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Time-dependent driving holds the promise of realizing dynamical phenomenon absent in static sys-
tems. Here, we introduce a correlated random driving protocol to realize a spatiotemporal order that
cannot be achieved even by periodic driving, thereby extending the discussion of time translation
symmetry breaking to randomly driven systems. We find a combination of temporally disordered
micro-motion with prethermal stroboscopic spatiotemporal long-range order. This spatiotemporal
order remains robust against generic perturbations, with an algebraically long prethermal lifetime
where the scaling exponent strongly depends on the symmetry of the perturbation, which we account
for analytically.

Introduction.— Extending the concept of equilibrium
phases of matter to non-equilibrium settings attracts
perennial interest. Prominent examples involve many-
body localization, where the spatial disorder enables
eigenstate ordering even at high energy density, a phe-
nomenon that is disallowed in thermal equilibrium [1, 2].
Periodically driven Floquet systems enrich the zoo of
non-equilibrium phases, where exotic spatiotemporal be-
haviour can be realized, for instance, in discrete time
crystals (DTCs) [3–5] or Floquet topological phases [6, 7].

Here we ask: are there types of spatiotemporal or-
dering that are genuinely new to temporal disorder, i.e.
randomness in the drive, that lie beyond what can be
achieved in conventional Floquet protocols? Closed time-
dependent systems generally lack energy conservation [8].
Temporal disorder removes even the remaining quasi-
conservation as in Floquet systems [9, 10], opening up
further deleterious energy absorption channels, generally
believed to quickly heat up the system until all correla-
tions become trivial and independent of the initial state.
Therefore, unlike the spatial disorder which underpins
eigenstate order [11–14], temporal disorder generally di-
minishes interesting dynamical phenomenon [15–21] and
would, therefore, seem to hold little promise of exhibiting
new spatiotemporal types of order.

Nonetheless, a transient but long-lived prethermal
regime can exist if the heating rate is sufficiently con-
trolled [22–32]. In the context of aperiodic driving, a low
heating rate can specifically be realized in drive proto-
cols such as random multipolar driving (RMD) or hyper-
uniform driving with a suppressed low frequency driving
spectrum. Here, the correlated temporal disorder may
lead to a tunably polynomially suppressed heating rate
for fast drives [33].

Prethermalization opens a long time window that can
potentially hold a rich variety of non-equilibrium phases
enabled by random drivings. Some cousins of Flo-
quet phases, like DTCs and anomalous RMD insulators,
have been recently discovered in randomly driven sys-

tems [19, 33–36]. However, none of them answer our
question as the temporal disorder in these systems plays
the role of an unwanted perturbation, which destabilizes
their corresponding Floquet phases, albeit controllably
gently. The challenge in moving beyond the Floquet
paradigm is thus to employ temporal disorder sufficiently
strong to qualitatively modify the dynamical properties
while sufficiently weak to keep heating under control.

In this work we provide an affirmative answer by pre-
senting a prethermal phase characterized by two types
of temporal correlations: conventional stroboscopic spa-
tiotemporal DTC order coexists with temporally disor-
dered micro-motion. This lies outside the established
Floquet lore, where micro-motions are restricted to fol-
low the stroboscopic time evolution via a deterministic
gauge transformation [37]. We evade this constraint by
randomly applying a spin-flip operation, leading to a non-
trivial π−shifted Fourier spectrum of micro-motion that
is distinct from that of the driving protocol. The stability
of this spatiotemporal order can be analyzed via a Mag-
nus expansion, and we derive a static effective Hamilto-
nian in the prethermal regime with a suppressed heating
rate.

In the following, we first introduce our temporally ran-
dom driving protocol and elaborate on the prethermal
time translation symmetry (TTS) breaking in a soluble
instance. We then analytically investigate and numeri-
cally verify its stability away from solubility. Upon per-
turbing from solubility, the prethermal time scale grows
algebraically with driving frequency. Remarkably, the
scaling exponent strongly depends on the symmetry of
the perturbations. Finally, we show that the prether-
mal phase persists for generic initial states in a localized
model. Beyond the example of RMD driving, we gener-
alize our findings for random hyperuniform drivings.

Driving protocol and soluble model.— We consider a
stepwise drive with two elementary time evolution oper-
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ators for a spin−1/2 chain of length L,

U+
0 = UzUx, U−

0 = UxUz,

Uz = exp (−iTHz/2) , Ux = exp (−iTHx/2)
(1)

where Hz only involves the nearest-neighbor Ising in-
teraction Hz=

∑
j Jzσ

z
jσ

z
j+1 of strength Jz, and a field

Hx = Bx

∑
j σ

x
j of amplitude Bx. The soluble case is

Bx = π/T , where the operator Ux simplifies to the per-
fect global spin flip X=

∏
j σ

x
j of the Ising Z2 symmetry.

As Hz preserves this Ising symmetry, the product of two
U+
0 operators can be generated by the Hamiltonian Hz

as

[U+
0 ]2 = exp

(
−iTHz

)
. (2)

Consequently, for a Floquet drive generated by U+
0 and

for a Z2 symmetry broken initial state, the local magne-
tization at stroboscopic times mT

Sm =
∑
j

⟨σz
j (0)σ

z
j (mT )⟩/L, (3)

exhibits period-doubling behavior with respect to the T
periodic spin flips, see the blue dots in Fig. 1(a). Note,
in this soluble case, the oscillation amplitude of Sm never
decays. Also, the micromotion is also strictly period dou-
bled, with the magnetization, e.g., at half integer times
(m+ 1/2)T

Rm =
∑
j

⟨σz
j (0)σ

z
j (T/2 +mT )⟩/L, (4)

behaving as that at integer times, as it is connected by
the ‘gauge transformation’ Ux.
Now we remove the strict periodicity and randomly

apply U±
0 according to a random driving sequence

{ym} where ym = ±1. Its discrete Fourier spectrum,

Y (ωk) =
∑M−1

m=0 ym exp (−iωkm) /
√
M where M denotes

the length of {ym}, exhibits a random distribution in fre-
quency ωk space with a flat envelope. A similar period
doubling phenomenon still occurs at stroboscopic times
as the relation in Eq. 2 equally applies to any product of
two operators U±

0 .
However, the Floquet theorem does not apply and at

half integer times, the magnetization is temporally dis-
ordered with the expression Rm = (−1)mym: its value
depends on ym as U±

0 determines whether spin-flip hap-
pens in the first or the second half of a period T ; the
phase (−1)m appears as the spin-flip changes the sign
of magnetization and it disappears after even number of
spin-flips. The phase indeed implies a π−shifted spec-
trum Ỹ (ωk) = Y (ωk + π), see proof in Supplementary
Material (SM), but both of them follow the trivial and
structureless frequency spectrum.

However, more interestingly, if Y (ωk) is structured,
this π−shift generally leads to a different spectrum of lo-
cal observables, hence generalizing the notion of prether-
mal TTS breaking to random driving protocols. We illus-
trate this idea by using the family of correlated random
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0.0

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="DRaAAucgzXEl5U7ww/C0Eqi/1WA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHxXjLo=</latexit>

1

<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2

<latexit sha1_base64="y68SxV2ulTsszeTUoa8WdgYCE4g=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k4MVjRfsB7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYHCY/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cGtuv1yxf5zkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+arTsmZVQYkjLV9Cslc/d2R0ciYSRTYyojiyCx7M/E/r5tieO1nQiUpcsUWg8JUEozJ7G4yEJozlBNLKNPC7krYiGrK0KZTsiF4yyevktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WpQUn7zmGP3A+fwBTso0r</latexit>

0.0

<latexit sha1_base64="3M4pIKZiCxHpuQHzd8ZsYp3zLqo=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEIrLCn1BZyiZNNOGJpkhyQhl6G+4caGIW3/GnX9j2s5CWw8EDufcyz05YcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcj/3u09UaRbLlpkmNBB4JFnECDZW8n2BzViJrNFozQblilt1F0DrxMtJBXI0B+UvfxiTVFBpCMda9z03MUGGlWGE01nJTzVNMJngEe1bKrGgOsgWmWfowipDFMXKPmnQQv29kWGh9VSEdnKeUa96c/E/r5+a6DbImExSQyVZHopSjkyM5gWgIVOUGD61BBPFbFZExlhhYmxNJVuCt/rlddK5qnrX1dpjrVK/y+sowhmcwyV4cAN1eIAmtIFAAs/wCm9O6rw4787HcrTg5Dun8AfO5w8RypG0</latexit> F
F
T

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="uADts9qy6BMZhUYNznve61VGZSI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6kkKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH+qBS9WreAmSd+AWpQoHmoPLVHyYsi1EaJqjWPd9LTZBTZTgTOHP7mcaUsgkdYc9SSWPUQb44dEbOrTIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzcW0I/urL66R9WfOvavVq47YIowyncAYX4MM1NOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gAWcYuT</latexit>

4
<latexit sha1_base64="6zP0HM+kwIRzC9A8n5xFmbsm+Mk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfJwk4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEN/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7F2VK/VKqXqbxZGHEziFc/DgGqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH4JnjL4=</latexit>

5
<latexit sha1_base64="lStTIEjKdgYAwCvjc62eS41a/gg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9qrlSqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4PrjL8=</latexit>

6
<latexit sha1_base64="DfnduD/lw0EfIcSDwUSPrNhmtRE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKMJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9q7LlUalVLvN4sjDGZzDJXhQhRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4VvjMA=</latexit>

7
<latexit sha1_base64="5b9nFG0442qVJMjEukZ4CS1SkWE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU93Vol6UghePFbptoV1KNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg1YfDDzem2FmXphwpo3rfjmFldW19Y3iZmlre2d3r7x/0NIyVYT6RHKpOiHWlDNBfcMMp51EURyHnLbD8d3Mbz9SpZkUTTNJaBDjoWARI9hYyffOmjcX/XLFrbpzoL/Ey0kFcjT65c/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTY/dopOrDJAkVS2hEFz9edEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWX/5LWedW7rNYeapX6bR5HEY7gGE7Bgyuowz00wAcCDJ7gBV4d4Tw7b877orXg5DOH8AvOxzeCk43V</latexit>

1/T = 3

<latexit sha1_base64="d61EBpIcydVhurchc5TmuOdhvRQ=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapiRoq6k4MadFewD2qFk0rQNTTJjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWPOtPG8b6ewtr6xuVXcLu3s7u0flA+PmjpKFKENEvFItUOsKWeSNgwznLZjRbEIOW2F49vMb02o0iySj2Ya00DgoWQDRrCxUtAV2IyUSO9D7c565YrnenOgVeLnpAI56r3yV7cfkURQaQjHWnd8LzZBipVhhNNZqZtoGmMyxkPasVRiQXWQzkPP0JlV+mgQKfukQXP190aKhdZTEdrJLKRe9jLxP6+TmMF1kDIZJ4ZKsjg0SDgyEcoaQH2mKDF8agkmitmsiIywwsTYnkq2BH/5y6ukeeH6l271oVqp3eR1FOEETuEcfLiCGtxBHRpA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/6LCSMA==</latexit>

Obs.
<latexit sha1_base64="emnN6deAhALyNHLanpR6yn9SygE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCsp6MJlBfuAdiyZNNOGJpkhyVTK0P9w40IRt/6LO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mt8ZUaRbJBzOJqS/wQLKQEWys9NgV2AyVSG8VG9Npr1xxq+4MaJl4OalAjnqv/NXtRyQRVBrCsdYdz42Nn2JlGOF0WuommsaYjPCAdiyVWFDtp7PUU3RilT4KI2WfNGim/t5IsdB6IgI7maXUi14m/ud1EhNe+SmTcWKoJPNDYcKRiVBWAeozRYnhE0swUcxmRWSIFSbGFlWyJXiLX14mzbOqd1E9vz+v1K7zOopwBMdwCh5cQg3uoA4NIKDgGV7hzXlyXpx352M+WnDynUP4A+fzBxH8kuI=</latexit>

Drive

<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)

<latexit sha1_base64="Usilpf3ciziGtnMCsK75lsE9AIs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiz816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjW+NUQ==</latexit>

(c)

<latexit sha1_base64="PVh8yQirp7PTXBJAsGUzWH7riKI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hLfaTJoFpz6+4cZJV4BalBgeag+tUfRixRXCOT1Nqe58bop9SgYJLPKv3E8piyCR3xXkY1Vdz66fzWGTnLlCEJI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQTDGz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZrYSNqaEMs3gqWQje8surpH1R967qlw+XtcZtEUcZTuAUzsGDa2jAPTShBQzG8Ayv8OYo58V5dz4WrSWnmDmGP3A+fwAi545N</latexit>⌧

<latexit sha1_base64="SIRa2Uu4eXVQ2fByDVmAVbBdzA8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEirqSghs3QgX7gDaUyfS2HTqZhJmJUGMX/oobF4q49Tfc+TdO0iy09cDA4Zx7uWeOH3GmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjCWFBo05KFs+0QBZwIammkO7UgCCXwOLX98lfqte5CKheJOTyLwAjIUbMAo0Ubq2QfdgOiRDJIbo4NmD5k+7dllp+JkwIvEzUkZ5aj37K9uP6RxAEJTTpTquE6kvYRIzSiHaakbK4gIHZMhdAwVJADlJVn+KT42Sh8PQmme0DhTf28kJFBqEvhmMk2r5r1U/M/rxHpw4SVMRLEGQWeHBjHHOsRpGbjPJFDNJ4YQKpnJiumISEK1qaxkSnDnv7xImqcV96xSva2Wa5d5HUV0iI7QCXLROaqha1RHDUTRI3pGr+jNerJerHfrYzZasPKdffQH1ucPCkWWww==</latexit> M
a
g
n
et

iz
a
ti

o
n

<latexit sha1_base64="lymzWjg68/yWCoehAu3Oghj3OAs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePEYiXlAsoTZyWwyZB7LzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfju5nffqLaMCUf7SShocBDyWJGsHVSo9EX/XLFr/pzoFUS5KQCOer98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOanTtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMb34QZk0lqqSSLRXHKkVVo9jcaME2J5RNHMNHM3YrICGtMrEun5EIIll9eJa2LanBVvXy4rNRu8ziKcAKncA4BXEMN7qEOTSAwhGd4hTePey/eu/exaC14+cwx/IH3+QMv/I28</latexit>

Sm
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FIG. 1: (a) Distinct temporal correlations emerge for
micro-motions and stroboscopic times (for system size
L = 26). (b) Fourier modes of micro-motions exhibit a
π−shifted spectrum different from the drive, defining a
new type of TTS breaking. (c) This persists for a long
lifetime, which grows with driving frequency 1/T . We
use Jz = 1, Jx = 0.1, Jy = 0.2, Bz = 0, δr = 0.15, L = 18.

drives, the n−RMD protocol with a non-negative integer
n which quantifies the temporal correlation [33]. 0−RMD
corresponds to the purely random case discussed above.
Time evolution is generated by randomly applying one
of the multipolar operators U±

n , recursively defined as
U±
n = U∓

n−1U
±
n−1. For n = 1, the envelop of the Fourier

spectrum of the drive reads Y1(ωk) ∼ √
1− cosωk with

a linear suppression at ωk = 0, as shown by gray lines
in Fig. 1 (b). The π−shift for the micro-motion persists

and results in Ỹ1(ωk) ∼
√
1 + cosωk where the suppres-

sion can be clearly observed at ωk = π (red lines) in
Fig. 1 (b). Indeed, this behavior exists for the full family
of n−RMDs, where the envelop of the Fourier spectrum
follows Yn(ωk)∼

∏n
j=1

√
1− cos (2j−1ωk), and a π−shift

leads to

Ỹn(ωk) ∼
√
1 + cosωk

n∏
j=2

√
1− cos (2j−1ωk), (5)

for n ≥ 2. Similar π−shifts should also occur for other
random protocols as long as the driving sequence has a
nontrivial frequency spectrum. As a special feature of the
n-RMD protocol, Ỹn(ωk) is also a reflection of Yn(ωk),
see Fig. 1(b), which, however, is not a general property
of TTS breaking in randomly driven systems.
Stability.— A natural question is whether this TTS

breaking persists away from the soluble case. The ques-
tion of stability is also important for experimental real-
izations. Naively, the answer would seem to be negative,
simply because the continuous Fourier spectrum opens
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energy absorption channels to destabilize the whole phe-
nomenon.

However, we have previously shown that generic many-
body systems driven with an n−RMD protocol can ex-
hibit algebraically long prethermal lifetimes in the high-
frequency regime, i.e., the driving frequency is the dom-
inant energy scale of the system [33, 38]. By contrast,
this is not the case here, as the spin-flip operator Ux acts
instantaneously regardless of driving frequency (or, alter-
natiely, requires the field strength to scale up with driving
frequency as Bx = π/T ), and the high-frequency condi-
tion is a priori not satisfied. Also, the fact the spin-flip
operator occurs randomly in time prevents the existence
of a deterministic rotating frame where the strong field
always vanishes.

We can nonetheless demonstrate that the period-
doubling signal persists for a finite but algebraically long
lifetime even away from the fine-tuned point. We also
find that the lifetime of the prethermal regime strongly
depends on the symmetry of the perturbation. To do so,
we consider two types of generic perturbations: (i) the
imperfection in spin flip operations with a field strength
Bx = π/T + δr with δr always non-zero in the follow-
ing discussion; and (ii) perturbations to the Hamilto-
nian Hz, which (a) either preserve the Z2 symmetry,
satisfying X∆Z2X = ∆Z2 or (b) violate the symme-
try X∆X = −∆. We can show that the concomi-
tant prethermal lifetime scales as (a) T−(2n+3) and (b)
T−(2n−1), respectively.
The multipolar operators U±

n being unitary, they can
be written in the form U±

n = exp[−i(2n−1T )H±
n ] where

H±
n is some static Hamiltonian operator. Such a Hamil-

tonian is generally nonlocal and hard to determine for
many-body systems. However, by using a Magnus expan-
sion, H±

n =
∑∞

m=0(2
n−1T )mΩ±

n,m, we can derive its high-
frequency expansion that governs the prethermal dynam-
ics [38]. Subsequently we employ a Fermi’s golden rule
(FGR) argument to predict the scaling of the prethermal
lifetime.

We start from the Z2 preserving perturbations by
changing Hz in Eq. 1 to H = Hz + ∆Z2

. It leads to
two dipolar operators

U−
1 = e−iTH/2e−iTδr

∑
i σ

x
i e−iTH/2,

U+
1 = e−iT

2 δr
∑

i σ
x
i e−iTHe−iT

2 δr
∑

i σ
x
i ,

(6)

where we use the Z2 symmetry of the perturbed Hamilto-
nian H and also the property X2 = 1. Consequently, the
strong field Bx cancels out and the high-frequency regime
is now well-defined if 1/T is much larger than any other
local energy scale. By treating T as a small parameter,
for n = 1, the Magnus expansion leads to

H±
1 = Hz +∆Z2

+ δr
∑
i

σx
i +O±(T 2), (7)

where the zeroth and the first order expression is
the same for both U±

1 , with differing higher order

terms O±(T 2) suppressed for high-frequency drives.
Indeed, one can generalize this result (see SM) to
larger n, and by induction show that the Hamiltonian,
Heff

n :=
∑n

m=0(2
n−1T )mΩ±

n,m, truncated at n−th order is
the same for U±

n .

Therefore, the operator Heff
n plays the role of a static

effective Hamiltonian generated by an arbitrary sequence
of U±

n . For a generic non-integrable Heff
n , the system

will first locally equilibrate to a prethermal state that
can be locally captured by a Gibbs ensemble ρeff ∼
exp(−βeffH

eff
n ). The effective inverse temperature βeff

can be determined by the initial expectation value of
Heff

n . Additional higher order terms are generally dif-
ferent for U±

n and the most dominant ones’ amplitude is
O(Tn+1). They appear randomly in time and induce a
heating rate γ ∼ T × (O(Tn+1))2 ∼ O(T 2n+3) accord-
ing to FGR [38]. Hence, the lifetime of the prethermal
plateau should scale as τ ∼ T−(2n+3) which we numeri-
cally verify below.

Now we discuss the situation with Z2 symmetry break-
ing perturbations with H = Hz+∆. For n = 1, the same
expression for U−

1 is obtained as in Eq. 6. However, U+
1

is different

U+
1 = e−iT

2 δr
∑

i σ
x
i e−iT (Hz−∆)e−iT

2 δr
∑

i σ
x
i . (8)

A similar perturbation expansion leads to

H±
1 = Hz ∓∆+ δr

∑
i

σx
i +O±(T 2) . (9)

Note the zeroth order terms differ by the symmetry
breaking perturbation ∆. Hence, for n = 1 we do not
have a well-defined time-independent Hamiltonian to ap-
proximate 1-RMD dynamics when the Z2 symmetry of H
is explicitly broken. The existence of a prethermal regime
is thus not guaranteed even for large driving frequencies
1/T → ∞.

Prethermal behavior can, however, be obtained by in-
creasing the multipolar order. For n ≥ 2, the perturba-
tive expansion Heff

n truncated at the (n−2)th order coin-
cides for U±

n . Consequently, it is the next, (n−1)st, order
with amplitude O(Tn−1) which destabilizes the system.
The resulting prethermal lifetime scales as τ ∼ T−(2n−1).
This scaling equally applies to n = 1 if the symmetry
breaking ∆ is sufficiently weak, i.e., ∆ does not strongly
couple the initial low energy state and excited states of
Hz. In the following, we support our analysis with nu-
merical simulation via exact diagonalization.

Numerical simulation.— We first consider an ordered
initial state polarized in the positive z−direction, before
extending the discussion to more general initial states.
We consider a generic non-integrable Hamiltonian

H = Hz +
∑
j

Jxσ
x
j σ

x
j+1 + Jyσ

y
j σ

y
j+1 +Bzσ

z
j , (10)



4

101

1/T

102

103

104

ø

Bz = 0.0,Æ = 4.93

Bz = 0.5,Æ = 0.88

1012£ 100 3£ 100 4£ 100 6£ 100

1/T

101

102

103

104

ø

Bz = 0.0,Æ = 6.76

Bz = 0.5,Æ = 2.96

<latexit sha1_base64="uADts9qy6BMZhUYNznve61VGZSI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6kkKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH+qBS9WreAmSd+AWpQoHmoPLVHyYsi1EaJqjWPd9LTZBTZTgTOHP7mcaUsgkdYc9SSWPUQb44dEbOrTIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzcW0I/urL66R9WfOvavVq47YIowyncAYX4MM1NOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gAWcYuT</latexit>

4
<latexit sha1_base64="otxyvzZ8hY1pcYUtwWZsEL0v4K4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+osjPQ=</latexit>

10
<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2

<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102

<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101

<latexit sha1_base64="r+ivvcPFxYrDUlDNs+3MG+FkTrc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99bAyrNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi7p3WW/cN2rNmyKOMpzAKZyDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AEoCNmg==</latexit>

104

<latexit sha1_base64="o3i7vcSwWHesn8Ge3oef+tksT0g=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCncS1EoCNhYWEcwHJCHsbeaSJbt3x+6cEI5UNv4VGwtFbP0Ndv4bN8kVmvhg4PHeDDPz/FgKg6777Swtr6yurec28ptb2zu7hb39uokSzaHGIxnpps8MSBFCDQVKaMYamPIlNPzh9cRvPIA2IgrvcRRDR7F+KALBGVqpWzhqK4YDrdKqBhyAVky26a0IAIWCcbdQdEvuFHSReBkpkgzVbuGr3Yt4oiBELpkxLc+NsZMyjYJLGOfbiYGY8SHrQ8vSkCkwnXT6xpieWKVHg0jbCpFO1d8TKVPGjJRvOydHm3lvIv7ntRIMLjupCOMEIeSzRUEiKUZ0kgntCQ0c5cgSxrWwt1I+YJpxtMnlbQje/MuLpH5W8s5L5btysXKVxZEjh+SYnBKPXJAKuSFVUiOcPJJn8krenCfnxXl3PmatS042c0D+wPn8AfTKmW4=</latexit> P
re

th
er

m
a
l
L
if
et

im
e

<latexit sha1_base64="dRuVeuwKK759aYbM/nhQceihgNQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkJSatVFpejGZQX7gDaEyXTSDp1MwsxEiKX+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1+zKhUtv1t5FZW19Y38puFre2d3T1z/6Alo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90M/XbD0RIGvF7lcbEDdGA04BipLTkmcVr77FmW2enPcTiIaqVrcuqZ5Zsy54BLhMnIyWQoeGZX71+hJOQcIUZkrLr2LFyx0goihmZFHqJJDHCIzQgXU05Col0x7PjJ/BYK30YREIXV3Cm/p4Yo1DKNPR1Z4jUUC56U/E/r5uo4MIdUx4ninA8XxQkDKoITpOAfSoIVizVBGFB9a0QD5FAWOm8CjoEZ/HlZdIqW07VqtxVSvWrLI48OARH4AQ44BzUwS1ogCbAIAXP4BW8GU/Gi/FufMxbc0Y2UwR/YHz+ANUYkvM=</latexit>

Bz = 0.5,↵ = 2.96
<latexit sha1_base64="HZYOZrg2pR8Bl/pRVTDuAg77fr8=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4kJBIab1Uil48VrAf0Iaw2W7bpZtN2N0oNfanePGgiFd/iTf/jds2B219MPB4b4aZeUHMqFSO822srK6tb2zmtvLbO7t7+2bhoCmjRGDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHQ99Vv3REga8Ts1jokXogGnfYqR0pJvFq78x6pz1kUsHqJq2a6UfbPo2M4M1jJxM1KEDHXf/Or2IpyEhCvMkJQd14mVlyKhKGZkku8mksQIj9CAdDTlKCTSS2enT6wTrfSsfiR0cWXN1N8TKQqlHIeB7gyRGspFbyr+53US1b/wUsrjRBGO54v6CbNUZE1zsHpUEKzYWBOEBdW3WniIBMJKp5XXIbiLLy+T5rntlu3SbalYu8ziyMERHMMpuFCBGtxAHRqA4QGe4RXejCfjxXg3PuatK0Y2cwh/YHz+AO/lkn4=</latexit>

Bz = 0,↵ = 6.76

<latexit sha1_base64="eMo1Day0KeYHKdm8ilA3JPRr6UA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUE8S8OIxYl6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSzrZpygH9GB5CFn1Fjp0buo94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmZdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjU2NUQ==</latexit>

1/T

<latexit sha1_base64="9cgwhGnIqvZ00Yh/pG0YVMYu34E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6UgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWepDXlV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9i3L1vlqq3WRx5OEETuEcPLiEGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHy/mNeg==</latexit>

n = 2

<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)

<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102

<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="r+ivvcPFxYrDUlDNs+3MG+FkTrc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99bAyrNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi7p3WW/cN2rNmyKOMpzAKZyDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AEoCNmg==</latexit>

104

<latexit sha1_base64="o3i7vcSwWHesn8Ge3oef+tksT0g=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCncS1EoCNhYWEcwHJCHsbeaSJbt3x+6cEI5UNv4VGwtFbP0Ndv4bN8kVmvhg4PHeDDPz/FgKg6777Swtr6yurec28ptb2zu7hb39uokSzaHGIxnpps8MSBFCDQVKaMYamPIlNPzh9cRvPIA2IgrvcRRDR7F+KALBGVqpWzhqK4YDrdKqBhyAVky26a0IAIWCcbdQdEvuFHSReBkpkgzVbuGr3Yt4oiBELpkxLc+NsZMyjYJLGOfbiYGY8SHrQ8vSkCkwnXT6xpieWKVHg0jbCpFO1d8TKVPGjJRvOydHm3lvIv7ntRIMLjupCOMEIeSzRUEiKUZ0kgntCQ0c5cgSxrWwt1I+YJpxtMnlbQje/MuLpH5W8s5L5btysXKVxZEjh+SYnBKPXJAKuSFVUiOcPJJn8krenCfnxXl3PmatS042c0D+wPn8AfTKmW4=</latexit> P
re

th
er

m
a
l
L
if
et

im
e

<latexit sha1_base64="eMo1Day0KeYHKdm8ilA3JPRr6UA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUE8S8OIxYl6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSzrZpygH9GB5CFn1Fjp0buo94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmZdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjU2NUQ==</latexit>

1/T

<latexit sha1_base64="EOlhK1K2jJH6WDUVTKoQNVqyS58=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpJlgEFxISqdqNUnTjsoK9QBvCZDpph04mYWYixFJfxY0LRdz6IO58G6dtFtr6w8DHf87hnPmDhFGpHOfbWFpeWV1bL2wUN7e2d3bNvf2mjFOBSQPHLBbtAEnCKCcNRRUj7UQQFAWMtILhzaTeeiBC0pjfqywhXoT6nIYUI6Ut3yxd+4+Xjn120kUsGSCN1apvlh3bmcpaBDeHMuSq++ZXtxfjNCJcYYak7LhOorwREopiRsbFbipJgvAQ9UlHI0cRkd5oevzYOtJOzwpjoR9X1tT9PTFCkZRZFOjOCKmBnK9NzP9qnVSFVW9EeZIqwvFsUZgyS8XWJAmrRwXBimUaEBZU32rhARIIK51XUYfgzn95EZqntntuV+4q5dpVHkcBDuAQjsGFC6jBLdShARgyeIZXeDOejBfj3fiYtS4Z+UwJ/sj4/AHTjZLy</latexit>

Bz = 0.5,↵ = 0.88
<latexit sha1_base64="otxyvzZ8hY1pcYUtwWZsEL0v4K4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+osjPQ=</latexit>

10
<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2

<latexit sha1_base64="w9qtcKpjOaa1oEArIdtFDbOw6zo=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8yDCjweUQCXrxGMEskAxDTaeTNOlZ6O5R4phP8eJBEa9+iTf/xk4yB018UPB4r4qqen7MmVS2/W0sLC4tr6zm1vLrG5tb22Zhpy6jRBBaIxGPRNMHSTkLaU0xxWkzFhQCn9OGP7ge+417KiSLwjs1jKkbQC9kXUZAackzC1feY9k+agOP+1AuWRcnnlm0LXsCPE+cjBRRhqpnfrU7EUkCGirCQcqWY8fKTUEoRjgd5duJpDGQAfRoS9MQAirddHL6CB9opYO7kdAVKjxRf0+kEEg5DHzdGYDqy1lvLP7ntRLVPXdTFsaJoiGZLuomHKsIj3PAHSYoUXyoCRDB9K2Y9EEAUTqtvA7BmX15ntSPLefUKt2WipXLLI4c2kP76BA56AxV0A2qohoi6AE9o1f0ZjwZL8a78TFtXTCymV30B8bnD+tVkns=</latexit>

Bz = 0,↵ = 4.93

<latexit sha1_base64="be8feQV5jOGvO27yfPONfJ2sNPk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+3O3X664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvkZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy//Ja2zqndRrd3VKvXrPI4iHMExnIIHl1CHW2hAExiE8AQv8OqMnWfnzXlftBacfOYQfsH5+AbtNoz2</latexit>

30

<latexit sha1_base64="Usilpf3ciziGtnMCsK75lsE9AIs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiz816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjW+NUQ==</latexit>

(c)

101 102 103

0

0.5

1

<latexit sha1_base64="y68SxV2ulTsszeTUoa8WdgYCE4g=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k4MVjRfsB7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYHCY/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cGtuv1yxf5zkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+arTsmZVQYkjLV9Cslc/d2R0ciYSRTYyojiyCx7M/E/r5tieO1nQiUpcsUWg8JUEozJ7G4yEJozlBNLKNPC7krYiGrK0KZTsiF4yyevktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WpQUn7zmGP3A+fwBTso0r</latexit>

0.0

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101
<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102
<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

<latexit sha1_base64="IBrzXxJHCuMNnuB7ghm2B7FrgmM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxcl6MVjBPOAZAmzk9lkyOzsMDMrxCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFUrOtPG8b6ewtLyyulZcL21sbm3vlHf3GjpJFaF1kvBEtUKsKWeC1g0znLakojgOOW2Gw9uJ33ykSrNEPJiRpEGM+4JFjGBjpeZN9+nKc8+65YrnelOgReLnpAI5at3yV6eXkDSmwhCOtW77njRBhpVhhNNxqZNqKjEZ4j5tWypwTHWQTc8doyOr9FCUKFvCoKn6eyLDsdajOLSdMTYDPe9NxP+8dmqiyyBjQqaGCjJbFKUcmQRNfkc9pigxfGQJJorZWxEZYIWJsQmVbAj+/MuLpHHi+ufu6f1ppXqdx1GEAziEY/DhAqpwBzWoA4EhPMMrvDnSeXHenY9Za8HJZ/bhD5zPH/52jrA=</latexit>

Bz = 0.5

<latexit sha1_base64="aK2fxCrVjfTyBHLnU3CzYdTnp60=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg9SklOqlUvTisUK/oA1ls920SzebsLsRaujf8OJBEa/+GW/+G7dtDtr6YODx3gwz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfHdzG8/UqlYKBp6ElE3wEPBfEawNlLvtv9UtS+Qc9moVvr5gl2050CrxElJAVLU+/mv3iAkcUCFJhwr1XXsSLsJlpoRTqe5XqxohMkYD2nXUIEDqtxkfvMUnRllgPxQmhIazdXfEwkOlJoEnukMsB6pZW8m/ud1Y+1fuwkTUaypIItFfsyRDtEsADRgkhLNJ4ZgIpm5FZERlphoE1POhOAsv7xKWqWiUymWH8qF2k0aRxZO4BTOwYErqME91KEJBCJ4hld4s2LrxXq3PhatGSudOYY/sD5/AF7/j/I=</latexit>

Bz = 0, 1/T = 6

<latexit sha1_base64="PuQkDgJpOj0M3B3GB+5PyJ1TiP4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU90tRb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjeVar9YcsvuHGiVeBkpQYZ6v/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDaT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVcreZbn6UC3VbrM48nACp3AOHlxBDe6hDk0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MH9e6OEg==</latexit>

1/T = 24

<latexit sha1_base64="geiw7SbcUoLHhtmPSBHrrTPypi4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxiq2FNpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00r1X65crbtWdg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8Stq1qndRrd/VK43rPI4inMApnIMHl9CAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHtNIz2</latexit>

12

<latexit sha1_base64="lStTIEjKdgYAwCvjc62eS41a/gg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9qrlSqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4PrjL8=</latexit>

6

<latexit sha1_base64="7LOkPmgUk+iJgJvTIE+jfKTWjXU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCuvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AynWNeQ==</latexit>

n = 1

FIG. 2: Prethermal lifetime τ strongly depends on the
presence/absence (blue/red lines) of Z2 symmetry in the
perturbation. (a) Dynamics of the stroboscopic mag-
netization. (b) Algebraic lifetime scaling versus driv-
ing frequency 1/T for multipolar order n = 1. Scal-
ing exponent is approximately 2n + 3 for Z2 preserving
perturbation with Bz = 0, and 2n − 1 for Bz = 0.5
for n = 1. (c) Scaling results for n = 2. We use
Jz = 1, Jx = 0.1, Jy = 0.2, Bz = 0, δr = 0.15, L = 18.

to generate Uz. Periodic boundary conditions are used
such that the translation invariance permits us to simu-
late the dynamics for larger system sizes. The spin flip
has the fixed rotation imperfection δr = 0.15. Non-zero
Jx,y introduces Z2 preserving perturbations whereas Bz

violate the symmetry.

We first consider a single temporal disorder realiza-
tion for 1-RMD with symmetry preserving perturbations
(Bz = 0). In Fig. 1, we plot the magnetization Sm at
stroboscopic times as blue dots in panel (a). Similarly
to conventional discrete time crystals, Sm oscillates with
a period 2T with an amplitude decaying at short times
but equilibrating at a non-zero value in the prethermal
regime. The magnetization Rm for the micro-motions
(red) has approximately the same amplitude as Sm but
oscillates in a random fashion. The discrete Fourier spec-
trum of Rm/|Rm| up to the time t = 100 is plotted
in Fig. 1(b). A clear suppression occurs at ωk = π as
predicted whereas the drive (gray) has a suppression at
ωk = 0, suggesting that the new type of TTS breaking
survives perturbations in the prethermal regime.

In Fig. 1(c), after averaging over 200 temporally dis-
ordered realizations, (−1)mSm is plotted and different
colors correspond to different driving frequencies. After
a short transient period, it relaxes to a non-zero value.
The system heats up to infinite temperature after a long
time scale, which increases for larger driving frequencies.
A similar phenomenon also occurs when Z2 symmetry is
broken (Bz ̸= 0) as shown in Fig. 2 (a). But for a fixed
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<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101
<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102
<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

<latexit sha1_base64="ZTizPTjU9jtgRNrzk8VlIo/UGxg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99dIfVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADHCNlg==</latexit>

100

<latexit sha1_base64="y68SxV2ulTsszeTUoa8WdgYCE4g=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k4MVjRfsB7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYHCY/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cGtuv1yxf5zkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+arTsmZVQYkjLV9Cslc/d2R0ciYSRTYyojiyCx7M/E/r5tieO1nQiUpcsUWg8JUEozJ7G4yEJozlBNLKNPC7krYiGrK0KZTsiF4yyevktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WpQUn7zmGP3A+fwBTso0r</latexit>

0.0

<latexit sha1_base64="SQWbyJdLPPtP3gEJrA7qZhUzhxY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUU9S8OKxoq2FNpTNdtIu3WzC7kYopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1PBtfG8b6ewtr6xuVXcLu3s7u0flA+PWjrJFMMmS0Si2iHVKLjEpuFGYDtVSONQ4GM4upn5j0+oNE/kgxmnGMR0IHnEGTVWuvfcaq9c8VxvDrJK/JxUIEejV/7q9hOWxSgNE1Trju+lJphQZTgTOC11M40pZSM6wI6lksaog8n81Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQVTLhMM4OSLRZFmSAmIbO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwV9+eZW0qq5/4dbuapX6dR5HEU7gFM7Bh0uowy00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVrqNLQ==</latexit>

0.2

<latexit sha1_base64="Ps29P9PfSBCxjRrTcpSPiWiZN9s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmO2mXbjZhdyOU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhang2njet1NYW9/Y3Cpul3Z29/YPyodHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWObmd+6wmV5ol8NOMUg5gOJI84o8ZKD55b7ZUrnuvNQVaJn5MK5Kj3yl/dfsKyGKVhgmrd8b3UBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6DCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7Ih+Msvr5LmhetfutX7aqV2k8dRhBM4hXPw4QpqcAd1aACDATzDK7w5wnlx3p2PRWvByWeO4Q+czx9Zwo0v</latexit>

0.4

<latexit sha1_base64="UZtUi7d/z+jMybFHnCos8dbR7cg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqicpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMLoOJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msvr5LmhetX3cv7y0rtJo+jCCdwCufgwxXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9cyo0x</latexit>

0.6

<latexit sha1_base64="7/MO455dqBskfHcurX858WevEIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMKoGE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWv3Mv7y0rtJo+jCCdwCufgwzXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9f0o0z</latexit>

0.8

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="wO5W0gMIrR0dp9BaOHqJb4T1XpQ=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Ckkp6kUpeBFPFewHtLFsNpt26WYTdjdKDf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnp9wprTjfFtLyyura+uFjeLm1vbObmlvv6niVBLaIDGPZdvHinImaEMzzWk7kRRHPqctf3g18VsPVCoWizs9SqgX4b5gISNYG+m+G1CuMbrpPV04dqVXKju2MwVaJG5OypCj3it9dYOYpBEVmnCsVMd1Eu1lWGpGOB0Xu6miCSZD3KcdQwWOqPKy6dVjdGyUAIWxNCU0mqq/JzIcKTWKfNMZYT1Q895E/M/rpDo89zImklRTQWaLwpQjHaNJBChgkhLNR4ZgIpm5FZEBlphoE1TRhODOv7xImhXbPbWrt9Vy7TKPowCHcAQn4MIZ1OAa6tAAAhKe4RXerEfrxXq3PmatS1Y+cwB/YH3+APY+kYE=</latexit>

�Jz = 0.2

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="uADts9qy6BMZhUYNznve61VGZSI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6kkKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH+qBS9WreAmSd+AWpQoHmoPLVHyYsi1EaJqjWPd9LTZBTZTgTOHP7mcaUsgkdYc9SSWPUQb44dEbOrTIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzcW0I/urL66R9WfOvavVq47YIowyncAYX4MM1NOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gAWcYuT</latexit>

4
<latexit sha1_base64="6zP0HM+kwIRzC9A8n5xFmbsm+Mk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfJwk4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEN/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7F2VK/VKqXqbxZGHEziFc/DgGqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH4JnjL4=</latexit>

5

<latexit sha1_base64="5b9nFG0442qVJMjEukZ4CS1SkWE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU93Vol6UghePFbptoV1KNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg1YfDDzem2FmXphwpo3rfjmFldW19Y3iZmlre2d3r7x/0NIyVYT6RHKpOiHWlDNBfcMMp51EURyHnLbD8d3Mbz9SpZkUTTNJaBDjoWARI9hYyffOmjcX/XLFrbpzoL/Ey0kFcjT65c/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTY/dopOrDJAkVS2hEFz9edEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWX/5LWedW7rNYeapX6bR5HEY7gGE7Bgyuowz00wAcCDJ7gBV4d4Tw7b877orXg5DOH8AvOxzeCk43V</latexit>

1/T = 3
<latexit sha1_base64="otxyvzZ8hY1pcYUtwWZsEL0v4K4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+osjPQ=</latexit>

10

<latexit sha1_base64="cjRRuObek871iBqpBj71Kq7HMg8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92VUr0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjee2y+W3LI7B1olXkZKkKHeL371BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0ZpUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrz2UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpal2WvWq48VEq12yyOPJzAKZyDB1dQg3uoQxMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwB7lmODQ==</latexit>

1/T = 10

<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="g4b4djWZc9LN8TUPavLhYhbYyuA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ik2F6UghfxVMF+QBvLZrNtl242YXej1ND/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0o7zreVW1ldW9/Ibxa2tnd294r7B00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+aOrqd96oFKxSNzpcUy9EA8E6zOCtZHuuwHlGqOb3tNFxa72iiXHdmZAy8TNSAky1HvFr24QkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6jAIVVeOrt6gk6MEqB+JE0JjWbq74kUh0qNQ990hlgP1aI3Ff/zOonuV72UiTjRVJD5on7CkY7QNAIUMEmJ5mNDMJHM3IrIEEtMtAmqYEJwF19eJs0z2z23y7flUu0yiyMPR3AMp+BCBWpwDXVoAAEJz/AKb9aj9WK9Wx/z1pyVzRzCH1ifPwoPkY4=</latexit>

�Jz = 7.8

<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)

1012£ 100 3£ 1004£ 100 6£ 100

1/T

101

102

103

ø

Æ = 4.62

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101

<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102

<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="uADts9qy6BMZhUYNznve61VGZSI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6kkKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH+qBS9WreAmSd+AWpQoHmoPLVHyYsi1EaJqjWPd9LTZBTZTgTOHP7mcaUsgkdYc9SSWPUQb44dEbOrTIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzcW0I/urL66R9WfOvavVq47YIowyncAYX4MM1NOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gAWcYuT</latexit>

4
<latexit sha1_base64="otxyvzZ8hY1pcYUtwWZsEL0v4K4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+osjPQ=</latexit>

10
<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2
<latexit sha1_base64="eMo1Day0KeYHKdm8ilA3JPRr6UA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUE8S8OIxYl6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSzrZpygH9GB5CFn1Fjp0buo94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmZdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjU2NUQ==</latexit>

1/T

<latexit sha1_base64="ioBTUn034ROTCUAFO14ln77cmwE=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgadktpXpRCl48VrAfsF3KbJptQ7PJkmSFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCjlTBvP+3YKG5tb2zvF3dLe/sHhUfn4pK1lpghtEcml6kagKWeCtgwznHZTRSGJOO1E47u533miSjMpHs0kpWECQ8FiRsBYKegBT0dwU3Pr1X654rneAnid+DmpoBzNfvmrN5AkS6gwhIPWge+lJpyCMoxwOiv1Mk1TIGMY0sBSAQnV4XRx8gxfWGWAY6lsCYMX6u+JKSRaT5LIdiZgRnrVm4v/eUFm4utwykSaGSrIclGccWwknv+PB0xRYvjEEiCK2VsxGYECYmxKJRuCv/ryOmlXXb/u1h5qlcZtHkcRnaFzdIl8dIUa6B41UQsRJNEzekVvjnFenHfnY9lacPKZU/QHzucP4ruQVg==</latexit>

↵ = 4.62

<latexit sha1_base64="o3i7vcSwWHesn8Ge3oef+tksT0g=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCncS1EoCNhYWEcwHJCHsbeaSJbt3x+6cEI5UNv4VGwtFbP0Ndv4bN8kVmvhg4PHeDDPz/FgKg6777Swtr6yurec28ptb2zu7hb39uokSzaHGIxnpps8MSBFCDQVKaMYamPIlNPzh9cRvPIA2IgrvcRRDR7F+KALBGVqpWzhqK4YDrdKqBhyAVky26a0IAIWCcbdQdEvuFHSReBkpkgzVbuGr3Yt4oiBELpkxLc+NsZMyjYJLGOfbiYGY8SHrQ8vSkCkwnXT6xpieWKVHg0jbCpFO1d8TKVPGjJRvOydHm3lvIv7ntRIMLjupCOMEIeSzRUEiKUZ0kgntCQ0c5cgSxrWwt1I+YJpxtMnlbQje/MuLpH5W8s5L5btysXKVxZEjh+SYnBKPXJAKuSFVUiOcPJJn8krenCfnxXl3PmatS042c0D+wPn8AfTKmW4=</latexit> P
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FIG. 3: (a) Dynamics for random product state in
z−direction. Prethermal phases persist for sufficiently
strong disorder with a lifetime increasing for larger driv-
ing frequencies. For weak disorder (red), the spatiotem-
poral order quickly vanishes. (b) Algebraic lifetime scal-
ing versus frequency with exponent close to 2n + 3. We
use Jz = 1, Jx = 0.1, Bz = 0, δr = 0.08, n = 1, L = 16.

frequency, e.g., 1/T = 6 (light red), (−1)mSm decays
much faster than the Z2 preserving case (blue), high-
lighting the importance of symmetry in stabilizing the
non-equilibrium phases with random drives.

The dependence of the prethermal lifetime can be fur-
ther quantified by setting a threshold value s0 for the
magnetization. We extract the time ts0 where (−1)mSm

first drops below s0, and the prethermal lifetime τ is de-
termined as the average ⟨ts0⟩s0 for five different thresh-
old values 0.32, 0.32 ± 0.05, 0.32 ± 0.025. The average is
performed to reduce numerical noise and the following
results do not rely on specific threshold values. In Fig. 2
(b), τ is plotted with the error bar denoting the stan-
dard deviation and both axes use a log scale. A linear
dependence is observed for both types of perturbations,
suggesting an algebraic scaling τ ∼ (1/T )α. The expo-
nent α is obtained by a linear fit in the high frequency
regime, and we obtain the scaling exponent α ≈ 2n + 3
for Bz = 0 and α ≈ 2n − 1 for Bz ̸= 0. This scaling
exponent is tunable by increasing the multipolar order
as we verify for n = 2 in Fig. 2 (c).

The persistence of the spatiotemporal order relies on
the fact that the polarized initial state corresponds to a
sufficiently low temperature of the effective Hamiltonian
Heff

n in the prethermal regime [39]. For more generic
initial states at a finite temperature, (−1)mSm quickly
drops to zero and this prethermal phase will not exist,
in accordance with the absence of long range order at
finite temperature in one-dimension. This issue can be
resolved by introducing, for instance, sufficiently strong
spatial disorder to realize the eigenstate order even at
high temperatures.

Let us thus consider the Hamiltonian H =
∑

j(Jz +
Jj)σ

z
jσ

z
j+1+Jxσ

x
j σ

x
j+1, with the spatially disordered cou-

plings Jj randomly chosen from [−δJz/2, δJz/2]. The



5

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit> ⇡
<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit> ⇡

<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

<latexit sha1_base64="Dwtwn6rX3pQd9Juy415ae4vMV5I=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+der1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbphJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AHlnIzx</latexit>�1

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="DRaAAucgzXEl5U7ww/C0Eqi/1WA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHxXjLo=</latexit>

1
<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="SIRa2Uu4eXVQ2fByDVmAVbBdzA8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEirqSghs3QgX7gDaUyfS2HTqZhJmJUGMX/oobF4q49Tfc+TdO0iy09cDA4Zx7uWeOH3GmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjCWFBo05KFs+0QBZwIammkO7UgCCXwOLX98lfqte5CKheJOTyLwAjIUbMAo0Ubq2QfdgOiRDJIbo4NmD5k+7dllp+JkwIvEzUkZ5aj37K9uP6RxAEJTTpTquE6kvYRIzSiHaakbK4gIHZMhdAwVJADlJVn+KT42Sh8PQmme0DhTf28kJFBqEvhmMk2r5r1U/M/rxHpw4SVMRLEGQWeHBjHHOsRpGbjPJFDNJ4YQKpnJiumISEK1qaxkSnDnv7xImqcV96xSva2Wa5d5HUV0iI7QCXLROaqha1RHDUTRI3pGr+jNerJerHfrYzZasPKdffQH1ucPCkWWww==</latexit> M

a
g
n
et

iz
a
ti

o
n

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>
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<latexit sha1_base64="y68SxV2ulTsszeTUoa8WdgYCE4g=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k4MVjRfsB7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYHCY/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cGtuv1yxf5zkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+arTsmZVQYkjLV9Cslc/d2R0ciYSRTYyojiyCx7M/E/r5tieO1nQiUpcsUWg8JUEozJ7G4yEJozlBNLKNPC7krYiGrK0KZTsiF4yyevktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WpQUn7zmGP3A+fwBTso0r</latexit>

0.0

<latexit sha1_base64="3M4pIKZiCxHpuQHzd8ZsYp3zLqo=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEIrLCn1BZyiZNNOGJpkhyQhl6G+4caGIW3/GnX9j2s5CWw8EDufcyz05YcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcj/3u09UaRbLlpkmNBB4JFnECDZW8n2BzViJrNFozQblilt1F0DrxMtJBXI0B+UvfxiTVFBpCMda9z03MUGGlWGE01nJTzVNMJngEe1bKrGgOsgWmWfowipDFMXKPmnQQv29kWGh9VSEdnKeUa96c/E/r5+a6DbImExSQyVZHopSjkyM5gWgIVOUGD61BBPFbFZExlhhYmxNJVuCt/rlddK5qnrX1dpjrVK/y+sowhmcwyV4cAN1eIAmtIFAAs/wCm9O6rw4787HcrTg5Dun8AfO5w8RypG0</latexit> F
F
T

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="d61EBpIcydVhurchc5TmuOdhvRQ=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapiRoq6k4MadFewD2qFk0rQNTTJjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWPOtPG8b6ewtr6xuVXcLu3s7u0flA+PmjpKFKENEvFItUOsKWeSNgwznLZjRbEIOW2F49vMb02o0iySj2Ya00DgoWQDRrCxUtAV2IyUSO9D7c565YrnenOgVeLnpAI56r3yV7cfkURQaQjHWnd8LzZBipVhhNNZqZtoGmMyxkPasVRiQXWQzkPP0JlV+mgQKfukQXP190aKhdZTEdrJLKRe9jLxP6+TmMF1kDIZJ4ZKsjg0SDgyEcoaQH2mKDF8agkmitmsiIywwsTYnkq2BH/5y6ukeeH6l271oVqp3eR1FOEETuEcfLiCGtxBHRpA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/6LCSMA==</latexit>

Obs.

<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)

<latexit sha1_base64="vVLLrt2ivmzbnlIb1nbAtC0hxrY=">AAAB8nicbVDLSsNAFL3xWeur6tJNsAiualJ8raTgxmUF+4AklMl00g6dR5iZCCX0M9y4UMStX+POv3HaZqGtBy4czrmXe++JU0a18bxvZ2V1bX1js7RV3t7Z3duvHBy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvHobup3nojSVIpHM05JxNFA0IRiZKwUhJKTATqvhyntVapezZvBXSZ+QapQoNmrfIV9iTNOhMEMaR34XmqiHClDMSOTcphpkiI8QgMSWCoQJzrKZydP3FOr9N1EKlvCuDP190SOuNZjHttOjsxQL3pT8T8vyExyE+VUpJkhAs8XJRlzjXSn/7t9qgg2bGwJworaW108RAphY1Mq2xD8xZeXSbte869qlw8X1cZtEUcJjuEEzsCHa2jAPTShBRgkPMMrvDnGeXHenY9564pTzBzBHzifP8DvkOk=</latexit>

!/2⇡

<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6

<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2

<latexit sha1_base64="emnN6deAhALyNHLanpR6yn9SygE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCsp6MJlBfuAdiyZNNOGJpkhyVTK0P9w40IRt/6LO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mt8ZUaRbJBzOJqS/wQLKQEWys9NgV2AyVSG8VG9Npr1xxq+4MaJl4OalAjnqv/NXtRyQRVBrCsdYdz42Nn2JlGOF0WuommsaYjPCAdiyVWFDtp7PUU3RilT4KI2WfNGim/t5IsdB6IgI7maXUi14m/ud1EhNe+SmTcWKoJPNDYcKRiVBWAeozRYnhE0swUcxmRWSIFSbGFlWyJXiLX14mzbOqd1E9vz+v1K7zOopwBMdwCh5cQg3uoA4NIKDgGV7hzXlyXpx352M+WnDynUP4A+fzBxH8kuI=</latexit>

Drive

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>
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<latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5
<latexit sha1_base64="yICWPtkY0c79MONf21Gsk29CeEM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKop4k4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHirVXrHklt05yCrxMlKCDPVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/NLp+TMKn0SxsqWNGSu/p6Y0EjrcRTYzoiaoV72ZuJ/Xic14bU/4TJJDUq2WBSmgpiYzN4mfa6QGTG2hDLF7a2EDamizNhwCjYEb/nlVdK8KHuX5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/2oYz9</latexit>

45
<latexit sha1_base64="oeFXYlZe71hTig1vsdeoSNKxhdA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqicpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+5rbL1fcqjsH+Uu8nFQgR6Nf/uwNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Sk6sMiBhrGxJQ+bqz4mMRlpPosB2RtSM9LI3E//zuqkJr/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85Zf/ktZZ1buo1u7OK/XrPI4iHMExnIIHl1CHW2hAExiE8AQv8OqMnWfnzXlftBacfOYQfsH5+Abwkoz5</latexit>

50

<latexit sha1_base64="gzzjgaqyFeuEgxe4JWhFQNGWFCI=">AAACAnicbVDLSsNAFJ3UV62vqitxM1gEVyURXxul4MZlBfuAtoTJZNIOnUnCzI1YQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jxYJrsO1vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4CFrAAfB2rFiRHqCtbzhdea37pnSPArvYBSzniT9kAecEjCSW97r+kwAweCmXUlgoGQqycN4fGm75YpdtSfA88TJSQXlqLvlr64f0USyEKggWnccO4ZeShRwKti41E00iwkdkj7rGBoSyXQvnbwwxodG8XEQKVMh4In6eyIlUuuR9Exndqae9TLxP6+TQHDRS3kYJ8BCOl0UJAJDhLM8sM8VoyBGhhCquLkV0wFRhIJJrWRCcGZfnifN46pzVj29PanUrvI4imgfHaAj5KBzVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHtLVg5TO76A+szx+TbJeM</latexit>

�tmax = 0
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�tmax = 0.3

FIG. 4: (a) Dynamics of the magnetization. For blue
line, spins flip randomly according to a hyperuniform se-
quence, while for black line spins flip deterministically.
System size L = 20 and rotation imperfection δ′r = 0.01.
(b) Fourier modes of magnetization exhibit a π−shifted
spectrum different from the drive. The algebraic suppres-
sion (dashed black) has an exponent α/2. We use Jz =
1, Jx = 0.2, α = 3.8, L = 16, δ′r = 0, δtmax = 0.1, T = 1

for the numerical simulation.

system starts from a product state containing spins po-
larized randomly in the ±z direction with total magneti-
zation zero. We perform 400 simulations to average over
different initial states, spatial and temporal disorder re-
alizations with the multipolar order n = 1. The magneti-
zation (−1)mSm is plotted in Fig. 3 (a). For sufficiently
strong disorder δJz = 7.8 (blue), with localization estab-
lished, the system maintains strong memory of the initial
state, (−1)mSm ≈ 0.8, in the prethermal regime. We
extract the prethermal lifetime when the magnetization
starts deviating from the prethermal plateau by using five
different threshold values 0.76, 0.76±0.02, 0.76±0.01, and
plot it in Fig. 3 (b) where an algebraic scaling is observed.
We do not observe notable finite size effects in our sim-
ulation, see details in SM. The fitted scaling exponent
is close to 2n + 3 as predicted. In contrast, for a weak
disorder δJz = 0.2 (red), eigenstates of the truncated
effective Hamiltonian are not ordered at a high energy
density, hence, the system quickly heats up with a van-
ishing magnetization.

Discussion.— We show that a new type of spatiotem-
poral order absent in Floquet systems can be achieved by
structured random protocols, which is manifest through a
π−shifted spectrum of the dynamics of local observables
compared to the spectrum of the drive. Many-body local-
ization is employed here to stabilize the Z2 ordering in the
prethermal regime. It can be alternatively achieved by
using higher dimensional spin models or long-range inter-
actions in 1D [39–42], and classical spin models will also
be suitable for large scale numerical simulations [43, 44].

We emphasize that, although our results build on the
concrete n−RMD protocol, this novel type of TTS break-
ing is quite generic. To provide another concrete ex-
ample, consider a driving protocol with the Hamilto-
nian H = Hz +

∑
j Jxσ

x
j σ

x
j+1 to generate the time evo-

lution and apply Ux = exp(−i(1 + δ′r)π/2) with im-

perfection δ′r to flip the spins instantaneously at time
t = mT + T/2 + δtm for integer m and random δtm ∈
[δtmax, δtmax]. This randomness can be chosen to be
“hyperuniform”, i.e. with suppressed large-scale fluctu-
ations [45, 46], leading to an algebraic suppression of low
frequencies similar to the RMD sequence but with a con-
tinuously tunable scaling exponent α/2 , see details in the
SM. In Fig. 4 (a), starting from the initial state

∏
i |↑⟩, we

plot the time evolution of the magnetization
∑

j⟨σz
j ⟩/L

where the regular period-doubling behavior occurs stro-
boscopically. In contrast, the random micromotions ex-
hibit the novel π−shifted spectrum as shown in Fig. 4
(b). Such a pattern can also be long-lived by choosing
a small δtmax, see SM. A systematic investigation of the
prethermal lifetime and its relation to hyperuniformity is
an intriguing subject for future study.

Another important feature is the symmetry depen-
dence of the prethermal lifetime scaling. An intriguing di-
rection for the future is then a systematic symmetry clas-
sification of heating dynamics. Similar questions are also
worth studying in Floquet systems and quasi-periodically
driven systems [17, 36, 47–49].

Going forward, we anticipate the extension of our pro-
tocol to Floquet topological phases and their general-
izations [50, 51]. In Ref. [7], the soluble limit involves
four-step hopping processes and a fifth-step random dis-
order potential. One can reshuffle the fifth step, such that
particle hopping is temporally disordered while strobo-
scopic dynamics remain deterministic. Investigating the
prethermal phenomenon away from this soluble limit will
be worth pursuing in the future.
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π−shifted Fourier spectrum for RMD

Suppose all spins are flipped either in the first (U−
0 )

or the second half (U+
0 ) of a single period T according to

a random string, e.g., {ym} = {+1,−1,−1,−1,+1, . . . }
which contains M number of ±1. Its discrete Fourier
decomposition, defined as

Y (xk) =
1√
M

M−1∑
m=0

ym exp (−i2πxkm) , (11)

where xk = k/N ∈ [0, 1) for k ∈ [0, N − 1), exhibits
certain nontrivial distributions, for instance, a dipolar
structure as shown in Fig. 1(b). Y (xk) is obtained by
fast Fourier transformation and plotted versus xk. Only
half of the xk is plotted, and the other half is symmetric
with respect to xk = 1/2 as the string elements are all
real. Consider a single spin |↑⟩ as the initial state, the
magnetization in z-direction at half integer times reads
{ỹm} = {+1,+1,−1,+1,+1, . . . }, which differ from the
driving {ym} by a phase (−1)m as the spin comes back
to its initial polarization after two spin flips. It leads to
a new Fourier spectrum

Ỹ (xk) =
1√
M

M−1∑
m=0

ỹm exp (−i2πxkm)

=
1√
M

M−1∑
m=0

(−1)mym exp (−i2πxkm)

=
1√
M

M−1∑
m=0

ym exp [−i2πm(xk + 1/2)] ,

(12)

resulting in the relation Ỹ (xk) = Y (xk + 1/2). Al-
ternatively, in term of frequencies ωk = 2πxk, it im-
plies a π−shifted spectrum Ỹ (ωk) = Y (ωk + π) with
ωk ∈ [0, 2π). Specifically, for n−RMD drive, the envelop
of the Fourier spectrum of the drive has been shown to
be

Yn(ωk) ∼
n∏

j=1

√
1− cos (2j−1ωk), (13)

and a π−shift leads to

Ỹn(ωk) ∼
n∏

j=1

√
1− cos (2j−1ωk + 2j−1π)

=
√
1 + cosωk

n−1∏
j=1

√
1− cos (2jωk),

(14)

where a frequency suppression occurs at ωk = π, as
shown in Fig. 1(b). Another interesting property in

Fig. 1(b) is observable spectrum is a reflection of the
driving spectrum with respect to ωk = π/2. This gener-
ally happens for n−RMD protocols as

Ỹn(π/2 + x) = Yn(−π + π/2 + x)

= Yn(−π/2 + x) = Yn(π/2− x),
(15)

where the last equal sign can be verified from Eq. 13.
However, such reflection is not a general property for
other types of spectrum.

Derivation of the effective Hamiltonian

For Z2 symmetry preserving perturbation, we
show that the effective Hamiltonian Heff

n =∑n
m=0(2

n−1T )mΩ±
n,m truncated up to the n−th or-

der are same for U±
n . In Eq. 7 we have already shown

that it works for n = 1. Let us first follow Ref. [38] and
prove for each n, we have

Ω+
n,m = Ω−

n,m = 2−m(n−m)
Ω+

m,m +Ω−
m,m

2
. (16)

for all m ≤ n by induction. We first assume Eq. 16 is
true, then U±

n+1 = U∓
n U±

n reduces to

U±
n+1

=exp

[
−i

(
Heff

n (2n−1T )+

∞∑
m=n+1

Ω∓
n,m(2n−1T )m+1

)]

× exp

[
−i

(
Heff

n (2n−1T ) +

∞∑
m=n+1

Ω±
n,m(2n−1T )m+1

)]
.

(17)

This can be rewritten as a single exponential by using
the Baker-Campbell-Hausdorff formula.

U±
n+1 = exp

[
− i
(
Heff

n 2nT +
(
Ω+

n,n+1 +Ω−
n,n+1

)
× (2n−1T )n+2 +O

(
Tn+3

) )]
.

(18)

By comparing it with the direct Magnus expansion of
U±
n+1 = exp

[
−i
∑∞

m=0(2
nT )m+1Ω±

n+1,m

]
, we obtain

Ω+
n+1,m = Ω−

n+1,m = 2−m
Ω+

n,m +Ω−
n,m

2

= 2−m(n+1−m)
Ω+

m,m +Ω−
m,m

2
for all m ≤ n+ 1,

(19)

which shows that Eq. (16) also holds for n+1. Therefore,
by induction we conclude that Eq. (16) holds for every n.
Note, this scaling is different from our previous result in
Ref. [33] where Eq. 16 works for m ≤ n−1. This happens
because U±

0 employed in this work already has a dipolar
structure according to the definition in Ref. [33].
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104
<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

100 101 102 103 104
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1.00

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="7/MO455dqBskfHcurX858WevEIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMKoGE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWv3Mv7y0rtJo+jCCdwCufgwzXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9f0o0z</latexit>

0.8

<latexit sha1_base64="UZtUi7d/z+jMybFHnCos8dbR7cg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqicpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMLoOJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msvr5LmhetX3cv7y0rtJo+jCCdwCufgwxXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9cyo0x</latexit>

0.6
<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101
<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102
<latexit sha1_base64="ZTizPTjU9jtgRNrzk8VlIo/UGxg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99dIfVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADHCNlg==</latexit>

100
<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103
<latexit sha1_base64="r+ivvcPFxYrDUlDNs+3MG+FkTrc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99bAyrNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi7p3WW/cN2rNmyKOMpzAKZyDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AEoCNmg==</latexit>

104
<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t
100 101 102 103

0.2
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0.6

0.8

1.0

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="UZtUi7d/z+jMybFHnCos8dbR7cg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqicpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMLoOJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msvr5LmhetX3cv7y0rtJo+jCCdwCufgwxXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9cyo0x</latexit>

0.6

<latexit sha1_base64="SQWbyJdLPPtP3gEJrA7qZhUzhxY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUU9S8OKxoq2FNpTNdtIu3WzC7kYopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1PBtfG8b6ewtr6xuVXcLu3s7u0flA+PWjrJFMMmS0Si2iHVKLjEpuFGYDtVSONQ4GM4upn5j0+oNE/kgxmnGMR0IHnEGTVWuvfcaq9c8VxvDrJK/JxUIEejV/7q9hOWxSgNE1Trju+lJphQZTgTOC11M40pZSM6wI6lksaog8n81Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQVTLhMM4OSLRZFmSAmIbO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwV9+eZW0qq5/4dbuapX6dR5HEU7gFM7Bh0uowy00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AVrqNLQ==</latexit>

0.2

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101
<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102
<latexit sha1_base64="ZTizPTjU9jtgRNrzk8VlIo/UGxg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99dIfVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADHCNlg==</latexit>

100
<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>
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1.0

<latexit sha1_base64="7/MO455dqBskfHcurX858WevEIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMKoGE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWv3Mv7y0rtJo+jCCdwCufgwzXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9f0o0z</latexit>

0.8

<latexit sha1_base64="VTxeb7fqPVAXMQXrYxBs8jsQ6aA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqCcpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevBdr1eueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvUv3ep9tVK7yeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9VOI0s</latexit>

1.0

<latexit sha1_base64="UZtUi7d/z+jMybFHnCos8dbR7cg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqicpePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBj3v2ymsrW9sbhW3Szu7e/sH5cOjpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1wdDvzW09cG5GoRxynPIjpQIlIMIpWevDcaq9c8VxvDrJK/JxUIEe9V/7q9hOWxVwhk9SYju+lGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n9fJMLoOJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7Ih+Msvr5LmhetX3cv7y0rtJo+jCCdwCufgwxXU4A7q0AAGA3iGV3hzpPPivDsfi9aCk88cwx84nz9cyo0x</latexit>

0.6

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101
<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102
<latexit sha1_base64="7t5I6Wxvc9xycsYyzJNQKdAgCGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVu6zWmrVK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOHjjP0=</latexit>

t

<latexit sha1_base64="ZTizPTjU9jtgRNrzk8VlIo/UGxg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99dIfVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADHCNlg==</latexit>

100
<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="59BDKiI9DHwWfrujw7VjVNNlN0I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXinqSghePFe2HtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR5Kp97Jo7jrim6h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0zsreeblyWylWr7I4cnAIR1ACDy6gCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AUcyPcg==</latexit> (�
1
)m

S
m

<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)

<latexit sha1_base64="Usilpf3ciziGtnMCsK75lsE9AIs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiz816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjW+NUQ==</latexit>

(c)

<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)

<latexit sha1_base64="Tik+/s9xpXWxl/fJUkzAPebnWuY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinqSghePFe0HtEvJZrNtaDa7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2Fmnp8Iro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1fWJZoJL1jLcCNZNFCORL1jHH9/O/M4TU5rH8tFMEuZFZCh5yCkxVnqoBueDcsWpOXPgVeLmpAI5moPyVz+IaRoxaaggWvdcJzFeRpThVLBpqZ9qlhA6JkPWs1SSiGkvm586xWdWCXAYK1vS4Ln6eyIjkdaTyLedETEjvezNxP+8XmrCay/jMkkNk3SxKEwFNjGe/Y0Drhg1YmIJoYrbWzEdEUWosemUbAju8surpH1Rcy9r9ft6pXGTx1GEEziFKrhwBQ24gya0gMIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/jvSNUg==</latexit>

(d)

<latexit sha1_base64="5b9nFG0442qVJMjEukZ4CS1SkWE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU93Vol6UghePFbptoV1KNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg1YfDDzem2FmXphwpo3rfjmFldW19Y3iZmlre2d3r7x/0NIyVYT6RHKpOiHWlDNBfcMMp51EURyHnLbD8d3Mbz9SpZkUTTNJaBDjoWARI9hYyffOmjcX/XLFrbpzoL/Ey0kFcjT65c/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTY/dopOrDJAkVS2hEFz9edEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWX/5LWedW7rNYeapX6bR5HEY7gGE7Bgyuowz00wAcCDJ7gBV4d4Tw7b877orXg5DOH8AvOxzeCk43V</latexit>

1/T = 3

<latexit sha1_base64="2YVsOtjSvNEZYdHwYAMA4xTFkcU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqe5K0V6UghePFbptoV1KNs22odnskmSFsvQ3ePGgiFd/kDf/jWm7B60+GHi8N8PMvCARXBvH+UKFtfWNza3idmlnd2//oHx41NZxqijzaCxi1Q2IZoJL5hluBOsmipEoEKwTTO7mfueRKc1j2TLThPkRGUkeckqMlTz3onVTH5QrTtVZAP8lbk4qkKM5KH/2hzFNIyYNFUTrnuskxs+IMpwKNiv1U80SQidkxHqWShIx7WeLY2f4zCpDHMbKljR4of6cyEik9TQKbGdEzFivenPxP6+XmrDuZ1wmqWGSLheFqcAmxvPP8ZArRo2YWkKo4vZWTMdEEWpsPiUbgrv68l/Svqy6V9XaQ63SuM3jKMIJnMI5uHANDbiHJnhAgcMTvMArkugZvaH3ZWsB5TPH8Avo4xuKJ43a</latexit>

1/T = 8
<latexit sha1_base64="1F2BPxd8U5jXC94Ix4JK1Z/Qo9k=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92V4sdBKXjxWKHbFtqlZNNsG5pNliQrlKW/wYsHRbz6g7z5b0zbPWj1wcDjvRlm5oUJZ9q47pdTWFldW98obpa2tnd298r7By0tU0WoTySXqhNiTTkT1DfMcNpJFMVxyGk7HN/N/PYjVZpJ0TSThAYxHgoWMYKNlXzvrHlz3S9X3Ko7B/pLvJxUIEejX/7sDSRJYyoM4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWChxTHWTzY6foxCoDFEllSxg0V39OZDjWehKHtjPGZqSXvZn4n9dNTXQVZEwkqaGCLBZFKUdGotnnaMAUJYZPLMFEMXsrIiOsMDE2n5INwVt++S9pnVe9i2rtoVap3+ZxFOEIjuEUPLiEOtxDA3wgwOAJXuDVEc6z8+a8L1oLTj5zCL/gfHwDi6uN2w==</latexit>

1/T = 9

<latexit sha1_base64="IbTe7wZ94gQVomBXPEJksTmGGPs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92V+nFRCl48Vui2hXYp2TTbhmaTJckKZelv8OJBEa/+IG/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QUvLVBHqE8ml6oRYU84E9Q0znHYSRXEcctoOx3czv/1IlWZSNM0koUGMh4JFjGBjJd87a95c9MsVt+rOgf4SLycVyNHolz97A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6scoARVLZEgbN1Z8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZf/kta51Xvslp7qFXqt3kcRTiCYzgFD66gDvfQAB8IMHiCF3h1hPPsvDnvi9aCk88cwi84H9+Fm43X</latexit>

1/T = 5

<latexit sha1_base64="9tTIflj6Z83NtklGazeyI5/jRgI=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRBslYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v/Zqg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwxRGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVa9erT3UKo2bPI4inMApnIMHl9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALKo2V</latexit>

L = 14

<latexit sha1_base64="4Q/VrTNSGo4lNy0vlmoUYxyycUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRBslYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v/bqg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwxRGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVa9erT3UKo2bPI4inMApnIMHl9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOMo2X</latexit>

L = 16

FIG. 5: Dynamics of magnetization for different driv-
ing frequencies and different system sizes. We use Jz =
1, Jx = 0.1, Bz = 0, δr = 0.08, n = 1, L = 16 for numeri-

cal simulation.

Similar argument can be carried out for symmetry
breaking perturbation. However, Eq. 16 only holds true
for all m ≤ n − 2. One can easily verify this for n = 2
where the ±∆ term cancels out in the lowest order effec-
tive Hamiltonian, leading to Hz + δr

∑
i σ

x
i .

Simulation for different system sizes

We plot the dynamics of the localized model for dif-
ferent system sizes and different driving frequencies in
Fig. 5. Initial states are chosen as product states with
randomly polarized spins in z direction, in the sector
with zero total magnetization. Results have been av-
eraged over 400 simulations with different initial states,
spatial and temporal disorder. We notice that for small
driving frequencies where the system quickly heats up,
for instance, 1/T = 3, results converge rapidly with a
small number of simulations. While for larger driving
frequencies, more simulations are needed to average out
the fluctuation between different disorder realizations.

The averaged results are very similar for L = 14 and
L = 16 without notable finite size effects in the simulated
parameter regimes and time scales. A similar dependence
of the prethermal lifetime on the driving frequencies is
observed, as shown in Fig. 6. Note, finite size effect may
still occur for very high frequency driving and at late
times, for instance, t ≳ 104, which goes beyond what we
can simulate for random multipolar drivings.

1012£ 100 3£ 100 4£ 100 6£ 100

1/T

101

102

103

ø

Æ = 4.44

Æ = 4.62

<latexit sha1_base64="IOVKpmr2VmlkcZL39VNxwPUfOKk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8tmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM999IbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8ADfSNlw==</latexit>

101

<latexit sha1_base64="AM/9MH7/ykMoXSBEL1i2/SapEE8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXqSghePFewHtGvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcEmkzz3sTYsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJrP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWr9vl5p3uRxFOEMzuESPLiCJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHD3iNmA==</latexit>

102

<latexit sha1_base64="nrzq9S5QFXmHZi+MPDzRLYtd7E4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH16tXafa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEPyNmQ==</latexit>

103

<latexit sha1_base64="uADts9qy6BMZhUYNznve61VGZSI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6kkKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH+qBS9WreAmSd+AWpQoHmoPLVHyYsi1EaJqjWPd9LTZBTZTgTOHP7mcaUsgkdYc9SSWPUQb44dEbOrTIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzcW0I/urL66R9WfOvavVq47YIowyncAYX4MM1NOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gAWcYuT</latexit>

4
<latexit sha1_base64="otxyvzZ8hY1pcYUtwWZsEL0v4K4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+osjPQ=</latexit>

10
<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2
<latexit sha1_base64="eMo1Day0KeYHKdm8ilA3JPRr6UA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUE8S8OIxYl6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSzrZpygH9GB5CFn1Fjp0buo94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmZdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjU2NUQ==</latexit>

1/T

<latexit sha1_base64="ioBTUn034ROTCUAFO14ln77cmwE=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgadktpXpRCl48VrAfsF3KbJptQ7PJkmSFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCjlTBvP+3YKG5tb2zvF3dLe/sHhUfn4pK1lpghtEcml6kagKWeCtgwznHZTRSGJOO1E47u533miSjMpHs0kpWECQ8FiRsBYKegBT0dwU3Pr1X654rneAnid+DmpoBzNfvmrN5AkS6gwhIPWge+lJpyCMoxwOiv1Mk1TIGMY0sBSAQnV4XRx8gxfWGWAY6lsCYMX6u+JKSRaT5LIdiZgRnrVm4v/eUFm4utwykSaGSrIclGccWwknv+PB0xRYvjEEiCK2VsxGYECYmxKJRuCv/ryOmlXXb/u1h5qlcZtHkcRnaFzdIl8dIUa6B41UQsRJNEzekVvjnFenHfnY9lacPKZU/QHzucP4ruQVg==</latexit>

↵ = 4.62

<latexit sha1_base64="o3i7vcSwWHesn8Ge3oef+tksT0g=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCncS1EoCNhYWEcwHJCHsbeaSJbt3x+6cEI5UNv4VGwtFbP0Ndv4bN8kVmvhg4PHeDDPz/FgKg6777Swtr6yurec28ptb2zu7hb39uokSzaHGIxnpps8MSBFCDQVKaMYamPIlNPzh9cRvPIA2IgrvcRRDR7F+KALBGVqpWzhqK4YDrdKqBhyAVky26a0IAIWCcbdQdEvuFHSReBkpkgzVbuGr3Yt4oiBELpkxLc+NsZMyjYJLGOfbiYGY8SHrQ8vSkCkwnXT6xpieWKVHg0jbCpFO1d8TKVPGjJRvOydHm3lvIv7ntRIMLjupCOMEIeSzRUEiKUZ0kgntCQ0c5cgSxrWwt1I+YJpxtMnlbQje/MuLpH5W8s5L5btysXKVxZEjh+SYnBKPXJAKuSFVUiOcPJJn8krenCfnxXl3PmatS042c0D+wPn8AfTKmW4=</latexit> P
re

th
er

m
a
l
L
if
et

im
e

<latexit sha1_base64="9tTIflj6Z83NtklGazeyI5/jRgI=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRBslYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v/Zqg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwxRGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVa9erT3UKo2bPI4inMApnIMHl9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALKo2V</latexit>

L = 14
<latexit sha1_base64="4Q/VrTNSGo4lNy0vlmoUYxyycUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRBslYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v/bqg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwxRGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVa9erT3UKo2bPI4inMApnIMHl9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOMo2X</latexit>

L = 16

FIG. 6: Scaling for different system sizes

Hyperuniform protocol and its π−shifted Fourier
spectrum

Following Ref. [46], a hyperuniform driving has sup-
pressed low frequency components in its Fourier spec-
trum. Concretely, one can consider

qn =
1√
L

∑
k

qke
−ikn, (20)

with k = 2πm/L, m = 1 . . . L and qk are random num-
bers with correlation

Sα (k, k′) ≡ [qkq−k′ ] ∼ |k|αδkk′ , (21)

where α is the hyperuniformity parameter to quantify
the low frequency suppression [·] denotes random aver-
age. For our discrete RMD protocol α = 2n, but here
in general α can be tuned continuously. For instance, we
can use

qk = | sin(k/2)|α/2 1√
L

∑
j

ξje
ikj , for j = 1 . . . L, (22)

where ξj are randomly drawn from ±1, and one can per-
form inverse Fourier transformation to obtain qj . The
correlation Eq. 21 results in an algebraic suppression at
small frequency of the Fourier spectrum of qj with expo-
nent α/2.
Now we introduce the following driving protocol ex-

hibiting hyperuniformity. We first consider the piece-wise
constant function that is non-vanishing only in the time
interval [nT, (n+ 1)T ]:

hn(t) :=


1, nT ≤ t < nT + T/2 + δtn

−1, nT + T/2 + δtn ≤ t < (n+ 1)T

0, else

(23)

where the temporal fluctuation δtn ∈ [−δtmax, δtmax],
sampled from a hyperuniform sequence, namely tn =
δmaxqn. The overall driving function is

h(t) =
∑
n

hn(t), (24)



9

and if h(t) = 1, the Hamiltonian H =
∑

j Jzσ
z
jσ

z
j+1 +

Jxσ
x
j σ

x
j+1, is applied on the many-body spin chain; if

h(t) = −1, we first apply Ux = exp(−i(1 + δ′r)π/2) in-
stantaneously then again use H to continue the time evo-
lution.
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<latexit sha1_base64="PNIH3ODgJD9c7W13cUsHuKA0K8o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flaqNaqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB33bjLs=</latexit>

2

<latexit sha1_base64="y68SxV2ulTsszeTUoa8WdgYCE4g=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k4MVjRfsB7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYHCY/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cGtuv1yxf5zkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+arTsmZVQYkjLV9Cslc/d2R0ciYSRTYyojiyCx7M/E/r5tieO1nQiUpcsUWg8JUEozJ7G4yEJozlBNLKNPC7krYiGrK0KZTsiF4yyevktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WpQUn7zmGP3A+fwBTso0r</latexit>

0.0

<latexit sha1_base64="3M4pIKZiCxHpuQHzd8ZsYp3zLqo=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEIrLCn1BZyiZNNOGJpkhyQhl6G+4caGIW3/GnX9j2s5CWw8EDufcyz05YcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcj/3u09UaRbLlpkmNBB4JFnECDZW8n2BzViJrNFozQblilt1F0DrxMtJBXI0B+UvfxiTVFBpCMda9z03MUGGlWGE01nJTzVNMJngEe1bKrGgOsgWmWfowipDFMXKPmnQQv29kWGh9VSEdnKeUa96c/E/r5+a6DbImExSQyVZHopSjkyM5gWgIVOUGD61BBPFbFZExlhhYmxNJVuCt/rlddK5qnrX1dpjrVK/y+sowhmcwyV4cAN1eIAmtIFAAs/wCm9O6rw4787HcrTg5Dun8AfO5w8RypG0</latexit> F
F
T

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0 <latexit sha1_base64="vVLLrt2ivmzbnlIb1nbAtC0hxrY=">AAAB8nicbVDLSsNAFL3xWeur6tJNsAiualJ8raTgxmUF+4AklMl00g6dR5iZCCX0M9y4UMStX+POv3HaZqGtBy4czrmXe++JU0a18bxvZ2V1bX1js7RV3t7Z3duvHBy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvHobup3nojSVIpHM05JxNFA0IRiZKwUhJKTATqvhyntVapezZvBXSZ+QapQoNmrfIV9iTNOhMEMaR34XmqiHClDMSOTcphpkiI8QgMSWCoQJzrKZydP3FOr9N1EKlvCuDP190SOuNZjHttOjsxQL3pT8T8vyExyE+VUpJkhAs8XJRlzjXSn/7t9qgg2bGwJworaW108RAphY1Mq2xD8xZeXSbte869qlw8X1cZtEUcJjuEEzsCHa2jAPTShBRgkPMMrvDnGeXHenY9564pTzBzBHzifP8DvkOk=</latexit>

!/2⇡

<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="B8iM5ZJXay5XCdHS+djpk9BM/mo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiTiayUFN11WsA9oQplMbtuhM0mYmSgl9lPcuFDErV/izr9x2mahrQcuHM65l3vvCRLOlHacb2tldW19Y7OwVdze2d3bt0sHLRWnkkKTxjyWnYAo4CyCpmaaQyeRQETAoR2Mbqd++wGkYnF0r8cJ+IIMItZnlGgj9eySpxkPIatPKl4sYEBOe3bZqToz4GXi5qSMcjR69pcXxjQVEGnKiVJd10m0nxGpGeUwKXqpgoTQERlA19CICFB+Njt9gk+MEuJ+LE1FGs/U3xMZEUqNRWA6BdFDtehNxf+8bqr7137GoiTVENH5on7KsY7xNAccMglU87EhhEpmbsV0SCSh2qRVNCG4iy8vk9ZZ1b2sXtydl2s3eRwFdISOUQW56ArVUB01UBNR9Iie0St6s56sF+vd+pi3rlj5zCH6A+vzB99Uk78=</latexit>

H̃(!)
<latexit sha1_base64="ultv32M1Gpy786jMgcI9B2AH+3s=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfJ0k4CXHCOYBmyXMTnqTIbMzy8ysEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc38/8zhMozaR4NJMEgpgMBYsYJcZKftaYVnsyhiE575crbs2dA68SLycVlKPZL3/1BpKmMQhDOdHa99zEBBlRhlEO01Iv1ZAQOiZD8C0VJAYdZPOTp/jMKgMcSWVLGDxXf09kJNZ6Eoe2MyZmpJe9mfif56cmug0yJpLUgKCLRVHKsZF49j8eMAXU8IklhCpmb8V0RBShxqZUsiF4yy+vkvZFzbuuXT1cVup3eRxFdIJOURV56AbVUQM1UQtRJNEzekVvjnFenHfnY9FacPKZY/QHzucPuaOQ5A==</latexit>
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FIG. 7: Comparison between the driving protocol and
the magnetization at the soluble limit. We use α = 3.6
and T = 1 to generate the hyperuniform driving function
so the frequency suppression has the scaling exponent
α/2 = 1.8. The black dashed line represents a function
with scaling ωα/2 which correctly capture the envelop of
the driving spectrum especially for ω → 0. π−shift hap-
pens to the magnetization spectrum so the suppression

happens for ω/2π → 0.5.

The hyperuniformity naturally arises in the Fourier
spectrum of h(t)−h′(t) where h′(t) is the periodic coun-
terpart of h(t), i.e., δtmax = 0. Explicitly,

H(ω) =

∫ ∞

−∞
e−iωt(h(t)− h′(t))dt

= e−ωT/2
∑
n

e−iωnT (e−iωδtn − 1)/(−iω),
(25)

and for δtmax ≪ 1 the equation above reduces to

H(ω) = e−ωT/2
∑
n

e−inωT δtn, (26)

exhibiting frequency suppression for ω → 0 with the scal-
ing exponent α/2, the same as qk.
At the soluble limit, namely the spin flip Ux is per-

fect (δ′r = 0), Jx = 0, and the initial state is |↑⟩ the
z-magnetization evolves in time as

h̃(t) =
∑
n

hn(t)(−1)n, (27)

where (−1)n appears due to the spin flip operation. The
Fourier spectrum reads

H̃(ω) =

∫ ∞

−∞
e−iωt(h̃(t)− h̃′(t))dt

= e−ωT/2
∑
n

e−iπne−iωnT (e−iωδtn − 1)/(−iω),
(28)

0 500 1000
t

0.0

0.2

0.4

0.6

0.8

1.0

±t = 0.01

±t = 0.05

±t = 0.10

0 500 1000
t

0.0

0.2

0.4

0.6

0.8

1.0

±t = 0.01

±t = 0.05

±t = 0.10

<latexit sha1_base64="SIRa2Uu4eXVQ2fByDVmAVbBdzA8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEirqSghs3QgX7gDaUyfS2HTqZhJmJUGMX/oobF4q49Tfc+TdO0iy09cDA4Zx7uWeOH3GmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjCWFBo05KFs+0QBZwIammkO7UgCCXwOLX98lfqte5CKheJOTyLwAjIUbMAo0Ubq2QfdgOiRDJIbo4NmD5k+7dllp+JkwIvEzUkZ5aj37K9uP6RxAEJTTpTquE6kvYRIzSiHaakbK4gIHZMhdAwVJADlJVn+KT42Sh8PQmme0DhTf28kJFBqEvhmMk2r5r1U/M/rxHpw4SVMRLEGQWeHBjHHOsRpGbjPJFDNJ4YQKpnJiumISEK1qaxkSnDnv7xImqcV96xSva2Wa5d5HUV0iI7QCXLROaqha1RHDUTRI3pGr+jNerJerHfrYzZasPKdffQH1ucPCkWWww==</latexit> M
a
g
n
et

iz
a
ti

o
n

<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)<latexit sha1_base64="HBvpG/Ugmu8X0MV7Oa59lBFPO8g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGXxcl4MVjBPOAZAm9k0kyZHZ2nZkVwpKf8OJBEa/+jjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFGV1GolItQLUTHDJ6oYbwVqxYhgGgjWD0e3Ubz4xpXkkH8w4Zn6IA8n7nKKxUquDIh7idaVbLLlldwayTLyMlCBDrVv86vQimoRMGipQ67bnxsZPURlOBZsUOolmMdIRDljbUokh0346u3dCTqzSI/1I2ZKGzNTfEymGWo/DwHaGaIZ60ZuK/3ntxPSv/JTLODFM0vmifiKIicj0edLjilEjxpYgVdzeSugQFVJjIyrYELzFl5dJo1L2Lsrn92el6k0WRx6O4BhOwYNLqMId1KAOFAQ8wyu8OY/Oi/PufMxbc042cwh/4Hz+AIS3j6E=</latexit>

↵ = 2
<latexit sha1_base64="Kyvad/jwC3vKAbV4oDDgHI00MsY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sS8OIxgnlIsoTeyWwyZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQzxynN75YpbdWcgf4mXkwrkqPfKn91+TNOISUMFat3x3MT4GSrDqWCTUjfVLEE6wgHrWCoxYtrPZgdPyJFV+iSMlS1pyEz9OZFhpPU4CmxnhGaoF72p+J/XSU146WdcJqlhks4XhakgJibT70mfK0aNGFuCVHF7K6FDVEiNzahkQ/AWX/5LmidV77x6dndaqV3ncRThAA7hGDy4gBrcQh0aQCGCJ3iBV0c5z86b8z5vLTj5zD78gvPxDfO1j9o=</latexit>

↵ = 10

<latexit sha1_base64="JpewpW9kLpDXox+BHOdUOLPVghw=">AAACBXicbVDLSsNAFJ3UV62vqktdDBbBVUnEF4JQcOOygn1AW8JkMmmHziRh5kYsoRs3/oobF4q49R/c+TdO2iy09cAwh3Pu5d57vFhwDbb9bRUWFpeWV4qrpbX1jc2t8vZOU0eJoqxBIxGptkc0EzxkDeAgWDtWjEhPsJY3vM781j1TmkfhHYxi1pOkH/KAUwJGcsv7XZ8JIBjctCsJDJRMJXkYj6/squ245Yr5JsDzxMlJBeWou+Wvrh/RRLIQqCBadxw7hl5KFHAq2LjUTTSLCR2SPusYGhLJdC+dXDHGh0bxcRAp80LAE/V3R0qk1iPpmcpsUz3rZeJ/XieB4KKX8jBOgIV0OihIBIYIZ5FgnytGQYwMIVRxsyumA6IIBRNcyYTgzJ48T5rHVeesenp7Uqld5nEU0R46QEfIQeeohm5QHTUQRY/oGb2iN+vJerHerY9pacHKe3bRH1ifP/jRmDU=</latexit>

�tmax = 0.01
<latexit sha1_base64="rB8vHElLFvdwFx4HTnmo1DbsNNs=">AAACBXicbVDLSsNAFJ34rPVVdamLwSK4KolYFUEouHFZwT6gCWEymbZDZ5IwcyOW0I0bf8WNC0Xc+g/u/BunbRbaemCYwzn3cu89QSK4Btv+thYWl5ZXVgtrxfWNza3t0s5uU8epoqxBYxGrdkA0EzxiDeAgWDtRjMhAsFYwuB77rXumNI+jOxgmzJOkF/EupwSM5JcO3JAJIBj8zJUE+kpmkjyMRld2xa76pbL5JsDzxMlJGeWo+6UvN4xpKlkEVBCtO46dgJcRBZwKNiq6qWYJoQPSYx1DIyKZ9rLJFSN8ZJQQd2NlXgR4ov7uyIjUeigDUzneVM96Y/E/r5NC98LLeJSkwCI6HdRNBYYYjyPBIVeMghgaQqjiZldM+0QRCia4ognBmT15njRPKs5ZpXp7Wq5d5nEU0D46RMfIQeeohm5QHTUQRY/oGb2iN+vJerHerY9p6YKV9+yhP7A+fwD+4Zg5</latexit>

�tmax = 0.05
<latexit sha1_base64="HaqzaJadv9hN3eQy/Nfvy6O76T8=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiTiC0EouHFZwT6gKWUynbZDZ5IwcyOWkIUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufcePxJcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6jBWlDVoKELV9olmggesARwEa0eKEekL1vLH15nfumdK8zC4g0nEupIMAz7glICRenbZ6zMBBEMv8SSBkZKJJA9peuVU3Z5dcarOFHiRuDmpoBz1nv3l9UMaSxYAFUTrjutE0E2IAk4FS0terFlE6JgMWcfQgEimu8n0iRQfGqWPB6EyFQCeqr8nEiK1nkjfdGaH6nkvE//zOjEMLroJD6IYWEBniwaxwBDiLBHc54pREBNDCFXc3IrpiChCweRWMiG48y8vkuZx1T2rnt6eVGqXeRxFVEYH6Ai56BzV0A2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB4Cbl/s=</latexit>

�tmax = 0.1

<latexit sha1_base64="JpewpW9kLpDXox+BHOdUOLPVghw=">AAACBXicbVDLSsNAFJ3UV62vqktdDBbBVUnEF4JQcOOygn1AW8JkMmmHziRh5kYsoRs3/oobF4q49R/c+TdO2iy09cAwh3Pu5d57vFhwDbb9bRUWFpeWV4qrpbX1jc2t8vZOU0eJoqxBIxGptkc0EzxkDeAgWDtWjEhPsJY3vM781j1TmkfhHYxi1pOkH/KAUwJGcsv7XZ8JIBjctCsJDJRMJXkYj6/squ245Yr5JsDzxMlJBeWou+Wvrh/RRLIQqCBadxw7hl5KFHAq2LjUTTSLCR2SPusYGhLJdC+dXDHGh0bxcRAp80LAE/V3R0qk1iPpmcpsUz3rZeJ/XieB4KKX8jBOgIV0OihIBIYIZ5FgnytGQYwMIVRxsyumA6IIBRNcyYTgzJ48T5rHVeesenp7Uqld5nEU0R46QEfIQeeohm5QHTUQRY/oGb2iN+vJerHerY9pacHKe3bRH1ifP/jRmDU=</latexit>

�tmax = 0.01
<latexit sha1_base64="rB8vHElLFvdwFx4HTnmo1DbsNNs=">AAACBXicbVDLSsNAFJ34rPVVdamLwSK4KolYFUEouHFZwT6gCWEymbZDZ5IwcyOW0I0bf8WNC0Xc+g/u/BunbRbaemCYwzn3cu89QSK4Btv+thYWl5ZXVgtrxfWNza3t0s5uU8epoqxBYxGrdkA0EzxiDeAgWDtRjMhAsFYwuB77rXumNI+jOxgmzJOkF/EupwSM5JcO3JAJIBj8zJUE+kpmkjyMRld2xa76pbL5JsDzxMlJGeWo+6UvN4xpKlkEVBCtO46dgJcRBZwKNiq6qWYJoQPSYx1DIyKZ9rLJFSN8ZJQQd2NlXgR4ov7uyIjUeigDUzneVM96Y/E/r5NC98LLeJSkwCI6HdRNBYYYjyPBIVeMghgaQqjiZldM+0QRCia4ognBmT15njRPKs5ZpXp7Wq5d5nEU0D46RMfIQeeohm5QHTUQRY/oGb2iN+vJerHerY9p6YKV9+yhP7A+fwD+4Zg5</latexit>

�tmax = 0.05
<latexit sha1_base64="HaqzaJadv9hN3eQy/Nfvy6O76T8=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiTiC0EouHFZwT6gKWUynbZDZ5IwcyOWkIUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufcePxJcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6jBWlDVoKELV9olmggesARwEa0eKEekL1vLH15nfumdK8zC4g0nEupIMAz7glICRenbZ6zMBBEMv8SSBkZKJJA9peuVU3Z5dcarOFHiRuDmpoBz1nv3l9UMaSxYAFUTrjutE0E2IAk4FS0terFlE6JgMWcfQgEimu8n0iRQfGqWPB6EyFQCeqr8nEiK1nkjfdGaH6nkvE//zOjEMLroJD6IYWEBniwaxwBDiLBHc54pREBNDCFXc3IrpiChCweRWMiG48y8vkuZx1T2rnt6eVGqXeRxFVEYH6Ai56BzV0A2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB4Cbl/s=</latexit>

�tmax = 0.1

FIG. 8: Dynamics of magnetization for different δtmax.
Heating rates can be suppressed via a smaller δtmax and
larger hyperuniform parameter α. We use Jz = 1, Jx =
0, L = 16, δr = 0.1, T = 1 for the numerical simulation.

where we use (−1)n = e−iπn. Suppose δtmax ≪ 1, the
equation above reduces to

H̃(ω) = e−ωT/2
∑
n

e−in(ωT+π)δtn. (29)

Remarkably, it suggests a π−shift is happening in the
spectrum, i.e., |H̃(ω)| = |H(ω+π/T )|, which is confirmed
for the soluble case in Fig. 7.

Now we simulate the time evolution numerically for
a spin chain of length L = 16 with different hyperuni-
form parameter, α = 2 and 10 in Fig. 8 (a) and (b),
respectively. The absolute value of the z-magnetization
at stroboscopic times t = mT is plotted. In both cases,
a smaller maximum temporal fluctuation δtmax gener-
ally enlarges the lifetime of the prethermal phenomenon.
Since a larger α implies a better suppression of the low
frequency components in the driving spectrum, the heat-
ing rate in panel (b) becomes smaller than panel (a), for
a given fixed δtmax. We note that it would be interest-
ing to systematically investigate the relation between the
heating rate and the hyperuniformity in the future.
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