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1 Introduction and summary

The SU(N) matrix quantum mechanics, first introduced as a regularisation of the super-
membrane [1, 2], has been proposed as a non-perturbative definition of M-theory in the
infinite momentum frame [3]. A more recent perspective on this conjecture is provided
by holography [4, 5], where the strong coupling limit of the matrix model is described by
eleven-dimensional supergravity on the SO(9)-invariant pp-wave solution [6, 7]. The corre-
sponding ten-dimensional description involves ITA supergravity on the near-horizon geometry
of N DO-branes, whose metric is conformal to AdSs x S®. The above holographic duality
has been the subject of several studies, including numerical evaluations of some correlation
functions, see for example [8-12].

In order to apply holographic techniques such as holographic renormalisation [13-15], it
is generally very useful to have a consistent truncation to a lower-dimensional supergravity
theory, capturing a subset of fluctuations in the asymptotically AdS space-time. For the
S8 x S' pp-wave background, the natural candidate is SO(9) gauged maximal supergravity in
D = 2 space-time dimensions [16], in which the pp-wave is a 1/2-BPS domain wall solution
with a running dilaton. A U(1)* axion-free subsector has been shown to consistently uplift
to ten dimensions in [17]. Holographic renormalisation was used in this model to derive
the two-point functions of quadratic and cubic operators [11]. In order to further probe
the connection between SO(9) gauged supergravity and the M-theory matrix model, it is
necessary to have at one’s disposal a consistent embedding in eleven dimensions that captures
all possible fluctuations. The consistent uplift of the entire two-dimensional theory, which
was announced in [18], is the main result of this paper.

In a companion paper [19], we have described how generalised Scherk-Schwarz reduc-
tions [20-31] of Eg exceptional field theory [32, 33] can be used to obtain the complete bosonic
dynamics of two-dimensional gauged maximal supergravity theories that admit a consistent
uplift to maximal supergravity in D = 10 or D = 11 dimensions. The resulting theory was
described uniformly by a pseudo-Lagrangian whose Euler-Lagrange equations need to be
supplemented by a set of duality equations that reduce the number of propagating bosonic
degrees of freedom to 128 as required by maximal supersymmetry. The pseudo-Lagrangian
consists of a potential and a topological term.

In the present paper, we apply the general results obtained in [19] to the particular case of
SO(9) gauged supergravity in D = 2 dimensions. We recover the SO(9) gauged supergravity
theory that was originally derived by Ortiz and Samtleben [16] using supersymmetry, and
provide moreover concrete formulee for the uplift of any two-dimensional configuration to
D = 11 supergravity. The complete form of the metric and the three-form gauge field in
eleven dimensions is necessary to interpret holographically the solutions of SO(9) gauged
supergravity. We then focus on the SO(3)xSO(6) invariant subsector of the theory, including
the axion that was not captured in [17]. This truncation is a priori relevant to the description
of the BMN mass deformation of the BFSS matrix model [34]. We will show that it includes
a non-normalisable mode that triggers the BMN deformation at finite temperature [35].

The generalised Scherk-Schwarz reduction of Eg exceptional field theory rests, as all such
reductions, first and foremost on the identification of a twist matrix taking values in the
hidden symmetry group and depending on the so-called internal coordinates of exceptional



field theory. We recall that in exceptional field theory [32, 33, 36-43] there are external
coordinates (that here belong to D = 2 space-time dimensions) as well as internal coordinates
that transform in a representation of the hidden symmetry group, here in the infinite-
dimensional basic representation of Eg.! Importantly, the internal coordinates are constrained
by the so-called section constraint that guarantees a consistent diffeomorphism algebra [44, 45]
and the correct counting of degrees of freedom. The dependence of the twist matrix on the
internal coordinates determines which subgroup of Eg is gauged along with the resulting
dynamics and is constrained by the generalised Scherk-Schwarz consistency condition as
discussed in the companion paper [30].

The SO(9) gauge subgroup related to the S® sphere reduction sits inside an SL(9)
subgroup of Eg as is usual for sphere reductions [30, 46]. This SL(9) is different from the
(geometric) SL(9) arising in the 79 torus reduction from D = 11 to two dimensions. One
determines the correct SL(9) C Eg through the identification of the fields supporting the
one-half BPS pp-wave solution [7]. Remarkably, this reveals that the SL(9) relevant for SO(9)
gauged supergravity can be obtained by spectral flow from the eleven-dimensional one. The
relation between these two SL(9) subgroups of Eg will be central for deriving the explicit
uplift formulee to D = 11 dimensions in section 4.

In order to give the reader an impression of the uplift formulse, we display here the
reduction ansatz for the D = 11 metric

ds?,, = p_%e%gwjdx“dx” + ,O%ij(dyf~ + .Ai)(dy‘]~ + Aj) . (1.1)

Its components along the two external dimensions involve the conformal factor e, the
uni-modular metric of the two-dimensional space-time g,,,,, and the internal volume density
that reads

p(x,y) = (detg)? olz), (1.2)

in terms of the determinant of the round S® metric §;;, as well as the two-dimensional dilaton
0. The unimodular internal (9 x 9)-part of the D = 11 metric further decomposes into

G dyfdy’ = Gijdy'dy’ + (det Giy) ™' (dy? + Kidy')? (1.3)
with respect to the M-theory fibre. The inverse G% is expressed, up to the conformal factor, as
L2511 — gQQ%eQ"(det g)g Yléikakyj Y gjlalYL (2mK[ImJ]L + Q—2/3mPQaIJPaKLQ) . (L.4)

where the right-hand side contains the nine embedding coordinates Y (in Euclidean R?) of the
reduction space that is homological to the eight-sphere, and that satisfy g;; = (%YI@J-YJ(SI 7 as
well as the propagating fields of the two-dimensional SO(9) gauged supergravity (see (3.39)).
The latter are the SL(9) metric mpg = mgp and the conjugate three-form a!/K = all 7K1,
Further equations for the remaining bosonic fields of D = 11 supergravity expressed through

those of the SO(9) gauged theory can be found in section 4. We stress that all uplift

'The global symmetry group of ‘extended’ Eg exceptional field theory [33] also contains half of a Virasoro
group related to reparametrisations of the spectral parameter occurring in the loop group description of the
affine Eg symmetry. This is discussed in more detail in [19, 33] and in section 2.



expressions are finite expression although they are constructed at intermediate steps from
infinite-dimensional Eg modules. Their structure is similar to that occurring in lower rank
cases, see for instance [29, 47-52].

Another important result of this paper is that we explain in detail how one can obtain a
proper physical Lagrangian from the combined pseudo-Lagrangian and duality equation system.
This hinges on choosing an appropriate parabolic gauge for the scalar fields, tantamount to a
choice of duality frame, and then rewriting the pseudo-Lagrangian in a form of a finite set of
terms plus an infinite set of terms that are all bilinear in components of the duality equation.
The bilinearity implies that these terms can be ignored when varying the pseudo-Lagrangian
as their contribution to the Euler-Lagrange equations will be set to zero by the duality
equation that has to be imposed separately. However, it turns out the duality equations
no longer constrain the finitely many fields occurring in the finitely many terms that were
separated out, so that the latter constitute a proper physical Lagrangian for the propagating
fields, potentially with a finite number of auxiliaries. This mechanism was already encountered
in [33, 53] and will be described in detail in section 2.4.

The construction described in this paper can be extended to other gauge groups. In
fact, our results include the case of CSO(p, ¢,r) gaugings with p+¢+r=9 [54] in a straight-
forward manner by replacing the embedding tensor Oy ~ dr; by the appropriate invariant
(degenerate) metric of CSO(p, q,r). Here, ©;; = O 7, in the 45 of SL(9), arises from the
appropriate choice of twist matrix. Besides this minimal generalisation, one may also envisage
the study of completely different gaugings in D = 2 using different choices of twist matrix
and following the steps of the present paper.

We also address the question of which embedding tensors admit an uplift to eleven-
dimensional or type IIB supergravity. We show that any Lagrangian gauging admitting such
an uplift is only parametrised by finitely many components, which we identify explicitly.
This analysis, presented in appendix E, relies on choosing the appropriate duality frame
and decomposition of the embedding tensor.

The structure of this article is as follows. We begin with a review of the algebraic
underpinnings of the construction, including Eg, its representations and spectral flow. We
also explain the transition from the pseudo-Lagrangian to a proper Lagrangian in section 2.
In section 3 we present all the relevant steps for obtaining SO(9) gauged supergravity via
a generalised Scherk-Schwarz reduction. Section 4 is devoted to deriving explicit uplift
expressions for any configuration in SO(9) gauged supergravity to D = 11 supergravity.
We describe in detail the SO(3)xSO(6) invariant subsector and its relevance for the BMN
matrix model. Several appendices contain additional, more technical, details on some aspects
presented here.

2 Spectral flow and duality frames

In this section, we set up the algebraic preliminaries needed for describing the generalised
Scherk-Schwarz reduction of Eg ExFT that leads to SO(9) gauged supergravity as a consis-
tent truncation of higher-dimensional supergravity. We begin by identifying various SL(9)
subgroups of Eg that have different physical interpretations. This will be illustrated by
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Figure 1. Dynkin diagram of ¢g with labelling of nodes. Nodes 1,...,8 make up the diagram of eg.

substituting them into the pseudo-Lagrangian (of D = 2 supergravity) to generate proper
physical Lagrangians in different duality frames.
2.1 SL(9) subgroups of Eg

At the level of the Lie algebra, we describe eg as the loop extension of the split exceptional
¢g, together with a central element K and a Virasoro operator Ly that is part of a whole
Virasoro algebra spanned by L,, for m € Z and we follow the conventions of [19] for the
commutation relations. The Dynkin diagram of the affine Kac-Moody algebra eg is shown
in figure 1, including a numbering of its nodes.

2.1.1 Branching of eg

In order to exhibit the various slg subalgebras we first need to decompose eg. The adjoint
representation of eg decomposes under the glg that is embedded along nodes 1,...,7 as

248 =8V 3282 356 Y & (gly)"” ® 56/ 3 28 ¢ 81 (2.1)

where the superscripts describe the eigenvalue of the gl; of the reductive glg = slg @ gl;.
Writing the generators of glg as Tij with ¢,5 = 1,...,8 and commutation relation

(17,78 = oF T - 5y T, (2.2)

the various graded pieces in this decomposition can be given as tensor densities transforming
under this glg, explicitly

8. T, {Tij,Tk: = LT},
28(—2/3) . Tklkg — T[klkg] [Tij,Tkle- _ _25][16111]{72]1 _ éééTklk2 ,
B6CYY . T —T T T | =36 T 1cSiT
: kikoks — £ [k1koks3] Jrtkikoks | = [k1+ kaks]j + 3% kikoks »
56(1/9) . Thikaks _ plkikaks] {Tij hikaks] _ gglkapkaksli _ ldiTklkgkg
. ) ] j 3 7 )
28 Ty, =T T, T =250 T Lsim
: kike = £ [k1ko] JrAtkika | = 4k L ko4 + 3 it kika >
8w . Tk |, Tk = sk T (2.3)

The absence of density terms in the transformation of 7 and 7} is the reason for our choice
of normalisation of the glg. Some relevant eg commutation relations in this basis read

LT =T TR, (T T = 1880 T, (2.4)

[7172 Js]?

and further relations can be found in appendix A.1.



One consequence of this is that defining
To:=T" and T =T, (2.5)

leads to an sly subalgebra of eg that we write as 7!, where now I,J = 0,1,...,8 are
fundamental indices of sly with commutation relations

(17, T = ot - T (2.6)
This sly is a maximal subalgebra of ¢g. The adjoint 248 of ¢g decomposes under this sly as?
248 =84 80 @ 84, (2.7)

where 80 is the adjoint of sly and 84 corresponds to a three-form 777X of sly while 84 is a
dual three-form T77x. The branching under glg C sly gives the components shown in (2.3),
for example TT/K — (TWF TV = TW),

The affine extension ¢g of eg consists of infinitely many copies of the adjoint of eg, labelled
by a mode number m € Z, together with a central element K. The mode number means
appending an index m to all generators in (2.3), leading for example to T}, and T}, ;. The
mode number is additive in commutators. The central element K occurs as an extension
in commutators when the mode numbers add up to zero and we also make use of Virasoro
generators Ly, for m € Z with the standard commutation relations.®> The Virasoro generators

act on the loop algebra elements by [L,, Ty = —nTn where e can be any of the slg-

m+n>
representations in (2.3). We will also make use of a non-degenerate bilinear form n_j 43 over
¢s @ (L_g) (for a fixed k) that pairs loop generators whose mode numbers add up to —k as
well as K with L_j. For more details on the algebraic structures we refer to [19]. Further

details on this branching and commutation relations can be found in appendix A.l.
2.1.2 Spectrally flowed slg algebras
The identification of the sly subalgebra can be generalised within eg by using a version of

spectral flow [55, 56]. We define for p € Z the generators

T :ng+]§’5;iK, Tho=T,, T%=T,, (2.8)
where the generators in the 8 and 8 of glg have been shifted by p affine units in opposite
directions. This means that the definition is different for every p € Z, but we are not indicating
by how many units p we have flowed in the notation to avoid cluttering.* The addition of the
central term for the glg is necessary in order to maintain the sly commutation relations, viz.

{Tio,TOj} = ng + 5; Téck + 5;K = Tij + (S;Tkk = Tij — 5§T00 s (29)

2This is a Zs-graded decomposition although this grading will not play a role in our analysis.

3The value of the Virasoro central charge will drop out of any final formula.

4Only in appendix A.4, where we make statements about inequivalent values of p, we will need the
distinction. A specific convention for p = 1 and p = 2 which will play a special role will be introduced in
section 2.1.3.



by the vanishing trace of T’ ;. This last relation is still in agreement with the general slg
structure (2.6). The case p = 0 leads to the maximal sly C eg and then T, =T, as
defined in (2.6).

The spectral flow of the slg subalgebra extends to all of eg. The generators of the affine
extension of slg are defined as

T%j:T;lj"i‘g(S;(sn,gK, TZ@OZT;H—;w

T =T pi, (2.10)
for any mode number n € Z. They satisfy the usual 5/[5 algebra relations
1
[T TH0) = 8T = LT g o (8185 — 58061 ) Sk (20)

We have in particular

m+nj m

[Tiaos o] = Tohing + 0Tl i+ 0 01K, (2.12)

that extends (2.9) for any p and any mode numbers m and n. The other flowed generators
in eg are defined according to

ik ik 0 g
Tn—p/3 - TTZL] ’ Tn—p/3 - TN—P’
Toip/3ijk = Tnijk s Toip/3ijo = Tntpij - (2.13)

Here, we have included in the definition of the level a shift that is related to the way the
generators appear in the glg decomposition of eg, see (2.3).
The commutation relations associated with these definitions are
LI o ({112 +13] LI p
{Trrll—Qp;)’S’ Tn+p/3 J1J2J3} =18 5[J1J2Tm+n J3] + 6‘5J11a122}3 (m o 3) Om,—nK,

[Thfzfs TI4I5[6i| _

1 Iq...1
mfp/ga Tl,fp/?) _65 ! 9Tm+n—2/3l718[9 . (214)

In this flowed basis we also define the Virasoro generators L,,
4 2
Lyw = Ly +pTE , + %%OK, (2.15)

that satisfy the Virasoro algebra for the same central charge as the original L,,. The action
of these redefined Virasoro operators on the flowed eg basis is

{LmvTéJ} = _nTnIl+nJ7
IJK ] _ P\ +1JK
[Lm; Tn—p/3} = - (“ - 3> Totn—p/3>
p
[LmyTn+p/3IJK] = - (n + 3> Tontnip/31JK - (2.16)

The redefined Virasoro generators are thus tuned to the mode numbers of the generators
given in (2.10) and (2.13).



The formulation of Eg ExFT in [32, 33| also makes use of shift operators S,,, that act
on the original unflowed generators according to

Sn(TH) =18, Su(Ln) =Lntn, Sn(K)=0. (2.17)

Here, A is an adjoint Eg index and this definition of shift operators is adapted to the eg
basis of eg.

One can similarly define shift operators that are adapted to the spectrally flowed slg
basis of eg and they appear in the generalised Scherk-Schwarz reduction in this paper. We
will write these shift operators as S,, and they act by

I I Nol Ll
S (Ths) = Tibnss S (THEI) =ThEL (2.18)
Sm (Tn+p/311[213) = Tm+n+p/311[2[3 ) Sm(l—n) = Lm+’ﬂ7 Sm(K) = 0 .

It is important to note that the two shift operators are not identical but differ by central terms
due to the explicit K modifications appearing in (2.10) and (2.15). The relation between
the two shift operators is given, in the flowed basis, by

Sm (Th m (Ths) - gam,_n (6767 — 86305 ) K
(Thlg ( I1]2§9£)’)
n n—p ’

I3
p/3

m( n+p/311]213) )
2

Sm(Ln) — 5m,_n4%K. (2.19)

1) =5
) =S
S (Tusosanins) =
L)

The extra terms in the first and last relation show that the shift operators S,, appearing in

the construction of Eg ExFT are not slg covariant. However, the additional central terms
can be reabsorbed in the definition of the constrained fields (x| and x, such that one may
work with S,,, that are slg covariant throughout.’

We finally note the following identity involving the shifted bilinear form 7_j g for the
flowed and unflowed generators

N kap T QTP = T T7. (2.20)

Following the conventions of [33], the index « in this formula ranges over both &g and the
Virasoro generators. We display the expansion of the bilinear form 7_j,s in the flowed
slg basis in detail in (A.18).

As we show in appendix A.4 there are only two different Eg conjugacy classes of spectral
flows, namely those with p =0 mod 3 and the remaining p = 1,2 mod 3. The p = 0 flowed
basis corresponds physically to the dimensional reduction of three-dimensional supergravity
on a circle. The Eg subgroup commuting with Lg is the three-dimensional Cremmer-Julia
group of Ehlers type. We will next explain the physical meaning of the other spectrally
flowed bases. In fact, even though p = 1 and p = 2 are conjugate, it is useful to consider
them separately. To distinguish and relate them explicitly, we will use the notation of the

5When relating two distinct flowed bases, one has to recall these extra terms.



generators introduced in this section for the p = 2 flowed basis only, while we shall write

'T'£ 7> 'T'fll_bl%, 'T'n +1/3 T Ials for the generators in the p = 1 flowed basis. Moreover, we also put
a tilde on the fundamental index I whose decomposition under glg we choose as I = (i,9)
instead of I = (0,7). So unless stated specifically, the generators T/ J,Tfllﬁ%, Th-1/3011
will always be in the p = 2 flowed basis.

Relating the supergravity field components then amounts to using the change of basis
described in (2.10) and (2.13) together with the corresponding choice of coset representative.
As explained in more detail in the sequel, with this convention that eleven-dimensional
supergravity is written in the p = 1 flowed basis, while the consistent truncation on S® x S!
leads to the gauging of the SO(9) C SL(9) in the p = 2 flowed basis. For short, we will
therefore use the notation of the generators introduced in this section for the p = 2 flowed

basis only, while we shall write 'T'f; j,ffll_hl%,fn 173 11 Tads for the generators in the p = 1
flowed basis. Moreover, we also put a tilde on the fundamental index I whose decomposition
under glg we choose as I = (i,9) instead of I = (0,4). So, unless stated specifically, the
generators TZ 7, Tiﬁﬁ%, Th_1/311,1; Will always be in the p = 2 flowed basis.

2.1.3 Spectral flow by p = 1 unit

If one carries out the dimensional reduction from eleven-dimensional supergravity on 7%, the
SL(9) symmetry of Matzner-Misner type of the torus is the one commuting with the derivation
Lo in the p = 1 flowed basis. The degrees of freedom coming from the internal metric are
associated to the generators Ly and 'T'g 7> while those coming from the internal three-form are
associated to 'T'I; J;I/% The relation to the Cremmer-Julia Eg group in the p = 0 flowed basis can
be seen from the fact that the glg C eg that is common to all spectrally flowed slg corresponds
to the eight-torus that is used in the reduction from D = 11 to D = 3 space-time dimensions.
The generators Nég in the 8 that are used for p = 1 correspond to the eight Kaluza-Klein
vectors that appear additionally when reducing on 7 instead of 7%. The generators ~69
are equal to T in the p = 0 basis, which agrees with the fact that the eight Kaluza-Klein
vectors translate into the first set of dual scalar fields in the Eg formulation [57-59].

Another way of understanding this is by recalling general aspects of the so-called gravity
line of hidden symmetries [60-63]. The D = 11 gravity line of a hidden exceptional symmetry
corresponds to the horizontal line of Cartan type A in figure 1. This A-type algebra clearly
includes the glg that was used in the gl decomposition (2.1). In order to extend the algebra
to also include node 0 one must add an 8 that uses the affine node generator exactly once.
This means taking the 8 for m = 1 and this argument confirms that p = 1 unit of spectral
flow is related to D = 11 dimensions.

2.1.4 Spectral flow by p = 2 units

With the convention that eleven-dimensional supergravity is written in the p = 1 flowed basis,
we will now see that the consistent truncation on S® x S! leads naturally to the gauging
of the SO(9) C SL(9) in the p = 2 flowed basis.

The SO(9) gauge group is associated to the isometries of S®. The rotation group SO(8)
C SO(9) appears as a subgroup of the GL(8) for the GL(8)/SO(8) coset entering the type



ITA metric on S%,% but the full isometry group SO(9) is not a subgroup of the geometric
GL(9) for the GL(9)/SO(9) coset representing the M-theory metric on S® x S! and must
instead lie in another SL(9) in a different spectrally flowed basis.

To identify the relevant spectrally flowed basis for the S® x S! compactification, it is
useful to analyse the fields involved in the corresponding AdSs x $® x S* vacuum solution [7].
The S® metric is determined by the type ITA GL(8)/SO(8) coset, but the M-theory circle
is not fibered over S® and the solution does not involve the full GL(9)/SO(9) M-theory
coset. The circle is instead fibered over the AdSs space through the Kaluza-Klein vector
field. The relevant duality frame is determined by the two-dimensional scalars, so one should
instead interpret the Kaluza-Klein vector field as the dual of the dual graviton field h;, . i,9.9
on S8 x S', i.e. schematically

05 Ry g0, ~ €M O Ayg | (2.21)

In the p = 1 flowed basis this is the component in 'T__‘gli that is TJ; in the p = 2 flowed basis.
We find therefore that the scalar fields involved in the S® x S compactification parametrise
the SL(9)/SO(9) coset of zero Ly level in the p = 2 flowed basis.

The general framework for reductions of maximal supergravities on S™ to D > 3 external
dimensions was presented in [30]. The resulting gauge group SO(n+1) always lies inside an
SL(n+1) rigid symmetry group and the n coordinates of the S™ are components of the ExFT
generalised coordinates sitting in an antisymmetric rank two tensor of this SL(n+1). As we
show in detail in the next section, the S® coordinates sit in the 9 = 8 ® 1 of the p = 1 flowed
SL(9) and translate to the vector eight in the 36 = 8 @ 28 of the p = 2 flowed SL(9), thus
confirming that the latter is the correct choice of basis. The argument relies on the study of
the branching of the basic module in which the generalised coordinates are defined.

2.2 Basic module and its decomposition

In Eg exceptional field theory, the derivatives 0js take values in a lowest weight representation
that was denoted R(Ag)—_; in [32, 33]. This is the conjugate of the basic representation of eg
and the subscript denotes the conformal weight of the lowest weight vector. Following the
notation of [32, 33], we shall write the derivatives as bra vectors (9| that can be expanded

over the lowest weight vector (0| in the eg-grading of eg as
(0] = (0] (9 + T{'0a + ... (2.22)
and where the lowest weight vector satisfies
(0|Lyy =0 form<1 and (0|T2 =0 forallm <O0. (2.23)

Since the basic module is a level K = 1 module, we have (0|K = (9| for the action of the
central element on the whole module. In fact, K can be replaced by one in all the formulas.

5In the standard level decompositions of hidden symmetries [60-63] the type IIA glg corresponds to nodes
0,1,...,6 of the Eg Dynkin diagram in figure 1. Upon conjugation under the M-theory SL(9) we can as well
choose the type IIA glg as corresponding to the nodes 1,...,7 that is common to all spectrally flowed algebras.
This freedom can be interpreted as choosing a different M-theory circle.



Under e¢g the module decomposes as [64]

R(Ao)_1 = 19 @ 248, & (1 & 248 & 3875), @ (30380 & 3875 © 2x248 & 1),
& (147250 & 30380 & 27000 & 2x 3875 & 3x248 B 2x1), & ... .  (2.24)

The subscripts denote the eigenvalues under Ly = L(T).

For us it will be important how the states in R(Ag)_1 reorganise themselves under the
spectrally flowed sly bases discussed in section 2.1.2. We note that the groundstate of (2.24)
satisfies (0|Lo = %(0\ under the Ly generator that has been flowed by p units, see (2.15),
and it is not necessarily the state of lowest Ly eigenvalue in the module.

As we analyse in appendix A.3 in detail, the branching under slg is different for different
units p of spectral flow. Summarising the result from there, we have that for p = 0

R(Ag)—1 =10 @ (84 80 & 84), & (240 4 1050 & 1215 & 80 & 1050 & 240), & ... . .

(2.25)
For p = 1, we have by contrast
R(Ag)-1 = 9: @ 367 12610 @ 9o 315)?3 (36245 @ 720)?6 (2.26)
And finally for p = 2
R(Ao)-1 =91 ©36; ©12610 & (99 315)13 & (36 © 45 720)10 & ... . (2.27)

The subscripts in each case correspond to the Ly eigenvalues for the chosen value of p. We
note that the decompositions for p = 1 and p = 2 differ by conjugating the slg representations.
The physical interpretation of this 9 appearing for p = 1 is that the corresponding nine
derivatives are those with respect to the coordinates of the M-theory compact space that
completes the two external coordinates to D = 11 dimensions.
For p = 2 and the decomposition (2.27), we introduce the notation

Olr, (/3" = (/37" (2/3]"KF = (2/3]/KH 1)y = (1l (2.28)

for the first few levels, where the number in the bra vector denotes the difference of the
eigenvalue with respect to Lg — %. The precise definition of these states and their relations
are given in appendix A.3. Of particular interest to us will also be the 45 with Ly = %

appearing in (2.27). This symmetric tensor will be written as
(/31" = (473" (2.29)

and its components define a basis for the embedding tensor of CSO(p, q,r) gaugings with
p+qg+r=29. These can be obtained by consistent truncations of type ITA and the type
ITA coordinates are appearing inside the 3679 in (2.27).

Similarly to (2.28) one can define a basis of R(Ag)_1 adapted to the p = 1 decom-
position (2.26). The corresponding generators are written with tildes for distinction and
denoted by

—~ — — — —

OF, /B8l =-0/Bl, @Bl = @By, AF=-1E. (230



In appendix A.3.3, we study the relation between the two bases (2.28) and (2.30). By
construction this relation cannot be slyg covariant. For example, the lowest 9 in (2.26) is
expressed in terms of vectors of (2.28) as

(0]” = (4/3]", (O] = (1/3™. (2.31)

In the above equation, we have broken the two slg algebras to their common glg and denoted
the extra (vector) index by 9 for the p = 1 flow and by 0 for the p = 0 to distinguish them.
Further relations are given in (A.34).

Throughout this paper, we will also encounter ket vectors that belong to the representation
R(Ag)—1, such as the vector field |A,). All branchings and algebraic relations described above
apply to R(Ag)_1, with conjugated SL(9) representations and opposite signs for the Ly grading.

We close this section with a comment on a subtle technical point. On the representation
R(Ap)s (or another conformal weight) we can define a K (eg) invariant pairing that we will
write using a bra-ket notation, such as 7|0) = ((0|7)7, and that will feature prominently for
instance in the potential (3.40). The ‘kets’ in such expressions are still elements of R(Ag)s
and can be distinguished from ‘proper’ kets from context or by the position of SL(9) indices.

2.3 Interpretation of spectral flow as change of duality frame

Let us now give an interpretation of spectral flow in terms of the supergravity theory. For
simplicity, we first focus on the case of D = 2 ungauged supergravity, in the language
used in [19, 33].

The theory can be formulated in terms of infinitely many scalar fields parametrising

Eg x Vir™

~RE) (2.32)

with coset representative V', Hermitian currents P, and anti-Hermitian composite connection
Q,, defined from the Maurer-Cartan form (2

dvv—l=0=P+Q. (2.33)

On shell, the currents obey the twisted self-duality constraint (in form notation, so that
P = P,dz*)

*P =8 (P) + 1K = P | (2.34)

where the shift operator is defined in (2.17) and the auxiliary one-form y; is introduced to
restore K (Eg) covariance. For later convenience, we shall indeed define the K (Eg) covariant
combinations

Pk — Sk(P) + x:K, (2.35)

with X = X_i are independent auxiliary one-forms, except for Yo = Px. These new
one-forms will be necessary in writing a pseudo-Lagrangian later on. They are related by
iterating (2.34) and writing

Pk =k p (2.36)

— 11 —



in which only the K component is independent of the original twisted self-duality. Equa-
tion (2.34) determines the duality relations between physical and dual scalars, but the
distinction between the two is only determined by fixing a parametrisation of the coset
representative V. Different parametrisations provide dual description of the same physical
system. A first example is the Eg covariant parametrisation based on the grading with
respect to the Lg generator

_ _ _ © A A _
V = 0 Lo6 §01L—1€ p2L_2 ,,,VGYIAT—1€Y2AT—2 e UK7 (237)

where V is a coset representative for Eg/(Spin(16)/Zs) and the central factor is identified
with the determinant of the metric: €2 = \/—g. This parametrisation is naturally obtained
when constructing D = 2 maximal supergravity as Kaluza-Klein reduction of D = 3 maximal
supergravity. The Lagrangian obtained from such a dimensional reduction only involves the Eg
scalars, the D = 2 metric and the dilaton o, corresponding to the size of the Kaluza-Klein circle:

Esugra =Vv—g (QR - zQT/ABPugPMg> ) (238)

with Pﬂg the }}ermitian projection of the Maurer-Cartan form of Eg/(Spin(16)/Zs2), con-
structed from V' and also corresponding to the degree 0 loop component of P,. Twisted
self-duality provides duality relations between these currents and the infinite series of dual
potentials erb‘, which do not appear in the physical Lagrangian.” In fact, once one establishes
that the theory (2.38) admits the duality relations (2.34), its dynamics are entirely encoded in
the integrability conditions of the latter. One may then investigate whether other Lagrangians
lead to the same twisted self-duality relations and are hence (classicaly) equivalent to (2.38).

Theories equivalent to (2.38) must involve a different subset of the fields parametris-
ing (2.32) and can be obtained by a procedure analogous to (non-)Abelian T-duality [65]. It
amounts to gauging part of the symmetries of (2.38) and introducing Lagrange multipliers
(corresponding to some combination of the Yn‘;‘ fields) to impose flatness of the gauge connec-
tion. Integrating out the latter produces a new Lagrangian based on a different non-linear
sigma model. We refer to this procedure as a change of duality frame, in analogy with
the choice of a symplectic frame for vector fields in D = 4 theories (see e.g. [66, 67]). We
can reinterpret such changes of duality frame in terms of different parametrisations of V,
associated with inequivalent choices of parabolic subalgebras of e¢g. Spectral flows such as
the one described in the previous sections indeed determine a choice of parabolic subalgebra
associated to the grading of the flowed derivation Lg. We can for instance look at the duality
frame associated with the p = 2 spectrally flowed SL(9) and introduce the new parametrisation

V =g toempiborgmpela oy, eiéaUKT—l/i‘UKeféb”KTiJ?[/(?’e_hl“’T—JlI cooeoK (2.39)
where v is a coset representative for SL(9)/SO(9) x, where from now on the subscript K is used
to distinguish the local reparametrisation invariance of the coset space from the SO(9) gauge
group that will appear in later sections. The map between this expression and (2.37) involves

a change of K(Eg) gauge and field redefinitions of the loop scalars, mixing in particular

"Relations bewteen g and all o, are also obtained from (2.34), but the only nontrivial relation is dg; = 2xdo,
while all others are algebraically solved in terms of ¢ and (1.

— 12 —



some of the original Eg scalars with the dual potentials, thus reflecting the spectral flow
relations (2.10), (2.13). We also stress that while the dilaton and other Virasoro scalars are
not affected by the redefinitions, the conformal factor €27 = \/—g is. We nevertheless keep the
same symbol. The physical field content consists of the D = 2 metric g, the dilaton g, the
scalar fields parametrising SL(9)/SO(9)x and the axions a’’/% transforming as a three-form
under SL(9). All together, these scalars parametrise the coset space

GLM(9) x R3

0P (2.40)

where the R3* factor is parametrised by a!//%.® The physical Lagrangian reads

1 1
Lsugra =V —9 (QR + Z@gwaﬂmﬂfaym” - ﬁpl/gg’wauahbhauaJ1J2J3m11J1 M, J m13J3)

1
+ 6*45#%11“.,9@1112138ua1415]68,,a171819 7 (2.41)
where we have introduced the matrix my; = m(r ) and its inverse m!” to parametrise the
SL(9)/SO(9) i scalar fields. It is mapped to the basic representation as the hermitian element

m = viv. (2.42)

The relation between the operator m and matrix my is such that m~'dm = —ledeKTgI.
In line with the comment at the end of section 2.2, we can indeed write (0];m~!;]0) = my.

It is instructive to look at the first few duality relations descending from (2.34) in this
duality frame

1 1
o3mrrmypmpgrdat@ =dby s — 7o E1IK P P2P3Q1Q2Qs a1 Psqq@1Q20s
1 1
oxmEdmy;=dn! ;+ iaIKL <deKL — 216€JKLP1P2PngQngaPIPZPSdaQ1Q2QS>

1
- Ts(sgaKLdeKLp .

Eliminating b;jx in the second equation one finds that h!; is dual to the SL(9) Noether
current for the Lagrangian (2.41)

IKL PiP;Ps

11
thJ:Q*mIKdeJ—§g3me1pr2mLp3a *da

1
+ ﬁ955§mQ1P1mQ2P2mQ3p3aQ1Q2Q3 *daP1P2P3
1 IKL P1P2Ps 1,Q1Q2Q3 (2'43)

- %‘C:JKLHPQPsQleQsa

Recall that the p = 2 spectral flowed basis is conjugate under Eg to the p = 1 one, up to
conjugation of all SL(9) representations. Therefore one obtains in the p = 1 basis the same

8Notice that GL* (9) x RR®* is not a subgroup of Eg, since the generators T_1/317x do not commute but
rather produce lower-degree generators. The correct way to interpret the numerator of (2.40) is as a quotient
of the parabolic subgroup of Eg parametrised by (2.39) by its further subgroup generated by algebra elements
of degree smaller than —1/3. In more physical terms, the non-commutativity of the a’’/* axion shifts is hidden

in the physical spectrum since it only affects dual potentials absent from the physical Lagrangian.
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Lagrangian as (2.41), except that the position of the indices on the axions is interchanged,

IJK 5 arji. This p = 1 Lagrangian can be obtained by dimensional reduction of

i.e. a
eleven-dimensional supergravity, after integrating out the non-dynamical fields. The axions
aryi (with lower indices) are then the components of the eleven-dimensional three-form along

2/9 m, 7 is the internal components of the metric.” The construction of the

the torus and o
SO(9) gauged theory proceeds via the p = 2 flowed basis and a central theme in section 4

will be how to relate this to the p = 1 flow and D = 11 supergravity.'"

2.4 From pseudo-Lagrangians to physical Lagrangians

The relation between physical Lagrangians in specific duality frames on the one hand, and
parametrisations of (2.32) in specific parabolic subgroups of Eg on the other hand, is made
systematic by rephrasing ungauged D = 2 maximal supergravity in terms of a duality
invariant pseudo-Lagrangian. We will now describe this approach and demonstrate how
physical Lagrangians can be extracted from the pseudo-Lagrangians. It should be noted
that for ungauged supergravity this pseudo-Lagrangian is entirely redundant, since one must
anyway impose after variation the twisted self-duality constraint, whose integrability already
encodes the full dynamics of the theory. The advantage of the pseudo-Lagrangian formulation
is that it straightforwardly generalises to gauged supergravity (and in fact, to Eg ExFT as
well), as we will show in section 3.3. Throughout this section we will use for convenience
the conformal gauge for the external metric

Juv = 62077111/ ) (2.44)

such that * denotes Hodge duality with respect to the flat metric.

The pseudo-Lagrangian for ungauged supergravity is topological and can be written in
terms of the currents P, their shifted versions (2.35) as well as the associated composite
connection @,. The pseudo-Lagrangian £pseudo i defined by [33]'

sugra

Qiﬁpseudo da® Ada! K=dPW + [@, PW] 4+ 3" P (PEHD — pli-)y
0

sugra
k=1
Cui oo
+ % > (k= k) Py(Pegr + Pre1) K, (2.45)
k=2

where the term in the second line is invariant by itself.'> The Maurer-Cartan equation for P
guarantees that the right-hand side of (2.45) is indeed entirely proportional to K. We shall
explain below how to obtain well-defined equations of motion from this infinite sum of terms.

9As noted in [16], the p = 1 Lagrangian obtained from the reduction of D = 11 supergravity contains a
Chern-Simons-type term unlike its Eg version (2.38).

10T the rest of this paper we will deal with certain truncations on non-toroidal manifolds, such that the
structure group of the internal space is indeed associated to a p = 1 flowed SL(9), but the resulting D = 2
gauged supergravity is naturally written in terms of the p = 2 parametrisation and associated duality frame.
For this reason we work with p = 2 in all sections related to D = 2 (gauged) supergravity.

' Wedge products are understood on the right-hand side and the Lie algebra commutator is understood to
be graded such that [Q, P(l)] =QAPY 4+ PUAQ.

2The second line is proportional to cuic, the Virasoro central charge associated to the representation in
which V' and the currents have been defined. It is introduced to make the pseudo-Lagrangian independent
of such choice by cancelling a similar term coming from the commutator in the first line. As a result, the
topological term EES;;‘SO, as a whole, does not depend on cyir. This will become apparent in the explicit
expressions (2.46) and (2.57), in which cyir indeed cancels out.
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2.4.1 Eg duality frame

As (2.45) is written in terms of the eg @ vit-valued currents, the expression is independent of
the choice of basis of ¢g in which expand the currents (for instance, T'“ rather than T as
defined in the previous sections). We stress in particular that the forms Py are the Virasoro
components of the current and are independent of whether or not we choose an expansion
in terms of Ly or the flowed L. Writing ¢g @ vit in the eg decomposition and using (2.35)
to identify the K component of the shifted currents, we obtain

o0
£rede dz® Adat = 20dx1 — 200> QU AP +20 > Py A (X1 — Xe-1) -
n k=1
(2.46)

The second term is the central component of the commutator in (2.45) in the p = 0 flowed
basis, in which the loop components of P and () are expanded in terms of the generators
T4, for instance

P=> PiTH+ > PyuLm+Px. (2.47)
meZ meZ

The expansion (2.46) is the most convenient one when working in the Eg duality frame, as

we shall see shortly. Nonetheless, (2.46) is valid regardless of the choice of parabolic gauge.

pseudo
sugra

in order to perform computations in other duality frames. Different expansions amount to a

Expanding £ in terms of other bases is more convenient (albeit not strictly necessary)
field redefinition of the auxiliary one-forms, as we shall see below.

Let us first show how we can recover the physical Lagrangian (2.38) from (2.46). The
idea [33, 53] is that, once a parabolic parametrisation of the coset representative V' is made,
we can manipulate and reorganise the terms in (2.46) to write it as the sum of a finite set of
terms, involving only the fields of lowest degree in the parabolic expansion, and an infinite
series of squares of the twisted-selfduality constraint (2.34). Since (2.34) must be imposed
after variation of the pseudo-Lagrangian, one is then allowed to drop the squares of twisted
self-duality and recovers a true Lagrangian for a finite set of ‘physical’ fields.

To see this in practice, we begin with the sector involving Virasoro and central charge
one-forms. Integrating by parts the first term in (2.46) and dropping for brevity the overall
factor of 2p we have that the first and last term in (2.46) can be manipulated into the
following expressions (recall that wedge products are understood)

Poxi+ Y Pa(Xns1 — Xn—1) (2.48)
n>1
== _PIPK + Z(Pn—l - Pn—l—l))Zn
n>1

= Py* Pc + (xPy — PL)Pc + > _[(Pac1 — *Pn) — (Pus1 — *P)|Xn ,
n>1

where we isolated each x,, n > 0 and in the second line we just added and subtracted xP,.
Then, we separate the two pieces in the series and combine the last one with (xPy — P1)FPg

to write
+00
PoXi+ Y Pa(Xns1 = Xn1) = Pox P+ Y (xPo — Poy1) (Yo — *Xnt1) - (2.49)
n>1 n=0
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We see that the infinite series is a sum of bilinears of components of the duality relations (2.36).
Thus, only the first term contributes to the physical Lagrangian. Indeed, using Py = —o~'dp
and Px = —do, it expands to (reinstating the overall 2p factor)

20P) * Px = 2dpxdo = \/—go Rdz" A dz!, (2.50)

where the last identity holds up to a total derivative in the conformal gauge.
Let us now focus on the cocycle term in (2.46). Using the parametrisation (2.37) for
V, we find the relation Q" = —sgn(n)P} for n # 0, so that

—20nAB Z nQZP;"_l = 20nP Z In| PXPg"_l. (2.51)
nez nez

We need to perform several manipulations analogous to the ones above in order to isolate
a term depending only on the Eg currents P}. Details are given in appendix A.5. We
arrive at the expression

2005 Y In| PAPE" ! = — on"P PR P} (2.52)
nez
+ QTZAB Z(Pin-l-l _ *P;2n)(P§2n _ *Pén-i-l)
n>0
_ QUAB Z(Pin-l-l _ *PXQn—Z)(P§2n—2 _ *Pén-i-l) 7
n>0

so that the first term gives the physical kinetic term for the Eg/(Spin(16)/Zs) non-linear
sigma model, completing the physical Lagrangian (2.38) as anticipated. We have proved
that, schematically,

£rsendo — 99 00t — on?P PﬂgP“g + “self-duality square terms” . (2.53)

sugra

Because we defined the topological term in the conformal gauge, we must also ensure
that the Virasoro constraint, coming from the variation of the uni-modular component g,
of the metric in the physical Lagrangian, is correctly reproduced. In the Eg duality frame,
this is written as

05" (2PuPso = PuoPoo + 0uPoo — n*PRYPE) = 0 (2.54)

with 6g"” symmetric traceless with respect to 7,,. This equation can be obtained from the
Einstein equations of (2.38). Alternatively, we can define £§§§3§0 without imposing conformal
gauge by following the same procedure as what was done for the minimal formulation of Eg
ExFT in [53]. The current P, is shifted by a term §"?0,§,, and the topological term is
complemented by the single extra term ige‘“’ g’ pg“)‘ﬁugan&,gm. Following the exact same
steps as above to recover a physical action, these modifications combine to reproduce the
term pR in (2.38).

We therefore conclude that the dynamics captured by the pseudo-Lagrangian combined
with twisted self-duality and the Virasoro constraint are the same as those of the physical

Lagrangian (2.38). The advantage of the pseudo-Lagrangian formulation is that it generalises
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to gauged supergravity (and ExFT) and guarantees that the resulting equations of motion
are invariant under gauge transformations (generalised diffeomorphisms for ExFT) as well

as local K(Eg) reparametrisations.'?

2.4.2 SL(9) duality frame

We now perform a similar computation to recover the physical Lagrangian in the p = 2 flowed
SL(9) frame given in (2.41). The computation for p = 1 is completely analogous. Some
intermediate steps are displayed in appendix A.5. The starting point is to notice that the
definition (2.35) of the shifted currents relied on the definition of the shift operators (2.17).
We can equivalently use the shift operators S,, defined in (2.18), absorbing the difference
between the two into a redefinition of the auxiliary one-form:

P = S, (P) + %m K = Si(P) + %m K. (2.55)

Furthermore, we will expand the currents in the spectrally flowed basis of generators T¢
defined in section 2.1.2,

P= > P",TnPa+ > Pulm+PkK
mGZ meZ

*t35 Z PSRBT, ysae + g Z Pase, TalS)s (2.56)
nEZ nEZ
and analogously for Q. Notice that we have changed symbol for the central charge component
(Pk instead of Px) to reflect that it is redefined compared to (2.47). We are using A, B, C for
the indices transforming under local SO(9)x of SL(9)/SO(9)k, whereas we use I, J, K for
the SL(9) indices. The SO(9)k vector indices A, B, C should hopefully not be confused with
the Eg adjoint indices A, B, C used in the preceding section in the Eg duality frame.
Extracting Liop from (2.45) in these variables, we find

o
fﬁé’ﬁg‘sﬁ‘)dx Ada! —d%1+ZPkA(>“ckH—7ck71)— > nQgAPTIB, (2.57)
= nez
_Z [ n 2/3 —n—l/SABC+(n+%)Qn+2/3ABCP;gE5/3} ‘
nEZ

The terms in the first line correspond to the dilaton/central sector plus the loop cocycle
for the E:A[Q currents. The second line is the cocycle term for the axion sector. Using the
coset parametrisation (2.39), we can rewrite the twisted self-duality relations for the loop
currents as follows:

PAg = «Imip0Ag (2.58a)
p1/3mmABC — ymp=1/SABC -y > 0, (2.58b)
Prsl " =+"Pal, m>0, (2.58¢)
Pral® = «Prgl. (2.58d)

13To see this, one uses that .c';jg;gf’ is invariant by construction and that the gauge and K (e9) variations of
squares of twisted self-duality are again proportional to squares of twisted self-duality equations. It follows
that the gauge and K (eg) variations of the corresponding Euler-Lagrange equations are by construction
proportional to the twisted self-duality equation and the Euler-Lagrange equations themselves.
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In the last line we have used the SO(9) g-invariant metric dag for lowering the indices on
the right-hand side.

We now want to manipulate (2.57) into a physical Lagrangian plus bilinears of the
relations (2.58). The manipulations of the first line are identical to the Eg case above, so we
focus on the axion sector. After some steps displayed in appendix A.5, we find the identity

2 o 1 -
= GoP IR PE — o PTARC a i L (2.59)

axions 9

Epseudo de A d.’IJl

sugra

where the dots correspond to squares of twisted self-duality equations. Expanding the
Maurer-Cartan form we then find

B 1

axions 12

£pseud0 d{EO A dail

1/3 1, I1121: J1J2J.
sugra P / da™ 2% x da”t"? 3m11J1m12J2mI3J3

I 121 J1J2J3 K1 Ko K:
+ 674511[213J1J2J3K1K2K3da 12 3da 172 30’ 12

1
+ EdaIJde]JK +.... (2.60)

We see that by only appears in a total derivative and can therefore be dropped. Adding back
the dilaton/central sector as well as the SL(9) kinetic term, the physical Lagrangian (2.41)
is reproduced.'*

One computes an equation analogous to (2.54) from the SL(9) frame Lagrangian (2.41):

6g" <2PMKP1/0 —PuoPuo+0,PLo—P) sP)Pa— 3Pu 1/3ABCP, 1/3ABC> =0. (2.61)

One checks that the same equation is obtained from the Virasoro constraint (2.54) in the Eg
basis simply by relating the coefficients in the expansions (2.47) and (2.56) of the current P
and using twisted self-duality to write the result exclusively in terms of the physical fields.

3 Consistent truncation on S8 x S?

In this section, we apply the general procedure of gSS reduction of Eg ExFT [19] to obtain
SO(9) gauged supergravity in D = 2 space-time dimensions. SO(9) gauged supergravity
has been constructed directly in D = 2 using supersymmetry in [16] as we shall review in
section 3.1. Our gSS construction, presented in section 3.2, produces the same bosonic theory
and moreover proves that the theory is obtained by consistent truncation from D = 11. In
section 4, we shall use this to present general uplift formulse for D = 2 solutions to D = 11
dimensions, where the differently flowed SL(9) subgroups play an important role.

3.1 Review of SO(9) gauged supergravity

SO(9) maximal gauged supergravity was constructed in [16] using supersymmetry starting
from ungauged supergravity written in an SL(9) duality frame. In this section, we briefly
review some aspects of the construction of the reference translated into our conventions.
The bosonic field content and Lagrangian of ungauged maximal supergravity in the p = 2
flowed SL(9) duality frame was reviewed in section 2.3. The fermionic fields of the theory
are given by a gravitino, transforming as a spinor under the local SO(9) g, as well as matter

171¢ is useful to note the identity —gg‘“’PZABPBBA = igg“”@um”&,mu.
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fermions transforming as a vector-spinor under SO(9) . We will not use supersymmetry in
this paper and therefore do not display fermions. Details on fermions can be found in [16].

The construction of [16] starts from an ungauged Lagrangian density whose bosonic part,
in our conventions, is given by (2.41). The gauging of SO(9) C SL(9) requires introducing
vector fields Al]ﬂ = AL[ 7 in the adjoint representation. These vector fields occur in the
gauged covariant derivative

Dy =0, — A0,k 8% (3.1)

where %7 is the rigid s[(9) variation of the field on which the derivative is acting. For
instance, BIJ(mKL) = 25(IKmL)J — %5§mKL. The constant symmetric tensor Or; = Oy is
the embedding tensor describing the embedding of SO(9) in SL(9). We have written a more
general symmetric tensor Oy in order to accommodate gaugings of the type CSO(p,q,r), with
p+q+r =9, in analogy with [54, 68]. The SO(9) gauging corresponds to a positive-definite
or negative-definite ©7; which, up to a rigid SL(9) transformation, can always be cast to
the form ©;; = gé;y. In (3.1) we have written the generators T} ; that correspond to the
p = 2 flowed slg. The vector fields AZLJ are not propagating in D = 2.

The gauged theory is then given by covariantising all derivatives in (2.41) and introducing
a topological term for the non-abelian field strength and a scalar potential in the form

1
[’gsugra = »csugra,cov + iguyF;{geJKhKI - Vgsugra ) (32)

where the vector field strength reads

1J 1J 1K AJ
F/Jl’ == 28[,U«AV} +2®KLA[N AV} B (33)

and the scalar fields h!; are identified with those introduced on-shell in the duality rela-
tion (2.43). The potential term Vggugra was obtained from supersymmetry in [16, eq. (5.5)].
We shall derive it from the gSS reduction of Eg ExFT in section 3.3 and therefore do not
display it here. It is however important to stress that only the anti-symmetric combination
hK[I@J]K appears in Vggugra as well as in (3.2).

Both fields h!; and Al[;] are auxiliary in SO(9) gauged supergravity. Their equations of
motion are consistent with the gauge-covariantised version of the duality equation (2.43) when
varying A{L‘] , while varying h'; fixes the curvature Fiyj of the non-propagating vector fields in
terms of the remaining fields of the theory. Integrating out the auxiliary field h!; that occurs
only algebraically in the Lagrangian leads to a Yang-Mills kinetic term for the vector fields.

In order to covariantise the duality relations (2.34) properly, we need to identify which
part of the infinite-dimensional rigid on-shell symmetry of ungauged D = 2 supergravity
is gauged. Both from the general structure of the gSS reduction of Eg ExFT [19] and the
analysis of supergravity directly in D = 2 dimensions [59], one knows that Lagrangian
gaugings utilise an embedding tensor that takes values in the basic representation R(Ag)_;
that was discussed in section 2.2. The general coupling of vector fields |A4,) in R(Ag)—1 to
the embedding tensor is given through the pairing

Dy = By + 1-10p (0T A5 (3.4)
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where the covariant derivative acts through the rigid eg @ (L_1) variation 8* on the various
fields.'® The decomposition under the p = 2 spectrally flowed sly was given in (2.27). The
restriction to (f| in the 455/9, with

0] = —0r,04/3)17, (3.5)

reproduces the gauged covariant derivative (3.1) when acting on the physical fields. The
expression (3.4) also determines the gauging of shift symmetries of the dual potentials. The
first few terms in its expansion are determined as follows
1
N-1ap(0| T ANTP = — 01 ATKTy! ; - §9K11<1|g13|Au>TI_I§f§3
+20, /3 N ANT  k + 0 @/3)1 AN+, (3.6)

where the dots stand for generators of lower Ly degree, and we identified AﬁJ = (1/3|17]A,).
Notice in particular that, based on the coset parametrisation (2.39), the shift symmetries of
the dual axions by are entirely gauged, while only the shifts of the symmetric combination
Ok hE 7)» which does not enter the Lagrangian, are gauged.

We also provide the general expression for the field strengths, which is, in form notation

1
) = 1dA) = 51-1ap(0]T%|4) A T 4) = n_105(0 T © T?|C) (3.7)

where |C) denotes the two-form, sitting in the symmetric tensor product of two R(Ag)
representations, with the R(2Ag) representation subtracted.'® Using (3.5), the first few
entries in |F) are found to be

(1/3[M|F) = (1/3"7]dA) + O (1/3]"]4) A (1/3]7514), (3.8)
(4/3["|F) = (4/3]"7|dA) + 20k (1/3[<V|A) A (4/3]7F]4)
(Olr1F) = (0l7]dA) — ©15(1/3]7%|A) A (0]x]A) + ©15(1/3"" @ (0 |C)
(F51F) = (L551dA) — ©po(1/3%F|A) A (LIF]A) + 205 (1/3172[A) A (1ol 4)

40,1 (13195 @ (17, + (01 ® (4/3[<P)|C) + 20 X,

where the definition of |C') has been modified compared to (3.7) in order to reabsorb some
|A) A |A) terms. The gauge field (0|7|A) is therefore pure gauge, as well as all but the
completely antisymmetric component © I I<1|’:; K] |A) of the weight 1@3 gauge field. The trace
component of (1|%|F) has a piece 55 X ) which we do not display explicitly since it is
projected out from all physically relevant quantities. From (3.8) we see that the restriction
to the 36_15/9 component F'/ = (1/3|"/|F) reproduces (3.3).

3.2 The generalised Scherk-Schwarz ansatz on S§® x S?!

The generalised Scherk-Schwarz ansatz for the SO(9) gauging follows the general procedure
for Eg ExFT presented in [19]. We recall from there that a complete gSS ansatz consists in

5See [19]. For instance, 8°V = VT — k*V with k* a compensating K (e9) transformation. Notice that the
choice of T® rather than, for example, T, is linked to the choice of such basis in (3.4).
'®In the companion paper [19], we denote |C) = |C(1) ® |Cy)).
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identifying a twist matrix U(y) € Eg, along with an additional y-dependent (w*| € R(Ag)_2,
that together induce the constant embedding tensor of the SO(9) gauged theory and that
factor out of the pseudo-Lagrangian. The twist matrix U comprises a scalar component r(y)
along Lo and the bra vector (w™| satisfies the ‘flat version’ the section constraint, namely
the bra vector (w™|U must be on section.

The structure of the gSS ansatz for the exceptional field theory fields is [19]

p(z,y) =r(y) o(z), (3.9)
Az, y)) =r () U (y)|Az)) .

In these expression the EXFT fields are on the left-hand side and the twist matrix ¢(y) and
the scalar r(y) must be chosen such that the dependence on the internal ExFT coordinates y

factorises from all equations. The bra vector (w™| appears in the expression for the embedding
tensor below. The ansatz (3.9) will be central for the derivation of the uplift formulee in
section 4.17 Besides the ansatz for the fields we also record the ansatz for the parameter
|A) of generalised diffeomorphisms in Eg ExFT:

Az, y)) =" U (YA @))- (3.10)

The generalised diffeomorphism action on the ExFT fields reduces to the gauge symmetries
of the gauged supergravity theory in two dimensions. Consistency of the resulting gauge
algebra places constraints on U(y) and r(y) that we review next.

The twist matrix U gives rise to the Weitzenbock connection (W,| through its first
internal derivative according to

Ol @U =r(Wald © TU.. (3.11)

Notice that we expand the Weitzenbdck connection in terms of the p = 2 flowed basis, as this
will be the natural choice for the case of the SO(9) reduction ansatz. Then, the embedding
tensor resulting from a gSS reduction is made of two components (9| and (9] [19, 64]'

(0] = (Wal T, {60] = —(WalSsa(T%) — (] (3.12)

The component (| corresponds to non-Lagrangian gaugings of the Ly symmetry. We will
only consider situations in which (| = 0. The components of the embedding tensor must be
constant and integrability of its definition also enforces the quadratic constraint [19, 59]

Ne1as (017" © (0]T% =0, (3.13)

where we have already set (| = 0.
We have argued for the relevance of the p = 2 spectrally flowed slg C eg in the previous
section. From the general analysis that we review in appendix E, we know that the twist

"By ExFT contains additional constrained fields and two-forms that have to be considered in the general
construction but will not play a role in this paper.
8 Notice that writing (0| in terms of S1 rather than S;; only amounts to a redefinition of {(w™].
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matrix must decompose as in equation (E.3). This implies that ¢/ belongs to the parabolic
subgroup obtained from the generators of non-positive Ly degree. Because we are looking
for a consistent truncation contaning a purely gravitational pp-wave, it is also natural to
restrict the ansatz to a parabolic element in the affine extension of SL(9). This is the relevant
structure for eleven-dimensional gravity without three-form. One can moreover use gauge
invariance to restrict the ansatz to the SL(9) subgroup. Using the notation T£n  etc. for
the flowed generators as in section 2.1.2, we therefore make the following ansatz for the
inverse of the twist matrix

Ut =rtogsk =t (3.14)

where u belongs to the p = 2 flowed SL(9). Recall from (2.15) that Lo = Lo + 275, + 2K.
Except for the occurrence of (w™| whose form will be determined below, the twist matrix
and choice of section are analogous to what happens for other sphere reductions [30].

We also have to specify a solution to the section constraint corresponding to the coordi-
nates on S® x S'. As argued in section 2.1.4, the S® coordinates are expected to sit within
the 36 of the p = 2 flowed SL(9) and we indeed find such a representation at Ly-degree
7/9 in the decomposition (2.27). The solution to the section constraint for the derivatives
(0| € R(Ap)—1 is naturally written in the branching (2.30) with respect to the p = 1 flowed
SL(9). It can be expressed in the branching (2.28) with respect to the p = 2 flowed SL(9)
relevant for the SO(9) gauging, by splitting the index I in (2.30) into I = (i,9) and the
index I in (2.28) into I = (0,¢) and using (2.31):

(0] = (01707 = (1/3°0; + (4/3|"5 . (3.15)

In terms of the 3679 derivatives dr; the solution (3.15) implies in particular that only
0; = O0y; # 0 among the Jr;. That this corresponds to a solution of the section constraint
can be verified in a straight-forward manner. The gSS ansatz for the physical fields will
only involve the eight coordinates along (1/3|%, corresponding to S®, while the component
(4/3]% associated to the S' coordinate y” will only feature in the constrained fields.'® This
kind of interplay of the p = 1 flowed branching and p = 2 flowed branching of the R(Ag)_;
representation will be central in section 4 when we determine the explicit uplift formulze.
Equipped with the choice of section (3.15) and ansatz (3.14) for the twist matrix, we
can evaluate the Weitzenbo6ck connection (3.11). Some details of this calculation are given
in appendix B. From this we deduce the following expressions for the trombone embedding

tensor (9| € R(Ag)_; and the standard embedding tensor (8] € R(Ag)o given by
(9] = (Wa| T = —r710; (rietu™ 0=t )) (1/317 (3.16)
and
(O] = —(Wa|S4a(T) = (w™|

. . 2
= 0etu O eu (9u%ouT O + 9% um ) ((1/3\[KLTﬁq - 7<1/3\Q[KT1LQ5§1)

1 ) .
8T_%€S (”—IOK@'U_“L —u M gout0 — WoJB “_IOKU_10L> <1/3|P(KT1L)P
9 ,
+ —147“_16/965& <T14/9u_10Ku_1’L) <1/3|KLL1, (3.17)

9Tn terms of the expansion (2.22), the nine non-vanishing components of the derivatives (9] € R(Ao)—1 are
rewritten as (0|770; # 0, (0|0y # 0, where the generators T} refer to the gl basis (2.3).
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where we have simplified the constrained (w*| = W5(4/3|%° = W;5(0[° as a specialisation
of the solution (3.15) to the section constraint.

In order to obtain a Lagrangian gauging corresponding to a sphere reduction of type
ITA supergravity we now consider an ansatz for the SL(9) twist matrix that is inspired
by [30, 46]. We denote embedding coordinates or the sphere S® by Y; where I = 0,1,...8
are Euclidean ambient space coordinates with Z?:o Y? = 1 and we raise and lower these
indices with the Euclidean ambient space metric dry, invariant under SO(9). The SL(9)
twist matrix components then are taken to be

ut; = (det §)'/° (éijGjYI + ciY[> )

u™t0; = (det §) /91 2y; (3.18)
where §;; = aiY]@jYJ(SI 7 is the induced metric on the (round) sphere, §¥ its inverse and
det § its determinant. The field ¢! is akin to a Kaluza-Klein vector and related to the flux of

the sphere compactification. The embedding coordinates satisfy the completeness relation
and eigenvalue equation

GU0Y10;Yy = 61y = Yi¥y and (det§)"20; ((det §)/2§70;Yr) = —8Yr,  (3.19)

as can be checked easily by going to stereographic coordinates. The components of the
inverse SL(9) matrix are then

u'; = (det §)"00,Y",
uo = (det )~/ 2 (Y1 — dayT) . (3.20)

We next determine the conditions on the remaining components of the twist matrix (3.14).
The requirement that the gauging be Lagrangian means that the trombone embedding tensor
(9| in (3.16) has to vanish. Using (3.19) and [K L] anti-symmetry we find that this is
tantamount to

0=0 (r%eS<det g)—7/9+1/2§ijanKYL) (1/3|KE
=0; (T

z
9

e*(det §)~7/) (det §)"/?§90; Vi Vi (1/3| (3.21)
so that we deduce

I s _ o\7/9

roe’ = g(detg)"/”, (3.22)

for the vanishing of (¥|. In the above relation we have introduced a convenient integra-
tion constant.

In order to represent a consistent gSS reduction, the embedding tensor (f| must be
constant and we need it to be solely along the 45 component according to the discussion in
section 3.1. Substituting the sphere ansatz into (3.17), we find that the component along the
720 vanishes automatically and for the vanishing of the 36 component along (1/3|%%L; we get

0 ; 81 (7"14/9(det 6)75/18YK§ij8jYL) <1/3‘KL|_1 y (3.23)
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whose vanishing according to (3.19) requires
r=(det§)/? = ¢ =g(det§)/®. (3.24)

Here we fixed the integration constant for r using the ExFT Ly scaling symmetry.
Substituting this back into (3.17), we are left with

(0] =g |~91,+ ((det§) /20, ((det §)'/2¢") — (det §) /> W ~7) Y1V | (4/3]7 . (3.25)

For this to be a constant multiple of the SO(9) metric §;; we need to make the anisotropic
components vanish. Due to the presence of the component W(;B of (wT], the first condition
(det §)~1/20; ((det 5)1/20i> — (det §)Y/2Wgl = 7 is trivially satisfied. From the perspective of
type IIA supergravity it is natural to set WOB = 0, in which case this condition fixes the
field ¢! corresponding to the seven-form type IIA potential in the ansatz. One then identifies
the expected 8-form flux on S®. From the perspective of eleven-dimensional supergravity,
the field ¢ is a component of the dual graviton and it is natural to absorb the flux in the
constrained field component W&).
The summary of the analysis above is that we have achieved the form

(=0 and (0] = —gdrs(4/3|'7, (3.26)

for the embedding tensor, which agrees with the identification ©;; = gd;; in section 3.1.

This construction can be easily adapted to accommodate also CSO(p, ¢, 9—p—q)-type
gaugings [54, 68] where the signature (p, ¢, 9—p—q) describes the number of positive, negative
and vanishing eigenvalues of the symmetric tensor Oy in (3.5). The internal space in
these cases is HP4 x T97P~4 x S with HPY the (p+q—1)-dimensional sphere or hyperboloid
defined by the equation Y%, Y? = 1 with 7y, of signature (p,q) in p+q dimensions and
Oup = gNap- We then write accordingly ¢ = 1,.. ., p+qg—1 for the coordinate indices of H?*4 and

i = ptq,...,8 for the indices of the coordinates on T97P~9. The twist matrix takes the form
Uaz‘ = ‘ det§ _1/982'Ya s
U = ‘detg‘—1/9+1/2 (Ya _ Ciaiya)
ul; = 02, (3.27)

where g;; is the pseudo-Riemannian induced metric nab@-Y“@jY” and ¢ and Wy, satisfy

|det §|~1/28; (| det §|/2c") — | det g *Weh = p+q — 2. (3.28)

3.3 From pseudo-Lagrangian to physical Lagrangian

As described in the companion paper [19], for any embedding tensor (6| admitting a consistent
uplift, the gSS reduction of the ExFT pseudo-Lagrangian leads to a pseudo-Lagrangian for
gauged supergravity that decomposes into

pseudo __ ptop o
‘Cgsugra - ‘C’gsugra Vgsugra . (329)

The general expression of the scalar potential Vsugra in terms of (6| will be recalled later on.

top

We stress that we include the measure factor in its definition. The topological term Ly2h,,,
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pseudo

Diara for ungauged

corresponds the gauged version of the (topological) pseudo-Lagrangian £
supergravity defined in (2.45). It can be written schematically as the sum of two terms

L2 o dz® Ada' = 20Dyy + 0 (0]O(M)|F). (3.30)
The first term corresponds to (2.57) with partial derivatives traded for gauge covariant
ones. The second term, linear in the field strengths, is new and descends from the proper
covariantisation of the Maurer-Cartan equation used in (2.45) to define ﬁg’jgg;b. See equation
(B.4) of the companion paper [19] for the gauged supergravity version of the relation (2.45).
Here we are already considering an expansion in terms of the p = 2 spectrally flowed SL(9)
basis. Explicitly, we have

0 (0lO(M)|F) = 0 (0] (SLy(L-1) + STy (L-1)) |F) (3.31)
= 00" (V)[S54(T7) + ST, (T9)] 01, (0TI
where we have introduced the group cocycle
0 (9)K = So(T%) — g™ 'So(g T )., g € Bg x Vir~, (3.32)
as well as a field-dependent version of the shift operators

ST (X) =So(V1S,,(VXVHY) (3.33)
:Q_m(sm(X)_mSOISmfl(X)+~-)7 X € g @ vir.

The second line displays how these field-dependent shift operators are expanded in terms
of the standard ones Sy, with k& < m, a fact that we will use shortly. Details on this
construction are found in [19, 33].

We will now present how to obtain a physical Lagrangian for gauged supergravity from
the pseudo-Lagrangian (3.29). Apart from the scalar potential, the other terms in the
physical Lagrangian are obtained from (3.30) by first repeating the same steps that we used
in section 2.4 to reproduce (2.41) from (2.57), with covariant differentials instead of partial
ones, and then adding (#|O(M)|F) to the final result. Let us now show this for the SO(9), or
more generally for CSO(p, ¢,r) gaugings of which the SO(9) gauging is a special case.

The first term in (3.30) corresponds to (2.57) with covariant differentials. All steps
carried out in section 2.4 are still valid, until one arrives at the expression (2.60). Since
the differentials are now covariantised, the last term there is no longer a total derivative
but instead contributes with

1 1 1
—ECLIJKD%)[JK = —6CLL1L2L3@L1KFIKZ)L2L3[ — EGLILQL?’@LlKFﬁL3 y (3.34)

where we have defined the 36_14/9 component F'/ = (1/3'/|F) and the (9 & 315)_;3/9
components F¥ = (1|¥|F) of the field strength |F) so that

1
N-1ap0| T F)TP = —0;x FIET ;- 59K11F513T257g3 +.... (3.35)
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Looking now at the first line of (3.31) and using the expansion in (3.33), we see that
acting on (f] is a series of Virasoro generators L_j with & > 0. One immediately finds that

431U =0 Vk>1, (3.36)

hence for CSO(p,q,r) gaugings, only the term proportional to (f|Lg|F) survives. But
then we find

0 (01(ST1 (L) + T4 (L) IF) = s3I Lol F) = T O, 4/3 a4}, (337)

which is a total derivative. We used the quadratic constraint to remove the A A A term
coming from the field strength, since it is proportional to 1_1s(0|T%|A)(8|T?|A) = 0.

We are left with computing the second line of (3.31). Given the triangular gauge (2.39)
for V and the fact that the CSO(p, q,r) embedding tensor does not gauge positive level
generators in this decomposition, we conclude that within the square bracket, only the positive
shift contributes, with terms proportional to the gauging of To!; and T//E /3, ON which acts
the constant shift operator S1 1. Then, computing the loop cocycle is just a matter of dressing
such terms with V' and extracting the K component. We thus find

1
0 (0|O(M)|F) = @JKFIKVTfJVﬂ\KJr§@KIIF1213VT11[213V

273 e (3.38)

1
LiLoL K
Zglal2 3@L1KFL2L37

1
= @JKFIK hIJ + gaLlLQLg@LIKFIKbLQLﬂ + 6

up to the total derivative in (3.37). Here, | denotes a projection on the central charge,
defined as in (3.32). We see that the last two terms cancel out the contribution obtained
from (3.34). This means that the non-potential terms in the physical Lagrangian are given
by the naive covariantisation of (2.41), plus the only extra term © ;5 F'X h! ;. The physical
Lagrangian for CSO(p, ¢, ) gauged supergravity therefore reads,

1 17 1 17
Egsugra =V g <QR+Q4QM DumIJDumIJ_Epl/sgu DuaIII2ISDuaJ1J2J3m11J1mIngmIng)

1 1
11151 14151 17181 I1J1p K
—646“1’511._,19@ iz “"Dua 4556 D, 78 9+26MVF;”,h ]@KJ—[/gsugra. (339)

For the determination of the scalar potential we start from the general formula [18, 19]

1 1
Vesugra = ?<9|M_1|9> + 2—17_2a5<9\TaM_1T5T|¢9>

%<9|V ly=1ijg) + 2—1377 20s 0|V TITOTAIV =1 g) (3.40)
Notice that Vgguera includes the measure factor in its definition because the K component
of M = V1V contains €2?. As discussed at the end of section 2.2, we use the notation for
Hermitian conjugation of bra-ket vectors |#) = ((f])! to simplify the contractions appearing
in the potential. The second line shows a rewriting where the coset representatives V were
moved through the generators T, T? in the second term. This is allowed as all terms that
might be generated by such a manipulation turn out to vanish, see equation (3.71) of [19].
For both terms in the potential the basic ingredient to compute is then (§|V 1.
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We plug the ansatz (2.39) for the supergravity scalar fields as well as the embedding
tensor (3.5) into this expression. As shown in more detail in appendix A.3.3 we have

<9|V_1 — @IJ€0Q16/9 ( _ V—lIAV—l JB<4/3|AB + Q_lhIKV_l JAV—I KB<1/3|AB

1
-1/3 IKL —1J B  C A
— 50 Bl Kby=1 B ivC L (1)hc —

1 _
T3¢ 23T KL GTPAVA 1 VB vC pvP o (2/3|aBCD

1
—1 IK1Ks JK3K4 KsKeK 1R —18 AB
+7288Q a T2l IR RO BT e R RSV AV 5(1/3|

1
+ 11529—4/3a1K1K2aJK3K4aK5KsK7aKgK9LEK1MKQVAL<O|A) (3.41)

where (A.32) was used and the generators and states of the basic module were written with

Q_4/3aIKLhJLVAK<O‘A

local SO(9) k indices using the action by v. Notice that the Virasoro scalar fields ¢,,, n > 1 do
not contribute. This is easy to check using (3.36) and that the contribution proportional to
<1|éc|-—l = 2(5[AB(O|q vanishes because O7ya’/% = 0. We also note that the term in I)UKTI;]QI/(3
in the ansatz for V! disappears as would any term with a field multiplying T_,4 317K (by
incompatible index symmetries) or more negative degrees (by grading).

From this we can determine the various terms in Vigugra. Collecting all the terms leads
to the following potential

e?7 g/ IK JL 1] KL
‘/gsugra: 5 @]J@KL((Q[T‘I m —m “m )

IKP ,JLQ

1
P (aIPQaKRSmJLmPRsziml

2 me)
420720 phK um@PmIIE 4 g=8/3¢TPRRT LaKQS L o

-2
I Q72 hJPaKQlQZQLQ3Q4GQ5Q6Q7€Q1H‘QgmIQSmPQg (342)
+29—4/%1[1\41MzaM3M4]JaK[N1N2aN3N4]L
-2
0 INy1N3 ,JN3Ny  N5sNgN7 KPP o LPs Py
a a a e a a a
o e

—8/3
4 . 5
+ — aIRPhJRaKNlNgaLN3N4aNON6N7aN8N9QEN1“'NgmPQ

M7y Ny ML, Ny MM Ny ML, Ny

Ps P P: NgPg . NgP
6 75P1H‘P9m 88 mNoFo

08/3

IN1N>  JN3Na aN5N6N7aN3NgQ€N N aK PPz LP3Py PsPsPr  PsPyS
11522 Loetto

+

Eplmpngs) .

For the SO(9) gauging we choose O;; = gir.

To conclude this section, we compare our Lagrangian for SO(9) gauged supergravity to
that presented in [16], whose scalar potential can be computed by expanding the Yukawa
couplings in their eq. (4.22). We performed this computation and find perfect agreement
with (3.42) upon identifying their Y7; = Y|;;; = © K[IhK ) and also taking into account the
typo mentioned in footnote 1 of [17].2°

3.4 Duality equation for the gauge field strength

In order to determine completely the uplift ansatz in eleven dimensions, it is also useful to
derive the expressions of fields that do not appear in the physical two-dimensional Lagrangian.

20Note that the second term in the second line of (3.42) above was overlooked in eq. (5.5) of [16].
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The field strength duality equation
1
F) + 5 x (M710) + nsasV TV 0)) =0, (3.43)

determines all the gauge fields that appear in the uplift ansatz [19, section 6]. The relevant
field strength equations are

(1/3|1|F) = —o73 % (1/3|17 M ~16), (3.44a)
OVasuer
(4/3|"|F) = —x —E5%, (3.44b)
(O[1|F) = —o? % (0], M~1]6) (3.44c)
(AFIF) = =0 % (U5 M7Y0) — 0 "n_gap * (LT M~ TT6) . (3.444d)
The right-hand side of (3.44a) gives
03(1/3177 M~1|0) 26209_%@1@ <(2mK[ImJ]P+Q—§mRSaIJRaKPS> hl e (3.45)
1 2
+m5P1...P9 (mPl[ImJ]Pz+%Q—§mRSaIJRa’P1PQS) aP3P4KaLP5P6aP7P8P9> ’

and can be checked to be compatible with the equation of motion of A!; using

aV,
gslugra — —®1K9_3<1/3|JKM_1|9> ] (3.46)
oh! ;
This duality equation is identical to the equation of motion of h!; for the SO(9) gauging
Or; = gdrj, but includes more components if Oy is degenerate.

Similarly one computes the right-hand side of (3.44c)

Q_3<0|]M_1|9> _ *6209_%@KLmIJ <aJPKth 11152Epl”.PQaPlPQKCLLP3P4G/P5P6P7&P8P9J 7
(3.47)
and of (3.44d)
o 2 MHO) + 07t anp (1K T MLTP )
1
= —620(_)_5@13@ (m]ijsaRSPmQK + 25§mJ]LaQKL
_2
+ 5 3myr, My, Mgy, mSL4aKRSaL1L2PaQL3L4
1 -2 KILiLy, LsL4Ls, LgR1,.L7Ry  R3R4P R¢, R7RsR
+mg 8E€17L1..LERy...Re O 1Lz LalalsnLeR1 L7 R ( RsRa aQTs 6 o 7 fis Ro
+ 2*1497%51JL1...L7hPRmQL1 mPL2 KLsLa  LsLeLr
_ 1
_ o2 (QhK[ImJ}L i mmLTEIJRlNR7GKR1R2aR3R4R5aR6R7T)
1
" (aLSPhQS - 1152gsl”.SgaslsQPangs4a355657asgsgL> +5[I§ZiQ)
+brypo (/31K M) (3.48)

where the tensor ZfQ is not spelt out because it does not contribute to the eleven-dimensional fields.
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4 Uplift formulse

In this section we will present the uplift formulee for the eleven-dimensional metric and the
three-form potential. We use the standard Kaluza-Klein ansatz for the metric

dsiD = p_%e2<§wda:“dx” + p%GI”j(dyi + Ai)(dyj + Aj) , (4.1)
and the three-form

A= gag i (dy'+AD Ay + AT Ay + AS) A A Ay AD Ay + A7) B A (dyT AT,
(4.2)
such that 62‘;@“, is the two-dimensional metric, Al , Aj; are one-forms and Bj is a two-form
in two dimensions. The coordinates yI~ decompose into the eight coordinates 3’ on the space
homological to S® and the circle coordinate y”, with the internal metric splitting accordingly as

ijdyidyj = Gijdyidyj + detG™! (dy? + K;dy')?. (4.3)

The external coordinates z* can be fixed in the conformal gauge g., = 7. to 20 =t
and 2! = z. The components can be identified with the Eg ExFT fields using the basis
of generators in the p = 1 spectral flowed basis (2.30). As explained in section 2.2, we
write T® the generators in the p = 1 basis and T® the generators in the p = 2 spectral
flowed basis (2.28) associated to SO(9) gauged supergravity. It is convenient to gauge-fix
the additional Virasoro fields to zero to write the uplift ansatz. The exceptional field theory
scalar fields then parametrise the Eq9/K (Eg) coset representative

1l JKT o _1l,.._TIIK = T~
pl— . e 60 N T _apsiik e GO‘IJKT—I/SeKiT[)ZOﬁ*lpLOeC , (4.4)

where the components of o~ € GL(8) in the basis 'T'OJ ; are the vielbeins for the metric G;;.%!
The normalisations of the fields in this ansatz are determined in appendix C. Note that p is
independent of the parabolic decomposition of the coset and is therefore the same in all bases.
One identifies similarly the one-forms in the ansatz (4.2) with the following components of
the exceptional field theory gauge field |.A)

—~

AT = (0]T14),  Ap; = (1/3]3514), (4.5)

while the two-form in (4.2) is the first component of the exceptional field theory two-form.
Recall that the unconstrained ExFT two-form belongs to the symmetric tensor product of two
copies of R(Ag) with the representation R(2A¢) removed [33]. We therefore use the notation
IC) to express that it belongs to the tensor product. This representation decomposes as

R(A0)VR(A0) © R(2A0) D R(A7) = 911 © 1261 @ ... (4.6)

where the first component 91y 9 comes from the eleven-dimensional supergravity 3-form, the
second 1269 from the supergravity 6-form, etc. In components we have

By = 2017 @ (1/3]751C") = 201" @ (1/3[751C) + 201 | (A /3]7514),  (47)

21For example, in the symmetric gauge v = exp(ﬁij?&j), one would have G;; = exp(fz)ikékl exp(ﬁ)jl.
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where we have redefined for convenience the two-form |C’) from
IC) = 1Ca) ®[Ca) (4.8)

in [33], see appendix C for details. Following [30], one identifies the uplift ansatz in terms
of the relevant exceptional field theory matrix elements

AT 1T _1 i 17 1R _1 PR
p O M0y =e*pmsGH pT 13| MTI0) = —e* pToap GPE L (4.9)
In this equation and the ones below, we use the notation

(|49 M7 B ) = (ep (M |er??), (4.10)

for the matrix elements of the Fy group element M~! between the basis elements (h; |41

and (hy|Pr2, as defined in (2.30).
Before exposing the computations, we shall display the result in terms of the gauged
supergravity fields through the matrix components of the supergravity Eg group element M,

plz.y) = (det)Z o(x) | (4.11)

while the other metric components are determined by the conditions
pIeXGT = g2 (det §)5Y1§™ O Y Vi 0 YL (1/3)7 M EE1/3)
pICRGUK; = —g207 5 (det §) V7Y, YiegU oYy (43|77 M KL (1/3)
p 5% (detG + GIKK;) = g20 9 (det §)9 Y Y, Yy Vi, (/377 M~ KL |4/3) . (4.12)

These matrix elements without tilde are evaluated in the p = 2 flowed basis of the module (2.28)
and the conversion between the two bases is given in appendix A.3.3.
One can in particular obtain the expression of the external metric’s conformal factor

from the determinant??
9
(e /g?) (4.13)
_ 9—16 det Y[@ikakYJYKanL<1/3|IJM71 KL‘1/3> Y]éikakYJYKYL<1/3|IJM71 KL|4/3>
YIYJYKGJYL <4/3|IJM71 KL|1/3> Y]YJYKYL <4/3|IJM71 KL|4/3>

We will show below that one can rewrite the components of a;jz in terms of SL(9) tensors
a77(Y) and a5k (Y) as follows

Qgi; = &YI@jYJocU(Y) s Qi = (%YIanJakYKOC]JK(Y) . (4.14)

These only depend on the sphere coordinates through the harmonic variables Y; and are
determined by

ary(Y)Ypdi Y Y (1/3[P/ M1 BL11/3) = 9, Y Yy (0] M~ K111 /3)
org(Y)Ypdi Y Y Y (1/317T M~ KL |4/3) = 0,y Ty Y (0| ML B E|4/3) (4.15)

22Where we write the 9 by 9 matrix as Anggg .
C” D7
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and

oro(Y)0: Y10, Y/ YpYr (1/3|FO M~ KL |1/3) (4.16)
=-0,Y'0, Y YpYic (1|7, M 5L11/3) —0r s (Y)Y00, Y10, Y YpYic (4/31PC M~ KE|1/3)

orjQ (Y)é‘inan‘]YpYKYL <1/3|PQM71 KL |4/3>
=—0,Y10, Y YpYi YL (1)F, M~ KL 14/3) —ay (V) Yodi Y10,V YR Y Y1, (4/3| PO M1 KL 14/3) .

Relevant matrix elements for the two-dimensional scalar fields can be determined from the
expressions given in appendix A.3.3 and take the form

O M~ EL|1/3) = * g5 a5 my (4.17a)
(17318 M—1EL|1/3) = €27 o5 (2mK[ImJ]L—|—g72/3mea”PaKLQ) , (4.17Db)
1 | M—lKL|1/3> — o2 94 (6§b51,]+65bJ]Rs) (QmR[KmL]S+Q—§mTUaRSTaKLU>

“1‘26209g <5ﬁhRJ]aKLQmRQ—hP[ImJ]QaKLQ) (4170)
e’ PQRCLSTU< VK LW

——5 0 B EIJQRSTUVWQ

VWX KLY
48 )

+1 30 3mXYa )

and

<4/3|IJM—1 KL|1/3> _ eQaQ% (QmP[K e 4 Q—2/3mRSaPQRaKLS)

I,J
% (5((Qh )P 288€PQT1 aT1T2(IaJ)T3T4aT5T6T7>

+ §146209§6P1“_PgCLPIP2(ICLJ)P3P4aPSPGP?GPSPQQaKLRmQR . (417d)

One also needs other components such as (4/3|!/ M~1KL|4/3) which can straightforwardly
be computed from (A.37).

The one-forms (4.5) are determined similarly in terms of the gauged supergravity one-
form |A)

Ai = (0'|4)  =gY1599;v,(1/3]"|A), (4.18a)
= (0]°14) = gYiY;(4/3]1]|4), (4.18b)
Agi = (1/3]g;|4) = ~g 0,1 (0];]4), (4.18¢)
Ay = (U311 A) = g Yiedy 0,y (11151 4). (4.18d)

As usual the SO(9) Yang-Mills fields A’/ = (1/3|!7|A) appear in the Kaluza-Klein one-forms
contracted with the sphere Killing vectors. The other components of |A) do not appear in
the gauged supergravity Lagrangian, they are determined by the first order equation (3.43).
The two-forms (4.7) are given in terms of the gauged supergravity two-form |C) as

By = 2001 @ (1/3]o51C") = —2Y7 (1/3|"7 @ (0], (|C) + 2|A) A |A)) (4.19)

Bi = 2017 @ (1/3],7C") = —g*Y1Y,0Y (473" @ (0l + (1/3]* @ (1) C)
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Note that the Kaluza-Klein ansétze for the eleven-dimensional three-form and metric
depend on the fields byjx and dg hE s) that do not appear in the gauged supergravity
Lagrangian and moreover turn out to be pure gauge. Consistently, we show in appendix D
that bryx can be eliminated in eleven-dimensional supergravity using a three-form gauge
transformation of two-form parameter

AP(z,y) = %A(m)ﬁYKaiYIBjYJ(dyi + A A (dy + AT, (4.20)
while dx( hE 7) can be gauged away using the diffeomorphism
v =" — V1Y (2). (4.21)
One may therefore set them to zero.

4.1 Derivation of the uplift formulas

To derive the metric ansatz one uses the relations between the two spectral flowed basis (A.34)
and substitutes the generalised Scherk-Schwarz ansatz (3.14) to get

(1/3|%M~0)1/3) = 259 u=10 10y (1 /3|1 MR E 1 /3) (4.22a)

(4/3|0ML01/3) = 2595y 10,y 710 =10 Y g /3T N LKLY /3y (4.22b)

(4/3]°0M 10014 /83) = 2595 410,10 =10,y =10, (g /3|17 pp LKL 4 /3y (4.22¢)
I

Comparison with (4.9) and using the explicit form (3.20) of the twist matrix (ufo, u’;) gives

immediately (4.12). To understand the dependence in the embedding coordinates Y/ it is
useful to combine these matrix elements into the nine by nine matrix

Gl = vy (135 M= B /3) — YIvp Yo Yy (4/3)1P9 M1 L11/3)
—YIYpYoYie (1/3/5 M~ FR4/3) + VIV VYL YpYo(4/3|Pe M1 KL|4/3) | (4.23)

that satisfies

Yi§*0RY Y0 YL (1/3[F M~ KE|1/3) —Y14™0,Y Vi Y (1/3|17 M~ KL]4/3)
~Y1Y Y0,V (4/3|11 M~ KL|1/3) Y1Y; Y Y (4/3|18 M~ KL|4/3)

otk Y, _
_ (9 1‘2? f) G (9;75,71) - (4.24)

In this form it is manifest that G/ only depends on the sphere coordinates through the
embedding coordinates Y/, and therefore admits an expansion in spherical harmonics. The
expression of e? takes the form

e =g? det@gg*% detG—s , (4.25)
and the metric Gj;
Gij G . o1 ~—1 aiYI ~ J v J
(ng G99> — det§ 5 detG ( v | Gu(ay’.Y7). (4.26)



It is useful to introduce this inverse matrix G to exhibit the dependence of the uplift ansatz
in the embedding coordinates and their derivatives, but it may not be the best way to obtain
the explicit uplift for a given solution. We will also use it to prove that the three-form
scalar components satisfy (4.15) and (4.16).

For the three-form, (3.14), (4.9) and (A 34) give us

(0; M™199|1/3) = €29 uE u=0u=Y (0| x M H7|1/3) (4.27a)
(0], M™10014/3) = 255 4 ;u=10 4 =10 (0|, M1 |4/3) | (4.27b)
<1|ng—10k‘1/3> — 25, 2 uIiquu—IOPu—loKu—lkL<1|}3JM—1KL|1/3>, (4.27¢)
<1\?j/\/17100\4/3> = 25y Lo ju 0 pu= 10 ™10 (1 7 M1 K |4 3) (4.27d)

One combines these equations into the matrix equation
GLk GLQ
_62§p% < ijL Ik z]L o (4.28)
agjLG agyLG
—g2dety [ O 1Y IYpYo (UM @H[1/3)+ Y FYR(1|], M~ 19[4/3)) (oklalyL YL)
—0;Y7Yp((0|; M~ 1PL11/3) + Y Y, (0] ;M ~1FR|4/3))

such that one can give the solution for a;;, and ag;; in terms of the inverse matrix Gy; as

Qg 0% (4.29)
Oégjk 0
0Y10;Y I YpYq (U7, M 1M 1/3) + Y FYR(1| ;M 1 9%]4/3)) K yvK
- J 1PL L 1P Gk (8ky Y )
—0,Y Y p((0;MPE(L/3)+ Y EY o (0] M 1FQ4/3))

Computing the inverse matrix Gy is straightforward, but would be rather cumbersome, and
might not be the easiest way to get the explicit uplift ansatz. We will rather use this formula
to prove equation (4.15) and (4.16) that are a priori easier to use in practice. Note first
that (4.29) is compatible with the ansatz (4.14). Putting back this ansatz in (4.9) one obtains
sz (0P MTHE0) = —(1/3[; ;M7 0) (4.30)

We note that the right ket on both sides of this equation reads
UKI0) = @IH0), UTN0) = gdetg? (3MAYLYG VML), Yo¥s 4/3) . (431)

Using this expression one rewrites (4.30) as®

( 81‘Y]an‘JalYL(X[JLaiylanJOC]] ) <§l-”6pYRYp(é ‘PRM_l

QK |1 QS|4
® 1Y, @514y, Y,
0, Y oY oy 0 YPYR(%\PRM” ) ( 13)Y0 13)Yg S)

_ (ainanJ (GIJLYP<%|PLM_1 + GIJYLYP<%’PLM_1)

QK|lyy. QS|4yy .
® ‘7> ) ‘7> S
BjYJocJLYp%’PLM - ) ( 3¢ 3 )

( —aiYIanJYL<1|%JM71

a.YJ<0’JM71 ) ® (QK’%>YQ7 QS‘%>YQY5) s (4.32)
J

23This equation should be read such that (EZI D ® (|1/J3>, |1/J4)) = ( gzllzsi éiliizli ) .Note that one cannot
2 2[1h3) (2|4

eliminate the multiplication by the right vector on both sides of the equation because of the Hilbert space
scalar product.
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where one used the identity

0, YV oy ko vy = 0,y 61 (4.33)
to factor out the tensor product with the vector
(9%11/3)¥0, 97 14/3)YqYs) - (4.34)

Recombining these equations into the four components of a matrix gives precisely (4.15)
and (4.16). These equations are equivalent to (4.29), and therefore completely determine
o and aggj.

For the one-forms one computes from (A.34) and (3.9) that

(O1°14) = r=5esu™ 101 5 (1/37|A) = g Y77 0;Y5(1/3]17|A),
(O A) = resu™10u™10,,(4/3|17|A) = g Y75 (4/3]17|4),
(1/3Jil4) = —r~ S esul (0] A) = —g ;Y1 (0]7]4),
(1/3]5]A) = réesu10guliu” (11| A) = g Y0, Y 19,77 (15| A) . (4.35)

Note that this does not involve the degree 2/3 component of the gauge supergravity one-form
that contribute instead to the six-form potential in eleven-dimensional supergravity, with

1 —~— 1
ﬁgijklpqrs<2/3\pqm!v4> = —roe’ulu’ ju t(2/3| k| A)

= g, Y'0,Y' o, YKoy (2/3|r k1| A) . (4.36)
For the two-form one computes that
01 ® {1/3]45C") = —%r‘ge%u‘loz (1/3]" @ (0] (|C) + 2| 4) A |4)), (4.37)
0 @ (31,51 = —grie a0 (/31" @ (ol + (1/31M  (1)IC)
which gives (4.19).

4.2 Truncation to the SO(3) x SO(6) invariant sector

The solutions of SO(9) gauged supergravity are expected to be relevant to the study of the
holographic dual of the DO-brane matrix quantum mechanics [3]. It is natural to wonder
if its massive supersymmetric deformation known as the BMN matrix model [34] can also
be analysed in gauged supergravity. The latter deformation breaks SO(9) to SO(3)xSO(6).
There is a large set of vacua in the BMN matrix model that are holographically dual to
one-half BPS solutions in eleven-dimensional supergravity with a non-vanishing four-form field
strength [69, 70]. These solutions are generally too complicated to be uplifts of solutions of
SO(9) gauged supergravity, because they involve arbitrary combinations of the SO(3)xSO(6)
invariant harmonics on S®. Moreover, one can check from the supersymmetry transformations
given in [16] that the one-half BPS solutions within the SO(3)xSO(6) invariant truncation of
SO(9) gauged supergravity necessarily have a vanishing axion, and therefore uplift in eleven
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dimensions to solutions with vanishing four-form field strength.?* It is therefore very unlikely
that SO(9) gauged supergravity reproduces any BMN vacuum solutions. Nevertheless,
we will argue that this truncation is relevant for describing the BMN matrix models at
finite temperature.

The general SO(3)xSO(6) invariant ansatz for the fields of SO(9) gauged supergravity
can be written as follows

m=e 2?13 e?lg = m™® = 2?6, mab — e_¢5&l;, a®te = gabeg (4.38)

where ¢ = 1,2,3 and @ = 4 to 9. We set to zero the pure gauge fields bup., h% and hai).
One parametrises the S® embedding coordinates Y as

Ye=(Ye, Yi=4/1-C2Y8, (4.39)

in terms of the S? and S° embedding coordinates Y5* and Y and ¢ € [0,1]. One defines
accordingly the round metrics

G208 = 0av0aYs'05Ys . G5ap = 0,0aY50; Y5 (4.40)
Within this truncation, the internal metric is determined by the matrix elements
<1/3‘abM—lcd‘1/3> _ 6 Q9 ( 4¢ +o0 36 —2¢ 2)25c[a5b}
<1/3|a5M—lc¢f‘1/3> — 6 Q 9 eqb(;ac(;bd
<1/3|&BM716J‘1/3> _ 6 Q 9 672¢250[a6b]d
<4/3|abM—lcd‘4/3> _ 6 99 ( 4¢+ 0~ 36 —2¢ 2)5c(a5b)
; ; 1
<4/3|abM—lcd‘4/3> *62(7@ 5 ( ¢ + lg—§6—5¢a2)6a05bd 7
{ )

4/3)8bpf=10d|4/3) = 275 =20 5elagh)d (4.41)

while the other components appearing in (4.12) vanish. One obtains the inverse matrix
G~! as a block diagonal matrix

e2A1+f), e A

p5G179:0; = g2¢4(1 - ¢?) detgs det§562099( i 0005 + T §00:0;
+e?(1- (D02 + PAX(1 + f)aw>
(4.42)
where
A=+ (1-CHe? >0, f= w > 0. (4.43)

A

24In principle the eleven-dimensional solution could involve sixteen Killing spinors that are not all contained
within the truncation to D = 2 supergravity.
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We write ¢ = y” the coordinate of the M-theory fibre, and ¢, z the two-dimensional coordinates.

Altogether, we obtain the eleven-dimensional metric is?°

2 _ 2 2% Lo 12 2 4 N d¢® € o o 2y 2
dstip =g°e™ A(1+f)3 (—dt*+d2*) +0° (1+f) (e A17C2+(1+f)€ ds5+e?(1-¢*)dsz
_1?4 1 2 ) 2
SV (dv+CPws+(1-¢*)ws) ", (4.44)

where the Kaluza-Klein one-form (4.18b) is given in terms of the two gauge supergravity
one-forms

w3 0% = g(4/31"14),  wed™ = g(4/3]"]4). (4.45)
that satisfy
dws = —g2e2‘7@% (1% + 6e? + e*2¢g*§a2)dt Ndz,
dwg = —g2e7 05 (4e7%% 4 3e?)dt Adz. (4.46)
This uplift ansatz was already written in [11, 17] for a vanishing axion a = 0.

For a # 0, one also gets a non-zero three-form in eleven dimensions. It is determined
by the matrix elements

<0|CM_1ab|1/3> = 5abce2ggge_2¢a,
(11, M e|4/3) = £4(©6De> o5 =0 + 0F, Zi1,
) ; 1 . ;
(1|6, M—1ted|4/3) = iaabcédee%g%oe*f"z’a, (4.47)
where the unspecified tensor ng does not contribute to the three-form ansatz, while the
other components of (4.28) vanish. One obtains

_2 e1?
Qgi; = 6ach2aaz‘Y2b8jY20Q 3 <3 A(l 7_’_ f) a, Qijk = 0, (4.48)
and
d(1]5,]A) = —geQ"Q*%e*Q‘z’a cap’dt ANdz. (4.49)
The three-form expression (4.2) then reduces to
AMP = Q_%ia(dw + Cws + (1 — Pwe) + A3 | A PdQge (4.50)
A(L+1) >

with the one-form Az defined by Aszeq® = g(1]¢,|A) and satisfying
dAs = —ngQJQ_ée_%a dt ANdz. (4.51)

Let us now describe a few properties of the corresponding solutions. The topology of the
sphere S is not modified by the deformation. The coordinate singularities at ¢ — 0

dc? o206
e a+n

ZHere d33 = §asdy“dy® denotes the sphere round metric and d2 the round metric on S°.

e ?A C2dsd + e?(1 — ¢?)d32 ~ e722(d¢C? + ¢2d83) + e?dsE, (4.52)
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and ¢ — 1

_on dC? —2¢ . ] 2 0
AT E T (f+ 70 045+ ef (1= C)dEg ~ e ((d 1—c2) +<1—¢2>dsg>

e 2%

+ ds, (4.53)
(1 + e—6¢g_%a2) ?

can indeed be removed by a change of variables for all finite values of the fields ¢ and
a. In particular the internal space parametrised by the segment ¢ € [0,1] and the two
spheres is a squashed S®.

The Killing vector field 9; is light-like in the one-half BPS purely gravitational pp-waves
in eleven dimensions [11], however, it is never light-like for a non-trivial axion profile. The
norm squared of J; is indeed proportional to

g2 A (1+ f) — 079 (CCwss + (1 — Pwes)?, (4.54)

which never vanishes for a # 0.

Let us now compare the SO(3)xSO(6) truncation ansatz derived in this section to
the SO(3)xSO(6) invariant ansatz in eleven dimensions considered in [35]. To do so we
introduce the inverse radius holographic coordinate z(z), that is related to the conformal
gauge coordinate z as

0x(z) _1- z(2)7 . 455
0z 2(2)2 (4.55)

The coordinates we use here are related to the one used by CGPS in [35] as follows

t = Nceps » ¢ = Tegpsy/2 — (HTCGPS)2 ) Y = —Ceaps — Neaps 5 T = Yoaps - (456)

For simplicity we set g = 1. Following the ansatz considered in [35], one writes

11—z g
= —Lh(x), o=x3ha(x), (4.57)
T

for the functions hy(z), ha(z), a(z) and ¢(z) that are analytic at x = 0. For a = ¢ = 0 and
hi = ha = 1, one gets back the black hole solution [71, 72], which was shown to be a solution
of SO(9) gauged supergravity in [17]. This solution interpolates between the one-half BPS
pp-wave solution [7] at « = 0 and the near horizon of a ten-dimensional Schwarzschild black
hole solution times a circle at x = 1. It is therefore interpreted as the holographic dual of the
BFSS matrix quantum mechanics at finite temperature [4, 35, 72]. Here we use dimensionless
coordinates as in [35], such that the radius of the M-theory circle and the mass of the black
hole are reabsorbed in the rescalings %?(x) — £2¢27 (roz), o(z) — E%Q(Tox).

According to [35], one can consider the high temperature limit of the BMN matrix
model by including a perturbation associated to the non-normalisable mode of the three-form
potential. Within gauged supergravity, one can consider the linearised solutions for the axion
and the dilaton expressed in terms of hypergeometric functions oF}

3.
a(z) = —Z<M~”L’2F1(%a 3 327) +aa® o F1(3, 8 %5$7)> +0(a),

¢(x) = Ba? o1 (2, 2; 3;27) + 4a” o1 (3, 3 5 2T) + O(2h) (4.58)
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where the neglected orders are needed to solve the non-linear equations and are indicated
in the limit x — 0. They can be solved perturbatively in z near the asymptotic boundary
at z = 0, and perturbatively in (1 — z)log(1 — x) and 1 — = near the black hole horizon at
x = 1. Here the parameters i and § are associated to the non-normalisable modes, while

a and «y are associated to normalisable modes (in D = 2) that must be determined by the

ey’
27T

BMN deformation, where p is the BMN mass parameter and 7" the temperature [35]. The

regularity of the solution at the horizon. It is the parameter i = that triggers the
corresponding system we obtain from SO(9) gauged supergravity is a truncation of the ansatz
considered in [35] to the lowest harmonics on the sphere S8, and on which one imposes the
gauge ¢iip(J¢, 0z) = 0 using a reparametrisation = z(2/, ().

Solving this system perturbatively in small x one obtains the expansion

1—a7 1482, 1152 982 , 3p?
2620: x,? (1— 1§ 3:4—12501'5—#0(366)) ) sz_% (1_1831'4—1&)'%5—’—0(1‘6) ;

24 2
245 M) a:5+(’)(366)> , ¢:Bx2+6—x4+’yx5+(’)(m6),

13

3
a=-—7 <ﬂx+a$3+(3a5— 5

(4.59)
such that

x3 2

The leading term of AP proportional to fi reproduces the asymptotic expansion of the

) ann
Y —— <g + 3la = 387) + 0(#)) dt A¢3dQge — Zﬂx4(1+(9(:v2))dw/\(3d(252 . (4.60)

non-normalisable mode that triggers the BMN deformation. However, one can check that
the uplifted solution does not include all the harmonics in ¢ that appear in the numerical
solution [35] and therefore, we cannot reproduce the latter from SO(9) gauged supergravity.
It would be very interesting to investigate whether a regular solution exists within the
consistent truncation.

SO(9) gauged maximal supergravity captures important features of the BFSS matrix
model both at zero and finite temperature [11, 17] and we have argued that it can also be
relevant in describing the BMN model at finite temperature. An interesting application in
this direction would be to study axionic perturbations of the so-called rotating DO brane
solutions [17, 71], along the lines of the discussion above. More generally, having access to the
full SO(9) theory and its uplift opens up the possibility of studying many other deformations
of the BFSS model with different symmetry breaking patterns.
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A Algebras and decompositions

In this appendix, we collect more details on several decompositions of eg, ¢g and their
representations that are used in the main body of the paper.

A.1 The glg branching of eg and eg

The graded decomposition of eg under its glg subalgebra associated with nodes 1,...,7 of
figure 1 was given in (2.1) along with a convention of the generators and their transformation
under glg in (2.3).

In order to complete this description to eg, we begin by giving the normalisations of
all the generators

(5| ) = 58 - fm :
<T“m3 Ji JzJ3> - '5;13223‘37
<T” Tk£> =265,
(T'|1;) = 5. (A1)

The induced bilinear form is the Cartan-Killing form on ¢g and invariant under the
commutation relations (2.4) and?®

|:Ti1i2i3,Ti4i5i6:| — lgil...’iﬁkakZ7 |:Ti1i2i3’Tj1j2:| — _1€i1i2i3j1j2k1k2k3Tk1k2k3 ,
{Ti1i2i37lej2} = 65J[211JZ22T13] [Tili2i37 } =3 5{11 i9i3]
[TT]] =T+ 6T, [T”,TM} — 45[[k Tﬂg] —250T",,
(T35, Tk) = Tijk (A.2)

In particular, we note 7% = & [T, T} ;.

As explained in section 2.1, the generators T%;, T* and T_; form an sly algebra whose
generators are denoted by T7; and commutation relation given in (2.6). The eg Killing
form restricted to this sly is

1
(T15|T* 1) = 6105 — §050F - (A.3)
The branching of eg under sly is (see (2.7))
248 =84 © 80 @ 84 (A.4)

where the 84 generators T'/K = TU/K] are made out of T%* and T and similarly for the
downstairs indices and the induced normalisation is

(T K| Tppn) = 31610 » (A.5)

26The numerical ¢'** € {—1,0,1} commutes with 7%;.
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while the eg commutation relations become

_ 355K1TK2K3]I B }5§TK1K2K3 ’

) 3
700, T oy | = =38, They ey + %5§TK1 KoK
(T8 1y, g = 1800 T, (A.6)
{T111213,TI4I516} _ _égll...IgThIS]g ’
(Th105: Try1516]) = %611...19TI718[9 :

Note that (2.7) is not a graded decomposition of eg as exemplified by the last two com-
mutators above.
The glg basis of eg can be extended to the loop algebra eg of eg as

Toiv T Taie, Tnj, TP, Tay, T, (A7)
with n € Z corresponding to the loop number.
The central element K occurs in the central extension of the loop commutators:
(T, TP | = PP o TS+ mn*Po K, (A.8)

where fAB4 are the eg structure constants and % the Killing form. For example, we have

A.2 Basic representation

The dual of the basic representation R(Ag)—1, in which derivatives take their values, is
written in terms of bra vectors as in (2.22) with eg decomposition given in (2.24). Using the
glg C eg subalgebra defined in (2.3), this can be further decomposed under glg according
to the following doubly graded decomposition

R(Ao) 1 =10 @ (8" @ 28" @56 @ (gl)" @ 56/ © 28" © 87) ®
(A.10)

The superscripts denote the gl; C gly weights whereas the subscripts are the affine levels
(in eg) with respect to Lg. For example, the 8{" corresponds to the state (0|T7;. We also
note the decomposition

3875 =8V 70 @ (282 8) V@ (56 83 36) " @ (T0® 8 ©168) Y
¢ (7200 2x63 0 1)” @ (T02 83 168)"7 . .. (A.11)
of the next eg representation under glg which enters at affine level two in (2.24). Some of
the representations were written reducibly as tensor products for conciseness. The following

mixed tensors appear: 168 = R(A;+A2) and 720 = R(A2+Xg), where the weights refer to
slg and 8 = R(A7) in these conventions.
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The module R(Ag)_1 is irreducible and therefore there are null vectors that are generated
when acting with the loop generators on the groundstate (0], i.e., not all states

O TT T (A.12)

are non-vanishing, where n; > 0 since the groundstate is eg invariant, and A; denotes an
adjoint eg index. As we shall make use of some them, we work out a few examples of such
null states in the further gly decomposition.

At Lg-level two, we could write the vector

o/l . (A.13)

By construction this would have to be part of the 27000 in the symmetric tensor product
of two eg adjoints. However, by inspecting (2.24), we know the generic symmetric 27000 of
¢g is absent at level two. Therefore, the above vector has to be a null vector in the Verma
module, i.e., it vanishes in the irreducible module R(Ag)_1

This can be checked by direct computation by using (2.12) and the glg invariance of
the ground state:

O T 1 = (0] (4T + 113, + oy T 1, + o))
= (0] (o5 — o) — o1 + o)
=0. (A.14)

Since the generic anti-symmetric 30380 is also absent (and since [T}, 7] = 0 by glg grading),
one actually has the null vector

0|71 =0 (A.15)

without any specific symmetry assumptions.
This null state has as a descendant

o1y = SO L (A.16)
since again [T}, TJ] = 0. Therefore in the module R(Ag)_; the following relation holds
OIT{T = (0|77 (A17)

which thus automatically projects to the anti-symmetric rank-two representation of glg at
Ly eigenvalue three.
A.3 Branching of the basic module under spectrally flowed slg

In section 2.1.2 we have introduced spectrally flowed slg subalgebras of ¢g for any p € Z.
The case p = 0 corresponds to the sly C eg with generators 77 ; that appear in (2.6). For
any p € Z, we have defined the flowed sly in (2.8). We also record here that the shifted
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bilinear form 71_j g introduced in (2.20) takes the following form in the basis where the
slg was flowed by p € Z units

1
NokapTO@ TP = <TmI—kJ T 1+ ngrz]ﬁ_p/a DT ip/31IK
me”Z

1
+ ET_m+p/3]JK ® T{rtL]Ii:p/?)) - L_k ® K — K ® L_k . (A18)

In the following we work out some details of the decomposition of the basic module

R(Ag)—1 under the various flowed sly subalgebras of eg. A summary of the results was
given in section 2.2.

A.3.1 Spectral flow by p = 1 unit

The case p = 1 corresponds to the D = 11 gravity line and we recall from section 2.1.3 that
we use the convention to denote generators in the p = 1 with a tilde. The corresponding
fundamental indices are written as I = (,9), where, contrary to the p = 2 flow, we denote
the index extending the glg by 9 rather than O.

The lowest eigenvalue of [0 = Lo+ T (f ¢+ %K is [0 = % and it is realised by the states

1 1~ = < ~.

(0 = SOITET 11 = SOTheThe and (O[T} = (O[T} (A.19)
in the module R(Agp)_;. We have written the states in several forms to emphasise that
we can identity among these lowest Ly states an slg representation 9 of the p = 1 flowed
slg that we write as

(o with (0] =1(0], (0] =—(0|T%. (A.20)

Under the p = 1 flowed sly this transforms as

0)'TY = = —0L(0]” + =6L(0|", (A.21)
where the extra term is required by the tracelessness of slg and the minus sign in (A.20)
is related to the minus sign in the sly action.

The physical interpretation of this 9 is that the corresponding nine derivatives are those
of the coordinates of the M-theory solution of the section constraint that completes the two
external coordinates to D = 11 dimensions.

The next possible [0 eigenvalue is % and is obtained by the action with 'T'l /31 O the 9:

1~ ~n
(1/3]77 = 201" Ty g 1k - (A.22)

Plugging in the definition of 'T'l J3ITR from (2.13) we find for example explicitly

—~

1 1
(1/3]i = = (01Ths; — = (01T Toiji

—_~

1
(1/3[ig = §<O\T1]€T1ik- (A.23)
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One can continue the construction of the module R(Ag)_; along these lines and ends
up with the following decomposition

R(Ag)-1 =91 D367 12610 @ (99 315)13 ® (36 ®45 B 720)16 D ... . (A.24)
9 9 9 9 9
Some specific basis elements of this decomposition are defined as
— 1~~~ e e SR
(/3175 = 201" Ty i » (2/31"75E = (0" Ty 5"
~ == ~ = = &~ > —_— 1/—\—/ ~ 7
(UF =0Tz — $567%01"T1z, (4/3l75 = §<1/3|R(fT{<j) ) (A.25)

where we have labelled the state by the [0 weight relative to that of the lowest 9. Note that,
due to the irreducibility of the module, some symmetries are implied for the left—hiri(i sides
that are not manifest on the corresponding right-hand sides. For instance, the state (2/ 3]f JKL
is completely anti-symmetric in its four indices and belongs to the 126 representation. The
naive (3,1) mixed symmetry term on the right-hand side of its definition is a null state.
Similarly, the state <N1]£~{j is anti-symmetric in I.J and contains a trace and thus represents
reducibly the two components 9@ 315 at Lo level %. For Ly level %6 we have only written out

the definition of the component in the 45 since this is the only one that appears in our analysis.

A.3.2 Spectral flow by p = 2 units

The generators and indices for the spectral flow by p = 2 are the prevalent ones in the paper
and therefore written without tilde. The lowest Lo = Lg + 2 T(f ¢+ 19—6K eigenvalue that can

be obtained is again Ly = % and arises for the states

<0|T1jT1ij = <0|T];10T71/3ij0 and <0|T1jT1ijT2j = <0|T];10T71/3¢j0T60 (A.26)

that together form a 9 under the p = 2 flowed slg. We have written the states both in the
standard glg basis of eg and in terms of the flowed affine generators from section 2.1.2. We
will write the corresponding ground state as

. . 1 . .
<0‘[ with <O‘z = <0‘T1]T1ij, <0|0 = §<0‘T1]T1ijT2Z (A.27)

that transforms under the flowed slg as
1
9

where the extra term is due to the tracelessness of Tg K-

(01T = 07 (Ol — 5% (0l (A.28)

The next Ly eigenvalue that arises is Lg = % which occurs for the states
O|T; = (0T, and (0|TiT§ = (0| T 1 Tho- (A.29)

Due to the structure of the module R(Ag)—1 we know (see (A.17)) that the second state is
automatically anti-symmetric in [ij] and therefore these two states together form a 36 of
the flowed slg. We write it and subsequent states as

1
(131 = §<0|KT{7§(a (2/3[17xL = Ol T2y3 7KL »

1 J
A7 = (Ol TF s — 505 01LTTr (/3" = §(1/3|K(IT1)K- (A.30)

— 43 —



Note that (1]5{, is anti-symmetric in IJ even though this is not manifest on the right-hand
side of its definition. This formula is similar to (A.25) and corresponds to the branching

R(Ap)-1 =91 ® 367 ©12610 ® (9® 315)13 D (36 D45 D 720)16 © ... (A.31)
9

4 10
9 9

It is also useful to write out some consequences of the irreducibility of the module in
this basis, i.e., the structure of the null vectors. We have

(O TI/ = 367 (17877,
Ol Tos3 5L = Ol T2/3sK1) 5 (A.32)
<0|KT{%LT2/3 Ling ©1 = —4200111, T1 7, O g1 »

where in the last relation ©;; = © ;) is any symmetric sly tensor (in the 45).
Moreover, since the 3669 in (A.31) is multiplicity-free, one can show that

/3Tl = 51/3)" L, (A.33)
by relating the two ways of reaching this representation.

A.3.3 Relation between the two bases and matrix elements

The basis elements in the two decompositions (A.25) and (A.30) are related by

0° = (4/3%°, (0] = (1/3]",
(1/3]i0 = (0l; (1/3]i5 = (1%,
7o Jalij L iikipgrs i ij
(/378 = 57 M 2 Blpgrs (g = a3,
(1)1 = 2(4/3. (A.34)

This can be verified by following through the definitions of all objects.

For the uplift formulae we also require the dressing by V' of the basis states (A.30) in
the p = 2 flowed basis of the basic representation. Here, V' is the Eg element given in (2.39)
and the dressing results in

4
O]V = e 05v (0]

(1/3[1V 1 = e70 (v M av g (1/348 + 0730l TEVA (0l ) (A.35)
as well as
1
<1|§(JV71 = 609% <VAIVBJV1KC<1|/§B— 597§GKPQVAIVB Ve pvP @ (2/3|aBcD (A.36)
+a—%(6§buqz+6{§bﬂp@>(v—“’A g(1/3/*8 4070 2RV (0] )
1

KL{Ly L3lLsLs ,—1L —1L AB
— 50tk b gbababey 1y g (1)

1
+Q71 (25 hL]] 2h [15J] 8[JP1 P7aKP1P2aP3P4P5aP6P7L>VAL<0|A)
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and

16 _ _ _ — _
<4/3|IJV_ — Qg <V IIAV 1JB<4/3|AB_Q lh(IKV lJ)AV IKB<1/3|AB

1 _ _

50 V3 GKEI,=17) 4B € (1A + 0~ Y3aK T T A 1 (0]
1

_89—2/3 KL(I J)PQVAKVBLVCPV Q<2/3‘ABCD

b LK KT DEaKa KsKoKr o oo =1R =18 (1 /3]AB
288

_ 11152 Q-4/3CLK1K2(IaJ)K3K4aK5K6K7aK8K9LEK1MKQVAL<0’A> . (A37)

where use of (A.32) was made repeatedly. The (flattened) basis vectors are normalised
such that

(2/3|asco™ M |2/3) = 24 5EER | m&?mzwavwﬂwt
(4/31"°col4/3) = 5(dp). (A.38)

A.4 Inequivalent flows

Using the decomposition of the basic representation, we can discuss conjugacy of the various
flowed algebras that were defined in section 2.1.2. As one of the main points will be comparing
different units of flow p, we decorate the Virasoro generator by a label that keeps track of
this and so write L[()p ) and similarly for the other flowed generators T in this section only.

In the case p = 0 mod 3, the algebra that commutes with Lgm is again gl; @ gl; @ esg,
composed of

K, L, TOL. TPUE T (A.39)

Starting from the original vacuum of the basic module (0|, one can built a state of eigenvalue
0 with respect to LS” for p = 3 as

(O = OIT{T3 15 (A.40)
This state is in the highest weight representation of the 1472504 of Eg in (2.24), and is
therefore annihilated by all generators
g 1 , ,
T n3i, T o, T_p—1ijk T )i+ §5n,o5}K, " To nij, T3 s
(A.41)

for n > 0 and defines a vacuum state vector for the Lg’) decomposition of the basic module. One
can construct the vacuum states of all L<p ) for p = 0 mod 3 using the same procedure, because

L(p+3) L(p) +3T(p)z —|—4K (A42)

for any p and one can therefore obtain the spectral flowed subalgebra at p + 3 from the
one at p. Writing the vacuum (0|4 of the basic module of eigenvalue 0 with respect to Lg’ )
for p = 3¢, one obtains by construction that

1080l T* ® (0] TP =0, (A.43)
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and therefore that (0[(4) is in the Eg orbit of (0] for an element g of the small Kac-Moody
group [73]. The stabiliser of (0|, determines the parabolic subgroup of Levi component
GL(1) x GL(1) x Eg and all the spectrally flowed eg subalgebras for p = 0 mod 3 are therefore
conjugate to each other in Eg.

The same argument can be applied to case p = 1,2 mod 3 using the level 3 module of
weight Ag in the labelling of figure 1. Then one can further check that the cases p = 1 and
p = —1 are conjugate using that Tf)mi is conjugate to —Tf)”)ii in Eg.

Therefore there are only two conjugacy classes, for p = 0 mod 3 and p = +1 mod 3.
The cases p = 1 and p = 2 play a prominent role in our paper and they are related by an
Eg transformation (from the small Kac-Moody group).

A.5 Reproducing physical Lagrangians

We give some details on the manipulations of (2.51) that lead to the kinetic term for the
Eg/(Spin(16)/Zs2) nonlinear sigma model. We begin by noticing that we can rewrite (2.51)
by isolating P™ for even or odd values of m (also taking into account hermiticity). We do so
but then add up half of each such rewriting, thus finding (we hide an overall factor of 2p)

> |n| PP = (A.44)
nez

_ 1 1 p0 1 2n+1 2n—1 —2n 1 —2n —2n—2 2n+1

= PP +2Z(P p-hp 22(1) P )P

n>1 n>0

10 01 1 OO1 2n+1 2n—1 —2 1 —2 —2n—2\ p2n+1
= =g PPl o (PT—«P)P +§Z(P" —pThpTI N (pAr_pTAnT) pn

n>1 n>0
In these and the following expressions we have hidden n? as well as the Eg indices on the
currents, as they do not play any role in the computation. We remind the reader that these
currents are spacetime one-forms and a wedge product is understood. We now use twice a trick
similar to what we did in the dilaton/central sector. In the first series, we add and subtract
*P~2" inside the parenthesis. In the second series, we add and subtract *P?"*! to find

1 0 0 1 2n+1 —2 -2 1 2n—1 —2 —2
=—5P'xP +§Z(P” —*x PP N (PP pTi P (A.45)

n>0 n>1

_1 Z (P—Qn_*P2n+1)P2n+1 _}_1 Z (P—Qn—2 _*P2n+1)P2n+1
2750 2750

In the second line, we add Hodge duals as done in the dilaton/central sector:

1 1 1
— —§PO*PO—{—§ Z(PZn—i-l _*P—Zn)P—Zn_ 5 Z(PZn—l _*P—Qn)P—2n
n>0 n>1
1 1
. Z (P2n+1 7*P—2n)*P2n+1 + 5 Z (P2n+1 7*P—2n—2)*P2n+1
n>0 n>0
1
= —§P0*P0 (A.46)
+% Z (P2n+1 _*P72n)(P72n _*P2n+1) . % Z (P2n+1 _*P72n72)(P72n72 _*P2n+1) ,
n>0 n>0

so that the first term gives the physical kinetic term as in (2.52).
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Let us now look at the axion sector in the SL(9) duality frame and reproduce (2.59).
We start with the cocycle
2\ 1 o 2\ 1
—2p Z Kn_3> anfz/sABcPAgC1/3Jr <n+3> GQZE??’P"E)/?’ABC} (A.47)
and in what follows, for brevity, we will hide the ABC indices of the local SO(9)x. From
each term we extract the only term where both coefficients are along the negative modes
and write the rest in terms of n>1:

1 1 1 1 1
AAdA7)=— _1/3P_2/3_ — < — > n—1/3P—n—2/3 - ( ) —n—1/3Pn—2/3
(A47)=50Q 397; n—3)Q +3an::1 n+3)Q

+§QQ_2/3P_1/3_§QZ (n_3> Qn—2/3p—n—1/3+§g 3 (n+3) Q-"—2/3pn—1/3
n=1 n=1

1

1
-1/30-2/3 _ —-1/3—n—4/3—n —2/3—n —5/3—n
2500710 = Q;:O: © Q 0 Q ) (A.48)

Now we want to reproduce squares of (2.58b) and (2.58¢) in the series above. To do so we
follow the same procedure as for the Eg case, but separately for the parts with weights shifted

by —1/3 and —2/3, respectively. To do so, let us define X™ to correspond to either Q- 1/3+n
or Q2/3t"_ Then, in both cases the relevant term in the series above becomes
oo
Yo xrxnt (A.49)
n=0

1 1 1 &
— —*X_IXO - X—27’L+1 _ X—2n—1 X—2’n, - X—Qn _ X—Qn—Q X_2n_1 )

This is identical to (minus) the second line of (A.44) if we rewrite that expression in terms of
Q (and rename Q to X). Of course, the objects we are dealing with here sit in the 84 and 84
of SL(9) rather than the 248 of Eg, but this plays no role in the manipulations we are carrying
out. Twisted self-duality applies to X here as it does to ) there. We thus reuse the end result:

1
_ 5Xo + X0 (A.50)
1
o 5 Z(X—Qn—l o *X—2n)(X—2n . *X—2n—1)
n>0
n % SO (XL g X 22y~ Ly,
n>0

Mapping back X" to Q~1/3+7 or Q=2/3+" and hiding the squares of self-duality for brevity,
we have

L ime-23 L o8 013 1 o3 o—2/3
(AAT)= 18@9 Q 24@9 *) 24@(2 *€) +...

1 1 1
EETTA LA U T U Ve T (Ve U [ U U
_ 1178QQ_1/39—2/37%99—1/3*9—1/3+__, (A.51)

reproducing the physical Lagrangian (2.59) once the indices are reinstated.
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B Details on the Weitzenbock connection

In order to work out the Weitzenbdck connection (3.11) and the embedding tensor components
for the ansatz

Ut = plogsky—1 (B.1)
we first note that the SL(9) matrix u acts on tensor generators written in components as
uT ju ™ = u a7 (B.2)

and similarly for other tensors.
With the ansatz (B.1) and the solution (3.15) to the section constraint, we then get the
trombone component of the embedding tensor to be of the simple form

(W) = —r rouUt = —r1o (r%esu*”Ku*UL) (1/3)%. (B.3)
For the standard embedding tensor we work out the Maurer-Cartan derivative
HUU = —9ul gu TS, — dis K —r7Lair L. (B.4)
The expression (3.17) in the body of the paper is then computed as follows
0| = r_%esu_loKu_”LaiuSpu_lPR<1/3|KLT¥S
+ T_%esu_lOKu_liLﬁir(1/3|KLL1 — (W]

‘ 2
= Betu O 9 pu ! Py (<1/3H“Tf]s - 7<1/3|Q[KT5@55]>

+ %riges(u*wK@iu*”pL - u*”K(‘)Z-u*wR)(l/3|P(KTﬁg
+ %T_%esu_l[OK@U_U]R<1/3|KRL1 + T_%esu_lOKU_ML@-T(l/S\KLLl — (W
= Setu 0 u i S put ((1/3| <1/3|Q[KT 5R]>
+ é'r_%es (u_loK&-u_“L —u Vg u 0 — W o O0%ut ) (1/3| )
+ %7’_16/96581- (r14/9u_10Ku_“L) (1/3|KEL,, (B.5)

where we used (2.19) and the transformation
I 2
(131178, = 20 (1731 + Sof (1731 (B.6)

We have also specialised (wt| = W5(4/3|% and the terms in T, were rewritten using the
decomposition into irreducible SL(9) representations

(1/31%F T

PR 11
= [IFETH - G+ 2l AT - GoB T + TR
2079
KL—R 2,1 PIK—L (R P(L P(KR
+{<:1a|[ Tlg_§<%‘ [ T1P55’} 8 {5K< | (Tll)D 5 (3 ( T133L5
P[L R KL
+ g [SEITETI, - ab (3P i AT (B.7)
36
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where the subscripts are written to highlight the irreducible representations associated to
each projection. The module 2079 = R(A1+X2+)\s) is absent in the basic module due to

45$ 360720 =450 9I® 84, (B.8)

and (2.27), and therefore does not appear in (B.5). For the 36 we have used (A.33) when
simplifying (0|, together with the fact that detu = 1.

C Exceptional field theory conventions in eleven dimensions

In order to fix the sign conventions for the exceptional field theory formulation of eleven
dimensional supergravity, it is useful to compute the four-form field strength. Using the Kaluza-
Klein ansatz (4.2) for the three-form potential, one obtains for the four-form field strength

P = O frrn(dy” + O17140) A dy” + {01714)) A (@ + 01 1.4)) A (dy” + (01714)
+ LD n @y + Q114D A (dy” + (01714)) A (g + 0[5 |.4))

+ = (Frp + e F) A (dy + (0]714)) A (dy” + (07 ]A)) (C.1)

N —

where
fiikE = 491k
Doyjjg = dajji — 40[H A0 a5 — 30 ((01F1 Az z) — 30173 55 4)

Fry = d{1/3]3714) — 301 |4) A 7(1/3] 551 4) + 20,7 (0% |4) A {1/3] 5 4))

+43[f@KIC>@§!J]k!C>
Fr=a{o]"4) - (0 |4)95(0]"[A) (C.2)

The matching of the Kaluza-Klein ansatz with the exceptional field theory parametrisation is
fixed such that the covariant derivative and the field strengths are compatible. One computes

using (4.4) that the covariant derivative in exceptional field theory gives?’

1i&lA)

- (C.3)
Note in particular that this determines the sign of ajz in (4.4) for a fixed sign of (1/3|;7].A).
The two-form ansatz is justified by checking that it matches the exceptional contribution

—~ — ~ 1 — —
Dajjg=datsg— (01" A) 0z atsx +30501 Ty (7l A) ez — §3L<0\L|A>afjk—3i<0|LT

1
3

2TUsing DV = dV — (0|7|A)07V — 10 0]/ T*0:| A)VT? + hV, where h is the local K (es) compensating trans-

formation.
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in the field strength
Fry = /315 (dlA) = 2O 1A | A) + Snap 0K T 0 | A)T?|.A) + 5017 9] A)|A)
NapOc (01K TICYTPIC) + 10 (01K T2|C) TP Cyp ) + 20017 1C1) Cy )
+ 0105015 T|CH)T7|C ) )
= d(1/3]7514) — 3001 |4) A 7 (1/3] 51| A) + 20,701 |4) A (1/3] 5|4)
+ 07 (401 10) (1731 5y 1C) + (01F | A4){1/3] 5 14) ) (C.4)

and

FL= (01" (dlA) = 501X |40z | A) + 3nap (01 T0 | AT?|A) + F{0]F 0] A)|.A)
O (01K T(CYTPIC) + 10 (01K T2 TP Cyp ) + 20017 1C1) Cy )
+n-1as (015 T|CH)T7|CS ) )
= d(0[].4) — (0]|4)05 (07 |4) . (C.5)

Note that there is here a redefinition of the 2-form.

D Gauge invariance and uplift formulae

In order to understand the dependence of the uplift ansatz on the pure gauge fields by
and dg( ThE J7), it is useful to consider the corresponding gauge transformations in eleven-
dimensional supergravity and gauged supergravity. For this purpose let us recall the gauge
transformation in gauged supergravity

8]A) = d|A) + 7-1a(O TN TP|A) + n_105(0| T* @ TP ), (D.1)
1 1
31CY =1 1ap0| TN (1 TP+ TP @ 1)|C) + idm ® A|A) — 5yA> ® Ad|\)

1 1
+dZ) = 5n-1a514) @ MOIT* @ T7S) + on-1a5(0| T © T7S) @ Al4),

where both the two-form |C) and one-form gauge parameter |X) are in the symmetric
tensor product of two copies of the basic module. One can redefine |X}) such that the gauge
transformation of the gauge field becomes a covariant derivative, but both forms will be
useful in this section.

The following gauge transformation of the three-form in eleven dimensions

SAMP = (g)\ﬁYK&-Ylan‘](dyi + A A (dyf 4+ A ))
- %5L[K)\§J] 819,V 9, K (dy' + A') A (dy? + A) A (dy + AF)
+ %YK@YIGJ-YJD)\E, A (dy + AT) A (dy? + A7)
— 2K (/31 L FYYR YL, YT A (dyt + AY) (D.2)
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with
DAL = dXf — g0pq(1/3|5F| A)AG, + 280 p1(1/3]79) A) M, |
(1/3["|F) = (1/3["|dA) + gdrer(1/3]"A) A (1/3]7F]4), (D-3)
is equivalent to the gauged supergravity gauge transformation defined as a covariant derivative
Sbrir = =30 LA\
S(U51A) = dAS; — ©pg(1/3" | AN, + 20, (1/3]79 | A) N} (D.4)
of parameter
Ay = (1IN (D.5)

Note moreover that the four-form field strength in eleven dimensions only depends on the
field byjx through its covariant derivative and the linear combination

A)|F) — by (1/3[5LF) (D.6)

for which the right-hand side of (3.44d) and (3.44a) does not depend on the field bk,
as one sees in (3.48).

We find therefore that b;jx can consistently be gauged away both in eleven-dimensional
supergravity and gauged supergravity.

One similarly exhibits that A!; only appears non-trivially in the gauged supergravity
Lagrangian through it antisymmetric component © g 1hE 7], while its symmetric component
is pure gauge. To see this, note that one can use a diffeomorphism along the circle coordinate

¢ =y —gV1YsE (a) (D.7)

for a symmetric tensor £/ function of the external coordinates. This diffeomorphism only
affects the fibre one-form as

dy® + A° + K;(dy' + AY) = dy® + gViYy(4/3|7|A) + K (dy' + gY7§"0;Y,(1/3]7|A))
— dy? 4 gV1Yy((4/3|17]A) — de? — 2g05cr (1735 A)e )
+ (Ki — 2gY70;Y;€M) (dy' + gYr g0,V (1/3|5F|A)) . (D.8)

Using the metric ansatz one obtains

p TG (K;—2gY10;Y,€"Y)
= —g207 9 (et §)5Y7Y Y G0,V ((4/3|1 M EE(1/3) +2g0poe P (1/3| )9 M~ KE|1/3))
such that this diffeomorphism is equivalent to the gauge transformation

6(4/3|"7|A) = de™ + 26 (1/3K V| A)eNE,

2
5hIJ = 2g(5JK§IK — §g5§(5KL€KL . (D.9)
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In gauge supergravity one can identify
&M = (4/3]")A) . (D.10)

The trace component is not relevant to this discussion, therefore we assume 077607 = 0
to simplify expressions. One then obtains from (D.1) the gauge transformation of the
following fields as

ohl; =20 e
5(4/3["7|A) = A" + 20 (1/3[K U] A)eNE
S(1 {51 A) = =401 (0] | A)E"E + 4610 1p(0]o|A)E7C . (D.11)

With this transformation of h!;, one checks that

5(4/3[M ML EL1/3) = —20poePU(1/3)79 ML KL|1/3) (D.12)
S(U M~ EH1/3) = —46P2O g (0] M~ KF(1/3) 4 4610 o€ @7 (0l rM 1 HE(1/3)

such that the three-form component transforms under the associated diffeomorphism
0Ai; = 4g€"I Y10, Y Aoy, Saije = 6g€" Y10 Yiag, (D.13)

using (4.15) and (4.16).
Let us finally note that this gauge transformation acts on the field strength

5(4/3|"|F) = 2051 (1/3|K V| F)eN* (D.14)

consistently with the property that the derivative of the potential in the right-hand side
of (3.44b) is not gauge invariant, but transforms as

avasugra
0e1J

so that (3.44b) transforms into the Yang-Mills equation (3.44a).
This completes the proof of equivalence between the diffeomorphism (D.7) and the gauged

J

= 20k (1/3/KU M1 9V E (D.15)

supergravity gauged transformation of parameter £//. One can therefore gauge fix © K( hE 7)
to any convenient value in the equations of motion to determine the eleven-dimensional fields.

E Embedding tensors with uplift

It would be highly desirable to be able to classify the most general consistent truncations of
ten- and eleven-dimensional maximal supergravity to gauged maximal supergravity in two
dimensions. We may assume that all such truncations are necessarily generalised Scherk-
Schwarz reductions, as seems plausible from the requirement that maximal supersymmetry
must be preserved, see for instance [29, 74]. Then, the problem can be roughly divided
into two objectives: to classify all inequivalent embedding tensors of the two-dimensional
theory admitting a gSS uplift and to explicitly identify the internal space and twist matrix
for each case.
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These are however extremely difficult tasks in general, that have not yet been completed
for truncations to D > 3 maximal supergravities. Significant progress has been made in
recent years for E,, ExFTs with n < 7 [46, 75-78]. Necessary and sufficient constraints
for an embedding tensor to admit an uplift have been identified [46, 76-78], and a general
construction procedure for the twist matrix — assuming such constraints are satisfied — was
determined [46]. The classification of solutions of such constraints, up to duality orbits, is
at the time of this writing an unsolved problem. Duality covariant, necessary conditions
for the existence of an uplift of a D = 3 gauged maximal supergravity have recently been
presented in [79] and analogous set of necessary conditions for D = 2 is presented in the
companion paper [19] (see equations (3.71), (3.72) there).

In this appendix we take a complementary point of view. We impose that the embedding
tensor must originate from a twist matrix satisfying the section constraint. By fixing a
solution of the section constraint, we then find which entries within the embedding tensor
can actually be generated by projecting a putative Weitzenbock connection through (3.12).
A similar approach was recently taken in [80] for D > 4 supergravities. We will show that
any Lagrangian embedding tensor (6| admitting an uplift is only parametrised by finitely
many components, which we identify in equations (E.19) and (E.39) below for uplifts to
eleven-dimensional and IIB supergravities, respectively. Notice that the conditions found
in this way break the exceptional group to a parabolic subgroup (the one preserving the
fixed choice of section) and therefore an embedding tensor with uplift is only required to
match the ones identified with this procedure up to the action of a rigid Eg element. We do
not prove whether a twist matrix actually exists for the embedding tensors parametrised
by (E.19) and (E.39). We only consider reductions from either eleven-dimensional or type
IIB supergravity, excluding for example the case of massive type IIA, since a Romans mass
deformation of Eg ExFT analogous to [81] is not yet available.

We will use a basis appropriate to the chosen solution of the section constraint. For
instance, for eleven-dimensional supergravity we use the basis (2.30) and internal derivatives
take the form (3.15). For short, only in this appendix we drop all the tildes introduced
in (2.30) to distinguish the p = 1 flowed basis from the p = 2 one in (2.28). We do the same
for the generators T, which we always assume to be set in a basis adapted to the choice of
section constraint (i.e. the p = 1 flowed SL(9) basis for the eleven-dimensional supergravity
section). Therefore in this section we shall write

(9] = (0|fo; (E.1)

where I = 1 to 9 for eleven-dimensional supergravity, and I = 1 to 8 for type IIB supergravity.
We assume that the appropriate basis is used also for type IIB supergravity, such that

ofL.,=0, VYn>1. (E.2)

The IIB basis will be further described below.

The approach followed in this appendix is made possible by an observation on the general
form of the twist matrix. One first notices that the internal space must be a homogeneous
space G/H where G is the gauged supergravity gauge group and H some subgroup [20].
Notice that in D = 2 both G and H are infinite-dimensional. Following the analysis of [46],
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the internal vectors (0|/r=12/=! = (k!| generate the transitive action of G. The ancillary
gauge parameters appearing in Eg and Eg generalised diffeomorphisms do not affect this
observation, hence we can carry over any conclusions from [46] which only rely on this
observation. In particular, it implies that the twist matrix always decomposes as

U=rL! (E.3)

where L(y) € G is the coset representative of G/H, while £ belongs to the parabolic subgroup
preserving the choice of solution of the section constraints, i.e. only includes generators of non-
positive mode number with respect to the Virasoro generator Ly satisfying (E.2). Explicitly,

(0f'¢ = g' 500/, (B4)
with g/ ; a GL(d) element. Because the embedding tensor (6| is gauge invariant, one then has
O = (9. (E.5)

This is important because it will be easier to constrain the components that can be non-
vanishing in (0|4 and the action of € preserves the highest possible Ly degree.
It will be convenient to define the conjugate Weitzenbdck connection

Wal @ T = Warh U™ TOU = (M| @ U 00U . (E.6)

We shall assume that &/ € Eg. The most general case can be analysed similarly, but requires
slightly heavier notation, so we shall refrain from writing it. With this definition

W) = Wa| T U, (] = =(WaSU(T)r U™t — (W 2y™t,  (E7)
where
(W =r 2 W] — w® (U)W - (E.8)
Because r 1Y/~ is invertible, the condition (| = 0 implies
Wa|T* =0 (E.9)
pointwise. As we shall see, this equation severely constrains the possible non-zero components
of (|r*U and in turn (0].
E.1 Eleven-dimensional supergravity

Let us start with eleven-dimensional supergravity. One uses therefore the GL(9)
decomposition,

R(Ao)_1 = 91 ® 367 12610 & (36 ® 9)13 ®(9®84®45) 16
9

B (9®84®1008)1 & ..., (E.10)
9

and we recall that we drop for short all tildes in (2.30) in this appendix. The conjugate
Weitzenbock connection then takes the form

Wal @ T = (0] @ Y- (W™ Ty + 4w, ”KLTn+ |+ W}”fK)LTJKSL) (E.11)
n

+ W0 @ Lo + WO @K, (E.12)
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where the index I labels the derivative along the eleven coordinates, while the adjoint indices
are labeled with the indices JK L. The condition that there is no trombone gives therefore

0= (W,|T®
—0 o~ 1 1 1 2 .
=01 (WP + W W7 1)+ S (/31 Wil T8 23 W G+ (R WP T
~—(n+i T (n 2 rr(n
O (EW5 T s e+ WAL T W (T ). (E.13)
n>1

This equation must be true for each basis element separately, and one finds that it sets to
zero all the components of W,, with n > 4/3. To prove this we compute the relations

3

n+1
9

One finds from these formulas that none of the components of <0|IT%+n JKL <0|IT‘£§£ and
3

O T, kT 1 Lo = —25}255 (011 + 6%05(01” + nofeod (0" — Sk 050 . (E.14)

(of T, +;{ x vanish for n > 1, because their norm square is strictly positive. We conclude
therefore that

—~(n+i —~(n+2 I
WKL 0, WE, WY =0, Yn>1 (E.15)
and
—~ 1 —~ 2 —~ —~ —~ —~
WETK =0, Wi =0, WP q=0, Wf=WP7 —gwp. (E.16)

From these constraints one gets immediately that (Wa|S_,(T%) =0 for n > 1 and that
the embedding tensor can be written as

~ (4 1 ~ 1 ~ (10 1 ~ (13 \K
(O = OO} + (131,091 + T (2/3[ KL ey + S (111761

1 =) 1 =(2) =K
- 6<4/3|%JKWL3 TR — 6<5/3|I7JKLWI;%]KL — WP, (E.17)

where the first four components are a priori generic while one defines (4/3|%;,., (5/3|1/KL

and (2|%/ in the corresponding irreducible SL(9) representations 720, 630 and 396, i.e.
=, @Y =0, GBI =0, (435 =0. (E.18)

One checks that this structure is preserved by the action of the parabolic subgroup of negative

Lo degree. Indeed the two other irreducible representations 126 and 1008 of degree %

cannot be obtained from the degree % element in the 396, and the two other irreducible

16

representations 45 and 36 of degree -y cannot be obtained from the degree % element in

the 630 or the degree % element in the 396. We conclude therefore from (E.5) that the
embedding tensor admits the same expansion

4 1 7 1 10 1 13y K
<9’ — <0|I@(]g) + §<1/3‘1J®(E)IJ 4 ﬂ<2/3|1Jf(Lc__)(13I)(L + §<1’%]@(]3)

(BK

1 16 1 19
5 @311 O R (a3 K O + (21105

(E.19)

where the last three components are in the corresponding SL(9) irreducible representations.
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To further constrain the components of the embedding tensor, we can use the quadratic
constraint (3.13). For short we introduce the notation

BK
e, =067, (E.20)
for the component of main interest for us. The first components of the quadratic con-
straint give?®
or0%, (2015 @ 21§ - sh(H @ @If") =0, (B.21)
and
07,07 (24/3lbgr ® (B/31HR = 55(4/31prs ® (3/31F5) =0, (B22)

which imply the two equations

@[I?GgL =Y GIIDJ@?(P =0. (E.23)
The first equation gives that @f ; factorises in uPOr; and one gets

of, =uwPer;, wep=o0, (E.24)

such that u! defines a specific direction in SL(9) and ©;; is a symmetric tensor in the
orthogonal subspace. Without loss of generality we can always choose coordinates such
that ¢ = 1 to 8 and

o, =0, ©f =o, (E.25)

9

and the only non-vanishing components are ©;;, which defines a symmetric matrix of rank

8 —r < 8.
The next constraint we get from (3.13) is

19
O 1101, 011 (2(2/3] 1125 @ (27K — 5f (23121 @ () =0 (E.26)
which implies the two equations

() P (19 P
O LLo:ONw =05 Opyp,1,017 =0. (E.27)

I

19
One finds therefore that @(I ?]k ; is orthogonal to the vector u' on its first index. One can

write the general solution as the sum of two terms
%) _el A 0 E.28
1,JkL = Ok p + OrJkeL (E.28)
where Ajjk is an arbitrary antisymmetric tensor and Oy ;i satisfies
I P
u @]7][([/:0, GK,[L1L2L3®L4]J:0‘ (E.29)

The term in A7y can be absorbed in a Eg transformation and can therefore be disregarded.
There is a non-trivial solution Oy sk, to this equation if and only if @?j has rank at most

141 0)P 1,410)P Ied
ZBWhere we use (2|%/ T g = 5(Q <1|K) - %6;<1|Q) + %065(6Q)<1|1LDL :
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three, i.e. » > 5. To describe the solution it is convenient to split the indices ¢ = 1 to 8,
toa=1to8—rand a=8—r+1 to 8, such that 921) is non-degenerate and the other
components 9213 = @ZB =0

e r = 5: The solution has ©; 123 arbitrary and the other components vanish.

e r = 6: The solution has ©; 127, arbitrary and the other components vanish.

e v = 7: The solution has ©; 1, arbitrary and the other components vanish.

or =8 @fj = 0 and there is no constraint in these components.

At the next orders, the constraints become more and more complicated and we will not
give the full solution. If one assumes that ©;; is maximal rank, one finds the unique solution

< | <0| @00+ <1| @O’L ( | @1]5 (EBO)
corresponding to the CSO(p, ¢,r) gaugings discussed in this paper.

E.2 Type IIB supergravity

The basis appropriate to make the type IIB section constraint manifest corresponds to
the grading

eg = @((5[2 ® slg), ® (2,%)%” @ (1, 70)%% @ (2, 28)%+n) @ (K, L) . (E.31)
n
This decomposition can be obtained by spectral flow. Starting from the associated Zg4
graded decomposition of eg, one further decomposes slg into gl, with the slg generators
T!; splitting into
Ti

iy T, T, T%=-TF, (E.32)

for I =0to 7and i =1 to 7. The spectrally flowed Virasoro generators are then

L% = L, + pT, k+%5n0K (E.33)

and the corresponding s generators are

TO _TO

2
. . p . . .
T%]:wa—l-gd;K, %OZTZ n—pj *

n+p0 (E34)

One finds that the Virasoro generator Ly defines the grading (E.31) for p = 1 mod 4. For
p = 3 mod 4 one gets the same graded decomposition with the conjugate representations.
We shall use the p = 1 basis for the uplift to ten dimensions.
One finds then the corresponding decomposition of the basic module
R(Ao)-1=(1,8) 2 ©(2,8)11 & (1,56)15 (2,56)10 © ((1,8©28) D (3,8)) 2

@((2,8@28) (2,8))2
& ((2,8® 70) & (2,56

@ ((3,56) ® (1,8 70) & (1,168)) 5,

16

) (2,168)) 3 + ... (E.35)

16

c\‘\l

where the (1,8)7,16 corresponds to the derivatives in the eight internal coordinates.
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As in the preceding section, one writes the conjugate Weitzenbtck connection in the
appropriate basis as

YA 117 (n n ("+ )
Wal @ T® = <0’1 ® Z(W} )JKTTIf W( a T,Ba + 1W1 JK-l—n+ o

+5 4W}”jK>LPTJffP AW TR, ) R0 @ Lo+ WEOT @ K (E.36)
2

where I, J, K are the SL(8) indices and «, 5 (on the right-hand side) are the SL(2) indices.
There should not be any confusion with the index « of ¢g on the left-hand side.
The decomposition of the basic module includes

R(Ap)-1 D (1,8)116 & (2, )1 ® (1,56) 15 15 D (2,56) 10 19 B ((1,8®28)® (3,8)) 2

16 16

O}

16 16

S PB|(18)0 (22,0 (180 WLT0)y,, o (L)@ (2.28),,

®((1,8®63)® (3, 8))%% :
From this decomposition and the condition that (] = 0 one then concludes that all the
components of the Weitzenbock connection of Lg degree greater or equal to % vanish, be-
cause the projection to the basic module does not project these components to smaller

representations. One moreover gets that

—~ 1

ST t))
Wty =0, W2

~(3) a . _
rokLp] = 05 WP =0, WY JK] =0, W% =0, (E37)

[I;JK] [

and WF is determined. From these constraints one gets immediately that (Wa|S_,(T%) =0
for n > 1 and that the embedding tensor can be written as

1 ~ (19 o
(612U = (007 + (1/4156' 7)) 4 2 <1/2\UK@<16>”K+43/4!&”@53%2
K «
oK 1 59“6 <5/4|K WL

—ﬂ<3/2

where the basis elements (5/4/K <3/2]I’JKLP, (7/4\17&”( and (2|%/ are in the corresponding

irreducible representations.

l\.’J\»—l

( ) ( ) @ T K
<7/4 — QW (E.38)

One can now use (E.5) and check that all the generators of negative Ly degree preserve
this form such that the embedding tensor decomposes as well as

e
<0|=<orf@3m’+<1/4\? R <1/2rm<@<“>”K <3/4|”K@§5°K

1 23
3hH (32 )Oé ( DK
+ 57 4<3/2|I=JKLP6133KLP <7/4|”K@ k(2O (E.39)

As for the eleven-dimensional case, the highest degree component is a vector valued
39K
symmetric tensor @(]}]‘S) , and one expects the same constraint (E.23) to follow from the
quadratic constraint (3.13). There is again a solution

(0] = (0[*©00 + (1§00 + (2[§©45 , (E.40)
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to the quadratic constraint that corresponds to CSO(p, ¢, ) gaugings obtained by reduction
of type IIB supergravity on a circle times S7 or other hyperboloids and contractions thereof.

To understand this particular example it is useful to consider the p = 2 spectral flowed
basis in which

¢ =D ((sl2 @ e7)  (2,56)1,,,) & (K, Lo) (E.41)

n

and the basic module decomposes as

R(Ao)-1=1(2,1)15(1,56)3D((2,133)®(2,1))) D((1,560912)D(3,56)) : P....

(E.42)
One finds therefore that the symmetric tensor (E.40) of SL(8) sits inside the 91274 and is a
solution to the quadratic constraint by embedding in e7;. This consistent truncation is T-dual

3
1

BN

1 5
4 1

to the reduction of eleven-dimensional supergravity on S7 further reduced over a torus 72,
and is therefore already known to be a consistent truncation [47, 48, 82].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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