T pn_1ijk, T_pj+

for n > 0 and defines a vacuum state vector for the LBS) decomposition of the basic module. One

(p)
0

can construct the vacuum states of all Ly’ for p = 0 mod 3 using the same procedure, because

Ly = LY +3TP% + 4K (A.42)

for any p and one can therefore obtain the spectral flowed subalgebra at p 4+ 3 from the one at

(p)
0

p. Writing the vacuum (0]([1) of the basic module of eigenvalue 0 with respect to Ly’ for p = 3¢,

one obtains by construction that
1080l T* ® (0] T" =0, (A.43)

and therefore that (0|, is in the Eg orbit of (0]) for an element g of the small Kac-Moody
group [73]. The stabiliser of (0|4 determines the parabolic subgroup of Levi component GL(1) x

48



GL(1) x Eg and all the spectrally flowed eg subalgebras for p = 0 mod 3 are therefore conjugate
to each other in Eg.

The same argument can be applied to case p = 1,2 mod 3 using the level 3 module of weight
Ag in the labelling of Figure 1. Then one can further check that the cases p =1 and p = —1 are
conjugate using that Tg’)ii is conjugate to —T(O”)i,- in Eg.

Therefore there are only two conjugacy classes, for p = 0 mod 3 and p = £1 mod 3. The
cases p = 1 and p = 2 play a prominent role in our paper and they are related by an Eg

transformation (from the small Kac-Moody group).

A.5 Reproducing physical Lagrangians

We give some details on the manipulations of (2.52) that lead to the kinetic term for the
Eg/(Spin(16)/Zs) nonlinear sigma model. We begin by noticing that we can rewrite (2.52) by
isolating P™ for even or odd values of m (also taking into account hermiticity). We do so but
then add up half of each such rewriting, thus finding (we hide an overall factor of 2p)

> n| PPl = (A.44)
nez
1 1 1
— _PlPO - P2n+1 o P2n—l P—2n - P—2n . P—2n—2 P2n+l
PP+ o n%:l( ) 5 1122:0( )
1 1 1 1
— __PO PO - Pl _ PO PO - P2TL+1 _ P2n—1 P—2n - P—2n _ P—2n—2 P2TL+1
PP P PP S o S5 )

In these and the following expressions we have hidden n4Z as well as the Eg indices on the
currents, as they do not play any role in the computation. We remind the reader that these
currents are spacetime one-forms and a wedge product is understood. We now use twice a trick
similar to what we did in the dilaton/central sector. In the first series, we add and subtract
*P~2" inside the parenthesis. In the second series, we add and subtract *P?"*! to find

1 1 _ _ 1 _ _ _
:_§PO*PO+§Z(P27L+1_*P 2n)P 2n_§Z(P2n 1—*P 2n)P 2n (A45)
n>0 n>1
_ % Z(P—zn _ *P2n+1)P2n+1 + % Z(P—2n—2 _ *P2n+1)P2n+1
n>0 n>0

In the second line, we add Hodge duals as done in the dilaton/central sector:

_ 1 0 0 1 2n+1 —2 —2 1 2n—1 —2 —2
= 5P xP +§Z(P" — %P7\ p "—§Z(P" — %P7 p2n

n>0 n>1
_ % Z(P2n+l - *P—2n) *P2n+1 + % Z(P2n+l . *P—2n—2) *P2n+l
n>0 n>0
1
— __PO PO A.46
PP (A.46)
+ % Z(P2n+1 o *P—2n)(P—2n . *P2n+1) . % Z(P2n+1 o *P—2n—2)(P—2n—2 _ *P2n+1) ’
n>0 n20
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so that the first term gives the physical kinetic term as in (2.53).

Let us now look at the axion sector in the SL(9) duality frame and reproduce (2.60). We
start with the cocycle

2\1 | ,_2/3ABCp—n—1/3 2\ 1 n42/35-n—5/3 ABC
_2QZ |:<’I’L— g)EQ 2/3 PABC + <7’L+ §>6QABC P~ 5/3 (A47)

and in what follows, for brevity, we will hide the ABC indices of the local SO(9)x. From each
term we extract the only term where both coefficients are along the negative modes and write
the rest in terms of n > 1:

(A-47)=%@Q_1/3P‘2/3 20 (n )Q" 13p=n=2/3 4~ QZ(”+ )Q n=1/3pn=2/3

n=1
+§QQ—2/3P—1/3_%Q;<n >Qn 2/3p-n-1/3 | 92(”+ )Q n—2/3pn—1/3
3699 1/3 —-2/3 _ QZ( —-1/3—n Q—4/3—n +Q—2/3—n Q—5/3_n> (A48)

Now we want to reproduce squares of (2.59b) and (2.59¢) in the series above. To do so we follow
the same procedure as for the Eg case, but separately for the parts with weights shifted by —1/3
and —2/3, respectively. To do so, let us define X™ to correspond to either QL340 op 2/3+n,
Then, in both cases the relevant term in the series above becomes

i xXnx-nt (A.49)

_ _lX—lXo 1 - X2l _ y—2n—1yx—2n 1 - X —2n _ x—2n-2)x—2n-1
5 +35 ;< )X o ,;)( )
This is identical to (minus) the second line of (A.44) if we rewrite that expression in terms of
Q (and rename Q to X). Of course, the objects we are dealing with here sit in the 84 and 84
of SL(9) rather than the 248 of Eg, but this plays no role in the manipulations we are carrying
out. Twisted self-duality applies to X here as it does to €2 there. We thus reuse the end result:

1
_ 5Xo + X0 (A.50)
1
S DX XTI (X X
n>0
+ % Z(X—2n—l X2y (X2 21y
n>0

Mapping back X™ to Q71/37 or Q~2/3+7 and hiding the squares of self-duality for brevity, we
have

b oo imo—23 L -1 o-13 L 6—2/3  o—2/3
(AAT) = 1899 Q 24@9 * ) 24@9 * ) +
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_ %QQ—1/3Q_2/3 B 1_1299_1/3 L0134 2—14Q(Q‘1/3 QB ) 4

_ %QQ_1/39_2/3 . 1_1299—1/3 *Q_l/g + ... (A51)

reproducing the physical Lagrangian (2.60) once the indices are reinstated.

B Details on the Weitzenbock connection

In order to work out the Weitzenbdck connection (3.11) and the embedding tensor components
for the ansatz

U=t = rloesky=1 (B.1)
we first note that the SL(9) matrix u acts on tensor generators written in components as
UTIJU_l = U_llKULJTKL (B2)

and similarly for other tensors.
With the ansatz (B.1) and the solution (3.15) to the section constraint, we then get the
trombone component of the embedding tensor to be of the simple form

W] = =t = =, (rheru L) (173 (B.3)
For the standard embedding tensor we work out the Maurer—Cartan derivative
oUU™ = —9u! gu TS, — disK —rLair L. (B.4)
The expression (3.17) in the body of the paper is then computed as follows
0| = r_%esu_loKu_liLaiuSpu_lPR<1/3\KLT{%S
+ r_l?lesu_lOKu_“L&-r(l/3|KLL1 — (W
- 2
= T_%esu_loKu_llLaiuSpu_lPR <<1/3|[KLT11QA]9 — ?<1/3|Q[KT1LQ5?>

2

+ =7 9e5(u_10K8iu_”R—u‘”Kaiu‘loR)<1/3|P(KTf}

© 0| —

+ —r_%esu_l[OKaiu_lﬂR(l/3|KRL1 + r_%esu_loKu_liLair<1/3|KLL1 — (W

EN{

M

) 2
= r‘ﬁesu_loKu_“L@uSpu_lPR <<1/3‘[KLT?L — ?<1/3’Q[KTILQ(5§]>

1 . .
+ gr_ges (u—loKaiu—lzL —ulieguTt0, — W u—10Ku—1oL) <1/3’P(KT1L}D
9 .
+ ﬂr—””/%sai <r14/9u_10Ku_1’L) (1/315LL,, (B.5)

where we used (2.19) and the transformation

T 2
(173178, = 207 (1317 + Tof (17311 (B.6)
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We have also specialised (wt| = W5(4/3|% and the terms in Ty were rewritten using the
decomposition into irreducible SL(9) representations

(/35T

R K PR 1 r, 1 PK 11 | PlK—L R
= [T = T o QT - LT + T 0
2079
KL—R] 2,1 ,P[K—L <R P(L P(K—R
|G - S TE s 2 [ TR - sk PR T
7 720
P[L R K—L
+ag [P AITETIL — obTT, + o T, (8.7
36

where the subscripts are written to highlight the irreducible representations associated to each
projection. The module 2079 = R(A;+Xa+Ag) is absent in the basic module due to

45 $36 0720 =45P9I® 84, (B.8)
and (2.27), and therefore does not appear in (B.5). For the 36 we have used (A.33) when
simplifying (6|, together with the fact that detu = 1.

C Exceptional field theory conventions in eleven dimensions

In order to fix the sign conventions for the exceptional field theory formulation of eleven dimen-
sional supergravity, it is useful to compute the four-form field strength. Using the Kaluza—Klein
ansatz (4.2) for the three-form potential, one obtains for the four-form field strength

Fup 214 IjKL(dy + <O‘ ‘A>) A (dyj + @j‘fw) A (dyf{ + ZE)/’R’A» A (dyi + @L‘A»

+=Dajig Ady" + (07 1A) A (dy” + (0]7].4) A (dy™ + (0[5 |A))

+
N = O] =

(Frj+ e F™) A (dy” + 01714 A (dy” + (017]4)) | (C.1)
where
fiiki = 4050 ki)
Dajj = dagsg — 40/H A g —33[f(@i\«4>ami) — 30,7 (1/3] 7| A)
Fr; = d{1/3]5;]A) — 3(0|K|A> A D13 5711 A) + 207 (01K 1A) A (173 5,21A))
+497 (0% [C) (1/3] 5,21C)
FI = a(0[714) — (0]7].4);(0]|.A) . (C.2)

The matching of the Kaluza—Klein ansatz with the exceptional field theory parametrisation is
fixed such that the covariant derivative and the field strengths are compatible. One computes
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using (4.4) that the covariant derivative in exceptional field theory gives 27

1 oiL

Dajji = dagg =011 A)05az 55 +30p01 T 7| )iy = 501 (01 [ A)ag sz =9 (01 T 7l A)

(C.3)

—_~—

Note in particular that this determines the sign of oz in (4.4) for a fixed sign of (1/3|;;|A).
The two-form ansatz is justified by checking that it matches the exceptional contribution in the
field strength

Frg = 815 (a14) = SO I0L1A) + 3nas 01K T 0 AT |A) + 5 (01F 0] A)A)
MO (O TICYTP1C) + mas (01K T|C) TP Cy ) + 2001 |Cp1)[Cop )
11050 S TOICHT? )

= d(1/3]514) = 3001 |A) A 07173 52| A) + 20,701 |A) A (1/3] 5, 4)
+0y7 (401K 101731 510) + 011 (1/3] gl A) ) (C.4)
and
FI = (0 (al4) = HOIF A0 | A) + S O T | AT?A) + 1(0]F | 4)|A4)
MO (015 TICYT?(C) + 10 (0K T2 TP Cyp ) + 20017 IC1) Cy )
+1-1aa{0/K T T CS))
= d(0"|4) — (07|4)0;(0]|A) - (C.5)

Note that there is here a redefinition of the 2-form.

D Gauge invariance and uplift formulae

In order to understand the dependence of the uplift ansatz on the pure gauge fields b;;x and
OFc( ThE 7)» 1t is useful to consider the corresponding gauge transformations in eleven-dimensional
supergravity and gauged supergravity. For this purpose let us recall the gauge transformation
in gauged supergravity

3| A) = dIX) + n-1ap 0T INTPA) + 11050 T @ TP|T) (D.1)
1 1
5|C) = n_1ap 0| TN (L@ TP + TP @ 1)|C) + AN @ Al4) — S14) @ AdIY)

1 1
H|E) = 51-105l4) @ AOIT @ T°IZ) + 3-1ap(0T* @ T°|Z) ® Al4)

where both the two-form |C) and one-form gauge parameter |X) are in the symmetric tensor
product of two copies of the basic module. One can redefine ||X) such that the gauge transfor-
mation of the gauge field becomes a covariant derivative, but both forms will be useful in this
section.

2"Using DV = dV — (AO1|f|A>8fV - nag(AOVTaaﬂA)VT*B + hV, where h is the local K(e9) compensating trans-
formation.
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The following gauge transformation of the three-form in eleven dimensions
SA™ = d( SN YO 9,7 (dy' + A) A (dy + AT))

- géL[K)\fJ]8,~Y18jYJ8kYK(dyi + A A (dy + A7) A (dyF + AF)
+%YKainanJDA§§ A (dy + AT A (dy? + AT
— 2K (1 /31P | F) YR Y0, Y7 A (dyt 4 AY) (D.2)

with
DX = AN — gdpq(1/3[FP|A)NY, + 280, (1/37Q AN, |
131"y = (1/3"]dA) + gk (1/3]"]A) A (1/3]7714) (D.3)

is equivalent to the gauged supergravity gauge transformation defined as a covariant derivative

by = —30rAf
SAUGIA) = dAfS — Opg(1/3[KP|AAT, + 205 (1/3]7C | A)M ], (D.4)
of parameter
Ay = (TN - (D.5)

Note moreover that the four-form field strength in eleven dimensions only depends on the field
brjx through its covariant derivative and the linear combination

)| F) — bryp(1/3|5EL|F) (D.6)

for which the right-hand side of (3.44d) and (3.44a) does not depend on the field by sk, as one
sees in (3.48).

We find therefore that brjx can consistently be gauged away both in eleven-dimensional
supergravity and gauged supergravity.

One similarly exhibits that h!; only appears non-trivially in the gauged supergravity La-
grangian through it antisymmetric component O | 1hE 7], while its symmetric component is pure
gauge. To see this, note that one can use a diffeomorphism along the circle coordinate

¢ =y —gVrvye! (a) (D.7)

for a symmetric tensor ¢!/ function of the external coordinates. This diffeomorphism only affects
the fibre one-form as

dy® + A? + K;(dy' + AY) = dy® + gY7Yy(4/3["|A) + K, (dy" + gY14"0;Y,(1/3]"7|A))
— dy® +gV1Vy (/317 A) — de!’ — 2g0xr, (1/3]K | A)eE)
+(K; — 2gY10;,Y,¢"7) (dy' + gYr g7 0; Y1 (1/3[KF1A)) . (D.8)

Using the metric ansatz one obtains

p_gengij (Kj — QgY[anJfIJ)
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16 N 0ij — -
= —g%0 7 (det §)o V7Y Y0,V ((4/3]" M~ KL |1/3) + 2g0poe U (17319 M1 KE|1/3))
such that this diffeomorphism is equivalent to the gauge transformation

5(4/3"14) = de" + 2gd5p (13K V| A)eN"

2
onl; = 2gs e’ — §g5§5KL€KL : (D.9)

In gauge supergravity one can identify
& = (4/31")A) . (D.10)

The trace component is not relevant to this discussion, therefore we assume ©;;6/7 = 0 to
simplify expressions. One then obtains from (D.1) the gauge transformation of the following
fields as

on'; = 205
547317 |A) = dg" 4+ 20,,1/3F | AN
5154y = —40.;(0],]A)ERE + 46§@J]P<0\Q\A>§PQ : (D.11)

With this transformation of h! s, one checks that
5(4/3|1 T ML EE 1 /3) = —20poePU (173|179 ML KL |1/3) (D.12)
(UM~ EE/3) = 48P0 (0] M FE(1/3) + 45,0 o€ Y (0l R M E(1/3)
such that the three-form component transforms under the associated diffeomorphism
5 A = 48" Y10, Y  Agj,  Soujy = 68" Y10, Y gy (D.13)

using (4.15) and (4.16).
Let us finally note that this gauge transformation acts on the field strength

6(4/3"|F) = 20 (1/3|" V| )¢ (D.14)

consistently with the property that the derivative of the potential in the right-hand side of
(3.44b) is not gauge invariant, but transforms as

avasugrau
0e1J

so that (3.44b) transforms into the Yang—-Mills equation (3.44a).
This completes the proof of equivalence between the diffeomorphism (D.7) and the gauged

5 = 20k (1/3[KU M1 9)e))E (D.15)

supergravity gauged transformation of parameter £//. One can therefore gauge fix © K(IhK 7)
to any convenient value in the equations of motion to determine the eleven-dimensional fields.
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E Embedding tensors with uplift

It would be highly desirable to be able to classify the most general consistent truncations of
ten- and eleven-dimensional maximal supergravity to gauged maximal supergravity in two di-
mensions. We may assume that all such truncations are necessarily generalised Scherk—Schwarz
reductions, as seems plausible from the requirement that maximal supersymmetry must be pre-
served, see for instance [29,74]. Then, the problem can be roughly divided into two objectives:
to classify all inequivalent embedding tensors of the two-dimensional theory admitting a gSS
uplift and to explicitly identify the internal space and twist matrix for each case.

These are however extremely difficult tasks in general, that have not yet been completed for
truncations to D > 3 maximal supergravities. Significant progress has been made in recent years
for E,, ExFTs with n < 7 [75,46,76-78]. Necessary and sufficient constraints for an embedding
tensor to admit an uplift have been identified [46,76-78], and a general construction procedure
for the twist matrix — assuming such constraints are satisfied — was determined [46]. The
classification of solutions of such constraints, up to duality orbits, is at the time of this writing
an unsolved problem. Duality covariant, necessary conditions for the existence of an uplift of a
D = 3 gauged maximal supergravity have recently been presented in [79] and analogous set of
necessary conditions for D = 2 is presented in the companion paper [19] (see equations (3.71),
(3.72) there).

In this appendix we take a complementary point of view. We impose that the embedding
tensor must originate from a twist matrix satisfying the section constraint. By fixing a solution
of the section constraint, we then find which entries within the embedding tensor can actually
be generated by projecting a putative Weitzenbock connection through (3.12). A similar ap-
proach was recently taken in [80] for D > 4 supergravities. We will show that any Lagrangian
embedding tensor (f| admitting an uplift is only parametrised by finitely many components,
which we identify in equations (E.18) and (E.39) below for uplifts to eleven-dimensional and IIB
supergravities, respectively. Notice that the conditions found in this way break the exceptional
group to a parabolic subgroup (the one preserving the fixed choice of section) and therefore an
embedding tensor with uplift is only required to match the ones identified with this procedure
up to the action of a rigid Eg element. We do not prove whether a twist matrix actually exists
for the embedding tensors parametrised by (E.18) and (E.39). We only consider reductions from
either eleven-dimensional or type IIB supergravity, excluding for example the case of massive
type ITA, since a Romans mass deformation of Eg ExFT analogous to [81] is not yet available.

We will use a basis appropriate to the chosen solution of the section constraint. For instance,
for eleven-dimensional supergravity we use the basis (2.30) and internal derivatives take the form
(3.15). For short, only in this appendix we drop all the tildes introduced in (2.30) to distinguish
the p = 1 flowed basis from the p = 2 one in (2.28). We do the same for the generators T,
which we always assume to be set in a basis adapted to the choice of section constraint (i.e.
the p = 1 flowed SL(9) basis for the eleven-dimensional supergravity section). Therefore in this
section we shall write

(0 = (0"0r (E.1)
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where I = 1 to 9 for eleven-dimensional supergravity, and I = 1 to 8 for type IIB supergravity.
We assume that the appropriate basis is used also for type IIB supergravity, such that

ofL.,=0, Vn>1. (E.2)

The IIB basis will be further described below.

The approach followed in this appendix is made possible by an observation on the general
form of the twist matrix. One first notices that the internal space must be a homogeneous space
G/H where G is the gauged supergravity gauge group and H some subgroup [20]. Notice that
in D = 2 both G and H are infinite-dimensional. Following the analysis of [46], the internal
vectors (0|lr=124~! = (k| generate the transitive action of G. The ancillary gauge parameters
appearing in Eg and Eg generalised diffeomorphisms do not affect this observation, hence we
can carry over any conclusions from [46] which only rely on this observation. In particular, it
implies that the twist matrix always decomposes as

U=re! (E.3)

where L(y) € G is the coset representative of G/H, while £ belongs to the parabolic subgroup
preserving the choice of solution of the section constraints, i.e. only includes generators of non-
positive mode number with respect to the Virasoro generator Ly satisfying (E.2). Explicitly,

(o' = g' (0", (E.4)
with ¢! ; a GL(d) element. Because the embedding tensor (6| is gauge invariant, one then has
O = B|E. (E.5)

This is important because it will be easier to constrain the components that can be non-vanishing
in (AU and the action of £ preserves the highest possible Ly degree.

It will be convenient to define the conjugate Weitzenbock connection
Wal @ T = Walrtd @ U TU = (M| @ U 00l . (E.6)

We shall assume that U € Eg. The most general case can be analysed similarly, but requires
slightly heavier notation, so we shall refrain from writing it. With this definition

W] = Wa|TOr U, O] = —Wa|SUT)r 22U = (WHr 2t (E.7)

where
(WH = r YW — w® U)Wy . (E.8)

Because 71U ~! is invertible, the condition (| = 0 implies
Wa|T* =0 (E.9)

pointwise. As we shall see, this equation severely constrains the possible non-zero components
of (A|r*U and in turn (6.
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E.1 Eleven-dimensional supergravity

Let us start with eleven-dimensional supergravity. One uses therefore the GL(9) decomposition,
R(Ag)_1 = =91 ©36; ©1261 & (36 ©9)1s & (9 84®45) 6
9

©(9©84®T008)1 @ ..., (E.10)

and we recall that we drop for short all tildes in (2.30) in this appendix. The conjugate
Weitzenbock connection then takes the form

. N o )
Wyl @ T = (0] ® Z(Wl(n)JKTfL{J + %W} +3)JKLTn+% kLt 1W} J+K>LTJKL)
n
+ W' @ Lo+ WO @K, (E.11)

where the index I labels the derivative along the eleven coordinates, while the adjoint indices
are labeled with the indices JK L. The condition that there is no trombone gives therefore

0= (WalT"
e = 1 —~1
= <0| (_WI _|_W}'< _ W(’rl)J[) + _<1/3|I W(S)IJK <2/3|IJKLW; JKL+< | W(l)K _I_K
+Z 0| <lw(n+ )JKLTn+ JKL+ IWI(TLJKLTJK +WI(n+1)JKT7IL{J> ) (E12)
n>1

This equation must be true for each basis element separately, and one finds that it sets to zero
all the components of W, with n > 4/3. To prove this we compute the relations

PQR I[P PQR
<0’IT1+nJKLT ¢ n 185J[K19,<0‘R] +6n5JIC{2L (o)’
IJK
OS5y o = —2154501 + onsfihol
I n—l—
O T kT g = 2086501 + 6% 85 (017 + noksb (o) — T=—s65 (0] (E.13)

One finds from these formulas that none of the components of (0]1T1+n i (0 ]ITJKL and
3

<O\I T, +h] x vanish for n > 1, because their norm square is strictly positive. We conclude therefore
that ) ,

v KL =(n+3) =i

W, 3 =0, WI;JEL, VVI+1 k=0, Vn>1 (E.14)

and
—~1 2 — —~ —~ —
Wi E =0, Wikl =0, W g=0, W=WpP7 -7, (E.15)

From these constraints one gets immediately that <V~Va|5_n(TO‘) =0 for n > 1 and that the
embedding tensor can be written as

~ 1 ~ 1 1 ~(10) ~ (13K
Olr*u = (0'e} + 5(1/311”@(9)“ + ﬂ@/?"IJKL@I?'—KL < K055

1 =1 1 3 K
= GBI W — (5 3EW Ty — WY, (B.16)
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where the first four components are a priori generic while one defines (4/3|%; ., (5/3|//EL and
(2|17 in the corresponding irreducible SL(9) representations 720, 630 and 396, i.c.
=, @Y=0, ¢aE =0, (@435 =0. (E.17)

One checks that this structure is preserved by the action of the parabolic subgroup of negative
Ly degree. Indeed the two other irreducible representations 126 and 1008 of degree 3 19 cannot
be obtained from the degree element in the 396, and the tWO other irreducible representatlons
45 and 36 of degree 18 9 cannot be obtained from the degree X < element in the 630 or the degree
% element in the 396. We conclude therefore from (E.5) that the embedding tensor admits the
same expansion

@ 1 7 1 (1) (K
0= ("0, + §<1/3\1J@(9)” + —(2/3!””917“ ( Kery
1 (16) 1 ) (B)K
6(4/3|UKe OIK 4 6(5/3|~’7JKLeIf,KL + 2oy (E18)
where the last three components are in the corresponding SL(9) irreducible representations.

To further constrain the components of the embedding tensor, we can use the quadratic
constraint (3.13). For short we introduce the notation

22
ok =o' (E.19)
for the component of main interest for us. The first components of the quadratic constraint
give?®
of,02, (201 ® 25— sh(11H" @ @) =0, (£.20)
and
07,0%, (2(4/31hgn © (5/3" 2/ — 84 (4/3bps ® (53175 ) = 0, (E.21)

which imply the two equations

ol"ed =0, ere%.=o. (E.22)
The first equation gives that @f ; factorises in uPOr; and one gets

of, =uwPe;;, wep=o0, (E.23)

such that u! defines a specific direction in SL(9) and ©; is a symmetric tensor in the orthogonal
subspace. Without loss of generality we can always choose coordinates such that ¢ = 1 to 8 and

e, =0, ©f=o, (E.24)
and the only non-vanishing components are @”, which defines a symmetric matrix of rank
8 —r <&

ZBWhere we use (2|% T, o 5(I<1|J)P 5(I<1|J)P 1 5(1 J)< 1158,

59



The next constraint we get from (3.13) is
19
01 1,1,01(22/3[F1 12T @ (9] 7 — 5 (2/3F1121sQ @ (2]1]) = 0 (E.25)
which implies the two equations
) P _ ) P
@K%,[LleLg@I}(J_O’ Op 150,917 =0 (E.26)

1

19
One finds therefore that @(175}( 1, is orthogonal to the vector u” on its first index. One can write

the general solution as the sum of two terms
%) —of A 0 E.27
1,ukL = Ok p + OrJkL (E.27)
where A7k is an arbitrary antisymmetric tensor and ©r ji 1 satisfies
To =0, © er. ., =0 (E.28)
U 91 JKL ’ K,[L1L2 L3~ 14)J ' ’

The term in Ajjx can be absorbed in a Eg transformation and can therefore be disregarded.
There is a non-trivial solution ©; jk 1, to this equation if and only if @?j has rank at most three,
i.e. 7 > 5. To describe the solution it is convenient to split the indices ¢ = 1 to 8, to a = 1
to8 —rand a = 8 — r 4+ 1 to 8, such that @gb is non-degenerate and the other components
0% = 0% =0

e 7 =5 : The solution has ©; 123 arbitrary and the other components vanish.

e 7 =6 : The solution has ©; 127, arbitrary and the other components vanish.

e 7 =7 : The solution has ©; 1k, arbitrary and the other components vanish.

er=238: @f, = 0 and there is no constraint in these components.

At the next orders, the constraints become more and more complicated and we will not give
the full solution. If one assumes that ©;; is maximal rank, one finds the unique solution

(0] = (01°600 + (1¥00; + (27045 , (E.29)

corresponding to the CSO(p, ¢, ) gaugings discussed in this paper.

E.2 Type IIB supergravity

The basis appropriate to make the type IIB section constraint manifest corresponds to the
grading

eg = @((5[2 ®slg), ® (2,%)%% & (1,70)1,, @ (2, 28)%+n) ® (K, Lo) . (E.30)
n
This decomposition can be obtained by spectral flow. Starting from the associated Z4 graded
decomposition of eg, one further decomposes slg into gl; with the slg generators T!; splitting
into
T, T, Ty, T°%=-TY, (E.31)
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for I =0to 7 and 7 =1 to 7. The spectrally flowed Virasoro generators are then
(p) k 7
and the corresponding ¢g generators are

2 . . .
Ti =T, +3 5;.K , Tho=Ti0, Toj=Tn ;- (E.33)

n

One finds that the Virasoro generator L defines the grading (E.30) for p = 1 mod 4. For p =3
mod 4 one gets the same graded decomposition with the conjugate representations. We shall
use the p = 1 basis for the uplift to ten dimensions.

One finds then the corresponding decomposition of the basic module

R(Ag)-1 = (1,8)z & (2,§)1_6 ®(1 ,_6)_2 ©(2,56)10 & ((1,8®28)® (3, ))—g
®((2,8®28) (2 §)_g ((3,56) & (1,8 ® 70) & (1, 68))3_6
®((2,8®70) & (2,56) & (2,168))% +... (E.34)

where the (1,8)7/16 corresponds to the derivatives in the eight internal coordinates.
As in the preceding section, one writes the conjugate Weitzenbdck connection in the appro-
priate basis as

Wal @ T* = <0|I®Z(W}””KT + W T+ 4 W(”*4>JKTn+ o

S TSR TIEP L AW T2, ) WPl o Lo + WRO oK (B.35)

where I, J, K are the SL(8) indices and «, # (on the right-hand side) are the SL(2) indices. There
should not be any confusion with the index a of ¢g on the left-hand side.
The decomposition of the basic module includes

R(Ag)-1 2 (1,8) = @ (2, )1_ @ (1, 56) (E.36)

16

& (2,56)10 & ((1,828) @ (3,8))

O:lm

_3
16

o@P {((1, 8)® (2,28)) 2, & ((1.8) ® (1,70))ar & ((1,8) ©(2.28)) s ,,

n=0

o((1,8©63) @ (3,8)) %n] .

From this decomposition and the condition that (:}| = 0 one then concludes that all the com-
ponents of the Weitzenbock connection of Ly degree greater or equal to % vanish, because the
projection to the basic module does not project these components to smaller representations.
One moreover gets that

—~1
WP —o, W, =0, W —o, W@/

_ wha
[[,JKLP] — (17K 0 k=0, Wi =0, (E.37)

and WIK is determined. From these constraints one gets immediately that (Wq|S_,(T®) = 0 for
n > 1 and that the embedding tensor can be written as
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~ ~ 1 ~ 15 1 ~ e
012U = (0]'6 + (1/426' %) 6<1/2\IJK9(}T)IJK + 6(3/4’(11‘”{9%%})(

1 153K I z3as 1 KatrHrg
S OIREH 4+ 1118 — 2 (54w
1 e 1 T LK
- ﬁ<3/2|vaKLPWIf,KLP - 5<7/4|fv;{KVVI;f,K — QEWOR L (E.38)
where the basis elements (5/4|5*, (3/2|1.JKLE (7/4)"J% and (2 IJ are in the corresponding
irreducible representations.

One can now use (E.5) and check that all the generators of negative Ly degree preserve this

form such that the embedding tensor decomposes as well as

(3/4/L7K S "

7 1y 1 ~ 15
(0] = (01"} + (1/4]50' ™%, + 6<1/2’IJK9(%6)UK + IJK

= o=

« «

1 23 23 27
5RO + (107 1 S/l el
1 31 1 35 39
5 32O+ S (/AN O + 2l L (B39)

As for the elggfen—dimensional case, the highest degree component is a vector valued sym-
. SHK . .
metric tensor 6(1}]6) , and one expects the same constraint (E.22) to follow from the quadratic
constraint (3.13). There is again a solution

(6] = (01©00 + (1[’60; + <2|éj@ij ; (E.40)

to the quadratic constraint that corresponds to CSO(p, ¢, ) gaugings obtained by reduction of
type IIB supergravity on a circle times S” or other hyperboloids and contractions thereof.
To understand this particular example it is useful to consider the p = 2 spectral flowed basis
in which
ey = @((slg & e7)n © (2,56)1,,) & (K, Lo) (E.41)
n

and the basic module decomposes as

R(Ag)_1 :(2,1)%@(1,56)%69((2, 133) @ (2, 1)))%@((1,56@912)@(3,56)) ©... (E.42)

z
4

One finds therefore that the symmetric tensor (E£.40) of SL(8) sits inside the 9127/, and is a
solution to the quadratic constraint by embedding in e7. This consistent truncation is T-dual
to the reduction of eleven-dimensional supergravity on S” further reduced over a torus 72, and
is therefore already known to be a consistent truncation [47,82,48].
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