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We revisit the classic problem of gravitational wave emission by a test particle plunging into a
Schwarzschild black hole both in the frequency-domain Regge-Wheeler-Zerilli formalism and in the
semirelativistic approximation. We use, and generalize, a transformation due to Nakamura, Sasaki, and
Shibata to improve the falloff of the source term of the Zerilli function. The faster decay improves the
numerical convergence of quantities of interest, such as the energy radiated at spatial infinity through
gravitational waves. As a test of themethod,we study the gravitational radiation produced by test particles that
plunge into the black holewith impact parameters close to the threshold for scattering.We recover and expand
upon previous results that were obtained using the Sasaki-Nakamura equation. In particular, we study the
relative contributions to the total energy radiated due to waves of axial and polar parity, and uncover an
universal behavior in thewaveforms at late times.We complement our studywith a semirelativistic analysis of
the problem, and we compare the two approaches. The generalized Nakamura-Sasaki-Shibata transformation
presented here is a simple and practical alternative for the analysis of gravitational-wave emission by unbound
orbits in the Schwarzschild spacetime using the frequency-domain Regge-Wheeler-Zerilli formalism.
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I. INTRODUCTION

The study of gravitational radiation produced by test
particles in black-hole spacetimes has a long history dating
back to the early 1970s, and played a central role in the early
development of the understanding of potential gravitational-
wave sources [1,2]. In the framework of black-hole
perturbation theory, developed by Regge et al. [3,4], the
pioneering works on this problem were done by Zerilli [5],
Davies et al. [6–8], Chung [9], andRuffini [10]. Theseworks
assumed particles in unbound trajectories that start from
spatial infinity and plunge into a Schwarzschild black hole.
Critical to these calculations is the asymptotic behavior

of the source term that encapsulates how the test particle
excites the gravitational perturbations. As an extreme
example, the source term of the Teukolsky equation, that
describes the gravitational perturbations of a Kerr black
hole [11], diverges at spatial infinity for unbound geo-
desics. In principle, this jeopardizes the calculation of

physical quantities of interest, such as gravitational wave-
forms or the energy carried away to infinity by the waves.
To circumvent this problem, one can either develop a
regularization scheme [12–15], or rewrite the Teukolsky
equation to tame the source’s asymptotic behavior.
Pursuing the latter approach, Sasaki and Nakamura [16–18]
found their eponymous equation, widely used in the study
of unbound geodesics both in Schwarzschild and Kerr
spacetimes; see, e.g., Refs. [19–24], respectively, for early
work. A somewhat similar situation also happens when the
perturbations of a Schwarzschild black hole are described
in terms of the Cunningham-Price-Moncrief [25] and
Zerilli-Moncrief [26] functions. Less dramatically, the
source term of the Zerilli equation has a slow falloff at
spatial infinity. See Hopper [27] for a detailed discussion.
In a serendipitous event, in the course of a related

investigation, we learned of a work by Shibata and
Nakamura that presents a simple transformation of the
Zerilli function to improve the falloff of the source term of
the Zerilli equation, and that was applied to the radial infall
case only [28].1 Here we revisit this method and extend its
application range to problems involving particles plungingPublished by the American Physical Society under the terms of
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1Reference [28] cites an unpublished work by Nakamura and
Sasaski when introducing this transformation, that we will refer to
as the Nakamura-Sasaki-Shibata transformation.
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with nonzero angular momentum. This allows us to
reexamine some aspects of the gravitational radiation
produced by particles that plunge with angular momenta
near the threshold for scattering. This situation is relevant in
the context of understanding ultrarelativistic binary black
hole collisions, and that was until now only studied in detail
using the Sasaki-Nakamura equation; see Berti et al. [29]
and references therein. We complement our study of
this problem with a calculation of the energy radiated
within the semirelativistic approximation of Ruffini and
Sasaki [30].
This paper is organized as follows. In Sec. II, we review

the motion of test particles plunging into a Schwarzschild
black hole. In Sec. III, we provide a summary of Regge-
Wheeler-Zerilli formalism and identify the main issue we
want to resolve. In Sec. IV, we review and generalize the
method of Ref. [28]. In Sec. V, we describe our numerical
methods and present our numerical results. In Sec. VI,
we compare our results against an analysis in the semi-
relativistic approximation. We summarize our findings in
Sec. VII. We use the mostly plus metric signature and use
geometrical units with c ¼ G ¼ 1, unless stated otherwise.

II. GEODESIC MOTION

We consider a particle of mass μ in geodesic motion the
spacetime of a Schwarzschild black hole of mass M,
with μ=M ≪ 1. We use Schwarzschild-Droste coordinates
xμ ¼ ft; r; θ;ϕg in which the spacetime’s line element is

ds2 ¼ −fðrÞdt2 þ f−1ðrÞdr2 þ r2ðdθ2 þ sin2θdϕ2Þ; ð1Þ

where f ¼ 1–2M=r and r ¼ 2M is the location of the event
horizon.
We assume that the particle starts from rest at infinity with

(conserved) energy E ¼ E=μ ¼ 1 and angular momentum
L ¼ L=μ per unit mass. If we chose, without loss of
generality, that the particle’s motion happens in the
equatorial plane θ ¼ π=2, then we can parametrize the
particle’s worldline in terms of the proper time τ as zμðτÞ ¼
ftp; rp; π=2;ϕpg, and, from the geodesic equation and
the timelike constraint gabuaub ¼ −1, with ua ¼ dza=dt,
we obtain

ṫp¼E=fp; ϕ̇p¼L=r2p; ṙ2p¼E2−Uðrp;LÞ; ð2Þ

where · ¼ d=dτ and

U ¼ fð1þ L2=r2Þ; ð3Þ

is the effective radial potential.
The particle’s trajectories are classified according to the

number of real roots of E2 −U. For the special case E ¼ 1
the analysis is simple, and we find the roots to be

r� ¼ L
4M

½L� ðL2 − 16M2Þ1=2�: ð4Þ

Hence, a plunging orbit from infinity requires that L < 4M,
for otherwise the turning points are real and positive (i.e.,
the particle is scattered). We will define this special value of
the angular momentum as Lcrit ¼ 4M.
In Fig. 1 we show the effective potential (3) for a range of

values L=M∈ f3.25; 4.25g (light curves). The thicker line
corresponds to Uðr;LcritÞ, which peaks at r ¼ 4M with a
value of 1. Hence, a particle falling from rest and with
angular momentum L ¼ Lcrit will be captured in a margin-
ally stable circular orbit. A particle with L larger (smaller)
than Lcrit will scatter (plunge).
It is convenient to rewrite Eq. (2) as first-order in r

equations,

dtp=drp ¼ −ðE=fpÞðE2 − UpÞ−1=2; ð5aÞ

dϕp=drp ¼ −ðL=r2pÞðE2 −UpÞ−1=2; ð5bÞ

where we have taken ṙp < 0. We integrate Eq. (5) with
initial conditions tpðrmaxÞ ¼ 0 and ϕpðrmaxÞ ¼ 0 at some
arbitrarily large rp ¼ rmax down to the horizon, rp ¼ 2M.
In Fig. 2 we show a sequence of trajectories starting from
L=M ¼ 3.25 and up to L=M ¼ 3.9996 (i.e., with 99.99%
of Lcrit). We translate from Schwarzschild-Droste to
Cartesian coordinates using

xp ¼ rp cosϕp; yp ¼ rp sinϕp; zp ¼ 0: ð6Þ

FIG. 1. The effective potential Uðr;LÞ for various values of L,
which ranges from 3.25M (lowermost solid gray line) to 4.25M
(uppermost solid gray line). For a particle falling from rest
from infinity (E ¼ 1) into the hole, there is a critical value of
Lcrit ¼ 4M (solid black line) for which the particle becomes
trapped in a marginally stable circular orbit at r ¼ 4M. This value
of L separates plunging (L < Lcrit) from scattering (L > Lcrit)
geodesics.
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As the ratioL=Lcrit approaches unity from below, the particle
executes an increasing fractional number of orbits ϕp=ð2πÞ,
given approximately by −ð ffiffiffi

2
p

πÞ−1 logð1 − L=LcritÞ [31].

III. BLACK HOLE PERTURBATIONS IN THE
REGGE-WHEELER-ZERILLI GAUGE

We are interested in calculating the gravitational waves
produced by a particle plunging in a Schwarzschild black
hole. The standard treatment of this problem, in the metric-
perturbation formalism, is due to Regge and Wheeler [3]
and Zerilli [4,5]. The problem reduces to solving two
equations in the time domain:

�
−
∂
2

∂t2
þ ∂

2

∂x2
− Vð�Þ

l ðrÞ
�
Xð�Þ
lm ðt; rÞ ¼ Sð�Þ

lm ðt; rÞ; ð7Þ

or, by going to the Fourier domain, through

Xð�Þ
lm ðt; rÞ ¼ 1

2π

Z
∞

−∞
dωe−iωtXð�Þ

lmωðrÞ; ð8Þ

we have alternatively

�
d2

dx2
þ ω2 − Vð�Þ

l ðrÞ
�
Xð�Þ
lmωðrÞ ¼ Sð�Þ

lmωðrÞ: ð9Þ

In these equations, x is the tortoise coordinate

x ¼ rþ 2M log½r=ð2MÞ − 1� ð10Þ

that maps the region 2M < r < ∞ to −∞ < x < ∞. The
superscript (�) denotes variables associated to metric

perturbations of polar (þ) or axial (−) parity, and Vð�Þ
l is

an effective potential. Perturbations of each parity are
described by a single master function, known as the Zerilli
XðþÞ and Regge-Wheeler Xð−Þ functions, respectively. The
effective potentials associated to each of these perturba-
tions bear the same respective names and are given by

VðþÞ
l ¼ f

r2Λ2

�
2λ2ðΛþ 1Þ þ 18M2

r2

�
λþM

r

��
; ð11aÞ

Vð−Þ
l ¼ f

r2

�
lðlþ 1Þ − 6M

r

�
; ð11bÞ

where we defined

λ ¼ ðlþ 2Þðl − 1Þ=2 and Λ ¼ λþ 3M=r: ð12Þ

The function Sð�Þ
lmω is the source term, responsible for the

excitation of the gravitational perturbations. A detailed
derivation of this source term in the Regge-Wheeler-
Zerilli formalism can be found, e.g., in Refs. [32,33],
whose results we quote in Appendix A.
Because the potential Vð�Þ

l vanishes both at the
horizon and at infinity, and provided that the source
vanishes sufficiently fast at both boundaries, the solutions
to Eq. (7) can be written as plane waves for x → �∞. We

will impose that Xð�Þ
lmω is purely ingoing at the event

horizon and purely outgoing at spatial infinity, that is,

Xð�Þ
lmω ≃

(
Cð�Þ; in
lmω e−iωx x → −∞

Cð�Þ; out
lmω eþiωx x → þ∞

: ð13Þ

To solve the inhomogeneous differential equation (7), we
use the method of variation of parameters. The method
consists of finding two linearly independent solutions, say

Xð�Þ; in
lmω and Xð�Þ; up

lmω , of the homogeneous equations

�
d2

dx2
þ ω2 − Vð�Þ

l ðrÞ
�
Xð�Þ; up=in
lmω ¼ 0: ð14Þ

The two solutions differ by the boundary conditions we
impose when we solve Eq. (14), namely,

Xð�Þ; in
lmω ≃

�
e−iωx x→−∞
Að�Þ; in
lmω e−iωxþAð�Þ;out

lmω eþiωx x→þ∞
ð15aÞ

FIG. 2. Timelike geodesics with angular momentum per unit
mass L=M∈ f3.25; 3.9996g plunging into a Schwarzschild black
hole (black disk) starting from rest at spatial infinity, E ¼ 1. The
dot-dashed line represents to the innermost stable circular orbit
(r ¼ 6M) and the dashed line corresponds to the location of
the marginally stable circular orbit (r ¼ 4M). In the limit
L=Lcrit → 1, the particle executes an increasing fractional num-
ber of orbits ϕ=ð2πÞ, as seen in the red curve that corresponds to
L ¼ 3.9996M, or 99.99% of Lcrit.
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Xð�Þ;up
lmω ≃

�
Bð�Þ; in
lmω e−iωxþBð�Þ;out

lmω eþiωx x→−∞
eiωx x→þ∞

: ð15bÞ

We use these solutions to define the Wronskian,

Wð�Þ
lmω ¼ Xð�Þ; in

lmω

dXð�Þ; up
lmω

dx
− Xð�Þ; up

lmω

dXð�Þ; in
lmω

dx
; ð16Þ

which is constant in x. We then construct the Green’s
function as

Gð�Þ
lmωðx; x0Þ ¼

1

Wð�Þ
lmω

h
Xð�Þ; up
lmω ðxÞXð�Þ; in

lmω ðx0ÞΘðx − x0Þ

þXð�Þ; in
lmω ðxÞXð�Þ; up

lmω ðx0ÞΘðx0 − xÞ
i
; ð17Þ

where Θð·Þ is the Heaviside step function. Finally, with
the Green’s function (17), we can write the solution of
Eq. (7) as

Xð�Þ
lmω ¼ 1

Wð�Þ
lmω

�
Xð�Þ; up
lmω

Z
x

−∞
dx0Xð�Þ; in

lmω Sð�Þ
lmω

þ Xð�Þ; in
lmω

Z þ∞

x
dx0Xð�Þ; up

lmω Sð�Þ
lmω

�
: ð18Þ

Equation (18) has the desired property of being purely
ingoing at the horizon and purely outgoing at infinity:

lim
x→−∞

Xð�Þ
lmω ≃

e−iωx

Wð�Þ
lmω

Z
∞

−∞
dx0Xð�Þ; up

lmω Sð�Þ
lmω; ð19aÞ

lim
x→þ∞

Xð�Þ
lmω ≃

eþiωx

Wð�Þ
lmω

Z
∞

−∞
dx0Xð�Þ; in

lmω Sð�Þ
lmω; ð19bÞ

where we used the boundary conditions on Xð�Þ; up=in
lmω .

We can compare Eq. (19b) with the boundary conditions

Eq. (13) imposed on Xð�Þ
lmω, and make the identification,

Cð�Þ; out
lmω ¼ 1

Wð�Þ
lmω

Z þ∞

−∞
dx0Xð�Þ; in

lmω Sð�Þ
lmω: ð20Þ

This is the main quantity we must numerically calculate to
obtain, e.g., the time-domain gravitational waveform or the
energy radiated to infinity. More specifically, we will be
interested in the spectral energy distribution in each ðl; mÞ
mode

dElm

dω
¼ ω2

64π2
ðlþ 2Þ!
ðl − 2Þ!

�
jCðþÞ; out

lmω j2 þ 4

ω2
jCð−Þ; out

lmω j2
�
; ð21Þ

and in the time-domain Regge-Wheeler and Zerilli mode
functions

Xð�Þ
lm ðt; xÞ ¼ 1

2π

Z þ∞

−∞
dωCð�Þ; out

lmω e−iωðt−xÞ: ð22Þ

In practice, we note that, as x → ∞, the Wronskian
becomes

Wð�Þ
lmω ¼ 2iωAð�Þ; in

lmω ; ð23Þ
and that we can also rewrite Eq. (20) as

Cð�Þ; out
lmω ¼ 1

Wð�Þ
lmω

Z þ∞

2M

dr0

f
Xð�Þ; in
lmω Sð�Þ

lmω: ð24Þ

Because f ≃ 1 and Xð�Þ; in
lmω ≃ expð�iωxÞ as x → ∞, we see

that the convergence of this integral depends critically on

the asymptotic properties of Sð�Þ
lmω.

IV. ASYMPTOTIC BEHAVIOR OF THE
FREQUENCY DOMAIN SOURCES

We now review the properties of SðþÞ
lmω in two cases of

interest. We will start by reviewing the case in which the
particle falls radially, L ¼ 0, into the black hole and how

Ref. [28] improved the asymptotic behavior of SðþÞ
lmω. We

will then show one way in which the Nakamura-Sasaki-
Shibata transformation can be generalized to general
plunging trajectories, L ≠ 0, and discuss the asymptotic
properties of this new source term.

A. The case of radial infall

When L ¼ 0, Sð−Þlmω vanishes and SðþÞ
lmω simplifies to [6,7]

SðþÞ
lmω ¼ −8πμAlm

f
rΛ

� ffiffiffiffiffiffiffi
r
2M

r
−
2i
ω

λ

rΛ

�
eiωtpðrÞ; ð25Þ

where Alm ¼ Y�
lmðπ=2;ϕÞ expðimϕÞ, Ylm are the spheri-

cal harmonics, the asterisk indicates complex conjugation,
and tp is given by

tp
2M

¼−
2

3

�
r
2M

�3
2

−2

�
r
2M

�1
2þ log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r=ð2MÞp þ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r=ð2MÞp

−1

�
: ð26Þ

We find that the near-horizon and spatial-infinity behav-
iors of SðþÞ

lmω are

SðþÞ
lmω ≃

�
0 x → −∞
x−1=2 x → þ∞

: ð27Þ

Hence the integral Eq. (20) converges slowly at spatial
infinity. To improve the convergence, Ref. [28] proposed
the substitution2

2Our notation differs from that used in Ref. [28]. See also
Ref. [13], for a similar substitution in the context of the Teukolsky
equation.
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XðþÞ
lmω ¼ X̃ðþÞ

lmω þQlmω; ð28Þ

where

Qlmω ¼ −
8πμAlm

ω2

f
rΛ

ffiffiffiffiffiffiffi
2M
r

r
eiωtp : ð29Þ

The function Qlmω vanishes at the event horizon x → −∞
and decays as x−3=2 for x → ∞. Thus, XðþÞ

lmω ≃ X̃ðþÞ
lmω in the

latter limit.
We then insert Eq. (28) in Eq. (7) to find

�
d2

dx2
þ ω2 − VðþÞ

l

�
X̃ðþÞ
lmω ¼ S̃ðþÞ

lmω; ð30Þ

where S̃ðþÞ
lmω is a new source term given by

S̃ðþÞ
lmω ¼ SðþÞ

lmω −
�
d2

dx2
þ ω2 − VðþÞ

l

�
Qlmω: ð31Þ

The asymptotic behaviors of the new source term are

S̃ðþÞ
lmω ≃

�
0 x → −∞
x−3=2 x → þ∞

; ð32Þ

making the integral in Eq. (20) converge faster. One can
verify that it is the second x derivative of Qlmω in Eq. (31)
that yields a term that decays as r−1=2 as x → ∞, and that
cancels the leading-order asymptotic term in the large-x
expansion of the original source term. We note that both

XðþÞ
lmω and X̃ðþÞ

lmω satisfy the same homogeneous equation.

Hence, we can calculate Cð�Þ; out
lmω with the mere replacement

SðþÞ
lmω → S̃ðþÞ

lmω in Eq. (24).
In Fig. 3, we show both the original (25) and the

Nakamura-Sasaki-Shibata-transformed (31) source terms
of the Zerilli equation for a particle falling radially into the
black hole, and l ¼ m ¼ 2 and Mω ¼ 0.3. In the left
panel we show their absolute values. In the right panels we
show the real (solid line) and imaginary (dashed line) parts
of the original (top panel) and new (bottom panel) source
terms. The faster decay of Eq. (31) accelerates the
convergence of Eq. (20). The value Mω ¼ 0.3 is approx-
imately the real part of the fundamental quasinormal mode
frequency of a Schwarzschild black hole [34] and domi-
nates the emission of energy in the form of gravitational
waves [12]. The source terms are largest near r ≃ 3M,
which corresponds approximately to the location of peak

of the Zerilli potential rðþÞ
l¼2; peak ≃ 3.1M and of the light

ring r ¼ 3M.

The success of the Nakamura-Sasaki-Shibata transfor-
mation opens two questions. First, can we, even for a
radially infalling particle, make the source term decay more
rapidly? Second, can we generalize Eqs. (28) and (29) to
the case in which the particle plunges with a nonzero
angular momentum? In the next section we give positive
answers to both questions.

B. The case of general plunging trajectories

We seek a minimal extension of Eqs. (28) and (29) for
the case of a plunging particle with general angular
momentum L ≠ 0. We focus only on the source term in
the Zerilli equation, because the source term in the Regge-
Wheeler equation already has a fast falloff:

Sð−Þlmω ≃ x−2; x → ∞: ð33Þ

We would like to make the source term in the Zerilli
equation to decay at least as rapidly as the source term for
the Regge-Wheeler equation.
Our strategy is to retain Eq. (28), but generalize Qlmω to

the form

Qlmω ¼ −
8πμAlm

ω2

f
Λr

�XN
n¼0

anð2M=rÞðnþ1Þ=2
�

× eiðωtp−mϕpÞ: ð34Þ

Proceeding as in the previous section, we arrive at the same

Eq. (31), where SðþÞ
lmω is now given by a more complicated

formula, whose form can be found in Eq. (A1),
Appendix A. We then expand Eq. (31) in a power series
in r for r → ∞, and collect powers in r. Next, we fix the
coefficients an in such a way to cancel each successive
power of r in this power series. This yields

a0¼1; a1¼
im

lðlþ1Þ
L
M
; a2¼1−

L2

8M2
; ð35Þ

by working up to N ¼ 2. Higher-order terms can be
obtained by following the same procedure just outlined.
We notice there is no dependence on L at order N ¼ 0 and
that we recover Eq. (29) in this case. The next correction to
the radial infall case occurs at n ¼ 2.
In Fig. 4 we show the original source term of the

Zerilli equation SðþÞ
lmω and its transformed version S̃ðþÞ;ðNÞ

lmω
(for N ¼ 0; 1, and 2) for l ¼ m ¼ 2, Mω ¼ 0.3 and a
near-critical geodesic with L ¼ 0.9999Lcrit. We chose this
value of L as a “stress test” for the method, due to the large
amplitude of the source term around the location of the
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marginally stable circular orbit, r ¼ 4M. This peak
dominates over the peak at light ring r ¼ 3M present in

Fig. 3. The left panel shows the absolute values of the

various source terms, whereas in the right panels we show

their real (solid lines) and imaginary parts (dashed lines).
We see that the original Nakamura-Sasaki-Shibata trans-

formation (N ¼ 0) results in a slower decaying source term,
r−1, when applied to case in which L ≠ 0, when compared

to the radial infall case, r−3=2. This can be understood by

examining the asymptotic behavior of SðþÞ
lmω:

SðþÞ
lmω ¼ −

4πμAlm

λM

� ffiffiffiffiffiffiffi
2M
r

r
þ im
lðlþ 1Þ

L
M

2M
r

þ
�

L2

8M2
þ 3þ 2λ

2λ

��
2M
r

�
3=2

�
þOðr−2Þ: ð36Þ

FIG. 4. The ðl; mÞ ¼ ð2; 2Þ source term for the Zerilli equation for a plunging particle with L ¼ 0.9999Lcrit starting from rest at spatial
infinity, forMω ¼ 0.3. Left panel: the absolute values of the original Zerilli source term,SðþÞ, and its Nakamura-Sasaki-Shibata-transformed
version, S̃ðþÞ;ðNÞ, forN ¼ 0; 1, and 2 in the expansion (34). Right panels: the real (“Re”) and imaginary (“Im”) parts of SðþÞ (top) and S̃ðþÞ;ðNÞ

(three remaining panels) for increasing values ofN. The source term is largest near r ≃ 4M, that corresponds to the location of themarginally
stable circular orbit at which the particle particle executes an increasing number of revolutions in the limit L=Lcrit → 1.

FIG. 3. The l ¼ m ¼ 2 source term for the Zerilli equation for a radially plunging particle starting from rest at spatial infinity, for
Mω ¼ 0.3. Left panel: the absolute values of the original Zerilli source term, SðþÞ, and its Nakamura-Sasaki-Shibata-transformed version,
S̃ðþÞ. Right panels: the real (“Re”) and imaginary (“Im”) parts of SðþÞ (top) and S̃ðþÞ (bottom). Both sources vanish at the event horizon
r ¼ 2M, and the faster asymptotic decay of S̃ðþÞ improves the convergence of Eq. (20). The source terms are largest near r ≃ 3M,

which corresponds approximately to the location of the peak of the Zerilli potential rðþÞ
l¼2; peak ≃ 3.1M and of the light ring r ¼ 3M.
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This expansion shows that the first term containing the
angular momentum L appears at order r−1, and it cannot be
canceled with Eq. (29).

V. NUMERICAL METHODS AND RESULTS

In this section we describe the numerical methods we use
to compute Eq. (24), and show a few applications of
solving this equation using the generalized Nakamura-
Sasaki-Shibata transformation (34).

A. Numerical methods

To evaluate our main quantity of interest, namely the
amplitude Cð�Þ; out

lmω we proceed as follows:
(1) Choose a value of l, jmj ≤ l, and Mω.
(2) Choose a value of the angular momentum L,

and solve the geodesic equations (5), to obtain tpðrÞ
and ϕpðrÞ. We use initial conditions tpðrminÞ ¼ 0 and
ϕpðrminÞ¼0, and integrate from rmin¼2ð1þ10−4ÞM
up to rmax ¼ 500=ω.

(3) If lþm is even, integrate the homogeneous Zerilli
equation. If lþm is odd, integrate the homo-
geneous Regge-Wheeler equation; see Eqs. (11)
and (14).

(4) Integrate the equation from the previous step with
“in” boundary conditions, from rmin¼2ð1þ10−4ÞM
to r ¼ rmax. From Xð�Þ

lmω and dXð�Þ
lmω=dr at rmax

calculate Að�Þ; in; out
lmω . See Appendix C.

(5) Calculate the Wronskian (23) and the source Sð�Þ
lmω to

evaluate the integral in Eq. (24).
(6) Repeat steps 1 through 5, scanning the range

Mω∈ ½5 × 10−3; 1.5� in steps of size ΔðMωÞ ¼
5 × 10−3, for l ¼ 2 to 6, covering all jmj ≤ l in
between.

Our code is written in Mathematica. In step 3, we
validated our integration of the homogeneous equa-
tions (14) by comparison against the integrators available
in the Black Hole Perturbation Toolkit [35]. Recursion
relations for the near-horizon and far-field expansions of
the Regge-Wheeler and Zerilli functions are summarized in
Appendix B. In step 5, we calculate the Wronskian as
explained in Appendix C, and it is useful to rewrite Eq. (24)
as a differential equation [36,37]:

dCð�Þ; out
lmω

dr
¼ 1

Wð�Þ
lmω

f−1Xð�Þ; in
lmω Sð�Þ

lmω: ð37Þ

We integrate Eq. (37), with initial condition

Cð�Þ; out
lmω ðrminÞ ¼ 0 up to rmax, using the Regge-Wheeler

source (A6) or the Nakamura-Sasaki-Shibata-transformed
Zerilli source (31), depending on whether lþm is odd
or even, respectively. In the context of Eq. (37), the new
Zerilli source term reduces the value of rmax at which

dCð�Þ; out
lmω =dr becomes zero to the desired accuracy. We

decided here only, with respect to the rest this work, to
integrate the geodesic equations from near the horizon
outwards. In particular, when integrating from spatial
infinity, tp acquires a large value around r ≈ 2M. This
causes the factor expðiωtpÞ, which appears in the source,
to become highly oscillatory, and thus sensitive to our
choice of rmin and ω. Consequently, the phase (but not

the amplitude) of the Cð�Þ; out
lmω failed to converge in our

numerical calculations. We solved this issue by fixing
the initial conditions at the horizon instead of spatial
infinity. At last, we performed steps 1 to 6 for the range
of angular momentum values L ¼ f0; 0.25; 0.5; 0.75; 0.9;
0.99; 0.999; 0.9999gLcrit.

B. Energy spectrum

We first consider the energy spectrum for the particle in
the near-critical limit L ≈ Lcrit. To our knowledge, this
situation was studied only in the frequency domain using
the Sasaki-Nakamura equation [29] or using the Zerilli-
Moncrief [26] and Cunningham-Price-Moncrief [25]
master functions in Ref. [38]. To validate our calculations,
we focus on two cases, L=Lcrit ¼ 0.9 and 0.9999, which
were examined in detail by Berti et al. [29].
In Fig. 5, we show the energy spectrum (21) for

L ¼ 0.9Lcrit (left panels) and L ¼ 0.9999Lcrit (right pan-
els). The top panels show the spectral energy for multipoles
l ¼ m ranging from 2 to 6 (different line colors) and their
sum (dashed line). The bottom panels show the quadrupole
mode l ¼ 2 and all azimuthal contributions jmj ≤ 2 (differ-
ent line styles.) Our results are in excellent agreement with
those of Ref. [29]; cf. Figs. 10 and 11 therein.
For L ¼ 0.9Lcrit, the energy radiated in each multipole

l ¼ m has a single maximum. The location Mω of these
peaks coincide approximately with the real part of the
fundamental (n ¼ 0) quasinormal mode frequency of a
Schwarzschild black hole Mωlm0, as first observed by
Detweiler and Szedenits [12]. For reference, these values
are Re½Mωlm0� ≃ f0.373; 0.599; 0.809; 1.012; 1.212g, for
l∈ f2; 6g [39–41]. (Due to the spherical symmetry of the
Schwarzschild solution, all quasinormal modes with
jmj ≤ l, at fixed l ≥ 2, are degenerate.)
In the near-critical limit L ¼ 0.9999Lcrit, the spectral

energy distribution has a peak at Mω < Re½Mωlm0�. This
peak corresponds tom times the particle’s orbital frequency
MΩorb ¼ 1=8 at the marginally stable circular orbit at
r ¼ 4M (cf. Fig. 2), that is

Mω ¼ mMΩorb ¼ m=8: ð38Þ

Therefore, the energy emitted at these frequencies is
dominated by the particle’s geodesic motion. This is not
surprising given that we saw that the maximum amplitude
of the source term of the Zerilli equation is located at
r ≃ 4M, as we discussed in Fig. 4. For moderate values of
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l, the contributions to the energy driven by the particle’s
orbital motion and the quasinormal mode excitation over-
lap, while as l ≫ 1 their contributions separate sufficiently
to result in two peaks in the energy spectra; see the
l ¼ m ¼ 5 and 6 in Fig. 5. For l ¼ m ¼ 5 the peaks
are located atMω ≃ 0.637 and 0.919, while for l ¼ m ¼ 6
they are found at Mω ≃ 0.763 and 1.125. We can estimate
this separation as follows. First, we use the geometrical-
optics (eikonal) limit [42–44], to approximate the real part
of the quasinormal mode frequency as

Re½Mωeik� ≃ lΩLR ¼ l=
�
3

ffiffiffi
3

p 	
; ð39Þ

where MΩLR ¼ 1=ð3 ffiffiffi
3

p Þ is the orbital frequency of a null
geodesic at the light ring. Equation (39) can also be obtained
from the l ≫ 1 limit of a Wentzel-Kramers-Brillouin
approximation to the calculation of black-hole quasinormal
modes [45,46]. We can then estimate the separation between
the “quasinormal-mode” and “geodesic” peaks by taking
the difference of Eqs. (38) and (39):

ðΔMωÞpeak ≃
1

3
ffiffiffi
3

p
�
l −

3
ffiffiffi
3

p

8
m

�
; ð40Þ

which is valid for l ≫ 1, L=Lcrit ≃ 1, and E ¼ 1. For
l ¼ m ¼ 6, we find ðΔMωÞpeak ≃ 0.404, in fair agreement
with the numerical result ≃0.362, obtained from the differ-
ence between the two peak locations.
Although not studied here, it is interesting to analyze the

ultrarelativistic limit, in which the particle plunges with an
energy E → ∞. In this limit, the “geodesic” peak moves
rightwards, eventually overlapping with the “quasinormal-
mode” peak; see Ref. [29], Fig. 10. This occurs because as
E → ∞, the particle’s marginally stable circular orbit
coincides with the light ring, hence Ωorb ≃ΩLR [31]. In
this limit, we then have

ðΔMωÞpeak ¼ ðl −mÞ�3 ffiffiffi
3

p 	
; ð41Þ

which is valid for l ≫ 1, L=Lcrit ≃ 1, and E → ∞. The
peak separation vanishes when l ¼ m, reproducing the
results of Ref. [29].

C. Total energy

From the energy spectrum, we can compute the total
energy ΔE emitted in form of gravitational waves by

FIG. 5. The energy spectra for a particle plunging with angular momentum L ¼ 0.9Lcrit (left panels) and L ¼ 0.9999Lcrit (right
panels) into a Schwarzschild black hole. Top panels: the energy spectra from the multipoles l ¼ m from 2 to 6, (colored lines), and
their sum (dashed line). Bottom panels: the energy spectra for the quadrupole perturbation l ¼ 2 and all jmj ≤ 2 in between. Note the
different ranges in the ordinates across the panels. Our results agree with Ref. [29], which solved the Sasaki-Nakamura equation
instead.

SILVA, TAMBALO, GLAMPEDAKIS, and YAGI PHYS. REV. D 109, 024036 (2024)

024036-8



integrating the spectrum density and summing the contri-
butions from all multipoles:

ΔE ¼
X∞
l¼2

ΔEl ¼
X∞
l¼2

Xl
m¼−l

Z þ∞

0

dω
dElm

dω
: ð42Þ

To understand the relative contribution due to perturbations
of each parity, we also define ΔEð�Þ, where the subscript
(þ) means we add only the contributions to the energy
coming from multipoles for which lþm is even and (−)
when lþm is odd.
For particles that plunge from infinity initially from rest,

Oohara and Nakamura [20], based on an earlier observation
by Davis et al. [6] for the case L ¼ 0, proposed the
empirical relation

ðM=μ2ÞΔEl ¼ a expð−blÞ; ð43Þ

between energy and multipole l. We fit Eq. (43) to the
outcome of computing ΔEl, truncating the l sum at
lmax ¼ 6. Table I shows the fitting coefficients and the
total energy emitted, including the individual polar and
axial contributions. The results for the total energy agree
with those of Ref. [29], Table II, with less than 1%
difference, when comparison is possible. As observed by
Oohara and Nakamura, the value of a increases while that
of b decreases as L approaches Lcrit. In other words, the
fraction of the total energy radiated contained in each l
pole tends to “even out” as L increases.
Figure 6 illustrates these observations. For example, we

see in the leftmost panel that ΔE2 varies from being about
four orders of magnitude larger than ΔE6, to being some
more than ten times larger as L approaches criticality. The
individual contributions of the polar and axial perturbations
to the energy are shown in the middle and rightmost panels,
respectively. We see that the energy emitted through the
“axial radiative channel” is always subdominant relative to
the polar one, even for near-critical values ofL; the extreme
case is, of course, when L ¼ 0 where ΔEð−Þ vanishes.

Interestingly, the axial and polar contributions to the total
energy ΔE are nonmonotonic with respect to the angular
momentum. In Fig. 7, we show the ratio ΔEð�Þ=ΔE as a
function of the logarithm of 1 − L=Lcrit. As we increase the
particle’s angular momentum (i.e., moving right to left
along the abscissa), we see that ΔEð−Þ=ΔE has a local
maximum at L ≈ 0.75Lcrit, yet with only approximately
14% of the total energy budget. We interpret this result as
follows. When L ¼ 0, by symmetry, all energy must be
radiated through the polar channel. As we increase L, axial
perturbations become increasingly excited, and a nonzero
(albeit small) percentage of the energy is emitted through
them. As L approaches Lcrit, the particle orbits the black
hole an increasing number of times around the circular orbit
r ¼ 4M. Hence, again by symmetry, we expect the total
energy fraction emitted through the polar channel to
increase, and it happens to the extent of thereby decreasing
the fraction emitted through the axial channel.

D. Time-domain waveforms

We also computed the time-domain Regge-Wheeler and
Zerilli mode functions using Eq. (22). In Fig. 8, we show
the dominant modes for the Regge-Wheeler and Zerilli
functions, ðl; mÞ ¼ ð2; 1Þ and (2,2), respectively, as a
function of the retarded time ðt − xÞ=M. The top panel
corresponds to a particle that plunges with L ¼ 0.9Lcrit,
while the bottom panel to L ¼ 0.9999Lcrit. In the former
case, we see that the waveform has the characteristic
“precursor,” “sharp burst,” and “ringing tail” phases, as
first observed for radial infalling particles by Davis et al. [8]
and for wave scattering by Vishveshwara [47]. As
L → Lcrit, the large values of L cause the Zerilli (but
not the Regge-Wheeler) function to have an intermediate
quasimonochromatic phase, related to the particle’s sweep
around r ¼ 4M. This behavior is qualitatively the same as
that seen in Refs. [48,49] for test particles plunging from
the innermost stable circular orbit r ¼ 6M. We see that the
amplitude of the Regge-Wheeler function is always
smaller than Zerilli’s, even in the nearest-critical angular-
momentum values studied by us.

TABLE I. Coefficients a and b in the Oohara-Nakamura relation (43) and the total energy ðμ2=MÞΔE for different values of angular
momentum L. The superscripts refer to polar (þ) and axial-parity (−) perturbations.

L=Lcrit a b aðþÞ bðþÞ að−Þ að−Þ
ΔE ΔEðþÞ ΔEð−Þ

×10−2 ×10−2 ×10−4

0.0000 0.45 1.99 0.45 1.99 � � � � � � 1.04 1.04 � � �
0.2500 0.29 1.56 0.27 1.56 0.01 1.59 1.71 1.63 7.59
0.5000 0.31 1.18 0.27 1.17 0.04 1.25 4.48 4.01 47.4
0.7500 0.47 0.91 0.40 0.91 0.07 0.98 13.0 11.4 169
0.9000 0.76 0.79 0.66 0.79 0.09 0.83 28.7 25.4 321
0.9900 1.75 0.77 1.63 0.77 0.12 0.74 71.5 66.2 525
0.9990 2.88 0.80 2.75 0.80 0.13 0.72 109 103 609
0.9999 4.02 0.82 3.89 0.82 0.15 0.71 144 137 669
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In Fig. 9, we take a closer look on the waveforms in the
limit L → Lcrit, for the same multipole moments. In this
limit, the waveforms become increasingly similar around
their peak amplitudes, t − x ≃ −40M, although differences
are clearly visible at the “precursor” phase. Similar results
hold for the other multipoles we examined. This result
suggests that a quasiuniversal description of the plunge
from the marginally stable circular orbit r ¼ 4M exists.
Such a treatment for particle’s plunging from the innermost
stable circular orbit exists [50].

VI. THE SEMIRELATIVISTIC APPROXIMATION

A complementary way of studying the gravitational
wave emission by an infalling particle is via the so-called
semirelativistic approximation [30] (often used in the
“kludge” approximation [51–53]). In this approach the
particle is assumed to move along a fully relativistic
geodesic trajectory of the black-hole spacetime while the
gravitational wave emission itself is treated approximately,
using the weak-gravity quadrupole formula.
Despite its inherent inconsistency, the semirelativistic

approximation is known to perform surprisingly well, when
compared against more rigorous results obtained from
black-hole perturbation theory. The price one has to pay
for the conceptual and technical simplicity of this approach

FIG. 6. Energy radiated to infinity in the plunge process. From
left to right, the panels show the total energy radiated, only
through the parity even (“Zerilli”) perturbations, and only
through the parity odd (“Regge-Wheeler”) perturbations. The
markers correspond to Eq. (42), whereas the straight lines
corresponds to the fit (43) suggested by Oohara and Nakamura

]20 ]. The lines starting from the bottom correspond to L ¼ 0 and
increase to L ¼ 0.9999Lcrit as one moves upwards. The energy
emitted in the dominant quadrupole mode in the axial-parity
radiative channel is always smaller than that emitted through the
polar one, at fixed L. When L ¼ 0, there is no energy radiated in
the axial-parity channel.

FIG. 7. Fraction of the total energy radiated by the polar and
axial perturbations in the plunge process. We show both the polar
[(þ), left ordinate] and axial [(−), right ordinate] total energies as
functions of the particle’s angular momentum. The fraction of the
total energy radiated via each radiative channel is nonmonotonic
in L, with the axial channel having a peak at L=Lcrit ≈ 0.75. The
polar contribution is at least ≈85% of the total energy budget for
all values of L considered.

FIG. 8. Time-domain Zerilli (solid lines) and Regge-Wheeler
(dashed lines) mode functions excited by a test particle plunging
with L ¼ 0.9Lcrit (top panel) and L ¼ 0.9999Lcrit (bottom panel)
into a Schwarzschild black hole. We focus on the dominant
quadrupole multipole, associated with the perturbations of each
parity: m ¼ 2 and m ¼ 1 for the Zerilli and Regge-Wheeler
modes, respectively. The former is always larger in amplitude
than the latter.

SILVA, TAMBALO, GLAMPEDAKIS, and YAGI PHYS. REV. D 109, 024036 (2024)

024036-10



is that its accuracy deteriorates as soon as the particle’s
trajectory enters the near horizon, strong field regime where
radiation backscattering by the spacetime curvature
becomes an important factor. Unfortunately, this condition
is clearly met by a plunging particle so we expect the
semirelativistic method to provide accurate results only for
the early time portion of the trajectory (i.e., the low
frequency part of the gravitational wave spectrum.)
Nevertheless, the less accurateωM ≳ 1 part of the spectrum
is of some interest in its own right as it allows us to
understand (and separate) the effects due to the particle’s
motion and due to backscattering.
The quadrupole-order gravitational-wave formalism

underpinning the semi-relativistic approximation can be
found in many general relativity textbooks; here we follow
and expand the analysis of Ref. [54], Sec. IV.3.1, for
radially infalling particles.
We start by recalling that the appropriately averaged

gravitational-wave luminosity is given by

L ¼ 1

5



M
:::

ijM
::: ij −

1

3
M
:::2

�
; ð44Þ

where the (mass) quadrupole moment Mij is defined as

MijðtÞ ¼
Z

d3xρðt; xÞxixj; ð45Þ

for a mass density ρðt; xÞ, and with traceM ¼ Mi
i, which is

distinguishable from the black hole’s mass M from the
context. The total energy emitted in gravitational waves is
given by the integral

ΔE ¼
Z

tmax

−∞
dtLðtÞ; ð46Þ

where the luminosity is to be evaluated without any
averaging (also, we can set tmax ¼ ∞ at the particle’s
horizon crossing time). The same quantity can be evaluated
in the frequency domain

ΔE ¼
Z þ∞

0

dω
dE
dω

; ð47Þ

where dE=dω is the spectral energy distribution.
For a point particle moving along a trajectory xpðtÞ we

have ρðt; xÞ ¼ μδð3Þ½x − xpðtÞ�, and we find

MijðtÞ ¼ μxipðtÞxjpðtÞ: ð48Þ

As in Sec. II, the geodesics under consideration can be
taken to lie in the equatorial x-y plane and the Cartesian
coordinates can be related to the Schwarzschild-Droste
coordinates (1) through Eq. (6). In this setup, the only
nonvanishing components of the quadrupole moment (45)
areM11,M22,M12, and the trace isM ¼ M11 þM12. Then,
a short calculation leads to

ΔE ¼ 2

15

Z þ∞

−∞
dt½M:::211 þM

:::2
22 −M

:::

11M
:::

22 þ 3M
:::2
12�;

¼ 2

15π

Z þ∞

0

dωω6½jM̃11j2 þ jM̃22j2 þ 3jM̃12j2

− Re½M̃11M̃�
22��; ð49Þ

where the Fourier transform of Mij is defined as3

M̃ijðωÞ ¼
Z þ∞

−∞
dteiωtMijðtÞ: ð50Þ

The fact that Mij is real implies the useful property

M̃�
ijðωÞ ¼ M̃ijð−ωÞ: ð51Þ

As discussed in Ref. [54], the integral (50) is divergent at
t → −∞, since xp → þ∞. Therefore, some regularization
procedure is required. This is achieved by working with the

Fourier transform ˜M̈ij, which is well behaved at spatial
infinity. In fact, this procedure is equivalent to the regu-
larization of M̃ijðωÞ via integrations by parts, where the

FIG. 9. Time-domain Zerilli (top panel) and Regge-Wheeler
(bottom panel) mode functions excited by a test particle
plunging with L ¼ 0.99Lcrit (solid lines), L ¼ 0.999Lcrit
(dashed lines), and L ¼ 0.9999Lcrit (dot-dashed lines) into a
Schwarzschild black hole. As in Fig. 8, we consider the
dominant quadrupolar Zerilli and Regge-Wheeler modes. In
the limit L → Lcrit, the solutions become quasiuniversal around
and after t − x≳ −40M.

3For clarity, we adopt a slightly different notation for fre-
quency-domain quantities in this section, mirroring Ref. [54].
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produced divergent boundary terms are discarded (see, e.g.,
Detweiler and Szedenits [12] for a similar regularization of
the solution of the Teukolsky equation sourced by a
plunging particle). The outcome of this exercise is the
regularized quadrupole moment

M̃reg
ij ¼ − ˜M̈ij=ω2; ð52Þ

and from Eq. (49) we read off the regularized formula:

dE
dω

¼2ω2

15π

�j ˜̈M11j2þj ˜̈M22j2þ3j ˜̈M12j2−Re½ ˜̈M11
˜̈M�
22�


: ð53Þ

For the actual numerical evaluation of ˜M̈ij (and the
subsequent one of dE=dω), it is advantageous to convert the
time integral into a radial integral using the geodesic
equations (2), leading to

˜M̈ij ¼
Z

rmax

2M

dr
f

�
2M
r

þ f
L2

r2

�−1
2

M̈ijeiωtpðrÞ: ð54Þ

For the problem at hand, the individual M̈ij components
required for the calculation of Eq. (52) are

M̈11 ¼ 2μðxpẍp þ ẋ2pÞ; ð55aÞ

M̈22 ¼ 2μðypÿp þ ẏ2pÞ; ð55bÞ

M̈12 ¼ μð2ẋpẏp þ xpÿp þ ypẍpÞ: ð55cÞ

With the help of Eq. (2) both the accelerations ẍp, ÿp and
the velocities ẋp, ẏp can be rewritten solely as functions of
r, ϕpðrÞ and the orbital constant L. At the same time tpðrÞ
explicitly appears in the exponential term. Both ϕpðrÞ and
tpðrÞ are obtained numerically as in Sec. II. We chose
trajectories with ϕpð0Þ ¼ 0 at some initial radius
rmax ¼ rð0Þ. The same radius serves as the “infinity” upper

limit in the ˜M̈ij integral. The initial time t ¼ 0 can be
chosen arbitrarily because the addition of a constant in
tpðrÞ does not affect the numerical value of Eq. (54).
For any value L < Lcrit, the integral in the ˜M̈11 compo-

nent is the slowest converging one at large r (the absolute
value of the integrand decays as ∼r−1=2). In order to
improve the convergence of this component and reduce
the associated numerical error we employ a procedure
similar to that in Sec. IV B, namely, we subtract the slowly
decaying part prior to the numerical integration and then
add back the (analytically obtained) asymptotic contribu-
tion from that part.
The semirelativistic energy spectrum, calculated from

Eqs. (53) and (54), is shown in Fig. 10 and has a
characteristic single-hump profile. When comparing
against the full black-hole perturbation theory result for
l ¼ m ¼ 2 shown in Fig. 5, we notice a moderate

disagreement in the location of the emission peak. This
is not surprising because the exact location of this peak
depends on the properties of the BH potential near 3M; as
pointed out earlier, this information is missing altogether in
the semirelativistic approximation. As expected, the two
spectra are in good agreement in the low frequency,
ωM ≪ 1, end of the spectrum which is the part that
corresponds to quasi-Newtonian motion, that is, when
the particle is still moving far away from the black-hole
horizon. Interestingly, the agreement improves to some
degree as we approach the critical value Lcrit for scattering.
In this case, the particle spends a large amount of time
orbiting around r ¼ 4M and the bulk of gravitational-wave
emission is generated there, as we have discussed in Sec. V.
The opposite high-frequency end of the spectrum,

ωM ≫ 1, has also some interest of its own. In the fully
relativistic calculation, this part of the spectrum appears to
be independent of the angular momentum L and the modal
numbers l and m. We can approximate the high-frequency
“tail” of dElm=dω in the special case of radial infall, taking
into account that this part of the spectrum corresponds to
the near-horizon region of integration in Eq. (24). Under
these circumstances we can recast the integrand into a
single exponential, and expand the exponent up to linear
order in r=ð2MÞ − 1. The integral can then be computed
analytically, and it is found to be dominated by the lower
limit of integration. Moreover, in the same high-frequency
limit the Wronskian can be approximated as Wlmω ≃ 2iω.
These manipulations lead to a scaling

FIG. 10. The energy spectra for a particle plunging with angular
momentum L ¼ 0, L ¼ 0.75Lcrit, and L ¼ 0.9999Lcrit into a
Schwarzschild black hole in the semirelativistic approximation
(“SR,” dashed lines) and black-hole perturbation theory, for l ¼
m ¼ 2 (“BHPT,” solid lines). Both calculations agree at low
frequencies Mω ≪ 1, where the radiation is due to the particle’s
quasi-Newtonian motion. For L ¼ 0 and L ¼ 0.75Lcrit, the
kludge calculation underestimates the location of the spectrum’s
peak, which is related to the hole’s fundamental quasinormal
mode frequency [12]. As L → Lcrit, the peak of the spectrum is
dominated by the particle’s orbit around r ¼ 4M, and the two
calculations agree qualitatively with each other up toMω≲ 0.25.
The semirelativistic approximation predicts a slowly decaying tail
for the spectrum.
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dE
dω

∝
e−8πMω

Mω
ðperturbation theoryÞ: ð56Þ

The same procedure applied to the semirelativistic spec-
trum leads to a slower decaying tail

dE
dω

∝
e−4πMω

Mω
ðsemirelativisticÞ: ð57Þ

The difference can be traced back to the additional highly

oscillatory function Xð�Þ; in
lmω ≃ expðiωxÞ in the full black-

hole perturbation theory expression, which suppresses the
integral at large ω. This analysis thus explains the differ-
ence in the high-frequency tails shown in Fig. 10.

VII. CONCLUSIONS

We reviewed, and generalized, a transformation by
Nakamura et al. [28] that makes the source term of the
Zerilli function to have a faster falloff at spatial infinity,
thereby improving the numerical convergence of the con-
volution integral that arises in the calculation of gravita-
tional radiation by particles in unbound geodesic motion in
the Schwarzschild spacetime.
As an application, we studied the gravitational radiation

produced by test particles that plunge from rest and with
angular momentum L from spatial infinity into a
Schwarzschild black hole. In particular, we focused on
the limit in which L approximates from below the critical
value Lcrit for scattering. To our knowledge, this is the first
time this calculation was done using the original Regge-
Wheeler and Zerilli master functions. Our results are in
agreement with the work by Berti et al. [29] that used the
Sasaki-Nakamura equation. We studied in detail the relative
contributions to the energy radiated in gravitational waves
due to perturbations of polar and axial parity. We found that
the former always dominates. We also observed an qua-
siuniversal late-time behavior of the waveforms in limit in
which L approaches the critical value for scattering, 4M.
The main merit of the Nakamura-Sasaki-Shibata trans-

formation is that it only requires minimal modifications
to the source term of the Zerilli function [cf. Eqs. (29)
and (31)]. The new source term can be easily computed
analytically with any symbolic algebra software. In con-
trast, the Sasaki-Nakamura formalism requires the numeri-
cal integration of an auxiliary second-order differential
equation for the calculation of the source term [16–18].
However, an advantage of the Sasaki-Nakamura formalism
is that it applies to the Kerr spacetime, while the method
presented here is not. Our work is alternative to that
of Hopper [38] that addresses the sources of the
Zerilli-Moncrief and Cunningham-Price-Moncrief master
functions.
We complemented our calculations in black-hole per-

turbation theory, with an analysis of the same plunging-
particle problem in the semirelativistic approximation.

We found that the two energy spectra agree best with in
the limit L → Lcrit, when the energy is dominated by the
particle’s motion around the marginally stable circular
orbit. We also studied the high-frequency limit of the
spectrum, expanding upon the discussion in Ref. [54].
The method presented here can be used in other

problems involving unbound motion in the Schwarzschild
spacetime, including ultrarelativistic plunges [10,55], scat-
tering [27], or in the spacetime of relativistic stars [56–59]
using the Regge-Wheeler-Zerilli formalism.
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APPENDIX A: THE SOURCES OF THE REGGE-
WHEELER AND ZERILLI EQUATIONS

In this appendix we present the sources for the Regge-
Wheeler and Zerilli equations (7), quoting from the for-
mulas presented in Refs. [32,33]; the original derivation is
due Zerilli [5].
The source SðþÞ

lmω, which excites the perturbations of
polar parity, is given by

SðþÞ
lmω ¼ −if

d
dr

�
f2

Λ

�
ir
f
C̃1lmω þ C̃2lmω

��

þ i
f2

rΛ2

�
i
λr2 − 3λMr − 3M2

rf
C̃1lmω

þ λðλþ 1Þr2 þ 3λMrþ 6M2

r2
C̃2lmω

�
; ðA1Þ

where4

4We note that in the equation for B̃lmω, the term proportional to
Að1Þ
lmω in Eq. (A42) of Ref. [32] has a typo, which is corrected in

Eq. (4.12) of Ref. [33].

GRAVITATIONAL RADIATION FROM A PARTICLE PLUNGING … PHYS. REV. D 109, 024036 (2024)

024036-13



B̃lmω ¼ 8πr2f
Λ

�
Almω þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þ=2p Blmω

�

− 4π

ffiffiffi
2

p

Λ
M
ω
Að1Þ
lmω; ðA2Þ

C̃1lmω ¼ 8πffiffiffi
2

p
ω
Að1Þ
lmω þ 1

r
B̃lmω − 16πr

�
1

2

ðlþ 2Þ!
ðl − 2Þ!

�−1
2

Flmω;

ðA3Þ

C̃2lmω ¼ 8πi

ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ=2p r

f
Bð0Þ
lmω −

i
f
B̃lmω

þ 16πir2

f

�
1

2

ðlþ 2Þ!
ðl − 2Þ!

�
−1
2

Flmω: ðA4Þ

Here, f ¼ 1–2M=r, and Almω, A
ð1Þ
lmω, B

ð0Þ
lmω, Blmω, B̃lmω,

and Flmω are the Fourier-domain projections of the
particle’s energy-momentum tensor onto the tensor har-
monic basis; cf. Ref. [32], Table I, for their expressions in
time-domain and generic orbit. These functions encode
information about the particle’s geodesic motion, and when
particularized for plunging geodesics they read

Almω ¼ μ
V

r2f2
Y�
lme

iωtp ; ðA5aÞ

Að1Þ
lmω ¼ −i

ffiffiffi
2

p
μ

E
r2f

Y�
lme

iωtp ; ðA5bÞ

Bð0Þ
lmω ¼ iμ

EL
Vr3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ=2p ∂ϕY�

lme
iωtp ; ðA5cÞ

Blmω ¼ −μ
L
r3f

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ=2p ∂ϕY�

lme
iωtp ; ðA5dÞ

Flmω ¼ μ
L2

Vr4

�
1

2

ðlþ 2Þ!
ðl − 2Þ!

�
−1
2

∂ϕϕY�
lme

iωtp ; ðA5eÞ

where, for brevity, we wrote Y�
lm ¼ Y�

lmðπ=2;ϕpÞ and

defined V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −U

p
, where U is given by Eq. (3).

Here, μ is the particle’s mass and tp and ϕp are functions
of r, obtained by integrating the geodesic equation (5).

The source Sð−Þlmω, that excites the perturbations of axial
parity, is given by

Sð−Þlmω ¼ 8πif
r

�
1

2

ðlþ 2Þ!
ðl − 2Þ!

�
−1
2

�
−r2

d
dr

ðfDlmωÞ

þ
ffiffiffiffiffi
2λ

p
rfQlmω

�
; ðA6Þ

where, analogously to the polar case, Dlmω and Qlmω

are the Fourier-domain projections of the particle’s
energy-momentum tensor onto the tensor harmonic basis;
cf. Ref. [32], Table I, for their time domain, general orbit
forms. When particularized for plunging trajectories, Dlmω

and Qlmω become

Dlmω ¼ iμ
L2

Vr4

�
1

2

ðlþ 2Þ!
ðl − 2Þ!

�
−1
2

X�
lme

iωtp ; ðA7aÞ

Qlmω ¼ −iμ
L
fr3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ=2p ∂θY�

lme
iωtp ; ðA7bÞ

where we introduced the shorthand notation,

Xlm ¼ 2∂ϕð∂θ − cot θÞYlm: ðA8aÞ

In the case of radial infall, L ¼ 0, both Dlmω and Qlmω are

zero, and consequently Sð−Þlmω, vanishes.

APPENDIX B: THE NEAR-HORIZON AND FAR-
FIELD EXPANSIONS OF THE REGGE-
WHEELER AND ZERILLI FUNCTIONS

When integrating numerically the homogeneous Regge-
Wheeler and Zerilli equations, we use series representations
of the solutions to these equations in the near-horizon
[r=ð2MÞ − 1 ≪ 1 or x → −∞] and asymptotic (r ≫ 2M or
x → ∞) regions of the Schwarzschild spacetime. The
coefficients in these series satisfy certain recursion relations
that we summarize here.
We first consider the near-horizon limit. We assume that

the Regge-Wheeler and Zerilli mode functions Xð�Þ
lmω can be

factorized as

Xð�Þ
lmω ¼ e−iωx

X∞
n¼0

cð�Þ
n zðrÞn; z ¼ r=ð2MÞ − 1: ðB1Þ

We substitute Eq. (B5) in the homogeneous equation (14)
and derive a recursion relation between the coefficients

cð�Þ
n . For the Zerilli equation this relation is

acðþÞ
n ¼ bcðþÞ

n−1 þ ccðþÞ
n−2 þ dcðþÞ

n−3 þ ecðþÞ
n−4 þ fcðþÞ

n−5; ðB2Þ

where

SILVA, TAMBALO, GLAMPEDAKIS, and YAGI PHYS. REV. D 109, 024036 (2024)

024036-14



a ¼ nð3þ 2λÞ2ðn − 4iσÞ;
b ¼ ð3þ 2λÞf4λ2 þ ið40λþ 36Þðn − 1Þσ þ λ½2ð9 − 4nÞn − 6� − 3ðn − 2Þð2n − 1Þg;
c ¼ 24λ3 − λ2ð24n2 − 108nþ 72Þ − λð36n2 − 168nþ 174Þ − 9n2 þ ið160λ2 þ 288λþ 108Þðn − 2Þσ þ 45n − 54;

d ¼ 24λ3 − λ2ð16n2 − 108nþ 144Þ − λð12n2 − 84nþ 144Þ þ ið160λ2 þ 192λþ 36Þðn − 3Þσ;
e ¼ iλð80λþ 48Þðn − 4Þσ − 4λ2ðn − 6Þðn − 3Þ þ 8λ3;

f ¼ 16iλ2ðn − 5Þσ; ðB3Þ

and σ ¼ Mω [39]. For the Regge-Wheeler equation we obtain instead

nðnþ 4iσÞcð−Þn ¼ −½2n2 − 12iðn − 1Þσ − 5nþ lðlþ 1Þ − 6�cð−Þn−1 − ½ðn − l − 3Þðnþ l − 2Þ
− 12iðn − 2Þσ�cð−Þn−2 þ 4iðn − 3Þσcð−Þn−3: ðB4Þ

In Eqs. (B2) and (B4), cð�Þ
n ¼ 0 for negative values of n.

We now consider the asymptotic expansion of Xð�Þ
lmω. We

assume they can be factorized as

Xð�Þ
lmω ¼ Jð�Þ

lmωðrÞeþiωx; ðB5Þ

where Jð�Þ
lmω (“Jost function”) approaches a constant as

x → ∞ in order to recover a purely outgoing behavior. We
then substitute Eq. (B5) in the homogeneous equation (14).

This results in a differential equation for Jð�Þ
lmω,

�
f
d2

dr2
þ
�
2M
r2

þ 2iω
�

d
dr

−
Vð�Þ
l

f

�
Jð�Þ
lmω ¼ 0; ðB6Þ

which we solve with Frobenius’ method. We assume a
series expansion of the form,

Jð�Þ
lmω ¼

X∞
n¼0

að�Þ
n =ðωrÞn: ðB7Þ

We then substitute this expansion in Eq. (B6), and derive a

recursion relation between the coefficients að�Þ
n . When

using the Zerilli potential (11a), we obtain

2iλ2naðþÞ
n ¼ λ½λðn − 1Þn − 12iσðn − 1Þ − 2λðλþ 1Þ�aðþÞ

n−1

þ 2σ½λð3 − λÞðn − 2Þðn − 1Þ − ðλ2 þ 9iσÞ
× ðn − 2Þ − 3λ2�aðþÞ

n−2 þ 3σ2½ð3 − 4λÞðn − 3Þ�
× ðn − 2Þ − 4λðn − 3Þ − 6λ�aðþÞ

n−3

− 18σ3ðn − 3Þ2aðþÞ
n−4; ðB8Þ

while using the Regge-Wheeler potential (11b) we find

2inað−Þn ¼ −2σ½ðnþ 1Þðn − 3Þ�að−Þn−1

− ½lðlþ 1Þ − nðn − 1Þ�að−Þn−2; ðB9Þ

where að�Þ
n ¼ 0 for negative values of n [34,60]. The

derivations we just made also apply to modes that behave
as ≃ expð−iωxÞ at spatial infinity. In practice, we can
replace σ → −σ in Eqs. (B8) and (B9).

APPENDIX C: CALCULATION OF THE
WRONSKIAN

To calculate the Wronskian (23), we need first to

calculate the mode amplitude Að�Þin
lmω . We do this calcula-

tion following the same strategy outlined in Ref. [29],
Appendix A1, in the context of the Sasaki-Nakamura
formalism.
We first integrate Xð�Þ; in

lmω from near the horizon [making
use of the recursion relations (B2) and (B4)] out to

some large rmax. This gives us two constants Xð�Þ; in
lmω ðrmaxÞ

and dXð�Þ; in
lmω ðrmaxÞ=dr. For large r, the mode function is

approximately given by

Xð�Þ; in
lmω ≃ Að�Þ; in

lmω e−iωx þ Að�Þ; out
lmω eþiωx;

¼ Að�Þ; in
lmω Jð�Þ; in

lmω e−iωx þ Að�Þ; out
lmω Jð�Þ; out

lmω eþiωx; ðC1Þ

where we used the factorization (B5) in the second line.
We evaluate the Jost functions Jð�Þ

lmω using the recursion

relations (B8) and (B9), with að�Þ
0 ¼ 1 and adding terms in

the series until a sufficient level of accuracy is reached.
Equation (C1) and its derivative with respect to r provide

two equations that depend on Xð�Þ; in
lmω (and its derivative) at

rmax; the outcomes of the numerical integration of Xð�Þ; in
lmω .

We use these two equations to solve for the two amplitudes

Að�Þ; in
lmω and Að�Þ; out

lmω . The former is then used to calculate the
Wronskian (23).
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