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1 Introduction

[EK89] introduced the notion of an abductive framework and proposed stable models as a semantics
for abduction. They showed that abductive frameworks can be used to provide an alternative basis
for negation-as-failure in logic programming. [KM90] introduced the notion of generalized stable
models by suitably extending the definition of stable models. The semantics of generalized stable
models clarifies the meaning of integrity constraints within an abductive framework. In ([SI92]) a
goal-directed method for computing the generalized stable models of an abductive framework has
been proposed. Their method is correct for any consistent abductive framework. Whereas abductive
frameworks correspond to normal logic programs with integrity constraints, I propose an extension to
disjunctive normal logic programs. Disjunctive normal logic programs extend normal logic programs
to disjunctive logic programs and therefore, provide full first-order expressibility.

2 Abductive Frameworks

Definition 2.1 (Abductive framework)
An atom is an expression P(tq,...,t,), where P is a predicate symbol and t;,..., t,, are terms. A
positive literal is an atom, a negative literal is an expression not(A;), where A; is an atom. A literal
is either a positive or a negative literal. Let L be a literal. Then L¢ denotes the complement of L.

A clause is either of the form

Al\/\/Am FLl/\.../\Ln7
where Aq,..., A,,, m > 1 are atoms, and Lq,..., L, are literals, or
J_FLl/\.../\Ln7

where Lq,..., L, are literals. The left hand side of a clause is the head, denoted by head(C'), the right
hand side is the body of the clause, denoted by body(C').

A program is a set of clauses. An abductive framework is a pair (T, A) where A is a set of predicate
symbols, called abducible predicates, and T is a set of clauses such that no predicate symbols of head
atoms arein A. A set of ground atoms for predicates in A is called abducibles. The set of all abducibles
is denoted by .A.

Given an abductive framework (7', A), pos(C') is the set of positive literals in the body of a clause
C' which are not abducibles, neg(C') is the set of negative literals in the body of C', abd(C') is the set
of abducibles in the body of C'. N

The Herbrand base of a program T is denoted by HB(T), its Herbrand universe by HU(T)).
We impose the restriction that the clauses of a program must be range-restricted, i.e. any variable
in a clause C' must occur in pos(C'). Any clause can be transformed to a range-restricted clause by



inserting for every variable violating the range-restrictedness condition a predicate dom describing the
Herbrand universe.

Definition 2.2 (Minimal Model)

An interpretation I for a program 7' is a subset of HB(T). An interpretation [ satisfies a ground
atom A; iff A; € I. It satisfies a ground literal not(A;) iff A; ¢ I. No interpretation satisfies L. An
interpretation I satisfies a clause

141\/...\/14mFLl/\.../\Ln7

iff for every ground substitution o either one of Ay0,..., A,,0 is satisfied by I or one of Lyo,..., L0
is not satisfied by I.

An interpretation I is a model of T if I satisfies every clause in T'. An model I of T is minimal if
there is no interpretation I’ C I such that I’ is a model of T. A

Definition 2.3 (Gelfond-Lifschitz Transformation)
Let T be a program and [ be an interpretation. The Gelfond-Lifschitz Transformation GL(T, 1) of T
is defined by

GL(T,I)=
{(A1V...VA, < BiA...NB,)8 |
AV ...VA, — B A AB, Anot(Cr) A ... Anot(Cy) €T,

# is a ground substitution, and

Ch0,....C0 ¢ 1}

Definition 2.4 (Generalized Stable Model)
An interpretation [ is a stable model of T iff I is a minimal model of GL(T,I).

Let (T, A) be an abductive framework and A be a set of abducibles. A generalized stable model
M(A) of (T, A) is a stable model of TU{H + | H € A}. A

An abductive framework (7', A) is consistent if there exists a generalized stable model M (A) of (T, A)
for some set A. In the following, we restrict our intention to consistent abductive frameworks.

3 Proof Procedure for Abductive Frameworks

Definition 3.1 (Goal)
A goal is a disjunction of conjunctions of literals, written

(1A AL )V V(LT A ALY .

n

An interpretation [ satisfies a goal if there exists a ground substitution & such that for some ¢,
1 < ¢ < m, I satisfies L}U for every 1 < j < n;. A

Let D be a disjunction of atoms Ay V...V A,,. Then D¢ denotes the conjunction of negative literals
AT AN AL

Definition 3.2 (Abductive Explanation)
Let (T, A) be an abductive framework and G a goal. We call a set of abducibles A an abductive
ezplanation for G if there exists a generalized stable model M (A) that satisfies G\ A



We can define an abductive proof procedure generating abductive explanations by combining the
proof procedure given in ([SI92]) with a proof procedure for programs. Such a proof procedure is
described in ([RLS91]). We need the following definition for the description of the abductive proof
procedure.

Definition 3.3
Let (T, A) be an abductive framework and L be a ground literal. Then the set of resolvents with
respect to L and T', resolve(L,T), is defined by

resolve(L,T) =
{(HiV...VH, 1 VHi1V..VH < LiAN...\NLp,)0 |
L is negative and
(HyV...VH, < LiAN...ANL,) €T and
L¢ = H;# by a ground substitution 6 } U
{(HiV...VHy <~ LiN...ANLi_y ANLija Ao oA Ly,)0 |

(HyV...VHp+ LiAN...ANLy) €T and
L = L;8 by a ground substitution 6}

The set of deleted clauses with respect to L and T, delete(L,T'), is defined by

delete(L,T) =
{HiV..VHy < LiAN...NLy)0 | (HyV..VHy < LiAN...ANL,) €T and
L¢ = L;8 by a ground substitution 6}

Definition 3.4 (Deduction rules)
Instead of using a kind of pseudo-code to describe the abductive proof procedure, we will provide
inference rules for deriving judgements of the form

(T, A), A1) F, (G,0,Ay),

where (T, A) is an abductive framework, Ay, Ay are sets of abducibles, G is a goal, and o is a
substitution. Intuitively, the judgement above means that Aj is an abductive explanation for G'o. To
define the inference rules for ,, we need additional judgements of the form

<<T7 A>7A1> l_p <G707 A2>7 <<T7 A>7A1> =, <CvA2>7
<<T7 A>7A1> ! <L17A2>7 <<T7 A>7A1> Fq <C,A2>,

where L; is a literal and C is a set of clause. We will provide inference rules for these judgements too.

Abductive Inference
(T A, A) o (K1 V...V K, ,0,A)
if ((T,A),AU{L})F,(L,0,AU{L})
(T, A), Ay, (K4 V...V K, o A
if ((TU{q(z) — Ki,...,¢(Z) + K.}, A), Ay, (¢(Z),0,A")
where Ki,..., K, are conjunctions of literals, ¢ is a fresh predicate symbol, and
Z are the free variables of K1,..., K,.

Hypothesis Rule



<</‘T7 A>7A U {A1}> l_p <B1 A B2 AL A Bk,O’O,A2>
if (T, A, AU{A}) by (Bao A ... A Byo, 0, Ay)

where o is the most general unifier of A; and Bj.

Resolution Rule
(TU{Ay «— LiAN.. ALy}, A A Fp (BiABy AL A By, 00, Ag)
if ((TU{Ay <~ LiAN...ANL A A ), (LioA...ANL,oANByo A...ABo, 8, Ay) and
(T, A), Ay) b1 (Ar00, As),

where o is the most general unifier of A; and Bj.

Abduction Rule
<</‘T7 A>7 A1> l_p <A1 A L2 VAN Lm7 g, A3>
if ((T', A), A1) F; (A1, Ag),
<</‘T7 A>7 A2> l_p <L2 AN Lm7 g, A3>7 and
A;p is in A.

Negation Rule
<</‘T7 A>7 A1> l_p <n0t(A1) A L2 RRVAN Lm7 g, A3>
if ((T', A), A1) by (not(Ay), Ay) and
<</‘T7 A>7 A2> l_p <L2 AL A Lm7 g, A3>

Splitting Rule
(TU{A V.. VA, «— LiN. . ALY A AN E, (G A1)
if ((TU{A;«— Li A ALy A)Ay) B, (G Ag) for some 1 <@ < m,

Ty {Aj},A>,Aj+1> o (G, A1) for each j=1,...,¢—1, and
(TU{A;},A), Ay F, (G Aj4q) foreach j =i+ 1,...,m

Consistency of literals H;

(T, A), Ay U{L}) F (L, Ay U{L))

(T, A), Ay U{L}) b (L, Ay UALY)

<< A), Ar) B (L, As)

f (T, A),AyU{L}) F, (resolve(L,T),As),

(T,

A), Ag) by (delete(L,T), As), and
L is not L.

Consistency of rule deletions H,

(T, A), Ar) Fa ({CTUC, Ag)

if ((T,A), A1), (head(C), e, Ay) and
(T, A), Ag) Fq (C, Ag).
(T, A), A1) Fa ({CFUC, Ag)
if ((T, A), Ay) by (head(C)¢, Ay) and
(T, A), Ag) Fq (C, Ag).
(T, A), Ar) Fa (D, Ay)

!The identity substitution is denoted by



Consistency of rules F,

(7, A> 1 ({CHUC, As)
if ((T', A), Ay) b, (L° €, Ag) for some literal L in the body of C' and

<<T A), Ag) F4 (C, Ag}
(T, A), Ap) b {CFUC, Ay)
if ((

(

(

T, 4, Ay) by (body(C), e, As),
T, A), Ag) I—l (Hy, As) for some atom H;p in the head of C', and
T, A), As) Fq (C, Ay).
<< 7A>7 1> <® A > A

Theorem 3.5 Let (T, A) be an consistent abductive framework and G a goal. Then G has an abductive

explanation A iff
(T, A4),0) by (G0, A)

can be derived for some substitution o and a set of literals A', such that A'N A C A.

4 Future Work

[SI92] introduced the notion of the relevant ground program Q7 for a normal logic program 7" which is
a subset of the set of ground rules obtainable from T'. Using the relevant ground program it is possible
to reduce the size of the sets resolve(L,T) and delete(L,T). Only if these two sets are finite, the
proposed abductive proof procedure is applicable. Although there is a notion of the relevent ground
program for a disjunctive normal logic program, it is not obvious that it can be used to reduce the size
of resolve(L,T) and delete(L,T) without loosing correctness of the abductive proof procedure.
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