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We present a novel approach, Metric pErTuRbations wIth speCtral methodS (METRICS), to
calculate the gravitational metric perturbations and the quasinormal-mode frequencies of rotating
black holes of any spin without decoupling the linearized field equations. We demonstrate the
method by applying it to perturbations of Kerr black holes of any spin, simultaneously solving all
ten linearized Einstein equations in the Regge-Wheeler gauge through purely algebraic methods and
computing the fundamental (corotating) quadrupole mode frequency at various spins. We moreover
show that the METRICS approach is accurate and precise, yielding (i) quasinormal mode frequencies
that agree with Leaver’s, continuous-fraction solution with a relative fractional error smaller than
10−5 for all dimensionless spins below up to 0.95, and (ii) metric perturbations that lead to Teukolsky
functions that also agree with Leaver’s solution with mismatches below 1% for all spins below 0.9.
By not requiring the decoupling or the angular separation of the linearized field equations, the
METRICS approach has the potential to be straightforwardly adapted for the computation of the
quasinormal-mode frequencies of rotating black holes of any spin beyond general relativity or in the
presence of matter.

I. INTRODUCTION

Gravitational waves (GWs) are unique probes of fun-
damental physics because they are generated by the most
energetic and extreme events in the Universe, such as
the collision of black holes (BHs) and neutron stars [1–
13]. Unlike electromagnetic waves, GWs can propagate
through most of the Universe unaffected by intervening
matter, except when being lensed (see, e.g., [14]). GW de-
tection, therefore, grants us unobscured access to physics
in the highly-dynamical, and non-linear regime of grav-
ity. In particular, this unobscured access to gravity can
be used to test the validity of general relativity (GR)
and to probe fundamental physics in extreme conditions
[7, 11, 15–17].
Even though Einstein’s theory represents our best un-

derstanding of gravity and it has withstood all observa-
tional and experimental tests (see, e.g., [17–24]), GR
still needs to be probed further. This is because over
the past 50 years, theoretical and observational “anoma-
lies” have somewhat challenged GR’s validity. On the
theory front, GR predicts the existence of spacelike and
timelike singularities, where the spacetime curvature di-
verges and GR’s predicability is lost. Such singularities
are presumably resolved through quantum effects [25–30],
but, in spite of almost a century of theoretical efforts,
Einstein’s theory remains incompatible with quantum
mechanics. Observationally, GR may require additional
parity-violating physics (to satisfy the Sakharov condi-
tions [31]) to explain the matter-antimatter asymmetry
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of the early universe [32–34], a fine-tuned cosmological
constant [35, 36] to explain the late-time acceleration of
the Universe [37, 38], and dark matter to explain galaxy
rotation curves [39, 40]. These issues have prompted some
to amend GR, inspiring a variety of modified gravity theo-
ries, such as dynamical Chern-Simon gravity [41–43] and
Einstein-dilaton-Gauss-Bonnet gravity [44–47], to name
a few. To avoid repetition, we refer the reader to [48]
and references therein for a more comprehensive review
of the motivation of modifying GR in the context of GW
physics.

A better understanding of the aspects of GR that may
require modification can be gained through GW tests of
GR, which can yield new constraints on GR deviations,
and maybe the detection of new anomalies. The approxi-
mately 100 GW signals detected by the advanced Laser
Interferometric Gravitational-wave Observatory (LIGO)
and Virgo detectors were mostly emitted by the coales-
cence of binary BHs [1–13]. Of these events, ∼ 22 contain
clear “ringdown” signals, emitted after the BHs have
collided and begun to settle down to their final station-
ary state through GW emission [49]. At late times, the
ringdown can be described through quasinormal modes
(QNMs), whose frequencies in GR are completely deter-
mined by the remnant’s mass and spin (for astrophysical
BHs). Modified gravity theories, however, also permit, in
principle, BH solutions that are different from those in
GR, and thus, may need additional parameters or “hair”
(e.g. functions of the coupling constants of the modified
theory) to fully describe them (see e.g. [50, 51]). Moreover,
the field equations in modified gravity are not Einstein’s,
and thus, the equations governing BH perturbations are
also generically modified. These two facts lead to QNM
spectra that can be very different from that of Kerr BHs
in GR, and thus, their detection allows for new tests of
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Einstein’s theory.
Unfortunately, computing the gravitational QNM fre-

quencies of rotating BHs in modified gravity is extremely
challenging. This is because one needs to solve the non-
Einsteinian field equations, linearized about a BH back-
ground that lacks the simplifying symmetries of the Kerr
metric, typically leading to a very complicated set of
coupled partial differential equations. Broadly speaking,
the challenging task of computing QNM frequencies in
modified gravity has so far been approached through two
different perturbative techniques1. The first approach
works directly with metric perturbations, i.e. linear devi-
ations in the metric tensor with respect to the BH metric
background. Using this ansatz in the field equations and
linearizing about the BH background, one finds a com-
plicated set of coupled, partial differential equations that
one attempts to decouple into “master equations” for
certain “master functions”, such as those found by Regge
and Wheeler [56] and by Zerilli and Moncrief [57, 58]
for perturbations of nonrotating BHs in GR. This metric
perturbation approach has been successfully applied to
nonrotating and to slowly rotating BHs in both GR and
in modified gravity [58–68]. However, when studying per-
turbations of rotating BH spacetimes, the linearized field
equations are too intricate, preventing the decoupling into
master equations.
The second approach works with curvature perturba-

tions instead of metric ones, relying on the Newman-
Penrose (NP) formalism [69]. In this approach, one first
formulates the full Einstein equations and the Bianchi
identities in terms of NP quantities, including spinor co-
efficients, Weyl scalars, and differential operators. With
that at hand, one then linearizes these equations about
the curvature of a BH background, using the symmetries
of the latter (which forces certain spin coefficients to van-
ish) to simplify the resulting expressions. The simplified,
linearized-curvature, Einstein and Bianchi equations can
now be decoupled when the background is Petrov-type
D (which is consistent with the symmetries of a Kerr BH
metric), leading to the Teukolsky master equation [70]
for a certain Teukolsky master function. The Teukolsky
equation is a separable wave equation for the perturbed
Weyl scalars Ψ0 and Ψ4, which represent ingoing and
outgoing GW degrees of freedom [70–73].

This curvature perturbation approach has been (very re-
cently) extended to incorporate modified gravity theories
(with leading-order deviations from GR) in [74, 75]. This
extension, the so-called “modified Teukolsky formalism”,
has been applied to rotating BHs in higher derivative
gravity [67, 76–78] and dynamical Chern-Simons grav-
ity [79]. Nonetheless, the modified Teukolsky formalism is

1 In principle, one can also numerically simulate the ringdown phase
of a BH formed by binary BH coalescence in modified gravity
(see, e.g., [52]). However, numerical relativity in modified gravity
is currently in its infancy, and more work is needed to ensure
secular errors (due to the use of approximation methods) can be
controlled in a gauge-independent way [53–55]

complicated by the need to solve the Teukoslky equation
twice: once in GR and a second time for the GR deviation
of Ψ0,4 with a very complicated source. The latter, in
particular, requires metric perturbation reconstruction in
GR [74], which can, in principle, be achieved through the
use of the Hertz potential in the so-called Chrzanowski-
Kogen-Kegeles (CKK) approach [80–85]. The need to
solve a sourced Teukolsky equation, where the source
depends on the reconstructed metric perturbation, can
introduce numerical difficulties. Moreover, the perturba-
tive extension of the Teukolsky approach assuming small
deviations from GR can, in principle, be susceptible to
secular errors that must be controlled.

These difficulties motivate us to develop a method that
can calculate the metric perturbations of a general BH,
regardless of its spin and Petrov-type, based on spectral
expansions. Henceforth, we shall refer to this as the Met-
ric pErTuRbations wIth speCtral methodS (METRICS)
approach. Given the tremendous difficulty of this problem
in modified gravity, a sensible first step is to map the path
forward by developing this approach within Einstein’s gen-
eral theory. Building on other related work on spectral
methods [84–99], we did precisely this in [48] by focusing
on perturbations of a nonrotating (Schwarzschild) BH
in GR. The goal of this paper is to generalize [48] to
perturbations of rotating (Kerr) BHs in GR, allowing the
BH background to have arbitrary spin. As we will see,
the generalization to BHs with arbitrary spins in GR will
require us to improve the METRICS approach of [48] in
various ways, which will be crucial when, in the future,
this approach is applied to BHs perturbations in modified
gravity.

We extend the METRICS approach to Kerr BHs in
GR as follows. We begin by deriving the linearized Ein-
stein field equations that govern the metric perturbations
of a Kerr BH in the Regge-Wheeler gauge (Sec. II), a
commonly adopted gauge to study gravitational BH per-
turbations. We then construct an ansatz for the metric
perturbations that asymptotes to the desired boundary
conditions at spatial infinity (outgoing) and at the horizon
(ingoing) in outgoing and ingoing Kerr null coordinates
(Sec. IID). This ansatz, of course, does not solve the
linearized Einstein equations, so we multiply it with un-
known, finite functions, which we then spectrally expand
into products of Chebyshev polynomials (of a compact-
ified Boyer-Lindquist radial coordinate) and associated
Legendre polynomials (of the Boyer-Lindquist polar an-
gular coordinate). The spectral product decomposition
transforms the linearized Einstein field equations into a
system of homogeneous, linear and algebraic equations
(Sec. III B). The quadratic eigenvalues of the linear alge-
braic equations correspond to the QNM frequencies of
the Kerr BH. The eigenvector of the QNM frequencies
can be used to reconstruct metric perturbations swiftly.

The general extension described above is the obvi-
ous way to extend the METRICS approach from a
Schwarzschild to a Kerr background, but further refine-
ments are needed to obtain sufficiently accurate and pre-
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cise QNM frequencies. The first refinement is intended
to achieve numerically stability in the QNM frequency
calculation. In the nonrotating case, we converted six (out
of the ten) linearized Einstein equations into a quadratic
eigenvalue problem via spectral expansions, and then,
we transformed the quadratic eigenvalue problem into a
linear generalized eigenvalue problem. For a Kerr BH
background, however, this is insufficient to obtain accu-
rate QNM frequencies because the solution we converge
to need not satisfy the remaining four linearized equa-
tions. Transforming the quadratic eigenvalue problem into
a linear generalized eigenvalue problem also introduces
significant numerical instability, which undermines the
accuracy of the QNM frequency calculation. We therefore
refine the METRICS approach by developing a Newton-
Raphson algorithm to simultaneously solve all the linear,
homogenous algebraic equations that result from the ten,
linearized Einstein equations (Sec. IVA).

To initiate the Newton-Raphson iterations, we need an
initial guess, which we here choose as the first two signifi-
cant digits of the QNM frequencies of a Kerr BH, and zero
for the remaining, initial spectral coefficients2; we also
explored other, more general choices for the initial guess
of the QNM frequencies to find that the Newton-Raphson
method still finds the correct solution, although it takes
more iterations. The Newton-Raphson method requires
the inversion of a coefficient matrix that is rectangular
(not square), because the linearized Einstein equations are
ten, while the metric perturbations are characterized by
six functions in the Regge-Wheeler gauge. The rectangu-
lar coefficient matrix cannot be inverted as done usually
for a square matrix, a problem we circumvent through
the use of the Moore-Penrose inverse, a generalization of
the square-matrix inverse to a rectangular matrix.
We apply this generalized and refined METRICS ap-

proach to accurately compute the QNM frequencies and
subdominant modes of Kerr BHs with dimensionless spins
up to 0.95, as we will show in Sec. V. In particular, we
show that we can calculate the QNM frequencies of the
fundamental corotating quadrupole mode (the so-called
“022” mode) of the Kerr BH of dimensionless spin ≤ 0.95
with a relative fractional error in the real and imaginary
parts that is less than 10−5. This relative fractional er-
ror is significantly smaller than the current measurement
uncertainty of the relative fractional departure of the
022-mode frequency from its GR prediction (of O(10−2)),
obtained by combining all the astrophysical ringdown
signals detected by the advanced LIGO and Virgo de-
tectors [15], as well as the projected measurement un-
certainty obtained by combining the detections made by

2 In modified gravity, this choice of initial guess would not be
possible since the QNM frequencies is precisely what one wishes
to calculate in the first place. However, for modifications to GR
that are small deformations, one can still initialize the Newton-
Raphson algorithm at the GR values of the QNM frequencies, and
then allow the algorithm to explore deviations, a generalization
we leave to future work.

next-generation detectors (of O(10−4)) [100]. Thus, the
QNM frequency computed using the METRICS approach
is both precise and accurate enough to be applied in
the analysis of ringdown signals detected by existing and
future ground-based detectors.

Another important benefit of the METRICS approach
is its ability to solve for the metric perturbations directly.
This allows us to validate the METRICS approach by us-
ing these metric perturbations to compute the perturbed
Weyl scalars Ψ0 and Ψ4, and then verify that they satisfy
the Teukolsky equation. Indeed, in Sec. VIIA, we find
that the perturbed Weyl scalar obtained from the metric
perturbations solved with the METRICS approach has a
“mismatch” with respect to that obtained from Leaver’s,
continuous fraction method on the equatorial plan that
is below ∼ 10−2 . Leaver’s continuous fraction perturbed
Weyl scalar also allows us to validate our metric ansatz
by reconstructing the metric perturbation through the
CKK approach. We implement this reconstruction and
find that, overall, our ansatz is consistent with the metric
reconstruction. Through these validations, we ensure that
the generalization and refinement of the METRICS ap-
proach developed in this paper are ready for deployment
in modified gravity theories, a task that is left to future
work.

The computational resources required to apply the
METRICS approach to accurately compute the metric per-
turbations of a Kerr black hole are also reasonable. Using
a symbolic computational package, such as Mathematica,
and a single central processing unit on a standard laptop
computer, the Newton-Raphson algorithm takes about ∼
1200 seconds (approximately 20 minutes) to compute the
022-mode frequency with 30 Chebyshev and associated
Legendre polynomials. The computational time can be
significantly reduced if one optimizes the calculation, us-
ing, for example, other computational languages (such as
C/C++), parallel computations, or graphical processing
units for execution. We estimate that these enhancements
can easily accelerate the METRICS calculations to un-
der a second, but we leave such optimizations for future
explorations.

The remainder of this paper deals with the computa-
tional details that lead to the results described above and
it is organized as follows. In Sec. II, we review the Kerr
metric, the Regge-Wheeler gauge conditions, the asymp-
totic behavior of metric perturbations at the event horizon
and future null infinity, and we spectrally expand the met-
ric perturbations. In Sec. III, we discuss the mathematical
structure of the linearized Einstein equations and convert
them into a system of linear homogenous algebraic equa-
tions. In Sec. IV, we describe the details of the refined
procedures to extend the METRICS approach to the Kerr
BH, including the Newton-Raphson algorithm. In Sec. V,
we calculated the QNM frequencies of the Kerr BH ex-
tracted with the METRICS approach. The robustness
of the QNM frequencies obtained using the METRICS
approach is studied in Sec. VI. We show that METRICS
can correctly reconstruct metric perturbations around the
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Kerr BH in Sec. VII. Finally, we conclude the paper in
Sec. VIII by exploring possible future applications of the
METRICS approach to study the gravitational QNMs of
different BHs and theories of gravity.

Henceforth, we assume the following conventions: xµ =
(x0, x1, x2, x3) = (t, r, χ, ϕ), where χ = cos θ and θ is
the polar angle; the signature of the metric tensor is
(−,+,+,+); gravitational QNMs are labelled by nlm or
(n, l,m), where n is the principal mode number, l is the
azimuthal mode number 3 and m is the magnetic mode
number of the QNM; the QNM frequencies computed us-
ing the METRICS approach are referred to as “METRICS
QNM frequencies”; Greek letters in index lists stand for
spacetime coordinates; for the convenience of the reader,
we have presented a list of all definitions and symbols in
Appendix A.

II. METRIC PERTURBATIONS IN A KERR BH
BACKGROUND

In this section, we discuss our representation of the
background Kerr spacetime, derive the asymptotic behav-
ior of the metric perturbations at the event horizon and
spatial infinity, and then conclude with a quick description
of the spectral expansion of the metric perturbations.

A. Background spacetime

The solution to the vacuum Einstein equation Gµν = 0
that represents a stationary, rotating and uncharged BH

is the Kerr metric denoted by g
(0)
µν . The line element asso-

ciated with this metric can be written in Boyer-Lindquist
coordinate as [101],

ds2 = g(0)µν dx
µdxν

= −
(
1− 2Mr

Σ

)
dt2 − 4M2ar

Σ
(1− χ2)dϕdt

+
Σ

∆
dr2 +

Σ

1− χ2
dχ2

+

[
r2 +M2a2 +

2M3a2r

Σ
(1− χ2)

]
(1− χ2)dϕ2,

(1)

where recall that χ = cos θ and we have defined

Σ = r2 +M2a2χ2,

∆ = (r − r+)(r − r−),
r± =M(1± b),

b =
√

1− a2, (2)

where r± are the locations of the inner and outer event
horizons,M is the Kerr BH mass, which is taken to be one
throughout this paper, and 0 ≤ a < 1 is the dimensionless
spin. Let us also define here two variables associated with
the Kerr spacetime that will be frequently used in the
subsequent calculations. The first is the angular velocity
of the outer event horizon,

ΩH =
a

2r+
. (3)

The second is the tortoise coordinate of the Kerr BH,
defined as [70, 71, 73]

dr∗
dr

=
r2 +M2a2

∆
. (4)

Explicit integration then yields

r∗ = r +M

[
1 + b

b
log

(
r − r+
2M

)

− 1− b

b
log

(
r − r−
2M

)]
.

(5)

B. Metric decomposition and linearized Einstein
equations

We now consider linear perturbations of the metric
tensor, such that

gµν = g(0)µν + ϵ hµν , (6)

where g
(0)
µν is the background metric of Eq. (1), hµν is the

metric perturbations, and ϵ is a bookkeeping parameter
for the perturbations. The metric perturbations hµν can
be decomposed into axial and polar parts [58–60, 102],

hµν(t, r, χ, ϕ) =h
odd
µν (t, r, χ, ϕ) + hevenµν (t, r, χ, ϕ) , (7)

where

3 Note that l is, in general, different from ℓ, the degree of the
associated Legendre polynomials in the product decomposition
of the metric perturbation functions. Although these numbers

are the same for a Schwarzschild BH background, this is not so
for a Kerr BH background.
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hoddµν (t, r, χ, ϕ) = eimϕ−iωt

0 0 −im(1− χ2)−1h5(r, χ) (1− χ2)∂χh5(r, χ)
∗ 0 −im(1− χ2)−1h6(r, χ) (1− χ2)∂χh6(r, χ)
∗ ∗ 0 0
∗ ∗ ∗ 0

 , (8a)

and

hevenµν (t, r, χ, ϕ) = −eimϕ−iωt


h1(r, χ) h2(r, χ) 0 0

∗ h3(r, χ) 0 0

∗ ∗
(
1− χ2

)−1
h4(r, χ) 0

∗ ∗ ∗
(
1− χ2

)
h4(r, χ)

 , (8b)

and where we have made use of the Regge-Wheeler
gauge [59, 102] for the Kerr BH. The quantities hk with
k ∈ (1, 6) are, so far, unknown functions of r and χ. Note
that we have assumed that the parity sectors of the metric
perturbations that are purely ingoing at the horizon and
outgoing at future null infinity depend on the same QNM
frequency, because of isospectrality in GR. This assump-
tion would obviously have to be relaxed if working in
modified gravity, where isospectrality breaks [61–65, 103].
Note also that we have chosen a specific ansatz for the
polar and axial metric perturbations, guided by the Regge-
Wheeler gauge and the angular structure of the ansatz
for metric perturbations around slowly rotating BHs.

C. Asymptotic behavior of the metric perturbations

According to the methodology presented in [48], we
should first substitute Eq. (8) into the Einstein equations
and linearize in ϵ to obtain the linearized Einstein equa-
tions for hµν . We would then solve the linearized Einstein
equations asymptotically at spatial infinity and at the
event horizon (i.e., at the bifurcation two-sphere). Unfor-
tunately, for the Kerr BH background case, the resulting
linearized field equations are too complicated to be di-
agonalized using the methods presented in [94], because
the Kerr spacetime is just too complicated. Instead, we
proceed by studying the null coordinates defined by the
principal null geodesics of the background spacetime, and
the virtue of the METRICS approach that the computed
QNM frequencies do not sensitively depend on the choice
of radial scaling we choose in the ansatz for the radial
function (i.e. the accuracy of the METRICS approach

does not sensitively depend on the chosen ρ
(k)
H and ρ

(k)
∞ ,

which will, respectively, be first defined by Eqs. (11) and
(13), see also Sec. VI. B. of [48]).

We first study the asymptotic behavior at the event
horizon, where metric perturbations are purely ingoing,
and thus, their wavefronts should follow the principal null
geodesics that are ingoing at the horizon [95, 104]. The
geodesics are more suitably described in ingoing Kerr null
coordinates (v, r, θ, φ), where [105]

v = t+ r∗,

φ = ϕ+ r̃,
(9)

and where r̃ is defined by

dr̃

dr
=
M2a

∆
⇒ r̃ =

Ma

2b
log

(
r − r+
r − r−

)
. (10)

As metric perturbations should be regular in these co-
ordinates, the asymptotic behavior of hk near the event
horizon, for a fixed χ, must be

lim
r→r+

hk(r, χ) ∝ lim
r→r+

e−iωv+imφ

∼ (r − r+)
−i(ω−mΩH) 1+b

b −ρ
(k)
H

×
∞∑
p=0

bp(r − r+)
p,

(11)

where bp are constants and ρ
(k)
H is an k-dependent param-

eter controlling the divergent behavior of hk at r = r+
[48].

We now study the asymptotic behavior at spatial infin-
ity, where metric perturbations should be purely outgoing,
and thus, their wavefronts should follow the principal
null geodesics that are outgoing. These geodesics are
more suitably described by outgoing Kerr null coordi-
nates (u, r, θ, φ), where

u = t− r∗,

φ = ϕ− r̃.
(12)

As metric perturbations should also be regular in these
coordinates, the asymptotic behavior of hk near spatial
infinity, at a fixed χ, is

lim
r→+∞

hk(r, χ) ∝ lim
r→+∞

e−iωu+imφ

∼ eiωrr2iMω+ρ(k)
∞

∞∑
p=0

ap
rp
,

(13)

where ap are constants and ρ
(k)
∞ is another k-dependent

parameter controlling the divergent behavior of hk at
spatial infinity. The above is also the asymptotic behavior
at spatial infinity of metric perturbations around the
Schwarzschild BH [48]. This is reasonable because, at
spatial infinity, the background spacetime of both the
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Schwarzschild and Kerr BHs reduces to the Minkowski
spacetime.

Although the arguments presented above are only valid
for vacuum rotating BHs in GR, we expect a similar ar-
gument to hold in more general situations. In modified
gravity, the asymptotic behavior of the metric pertur-
bations cannot necessarily be obtained by studying the
first-order form of the (null) geodesic equations. Such a
first order form may not exist if the background space-
time is of Petrov type I and does not possess a Killing
tensor or a Carter-like constant. Instead, one would have
to determine the principal null directions of the space-
time by looking at the independent roots of the Weyl
tensor contracted onto a certain antisymmetric, exterior
product of four copies of the null tangent vector, which
defines the Petrov class, as done e.g. in [106] for dynamical
Chern-Simons gravity.

D. Ansatz for the metric perturbations

The results above motivate us to resum and peel off the
asymptotic behaviors of hk(r, χ) through the following
product decomposition

hk(r, χ) = Ak(r)uk(r, χ) , (14)

where uk(r, χ) are correction functions that are finite for
all r ∈ [r+,+∞]. In Eq. (14), Ak(r) is the “asymptotic
controlling factor” of hk(r, χ), which we define as

Ak(r) = eiωrr2iMω+ρ(k)
∞

(
r − r+
r

)−iM(ω−mΩH) 1+b
b −ρ

(k)
H

,

(15)
This function has the property that it approaches Eq. (11)
near the horizon, while it approaches Eq. (13) near spatial
infinity. In Eq. (14), uk(r, χ) is then a correction factor
that is not only bounded, but also has trivial boundary
conditions, approaching a finite function of χ both at the
event horizon and at spatial infinity.

The parameters ρ
(k)
H and ρ

(k)
∞ in Eq. (15) control the

divergence of the metric function at the event horizon
and at spatial infinity, and thus, these constants should
depend on the index k and the dimensionless spin a. For

the time being, we will assume that ρ
(k)
H and ρ

(k)
∞ are the

same ρ
(k)
H and ρ

(k)
∞ of the Schwarzschild BH4,

ρ
(k)
H =


2, for k = 3

1, for k = 2 or 6

0, otherwise

,

ρ(k)∞ =

{
2, for k ̸= 4

1, for k = 4
.

(16)

4 Note that these ρ
(k)
H and ρ

(k)
∞ are different from those given in [48]

because in the latter we chose a different normalization convention
for h1,2,3,4 (see Eq. (5b) of [48]).

The numerical results presented in Sec. V show that the

Schwarzschild values for ρ
(k)
H and ρ

(k)
∞ indeed allow for

accurate and robust computations of the Kerr QNM fre-
quencies. In Sec. VI, we will study different choices of

ρ
(k)
H and ρ

(k)
∞ to address the possibility that ρ

(k)
H and ρ

(k)
∞

vary with a.

Since the correction function uk(r, χ) is bounded, we
can spectrally expand it, but before doing so, we must
transform its independent variable to a compactified co-
ordinate. Following [48], we define a compactified radial
coordinate, z, via [86, 94]

z(r) =
2r+
r

− 1, (17)

so that uk is a bounded function in the finite domain
z ∈ [−1,+1]. With this in hand, the correction factor
can now be spectrally expanded into a basis function,
which we here choose to be the product of Chebyshev and
associated Legendre polynomials, such that

uk(z, χ) =

∞∑
n=0

∞∑
ℓ=|m|

vnℓk Tn(z)P
|m|
ℓ (χ) , (18)

where vnℓk are constant coefficients. As in [48], we could
have chosen a different basis function for the spectral
expansion, as long as it is complete and orthogonal. As
we will see, the product of Chebyshev and associated
Legendre polynomials is sufficient for our purposes, and
other choices can be studied elsewhere.

We can now put all of these results together to write
a final expression for the spectrally decomposed metric
perturbation hk(z, χ), namely

hk(z, χ) = Ak(z)

∞∑
n=0

∞∑
ℓ=|m|

vnℓk Tn(z)P
|m|
ℓ (χ). (19)

Although Eq. (19) gives the full spectral expansion of the
metric perturbation along the angular coordinate χ and
the compactified spatial coordinate z, it is in practice
impossible to include an infinite number of terms in the
sums. Instead, we must truncate the expansion at some
Nz for the Chebyshev sum and some Nχ for the associated
Legendre sum,

hk(r, χ) = Ak(r)

Nz∑
n=0

Nχ+|m|∑
ℓ=|m|

vnℓk Tn [z(r)]P
|m|
ℓ (χ) , (20)

In what follows, we will use this truncated spectral ex-
pansion to compute the QNM frequencies of the Kerr
BH. We will keep Nz and Nχ independent for now, but
when evaluating QNM frequencies, we will go “along the
diagonal” of this sum by setting Nz = Nχ = N .
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III. LINEARIZED EINSTEIN EQUATIONS
ABOUT A KERR BH BACKGROUND AS AN
ALGEBRAIC PROBLEM IN THE METRICS

APPROACH

In this section, we will derive the linearized Einstein
equations that must be satisfied by the finite correction
functions uk, which we will later reduce to an algebraic
system of equations for the vnℓk coefficients and the QNM
frequencies.

A. Linearized Einstein equations

With the decomposition (Eq. (8)) defined, we can now
find the system of equations that the metric perturbations
hk(r, χ) must satisfy. Following [48], we do not treat the
odd and even perturbations separately.

We derive the linearized Einstein equations of hk(r, χ)
by substituting Eq. (8) (in the form of Eq. (20)) into the
trace-reversed Einstein equation

Rµ
ν = 8π

(
Tµ

ν − 1

2
δµ

νT

)
, (21)

where Rµ
ν = gναRµα, and T = gαβTαβ is the trace of

the energy-momentum tensor. We linearize this form
of the Einstein equation because the resulting equations
are significantly shorter than those derived from Gµν =
8πTµν . In this paper, we are concerned only with vacuum
perturbations, and thus Tµν = 0. Linearizing Eq. (21),
one finds a system of ten coupled, partial differential
equations for the six unknown functions hk(r, χ).
We now massage the linearized Einstein equations to

cast them in a form that is more amenable to a spectral ex-
pansion. We note that the components of the background

metric tensor g
(0)
µν in Boyer-Lindquist coordinates, whose

line element is in Eq. (1), are rational functions of r and χ.
Therefore, the coefficient functions multiplying the metric
perturbations hk in the linearized Einstein equations must
also be rational functions of r and χ, since they can only
depend on background quantities and their derivatives.
With this understanding, we can always express the k-th
linearized field equation, after appropriate factorization
and multiplication through common denominators, as

6∑
j=1

α+β≤3∑
α,β=0

2∑
γ=0

dr∑
δ=0

dχ∑
σ=0

Gk,γ,δ,σ,α,β,jω
γrδχσ∂αr ∂

β
χhj = 0 ,

(22)

where
∑α+β≤3

α,β=0 is a summation starting from α = 0 and
β = 0 up to α+β = 3 for all non-negative α and β, while
Gk,γ,δ,σ,α,β,j is a complex function of M , m, and a only.
The constants dr and dχ are the degree of r and χ of
the coefficient of a given term in the linearized Einstein
equations respectively, which depend on the specific equa-
tion we are looking at and can thus be thought of to be

dependent on the summation indices (α, β, k, j). When
factorizing each of the linearized Einstein equations to
obtain the common denominator, there can be prefactors,
such as powers of 1−χ2, ∆ and Σ, that contain no metric
perturbation functions and are nonzero except at r = r+,
and χ = ±1. Since these common factors are never zero
in the computational domain (except at the boundaries),
we will divide by them to simplify the equations and im-
prove the numerical stability of the linearized Einstein
equations.
Equation (22) represents a system of coupled, two-

dimensional, third-order partial differential equations.
Note that the perturbed field equations for the even per-
turbations are at most second order, whereas for odd
perturbations the system of equations is at most third
order, because of the ∂χhk terms (with hk ∈ {h5, h6})
in the metric decomposition of Eq. (8a). Each of the
partial differential equations of Eq. (22) consists of at
least several thousand of terms. Moreover, the largest
modulus of the numerical coefficients in Gk,γ,δ,σ,α,β,j of
different equations can differ by ∼ 10 orders of magnitude,
and the modulus of the coefficient of different terms of
the same equation can also vary across ∼ 20 orders of
magnitude. To prevent overflow, we normalize every par-
tial differential equation such that the largest modulus of
the coefficient of each equation is one, which again, is al-
lowed because of the homogeneous nature of the linearized
Einstein equations.

Let us now derive the partial differential equations that
uk(r, χ) satisfy by substituting Eq. (14) into Eq. (22).
Since the radial derivatives of the asymptotic factor can
always be expressed as

dα

drα
A(r) = rational function×A(r), (23)

after substituting Eq. (14) into Eq. (22), we can factorize
out the A(r), along with other common factors like ∆
or the common denominator, for each equation. Since
A(r) and the other common factors are nonzero within
the computational domain, we similarly remove them,
leaving us with the following partial differential equations
of uk(r, χ),

6∑
j=1

α+β≤3∑
α,β=0

2∑
γ=0

d̃r∑
δ=0

d̃χ∑
σ=0

G̃k,γ,δ,σ,α,β,jω
γrδχσ∂αr ∂

β
χuj = 0.

(24)

Here, G̃k,γ,δ,σ,α,β,j , is another complex function that de-

pends on M,m and a but not on r or χ. d̃r and d̃χ are,
respectively, the degree of r and χ of the coefficient of
a given term in the equations of uk(r, χ), which depend
(α, β, k, j).

We can now substitute the truncated spectral expan-
sion of the metric perturbation functions (Eq. (19)) into
Eq. (24) to transform the latter into a system of linear
algebraic equations. Since r is a rational function of z
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(see Eq. (17)), and by the chain rule of differentiation,

∂

∂r
= − (1 + z)2

2r+

∂

∂z
, (25)

the coefficient functions of the linearized equations of uk
must also be a rational function of z. Therefore, when
we substitute Eq. (14) into Eq. (22), we can factorize the
k-th partial differential equation as

6∑
j=1

α+β≤3∑
α,β=0

2∑
γ=0

dz∑
δ=0

dχ∑
σ=0

Kk,γ,δ,σ,α,β,jω
γzδχσ∂αz ∂

β
χuj = 0 ,

(26)

where dz and dχ are the degree of z and χ of the coeffi-
cient of the partial derivative ∂αz ∂

β
χ{...} in the equations

respectively, while Kk,α,β,γ,δ,σ,j are k complex functions

of M,m, a, ρ
(k)
H and ρ

(k)
∞ only (for every value of the

summing indices α, β, γ, δ, σ, and j).
We conclude this subsection by pointing out that the

linearized field equations in modified gravity theories can
similarly be cast in the form of Eqs. (22) or (26), with
the coefficient function of the partial derivatives of the
metric perturbation variables as a polynomial functions
of r and χ. In theories such as dynamical Chern-Simons
gravity or Einstein-dilaton-Gauss-Bonnet gravity, BHs
often couple to a scalar field. Schematically, the field
equations linearized around these beyond-GR BHs take
the form

[Rµ
ν ]

(1)
= Aµ

ν(hαβ ,Φ),

2Φ(xµ) = AΦ(hαβ ,Φ),
(27)

where 2 is the d’Alembertian operator defined with re-
spect to the background BH spacetime, Φ is the scalar
field to which the BH couples, and Aµ

ν(hαβ ,Φ) and
AΦ(hαβ ,Φ) are additional terms that depend linearly
on hµν and Φ. The METRICS approach can straightfor-
wardly accommodate the scalar field by labeling h7 = Φ,
changing the upper limit of j to 7, and adding the scalar
field equation to the linearized tensor equations. The
field equations in these modified gravity theories involve
only the derivatives of the Riemann or Ricci curvature
tensors , or the Chirstoffel connections, or their products
of integer power (see, e.g., [50? ? ] for the field equations
of dynamical Chern-Simons gravity and for [125–127]
Einstein-dilaton-Gauss-Bonnet gravity). This amounts to
increasing the upper limit of γ in Eqs. (22) and (26). In
different modified gravity theories, BH solutions and the
coupling scalar field are usually constructed in terms of ra-
tional functions, either numerically (e.g. [107? , 108]) or
analytically via a perturbative scheme (see e.g. [50, 109?
]). For the BHs whose space-time is not constructed
in terms of rational functions, such as black holes with
matter [? ? ], we can still accurately approximate the
space-time using the spectral functions by their complete-
ness property and exponential convergence, upon suotable
compactification(s). Thus, for a wide range of BH models,

Eq. (27) also consists of only rational functions, which
can also be cast in the form of Eqs. (22) or (26) upon fac-
torization. The additional coefficient functions (i.e. G and
K) can also be straightforwardly read from Aµ

ν(hαβ ,Φ)
and the equation 2Φ(xµ) = AΦ(hαβ ,Φ). The general-
ity of Eq. (22) and (26) therefore makes the METRICS
approach extremely adaptable to compute the QNM fre-
quencies of BHs outside GR or with matter, as long as
the ingoing and outgoing principal null directions can be
defined and found.

B. Converting the linearized Einstein equations into
algebraic equations

Let us now convert the linearized Einstein equations
into an algebraic system of equations through use of our
spectral expansion. We first substitute the truncated
spectral expansion of the uk functions into Eq. (26),

6∑
j=1

α+β≤3∑
α,β=0

2∑
γ=0

dz∑
δ=0

dχ∑
σ=0

Kk,γ,δ,σ,α,β,jω
γzδχσ

× ∂αz ∂
β
χ

{ Nz∑
n=0

Nχ+|m|∑
ℓ=|m|

vnℓj Tn(z)P
|m|
ℓ (χ)

}
= 0.

(28)

These equations can be further simplified by using the
defining equations for the Chebyshev polynomials and
associated Legendre polynomials, namely

d2Tn
dz2

=
1

1− z2

(
z
dTn
dz

− n2Tn

)
,

d2P
|m|
ℓ

dχ2
=

1

1− χ2

(
2χ
dP

|m|
ℓ

dχ
− ℓ(ℓ+ 1)P

|m|
ℓ

− m2

1− χ2
P

|m|
ℓ

)
.

(29)

These equations allow us to pull out more factors of
1− χ2, 1− z or 1 + z, further simplifying Eq. (26).

We then express the left-hand side of Eq. (26) as a linear
combination of the Chebyshev and associated Legendre
polynomials,

Nz∑
n=0

Nχ+|m|∑
ℓ=|m|

wnℓ
k Tn(z)P

|m|
ℓ (χ) = 0 , (30)

where wnℓ
k are independent of z and χ, but depend on

M , a, n, ℓ, m, and5 ω, and k ∈ (1, 10). To satisfy the

5 Recall that n and ℓ here do not denote the overtone and azimuthal
mode number of the QNM frequency. Rather, n and ℓ are the
order of the Chebyshev and the degree of the associated Legendre
polynomials.
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linearized Einstein equations, which are homogenous, we
must then have that wnℓ

k = 0 for every k, n and ℓ by

the orthogonality of Tn(z) and of P
|m|
ℓ (χ). Inspecting

Eqs. (26) and (28), we notice that wnℓ
k depends on vnℓk

linearly, because

wnℓ
k =

6∑
j=1

Nz∑
n′=0

Nχ+|m|∑
ℓ′=|m|

[Dnℓ,n′ℓ′(ω)]kj v
n′ℓ′

j = 0, (31)

where Dnℓ,n′ℓ′(ω) are 10 × 6 matrices, whose elements
can be at most quadratic polynomials in ω and can be
obtained by evaluating the inner product given by Eq.
(41) of [48].

Let us now introduce some new notations to simplify
the expression of the equations we will have to solve. If
we introduce the following vector notations [48],

vnℓ =
(
vnℓ1 , vnℓ2 , vnℓ3 , vnℓ4 , vnℓ5 , vnℓ6

)T
,

wnℓ =
(
wnℓ

1 , wnℓ
2 , ..., wnℓ

10

)T
,

(32)

then Eq. (31) can be written as,

wnℓ =

Nz∑
n′=0

Nχ+|m|∑
ℓ′=|m|

Dnℓ,n′ℓ′(ω)vn′ℓ′ = 0 , (33)

where the Dnℓ,n′ℓ′ matrix is now “dotted” into our new
vector vn′ℓ′ . Let us further define a vector v and w,
which, respectively, store all vnℓ and wnℓ, as

v =
{
vT
00,v

T
01, ...,v

T
0Nχ

, ...,vT
1Nχ

, ...,vT
(Nz+1)(Nχ+1)

}T

,

w =
{
wT

00,w
T
01, ...,w

T
0Nχ

, ...,wT
1Nχ

, ...,wT
(Nz+1)(Nχ+1)

}T

.

(34)

Note that v is a 6(Nz + 1)(Nχ + 1)-vector, whereas w is
a 10(Nz +1)(Nχ+1)-vector. Then, Eq. (31) can be more
compactly written as

w = D̃(ω)v =
[
D̃0 + D̃1ω + D̃2ω

2
]
v = 0 , (35)

where the D̃0,1,2 matrices are constant, 10(Nz + 1)(Nχ +
1)× 6(Nz + 1)(Nχ + 1) rectangular matrices. The QNM
frequencies of a Kerr BH correspond to the ω such that
Eq. (35) admits a nontrivial solution v.

IV. NUMERICAL METHODOLOGY TO SOLVE
THE EIGENVALUE PROBLEM IN THE METRICS

APPROACH

Unlike in the Schwarzschild BH case, to accurately
compute the QNM frequencies of a Kerr BH we have
to simultaneously solve all ten linearized Einstein equa-
tions (Eq. (26)) for the six finite correction functions
(uk(z, χ)). In practice, this can be achieved through a
Newton-Raphson method whose details, advantages and
numerical implementations will be explained next.

A. Newton-Raphson method applied to QNM
frequencies in the METRICS approach

Equation (35) is a linear, homogenous equation for
v, which creates two difficulties in computing the QNM
frequencies. First, Eq. (35) admits a trivial solution, to
which the Newton-Raphson algorithm may accidentally
converge. Second, Eq. (35) is linear in v so the solution
is not unique, i.e., if v is a solution, then cv, where c is a
constant, is also a solution of Eq. (35).

To remedy these two difficulties, we separately consider
perturbations “led” by the polar and axial sectors, i.e.,
perturbations that have a larger amplitude in a particular
parity. To obtain perturbations led by a given parity, we
set the initial guess of the Newton-Raphson method for the
metric perturbations of the opposite parity to zero, and a
spectral coefficient of the leading parity to unity. Without
loss of generality, for polar-led perturbations, we start

with an initial guess of h1≤k≤4 = 0 and v
n=0,ℓ=|m|
k=5 = 1;

for axial-led perturbations, we start with hk=5,6 = 0 and

v
n=0,ℓ=|m|
k=1 = 1. Upon iteration of the Newton-Raphson
method, however, the mode that was initialized to zero
will be driven away from zero because our initial guess
does not satisfy the linearized Einstein equations.

The isospectrality of the Teukolsky equation, and thus
of the Einstein equations, however, guarantees that both
the polar- and axial-led modes will have the same QNM
frequencies. In other words, since the spectrum is isopec-

tral, any QNM q must have the same ω
(P)
q and ω

(A)
q .

Therefore, we expect that if we consider polar-led or
axial-led perturbations, we ought to find the same QNM
frequencies. As a side note, if considering a modified
gravity theory where isospectrality is broken, we need the
initial guesses to be such that purely axial or purely polar
perturbations are excited, which we will explore in future
work.

Let us then focus our discussion on polar-led perturba-
tions only, keeping in mind that the procedures applied
below apply to the axial-led perturbations similarly. As
mentioned, for polar-led perturbations, our initial guess
of v is

v
n=0,ℓ=|m|
k=1 = 1 , (36)

which breaks the linear-scaling invariance of Eq. (35), so
that, for a given ω, Eq. (35) admits a nontrivial solution.
With this convention in place, we now have 10(Nz +
1)(Nχ + 1) equations for 6(Nz + 1)(Nχ + 1) unknowns,

which are the remaining mode components vn̸=0,ℓ̸=0
k ̸=1 and

ω. We denote all these unknowns by a 6(Nz +1)(Nχ+1)-
vector x,

x(P) =
{
vn̸=0,ℓ̸=0
k ̸=1 , ω(P)

}T

. (37)
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Symbolically, we denote Eq. (35) when v
n=0,ℓ=|m|
k=1 = 1 by

f
(P)
k =

 6∑
j=1

Nz∑
n′=0

Nχ+|m|∑
ℓ′=|m|

[Dnℓ,n′ℓ′(ω)]kj v
n′ℓ′

j


v
n=0,ℓ=|m|
k=1 =1

= 0,

(38)
where the subscript “(P)” reminds us that we are focusing
on the polar-led perturbations, and the bracket notation
[X]

v
n=0,ℓ=|m|
k=1 =1

implies that X is evaluated with the con-

dition v
n=0,ℓ=|m|
k=1 = 1 of Eq. (36) enforced. The quantity

f (P) can be thought of as a vector-valued function of the
vector x(P),

f(P)(x) = [f
(P)
k (x)]k=1,2,...,10(Nz+1)(Nχ+1). (39)

There are several approaches to solve Eq. (38), such
as gradient descent, variable projection [110], or Newton-
Raphson (see e.g. [111]). In this work, we solve Eq. (38)
through the Newton-Raphson method. To devise the
Newton-Raphson iteration procedure, we consider the

infinitesimal differences of f(P) due to an infinitesimal
displacement of x(P) from an initial solution,

df = J · dx, (40)

where J is the 10(Nz + 1)(Nχ + 1)× 6(Nz + 1)(Nχ + 1)
Jacobian matrix, whose (i, j)th element is given by

[J]ij =
∂fi
∂[x]j

∣∣∣∣∣
x=x(n)

, (41)

and we have dropped the superscript (P) for clarity. Then
we write

dx = xn+1 − xn,

df = f(xn+1)− f(xn) ≈ −f(xn),
(42)

where we have approximated f(xn+1) by 0 because xn+1

should be a better guess than xn. Hence, given a guess
xn, we can update it by solving

J · (xn+1 − xn) = −f(xn), (43)

which can readily be done using the Moore-Penrose inverse
of J

xn+1 = xn − J−1 · f(xn). (44)

Here J−1 denotes the Moore-Penrose inverse of J, which
is a matrix of 6(Nz+1)(Nχ+1)×10(Nz+1)(Nχ+1). As
the residual vector, f(xn) is a 10(Nz + 1)(Nχ + 1)-vector,

J−1 · f(xn) gives a 6(Nz + 1)(Nχ + 1)-vector, which is of
the same length as xn.
Formally, the Newton-Raphson method does not pro-

vide an exact solution, but rather it yields an approximate
numerical solution that satisfies the equations to a speci-
fied error tolerance. The iterative method then ends when

the error tolerance is reached. In this work, we terminate
the iterations when

∥f(xn)∥2 < ϵ, (45)

where ∥f(xn)∥2 is the 2 norm of the residual vector f(xn)
and ϵ is the error tolerance. Henceforth, we will set
ϵ = 10−7. If ∥f(xn)∥2 = 0, all ten linearized Einstein
equations are satisfied exactly.
For the axial-led perturbations, we set

v
n=0,ℓ=|m|
k=5 = 1, (46)

and we then solve the following system of algebraic equa-
tions

f
(A)
k =

 6∑
j=1

Nz∑
n′=0

Nχ+|m|∑
ℓ′=|m|

[Dnℓ,n′ℓ′(ω)]kj v
n′ℓ′

j


v
n=0,ℓ=|m|
k=5 =1

= 0.

(47)
We solve this equation using the Newton-Raphson al-

gorithm explained above with f(A)(x) = {f (A)
k (x)} and

x = x(A) =
{
vn ̸=0,ℓ̸=0
k ̸=5 , ω(A)

}T

. When solving for axial-

led modes, we will employ the same tolerance ϵ as when
solving for polar-led modes.

B. Advantages of implementing the
Newton-Raphson method

Now that we have explained the details of the Newton-
Raphson algorithm, we can discuss its advantages over
the previous implementation of [48]. First, the version
of the Newton-Raphson method described above allows
us to solve all ten linearized Einstein equations simul-
taneously. Previously, in [48], we solved only six (out
of the ten) linearized Einstein equations to compute the
QNM frequencies. In principle, the resulting ω and v
obtained by solving only six equations may not satisfy
the remaining four (whether they do or not depend on
which six equations are chosen), but formally, physically
viable metric perturbations should satisfy all linearized
Einstein equations. The Newton-Raphson method de-
scribed above ensures that the ω and v correspond to
metric perturbations that satisfy all ten linearized Ein-
stein equations, as well as the four linearized Bianchi
identities, the latter of which implies the conversation
of energy and momentum of the metric perturbations.
Thus, the Newton-Raphson method guarantees that the
resulting metric perturbations are physically viable.
Second, the Newton-Raphson method avoids spurious

eigenvalues, i.e., solutions to the quadratic eigenvalue
problem that do not actually correspond to true QNM
frequencies. This method focuses on one QNM at a time,
and it only explores the physically motivated regions in
the complex plane. As a result, the Newton-Raphson
method saves computational time and effort. In contrast,
the method in [48] transforms the quadratic eigenvalue
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problem into a linearized generalized eigenvalue prob-
lem, which leads to many spurious eigenvalues for both
numerical and physical reasons. Numerically, the finite
precision to which one computes the matrices Di=0,1,2 and
the numerical instability introduced by the transforma-
tion contributes to the existence of spurious eigenvalues.
Physically, under-resolving the physics in the solution (for
example, because of truncation of the approximate spec-
tral expansion), and misrepresenting the physics in the
solution (for example, due to the use of a leading-order
asymptotic expansion in the resummation of the control-
ling factor) can also lead to spurious eigenvalues. Thus,
with the implementation in [48], one needs to identify
and separate the physical eigenvalues from the spurious
ones. On the other hand, the Newton-Raphson algorithm
focuses on one QNM at a time, avoiding the identification
problem entirely.
Third, enforcing the conventions in Eq. (36) ensures

that the eigenvector at different spectral orders corre-
sponds to the same metric perturbations, instead of being
arbitrarily scaled by a multiplicative constant. Solving
the whole set of algebraic equations in this way allows us
to reconstruct metric perturbations, while simultaneously
computing the QNM frequency. This is drastically more
convenient than reconstructing the metric perturbations
using the CKK formalism applied to the Teukolsky solu-
tion. By keeping track of the changes in x, we can also
monitor the numerical stability and terminate the com-
putation when a certain accuracy is reached. All these
improvements make studying the gravitational perturba-
tions of a rotating BH with the METRICS approach more
efficient.

Finally, the Newton-Raphson method keeps the dimen-
sion of the coefficient matrix unchanged if we apply the
spectral method to other modified gravity theories. For ex-
ample, in dynamical Chern-Simons gravity, the linearized
field equations usually involve third-order time deriva-
tives of the metric [64, 112]. In the frequency domain and
upon spectral expansion, the linearized field equations
involving these higher-order time derivatives result in an
eigenvalue problem of higher-than-second degree in the
QNM frequency. If one transforms this eigenvalue prob-
lem into a linear generalized eigenvalue problem, as done
in [48], then the order (size) of the resulting matrices
will be greatly increased, which requires more memory to
store them and more computational resource to compute
the eigenvalues. However, using the Newton-Raphson
algorithm, no augmentation of the matrix is needed, and
the dimension of the matrix that we need to handle re-
mains unchanged, making the spectral method more easily
generalizable to modified gravity.

C. Numerical implementation

In this subsection, we explain the setup for the nu-
merical computations of the QNM frequencies with the
Newton-Raphson method. To simplify our discussion,

we assume Nz = Nχ = N . We denote the axial-led fre-
quency of a given mode q computed using N ×N spectral

functions by ω
(A)
q (N) and its polar-led counterpart by

ω
(P)
q (N). Similarly, we denote the metric perturbations

reconstructed using N ×N spectral functions by,

uk(z, χ,N) =

N∑
n=0

N+|m|∑
ℓ=|m|

vnℓk (N)Tn(z)P
|m|
ℓ (χ), (48)

where vnℓk (N) are the mode coefficients obtained usingN×
N spectral functions. With this at hand, D̃(ω) becomes
a 10(N + 1)2 × 6(N + 1)2 rectangular matrix and x is a
6(N + 1)2 vector.

Let us begin by discussing the initial guess of the QNM
frequency to initialize the Newton-Raphson method. We
will here choose the first two significant figures of the real
and imaginary parts of the known QNM frequencies of
Kerr BHs at the corresponding value of the dimensionless
spin a as the initial QNM frequency guess for most of
our computations. Doing so results in a speed up of our
calculations, which will allow us to explore the spectrum
more efficiently. This choice, however, does not affect
sensitively the METRICS frequencies we will obtain, as
we will show in more detail in Sec. VIB. For example,
we obtain very similar METRICS frequencies when we
use just the first significant digit of the known QNM
frequencies of Kerr BHs as our initial guess. Moreover,
if we did not know the QNM frequencies of the Kerr
BH at all, we would still be able to implement an initial
guess as follows. Since the Kerr metric is a continuous
function of a, the QNM frequency should also depend on
a continuously. Thus, we could start by considering a BH
with small spin a1 and use the QNM frequencies of the
Schwarzschild BH as the initial guess. Once the Newton-
Raphson method converges to a QNM frequency for a BH
with spin a1, we could use this value as the initial guess for
a BH with a slightly larger spin. Repeating this process
iteratively, we would be able to build a tower of QNM
frequencies with guesses from the previous iteration.
This argument can be generalized to BHs in modified

gravity. For theories that can be treated as deformations
from GR, continuously parameterized by coupling con-
stants and with a smooth GR limit, we expect the QNM
spectra to branch out from the Kerr spectra continuously
in the complex plane. Therefore, we should be able to
obtain the modified gravity QNM frequencies for small
deformations from GR using the Kerr frequencies as our
initial guess. For larger deformations, we can then take
the QNM frequencies of the small coupling constants as
the initial guess, and continue recursively.
The numerical implementation of the inverse of the

Jacobian matrix requires detailed discussion. We
compute the Moore-Penrose inverse using the built-in
PseudoInverse function of Mathematica with double pre-
cision. The Moore-Penrose inverse and all quantities in
the subsequent computations are stored and computed
with double precision. We checked that increasing the
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precision limit of the calculations does not significantly
affect our results.

As mentioned before, the termination criterion of the
Newton-Raphson method is controlled by a tolerance,
which we set here to ϵ = 10−7. That is, we iterate the
Newton-Raphson method until the 2-norm of the resid-
ual vector is below this tolerance. We find empirically
that the 2-norm of the residual vector of converged solu-
tions is usually 10−9 − 10−8 by the end of the iteration
process (see Fig. 3), and further reducing the tolerance
has no significant effects on the final results. Moreover,
when the Newton-Raphson algorithm converges, it usually
converges within ∼ 10 steps.

As implied in the previous paragraph, there are indeed
cases for which the Newton-Raphson method does not
converge with the numerical settings described above.
This is particularly the case when N is too small to accu-
rately represent the solution to the linearized Einstein field
equations. While we expect that the linearized Einstein
equations should always admit a nontrivial solution corre-
sponding to a QNM, mathematically, algebraic equations
resulting from the spectral expansion of the linearized
Einstein equations may only admit the trivial solution.
At best, the resulting algebraic equations admit an ap-
proximated nontrivial solution, whose residual (f(x)) is
small. If the minimal residual at a given QNM frequency
is larger than the prescribed tolerance, the iterator be-
comes trapped in an infinite cycle and the iterations never
converge. To curtail these pathological behavior of our
Newton-Raphson implementation, we perform at most
20 iterations for a given N , and store the resulting ω
at the 20th iteration. This choice of maximal iteration
number does not affect our computations, because only
the iterations of small N are affected; in general, we will
select ωs computed with a large enough N such that the
iterations converge within 10 steps.

V. QNM FREQUENCIES FROM THE METRICS
APPROACH

In this section, we apply the procedures developed in
the last section to compute the dominant mode (n =
0, l = 2,m = 2, the so-called “022” mode) frequency of
the Kerr BHs. Since the 022 mode is the QNM that
usually dominates the ringdown phase of compact binary
coalescence [15, 113, 114], we focus on it in this paper,
although the METRICS approach can be applied to any
nlm mode. We will first show the numerical results con-
cerning the 022-mode frequency of the Kerr BH of a = 0.1
and study its properties. Then, we will apply the MET-
RICS approach to compute the fundamental frequency of
more rapidly rotating Kerr BHs with a ≤ 0.95.

A. 022-mode frequency of Kerr BHs with
dimensionless spin a = 0.1

Let us begin by computing ω022 of a Kerr BH of di-
mensionless spin a = 0.1. Although this BH has a small
rotation rate, its numerical results reflect many common
features that we also observe when we study more rapidly
rotating Kerr BHs. Before proceeding to quantify the
properties of the numerical results, we define an error mea-
sure, which is the absolute error between the 022-mode
frequency computed via the METRICS approach (using
N Chebyshev and associated Legendre polynomials) and
that computed by solving the Teukolsky equation using
Leaver’s continued fraction method,

E(A/P)
022 (N) = |ω(A/P)

022 (N)− ω022(L)|, (49)

where the superscript (A) and (P) denote whether the
mode studied is axial- or polar-led, and ω022(L) is the
022-mode frequency computed using Leaver’s method.
The left panel of Fig. 1 shows the base-10 logarithms

of E(A/P)
022 (N) of the Kerr BH of a = 0.1 as a function

of N . From Fig. 1, we observe two features. First,

log10 E(A/P)
022 (N) decreases with N approximately linearly

for N ∈ [1, 29]. This implies that both the axial- and
polar-led, 022, METRICS QNM frequencies converge to
the Leaver frequency exponentially with N , which is con-
sistent with the exponential-convergence property of spec-
tral expansions [115]. The exponential convergence can
also be quantified by computing the backward modulus

difference of ω
(P/A)
022 ,

B(P/A)
022 (N) = |ω(P/A)

022 (N + 1)− ω
(P/A)
022 (N)|. (50)

The right panel of Fig. 1 shows the base-10 loga-

rithms of B(A/P)
022 (N) as a function of N . Observe that

log10 B(A/P)
022 (N) varies with N approximately linearly,

consistent with the pattern of log10 E(A/P)
022 (N) and the

expected exponential convergence of the spectral expan-
sion. The monotonically decreasing property of B022(N)
suggests that we should always select the ω022(N) of the
largest computed N for the range of Ns we investigated.
The second observation we can draw from the left

panel of Fig. 1 is that, at a given N , E(A)
022 (N) and

E(P)
022(N) are very close to each other. Since both E(A)

022 (N)

and E(P)
022(N) decrease exponentially, so does the differ-

ence |ω(A)
022(N) − ω

(P)
022(N)|. This implies that ω

(A)
022(N)

and ω
(P)
022(N) are also very close to each other, which

is seemingly consistent with the expected isospectral-
ity of QNM frequencies of gravitational perturbations
of BHs in GR. A savvy observer, however, will notice

that ω
(A)
022(N) and ω

(P)
022(N) are not identical, and their

difference, |ω(A)
022(N)− ω

(P)
022(N)|, is therefore a measure of

the error of the Newton-Raphson algorithm. Nonetheless,

if |ω(A)
022(N)−ω

(P)
022(N)| is smaller than the absolute errors

E(A)
022 (N) and E(P)

022(N), the METRICS 022-mode frequency
is still consistent with isospectrality.
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FIG. 1. Absolute error (left) and backward modulus difference (right) of the axial-led (blue circles), polar-led (red squares) and
averaged 022-mode frequency (green diamonds) of a Kerr BH with dimensionless spin a = 0.1, computed using the METRICS
approach as a function of the spectral order N . At all spectral orders, the initial guess for the Newton-Raphson method is the
first two significant digits of the known, 022-mode frequency. Observe that the base-10 logarithm of the error and backward
modulus difference decreases approximately linearly with spectral order, as expected from the exponential convergence of spectral
expansions.
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FIG. 2. Ratio of |ω(A)
022(N) − ω

(P)
022(N)| to E(A)

022 (N) (blue cir-

cles) and to E(P)
022(N) (red squares) as a function of N . At

N = 29, |ω(A)
022(N) − ω

(P)
022(N)| is smaller than both E(P)

022(N)

and E(P)
022(N), indicating that, although ω

(A)
022(N) and ω

(P)
022(N)

are not formally identical due to numerical errors, they are
still consistent with each other, and thus, with the expected
isospectrality of the QNM frequencies of BHs in GR.

Figure 2 shows the ratio of |ω(A)
022(N) − ω

(P)
022(N)| to

E(A)
022 (N) (blue circles) and to E(P)

022(N) (red squares) as

a function of N . Observe that, for small N , |ω(A)
022(N)−

ω
(P)
022(N)| can be larger than E(A)

022 (N) or E(P)
022(N), which

is reasonable because when N is small, the METRICS fre-
quency is not very accurate, and the solutions we find will
not necessarily respect isospectrality. Importantly, how-
ever, as N increases and becomes large, and in particular,

when N = 29, |ω(A)
022(N)− ω

(P)
022(N)| is smaller than either

E(A)
022 (N) or E(P)

022(N). This indicates that the differences
between the axial- and polar-led frequencies are within

the absolute error of the frequency, thus confirming the
expected isospectrality of GR. We have also checked that

|ω(A)
022(N)−ω(P)

022(N)| is smaller than the absolute error for

larger values of a. Since ω
(A)
022(N) and ω

(P)
022(N) are almost

the same, from here on, we take their average and define
this to be the METRICS 022-mode frequency,

ω022(N) =
1

2

(
ω
(A)
022(N) + ω

(P)
022(N)

)
. (51)

Quantities associated with the averaged frequency, such
as the absolute error and backward modulus difference,
are labeled as “averaged” in the figures throughout the
paper.

To ensure the frequency and eigenvector that we solve
for using the METRICS approach satisfy all ten linearized
Einstein equations, we monitor the residual ∥f(xNit)∥2
as the iterations progress at every spectral order N . As
pointed out in Sec. IVC, the algebraic equations [Eqs. (38)
and (47)] are just a spectral approximation of the lin-
earized Einstein equations, and thus, they may not admit
an exact solution. Nonetheless, if the algebraic equa-
tions are a good approximation to the linearized Einstein
equations, we still expect to be able to obtain a solution
x such that ∥f(x)∥2 is extremely small as compared to

the initial guess. Figure 3 shows log10 ∥f(A)(xNit)∥2 as a
function of the iteration number (Nit) at different spec-
tral orders, with tolerance error (ϵ = 10−7) marked by a
solid, horizontal, black line. We show only the residual
of the axial-led computations because the residual of the
polar-led computations is quantitatively similar. Observe
that for, all N , the initial residual is the same because
the same initial guess (cf. Eq. (46)) is used, but as the
iterations progress, the residual decreases. For small spec-
tral orders (i.e. N = 6 and 10), the residual reaches a
plateau as Nit reaches 3 or 4, with the minimum residual
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FIG. 3. Residual of the algebraic equations at various, fixed
spectral orders N , but as a function of the iteration number
Nit of the Newton-Raphson method used to compute the QNM
frequency of an a = 0.1 Kerr BH, where the horizontal line
marks the error tolerance. Only the residual of the algebraic
equations related to the axial-led frequency is shown, because
that related to the polar-led one is quantitatively similar.
Observe that, for all spectral orders, the residual decreases as
Nit increases. For small spectral orders (i.e. N = 6 and 10),
the residual reaches a plateau as Nit ∼ 3 or 4, which is smaller
for the N = 10 case than for the N = 6 case. This is because
the algebraic equations cannot faithfully approximate the
linearized Einstein equations if the spectral order is too small.
When the spectral order is sufficiently large (e.g. N = 15),
the residual can become smaller than the tolerance error, at
which point the iterations are terminated.

deceasing for the larger N case. The plateau and the
decrease of the minimal residual is because the algebraic
equations cannot faithfully approximate the solution to
the linearized Einstein equations if the spectral order is
too small. If we approximate the solution to the linearized
Einstein equations with a sufficiently high spectral order,
the minimum residual decreases monotonically with itera-
tion number, until it becomes smaller than the tolerance.
The iterations are then terminated, as in the N = 15
(green diamonds) case. Observe that, at N = 15, the final
residual is about ten orders of magnitude smaller than
the residual of the initial guess, indicating that the alge-
braic equations, and thus all the ten linearized Einstein
equations, are well satisfied numerically.

B. 022-mode frequency of Kerr BHs with moderate
dimensionless spins

We now apply the METRICS approach to compute
the fundamental mode frequency of more rapidly rotating
BHs. The left panel of Fig. 4 shows the E022(N) of the
averaged 022-mode frequency of a Kerr BH with a = 0.3
(blue circles), 0.6 (red squares) and 0.9 (green diamonds).
We show only the averaged frequency because the axial-
and polar-led frequencies are very close to each other
when N is large, as pointed out in Sec. VA. Observe

that, for all dimensionless spins shown, log10 E022(N) first
decreases approximately linearly with N . This feature
was also found in the a = 0.1 case, and it is consistent
with the exponential convergence of spectral expansions.
Nonetheless, as N reaches a certain value that depends
on a, the absolute error reaches an a-dependent plateau
(which is unrelated to the plateau of the residual we
studied as a function of iteration number in the Newton-
Raphson method).

To understand the nature of these plateaus, we compute
B022(N) for different dimensionless spins, which is shown
in the right panel of Fig. 4. As log10 B022(N) decreases
approximately linearly with N throughout N ∈ [1, 29],
we conclude that ω022 at different dimensionless spins
converges exponentially to a value that is different from
the correct one, as given by Leaver’s, continuous fraction
method. In other words, the METRICS QNM frequencies
show a tiny deviation from the correct value, whose mod-
ulus is ∼ 10−6 from the correct frequency. One possible
reason of such a deviation may be the breakdown of the
validity of separating uk(r, χ) into a product of a function
of r and a function of χ at high dimensionless spin. The
metric components of the Kerr BH spacetime (cf. Eq. (1))
are not separable in such a product decomposition, since
they contain powers of r2 + a2χ2 in denominators, which
becomes increasingly manifest as a increases. In view of
this nonseparability, perhaps a more sophisticated func-
tion of χ is needed as a basis of the spectral expansion.
Another possible reason for the deviation may lie in the
inaccuracy of the asymptotic factor A(r). In the limit
r → r+, A(r) describes the diverging behavior of the met-
ric perturbations at the event horizon, which depends on
a. However, A(r) captures only the leading-order asymp-
totic behavior of the metric perturbations. To improve
the accuracy of the method, perhaps subleading orders in
the asymptotic behavior of A(r) also need to be included.
All of the above calls for further investigations if one
wishes to improve the implementation of the METRICS
approach. With that in mind, nonetheless, the modulus
of the deviation is of the order of 10−6, which is small
compared to the existing and foreseeable QNM frequency
measurement using ground-based detectors (see, e.g., [15]).
Therefore, we leave such improvements to the METRICS
approach to future studies.

C. 022-mode frequency of Kerr BHs with
dimensionless spins a ≤ 0.95

Using the METRICS approach, we now present re-
sults for the fundamental mode frequency of Kerr BHs
with a ≤ 0.95. Table I lists the real (second column)
and imaginary parts (third column) of the averaged 022-
mode frequency at the corresponding a (left-most column).
All METRICS QNM frequencies are computed using 30
Chebyshev and associated Legendre polynomials. We
show only the first ten digits of the METRICS QNM
frequencies because the backward modulus difference is
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FIG. 4. The absolute error (left) and backward modulus difference (right) of the averaged 022-mode frequency of a Kerr BH of
a = 0.3 (blue circles), 0.6 (red squares), and 0.9 (green diamond) computed using the spectral method as a function of the
spectral order N . At all spectral orders, the first two significant digits of the known 022-mode frequency are used as the initial
guess to initiate the Newton-Raphson iterations. We observe that log10 E022(N) of different dimensionless spins first decreases
approximately linearly with N . When N reaches an a-dependent value, log10 E022(N) for different dimensionless spins reaches
an a-dependent plateaus. Since log10 B022(N) decreases approximately linearly with N for N ∈ [1, 29], the spectral 022-mode
frequency is exponentially converging to a frequency which shows a tiny deviation of modulus of ∼ 10−6 from the Leaver
frequency. This is actually reasonable because we are solving the linearized Einstein equations transformed from the original
ones using the asymptotic factor and the compactified coordinate. Through the transformation, some physics is inevitably
misrepresented, leading to the deviation of the METRICS frequency from the Leaver frequency.

∼ 10−10 at N = 29. For reference, the fourth and fifth
columns of Table I respectively list the real and imaginary
part of fundamental frequency computed with Leaver’s
method at the corresponding spin. More specifically, ω(L)
is the fundamental frequency obtained by solving the
Teukolsky equation using Leaver’s method of continued
fractions with 150 terms in the fraction; keeping this large
number of terms, we find that ω(L) is not changed up to
the 16th decimal at machine precision. To make sure that
the QNM frequencies (and the corresponding eigenvec-
tor) satisfy all ten linearized Einstein equations, the right
most two columns show the residual ratio R, i.e. the ratio
between the residual when the iterations are terminated
and that at the initial guess, namely

R =
∥f(xterminated)∥2

∥f(x1)∥2
. (52)

If the resulting frequency and eigenvector satisfy all ten
linearized Einstein equations well, then R should be close
to zero, which is indeed the case for all dimensionless
spins we calculated.

To visualize the above results, we present the axial-led
(blue circles), polar-led (red squares), and averaged (black
stars) 022-mode frequency computed using the spectral
method for 0.005 ≤ a ≤ 0.95 in Fig. 5. For compari-
son, the fundamental frequencies computed with Leaver’s
method are shown as a function of a with a solid gray
line. Figure 5 allows us to make several observations.
First, both the axial- and polar-led QNM frequencies are
very close to the known values computed using Leaver’s
method at the corresponding spin, indicating that our
spectral method can accurately compute the 022-mode

frequency for rapidly rotating BHs. Second, the axial-
and polar-led QNM frequencies almost coincide with each
other, once again indicating consistency with the isospec-
trality of gravitational QNM spectra of BHs in GR.

Although the QNM frequencies computed by the spec-
tral method in Fig. 5 appear to be consistent with the
known values, we would still like to quantify the accuracy
of our results. To this end, we will employ the absolute
error measure of Eq. (49), the residual ratio of Eq. (52),
and a new measure: the relative fractional error in the
real and imaginary parts of the polar-led, axial-led and
the averaged spectral QNM frequencies relative to that
computed with Leaver’s method [116], namely

∆
(P/A)
Re/Im =

∣∣∣∣∣∣1− ω
(P/A)
Re/Im(METRICS)

ωRe/Im(L)

∣∣∣∣∣∣ ,
∆Re/Im =

∣∣∣∣1− ωRe/Im(METRICS)

ωRe/Im(L)

∣∣∣∣ ,
(53)

where ωRe/Im(METRICS) and ωRe/Im(L) stand for the
real and imaginary parts of ω(METRICS) and ω(L) re-
spectively.
The top-left, bottom-left, and bottom-right panels of

Fig. 6 show the logarithmic (base 10) absolute error (E022),
relative fractional errors in the real part (∆Re), and the
imaginary part (∆Im) parts of the spectral 022-mode
frequency for the axial-led (blue circles), polar-led (red
squares), and averaged (black diamonds) frequencies, re-
spectively, as a function of a. Observe that, in general,
all three errors increase steadily as a increases. Quanti-
tatively, all errors first increase sharply from ∼ 10−10 to
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a ωRe(spectral) ωIm(spectral) ωRe(Leaver) ωIm(Leaver) axial-led R axial-led R
0.005 0.3743023147 −0.0889522054 0.374302314745705 −0.0889522053640457 8.02× 10−11 1.49× 10−13

0.1 0.3870175384 −0.0887056990 0.3870175383645592 −0.0887056990268991 9.36× 10−12 3.85× 10−11

0.2 0.4021453242 −0.0883111662 0.4021453241072112 −0.08831116615465 6.68× 10−13 1.35× 10−12

0.3 0.4195266818 −0.0877292719 0.4195266799093153 −0.0877292712328145 4.85× 10−9 2.38× 10−9

0.4 0.4398419217 −0.0868819620 0.439841909727434 −0.0868819580547294 9.32× 10−11 4.34× 10−11

0.5 0.4641230260 −0.0856388350 0.4641229739649294 −0.0856388194008764 6.21× 10−10 1.62× 10−10

0.6 0.4940447818 −0.0837652022 0.4940446109217166 −0.0837651572095065 1.33× 10−9 1.59× 10−10

0.7 0.5326002436 −0.0807928732 0.5325997998444519 −0.0807927741196761 5.00× 10−11 1.31× 10−11

0.8 0.5860169749 −0.0756295524 0.5860160981862801 −0.07562938913772186 1.89× 10−9 1.36× 10−9

0.9 0.6716142721 −0.0648692359 0.671613259501218 −0.06486906741255006 3.31× 10−11 1.01× 10−11

0.95 0.7463199985 −0.0531490080 0.7463194371599231 −0.05314891507283093 4.72× 10−11 8.34× 10−11

TABLE I. Averaged 022-mode frequency (real part in the second column and imaginary part in the third column) computed
using 30 Chebyshev and associated Legendre polynomials at different dimensionless spins a (first column). At all dimensionless
spins, the first two significant digits of the known 022-mode frequency are used as the initial guess to initiate the Newton-Raphson
iterations. Only the first ten digits of the METRICS QNM frequencies are shown because the backward modulus difference of
the 022-mode frequency is ∼ 10−10 if 30 Chebyshev and associated Legendre polynomials are used. For reference, we show the
real and imaginary parts of frequencies computed with Leaver’s method on the third and fourth columns, keeping up to 150
terms in the continuous fraction. The two right most columns show the ratio between the final residual and that at the initial
guess (see Eq. (52) for more details).
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FIG. 5. Axial-led, polar-led and averaged 022-mode frequency of a Kerr BH of different dimensionless spin, from a = 0.005 to
a = 0.95, in the complex plane, computed with the METRICS approach. The solid line represents the frequencies computed by
solving the Teukolsky equation using Leaver’s method. The circles and squares show the values of the polar-led and axial-led
QNM frequencies, while the stars show the averaged values. Observe that the METRICS 022-mode frequencies coincide almost
exactly with those computed with Leaver’s method, indicating that the spectral method is capable of accurately computing the
fundamental frequencies of a generically rotating BH.

10−6 as a increases from 0 to 0.6, and then they fluctuate
around 10−6 from a = 0.6 onward. This behavior reflects
the deviation of the METRICS 022-mode frequency from
the true frequency of rapidly rotating BHs, as shown by
the error plateau in the left panel of Fig. 4.

Crucially, the relative error of the METRICS frequency

is about four orders of magnitude smaller than that ob-
tained by combining all the LIGO-Virgo ringdown signals,
which is ∼ 10−2 [15], and is also significantly smaller than
the (projected) relative fractional measurement uncer-
tainty of combining ∼ 103 ringdown signals detected with
the next-generation detectors, which is ∼ 10−4 [100]. This
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FIG. 6. To gauge the accuracy of the spectral method, we compare the METRICS QNM frequencies (ωMETRICS) to those
computed through Leaver’s method [116] (ωL). The top left panel shows the absolute error E = |ωMETRICS − ωL|. The
bottom left and right panels show the relative fractional error in the real (∆Re =

∣∣1− ωRe
METRICS/ω

Re
L

∣∣) and imaginary

(∆Im =
∣∣1− ωIm

METRICS/ω
Im
L

∣∣) parts of the 022-mode frequency, respectively. The top right panel shows the ratio between the
residual of the linearized Einstein equation at the initial step and the final step of the Newton-Raphson iterations (see the main
text for definition). In all panels, the dashed vertical line marks the mean value of the a of the remnant BH of GW150914
reported in [117]. We observe that for the relative fractional error of the real and imaginary parts of the METRICS 022-mode
frequency at all spin is significantly smaller than that obtained by combining all the LIGO-Virgo ringdown signals, which is
∼ 10−2 [15]. This suggests that the spectral 022-mode frequency is accurate enough to be applied for analyzing actual ringdown
signals, where the 022 mode dominates.

small relative fractional error of the METRICS frequency
indicates that the METRICS frequencies are accurate
enough to use in the analysis of existing and future ring-
down signals detected by ground-based detectors.

The top-right panel of Fig. 6 shows the logarithmic
(base 10) residual ratio (R) as a function of a. From
this panel, we identify no significant correlation between
R and a. Nonetheless, R for both leading parities is ≲
10−9, which means that the resulting QNM frequency and
eigenvector satisfy all ten linearized Einstein equations
quite well.

VI. ROBUSTNESS OF QUASINORMAL
FREQUENCY EXTRACTION WITH THE

METRICS APPROACH

In this section, we study the robustness of the calcu-
lations presented in the previous section. In particular,
we first focus on exploring the geometry of the solution
space by computing the residual as a function ω, with the
other components of x fixed at the eigenvector obtained
using the Newton-Raphson algorithm. We then check
the robustness of the QNM frequency obtained using the
Newton-Raphson algorithms by computing the fundamen-
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FIG. 7. The residual, ∥f(x)∥2 (see Eq. (45) for definition), of
computing the axial-led 022 frequency of a Kerr BH of a = 0.6
and N = 14 as a function of ω in the complex plane. The
eigenvector v is fixed at the one obtained using the Newton-
Raphson iterations. The color plot covers a square of width
of 0.2 centered at the Leaver 022-mode frequency, which is
marked by the white cross. We observe that the residual is
minimized at a position near the known 022-mode frequency,
with no other local minima around. This suggests the Newton-
Raphson iterator is not likely to be attracted or trapped in a
local minimum which does not correspond to a physical QNM
frequency. The residual of the polar-led frequency is similar.

tal frequency using different initial guesses. Finally, we
study the effects of our choice of boundary conditions

for the ρ
(k)
H,∞ constants in the controlling factor of the

spectral expansion.

A. Search for spurious minima in solution space

We first explore the robustness of the QNM frequency
calculations by exploring if there exists other (unphysical)
solutions to Eqs. (38) and (47) that are near the one we
obtained by the Newton-Raphson iterations. We check
this by computing the residual, ∥f(x)∥2, as a function of
ω with v fixed at that found from the Newton-Raphson

method. Figure 7 shows a color plot of ∥f(A)(x)∥2 as a
function of ω when computing the axial-led frequency of
a Kerr BH with dimensionless spin a = 0.6 and N = 14
terms in the spectral expansion. The color plot covers
a square of width 0.2, centered at the fundamental fre-
quency obtained with Leaver’s method for a Kerr BH
with a = 0.6 (marked by the white cross). We choose
this spin because it corresponds to a rapidly rotating BH
whose frequency does not require many spectral bases
to be accurately computed (see. Fig. 4). We show only
the results of the axial-led perturbations because those
concerning the polar-led perturbations are similar. Ob-
serve that the residual is minimized only at a position
that is very close to the known Leaver frequency, with
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FIG. 8. The trajectory in the complex plane traced by the
Newton-Raphson iterator as we use differential initial guesses
to compute the axial-led 022-mode frequency of a Kerr BH of
a = 0.6 of spectral order 14. We only show the trajectories of
the axial-led frequencies because the trajectories of computing
the polar-led frequency are similar. The different initial guesses
are obtained by displacing the known 022-mode frequency
(black cross) by 0.01 northward (blue circles), eastward (red
squares), southward (green diamonds), and westward (violet
pentagons). We observe that, within three iterations, the
iterator has approached the known frequency very closely.
We verify that starting from all initial guesses, the iterations
reach the tolerance error of 10−7 in six iterations. These
results indicate that the QNM frequencies computed using
our spectral method are robust against the choices of initial
guesses.

no local minima surrounding the correct fundamental fre-
quency. This indicates that the Newton-Raphson method
will not be attracted or trapped in local minima that do
not correspond to a physical QNM frequency.

B. Sensitivity to initial guess

Next, we check that the resulting QNM frequency does
not depend on the initial guess sensitively. To study
this, we displace the initial guess by 0.01 “northward”,
“eastward”, “southward”, and “westward” in the complex
plane, relative to the fundamental frequency computed
with Leaver’s method. Figure 8 shows the “trajectory”
in the complex plane traced by the Newton-Raphson
iterator for these different initial guesses, when comput-
ing the axial-led 022-mode frequency of a Kerr BH of
a = 0.6 with N = 14 terms in the spectral expansion.
The cross in the figure represents the Leaver 022-mode
frequency for this Kerr BH. We only show the trajectories
of the axial-led frequencies because the trajectories of the
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FIG. 9. Absolute error of the 022-mode frequency using the
METRICS approach with 30 Chebyshev and associated Leg-

endre polynomials, with the Schwarzschild ρ
(k)
H and ρ

(k)
∞ (blue

circles, see main text) and the same ρ
(k)
H and ρ

(k)
∞ but enlarged

by unity (red squares). Observe that a different radial scaling
does not significantly affect the accuracy of the 022-mode
frequency, which indicates the robustness of the METRICS
approaches against different scalings.

polar-led frequency are similar. Observe that, regardless
of the direction of the displacement of the initial guess,
the Newton-Raphson iterator approaches the known fre-
quency within three iterations. Moreover, regardless of
the initial guess chosen, the iterations reach the tolerance
error of 10−7 within six iterations. The resulting absolute
error of the axial-led frequencies is smaller than 10−6

in all cases. The results of this test indicate that the
QNM frequencies computed using our spectral method
are robust against the choice of initial guess, allowing
us to accurately compute the QNM frequencies without
having an accurate initial guess a priori.

C. Effects of ρ
(k)
H and ρ

(k)
∞

As in the Schwarzschild case, we find that using dif-

ferent values of ρ
(k)
H and ρ

(k)
∞ still allows us to accurately

compute the QNM frequencies of a Kerr BH, provided

that ρ
(k)
H and ρ

(k)
∞ are large enough to capture the di-

verging behavior of the metric perturbations at the event
horizon and spatial infinity. If this is the case, then the
corresponding uk(−1 ≤ z, χ ≤ +1) are finite within the
computational domain. Figure 9 shows the absolute error
of the METRICS 022-mode frequency computed using

the Schwarzschild ρ
(k)
H and ρ

(k)
∞ (given by Eq. (16), blue

circles) and using the same ρ
(k)
H and ρ

(k)
∞ but enlarged

by unity (red squares). Observe that the absolute error

of different sets of ρ
(k)
H and ρ

(k)
∞ are very close to each

other, indicating that the accuracy of the QNM frequency

calculations does not sensitively depend on the explicit

ρ
(k)
H and ρ

(k)
∞ used, which is observed and explained in

[48]. Moreover, as also pointed out in [48], this robustness
allows us to circumvent uncertainty about the “correct”

ρ
(k)
H and ρ

(k)
∞ , such as the dependence of ρ

(k)
H and ρ

(k)
∞ on

the dimensionless spin (if any).

Other than these sets of ρ
(k)
H and ρ

(k)
∞ , we also ex-

periment with the component-independent set of ρ
(k)
H =

ρ
(k)
∞ = 2. We find that this set of ρ

(k)
H and ρ

(k)
∞ still allows

us to accurately compute the 022-mode frequency of the
Kerr BH, but special care needs to be taken. We find
that, for rapidly rotating BHs and large N , the Newton-
Raphson iterator is trapped and stuck at the initial guess.
In other words, the iterations do not significantly im-
prove the initial guess. For example, the left panel of
the Fig. 10 shows log10 E022(N) of the axial-, polar- and
averaged 022-mode frequency as a function of N com-

puted with ρ
(k)
H = ρ

(k)
∞ = 2. The horizontal line marks the

absolute error of the initial guess of the Newton-Rapshon
iterations for computing the 022-mode frequency of a
Kerr BH with a = 0.9. We observe that for N ≲ 12,
E022(N) first fluctuates between ∼ 10−2 − 10−1, and for
13 ≤ N ≤ 20, E022(N) decreases exponentially. The ab-
solute error at N = 20 is ∼ 10−6, which is similar to the

accuracy achieved using the previous sets of ρ
(k)
H and ρ

(k)
∞ .

For N > 20, E022(N) of all three frequencies is very close
to the error of the initial guess, which suggests that the
iterations fail to improve our initial guess.

This failure of the iteration method is related to the
rank of the Jacobian matrix. Explicitly, when N is suf-
ficiently large, the rank of J can be significantly smaller
than the length of x. To illustrate this fact, the right
panel of Fig. 10 shows the rank deficit of the Jacobian
matrix,

rank deficit = rank(J)− dim(x), (54)

at the final step of the Newton-Raphson iterations as a
function of the spectral order. We observe that when
N ≥ 21 for the polar-led perturbations and N ≥ 25 for
the axial-led perturbations, which are the spectral order
when the Newton-Raphson iterations of the corresponding
leading parity fail, the rank deficit drops to ≤ −2, which
implies that the system is significantly underdetermined.
One possible explanation for why this does not happen

with the ρ
(k)
H and ρ

(k)
∞ of the Schwarzschild spacetime, is

that, by setting ρ
(k)
H and ρ

(k)
∞ to be the same number of all

k, we are artificially demanding that perturbations of all
metric components follow a similar asymptotic behavior,
which increases the degeneracy of the problem. The
correlation between the failure of the Newton-Raphson
iterations and the rank deficit suggests that one should
also monitor the rank of the Jacobian matrix to discard
results obtained with Jacobian matrices of rank deficit
≤ −2.
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FIG. 10. Absolute error of the axial- (blue circles), polar-led (red squares) and averaged (green diamonds) METRICS frequency

of a Kerr BH with a = 0.9, computed assuming ρ
(k)
H = ρ

(k)
∞ = 2, as a function of the spectral order N (left panel), as well as

the absolute error of the initial guess of the Newton-Raphson iterations (black horizontal line). Observe that the minimal

absolute error is ∼ 10−6, which is similar to the minimal error computed using the other set of ρ
(k)
H and ρ

(k)
∞ . This indicates

that the METRICS approach can still be used to accurately compute the QNM frequency of rapidly rotating BHs using

component-independent ρ
(k)
H and ρ

(k)
∞ . However, observe also that when N is large, the absolute error of the final results of the

Newton-Raphson iterations is almost the same as the error of the initial guess, meaning that at that N the Newton-Raphson
iterations fail to improve our initial guess. We find that the Newton-Raphson iterations fail at the spectral order where the rank
deficit (see Eq. (54) for definition) of the Jacobian matrix at the final step of the iterations decrease to ≤ −2 (right panel). This
correlation suggests that we should also monitor the matrix rank as the iterations and to discard the results suffering from
significant rank deficit.

VII. EXTRACTIONS OF METRIC
PERTURBATIONS WITH THE METRICS

APPROACH

The METRICS approach offers a distinct advantage
over the established Teukolsky formalism when investigat-
ing perturbed GW metrics. In the Teukolsky formalism,
obtaining metric perturbations from curvature perturba-
tions involves a complex sequence of steps, including the
introduction of intermediary quantities, such as the Hertz
potential [80, 83, 118]. On the other hand, the METRICS
approach starts with metric perturbations, obviating the
need for any supplementary metric reconstruction proce-
dure. In this section, we discuss the extraction of metric
perturbations using the METRICS approach and validate
the accuracy of the reconstructed metric (which we refer
to as the “spectral metric”). We shall do so by comparing
the Teukolsky perturbation function (ψ, the solution of
the Teukolsky equation) computed using the spectral met-
ric to that obtained by numerically solving the Teukolsky
equation. Finally, we analyze the relative content of the
axial and polar sectors of metric perturbations of the
Kerr BH with a ≤ 0.95 obtained using the METRICS
approach.

A. Numerical validation with the Teukolsky
equations

We validate the accuracy of the spectral metric by
comparing the Teukolsky perturbation function computed
using the spectral metric, ψ(spec), to that obtained using
Leaver’s method, ψ(L). In this section, to illustrate the
strength of the METRICS approach, we focus only on
the metric perturbations of an a = 0.9 Kerr BH, because
it is sufficiently rapidly rotating to allow us to quantify
any source of error in the metric perturbations.
The Teukolsky perturbation function is related to the

perturbed Weyl scalar ψ4 via

ψ = (r − iMa cos θ)4ψ4, (55)

and ψ4 is related to metric perturbations through [82, 83,
119]

ψ4 =
1

2

{
(δ̂ + 3α+ β̄ − τ̄)(δ̂ + 2α+ 2β̄ − τ̄)hnn

+ (△̂+ µ̄+ 3γ − γ̄)(△̂+ µ̄+ 2γ − 2γ̄)hmm

− [(△̂+ µ̄+ 3γ − γ̄)(δ̂ − 2τ̄ + 2α)

+(δ̂ + 3α+ β̄ − τ̄)(△̂+ 2µ̄+ 2γ)]h(nm)

}
, (56)

where

δ̂ = m̄µ∂µ, ∆̂ = nµ∂µ, (57)

nµ and m̄µ are two of the Kinnersly null tetrads in the
Boyer-Lindquist coordinates, the quantities α, β, µ, and
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τ are NP spin coefficients [70, 71, 73, 120], and

hnn = hµνn
µnν ,

hmm = hµνm̄
µm̄ν ,

hnm = hµνn
µm̄ν ,

(58)

are the metric perturbations projected onto the tetrad
vectors. We remind the reader that ∆̂ is different from
∆ = (r − r+)(r − r−).

To compute the Teukolsky perturbation function,
ψ(spec) at a given spectral order N , we first compute the
metric perturbation hµν using the METRICS approach
(Eq. (20)). We then project hµν onto the null vectors nµ

and m̄µ to obtain the perturbed fourth Weyl scalar ψ4

(Eq. (56)). Finally, we compute ψ(spec) from ψ4 using
Eq. (55). We denote the ψ(spec) computed using the
spectral metric up to N spectral orders as ψ(spec;N).

To obtain ψ(L), we solve the Teukolsky equation (with
s = −2) using Leaver’s, continued fraction method [116].
More specifically, we solve the radial and angular Teukol-
sky equations using a 150-term continued fraction. We
keep this number of terms because we find that the QNM
frequency and the separation constant only change below
the 10th decimal place if more terms are included in the
calculations (i.e. with a large N).

We then compare ψ(spec;N) and ψ(L). Since the
Teukolsky equation is a homogenous, linear, partial dif-
ferential equation, its solution admits linear-scaling in-
variance. Thus, to make sure that we are comparing
the ψ(spec;N) and ψ(L) that correspond to the same
Teukolsky function, without loss of generality, we fix,

ψ (spec;N, xµ0 ) = ψ (L, xµ0 ) = 1,

xµ0 = (t, r, θ, ϕ) =
(
0, 3,

π

2
, 0
)
,

(59)

by normalizing each of them by their value at x0µ. If the
METRICS approach correctly reconstructs the metric
perturbations around a Kerr BH, then ψ(spec) and ψ(L)
should be the same. Figure 11 shows the real (right panel)
and imaginary parts (left panel) of ψ(L) (solid blue line)
and ψ(spec) (dashed red and dashed-dotted lines for the
axial- and polar-led perturbations respectively). Both
ψ(spec) and ψ(L) vary with r in a similar way. They
attain maxima and minima at similar r positions, and the
numerical value of ψ(spec) at a given r coordinate is close
to that of ψ(L) at the corresponding radial coordinate.
These consistencies indicate that the METRICS approach
can correctly reconstruct the metric perturbations around
the Kerr BH.

To quantify the differences between ψ(spec) and ψ(L)
after the scaling, we define the following mismatch with
respect to r,

MM = 1− Re[ψ(spec)|ψ(L)]
[ψ(spec)|ψ(spec)]1/2[ψ(L)|ψ(L)]1/2 , (60)

where

[A|B] =

∫ r=rsup

r=rinf

drA
(
t = 0, r, θ =

π

2
, ϕ

)
×B∗

(
t = 0, r, θ =

π

2
, ϕ

)
.

(61)

Here rinf and rsup should formally be r+ and ∞, respec-
tively, and the asterisk stands for complex conjugation.
For actual numerical evaluation, we slightly displace the
lower limit from the event horizon to rinf = r+ + 10−2

to avoid overflow due to the divergence of the asymp-
totic factor multiplied to the metric; similarly, we set
rsup = rinf + 200M to make sure the far-field behavior of
ψ is included in the calculations. To reduce the compu-
tational time required for this calculation, we focus on
evaluating the 2 norm on the equatorial plane; we expect
the M evaluated at different θ will show similar variation
with respect to N . If ψ(spec) = ψ(L), then MM = 0;
if ψ(spec) is very different from ψ(L), then MM ∼ 1.
Thus, an MM closer to 0 indicates that ψ(spec) is similar
to ψ(L). We numerically evaluate the integrals as a Rie-
mann sum at a radial resolution of ∆r = M

2 . and check
that further reducing the resolution does not change the
first three digits of the base-10 logarithms of MM. We
find that MM ∼ 10−2 for both the axial- and polar-led
perturbations of a Kerr BH with a = 0.9, reconstructed
using the METRICS approach. This implies that, in
spite of the small differences, the mismatch between the
Teukolsky function is very good.

Finally, we conclude this subsection by comparing the
asymptotic behavior of ψ(spec) and ψ(L) via asymptotic
expansions. The asymptotic behavior of ψ(L) can be ob-
tained by the asymptotic expansion of Leaver’s, continued
fraction solution to the Teukolsky equation. The asymp-
totic behavior of ψ(spec) can be obtained by considering
the asymptotic expansion of ψ that follows from our met-
ric ansatz (Eq. (8)). We find that at spatial infinity, both
ψ(spec) and ψ(L) are asymptotic to r3+2iωeiωr, and thus,
the asymptotic behaviors match exactly. At the event
horizon, however, we find that

ψ(spec) ∼
(
r − r+
r

)−2−iM(ω−mΩH) 1+b
b

, (62)

while

ψ(L) →
(
r − r+
r − r−

)−2−iM(ω−mΩH) 1+b
b

. (63)

The asymptotic behavior of ψ(spec) and ψ(L) at the event
horizon differs by a factor of(

r

r − r−

)−2−iM(ω−mΩH) 1+b
b

, (64)

which is finite at the event horizon. Hence, ψ(spec) and
ψ(L) have the same asymptotic behavior at the event
horizon, up to a constant. These comparisons analytically
prove the validity of our metric ansatz (Eq. (8)) and our
metric reconstruction procedures.
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FIG. 11. The absolute value of the real (top panels) and imaginary parts (bottom panel) of the Teukolsky perturbation
ψ = (r − iMa cos θ)4ψ4, where ψ4 is the perturbed fourth-Weyl scalar, of a Kerr BH of dimensionless spin a = 0.9, at t = 0 and
on the equatorial plane. The left panels cover from r = r+ + 10−2M to 20M ; the right panels cover from r = r+ + 10−2M to
200M . In all panels, the vertical axis is in logarithmic scale, the solid vertical line in black marks the position of the outer
event horizon (r+), the solid blue line shows ψ obtained by solving the Teukolsky equation using the Leaver continued fraction
method, and the dashed red and dashed-dotted green lines show ψ obtained using the axial- and polar-led metric perturbations
reconstructed using the METRICS approach respectively. Observe that the real and imaginary parts of all ψ overlap almost
completely with each other, show a similar variation pattern over r, have similar numerical values at a given r, and attain
maxima and minima at similar r positions. We evaluated that the mismatch (defined by Eq. (60)) between the Leaver and
the spectral ψ4 to be ∼ 1% (see main text). These consistencies indicate that the METRICS approach can also accurately
reconstruct metric perturbations around a rapidly rotating Kerr BH, while computing its QNM frequencies.

B. Parity content of the reconstructed metric
perturbations

The spectral method can also reconstruct metric per-
turbations that are mainly led by a particular parity. To
quantify the parity content, we define the parity domi-
nance (PD) for the spectral metric,

PD =


4∑

k=1

∥uk(z, χ.N)∥W2∑
k=5,6

∥uk(z, χ,N)∥W2


1
2

, (65)

where N is the spectral order of computing the QNM
frequencies, and ∥.∥W2 is the weighted 2 norm, defined as

∥f∥2W2 =

∫ +1

−1

dχ

∫ +1

−1

dz|f(z, χ)|2
(
1− z2

)− 1
2 . (66)

Note that the weighted 2 norm differs from the usual
2 norm of a function by the inclusion of the weighted
function (1− z2)−

1
2 , so that we can analytically evaluate

the norm using the orthogonal properties of the Chebyshev
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FIG. 12. The base-10 logarithms of the parity dominance
(defined by Eq. (65)) of the reconstructed axial-led (blue cir-
cles) and polar-led (red squares) metric perturbations. The
parity dominance, a non-negative number, gives a quantitative
estimate of the ratio between the amplitude of the axial- and
polar-led perturbation. A PD ≫ 1 indicates that the pertur-
bations are mostly led by the polar sector, and a PD ≪ 1
indicates that the perturbations are mostly led by the axial
sector. Observe that for a ⪅ 0.5, PD ≪ 1 for the axial-led
perturbations and PD ≫ 1 for the polar-led perturbations,
indicating that the axial-led perturbations indeed consist of
mostly axial perturbations and similarly for the polar-led per-
turbations.

and associated Legendre polynomials,

PD =



4∑
k=1

N∑
n=0

N+|m|∑
ℓ=|m|

(ℓ+m)!

(2ℓ+ 1)(ℓ−m)!
|vnℓk (N)|2

∑
k=5,6

N∑
n=0

N+|m|∑
ℓ=|m|

(ℓ+m)!

(2ℓ+ 1)(ℓ−m)!
|vnℓk (N)|2



1
2

.

(67)

Heuristically, the parity dominance provides an estimate
of the ratio between the amplitude of the axial- and polar-
led perturbations. If the reconstructed perturbations

are purely axial, then PD(A) = 0; If the reconstructed

perturbations are purely polar, then PD(A) → +∞.
Figure 12 shows the base-10 logarithms of the PD of

the spectral metric perturbations as a function of a. The
horizontal line marks the line PD = 1 ⇒ log10 PD = 0,
when the amplitude of the axial- and polar-led perturba-
tions is approximately equal. Observe that for a ⪅ 0.9,
PD < 0.1 for the axial-led perturbations, indicating that
the axial-led perturbations indeed consist of mostly the
axial perturbations; PD > 10 for the polar-led perturba-
tions, indicating that the polar-led perturbations indeed
consist of mostly the polar perturbations. Although the
metric perturbations obtained here are coupled, one can
show that, at all orders in spin, the even and odd par-
ity versions of the Teukolsky master function decouple
completely [121]. This decoupling implies that there may
exist some initial guesses of the eigenvector x to construct

purely axial and polar perturbations of a rotating BH,
which will be important for the computation of the QNM
frequencies of BHs beyond GR, where isospectrality is
typically broken [64, 122–127]. Such initial guesses might
be obtained by studying the transformation properties
of the metric perturbation ansatz upon the action of the
parity operator. We will explore such initial guesses in
future work. Nonetheless, being able to compute metric
perturbations that are led by a given parity when a ⪅ 0.9
is still insightful and highly nontrivial.

VIII. CONCLUDING REMARKS

We have here further developed and extended a novel
spectral method for computing the frequencies of gravi-
tational QNMs of rotating BHs. We have verified that
our method can accurately and efficiently compute the
frequency of the fundamental corotating quadrupole mode
(the ”022” mode) of a Kerr BH with dimensionless spin
a ≤ 0.95. The individual relative fractional errors of
the real and imaginary parts of the frequency are less
than 10−5. This accuracy is sufficient to analyze GW
ringdown LIGO-Virgo data, because it is better by three
orders of magnitude than the relative fractional uncer-
tainty of the measured real and imaginary parts of the
022-mode frequency obtained by combining all ringdown
signals [15]. This accuracy should also be sufficient to
analyze the black-hole ringdown signals detected by the
next-generation detectors, whose relative fractional un-
certainty of the measured real and imaginary parts of
the 022-mode frequency is predicted to be ≤ 10−4 [100].
We have also demonstrated that our method calculates
directly and accurately the metric perturbations along
with the QNM frequencies and we have carried out a
plethora of checks to verify the robustness of the method.

The METRICS approach has several major advantages
over other existing methods for computing the gravi-
tational QNM frequencies of BHs. First, the spectral
method does not require the decoupling or simplification
of the linearized field equations into several master equa-
tions. This is a significant advantage because decoupling
may not be possible for perturbations of BHs surrounded
by matter, scalar or vector fields and for BHs outside
of GR. Second, the METRICS approach is based on the
Regge-Wheeler gauge, a common gauge in BH perturba-
tion theory that has the advantage of greatly simplifying
the linearized field equations. This gauge is expected to
exist in a wide class of modified gravity theories, such
as dynamical Chern-Simons gravity [122–124, 128] and
Einstein-dilaton Gauss-Bonnet gravity [125–127], making
the METRICS approach more broadly applicable than
other methods based on different gauges (e.g., [84, 95, 97–
99, 111, 120, 129–131]). Third, our spectral method can
simultaneously reconstruct metric perturbations, while
computing the QNM frequencies accurately. This implies
the METRICS has direct access to the GW metric per-
turbation, without needing to integrate twice to convert
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between the Newman-Penrose scalars and the GW observ-
able. These advantages make the METRICS approach
a powerful tool for studying BH perturbations in and
outside GR.

The METRICS approach also provides new insights
into the gravitational perturbations of the Kerr BH. First,
our work is the first explicit demonstration that the Regge-
Wheeler gauge can be used to accurately compute the
QNM frequencies of a rapidly rotating BH. Before this
work, the Regge-Wheeler gauge had mostly been applied
to Schwarzschild or slowly rotating BHs in GR or al-
ternative theories [126–128]. For rapidly-rotating BHs,
previous studies relied heavily on the ingoing or outgoing
radiation gauge through the application of the Teukol-
sky equation, or on the harmonic gauge for studies of
the stability and thermal properties of BHs (e.g. [88, 90–
92, 95, 99, 104, 111, 131–134]). Compared to other gauges,
the Regge-Wheeler gauge is particularly convenient be-
cause it can be easily enforced in the frequency domain
by setting some perturbation components to zero. This
reduces the complexity and length of the linearized field
equations, especially if one works directly with metric
perturbations instead of curvature perturbations.

A second insight into gravitational perturbations of
Kerr BHs that is derived from our work is related to
our use of associated Legendre polynomials. We show
that this class of elementary and commonly used spectral
functions are sufficient for studying the gravitational per-
turbations of rotating BHs. Usually, associated Legendre
polynomials are used to study scalar perturbations of
rotating BHs or the gravitational perturbations of slowly
rotating BHs. Inspired by the Teukolsky equation, a more
“natural” choice of the angular spectral basis would be
spheroidal harmonics or spin-weighted spherical harmon-
ics, but these bases are more mathematically complicated.
Using the associated Legendre polynomials can reduce the
difficulty of solving the linearized field equations because
this class of spectral functions is simpler, more elementary,
and more familiar to physicists.

Further refinements of the spectral method can be ex-
plored in future applications to improve its accuracy and
speed. One possible refinement is to use a more sophis-
ticated spectral basis, such as spin-weighted spherical
harmonics for the angular coordinate. Another possible
refinement is to implement a more sophisticated variant
of the Newton-Raphson iterative scheme to improve its
performance. Yet another refinement is to use of resum-
mation techniques on the metric perturbations to improve
the accuracy of the QNM frequency calculations see, e.g.,
[127]. The results reported in the paper, however, show
that the METRICS approach, in its current incarnation, is
already sufficiently accurate and robust to produce results
that are applicable to the analyses of actual ringdown
signals.

Our immediate next step is to apply the spectral
method to study the gravitational QNMs of rapidly ro-
tating BH in modified gravity theories, but several other
applications are possible. One such application is to study

the perturbations of spinning BHs in the presence of mat-
ter, in order to use ringdown signals as a probe of dark
matter with future space-based detectors. Another appli-
cation is the generalization of the METRICS approach
to model BHs in the presence of external sources, as in
the case of extreme mass-ratio inspirals. This could be
done by working in the frequency domain and generaliz-
ing the algebraic matrix equation to an inhomogeneous
one. These applications and more render the METRICS
approach a powerful tool for studying the perturbations of
BHs with any spin both in and outside general relativity,
both in vacuum or in the presence of external matter
perturbations.
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Appendix A: Symbols

The calculations presented in this paper involved numer-
ous symbols. For convenience of the reader, we provide a
list of the symbols and their definitions in this appendix.

• a is the dimensionless spin of the BH, first defined
in Eq. (1).

• Ak(r) is the asymptotic prefactor of the k-th per-
turbation variable, first defined in Eq. (15).

• (A) is the superscript which denotes the quantity
concerning the axial-led perturbations, first defined
in Eq. (47).



25

• b =
√
1− a2, first defined in Eq. (2).

• B(N) is the backward modulus difference of the
QNM frequency, first defined in Eq. (50).

• dr is the degree of r of the coefficient of the partial
derivative of the linearized Einstein equations, first
defined in Eq. (22).

• dχ is the degree of χ of the coefficient of the partial
derivative of the linearized Einstein equations, first
defined in Eq. (22).

• dz is the degree of z of the coefficient of the partial
derivative of the compactified linearized Einstein
equations, first defined in Eq. (26).

• D(ω) is the coefficient matrix of spectral expansion,
from one particular basis to another, first defined
in Eq. (31).

• ∆ = (r − r+)(r − r−), first defined in Eq. (2).

• ∆Re/Im is the relative fractional error in the real and
imaginary parts of the METRICS QNM frequencies,
ω(METRICS), and the Teukolsky equations, first
defined in Eq. (53).

• E(N) is the absolute error between the METRICS
QNM frequencies, ω(METRICS), and Leaver’s
method to solve for the QNM modes ω(L), first
defined in Eq. (49).

• fk is the k-th algebraic equation which we solve to
reconstruct metric perturbations, first defined in
Eq. (38).

• Gk,γ,δ,σ,α,β,j is the coefficient of ωγrδχσ∂αr ∂
β
χhj of

the linearized Einstein equations of hj , first defined
in Eqs. (22).

• hk(r, χ) is the functions of metric perturbations,
first defined in Eqs. (8a) and (8b).

• i =
√
−1 is the imaginary unit.

• k in the subscript is the component of the metric
perturbation functions and k = 1, ..., 6, first defined
in Eqs. (8a) and (8b).

• Kk,α,β,γ,δ,σ,j is the coefficient of ωγzδχσ∂αz ∂
β
χ(...) of

the linearized Einstein equations in z and χ, first
defined in Eq. (26).

• l is the azimuthal mode number of the gravitational
QNMs, first defined in Sec. I.

• ℓ is the degree of associate Legendre polynomial
used in spectral expansion, first defined in Eq. (18).

• M is the BH mass, which is taken to be M = 1
throughout this work, first defined in Eq. (1).

• m is the azimuthal number of the metric perturba-
tions, first defined in Eqs. (8a) and (8b).

• N is the number of the Chebyshev and associated
Legendre polynomials used in the full spectral ex-
pansion, first defined in Sec. IVC.

• Nχ is the number of the associated Legendre poly-
nomials included in the spectral expansion, first
defined in Eq. (20).

• Nz is the number of the Chebyshev polynomials
included in the spectral expansion, first defined in
Eq. (20).

• (P) is the superscript which denotes the quantity
concerning the parity-led perturbations, first defined
in Eq. (38).

• PD is the parity dominance, which characterizes the
parity content of metric perturbations, first defined
in Eq. (65).

• r± = M(1 ±
√
1− a2) is the radial coordinate of

the position of the event horizon of the Kerr BH,
first defined below Eq. (2).

• r∗ is the tortoise coordinate, first defined in Eq. (4).

• ρ
(k)
∞ and ρ

(k)
H are the parameters that characterize

the boundary conditions of hk in future null infinity
and at the horizon, first defined in Eq. (11) and
(13).

• ωq(L) is the frequency of the QNM q computed
using the Leaver method, first defined in Eq. (49).

• z = 2r+
r − 1 is the variable that maps r into a finite

domain, first defined in Eq. (17).
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