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Abstract

We study the statistics of scalar perturbations in models of inflation with small and
rapid oscillations in the inflaton potential (resonant non-Gaussianity). We do so by deriving
the wavefunction ¥[((x)] non-perturbatively in ¢, but at first order in the amplitude of
the oscillations. The expression of the wavefunction of the universe (WFU) is explicit and
does not require solving partial differential equations. One finds qualitative deviations
from perturbation theory for || = a~2, where o > 1 is the number of oscillations per
Hubble time. Notably, the WFU exhibits distinct behaviours for negative and positive
values of ¢ (troughs and peaks respectively). While corrections for ¢ < 0 remain relatively
small, of the order of the oscillation amplitude, positive ( yields substantial effects, growing

T2

exponentially as e in the limit of large . This indicates that even minute oscillations

give large effects on the tail of the distribution.
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1 Introduction

It is widely believed that the initial conditions of our Universe were established during the period of
inflation. Over the past two decades, significant progress has been made in understanding how to
calculate the statistics of these initial perturbations. These calculations rely on in-in perturbation
theory. The use of perturbation theory appears to be particularly justified, as experiments have
placed strict constraints on non-Gaussianity, i.e. departure from a free theory. This demonstrates
that fluctuations during inflation are very weakly coupled. While typical fluctuations are indeed
weakly coupled, it turns out that perturbation theory is not appropriate to describe large, unlikely
fluctuations: non-linearities become sizeable when looking at large perturbations. To investigate such
improbable perturbations, one can turn to non-perturbative semiclassical methods [1].

Now, why should we concern ourselves with studying unlikely events that, by definition, are rarely
observed? One reason is conceptual. One is studying the most fundamental object of cosmology,
the wavefunction of the Universe (WFU), which contains the complete information about the initial
conditions. The possibility of studying it in a regime where perturbation theory fails is of the utmost
importance, even if it were not relevant experimentally. The tail of the probability distribution also
carries phenomenological significance: for instance the probability of generating a primordial black
hole depends on the probability distribution far away from its typical values. Moreover, there are
other inquiries where comprehensive knowledge of the WFU proves relevant, such as in the physics of
eternal inflation, which may be sensitive to the tail of the probability distribution [2-4]. Additionally,
one might be interested in the probability of non-perturbative transitions to other vacua. We will
also see that going beyond perturbation theory will also give new insights for the study of typical
fluctuations.

In reference [1] it was shown that the WFU in the semiclassical limit can be expressed as
V[((a)] ~ Ll (L1)

The WFU is a functional of the scalar perturbation ((z) at late times. (In this paper we do not consider
tensor perturbations and we focus on single-field models of inflation, so that ¢ is the only variable.)
The action on the right-hand side of the equation above is evaluated on-shell, i.e. on the classical
trajectory (. that satisfies the boundary condition (q = ((x) at late times and the Bunch-Davies
condition at early times. The semiclassical approximation is valid when the action is large compared
with A, and this occurs when the configuration (z) is large, compared with a typical fluctuation. In
this limit, loop corrections can be neglected and the functional integral that gives the WFU reduces
to a single semiclassical configuration. Notice that we are keeping the full non-linear action and
not expanding in perturbation theory: the semiclassical expression (1.1) resums all non-linearities
that are enhanced by the large (. This method is general, but one still needs to solve a non-linear
partial differential equation (PDE) with prescribed boundary conditions and evaluate the action on
this classical solution. The solution of the PDE must be found numerically in general and this makes
the process somewhat cumbersome and obscures the physics. (Other studies that emphasize the whole

probability distribution of ¢, beyond the usual expansion in correlation functions, include [5-9].)



In this paper we apply the method outlined above to a particular model of single-field inflation,
where one has small and rapid oscillations of the inflaton potential superimposed to a standard slow-
roll scenario. This model, sometimes dubbed resonant non-Gaussianity [10-14], can be motivated
by UV completions with monodromy [15]. The amplitude of the oscillations will be taken to be a
small parameter b. We will calculate the WFU non-perturbatively in ¢, but at first order in b. The
important simplification is that at first order in b one does not need to solve any PDE: it is enough to
plug the solution in the absence of oscillations in the (9(13) action. Another reason why it is interesting
to study the non-perturbative WFEFU in this class of models is related to the frequency of oscillations,
which is usually taken to be mush faster than Hubble, w ~ aoH, o > 1. The rapidity of the oscillations
in the potential tells us that perturbation theory, which is based on expanding the potential in Taylor
series around a given point, will break down soon: one cannot hope to study in perturbation theory a
fluctuation that jumps from one minimum of the modulation to another. Indeed we will see that one
needs the full non-perturbative WFU for o?|(| > 1. Eventually, notice that our approach takes into
account all interactions, including here resonant interactions inside the Hubble radius. This has to
be contrasted with stochastic inflation, which only resums nonlinearities outside the Hubble radius,
without taking into account non-Gaussianities at horizon crossing (see e.g. [16-19] and references

therein).

In Sec. 2 we derive a particularly useful form of the effective field theory (EFT) of inflation [20]
in the decoupling limit, when gravity perturbations can be neglected. This form, Eq. (2.7), retains
all non-linearities, it is valid for a generic potential and it has the advantage of making explicit the
conservation of ¢ in the long wavelength limit. (In App. A we verify that this form of the action
is equivalent to others used in the literature, and in App. B we discuss corrections coming from the
mixing with gravity.) In Sec. 3 we focus on the case of periodic features in the potential and we derive
a closed-form expression for the WFU at first order in b, Eq. (3.21). We also discuss the regime of
validity of this formula, studying loop corrections (see also Apps. C and D). It turns out that loop
corrections are subdominant, in this particular model, even for typical fluctuations. The evaluation
of the WFU still requires an integral over space and time. We do this both numerically and using
a saddle-point approximation, valid in the regime o > 1. These two methods are compared both
in the case of a monochromatic profile for ¢, Sec. 4, and for a more general spherically symmetric

configuration, Sec. 5. (Some details about the numerical analysis are deferred to App. E.)

The results show many new qualitative features that are absent in perturbation theory. First, the
WFU has a large asymmetry between peaks and troughs of ((x): the effect of the oscillations in the
potential is parametrically larger for peaks. Second, the modifications are not uniformly of order b: for
a?¢ 2 1 one has very large effects, asymptotically going as e™/2 for ¢ 2 1. Third, the WFU exhibits
oscillatory features as ¢ varies with frequency «. All these features may be understood in a quantum
mechanical toy model (see Sec. 6), with a periodic perturbations of the Hamiltonian. The periodic
modulation at high frequency induces transitions to excited states and these dominate completely the

tail of the wavefunction compared to the ground state wavefunction.

The study of the full WFU just began and many open questions remain as we discuss in the



Conclusions, Sec. 7.

2 Decoupling limit of the EFT of Inflation

It is useful in many cases to study inflation in the limit ¢ — 0, keeping the power spectrum and
the other slow-roll parameters fixed. Since the power spectrum P ~ H 2/(MZe) is fixed, this limit
corresponds to inflation taking place at low energy, H — 0, or equivalently this is the limit in which
gravity decouples, Mp; — oo. Data are progressively pushing towards this limit: the observation of a
non-zero tilt together with the upper bounds on tensor modes imply a certain hierarchy € < |n|. There
are various simplifications in this limit. First, the background geometry becomes exactly de Sitter.
Second, perturbations can be studied in the decoupling limit, i.e. without evaluating the perturbations
of the geometry. Technically this means that the metric remains unperturbed and one does not need
to solve the constraint equations for the lapse function N and the shift vectors N*. These variables
are indeed € suppressed: in the limit Mp; — co one expects that the metric becomes non-dynamical.
The solutions of the constraints thus give terms in the action suppressed compared with the action of
the inflaton. The € — 0 limit of slow-roll inflation is discussed in detail in [21], while the decoupling
limit is justified for typical fluctuations in the case of oscillatory features in [13]. In App. B, we derive
its regime of validity in a non-perturbative manner, as required for our analysis.

In this section we derive the action for the scalar perturbations 7 in the decoupling limit, using
the EFT of Inflation [20]. Throughout the paper, the background metric is assumed to be the flat
Friedmann-Robertson-Walker (FRW) metric: ds? = —dt? + a(t)? dz?, where a(t) denotes the scale

factor. The EFT action for a scalar field with a minimal kinetic term is [20]
4 M, 2 2., 7 2 7 00
S= [ dzv—g|—"R-MnEH@)" + H(t) + MpH(t)g™| (2.1)

where R is the 4d Ricci scalar, g% is the (00)-component of g"¥ and Mp is the Planck mass. We
define the Hubble parameter as H(t) = a/a, where the dot is a time derivative. The action above is
formulated in the unitary gauge, having all the degrees of freedom inside the metric. The presence
of the scalar degree of freedom can be made manifest by performing a space-time dependent time
diffeomorphism and promoting the gauge parameter to a field —m (¢, ). This is nothing but the usual

Stueckelberg trick: ¢t — t 4+ 7(t, ), so that ¢g° then transforms as
g0 = (1+7) 29" + 2(1 + 7)0img™ + g om0 ~ —1 — 27 + (9,m)* . (2.2)

In the last step we took the decoupling limit and neglected metric perturbations; notice that this can

only be done after reintroducing 7. Therefore, the action (2.1) becomes
4 Mg, 2 2 2 2 7 . 2
S= [ d*zv—g TR—MP1(3H(t+7r) +2H(t +m)) + Mg H(t 4+ 7) (=27 + (0,m))| . (2.3)

The Einstein-Hilbert term, as expected, does not contain the field = because it is invariant under 4d

diffeomorphisms: since we are interested in the action for m we can disregard this term from now on



and write the action as
S = / dtz a® M3, [ —3H(t+m)? 20 +7)H(t +7) + H(t +7)(d,m)?]| . (2.4)

At linear order in w the action above vanishes after performing an integration by parts: this is a
consequence of the background equations of motion.

Let us now show that in the decoupling limit € — 0, the field 7 must be time-independent outside
the horizon. Indeed, when all modes are well outside the horizon, the relation between 7 and (
reads [13]

t+T(t,x)
C(t,az):/t H({)dt', with #(t+T(t,z),z)+T(t,xz)=0, (2.5)

where the implicit equation defining 7" is found by working out the time-diffeomorphism mapping the

7 to the (-gauge. !

In the decoupling limit, one can consider the Hubble rate constant, H = H,,
hence ( = H,T. From the time-independence of { outside the horizon, one deduces that T is also
constant. Inspecting the relationship between 7" and 7 in (2.5), one finds that this is realized only
with 7 constant, and hence with ( = —H,x. It is also instructive to go beyond the decoupling limit,
in which case Eq. (2.5) gives { = —Hn + Hr + Hn?/2 + O(7%) up to quadratic order. This makes
it manifest that the time-dependence of H implies a time-dependence of .

Although we are working in the decoupling limit, the time-independence of 7 is not manifest in the
action (2.4): polynomial terms in 7 naively induce an evolution outside the horizon. One can rewrite
the action in a more transparent form. We rewrite the second term on the RHS as —2d[H (¢t + )]/ d¢

and we integrate it by parts: up to terms that do not depend on 7 the action (2.4) becomes
S = / d*z a(t)3 M3 [ —3(H(t+7) — H(t))> + H(t + n)(0.7)*] . (2.6)

The first term, (H(t + 7) — H(t))?, scales as ~ € since it involves variations of H during inflation.
This is subdominant compared to the second term, H(t + m)(9,7)?, which scales as ~ e. > Actually,
one is not allowed to retain the first term: as we discussed, solving the constraint equations for the

lapse function and the shift vector would give extra terms in the action that scale as €2

,1.e. of the same
order as the first term, see App. B. Therefore in the decoupling limit the action takes the simplified

form:

§= / o a(t)P MEE( + 1) (0,m)? , (2.7)
where in a(t), one should consider for consistency a de Sitter evolution a(t) o< e’*!. Since the only
term in the action contains two derivatives, one can see explicitly that @ = const is a solution of the

complete non-linear equation of motion. This action describes, in the limit € — 0, a model of inflation

IThe spatial diffeomorphism that is required beyond linear order in 7 becomes negligible when all modes are well
outside the horizon, see [13] for an explicit proof in the context of resonant models.

2More precisely, (H(t+m) — H(t))? = (["TTH')dt')? < H2r? < 0 HiL w2, where we used that H is decreasing
in the last step, shows that the first term is indeed negligible, inside the horizon, compared to the second one of order
eH?(9,m)%. The impact outside the Hubble radius is discussed in App. B.



with a minimal kinetic term and a generic potential that may include oscillations or features as we
are going to discuss momentarily. One can add extra terms in the EFT, like (g% + 1)" or extrinsic
curvature terms. All these terms contain at least two derivatives on 7 and therefore do not affect the
argument for the conservation of 7 outside the horizon.

It is noteworthy that the action (2.7) is not formulated perturbatively: the nonlinearities that it
contains are expressed in a resummed manner, which is crucial when dealing with non-perturbative
phenomena and rare large fluctuations. Eventually, our action can be used for any single-clock model
of inflation, provided one is not interested in O(e?) terms. If one is agnostic about the underlying
dynamics driving inflation, the dynamics of 7 can then be obtained simply by parametrizing the time

evolution of the Hubble rate during inflation, from which one deduces

H(t+m)
H(t 4 )

P L (R [#2 B (a@?} |

T+ = -
a? 2H(t 4 )

3H, + (2.8)

a2

Remarkably, this compact expression is the full non-linear equation of motion, encapsulating all non-
linearities, in any model of inflation involving a canonical single scalar field, in the decoupling limit.
The classical solutions of this equation, with suitable boundary conditions, can be used, following
[1], to analyse the WFU in the large ¢ limit. The corresponding PDE, however, can only be solved
numerically. In this paper we concentrate on the case in which one has a feature, localised or periodic,
superimposed to a smooth slow-roll potential. In this case one has another expansion parameter, the
amplitude of the feature, and in this case we will be able to get analytic results. For concreteness we

focus on periodic features, i.e. the case of resonant non-Gaussianity.

3 Wavefunction of the universe for resonant features

3.1 Resonant features

In the following, we will compute the WFU when the time-dependence of the Hubble rate is assumed

to verify
H(t) = H, [1 - beos(wt + 5)] , (3.1)

where all parameters H,,b,w,d are constant, and when treating the oscillatory part as a perturbation,
i.e. at first order in the parameter b. As we stressed, our method is readily applicable beyond these
assumptions, but this simple form will enable us to derive analytical results.

While the form (3.1) is a perfectly legitimate starting point from an EFT point of view, in this
section we explain that it is indeed a good approximation to the dynamics of the Hubble rate in
motivated models, and discuss its regime of validity in this context. Explicitly, let us consider models

of inflation driven by a scalar field with canonical kinetic term and potential

V(9) = Var(9) + At cos (6/f) (3.2)

where Vg (¢) is a generic slow-roll potential, f is the analogue of the axion decay constant and A

is the scale that controls the amplitude of the oscillations of the potential. The specific model with



Vir(¢) = p2¢ has been studied in detail in [11] but we keep Vi, generic as in [12,22]. We could also
allow A to depend on the scalar field in a slow-roll manner and results would equally hold, but we
consider A constant for simplicity.

The full equations governing the background dynamics are the standard ones:

b+ 3Ho+V'(p)=0, (3.3)
3H?ME = ‘7;2 + V(o) (3.4)

implying —2M§1H — ¢2. At zeroth order in the oscillatory component, Vi, is driving a standard phase
of slow-roll inflation, whose corresponding quantities ¢o(t), Ho(t) we denote with an index 0. Up to
first order in the oscillatory component (the precise expansion parameter will be made explicit below),
the time derivative of the Hubble rate reads —2M}%1H = gbg + 2d'>0q.bl, where quantities at first order

are denoted with an index 1, and one has

.. . . 4
é1 + 3Hogp1 + 3H1o + Vi (¢o)p1 = [> sin(¢o/ f) - (3.5)

We are interested in the regime where the frequency of variation of the oscillatory component ¢y /f
is large compared to the Hubble scale, i.e. where a = |g130\ /(Hof) > 1, a regime in which non-
Gaussianities are resonantly enhanced [10,12,22]. In this regime, the left-hand side is dominated by

the two-derivative term, with the approximate solution

4

b1 = —A&f sin(go/f). (3.6)

0

Note that all quantities like Hp, ¢g and o have a mild, slow-roll, time dependence with the usual
successive Hubble slow-roll parameters ¢ = —Ho/Hg = ¢3/(2HZM3,),n0 = éo/(Hoeo), - .. much
smaller than unity. Hence one can check that (3.6) is indeed an approximate solution to (3.5): as the
sine term varies much more rapidly than d)o, (j)l scales like auHy¢1, and hence it is immediate that the
friction term 3Hy¢; and the mass term VZ(¢o)¢1 are negligible compared to $1. Let us show that
3H ¢y is also negligible. For this, note that (3.4) expanded at first order gives

6HoH1 Mg, = dod1 + Vi(do)p1 + A cos(do/f) - (3.7)

The first and the last term on the right-hand side of (3.7) contribute to Higo/¢1 as e/a < 1, and
the second one is even further suppressed by 1/a.

Now, using the solution (3.6), one finds the expression for H up to first order:

: 5 2A%
H = —egHj |1 — —cos(¢o/f)| - (3.8)
%o
That is, in addition to the slow-roll dependence Hy = —eng at zeroth order, H acquires a rapidly

varying oscillatory component. This is similar to the form (3.1) on which we will concentrate. It

corresponds to the approximation in which the slow-varying quantities, both eng and the relative



size of the oscillations 2A%/ QIS(Q), are considered as constant. More precisely, if one expands (3.8) around
a pivot time t4, then on time scales At = t — ¢, smaller than the scales of variation of the slow-roll
part, i.e. for HyAt < (1/ep(t4), 1/no(t+)) and other combinations of inverse of slow-roll parameters at
higher-order, one can consider all quantities as constant except for ¢/ f in the cosine term, which can
be approximated by (¢o(ts) + do(t.)(t — t.))/f. One then obtains the form (3.1) with

H*:HO(t*)a W= |¢0(t*)|/fv

- . . 3.9
b= 2A4/¢3(t*) ) 0= Sign(¢0(t*))¢0(t*)/f — Wiy, ( )

and we chose w > 0. 3 Note that another parameter b = Wi(t*)) is used in references [11,12,22]. It

is simply related to our parameter b ~ 6|b|/a(t,) upon using the slow-roll equations. We prefer to use
b since, as pointed out in [13], b does not have to be < 1. Instead, b<lisa necessary requirement
to satisfy the null energy condition, i.e. to ensure that H in (3.1) is always negative.

To summarize, the simple form (3.1) for H (t) on which we will concentrate is a good local approxi-
mation of the dynamics, in models of the type (3.2) when b < 1. As this is only a local approximation
in time, it means that one cannot consider arbitrarily large values of 7 in (2.7) to study the WFU for
rare large values of { = —Hm. As we work in the decoupling limit in which €y < 79, one finds that one
should restrict to values of |¢| < 1/n9. * However, we stress that this is not a theoretical limitation of
our method, which is valid for arbitrarily large values of || once the expansion history H(t) is known:

it simply illustrates that the extreme tail of the WFU is sensitive to the whole inflationary history. °

3.2 Wavefunction of the universe

In this section we are going to express the wavefunction of the curvature perturbation ¢ up to first
order in b in the semiclassical limit, i.e. neglecting loops (we will discuss below the range of validity
of this approximation) in models with resonant features described by the expansion history (3.1). We
will pay attention to put it in a manifestly finite form so that it can be computed in the subsequent
sections using both numerical and analytical methods.

Before delving into the analysis, it is useful to compare our action (2.7) to the one used in the
literature to study resonant features. The “derivative” form of the action we are using is in fact

equivalent to the one that was used to calculate the n-point functions of ¢ in these models (see

3From the approximate time-dependence of the scalar field we have derived, (¢(t) — ¢o(ts)) sign(do(ts)) ~ wf(t —
te) — %l;f sin(wt + J), one obtains the link between the Goldstone boson 7 and the fluctuation of the scalar field ¢(t) =
@(t+m)—¢p(t), namely o/ f = wwf%l;[sin(w(t+7r)+5)fsin(wt+5)}. With ¢ = —H, 7 outside the horizon in the decoupling
limit that we consider, this gives the fully nonlinear relationship between ¢ and the observed curvature perturbation (.
The probability density function of ¢ can then be deduced from the one of ¢: P(¢) = P(p(¢))af[l— %I;cos(wt +0—a()].
However, this is of little practical use. Considering that ¢ soon after Hubble crossing is Gaussian, as one would do in
stochastic inflation in slow-roll models, would lead to completely wrong results. Instead, our approach takes into account
the resonant interactions inside the Hubble radius (actually all interactions), directly at the level of the Goldstone boson,

which enables us to derive P(() straight away.
. " _1 1/n
“More generally, one should also require |¢| < {n!HoH(’)1 (%) } (n>1).

5For completeness, we show in App. B that neglecting the mixing with gravity requires ¢ < 1/Vea?.



Eq. (24) of [13] or Eq. (4.1) of [22]), up to integrations by parts. We explicitly show this in App. A.
The advantage of using our action is that the conservation of 7 is manifest, i.e. the equation of motion
admits a constant solution. On the other hand, in the form of the action used in the literature, the
conservation of 7 is not manifest because the action contains non-linear self-interactions n™. This
“polynomial” form has also the disadvantage that boundary terms must be kept in order to compute
correlation functions, see App. A for more details.

Specifying Eq. (2.7) to the time dependence (3.1), our action of interest reads
S = / Atz a(t) MEH, |1 — beos(wt + wr 4 6) | (9,7)? (3.10)

where remember that one should write a(t) o ef*! for consistency. Let us now proceed with the
calculation of the WFU. Starting from the action (3.10) one can write down the classical non-linear
equation of motion of 7w, Eq. (2.8), and solve such a differential equation with boundary conditions
at n — —oo and 7 — 0, where 7 is the conformal time such that a(n) = —1/(H.n). Then, one
can compute the WFU in the semiclassical limit, which is essentially the exponential of the on-shell
action [1]. This procedure is quite involved since it requires solving a non-linear partial differential
equation for 7. Since we are interested in computing the WFU at linear order in 5, we will not need
to perform this complicated task. Indeed, it is sufficient to calculate the action (3.10) on the “free”

solution of m —the one with b = 0. This comes from the fact that

~ _ 5L _
S[r = mg + bmy] = S[mo] + b/ dtzm <> + 0%, (3.11)
om 7r:7ro,Z;:0
where we explicitly factored out b in the expansion m = my + bri + ... and where, by definition,

7o satisfies the free equation of motion, i.e. (6£/ 57r)| = 0. As we see, the equality S[r =

~ - 7r=7r0,B:0
T + bm1] = S[mo] + O(b?) is a generic fact that can be used in any model with a small expansion
parameter, and is not tied to the specific form (3.10). ©

Let us now define ¢ = —H,mg. The on-shell action as a function of the late-time value ((x) of the

curvature perturbation becomes

s = [ and’a 277;134 [1—Bcos (o (log(n/m)JrC)—S)} [<’2—(az-02] NCRE)

SFor the sake of completeness, let us verify it in this case. The action (3.10) up to first order in b reads

7 3 MI?)IH* r_/
S[’ITO + bﬂ'l] ~ So[ﬂo] — 2b/ d77d €T H2772 |:7T071'1 — 81"/T081‘7T1:|
9
+ b/ dnd*z Aﬁ;g* |:7T62 — (8i7r0)2} cos(wt + wmo + 90) , (3.12)

where a prime denotes a derivative with respect to the conformal time 7, the first term is defined by So[me] =

e
— [ dnd’z A;g;* [r¢ — (0im0)?], and mo verifies the linear equation of motion w5 — (2/n)my — dimo = 0. Perform-

ing an integration by parts in the second term on the RHS of (3.12) thus gives rise to the equation of motion of 7o (plus

boundary terms, which vanish since we are imposing 71 = 0 at early and late times). Thus, the terms that contain m
vanish using the free equation of motion of 7y, and only the first and last term remain, whose sum is nothing else than
the full action, evaluated on the free solution my. Hence, the on-shell action at first order in b can indeed be evaluated

by using the free solution 7g.

10



where we have defined Py = Hf/(2M§1|H*|), 6 = & + wt, is simply sign(¢o(t))do(ty)/f when (3.1)
comes from the scalar field model (3.2), and o« = w/H, (this naturally coincides with the previously
defined « in the scalar field model, simply evaluated at t,). Note one thing: ¢ inside the integrand
does not coincide with the curvature perturbation at all times, but it is simply a rescaled version of
the free m9. However, as we have seen in Sec. 2, — H,m does agree with the curvature perturbation at
late times, and we also impose that 7, vanishes at the end of inflation, so that ( = —H, w9 approaches
the curvature perturbation field (. Hence, Eq. (3.13) gives the on-shell action as a function of the
late-time ((x).

Late-time divergences and Euclidean action: Let us study the divergences of the action (3.13) at
late times, in order to express its physical part in a manifestly finite form. Note that ((n, x) is defined
as the unique solution of the partial differential equation ¢” — (2/n){’ — GZZC = (0 that asymptotes to
the configuration ((x) at the end of inflation, and with suitable behaviour at past infinity. Its Fourier
transform ((n, k) = [ d®x ((n, z)e *® reads

o ik
Gl k) = Glk) (3.14)
where ((k) denotes the Fourier transform of the late-time configuration, k = |k|, ¢ is an arbitrary
late-time regulator (which will be sent to 0). We have selected only the e?*7 solution corresponding
to the usual Bunch-Davies vacuum. It corresponds to deforming the contour of the time integration
n — n(1 —ie) in (3.13). Notice that (*(n, k) # ((n, —k), where the star denotes complex conjugation:
((n,x) is not real, i.e. it does not correspond to any physical configuration of the field, but it simply
gives a configuration that dominates the path integral in the semiclassical limit.

Let us take n¢ = 0 and consider the limit n — 0
- 1 i
C(n, k) =~ ((k) [1 + gk + gk 0(774)] : (3.15)

Then, using the inverse Fourier transform ((n,z) = [ (gi;“.jg (n,k)e’*®, we arrive at

Cln.@) = [{(@) ~ PVE(e) + 0Tl + Ot (3.16)

where we defined the inverse Fourier transform of k3((k) as the non-local operator V3((z). From
the expression above, the only term in the free action that diverges at late time is (9;¢)?/n%. This
divergent term, as pointed out in [23] (see also [1]), is real and thus it gives a pure phase in the WFU
that depends on the late-time regulator ns. This phase does not contribute to the modulus squared
of the WFU and so it does not matter if we are interested in observables related to ¢. (The phase
of the WFU is relevant if one is interested in the momentum conjugate to ¢, which however decays
exponentially at late times.) Since it is irrelevant for late-time observables, in order to deal with finite

quantities, we can subtract this divergence from the action.
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Apart from the free term, in (3.13) there is a divergent contribution at order b as well. Using
(3.16) one obtains

cos (a (log(n/n.) +¢) =) = cos (a (log(n/n.) +¢) =)

+ %om2 sin (a (log(n/ns) +¢) — 5) V3 +... (3.17)

The second term on the right-hand side gives a finite contribution in the action since the n? factor

cancels the same factor at the denominator of Eq. (3.13). The divergent term in the action is thus
coS (a (log(n/m) + 5) — 5) (0;¢)?/n?. This again contributes to a pure phase in the WFU that can be

dropped. Therefore, the finite action at first order in b is
AS = ASy+bAS; . (3.18)

Here we define

Ay = [ dnde s [7 - 00 + @0 (3.19)

2772PC

and

asi= - [ ande o {167 - 067 cos (a logta/na) + ) - )

212 P¢
+ (81'6)2 cos (a (log(n/m) + 5) — 5) } , (3.20)

where, as above, the subscripts 0 and 1 refer to the actions at zeroth and first order in b respectively.
ASy gives the Gaussian wavefunction, while AS] gives all the deviations from Gaussianity of the
probability distribution of ¢.

It is convenient to rotate to Euclidean time, where ( is real and exponentially decaying at early
times, instead of oscillating. Since the action (3.18) is analytic everywhere in the upper-left quadrant
of the complex 7 plane, and the integrand decays sufficiently fast at infinity, one can indeed perform
a rotation to Euclidean space: 7 — —i7 where 7 denotes the Fuclidean time. Notice that it was
necessary to make the integrals in (3.19)-(3.20) convergent at 1 — 0 before doing the rotation. © We
write the exponent of the WFU as i{AS; = —ASg 1, where we define ASg; as the Euclidean action.

After the analytical continuation to Euclidean time, (3.20) leads to

ASg1[C] = /0 dT/ d3x 27_;]34 { [C'Z + (81()2] cos (a (log(7/m:) +¢) — 6 — z'cwr/2> o)
> 3.21

—(0;¢)* cos (a (log(1/me) +¢) — 6 — iom/Z) } ,

"Some more details about the rotation. ¢ is an analytic function of 1 and also the logarithm is analytic in the quadrant
of interest, except at the origin. Since also the cosine is analytic, one has only to worry about the arc at infinity and
the origin. Regarding the arc at infinity, notice that the imaginary part of the logarithm is bounded in the quadrant
of interest: this makes the modulus of the cosine bounded and the convergence is guaranteed by the 1/5> term (notice
that ¢, but not (, is exponentially decaying at infinity). Regarding the origin: one can neglect the integration along the

infinitesimal quarter of the circle close to the origin since the modulus of the integrand is bounded.
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where a prime now refers to a derivative with respect to 7, and explicitly the real variable {(7,x) =
i % C(k)e®®(1 — kr)eF™. Note that ¢(r, ) is real, but in the action one has an imaginary constant
inside the cosine as a consequence of the Euclidean rotation. Therefore ASg ; is complex. In the rest
of the paper we will evaluate the action (3.21) using analytical and numerical methods.

To understand the behaviour of the WFU, it is useful to fix a certain “shape” for ((x), say a
spherically symmetric Gaussian, and study the WFU as a function of the overall size: in this way one
has a function of a single variable that we can call { with an abuse of notation. One expects that
the result for small ¢ is the one of perturbation theory, while things get non-perturbative for large C.
It is interesting to notice that the WFU as a function of this single variable ¢ has no singularity in
the whole complex ¢ plane. This is evident from the explicit expression Eq. (3.21), since the cosine
is an entire function. This means that the series in ¢, which is the perturbation-theory series, has
infinite radius of convergence. The non-perturbative results we are going to present are the sum of
the perturbative series.

Our results can be applied to the general case of bounded features in H(t). In situations where
H(t) = Hy+ bH, (t), with the feature assumed to be controlled by the small parameter b, most of the
steps of the previous section still hold, so that we can write down the leading correction to the on-shell

action. If we define the dimensionless function h(t) = H;(t)/Hy, then the correction to the action is

A8 [C] = / dnd’= {[4’2—(ai<>2]h<t—</Ho>+<6i€>2h (t— ¢/Ho) } (3.22)

2772]34
where ¢ must be understood as function of the conformal time 7, we subtracted the divergent contribu-
tion at late times, assuming that h is bounded in this limit, and we replaced 7 with ( as before. Formula
(3.22) represents one of the main results of our paper. It can be used to compute the WFU in models
with a small feature in H(t), at first order in the amplitude of the feature, but non-perturbatively in
¢. Note that the rotation to Euclidean time 7 can however be more subtle and needs to be studied

case-by-case: the function h could feature singularities in the complex plane.

3.3 Regime of validity and relationship with perturbation theory

Let us study the regime of validity of the semiclassical result of Eq. (3.21). In the methodology
employed in [1], the semiclassical approximation proves reliable for the tails of ¥, specifically when
IC| > Pgl /2. On the tails, tree-level diagrams are enhanced relative to loops: at a given order in
perturbation theory, tree-level diagrams are enhanced compared to loops by the amplitude |(| of the
external legs. This conclusion remains true in the presence of features. However, in this case loops
are negligible compared with tree-diagrams even for typical values of (, as we will show momentarily.

Unless specified, the whole discussion is a first order in b.

Scaling of tree-level diagrams: Let us study the scaling of the tree-level Witten diagrams. These
correspond to the expansion in powers of  of the on-shell action of Eq. (3.13). We first determine

the scaling of the vertex and then the a dependence of the time integral. To obtain the scaling of the
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Figure 1 Witten diagrams contributing to first order in b, with corresponding scalings with «, ¢ and P, including
the effect of the resonance. Top: Tree-level diagrams. The first diagram on the left corresponds to the correction
to the power spectrum. The second is the contribution from the cubic part of the action and so on. Bottom:

One-loop diagrams at first order in b. At any given order in ¢, one-loop diagrams are suppressed by a?Pe.

vertex, we need to Taylor-expand the action in powers of (. The vertex with n powers of ( is obtained

by expanding the cosine function at order n — 2, see Eq. (D.2): this gives "2

. The time integral

involves an oscillating function of 1 that goes as either cos(alog(—n)) or sin(alog(—n)), depending on

whether n is even or odd. At order n the structure of the integral is
1 (9 dy

n
; k
o cos(alog(—n)) etken H(l — ik;n) k
i=1

~N —
a>1 n2TL

— Vaa™?, (3.23)
n! J_s

with k = Z?Zl k;, and where we considered all k; to be comparable. The integral is estimated in
saddle-point approximation with the saddle at —k¢ns ~ a (¥). (The estimate is the same for n odd,
when cosine is replaced by sine.) Including the scaling of the vertex discussed above, the tree-level
Witten diagrams go as v/« a?("=2) The Gaussian action is of order ¢2: compared to this the n'® term
in the action contains an additional ("~2. Putting all together the scaling of the tree-level Witten
diagram is by/a (2(a20)" 2/ P as shown in the first line of Fig. 1. This estimate just reproduces what
obtained from the explicit calculations of the n-point correlation functions [22]. From this estimate,
the expansion in powers of ¢ needs to be resummed when o?|(| > 1: in this case the expansion in
powers does not make any sense and one has to rely on the full non-perturbative result.

It is quite straightforward to analyse the structure of tree-level diagrams at higher order in b. Tree

level diagrams will give for the WFU

~ A [CbASE1 (Co)+P2ASE 2 (E0)+O )]

U~e (3.24)

(For tree diagrams, each new vertex gives 1/F; from the normalization of the action, which is com-

pensated by an extra propagator oc P¢.) Since we are expanding in b, the ASEJ(QT ,a) term must

8The saddle point 15 moves to later and later times when increasing n, since k¢ scales with n if all the external
momenta are of the same order. We will come back to this point in the next sections, when evaluating the time integral

in the WFU using a saddle-point approximation at large v and C.
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be small compared with the Gaussian part. However notice that this condition is compatible with
BASEJ(E, a) 2 1: in this case one cannot expand the term AS; in the exponential.

Scaling of loop diagrams: Let us now discuss loop diagrams at (’)(IN)), see Fig. 1. First, we need to
make a distinction between loops at the level of the WFU and of correlators. Once the WFU is obtained
at one loop, in order to obtain correlation functions one still needs to perform an integration over ¢(x)
(i.e. apply the Born rule). This average over late-time field configurations gives extra contributions,
which we dub “boundary” loops. Of course the final result must coincide with the direct evaluation
of the correlator using the in-in calculation. We verify this in App. C for the simple case of A\¢* in
de Sitter for the equal-time two-point function at one loop. The effect of the boundary loop combines
with the WFU loop in such a way to give the loop of the in-in propagator.

Let us focus, for the time being, on the WFU and estimate the size of loop corrections in the
resonant scenario. In App. D we show that one-loop diagrams are suppressed by O‘QPC compared
to tree-level contributions with the same number of external legs, see Fig. 1. 9 Let us now try to
understand the suppression of the one-loop graphs. First notice that, because of the loop, the vertex
has two more (’s than in the tree-level diagram with the same number of external legs. (For instance,
the one-loop graph with two external legs, contains the four-point vertex of Eq. (D.1).). This gives
two extra powers of o times . There are no extra powers of o from the loop: the bulk-to-bulk
propagator is zero at late times, which physically says loop particles are not resonantly produced. '°
Indeed, the integral over the physical momentum kj, of the bulk-to-bulk propagator that describes
the loop does not depend on 7 (in the limit 7 — 0, see Eq. (D.6)), so that the integration over 7
remains the same as at tree level, Eq. (3.23). We conclude that one-loop diagrams at order b scale
as the tree-level diagrams with an additional factor a2P< (the exception is the one-point correlation
function, which has no tree-level analogue). It is straightforward to see that with ¢ loops at first order
in b one gets a factor (aQPC)Z. Loops are thus small if 052PC < 1. As we will discuss below, the validity
of the EFT will give a bound which is more stringent than this, so that loops are automatically tiny.

We saw above that the expansion parameter of the tree-level diagrams is o?C. This implies that
even for typical fluctuations, ¢ ~ PCI / 2, tree-level diagrams, which are suppressed by powers of 042PC1 / 2,
are more important than loop corrections, which are suppressed by powers of OéQPC. This is at variance
with the general case of [1], where loop diagrams can be neglected compared to the tree-level ones
only for unlikely fluctuations, on the tail of the probability distribution.

What happens at the level of correlators? In this case the effect of loops, at first order in b, vanishes
exactly (see the related discussion in [24]). This is reminiscent of what happens for loops of massless
particles in S-matrix calculations, when the loop does not depend on the external momenta. Indeed
one can check that the in-in loops vanish exactly in dimensional regularization. This does not happen

for the Witten loops in the WFU as discussed in App. D: one remains with physical logarithms that

9There also exists a one-loop diagram with one external leg. This tadpole contribution is a spacetime constant whose

effect is to redefine the background solution.
10T terms of the canonical scalar ¢ of (3.2), fluctuations inside the loop have a size d¢ ~ H, while external particles

have d¢ ~ aH, since they are produced well inside the horizon when their frequency is ~ aH.
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cannot be removed by counterterms. The difference between the in-in and wavefunction calculation is
particularly evident in Minkowski, as explained in [24]. For the in-in case the loop reduces to evaluating
the in-in propagator at coincident points: this gives a divergent constant which can be reabsorbed by
local counter-terms. For the WFU calculation the propagator has a different boundary condition: it
vanishes on the late-time boundary. Therefore, its contribution cannot be a space-time constant as
the boundary conditions break translational invariance. In momentum space this corresponds to a
momentum inflow inside the loop, and ultimately leads to log contributions that cannot be removed
by counter-terms. (We thank Enrico Pajer for enlightening discussions about this.)

In conclusion, loops in the WFU at order b are suppressed by O‘QPC < 1, while they are exactly

zero at the level of correlation functions.

Regime of validity of the EFT: We saw above that loop corrections are small if onPC < 1 and
that the tree-level action needs to be resummed if ¢ > 1. One may wonder whether it is possible to
be in a regime in which one needs resummation even for typical fluctuations a2P<1 /2 2 1 (notice that
this is compatible with small loop corrections). In this regime one would not be allowed to describe
the non-Gaussian corrections to the typical fluctuations in terms of bispectrum, trispectrum and so
on: all the n-point functions should be considered at once.

Using the definitions of o and P, the condition for requiring resummation for typical fluctuations
can be written in terms of w and f (see Sec. 3.1) and is equivalent to w/(47f) 2 1. (Here, we are
also taking into account the factors of 7 originating from the momentum integrals in the correlators,
see [13].) One would naively think that the unitarity cutoff of the theory is Acytof ~ 47f, so that
the regime w/(47f) 2 1 lies beyond the regime of validity of the EFT. However, the conclusion is
too quick: for b =0 the theory is free, so there must be some b dependence in the calculation of the

unitarity cut-off. This calculation has been done recently in [25] and the result is

Aentoft = 47 f log1/? (f4> ~ 47 f log!/? ( L ) ~ 47 f log!/? (5—1) . (3.25)

At bP;a’
In the same reference [25] an explicit UV completion with new states entering at a scale parametrically
larger than 47 f is studied. It is therefore possible to have a situation where the resummation of the
tree-level diagrams is necessary for typical fluctuations: this contrasts the usual expectation that
deviations from Gaussianity should be encoded only in the three- and four-point functions. We defer

a detailed study of this interesting case to a future publication.

4 Single Fourier mode analysis

The WFU as a function of the boundary value {(z) is given by ASg 1, Eq. (3.21). To answer a specific
physical question, one should integrate over the configurations of {(x) with a weight given by their
probability, i.e. the modulus squared of the WFU. In order to understand how the WFU behaves for
large fluctuations, when non-linearities become relevant, one can fix a configuration of {(z) up to the

overall amplitude and study the WFU as a function of this amplitude. In this way one can study a
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function of a single variable, instead of a functional of the whole {(z). In this section we take ¢ to be
a single Fourier mode and postpone to Sec. 5 the study of more general configurations. This Single
Fourier Mode approximation (SFM) is similar to the ordinary-differential equation analysis done in
Sec. 4.3 of [1].

In Sec. 4.1 we explain that for o > 1 the integral over 7 is amenable of the saddle-point approx-
imation. In Sec. 4.2 we study the regime when non-linearities become important a?|¢| > 1, while in
Sec. 4.3 we focus on the extreme tail of the distribution |¢| > 1, when the saddle-point analysis can

be completed analytically. All analytical results are checked numerically in both Secs. 4.2 and 4.3.

4.1 Saddle-point approximation

Let us consider the spherically symmetric profile for ¢ at late times given by ((r) = (sin(kr)/(kr),
where ¢ is the amplitude at late times and k = |k| is a fixed momentum scale. This profile, in
momentum space, has support only for momenta equal to k, hence it can be considered as a single
Fourier mode. Due to this property, its free time evolution is given by

Csin(kr)

C(r,r) = [ " ](1 — kr)ekT . (4.1)

Notice that the mode function above is not the same as the one used in Sec. 4.3 of [1] because of
the radial dependence of the amplitude. At late times, when k7 — 0, one can see that the mode
function exhibits a different behaviours between positive and negative values of ¢ (in the absence of
the denominator kr a change of sign in ¢ can be compensated by a radial shift).

With the reason above, we consider the function (4.1) as a radial single Fourier mode in position
space, and refer to it as the SFM simplification. Notice that the profile we are considering is in real
space, so that ¢ remains dimensionless.

The fact that in Eq. (4.1) the amplitude depends on r makes our computation of the action (3.21)
more complicated and less illuminating since the radial dependence cannot be separated from the time
dependence, e.g. the cosine function contains both 7 and r dependences. However, since our main
focus here is to capture the main features of the WFU of the full radial profile case (Sec. 5) as a function
of ¢, we are going to neglect the radial dependence of the profile (4.1), i.e. ((r,7) =~ {(1 — k7)e7,
throughout this section. Therefore, we do not need to perform the integral over r to obtain the on-shell
action and we are able to capture the main behaviour of the WFU encoded in the amplitude (.

Let us now proceed with the SFM simplification, using the mode function ¢(7,7) ~ (1 — k7)e*T.
We define the variable X (1) as

X(1) =P+ k2 = CR2[1 — 2kr(1 — k1)) 2F7 (4.2)

so that X = X (0) = k2¢2. Using (4.1) and (4.2), the action (3.21) then becomes

0 -
ASg 1 = 1347;3/ dr 212{X(T)cos (alog(r/m) —5—ioz7r/2+a§)
¢ —00 T (43)

— X cos (alog (7/n4) — 6 —iam/2 + aé) } )
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where we have replaced (9;¢)? with k?¢? and the spatial-volume integral with 47k~3. Then, we
rewrite the action above in an exponential form, which is convenient for one to use the saddle-point

approximation. We thus obtain

0 cam/2
ASg 1 = KR Z dr & — X(1)exp (icalog (—7) + ical)
P< o=%177"% 7

— X exp (ioalog (—7) + igac) }eicr(SJralog(km)) . (4.4)

where we have changed variable to 7 — k7 and re-defined X — X/k?, so that 7 and X (7) that appear
now in the integral are dimensionless. Naively, one expects that the integral above is dominated by
the contributions with ¢ = 1, compared to the ones with ¢ = —1. This is only the case for ¢ > 0.
However, we will find that in the case where ¢ < 0 the two contributions are of the same order, so
that one needs to take into account the terms with 0 = —1 as well.

Let us pause to comment on the dependence on the momentum scale & of the late-time profile. If
we rescale kK — k/)\, then the free solution in real space goes to ((x,7) — ((Ax, A7). One can then
rescale the coordinates 7 and @ to 7/ = Ar, @ = Az in Eq. (3.21). In doing so, the only change in
the action is due to the explicit 7 dependence inside the cosine. Hence, a change in k is degenerate
with a change in 7. This is explicit in Eq. (4.4), since k appears only in the very last term, in the
combination kn,. The action is periodic in alog(—n4) (the original scale-invariance of de Sitter is
broken by the oscillations to a discrete subgroup) and therefore the result will be periodic in alog k.
This is all we can say in terms of symmetries. Notice, however, that when one of the two terms o = +1
dominates in Eq. (4.4), then the k (or 7,) dependence reduces to a sinusoidal modulation of the (real
part of the) action.

We can write (4.4) in a more a compact form as

ASp = % > deT VI, (4.5)
o==+1

where ¢ = —6 — alog(—kn,) and the integral Z, is defined by

0
I, = / dr (e% — e‘p”) , (4.6)
with the exponents ®, and ¥, being

O, = —(2 —ioca)log(—71) + log (X (7)) +ica( ,

_ B (4.7)
U, = —(2 —ioa)log(—7) + log (X) + ica( .

The form (4.6) is particularly useful for an asymptotic expansion when « is much larger than unity.
It should be noted that the integral Z, depends on both a and the late-time value (. Below, we are

going to evaluate the integral (4.6) using the saddle-point approximation, which is valid for o > 1.

Saddle-point equation: Here we are going to find the relevant saddle points for the evaluation of the
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integral (4.6). Before proceeding, we need to be careful in applying the saddle-point approximation.
Indeed, Eq. (4.6) contains two exponential terms, each of which diverges at late times. Notice that

% contains the relevant physical information about the dynamics of ¢,

the first exponential term, e
whereas the second term, e¥7, has the only purpose of making the integral finite. Additionally, one
cannot evaluate the two integrals in saddle point separately, as the second term has no saddle point
solutions (solutions of 0;¥, = 0) since it only depends on log(—7). This would suggest that a proper
treatment to find the saddle point when both terms contribute equally to the integral is required.
However, we will argue now that the contribution from e¥> can be neglected and one can just focus
on the saddle point of e®7.

The argument is the following. Suppose the saddle point of @, is away from the origin 7 = 0.
This means that the integral will be accumulating its value around this saddle. On the other hand,
the contribution of ¥, will not grow around this specific point, as there is no saddle for ¥,, but only
at later times, where however there will be a cancellation with ®, as to make the integral finite. This
suggests that indeed ¥, can be neglected. '

We thus disregard the contribution of ¥, : we will see later that this is indeed in agreement with the
numerical analysis. Let us proceed with the saddle-point analysis for the term ®,. The saddle-point

equation for ®, is given by

2—14 X'
oo (1)

b — _
Or®o T X(71)

+ical’ =0. (4.8)

Generally, the solutions of the above equation lie in the complex plane. Here we want to look for the
solutions with Re < 0, so that the wavemode (4.1) decays at large |7|. ' Unfortunately, Eq. (4.8)
does not admit a closed-form solution; therefore, one needs to either solve the equation numerically or
perform some additional expansion, e.g. |(| > 1, such that an analytic solution can be found. Indeed,
as we will show below, in the limit |¢| > 1 we find an analytical late-time saddle point.

Let us comment on the possibility of having a saddle point at late times (k|7| < 1). The motivation
comes from the perturbative calculation. In order to compute the connected m-point correlation
functions (7™) in the perturbative regime, one encounters the integral of the product of the mode
functions over the conformal time 7. (See App. A.20 for a computation of (73).) Such an integral can
be done analytically and the result is given in terms of incomplete Gamma functions. However, in
the large « limit, one can use the saddle-point approximation to evaluate the integral over n. Indeed,
it was explicitly shown in [22] that the saddle-point is located at kyn = —a, where ky is the total
external momentum. For small n, this saddle is at early times. However, this is not the case when
the number of external legs is much larger than unity and becomes comparable with «. Indeed, if
all the n external momenta are of the same order, then ky ~ nk and the saddle point schematically

becomes kn ~ —a/n. This observation therefore motivates us to look for a late-time saddle point of

11 A similar situation happens when computing a single WFU coefficient at tree level. Although the integrands diverge
at late times, with the divergence being just a phase, in the saddle-point estimate the divergent piece is lost.
12More properly, we require that the path of integration can be smoothly deformed from the initial domain to meet

the saddle point. In this sense, we can allow for saddles with Re7 > 0 as long as the overall integral remains convergent.
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the integral (4.6) at least for sufficiently large . '3

4.2 o?|(| = 1: intermediate saddle point

Let us recall the scaling of the tree-level action at first order in b. From Fig. 1 and the discussion below
Eq. (3.23), we concluded that when a?¢ ~ 1 all the tree-level n-point functions are equally important
and need to be resummed. We will distinguish this case from the far-tail of the distribution, || > 1.
The solution to Eq. (4.8) cannot be found analytically in the regime where o2 ~ 1. We then solve
Eq. (4.8) numerically in two cases: ( > 0 and ¢ < 0.

At fixed o and ¢ the saddle-point equation has always multiple solutions in the 7 complex plane. 4
However, only some are relevant: when we deform the contour of integration, we only reach a sub-set
of all the saddles. Moreover, depending on the value of «, we can have different saddles being relevant.
In particular, we find discrete values of a, at approximatively o = 47N with N = 1,2,..., at which
the behaviour of the saddles changes.

Notice that when ¢ = 0 we have a unique saddle, located at 7, = —iao /2. This saddle corresponds
with the perturbative saddle point used to evaluate the correction to the power spectrum (this comes
from the fact that we are setting ¢ = 0 inside the cosine term in the action). We therefore interpret this
saddle as the perturbative one. We can then analyse how the relevant saddles evolve as || increases.

First, we start with the case { > 0. When « < 47 (but larger than 1 so that we can apply the
saddle-point approximation), the perturbative saddle point evolves towards late times. Moreover, we
notice the presence of an additional saddle which starts from oo when ¢ = 0 and that at large ¢
moves to the origin (its imaginary part is equal and opposite to the one of the (a) branch). The
evolution of the saddles is shown in the top-left panel of Fig. 2. Additionally, one finds more solutions
at larger values of |7|, both with positive and negative imaginary parts (again, these are related to
the Lambert-W function). In this case, we find that only the evolved perturbative saddle is relevant
in the integral.

The situation becomes more intricate when we move to larger a’s. For instance, in the approximate
window 47 < a < 8w, we notice that the perturbative saddle does not move to the origin anymore
but instead moves towards k7, — —27i — co. Instead, a different saddle point becomes relevant and
moves towards the origin. This is the branch (b) in the top-right panel of Fig. 2. Notice that again,
this branch at late times has a “conjugate” saddle, the branch (¢). The figure also shows an additional
branch (d), that is however not relevant. For larger values of o we find that this periodic behaviour
continues. For example, when 87 < o < 127 we still have a perturbative branch moving to infinity
and a branch moving to the origin, with an additional branch in between. For larger as the number

of branches in between increases.

13 Although it is not clear how the limits of large n and large ¢ are related, it is reasonable to expect that the saddle

points for large ¢ case follow the one of large n limit.
We can intuitively see how these branches arise by inspecting the saddle-point equation (4.8) at large 7. In this

limit, the equation is solved by the Lambert-I function, which is known to have infinite branches labelled by a positive

integer.
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Figure 2 Location of the solutions of the saddle-point equation (4.8) in the complex-7 plane when varying C.
The arrows in the curves point to the direction of increasing |¢|. The light-red line represents the branch cut of
®, due to the log(—7) term. The zeros of X (7), located at 7 = e**™/4 /1/2, are indicated by the two red crosses.
Top Left: saddles for ( > 0 and o < 47. The perturbative saddle (a) starts at 7, = —iao/2 when ¢ = 0 and
moves towards late times (the origin). The branch (b) instead moves from infinity towards the origin, becoming
the complex-conjugate of (a). Top Right: saddles for ( > 0 and 47 < o < 8. The perturbative saddle (a)
moves to infinity whilst the branch (b) moves towards the origin, dominating the action at large (. The branches
(¢) and (d) are instead irrelevant. Bottom centre: saddles for ( < 0 and a < 47. The perturbative branch
(a) moves towards infinity whilst the branch (b) moves towards late times and becomes dominant. The branch

(¢) is irrelevant. In its evolution it merges with one of the zeros of X (7) before moving to the origin.

Finally, we can briefly mention what happens when ¢ < 0 in the case a < 47w. As opposed to
the positive-C case, even for these values of a the perturbative saddle moves to infinity. Also, an
additional branch moves towards late times as || increases (together with its complex-conjugate, as
before). This is the branch (b) in the bottom panel of Fig. 2. Notice that in this case the branch
(b) approaches the origin from a different angle of the complex plane compared to the previous cases.
We will see this more in detail when evaluating this late-times saddle analytically later on. For larger
values of o we find a similar pattern as in the positive case, with new branches interposing between

the perturbative and the late-times branches.
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Figure 3 Action with the SFM simplification as a function of ¢ in the regime of o2¢ > 1 for different values of «.
Solid lines are obtained by numerically integrating Eq. (4.3). Dashed lines are obtained using the saddle-point
approximation, solving numerically Eq. (4.8) for the perturbative branch. Left: case of negative (. Right:

case of positive (.

Despite the complex structure of the saddles, we will show by direct comparison with the numerical
integration that for small o?|(| the integral is well approximated by the perturbative saddle. On the
other hand, for a?|¢| > 1 the branch that is moving towards late times dominates.

Once the relevant saddle-point solutions 7, are identified numerically, we can evaluate the action

(4.4) on saddle. Specifically, the integral Z, of Eq. (4.6) is evaluated as (here we neglect ¥,)

2T
T, ~ | —— %
cT\ e, ¢

Finally, we can evaluate the action (4.5) using the integral we found above. Note that if we have more

(4.9)

Ts

than one relevant saddle, we also need to sum over them.

Apart from the saddle-point approximation presented above, we now compute the action (4.3)
numerically. First, we limit the range of integration up to k7t = —1076 (the lower limit k7 is chosen
large enough in modulus so to reach numerical convergence). Then, we use the free solution of ((7)
given by Eq. (4.1) and plug it back into the action (4.3). We fix o = 6, 7, 8 and 9, and we compute
the integral over 7 numerically, varying the values of ¢ from —1 to 1.

The results for the cases with @ = 6, 7, 8 and 9 are shown in Fig. 3 (both the full numerical
integration of Eq. (4.3) and the saddle-point approximation). The range of ( is chosen to highlight
the region where a?( ~ 1: here perturbation theory stops being reliable. To obtain the saddle-point
approximation in this range for ¢ we only included the branch (a) of Fig. 2 (the perturbative branch)
for both signs of ¢, while other branches are found to be subdominant here. As one expects, when
a?|¢| < 1 the saddle point is similar to the one of perturbation theory and the action ASg; is
dominated by the quadratic term (the correction at order b to the power-spectrum). In fact, this can
be explicitly seen in Fig. 4 where the action ASg ; is symmetric around the vertical axis for a?|C] <« 1.

For consistency, in the regime where a?|(| < 1 we check that summing the perturbative tree-level
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Figure 4 Action with the SFM simplification as a function of ¢ in the regime of small o?¢. In this limit we

recover the perturbation-theory expansion: the curves are well approximated by a polynomial in C.

7 15

diagrams at O(b) (see Eq. (4.16) of [22]) reproduces our results in Fig. 4.

action becomes asymmetric due to the presence of odd contributions in ¢, starting from cubic terms.

As |{| increases, the

As we approach the non-perturbative regime, the asymmetry is magnified as it can be noted from the
different scales in the two plots of Fig. 3. It is, in fact, interesting to point out that even in the regime
where o?|¢| > 1 our results in Fig. 3 match with the summation of perturbative results, which indicates
the fact that our non-perturbative WFU resums the perturbative tree-level graphs at first order in i~),
as discussed below Eq. (3.21). Additionally, we find that the exponential growth for ¢ > 0 in Fig. 3
can also be realized in the summation of perturbative series, see Sec 4.4 for more detailed discussions.
Finally, as a check, we confirm that the full numerical integration and the saddle-point approximation
are in remarkably good agreement even for these moderate values of a. We did not choose larger
values of « since the numerical integration becomes more challenging, while the qualitative features

are unaffected.

4.3 |(| > 1: late-time saddle point

Given the observation above, let us focus on the saddle point at late times. We will confirm that the
contributions from the early-time saddle point are subdominant. Expanding ¢ and X (7) for 7 < 1
gives

2 7.3

X(r) ~? <1 + §T3 + 0(74)> .

151t should be noted that the comparison of the two results in the perturbative regime was carried out using the SFM
simplification, otherwise one needs to perform the integrals over all momenta or fix the late-time profile {(x) as we will

study in detail in Sec. 5.
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The leading behaviour of the saddle point can be captured by keeping the terms up to first order in

7 in Eq. (4.8). We obtain
2 —ioa

0; By ~ — —iocalT =0. (4.11)

-
Note that the term X'(7)/X (1) starts at second order in 7; therefore, it is negligible compared to the

ones we kept. The solution 75 to Eq. (4.11) is given by

72~ 2 <1 + 2;0> ) (4.12)
where the second term in the parenthesis is assumed to be small, since we are taking « large (it is
anyway useful to keep it). Let us assume, for the moment, that the subleading term is negligible, so
that 72 ~ 1/(. For ¢ > 0 we have 7, ~ —(~1/2, while the second root has Re7 > 0. The positive root
will not be encountered as we deform the contour of integration (it corresponds to the “conjugate”
branch showed in green in Fig. 2). On the other hand, for { < 0 both solutions are close to the
imaginary axis. We find that, depending on &, the relevant saddle is approximatively 7, ~ —ic|¢|~/2.
This is a striking result, which indicates that when ( < 0 the saddle point moves from Euclidean to
Lorentzian time. This finding is consistent with the discussion of the previous subsection and with the
numerical saddles of Fig. 2. We will come back to this point later in Sec. 4.3.2. Let us now evaluate
the integral (4.6).

4.3.1 (>0 case

From Eq. (4.6), we compute the exponent ®, on the saddle point (4.12). Recall that we are neglecting
the contribution from W,. Since we are dealing with a late-time saddle point, then the relevant
terms in the exponent @, are just ~ a¢ and alog(—7), while the rest can be evaluated at late times,

e.g. X(7) ~ X. Therefore, in this case we obtain
. ioa/2—1 B _
e, ~el® <1 + 2w> e—i00/2gioa((—log VO . (4.13)
° o

where we have kept the terms in ®, up to O(72). We see that the presence of the amplitude ¢ affects
both the overall scaling (~ ¢?) and the oscillating behaviour through a phase ~ ca/({ — log \/ This
non-trivial dependence on ¢ can be checked against the full numerical integral.

Apart from the exponent, we also need to evaluate the prefactor, which contains the second deriva-
tive of ®, with respect to 7, evaluated at the saddle point. Straightforwardly, taking an additional
derivative on Eq. (4.11) with respect to 7 and evaluating such an expression on the saddle point (4.12)
we find

92®,|,, ~ —2ical . (4.14)

Note that this result holds for both ¢ > 0 and ¢ < 0.
Using (4.13) and (4.14) we therefore obtain

=5 2 ioa/2—1 ' ' ' B _
l_82(1) = \/f <1 + ;U) el—uxa/Z—wra/4ew'a(C—log\/E) . (415)

24




From the result above we see that the two signs for ¢ do not affect the overall magnitude of Z,. On
the other hand, looking at Eq. (4.5) we then see that the dominant contribution corresponds to o = 1,
which is due to the exponential factor ~ e™/2 for large . Therefore, the dominant contribution

(0 =1) to the action ASg is given by

ASg 1 ~ VLIS ema/2gia(C-log /C) v , (>0, (4.16)
’ PC a
where we have defined ¢) = 1) —« /2—m/4. Note that to obtain (4.16) we approximated the parenthesis
in Eq. (4.15) with e~!. Moreover, it should be noted that in principle, there are terms proportional to
additional inverse powers of o which are generated by subleading terms in the saddle-point expansion,
so we cannot trust them at this level.

Before moving to the negative ¢ case, let us point out that one can obtain a better approximation
for ASg 1 at intermediate values of a and ||, by solving the saddle-point equation (4.8) numerically.
This requires choosing the relevant saddle for the integral, as discussed previously. For large ¢ we find
that this saddle is approximately the late-times one, Eq. (4.12). We checked that by doing so, the
saddle-point approximation matches the full numerical result with a good precision, even at moderate

values for o and [(].

4.3.2 (<0 case

This case is parametrically different from the previous case. As we already obtained, the late-times
saddle in this case is imaginary, see Eq. (4.12). Among the two saddles (obtained when taking the

square root in Eq. (4.12)), we identify the relevant one to be '6

L 172
. E (1 N 2“’) . (4.17)
«

There are two cases one needs to consider, depending on ¢ = +1. When ¢ = 1, the saddle point

(4.17) corresponds to a Lorentzian saddle point: 75 ~ —i/ \m for large . Therefore, in this case the
exponential factor e™/2 in Eq. (4.5) gets cancelled. Essentially, this cancellation occurs because one
rotates back to the Lorentzian time. Instead, when o = —1 we have 7, ~ i/+/|C| for large . This
saddle point is still imaginary, but it now lies on the positive imaginary axis of the complex 7-plane.
In this case we obtain an additional contribution proportional to e~™/2 to the action. Therefore, the
contribution from o = —1 is negligible for large a. Repeating the same steps as in the ¢ > 0 case and

using the saddle point (4.17), we obtain

15 = _
ASg1 ~ _;CV W‘jew‘(g_log Vich i , (C(<0), (4.18)

where we defined ¢ = ¢ —a/2+ /4. The main difference between Eqs. (4.16) and (4.18) is the factor

e™/2 which enhances the positive case. As already mentioned in the ¢ > 0 case, one can improve

1676 check this, we performed a Thimble decomposition of the original contour of integration (see e.g. [26,27] for more

details on this procedure). Moreover, this choice of saddles is in agreement with the numerical results.
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Figure 5 Numerical results for the SEM action, Eq. (4.3), for different values of a. Here we are using 6 = 0

and kn, = —1. Note the difference between the sizes of the action for positive and negative values of C.

the matching between the results of the saddle-point approximation and the numerical method, by
solving the saddle-point equation numerically.

In order to explicitly see the behaviour of the results (4.16) and (4.18), we compute the action
(4.3) numerically in the limit |¢| > 1. Following the same procedure described in Sec. 4.2, in Fig. 5 we
show the real part of ASg; as a function of ¢ for o = 5, 6, 7 respectively. Such numerical results are
obtained in the range ¢ € [~15,15]. Note that it is straightforward to verify that the imaginary part
of ASg1 behaves in the same way as the real part. In the plot we have multiplied the action by P,
and we have set § = 0 and kny, = —1, giving ¢ = 0. Let us comment on the features of our numerical
results and their similarities to the saddle-point results (4.16) and (4.18) below. We leave the actual
comparison between the results of these two methods to Sec. 5.2.

As we already mentioned in the saddle-point calculation, the most striking feature of these results
is the stark asymmetry between positive and negative (. Positive values of ¢ lead to larger contri-
butions to the action, exponentially enhanced by a. On the other hand, for negative ¢ the action
simply scales as b|C|/2/y/a: larger a reduces the value of the action. We note however that ASE1
is oscillatory, hence the enhancement might not directly lead to large asymmetries when computing
specific observables.

Another crucial feature is the presence of oscillations in (. As we were expecting from the saddle
calculation, these oscillations have indeed frequency «. In addition to this main frequency, there is
also a modulation ~ @18 \[5, see Eqgs. (4.16) and (4.18). Although it is difficult to notice by eye, we
checked that this feature leads to a better agreement between numerical and analytical results.

We will see in the next section that these main features also apply beyond the SFM simplification,

for different late-time profiles for (.

4.4 Comments on the results

In this subsection we comment on the properties of the WFU we computed using the SFM approxi-
mation in Secs. 4.2 and 4.3.

As already explained in the previous section, the asymmetry of the WFU between positive and
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negative values of ¢ is manifest in the regime o?|| > 1. More explicitly, for positive ¢, Eq. (4.16)
contains the exponential factor /2, unlike the WFU for negative ¢, Eq. (4.18). We notice that the

/2 can exceed unity, unless the parameter b is chosen to be catastrophically small.

combination be
One expects that perturbation theory in b breaks down when the O(b) action becomes of order of the
Gaussian one; see also the discussion below Eq. (3.24). In order to be more quantitative one should

look at the action at @(b%), which requires to evaluate the solution at O(b).

Another interesting point to stress is the onset of the asymmetry, which starts to appear in the
intermediate regime, a?|C| ~ 1. Here, there is an approximate exponential growth on the positive-¢
side (see right panel of Fig. 3), while on the negative side the results remain small. One way to
understand this phenomenon is that, for ¢ > 0, the saddle point moves away from the imaginary axis
(see the top-left panel of Fig. 2), so that the factor e™/2 tends to dominate the integral Z,. One
can give a very rough estimate of the growth of the action considering the exponent of the WFU as
an infinite sum over tree-level Witten diagrams (or equivalently over wavefunction coefficients, which
are related to correlators). The terms of order n in the series scale as (a?¢)"/(n!)?, where we have
used Eq. (3.23) and we have kept only terms that contain the power n. Given this result, we naively
expect that by maximizing such a series over n we obtain nmax ~ aC?2, which yields beC’? on the
positive-C side. Note that we assume no cancellations among different terms in the series. Notice that
for a?|¢| > 1, the action is dominated by contributions around 7m,.x, with negligible contributions
from the two- and three-point functions. On the negative side instead, we expect large cancellations
among the terms of the series so to keep the overall sum small (similarly to what happens in alternating

series, such as the cosine function, as opposed to the series for a real exponential).

We will expand on these considerations in an analogue quantum mechanical model in Sec. 6, where
a similar behaviour of the wavefunction can be realized and the series coefficients can be investigated

directly.

5 Spherical profile analysis

In the previous section we analysed the WFU using a single Fourier mode. Here we are going to
analyse the WFU assuming that the late-time profile {(z), and therefore the whole solution ((, x)
is spherically symmetric, i.e. function of the single variable 7. We also assume that the profile {(r) is
localised in space, as motivated for instance by primordial black hole formation, with an extremum
at the center of coordinates r = 0. We denote this extremum value as ( = ((r = 0). The choice of
spherical symmetry is motivated by simplicity and also by the expectation that non-spherical profile
are less likely: this is indeed the case in the Gaussian case. As in Sec. 4.1, we will use the saddle-point
approximation to evaluate the action ASg ;. Then, we will numerically compute the same action and

compare the two approaches.
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5.1 Saddle-point approximation

Here we are going to approximate the action (3.21) using the saddle-point calculation for large o and
large |¢|. In fact, the main obstacle in performing analytic and numerical estimates of the action is
that we do not have an explicit analytic form for ¢((,7) for a generic late-time profile. 7 However,
thanks to the intuition gained in Sec. 4.1, we expect the final result to be dominated by a late-time
saddle where we will be able to write down approximate expressions for {(7,r) when |7| < 1.
Following the same procedure as done in Sec. 4.1, we rescale the spacetime coordinates with the

typical spatial momentum kg of the late-time profile {(r). From the action (3.21) we obtain

0 o0

d

ASg 1 = i g il dr r? e707/28 X (1, 7) exp (icalog (—7) + ical(r,r))
PC o=4177"° 72 0

— X (r)exp (iaa log (—7) + iaaf(r)) }ez’a(SJra log(—komy)) ’

where we have defined X(7,7) = (0:¢(r,7))? + (9,¢(7,7))? and X(r) = X(0,7) = (9,¢)?. As in
Eq. (4.5), we write down the action above in a more compact form:

7T N T
ASk | = — 0P oS T 5.1
E,1 PQ 02:216 € 2 ’ ( )

where 1) = —§ — alog(—kony) and the integral Z, is defined by

0 00
7, E/ dT/ dr (eq)" — e\I"’) , (5.2)
—00 0

with the exponents ®, and ¥, being

O, = —(2 —ioa)log(—71) 4+ 2log(r) + log (X (7,7)) + ical(T,T) ,

_ _ (5.3)
U, = —(2 —ioa)log(—7) + 2log(r) + log (X (r)) + ical(r) .

As in Sec. 4, the term with ¥, can be neglected in the saddle-point expansion. This is due to the fact
that U, gives non-negligible contributions only at 7 — 0 in which the cancellation between ®, and
U, happens. Therefore, around the saddle point the integral (5.2) is dominated by the expansion of
®,. In what follows, we will focus on the ®, term. Note that, as we are going to show, the saddle
point over the integral in r is close to the peak of the late-time profile.

We now look for the saddle both in 7 and in r: the saddle-point equations are

2o N X'(7,7)
T X(r,7)
2 0. X(r,1)

'rq)cr:*
o r+ X(r,7)

0; P, = +iocal'(t,r) =0,
(5.4)

+icad.((r,r) =0.

This system of equations can be solved numerically for a generic late-time profile {(r) with amplitude

¢. However, for large || we can find an analytic solution, corresponding to a late-time location of

"For a Gaussian profile, ¢(7,7) can be written in terms of exponential integrals but manipulations of such expressions

are cumbersome.
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the saddle point. For simplicity, we concentrate on this in what follows, although there would be
no obstacle to study the intermediate regime o?¢ > 1 with a numerical solution to the saddle-point

equations, as we did in Sec. 4.1 for a single Fourier mode.

Late-time saddle: We assume the profile to be such that 9,((r)[,—0 = 0 and 92?((r)|,=0 # 0,
i.e. the origin can be either a maximum or a minimum. Then, using the late-time expansion (3.16),
in Euclidean time, we obtain

2 2
C(r,r) ~C+ <T+T) V3¢

—+ TR (5.5)

r=0

where we have used the fact that around r = 0 the late-time profile {(r) can be expanded as

(r) = C+ VA

+... (5.6)
r=0
Note that for a spherically symmetric profile we have V2 = 392(. '8 For later convenience, we will
drop the evaluation symbol, |,—o, and denote as V2( the Laplacian of {(r) computed at r = 0.

Let us now determine the saddle point for the integrals over 7 and r. Using the expansion (5.5) in

(5.4) the saddle point of the 7-integral is

1 21
2o L <1 N w) , (5.7)

and the saddle point of the r-integral is
(5.8)

where we have self-consistently assumed that |rs| < |75] < 1 and we have neglected the term
Or X (r,7)/X (1,7) in Eq. (5.4), which we can check in retrospect to be consistent with the assumption
a2 > 1. The saddle-point location (5.7) reduces to the one of the previous section, Eq. (4.12), when
((r) is treated as a single Fourier mode. Below, we are going to evaluate the action ASg; on the
saddle point (5.7)(5.8) in the two cases —V2¢ > 0 and —V2( < 0, corresponding respectively to a

local maximum and a local minimum of the profile.

5.1.1 Local maximum

Here we are interested in the case —V2( > 0. Let us compute the exponent ®, evaluated on the

saddle point (5.7)—(5.8). There are four contributions in Eq. (5.3) giving

. B _6i
—(2 —ioa)log(—Ts) ~ —1+ <1 - w2oz> log(|VZL]), 2log(rs) = log LWZQUEJ , 59)
log(X (s, 1)) = og(|V2])  i0¢(m,m) = ioal — = .

18For a profile with V25|T:0 = 0, one should go to next order in the expansion.
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where we have taken the limit o > 1 and we have used

(0-¢)?

2i0 - 210
rere = <1 + a) VA (0, s = 5V (5.10)
Combining all the pieces we get

eq)d|7's,r ~ 610—|v2 ‘ ioa(C—log(y/|V2C)) —zoa/2 (511)

Moreover, in order to evaluate the integral (5.2), it is necessary to compute the Hessian matrix of @,
evaluated at the saddle point. We find

- 2
33@0}731% ~ 2icaV?(, 63@0‘%7 ganQC, (5.12)

while the off-diagonal term is negligible at this order. Note that the expression (5.12) is valid for
both —V2( > 0 and —V2¢ < 0. Therefore, using Egs. (5.11) and (5.12), the integral (5.2) can be

approximated as

2
I, ~ e®o

\/det(—a 9,9,) |

(5.13)

TsyT's

Ts,Ts

67rof pioa(C-log(v/IV2)),, —ioa/2 (5.14)

a2

where we have kept the leading order for large o and ¢. We note that the factor V2 in the determinant
of the Hessian matrix cancels with the one in (5.11). Looking at Eq. (5.1), we see that the action is
dominated by the terms with ¢ = 1, since there is no parametric difference at the level of Z,, similarly

to the case of the SFM analysis. We therefore obtain the action at first order in b,

6 /V23))
ASpy ~ — ;-,T 0\4/2_ ma/2 gioe((—log(v/[VEC)) (local maximum) , (5.15)

where y = ¢ — /2. Let us comment on the features of the result above. First, we have a different
overall scaling with V2(, compared with Eq. (4.16). This is simply due to the fact that in this analysis
we are dealing with the two dimensional integral, instead of one dimensional integral as in the SFM
simplification. Thus, it leads to the fact that ASg; above does not grow as ¢ increases. Apart from
this, we also have a different scaling in «, compared with Eq. (4.16). Moreover, it is useful to point
out that our result (5.15) cannot be obtained by simple rescaling of ¢, as in [1] where the on-shell
action is simply proportional to an arbitrary function of the expansion parameter. Essentially, this
is due to the resonant effect, resulting in a non-trivial dependence of « in the action ASg 1, e.g. the
enhancement factor €™/2. Finally, we see that the action (5.15) behaves as an oscillating function in
both ¢ and log(\/m), with frequency «, which cannot be captured by any order in perturbation
theory.
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5.1.2 Local minimum

Here we are interested in the —V?2( < 0 case, which is similar to the SFM simplication with ¢ < 0.
As explained in Sec. 4.3.2, the role of 7, changes depending on the sign of V2¢. We find that in this

case the relevant saddle point of the 7-integral is

—io 20\ /2

We see that for o = 1 this saddle point lies on the negative imaginary axis in the limit o > 1. This

implies that the factor /2 in (5.1) will disappear (essentially one rotates back to the Lorentzian
time). On the other hand, for ¢ = —1 the saddle point then lies on positive imaginary axis, which
—ma/2

gives another factor e to the action. Therefore, the dominant piece in ASg 1 in this case is given

by the term with 0 = 1. Following the same procedure as before, we obtain

ASg ~ %a_\/i’ ¢ira(C=1og(v/IV20) ix ,  (local minimum) . (5.17)
It is important to point out that there is no issue of selecting the right saddle point of the r-integral
because at leading order the dependence on this variable is only through 2. The action above indicates
that the overall scalings in « and ¢ are different from the one of the single-mode simplification,
Eq. (4.18). We also see that the result (5.17) is similar to (5.15) in the sense that they share the
same oscillatory behaviour as a function of ¢ — log(m ), a behaviour of the WFU that cannot be
captured by perturbative computations. Moreover, the fact that this result (5.17) does not contain the

enhancement factor e™/2

implies that the amplitude of the WFU is much smaller for a local minimum
than for a local maximum, resulting in an interesting asymmetry between the two situations.
In the next subsection we will compute the action ASg ; numerically and compare it to the analytic

results, Egs. (5.15) and (5.17).

5.2 Numerical results

In this section we evaluate the WFU using the numerical integration of Eq. (5.1). For concreteness,

we focus on a Gaussian profile at late times:
C(r) = (e ko) (5.18)

where kg is a given momentum scale and ¢ denotes the peak value of this Gaussian profile. Note
that, for this profile we have V2( = —61@8(— at r = 0. Therefore, we have V2( < 0 for positive ¢,
while V2¢ > 0 for negative (. We refer the reader to App. E where we explain in detail our numerical
method used to compute the action (5.1) with the late-time configuration (5.18). Below, we report our
numerical results and compare them with the results obtained from the saddle-point approximation
in Sec. 5.1.

The results for ASg 1 are obtained by combining AS} carly (Eq. (E.7)) and AS| jate (Eq. (E.5)) with

the numerical integral performed in the interval {7Timin, "min} t0 {Tmax, "max |, as explained in App. E.
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Figure 6 Numerical results for the real part of the on-shell action with Gaussian profile (5.18) for different
values of « as a function of ¢ (positive). We use 6 = 0 and kon, = —2. The numerical integration is performed

using the FFT method. For each curve the shaded area represents the estimated numerical error, obtained by
comparing the results from the FFT and the PDE methods (see App. E for details).

Following the analytical result in saddle point obtained in Sec. 5.1, we discuss separately the cases
¢ < 0and ¢ > 0 (corresponding to V2¢ > 0 and V2( < 0, respectively). In particular, we focus on
evaluating the real part of the resonant action ASg; as a function of ¢ for several values of « (it is
straightforward to verify that the imaginary part of ASg; qualitatively behaves in the same way as
the real part). To have a better control on the numerical errors, we focus on moderate values of «
and (: larger values require higher spatial resolution in the integration.

Fig. 6 shows our numerical results for ¢ > 0 (V2{ < 0) for several values of «, with kgn, = —2 and
6. In the plot, the blue, orange and green lines correspond to a = 4, 5 and 6 respectively. We can
see that the real part of the action exhibits oscillatory features with frequency a. Moreover, for ¢ > 0
the amplitude of the action grows exponentially with «. To assess the convergence of our numerical
implementations, we compare the results obtained using the FFT and the PDE methods with similar
resolutions (see App. E for details). The difference between the two methods gives an estimate of the
numerical error, which is represented by the shaded area around the numerical curves in Fig. 6. We
find that the results from the two methods coincide with small numerical errors. Furthermore, we
also compare the numerical integration with the saddle-point approximation in Fig. 7. Actually, it is
important to note that the comparison is carried out with the numerical solution of the saddle-point
equations (5.4). 1 This is due to the fact that the analytic formula (5.15) is not expected to be very
accurate since we are dealing with moderate values for (. In Fig. 7 we see that the agreement improves
as ¢ increases, where the saddle-point approximation is expected to become more accurate. The same

behaviour is expected to happen for higher values of a’s.

19T obtain this numerical solution, we include very high-order terms in the late-time expansion (3.16) and use the
analytic solutions Eqgs. (5.7) and (5.8) as initial guesses. The action is then obtained by evaluating Eq. (5.13) on the
numerical saddle point. For { ~ O(10) the approximate analytic solution (5.15) differs from the numerically-evaluated
saddle by ~ 30%. We checked that the difference decreases for higher ¢. This is in agreement with the expectation that
corrections to Eq. (5.15) scale as ~ 1/||'/2.
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Figure 7 Comparison between the numerical integration (orange) of the action and the numerical saddle-point
approximation for the integral (black dashed) as a function of ¢ for a = 6. The other parameters are fixed
as in Fig. 6. The saddle-point curve obtained from a late-time expansion is truncated at small ¢, where the
expansion stops being reliable. The shaded orange area represents the difference between the results obtained
from the FFT and the PDE methods.

Let us move to the case where ¢ < 0 (V2¢ > 0). In this case the numerical integration becomes
considerably more challenging. The reason can be explained as follows. As already discussed in
Sec. 5.1.2, the resonant action is not exponentially enhanced in « since the saddle point 75 becomes
Lorentzian. Then, the fact that the integrand in (3.21) contains exponentially large factors, em/2,
implies that there should be cancellations of such a large numerical value in the integration. Therefore,
to resolve these cancellations and obtain numerically convergent results, we then need an accuracy of
order ~ e~™/2_ 20 Given the complication in this case, we only perform the numerical integration
using the analytic expression (E.1) of ((7,7). In Fig. 8 we plot the numerical result (blue solid line)
with a = 4, kgn, = —2 and 6= 0, and the numerical saddle-point approximation (black dashed line).
The two results agree and illustrate the fact that the resonant action oscillates as a function of ¢ with
frequency a. Finally, we confirm the asymmetric property of the WFU, i.e. the amplitude of ASg
for negative ¢ is much smaller than the one for positive ¢, see the different vertical axes of Figs. 7 and
8.

6 Quantum mechanics example

In this section we will study a simple quantum-mechanical model that shares many features with the
inflationary scenario we have been discussing. This will help in understanding the asymmetry between

negative and positive values of ¢ and the size of the effect of oscillations.

Let us consider a quantum harmonic oscillator perturbed by a small time-dependent interaction.

20Performing the numerical integration along the Lorentzian contour does not improve the situation: the exponential

in « is removed but {(n,r) is now complex, leading to exponential terms of order ~ <.
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Figure 8 The real part of the on-shell action with Gaussian profile for a = 4 as a function of { (negative).
We compare the numerical integration (blue) with the numerical saddle-point approximation (black dashed).
The numerical curve is obtained using the analytic formula for ¢(7,7), Eq. (E.1). The difference at larger |(| is

expected to be mainly due to numerical errors. We use 6 =0 and kon, = —2.

The Hamiltonian is taken to be

H = Hy + bEW (t) cos(alog(—t/ty) + ax /L)

P’ mw?

=Ho+ bAH(?), Hoz%ﬁ-?x

(6.1)
Here b is our small expansion parameter, W (t) is a window function that turns off the interaction at
early times (¢t — —o0) and late times (¢ — 0): the time ¢ here plays the role of conformal time in the
inflationary case. For convenience we take W (t) = —wt e““! with ¢ > 0 and small. This toy model is
chosen to mimic some characteristic features of our inflationary setup, of action (3.10). The window
function turns off the effect of the forcing at late times, effectively replacing the Hubble friction, while
at early times one has an analogue of the usual ie prescription. Note that with this choice, resonance
effects between the forcing term and the n'" energy eigenstate of the harmonic oscillator happen
around the time wt ~ —a/n. The coefficient ¢ is a classical length scale (i.e. it is finite as h — 0).
As in the inflationary case, we want to be in a regime where quantum fluctuations of x (which are of
order d = /h/(mw)) do not jump to other minima of the cosine: thus we need ad/¢ < 1. Finally, &
is a classical energy scale.

Let us assume to be in the vacuum |0) of Hy at early times ¢ — —oo and seek the evolved
wavefunction when the interaction drops to zero at ¢ = 0. At linear order in b the wavefunction,
at all orders in A, can be obtained using time-dependent perturbation theory. Indeed, if we write
U(t =0)) = e BoT/0)0) + 3 cpe™EnT/M|n) with n = 0,1,... (and T being the total time of the
evolution) then the coefficients ¢, are given by

ib [°
Cp = ——

h )

Notice that the final exponential phase factor, containing 7', cancels at the level of the wavefunction.

dt (n|AH(t)|0) e~ (Fo=Fn)i/hei(En=Eo)T/h (6.2)

Therefore, we are going to drop 7' in all the expressions. To compute the matrix element we split
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the cosine into a sum of exponentials. Then, we notice that the operator D(A) = eFiox/t

is nothing
but the boost operator and that when applied to the vacuum it generates a coherent state |A),
with A = =+iad/(v/2(). Therefore, (n|D(A)|0) = A"e14°/2/y/nl. Using this relation, it is then

straightforward to obtain the ¢, as

B ib & —a2d?/(4e?) iado \" T(2+iao)
NI 021 ¢ ) (e+in)>tioo (6.3)

(The time integral can also be performed in saddle-point approximation for large «, equivalently, one
can expand the Gamma functions in the last expression.) Notice that, for n > 0, the denominator
(e +in)?Ti7 ~ (in)?+i29 is exponentially suppressed for o = 1 compared to ¢ = —1. Hence, the
dominant contribution comes from o = 1 and we are going to drop the other one (this corresponds
to a boost of positive momentum «/f). Moreover, one can verify that the case n = 0 gives an
exponentially small contribution in a hence we will focus only on the terms n > 0 (in this case one

also neglects €). Combining these results with the o > 1 limit gives the simplified expression

1 Gad/O™ o o
~ 3/2 7ra/2 atd®/(44%) Jip 4
oo VIR s e e ‘ (04
_ /7 3/2b 50 (ZO[CZ/E) 1 2d2/(4£2)ei¢ (65)

hw 2 /2TL ' n2+20{ ’

where we have defined ¢ = —a + aloga + /4.

Before studying the wavefunction at late times, we can gain some intuition for the final result by

analysing the transition probability Py, = [(n|¥(t = 0))|> =|c,|?, assuming n # 0. We are going to

show that Py_,, is dominated by transitions to small n’s. The probability is

Posn =~ mo’l? & <a2d2)ne°‘2d2/(%2) . (6.6)
2ntn! (hw)? \ 202

Since ad/¢ < 1, this expression decreases with increasing n and the maximum is attained at n = 1.
Therefore, the interaction populates states with large n with a tiny probability. However, as we are
going to see momentarily, excited states are very relevant when focussing on the tail of the distribution.
The probability of transition to excited states is small (the factors of % at the denominator cancel)
and this suggests that the perturbative expansion in b is reliable for this type of question.

We can then look at the wavefunction in position space at t = 0, U(z) = (z|¥(t = 0)). Here we

will need the expression for the harmonic oscillator eigenstates:

Vi :
i (/) O

where H,,(z/d) are the Hermite polynomials. We are going to study the wavefunction in the semiclas-

Yn(z) = (|n) = (6.7)

sical limit, & — 0, which is appropriate on the tail of the distribution. In this limit one must keep the
highest degree term in H,(xz/d) (i.e. Hy(z/d) ~ (2x/d)"™) since h appears at the denominator here.
The factor d=" will then cancel with d" entering Eq. (6.3). Also, the factor e~ @*/(4) contains hi
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in the exponent. This term, in the inflationary case, would read e~ Fc/4 and azPC being the loop-
counting parameter, which can be set to zero in the semiclassical limit. Using this consideration and
the simplified expression for ¢, in Eq. (6.5) and working at order 5, we write the correction to the
probability distribution as |¥|? ~ [¥(|? (1 + 2Re §¥/¥y), where

~ —\/ﬂa?’/%ﬁiwws (p —alogn+nm/2) . (6.8)
hw £~ n2n!

The left-hand side of Eq. (6.8) is the exact analogue of the correction to the wavefunction we studied
in the inflationary case. It is useful to compare Eq. (6.8) with the probability in Eq. (6.6): even though
the probability to jump to the state n is low, when we look at the tails with |z|/d large, high n’s start
to dominate (the parameter raised to the power n is ax /¢ as opposed to ad/{). Taking into account the
1/nl, one expects values of n around npyax ~ ax/¢ to dominate the sum in Eq. (6.8). Their contribution
then scales as ~ exp(ax/¢), making the correction to the wavefunction potentially exponentially large,
in analogy with the inflationary results. This explanation misses possible cancellations among the
series coefficients, which can take either sign. Equation (6.8) can be evaluated numerically, as shown
in Fig. 9: one can notice that, like in the case of inflation, this correction is highly asymmetric 2!,
featuring oscillations at frequency « and very large for positive z. In this quantum mechanical example,
the origin of the large asymmetry is more evident. Indeed, the dominant term in the perturbation
AH(t), selected by the resonance (o = 1), corresponds with a boost with a positive momentum.
Therefore, one expects larger effects on the wavefunction for positive x. Moreover, this operator is
responsible for the phase n~' in the coefficients ¢, and in the series (6.8) (see Eq. (6.3)). Such a
phase then leads to different behaviours of the series for different signs of x.

Alternatively, instead of starting from the general time-dependent perturbation theory, one can
focus on the semiclassical limit. This can be obtained using the path integral representation of the
wavefunction. Alternatively, we can re-discover the semiclassical approximation in the following way.
In 6W(x) we keep the coefficients ¢, of Eq. (6.2), without performing the time integration. We then
sum over the states n and use the i — 0 limit of the Hermite polynomials. Inside this sum, one can

Eo—En)t/h _ iwnt

notice that the phase e e combines with the coordinate = in such a way that the

2!The asymmetry of the wavefunction can be analysed by applying the Euler-Maclaurin formula to the series (6.8).
Such a formula allows one to represent the series as an integral over n plus corrections that depend on the derivatives of
the integrand evaluated at the end points of the integration. We check that those corrections are negligible in our case
and therefore the series (6.8) can be represented by the integral over n. In the large |x| and « limit, the integral can be
done using the saddle-point approximation over n. We find that for x > 0 the dominant saddle point is approximately

7@/2 in the wavefunction. It is important to note that such an

ns ~ iax /L, which gives rise to an exponential factor e
exponential factor is due to the term alogn in the cosine of Eq. (6.8). On the other hand, for < 0 we observe that the
saddle point is close to zero and is not purely imaginary, so that the exponential factor on this side is smaller. Therefore,

the wavefunction is highly asymmetric between positive and negative x, as shown in Fig. 9.
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Figure 9 Relative correction to the real part of the wavefunction as a function of z/¢ for « = 7, 8 and 9 for
b = 1. We use units where d?/f? =107* and ¢ = 10~2. With these values, the ranges of /¢ in the plot belong
to the semiclassical limit. The wavefunction is multiplied by d?/¢?. Notice the similarities with the results in

the main text, notably Fig. 3. Left: case of negative . Right: case of positive z.

final result, before the time integration, is a function of z(¢) = e™!z: this is indeed the semiclassical
solution for the harmonic oscillator at zeroth order in b. As in the inflationary case, at first order in

b, it is enough to use the free solution to compute the wavefunction in the semiclassical limit. After

performing this procedure, one finds the following expression for the correction to the wavefunction

0W(x) _ by / " GEW(8) cos (alog(—t/to) + aza(t))0) (6.9)
\I/() (.CC) h —00

This is indeed the expression for iAS/h, with AS being the correction to the action, evaluated on

the free classical solution xj(¢). The resulting time integral can be solved in saddle-point for large «

and large x. Similarly to the cases studied in inflation, this will be an oscillatory function in az. (In

Fig. 9 there is no appreciable difference between the exact correction, first line of Eq. (6.8), and the

semiclassical approximation.)

7 Conclusions and future directions

In this work, we studied the wavefunction of the universe in a simple single-field model with a resonant
feature. We discovered a striking behaviour which is completely unexpected from perturbation theory:
a feature with a tiny amplitude, which results in tiny deviations from a Gaussian wavefunction for
typical fluctuations, have exponentially large effects for rare events in the tail of the distribution.
Moreover the effect is large only for rare peaks of ¢, while one has a small effects on troughs.

The skeptic may wonder whether our conclusion is an artifact of working at first order in the
amplitude of the feature, but we stress that this is not the case. Going beyond first order is necessary
to have a quantitative understanding of what is going on in the tail, but this does not change the

fact that one has sizeable deviations from the Gaussian statistics, even for features with very small
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amplitudes. In this respect, we stress that, at least conceptually, there is no obstacle in applying
our semi-classical method in the large ¢ limit of the WFU beyond first order in the amplitude, by
(numerically) solving the full non-linear equation of motion (2.8), and evaluating the corresponding
on-shell action. We leave this to future work: with the full WFU at all orders in b one could investigate
the impact of the new tail on eternal inflation and on the rate of formation of primordial black holes.

Besides, given the exponential sensitivity of the tail to tiny features, it is reasonable to also expect
a large sensitivity of the WFU to details of the expansion history H(t), which would be worthwhile
to investigate. We have also pointed out the existence of a particularly striking regime where a
non-perturbative description of the WFU is required even for typical fluctuations. What are the
observational consequences of such a regime, and potential links with recent developments in particle
physics beyond the Standard Model, see e.g. [25,28,29], are interesting questions to which we plan to
come back.

Our work can be developed in many directions, which are interesting both observationally and
on purely theoretical grounds. As we have explained, our formalism can be readily applied to study
other types of small features, like localized ones. Moreover, for any type of feature, the unitary cutoff
is pushed to infinity as its amplitude goes to zero and the theory becomes free. This is suggestive
that the regime requiring a non-perturbative description of typical fluctuations may not be limited
to oscillating features. For generic features in the expansion history, the function A(t) in (3.22) may
exhibit singularities in the complex plane which preclude the rotation to Euclidean time: whether this
leads to specific features for the WFU is worth exploring. The UV completion of the type of models
studied in this work contains additional states: it would be interesting to understand when and how
they modify the predictions for the tail of the wavefunction. Eventually, it would be valuable to relate
our non-perturbative computations of the wavefunction of the universe, which fully characterizes the
state of primordial fluctuations, to the ongoing developments about how to best extract information

from cosmological data, see for example [30] and references therein.
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A Derivative versus polynomial form of the action

In this appendix we explicitly show that our action (2.7) indeed agrees with the action (24) of [13],
and we demonstrate the practical advantage of using our form, even for the computation of n-point

correlation functions. In doing so, it is important to remember that temporal boundary terms in the
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action contribute in general to correlation functions [31-34]. In particular, total (temporal) derivative
terms depending on 7 (by contrast to the ones involving 7 only) contribute to correlation functions
of 7, which are our object of interest. Hence, we will only keep such boundary terms in the following

discussion.

A.1 Action of 7 in two different forms

Our starting point here is the action (2.7):
S = / Az a® MEH (t 4 7)(0,m)? . (A.1)
Expanding H(t 4+ 7) as a power series gives

00 3
S = M3, Z/ dtz %H(”‘H)(t) 7" 0wl (A.2)
n=0 ’

where H(™(t) denotes the n'" derivative with respect to time acting on H(t). Here we are interested
in the terms with n > 1. We rewrite the term 79, as ,,(7™"*1)/(n+1), so that the interacting part

of the action above becomes

o 3
a n n
St = MBS / Iy o HO () 9,7 0P |

n>1
> 1
— _ M\ 4., - 3 r7(n+1) n+1
= —Mp, nil/ d*z nt 1)!6# [a H (t) 6“7r]7r + Sboundary > (A.3)

where we have performed an integration by parts in the second line, and we kept the relevant boundary

term

(o9} a3 .
Sboundary = _M}%] Z/ d4JJ at |:(n T 1)‘H(n+l) (t) ’/Tn+17T:| . (A4)

n>1

We define O = 9,,(a®0#m)/a®. The action (A.3) then becomes

S 1 n n ks n n
Sint = —Mgl Z/ d*z m [ —a®H( Jr2)(75)7r i+ aPH +1)(t) T +1D7T:| + Sboundary - (A.5)

n>1
Performing an integration by parts on the first term on the RHS of the action above, we obtain

1
(n—1)!

> 1
Sint = —Mp; Y / d*ax a3{n! [SH(t)H(”) (t) + H" D (4) [ 7" +

H(n_l) (t) Wn_lD”T} + Sboundary .
n>2

(A.6)

where we have changed n — n — 2. Additionally, note that the equation of motion derived from the

quadratic Lagrangian for 7 reads

0Lo

= —2ME a3 H(t)Or 4+ 2MEa® H ()7 . (A7)
T
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Hence, to work out the action at first order in b, one can neglect the last term in (A.7) when inserted
back in (A.6), which gives

Si :i/ died a3M1%1 3H(t)H(”)(t)+H("H)(t) ™4 f (W)@ +OM?) + S
int ~ nl n 5t boundary
(A.8)
where we have defined
LAY
fn(ﬂ') = - T . (AQ)

2(n=1)!  H(t)

We see that the action (A.8) is the same as the action (24) of [13] 22, although the authors here did
not write the boundary terms, despite their role in the computation of n-point functions, as we will
see in (A.20). Therefore, our non-perturbative form of the action (2.7) is equivalent to their action.
Although what ultimately matters, in perturbative computations, are correlation functions of 7,
it is interesting to study the structure of the equation of motion of w. In particular, the fact that
the action (A.8) involves self-interactions of = without derivatives acting on it seems to suggest that
a constant 7 is not a solution to the equation of motion, implying that 7 is not conserved on super-
horizon scales. However, this is not the case due to the contributions coming from the term in
0Ly/d7 to the equation of motion of 7: one can verify that at each order in 7 the equation of motion
derived from (A.8) admits a constant solution. In contrast, this property is manifestly valid, and

non-perturbatively, from our form (2.7).

A.2 Time-independence of the bispectrum

It is instructive to see explicitly the late-time constancy of the 3-point function of © computed from
the form (A.8), and to contrast it with the computation starting from our form (2.7) of the action. We
will see that the constancy of the bispectrum is immediate in the latter case, whereas in the former, it
requires taking into subleading terms in the expansion in large a as well as cancellations between the
contributions from the bulk and the boundary terms. This provides a non-trivial consistency check of

our computations, and showcases the usefulness of our form of the action.

Polynomial form of the action. There are three types of terms in the Lagrangian (A.8): the
bulk terms that are polynomial in 7, the terms proportional to the linear equation of motion, and
boundary terms. When computing correlation functions in perturbation theory, terms proportional to
the linear equation of motion never contribute, as the interaction-picture fields are by definition free

fields obeying that equation. We treat the two other types of terms in turn.

220ne can straightforwardly show that the action (A.8) is also equivalent to the nttorder interacting action obtained

in [22], as shown in [13].
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The contribution to the 3-point function of 7 at time 7 from the bulk terms in (A.8), reads

1
X
(4e.M3))?2e, H T, k3

< [/” " (H +3mH) (n’)f(n’)f*(n)] . (A.10)

(m(k1, m)m (R, m)m (K3, M) bue =

—oo(1—ie) M

with f(n) = e [[,(1—ikin) and k; = 3, ki. The prime means that we drop the factor (27)36®) (k1 +
k2 + k3). All the integrals here can be done analytically, but in terms of incomplete Gamma functions
which are not very illuminating for our purposes. Instead, remember that our goal is simply to show
that the bispectrum of 7 goes to a constant at late times. Hence, we will only keep track of the
+ia

relevant contributions at the asymptotic future, which are simply oscillations in n™“, and we check

that they cancel in the final result. For that purpose, it is sufficient to expand f(n) at late times:
TN e S s o A1l
fn) = +EZ¢+?21‘+ ("), (A.11)
K2 K3

where we have to go up to third order as one needs

Im [f(n')f*(n)] = %(77'3 - 773) Z k‘f’ + subleading . (A.12)

Here, we use the ie prescription that is relevant only in the asymptotic past, so that, for our purposes,
taking the imaginary part in (A.12) effectively applies only to f(n)f*(n). As for the terms denoted
as subleading, they do not lead to contributions that survive at late times. At first order in b, one can
consider H constant in the term HH®), and with

H(y) = —e,H? [1 - %bcos <a log (7/7,) — 5)] : (A.13)

one obtains that the terms that survive at late times are
H,bao? > kf "
(46*M1§1)2 IL kf

X /7’ d’ (77/3 _ 773) [sin (a log (1'/nx) — 5) + zcos (a log (1 /nx) — 5)]

—oo(1—1t¢) 77,4

(m(ky, m)m (g, m)m (kg, 1)) pun > —

SHb S,k )
= e ]\;2 E IX_I:Z 3 X sin (a log (n/n«) — 5) . (A.14)
*Pl 7V

Note that cancellations between the various contributions—the sine and the cosine terms, as well as

the ones with and without n-dependence in the integrand—Ilead to the amplitude of the result being
independent of «. In particular, it was important to take into account the cosine term, despite the
fact that its contribution to the integrand is subdominant in the limit of large a.

Let us now consider the boundary term

M2 .
Sk()izlndary = _f/ de dsw O (aSH(t)TFQW> : (A15)
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The contribution from any such term can be worked out from first principles using the commutation
relation (see e.g. Sec. 3.3 of [34]). Using that the (linear) conjugate momentum to 7 is 0Ls/07 =
—2a3M1:2,1H7:(', this gives here:

i

<7T(k17 n)ﬂ(k% 77)7T(k37 n))){ooundary == <2.H) (77) (Pﬂ(k17 n)Pﬂ'(kQ’ 77) + 2 perms.) ) (A16)

where, at first order in b, one can use the standard power spectrum for 7, Pr(k,n) = (1+k*n?)/(4e. M3 k3).

Keeping the terms that survive at late times, this gives

3Hb > k) .
<7T(k17 77)77(’“2, 77)77(133, 77))>{)oundary = (46 M2 )2 % k3 X sin (a 1Og (77/77*) - 5) ) (A17)
* Pl ()

which precisely cancel with (A.14). Therefore, we have explicitly shown that the 3-point function of
7 goes to a constant at late times, using the polynomial form of the action accompanied with the

necessary boundary terms.

Derivative form of the action: When using the derivative form of the action (2.7), the cubic part

reads
5B — / A4z @ M2 T (=72 + (0m)2 /a?) (A.18)

which gives for the time-dependent 3-point function

1
X
(dex M) e H2 ], K}

(m(k1,n)m(ka,n)m(ks,n))) =

n dr’ .

x Im [/ STH) (ks - ks f* () £ () + keks f*(mar ()| +2 perms.,  (A.19)
—oo(1—ie) M

with f(n) as above, and g1(n) = e®*"(1 — ikin)koksn®. Contrary to the polynomial form, here all the

integrals are manifestly convergent, and the late-time constancy of the 3-point function is immediate.

Let us also compute the bispectrum starting from (A.19). Taking n — 0 and writing the sine

function as a sum of two exponentials, this gives, with § = —5— alog ny:

3H,b
B(ki, ko, k3) = X
( 1, h2, 3) (46*Ml:2)1)2 HZ kf’
3
x Im [Z Z [(ica+n — 1)# €i0’860aﬂ/2] , (A.20)
n=0oc==%1 t
with

aoz—%ZkiQ, alz—%kt(Zkf),

k
as = 2t<— Zkfkj + k‘1k‘2k‘3> ;a3 = —k1k2k’3<zk3¢2/2 + Zklkj) ~

i#] 1<J

(A.21)

Simplifying, one finds
3H,ba? cosh(ar/2)
(4e M) I, K

B(kl, kQ, k3) = Im z y (A.22)
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with
i 5 >k -\ i(alog ky—B+m/2)
i i i#j
In the limit of large o, with cosh(ma/2) — €™/2 /2 and I'(—1—ia) — /21 e~ 7/2q~3/2¢i(a—alogatdn/4)[] 4

13i/(12cv)] taking into account next-to-leading order (NLO) terms, this reduces to

3H.ba®?\21 | | 1 ki1
B(k1, ko, k3) = 2(45:M}2)1)2 L5 sin(alog ky + ¢) + o cos(alog ky + ) Z T + T , (A.24)

i#j I

with ¢ = a — aloga+ 57/4 — 3, and where we have kept the first subleading term, see [14] for similar

result.

B Beyond the decoupling limit: mixing with gravity

In the main text, we have derived the full nonlinear action (2.7), at all orders in 7 and zeroth-order
in the decoupling limit. This action scales like O(e). Here, we derive first-order corrections to this
action, i.e. up to O(e?), also keeping the full nonlinear structure in 7. From this, we deduce an upper
bound on ¢ for the mixing with gravity to be negligible.

We perform the space-time dependent time diffeomorphism ¢ — ¢ + 7(¢, x), starting from the

unitary gauge action (2.1). We use the ADM parametrization of the metric:
ds®* = —N2dt? + g;;(dz" + N*dt)(da? + N7 dt), (B.1)

we neglect tensor modes, and we choose the spatially flat gauge g;; = a2(5ij. One thus obtains the
action

5= / d'z a® M, {JV(E‘@ _ B~ N@H(t + )+ H(t + 1))

FHE+ ) [-NTY L+ 4)2 + 2N N1+ #) NGy + N (9m)2 — N—l(Niam)Q] } :

where
1.
Eij = igij — N(

and ; stands for the covariant derivative with respect to the spatial metric g;;, which in this gauge is

1
i) = A*Hdij — Ny s Niigj) = o5 (NViij + Njs) (B.2)

simply an ordinary derivative.

Performing similar manipulations as in the main text, this reads

S = / d*za(t)3 M3 {—H(t +7) (7% — (97)?) — 3(H(t + ) — H(t))?
_ _ N1 y

+ 6N (3N VH2(t) — 3H%(t + 1) — 2N HN; ) + SN — (V)

+ H(t+7) ON(N T 1 +7)% = 14 (9m)2) + 2(1 + #)N "' N'oym — N_I(Niaiﬂ)2)} ,
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where contractions are made with the spatial metric g;; = a25ij, we wrote N = 1+ JN, and no
approximation has been made so far. Varying the action with respect to 6N and N;, we obtain,

respectively, the lapse constraint:

3(H*(t) — H*(t + 7)) — 3H*(t + 7)dN(2 +6N) — 2H (t)0'N; — %(N(Zm) — (0'Ny)?) (B3)
+H(t+ )27 4+ 7% + (N'9;m)? — 2(1 + 7)N'9;m + (8;7)* (1 4+ 6N)? —N(2+6N)] = 0,
and shift constraint:
OINTYH(t + 7)1 + 7 — NI9;n|dm = 0; %N—l(N;j +N%) — 6/ (2H(t)ON/N + N | . (B.4)

In order to derive the first correction to the decoupling limit action, we see that it is enough to work
out 6N and Nj at first order in e, which we denote with the superscript (). From Egs. (B.3)-(B.4),
and using the Helmoltz decomposition of the shift, N; = d;10 + N;, with 8*N; = 0, one obtains the

compact expressions

1 - .
5N<1>:%a—262<xi and N = 402072 (8,020, X; — X,;) , with X; = —H(t+7)(1+%)0,
(B.5)
and
o2 2 2 2 L, 7 L .2 N2
2H (t) 3 =3(H*(t) - H*(t+ 7)) —6H*(t + ) 6N + H(t + m)[27 + 7* + (9;7)*],  (B.6)

where indices are simply contracted with ¢;; here. One then obtains the final expression of the action

including first-order € corrections:
5= / at () ME {~F(t 4+ m) (i = (9m)?) = B(H(t + ) — H(1))* = 3(H(t + ) — H2(2))sN 1

. 1~ NP R
+ 3H2(t) (SN2 4 F(t + m) (27 + 72 + (9im)2)oND + 5JV((Z.l,;)J\ﬂU(W) —ox; NWil
(B.7)
where we note that the explicit expression of 1)) is actually not needed for this result because of

structural cancellations in the computation.

Let us now use the action (B.7) to identify the regime of validity of the decoupling limit analysis.
For this, in the same spirit as in Sec. 4, we consider a boundary profile ¢ characterized by a typical
momentum scale k. This way, the effects of spatial derivatives simply read 9; ~ k; and 972 ~ k2.
We also use the behaviour of the free mode function (3.14) to deduce the estimates 7 ~ (/H (1 + kn)
and 7 ~ ((kn)%. We thus find X; ~ eHC(1 + ((kn)?) (1 + kn)k;, ]\Nfi(l) ~ a?/k*X; and in particular

SNW ~ € [1+ C(kn)?)(1 + kn) . (B.8)

The validity of the decoupling limit necessitates N() < 1. The right-hand side of (B.8) grows

with kn, but keep in mind that the corresponding interactions are shut off deep inside the horizon,
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due to the ie prescription projecting onto the interacting vacuum. However, we should demand that
SN <« 1 at the resonance, such that |kn| ~ . This imposes the bound

8 < — . (B.9)
ex

This turns out to be the most stringent bound on ¢ when requiring the O(€?) interactions to be neg-
ligible compared to the leading O(e) part of the action. Checking this is straightforward, except for
the second term in (B.7). The corresponding polynomial interactions (H (t+ ) — H(t))? ~ e2H*r? do
not decay outside the Hubble radius, contrary to the leading two-derivative part of the action. This
is simply a manifestation of the fact that = acquires a mass beyond the decoupling limit. Requiring
that these interactions are subdominant at the late-time saddle point (4.12) gives the bound €|¢| < 1,
which is indeed less stringent than (B.9).

Importantly, let us highlight that the regime a?|¢| ~ 1, in which full non-perturbative results are
needed and we found qualitative deviations from perturbation theory, always lies within the regime
of validity (B.9) of the decoupling limit analysis. Notice as well that in order to get the range of
validity for ¢ of the decoupling limit it is crucial to use our non-perturbative form of the action; it is

not enough to stick to the perturbative analysis discussed in [13].

C Correlators from the WFU at one loop

In this section we are going to investigate how Witten diagrams are related to the correlators at loop
level. In the WFU approach, equal-time correlators are obtained by performing a path integral over
field configurations at that given time. At one-loop level, on top of Witten-diagram loops (needed to
obtain the WFU), there are in principle additional loops originating from ‘averaging’ tree-level Witten
diagrams over boundary (late-times) field configurations. In turn, this step can lead to additional
divergences that are not manifest in the WFU. When estimating the size of loops, we therefore need
to take into account both contributions.

On the other hand, correlators can also be evaluated using different methods that do not involve
the WFU, as for instance the ‘in-in formalism’ [23]. In this case, one does not make a distinction
between WFU and boundary loops. Notice also that the propagators running inside loops used in
the two methods are different: the in-in uses Wightman functions, while the WFU uses bulk-to-bulk
propagators. As it is perhaps expected, on the WFU side we will obtain that the two sets of loop
diagrams combine to yield back the in-in result: the effect of boundary loops is to change the boundary
conditions of the propagator. >

For concreteness, we consider A\¢* in dS, although our conclusion appears general. The action is
taken to be

S = / d*z at(n) [—;(8u¢)2 — %qs‘l . (C.1)

ZFor a similar discussion on the relation between the in-in and WFU approaches to loop diagrams, see [24].
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We furthermore focus on the equal time two-point function (¢(n, €)¢(n,y)) at linear order in A. At
this order, the WFU at time n¢, W[¢@; 7], contains a tree-level correction to the four-point coefficient
14 and a one-loop correction to the two-point coefficient ¢». Both are needed to obtain the one-loop
correlator at O(\).

In the following calculations we will need the bulk-to-bulk and the bulk-to-boundary propagators
for massless fields in dS. First, let us define the wave-modes in k-space that solve the free equation of

motion for ¢
ot (k,n) = (1 F ikn)e™*n . (C.2)

Then, the bulk-to-bulk propagator is obtained as

2
Gl ) =~ S [0 — ) (ko (k) + 000 — ) (b, mhp— ()
~ P (ke (k) | (C.3)
P+

where ¢1(k) = p4(k,n¢) and 6 is the Heaviside theta function. By construction, the function
G(n,n'; k) vanishes at early times (when 7, n’ — —oo(1 — i€)) and at late times (when n, " — ).
Requiring that G satisfies the free equations of motion with a d(n—7'") source then fixes the normaliza-
tion in Eq. (C.3) (i.e. we are working with canonically-normalized fields). Note that this normalization
changes if we work with ¢ (in this case the factor H? gets replaced by P¢). On the other hand, the
bulk-to-boundary propagator is

Ki(n) = w . (C.4)

This function is obtained as the free solution of the equations of motion satisfying Kg(n) = 1 and
vanishing for n — —oo(1 — ie).

After introducing these quantities, we are ready to evaluate the Witten diagrams contributing to
the WEU. The tree-level contribution is obtained by evaluating the interaction part of the action times
i on the free modes for ¢ (given by Eq. (3.14), but for ¢). Therefore, we obtain

log W[ 7] = — / / H[ G ol >] (20) 6O (ky)

dk:

)2 68 (k) a(k, . .. kas 1) (K1) - .. d(Ks) (C.5)

where log W,,[#; 1] is the correction to the exponent of the WFU with n fields and ky = k1+ko+k3+ky.
Thus, written in terms of bulk-to-boundary propagators K, (n), the coefficient 14 reads

1
i3
Va(k1, ko, k3, ka; 1) —M/ H (C.6)

=1

The one-loop contribution to 12 can instead be obtained using the standard Witten rules (see [35]
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0 =1 =1

(a) (b)

Figure 10 The two one-loop contributions to (¢(n¢, p)d(ne, P')). The grey surface represents the boundary at
n = ne. On the left, (a), we have the one-loop diagram on the bulk, log ¥y, that contributes directly to the
WEFU. On the right, (b), we have the boundary diagram where we average over two boundary fields in log W .

for a derivation in AdS)

£ 3 _ _ 3
log W[ ] = / = éﬂ)’ZKi(nw(k)as(—k) [ asGtnmp)

4 ) o (Hy)* (2m)?
3
=51 | Tamys Bvalha ) SR)G(H). ()

where we used the total momentum-conserving delta function to remove one integral. Therefore, the

correction to 19 is given by

LA dy o d3p '
Explicitly, the WFU at order A can be expanded as follows
- - - 1 [ &k _
WG] = N (1 +log Vel +log Waldini]) exp |57 [ o Ssvalbkim) SRIG(-H)| » (C.9)

where N1 = [ D¢ |¥[¢;n]|? is a normalization constant. The two-point correlator in momentum

space is then obtained using the standard Born rule of quantum mechanics:

(&5, P)d (e, P)) = / DG 3(p)d() [P [ mi|” (C.10)

In performing this path integral at order A we encounter various types of contributions. There
are, for instance, bubble diagrams, that are however cancelled once the normalization N is taken into
account. In principle, there could be disconnected diagrams, but at this order they do not appear.
Finally, there are two types of connected diagrams. First, from o, a diagram where the external
#(p), ¢(p') connect to the internal ¢(k)¢p(—k). This can be interpreted as a loop contribution from
the bulk (given the origin of §1/2). Second, from 14, we have a loop diagram where two internal ¢(k;)’s
are contracted among each other. Therefore, this corresponds to a boundary loop. These two one-loop

diagrams are represented respectively in Fig. 10 (a) and (b).
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One can straightforwardly check that
]{33
20 (k)p-(k)
At this point, we are ready to compute the order A correction in Eq. (C.10) (the integral can be

Re o (k;ne) =

(C.11)

performed, for instance, by first introducing a generating functional and by taking its functional

derivatives). We obtain

N/ _ 1 e . - 1 d3k Re¢4(p7p7 kv ka 77f)
om0 ) = g [Redvaton =5 [ G RS
B A o o dy 9 d3k _ zKﬁ(n)
4 (Reo(p; 77f))2R /—oo (H77)4Kp(n) /(%)3 [G(n,mk)Jr 2Re¢2(k;nf)] ' (C12)

In the correlator, the subscript (1) stands for the first correction in A, while the prime means we
remove (27)36G) (p + p’). In going to the second line we used Eqs. (C.6) and (C.8). Notice that,
although the two contributions of the first line come with different symmetry factors, when expressed
in terms of bulk objects this difference cancels. Indeed, as it is clear from Fig. 10, both diagrams have
the same combinatorics from a bulk perspective. In the second line on the RHS of (C.12), the two

terms in the square bracket are given by

iH? 5

G(n,m; k) = —% [w(km)w—(km) - iggw(km)m(k,n) ; (C.13)
iKim) _ aH? o (b)) 2

2361/}2(1:;7%) = o P+ (k)e-(k) (M) : (C.14)

By combining these two pieces, the term that imposes the boundary conditions at ¢ in G(n,n, k)
(the last in Eq. (C.13)) is cancelled by the boundary loop (C.14). Therefore, we arrive at the overall
one-loop contribution to the correlator
2 ¢ 3
Wl PNy = st [ s [ e e (€19
where indeed we recognize the propagator of the in-in relations inside the loop. Notice also that
the WEFU loop, 0¢9 in Eq. (C.8), is convergent in the IR, while the loop for the correlator (C.15) is

divergent [16]. Moreover, given that the loops are typically divergent, in order to have finite correlators

after renormalization we arrive at the conclusion that the WFU is necessarily a divergent object on
itself. The divergences from the additional path integral in Eq. (C.10) will then make the final result
UV finite. One can also check that Eq. (C.15) agrees with the in-in computation [36]. The cancellation
between bulk and boundary terms is completely independent on the spacetime, the theory and the
evaluation time 7, as it is based on the properties of the in-in formalism. Therefore, the conclusion

also applies to the model of resonant non-Gaussianities.

D Estimate of one-loop Witten diagrams at O(b)

In this appendix we want to show that the one-loop Witten diagrams with n external legs at first

order in b (see Fig. 1) scale as /arb 2 (2¢)""%(a®P;)/P;. In comparison with the tree-level diagrams
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with the same number of external legs, these loop corrections are suppressed by ozzPC < 1. Note that
this condition is weaker than the one of perturbative unitarity, « PC < 1, see the discussion around
Eq. (3.25).

For illustrative purposes, let us focus on the one-loop Witten diagram with two external legs
(second graph in the second line of Fig. 1). The ingredients for computing such a diagram are two
bulk-to-boundary propagators, one bulk-to-bulk propagator and the four-point vertex which is given
by the quartic interaction:

722
Ly = z(;?ICDC [('2 — (81-()2} cos (oz log(n/n.) — 5) ) (D.1)

The coupling above can be straightforwardly obtained from expanding the action (3.13) for small ¢
up to quartic order. 2*

Derivatives in the action can act on internal or external legs. Let us focus first on the case where
the two derivatives act on the two bulk-to-boundary propagators: this is the leading contribution
(highest power of o) as we will verify later. Using the vertex (D.1), the one-loop coefficient of the

WEFU with two external legs is given by

o f 5 :
3P (Rey, k) O ng /n :nK (1) K, (0 >Cos(a1°g(”/”*)_5)/(§w’;’

where the subscript denotes the number of external legs, k1 and ko are the external momenta, and

G(n,m; k) , (D.3)

k is the internal momentum. Note that in the expression (D.3) we considered two time derivatives
acting on Kg(n). One gets the same scaling in « also for spatial derivatives: this is straightforward
to verify using the saddle-point approximation (o > 1) to the n-integral in the early-time limit. 2°
Using the formula (C.13) and the fact that K} (n) = nk%e**7/5. (k), Eq. (D.3) becomes
zbonH 2 k3k2

8  pr(k1)p4(k2)

3 i}
X /(gﬂ_)kgklg [<P+(k777)90—(k,77) - (p_(k)gmr(k,n)@r(k,n)] , (D.4)

1— 1oop(k1’ kQ)

¢ . N
/ dn e cos (alog(n/ms) — 8)x

o+ (k)
where ky = k1 + ko. Setting nr = 0 (") we have

ba H ’ - 5
17190P (o) Ky S _t 0‘8 k2k2/ dn €™ cos (alog(n/ne) — 8)x

T a(n) .
x (247#5/0 ‘if [(1+k2 2 (1 —z‘kn)%?l’ﬂ , (D.5)

24In general, the non-linear self-coupling of ¢’s at first order in b reads

[’n+2 = -

ba™ (" [CIQ - (8-()2] (—1)™/2 cos (a log(n/ny) — S) ,  n+2€ceven
202 Penl ' (=)D 26 (a log(n/n.) — 5) , n+2€codd

#We define the wavefunction coefficients as in Eq. (C.9).

26Qubleading corrections in the limit |kn| > 1 contain less power of n: on the saddle point of the 7 integral, their
contributions have fewer power of o compared to the leading contributions.

2TSince one gets a non-zero result for n; = 0, it is safe to neglect subleading terms. As we will discuss, it is useful to

keep ¢ # 0 to study the Minkowski limit of the result.
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where A is a fixed physical cutoff. Notice that this physical cutoff A appears together with the scale
factor at time 7, cutting off the integral in comoving momentum k (see a more detailed discussion
below Eq. (26) of [36]). Then, we change the variable using k, = k/a(n) = —nHk, where k; denotes

a physical momentum. Thus, the integral above becomes

T 2772
1—loop iba” H

0 . ~
5 (k1,k2) D —167_‘_2]{?%]{23/ dn e cos (alog(n/n.) — 0) x
—00

A 2 . 2
dkp kp ikp —2ik, /H
— |1+ = |- ([1+ = ikp/ . D.
X/o S [( +H2) < + fi e (D.6)

We now see that the integral over kj, in the second line does not depend on 7 and in fact it potentially
leads to quadratic and logarithmic divergences. More precisely, we obtain

1-loo = 2 o KTKS  ilatog(X.)+6 A A?
log W17 5 \/a b 2a = o ilalog(X.)+3] [log <H> + 212 + ﬁniteterms] ) (D.7)
t

where we have used X, = —kn., and we have evaluated the n integral on the perturbative saddle
point, i.e. 7s = —a/k;. Note that the expression above is an estimate, assuming that ¢(k) ~ ¢ and it
is peaked at some momentum. From Eq. (D.7), we see that the quadratic divergence, as expected, can
be removed by adding a local counter-term to the WFU, resulting in, for example, renormalization of
the mass term. On the other hand, the logarithmic divergence of the form log(A/H), as argued in [36],
cannot be removed by a local counter-term since for the modes inside the horizon such a divergence
becomes non-local, log((a(¢)A)/k). With this reasoning, this logarithmic divergence is physical and
we can read off the dependence on « for 1/15_10010.

Alternatively, one could draw the same conclusion using the dimensional regularization (dim. reg.)
to compute 1/)%71001). In dim. reg. one usually performs the k integral in d = 3 4+ ¢ dimensions. We
use d to denote the number of spatial dimensions. Additionally, in (d + 1)-dimensions the free mode
function becomes the Hankel function (—Hn)®% 2Hc(l})2
function is very complicated, one can then use a trick, proposed in [37], to obtain a simple form of the

(—kn). Since the integral involving the Hankel

mode function in d = 3 + ¢ dimensions. One considers a massive scalar field in (d + 1) dimensional
de Sitter space, and analytically continues both the number of spatial dimensions and the mass of
the field in such a way that the index of the Hankel function remains 3/2. By doing so, the mode
function in d = 3 + ¢ dimensions takes a simple form, (—Hn)*/2(1 — ikn)e’*7. We see that this mode
function is different from the one in d = 3 dimensions by the overall normalization factor (—Hn)/2.
Using such a simple form of the mode function it is then straightforward to perform the integral in
k analytically in the limit 7y = 0. At this point, one can see that there are several terms appearing
after the integration: a finite term, a term going as 1/e and a term that contains log(H/u) where p is
a renormalization scale. Note that the finite term and the term with 1/e can be altogether removed
in some renormalization scheme. After that, similar to the calculation in (D.7), one can apply the
saddle-point approximation to perform the 7 integral. Finally, we obtain the same o dependence of
w%_lool) together with the logarithmic divergence of the form log(H/u) which, as explained earlier,

cannot be removed by adding local counter-terms. 28

Z8We can convince ourselves that log(H/p) originates from a non-analytic term in k by performing the calculation
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The result (D.7) indicates that this one-loop correction is suppressed compared to the tree-level
one by aQPC <& 1. This confirms the estimates of Sec. 3.2. In addition, following the same method we
used, it is straightforward to generalise the scaling of log \Pé_bOp to log UL 71°°P where n is the number

of external legs:
log WLoP  by/a 2 (a20)" (0 F) . (D.9)

The suppression with respect to tree-level is always aQPC < 1.

Let us discuss what happens when derivatives do not act on the external legs: contributions such
as K, (1) K}, (n)G'(n,n; k) and Ky, () K, (7)G" (n,7; k) to the one-loop coefficient 3P, Following
the same procedure as above, one can straightforwardly show that these contributions are suppressed

by «, compared to Eq. (D.7). More explicitly, we have

log U °P(KK'G') ~ b‘f JCDZ (@P;), log Wy P(KKG") ~ bva & (aF;) . (D.10)
The reason for this a suppression is the following. In this case, there is at least one time derivative
acting on the bulk-to-bulk propagator, implying that it will generate a factor of internal momentum k.
Then, changing the variables to the physical momentum (k, = —nHk) leads to an additional factor of
1/n, so that the integrand in 7 contains fewer powers of 7 compared with the K} (1)K} (7)G(n,n; k)
contribution. Therefore, evaluating the 7 integral on the saddle point (kyns ~ —a) we find that in
comparison with Eq. (D.7) these contributions are suppressed in « as shown in Eq. (D.10).
Applying the same technique to the higher-loop corrections, one can deduce that the ¢-loop wave-

function coefficient at O(b) with n external legs scales as

log WEL00P  by/av 2 (20)" 72 (2 P;)" . (D.11)

E Numerical methods

In this appendix we explain the numerical methods used to compute the on-shell action in Sec. 5.2.
The first step towards numerically integrating the action is to obtain an accurate value for the free
solution ((7,7) with the late-time boundary condition. We then provide two methods to obtain such

a solution. The first method makes use of the analytical expression for the Fourier transform {(7, k),

in dim. reg. in the early-times limit |n¢| > 1, where all the modes are inside the horizon and the mode functions are

approximated by the Minkowski ones (by time-translational invariance in this limit, we can set the final time ¢; = 0).
The time and momentum integrals in 13 '°°" in this limit take the following form

2

0 d B 2 2
_; _ d%p 9 ki, +w 1 2 2 ) kip — w
E dt e~k —ow) / Lol [1 - QZth] x —£ + = | (ki + log ———= + kipwl P D.
~ /_Oo ¢ (2m)4 kp ¢ 48 8 (kip + @) log k2, — w? tp 108 kip +w ]|’ (D-8)

where in the first step we expanded the cosine in exponentials (¢ = +1) and in the second step we performed the
summation over o. The subscript p stands for physical momentum. We first performed the time integral and then the

—2ikpt

one over k,. Notice that the boundary term e mixes the ¢ and k, dependences and does not vanish in dim. reg. .

Note the non-analytic dependence of the finite terms in é.
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i.e. the Euclidean version of Eq. (3.14). Then, the real-space solution is obtained by performing
an inverse-Fourier transform at each time step, which is implemented numerically via a fast Fourier
transform (FFT). Since our system possesses spherical symmetry, the solution then only depends
on k and the inverse-Fourier transform simply becomes one dimensional. After that, we plug the
real-space solution into the action and evaluate the integral numerically, although there are some
technical points to be careful about, as we will explain below. The second method, on the other
hand, relies on solving the linear PDE for {(r,r) with prescribed boundary conditions. Then, we can
straightforwardly compute the action on such a numerical solution. This method in fact is similar to
what was implemented in [1] (in this reference the equation for {(7,r) was however non-linear). We
will refer to these two methods as FFT and PDE methods, respectively.

Before entering into the details of the numerical integration, let us comment on the Gaussian
profile at late times, see Eq. (5.18). In fact, in this specific case the solution ((7,7) can be obtained
analytically in terms of exponential-integral functions, using the inverse-Fourier transform of the
(Euclidean-rotated) ((7, k) in (3.14), giving

- 27 27
C(r,r) /¢ = (1 —41))Re W (2) + 7(72 — ) Im W (z) — 7

where W (z) = e #*(1 — ierfi(z)), erfi(z) = —ierf(iz) is the imaginary error function and z = r + ir.

(E.1)

It should be noted that dealing with the above expression is not always straightforward. Indeed, an
accurate evaluation of Eq. (E.1) requires the implementation of arbitrary-precision numerics (otherwise
large numerical errors appear when evaluating W(z) for complex argument in the regions |7| > 1,
r > 1), resulting in very long evaluation times. Actually, we employ this analytical expression (E.1)
only for negative  since high accuracy/precision is needed, as discussed in Sec. 5.2. However, this
procedure of finding an analytical expression for {(7,7) cannot be generally applied to an arbitrary
late-time configuration.

Here we explain in detail how to perform the numerical integration over 7 and r. First, note that
T € (—00,0) and r € (0,400). In order to obtain a better accuracy/precision, we divide our integral

(5.1) into three pieces,
ASE,l = ASl,eaurly + ASl,grid + ASl,laLte ) (EQ)

where AS| carly is the integration over 7 € (—00, Tin), AS1,grid the one over 7 € (Tuin, Tmax), and
AS] jate the one over T € (Timax, 0). The reason for this separation, as we will see below, is essentially
the fact that the integral over 7 in both ASj carly and AS| jate can be performed analytically, which
indeed improves the matching with the saddle-point approximation. Therefore, we are left with only
the numerical integration in r for AS] carly and AS jate. Of course, we still have to do the numerical
integrations over 7 and r in ASj g, 29 but this is less subtle since both Ty, and T, are finite.

Below, we provide a detailed analysis of both AS; carly and AS| jage-

21n fact, when performing the numerical integration it is more useful to change coordinates {7, 7} to {i,7}, defined as
t=—log(—TH), 7=Ilog(Hr). (E.3)

Notice that both ¢ and 7 run from —oo to +00. We see that the oscillation of the on-shell action is periodic in ¢ with
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Let us analyse the late-time contribution ASj jate. In this regime, expanding the solution ¢(7,7)

for small |7|, see Eq. (3.16), gives rise to the late-time limit action up to the leading contributions,

“+00 0 _ _ _
ASl,laﬁce = FC /0 dr T2 / dr |: (v2<(r) + 8TC(T) 8Tv2C(T)) cos Q(Tv T)

—%V%(r) (0,¢(r))? sing(r,7) | , (E.4)

where we have used the fact that the late-time profile is spherically symmetric and we have defined
q(r,7) = a (log(1/n.) + ((r) — im/2) — 6. Tt is important to note that the limit 7 — 0~ is regular by

construction. Performing the integral over 7 in (E.4) analytically, we therefore obtain

ASpie = — 2T [ 4 o[ (9260 4 0,6(r) 8,92 i
e = = e [ @ (V20 + 0.00) 09%0) (08 1) + @50 )

— gVQC(T) (8r§(r))2(sin Gmax(T) — @ oS qmax (7)) | , (E.5)

where ¢max /min(7) = ¢(Tmax/min, 7). Notice that in the formula shown above we have kept the terms

7_12

ox) and when

up to O(Tmax). Actually, in our numerical implementation we include up to order O(
choosing Timax we check that additional corrections are negligible. The integration over r in (E.5) is
then performed numerically.

Finally, let us consider the early-time contribution ASi cary. Following the same procedure as for

the late-time limit action, we expand the solution ((7,r) for large |7| to obtain

2 +oo _ Tmin d
AS carly ™ —PZ/ dr rQ(arC(r))Q/ —7_;— cos(q(T,7)) . (E.6)
0 —00

Notice that in the expression above the fact that {(7,7) quickly decays for large |r| implies that
the dominant contribution in the action at early times comes from the counter term in Eq. (3.21).

Evaluating the integral over 7 analytically, we thus obtain

2 —

+oo
2 /0 dr 72(8,€(r))? (oS Gumin () — SN Guuin (7)) - (E.7)

AS early = m

As before, we are left with the radial integration which can be done numerically. Notice that this
contribution decays very slowly at early times, as ~ 1/7in. This suggests that including AS) early

allows us to choose moderately large values for 7, without considering an extremely large grid.

References

[1] M. Celoria, P. Creminelli, G. Tambalo, and V. Yingcharoenrat, “Beyond perturbation theory in
inflation,” JCAP 06 (2021) 051, 2103.09244.

frequency «, whereas its frequency increases as a function of 7 at late times. Therefore, this suggests that performing
the numerical integral over the variable  is more robust (the sampling can be done on a uniform grid), compared to the

integral over 7.

93


http://arxiv.org/abs/2103.09244

2]

[14]

[15]

[16]

P. Creminelli, S. Dubovsky, A. Nicolis, L. Senatore, and M. Zaldarriaga, “The Phase Transition
to Slow-roll Eternal Inflation,” JHEP 09 (2008) 036, 0802.1067.

S. Dubovsky, L. Senatore, and G. Villadoro, “The Volume of the Universe after Inflation and de
Sitter Entropy,” JHEP 04 (2009) 118, 0812.2246.

S. Dubovsky, L. Senatore, and G. Villadoro, “Universality of the Volume Bound in Slow-Roll
Eternal Inflation,” JHEP 05 (2012) 035, 1111.1725.

X. Chen, G. A. Palma, W. Riquelme, B. Scheihing Hitschfeld, and S. Sypsas, “Landscape
tomography through primordial non-Gaussianity,” Phys. Rev. D 98 (2018), no. 8 083528,
1804.07315.

X. Chen, G. A. Palma, B. Scheihing Hitschfeld, and S. Sypsas, “Reconstructing the Inflationary
Landscape with Cosmological Data,” Phys. Rev. Lett. 121 (2018), no. 16 161302, 1806.05202.

G. Panagopoulos and E. Silverstein, “Primordial Black Holes from non-Gaussian tails,”
1906.02827.

G. Panagopoulos and E. Silverstein, “Multipoint correlators in multifield cosmology,”
2003.05883.

G. A. Palma and S. Sypsas, “Non-Gaussian statistics of de Sitter spectators: A perturbative
derivation of stochastic dynamics,” 2309.16474.

X. Chen, R. Easther, and E. A. Lim, “Generation and Characterization of Large
Non-Gaussianities in Single Field Inflation,” JCAP 04 (2008) 010, 0801 .3295.

R. Flauger, L. McAllister, E. Pajer, A. Westphal, and G. Xu, “Oscillations in the CMB from
Axion Monodromy Inflation,” JCAP 06 (2010) 009, 0907 .2916.

R. Flauger and E. Pajer, “Resonant Non-Gaussianity,” JCAP 01 (2011) 017, 1002.0833.

S. R. Behbahani, A. Dymarsky, M. Mirbabayi, and L. Senatore, “(Small) Resonant
non-Gaussianities: Signatures of a Discrete Shift Symmetry in the Effective Field Theory of
Inflation,” JCAP 12 (2012) 036, 1111.3373.

C. Duaso Pueyo and E. Pajer, “A Cosmological Bootstrap for Resonant Non-Gaussianity,”
2311.01395.

L. McAllister, E. Silverstein, and A. Westphal, “Gravity Waves and Linear Inflation from Axion
Monodromy,” Phys. Rev. D 82 (2010) 046003, 0808.0706.

V. Gorbenko and L. Senatore, “A¢? in dS,” 1911.00022.

54


http://arxiv.org/abs/0802.1067
http://arxiv.org/abs/0812.2246
http://arxiv.org/abs/1111.1725
http://arxiv.org/abs/1804.07315
http://arxiv.org/abs/1806.05202
http://arxiv.org/abs/1906.02827
http://arxiv.org/abs/2003.05883
http://arxiv.org/abs/2309.16474
http://arxiv.org/abs/0801.3295
http://arxiv.org/abs/0907.2916
http://arxiv.org/abs/1002.0833
http://arxiv.org/abs/1111.3373
http://arxiv.org/abs/2311.01395
http://arxiv.org/abs/0808.0706
http://arxiv.org/abs/1911.00022

[17]

L. Pinol, S. Renaux-Petel, and Y. Tada, “A manifestly covariant theory of multifield stochastic
inflation in phase space: solving the discretisation ambiguity in stochastic inflation,” JCAP 04
(2021) 048, 2008.07497.

V. Vennin, Stochastic inflation and primordial black holes. PhD thesis, U. Paris-Saclay, 6, 2020.
2009.08715.

S. Céspedes, A.-C. Davis, and D.-G. Wang, “On the IR Divergences in de Sitter Space: loops,

resummation and the semi-classical wavefunction,” 2311.17990.

C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and L. Senatore, “The Effective Field
Theory of Inflation,” JHEP 0803 (2008) 014, 0709.0293.

E. Pajer, G. L. Pimentel, and J. V. S. Van Wijck, “The Conformal Limit of Inflation in the Era
of CMB Polarimetry,” JCAP 06 (2017) 009, 1609.06993.

L. Leblond and E. Pajer, “Resonant Trispectrum and a Dozen More Primordial N-point
functions,” JCAP 01 (2011) 035, 1010.4565.

J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary
models,” JHEP 0305 (2003) 013, astro-ph/0210603.

M. H. G. Lee, C. McCulloch, and E. Pajer, “Leading loops in cosmological correlators,” JHEP
11 (2023) 038, 2305.11228.

A. Hook and R. Rattazzi, “Softening the UV without new particles,” Phys. Rev. D 108 (2023),
no. 11 115019, 2306.12489.

G. Tambalo, M. Zumalacarregui, L. Dai, and M. H.-Y. Cheung, “Lensing of gravitational waves:
Efficient wave-optics methods and validation with symmetric lenses,” Phys. Rev. D 108 (2023),
no. 4 043527, 2210.05658.

M. Serone, G. Spada, and G. Villadoro, “The Power of Perturbation Theory,” JHEP 05 (2017)
056, 1702.04148.

A. Falkowski and R. Rattazzi, “Which EFT,” JHEP 10 (2019) 255, 1902.05936.

S. Chang and M. A. Luty, “The Higgs Trilinear Coupling and the Scale of New Physics,” JHEP
03 (2020) 140, 1902.05556.

N. S. M. de Santi et. al., “Field-level simulation-based inference with galaxy catalogs: the
impact of systematic effects,” 2310.15234.

F. Arroja and T. Tanaka, “A note on the role of the boundary terms for the non-Gaussianity in
general k-inflation,” JCAP 1105 (2011) 005, 1103.1102.

95


http://arxiv.org/abs/2008.07497
http://arxiv.org/abs/2009.08715
http://arxiv.org/abs/2311.17990
http://arxiv.org/abs/0709.0293
http://arxiv.org/abs/1609.06993
http://arxiv.org/abs/1010.4565
http://arxiv.org/abs/astro-ph/0210603
http://arxiv.org/abs/2305.11228
http://arxiv.org/abs/2306.12489
http://arxiv.org/abs/2210.05658
http://arxiv.org/abs/1702.04148
http://arxiv.org/abs/1902.05936
http://arxiv.org/abs/1902.05556
http://arxiv.org/abs/2310.15234
http://arxiv.org/abs/1103.1102

[32] C. Burrage, R. H. Ribeiro, and D. Seery, “Large slow-roll corrections to the bispectrum of
noncanonical inflation,” JCAP 1107 (2011) 032, 1103.4126.

[33] G. Rigopoulos, “Gauge invariance and non-Gaussianity in Inflation,” Phys. Rev. D84 (2011)
021301, 1104.0292.

[34] S. Garcia-Saenz, L. Pinol, and S. Renaux-Petel, “Revisiting non-Gaussianity in multifield
inflation with curved field space,” JHEP 01 (2020) 073, 1907 .10403.

[35] D. Anninos, T. Anous, D. Z. Freedman, and G. Konstantinidis, “Late-time Structure of the
Bunch-Davies De Sitter Wavefunction,” JCAP 11 (2015) 048, 1406.5490.

[36] L. Senatore and M. Zaldarriaga, “On Loops in Inflation,” JHEP 12 (2010) 008, 0912.2734.

[37] S. Melville and E. Pajer, “Cosmological Cutting Rules,” JHEP 05 (2021) 249, 2103.09832.

o6


http://arxiv.org/abs/1103.4126
http://arxiv.org/abs/1104.0292
http://arxiv.org/abs/1907.10403
http://arxiv.org/abs/1406.5490
http://arxiv.org/abs/0912.2734
http://arxiv.org/abs/2103.09832

	Introduction
	Decoupling limit of the EFT of Inflation
	Wavefunction of the universe for resonant features
	Resonant features
	Wavefunction of the universe
	Regime of validity and relationship with perturbation theory

	Single Fourier mode analysis
	Saddle-point approximation
	2|| 1: intermediate saddle point
	|| 1: late-time saddle point
	 > 0 case
	 < 0 case

	Comments on the results

	Spherical profile analysis
	Saddle-point approximation
	Local maximum
	Local minimum

	Numerical results

	Quantum mechanics example
	Conclusions and future directions
	Derivative versus polynomial form of the action
	Action of  in two different forms
	Time-independence of the bispectrum

	Beyond the decoupling limit: mixing with gravity
	Correlators from the WFU at one loop
	Estimate of one-loop Witten diagrams at O()
	Numerical methods

