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Abstract

We identify Whittaker vectors for WX(g)-modules with partition functions of higher
Airy structures. This implies that Gaiotto vectors, describing the fundamental class
in the equivariant cohomology of a suitable compactification of the moduli space
of G-bundles over P? for G a complex simple Lie group, can be computed by a
non-commutative version of the Chekhov-Eynard—Orantin topological recursion. We
formulate the connection to higher Airy structures for Gaiotto vectors of type A, B,
C, and D, and explicitly construct the topological recursion for type A (at arbitrary
level) and type B (at self-dual level). On the physics side, it means that the Nekrasov
partition function for pure A" = 2 four-dimensional supersymmetric gauge theories
can be accessed by topological recursion methods.
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1 Introduction
1.1 Motivation

The Alday—Gaiotto—Tachikawa (AGT) correspondence [1] relates four-dimensional
gauge theories to two-dimensional conformal field theories whose underlying vertex
algebras are VW-algebras. On the gauge theory side, one is interested in moduli spaces
of instantons, while on the conformal field theory side, the objects of interest are con-
formal blocks. This physics correspondence translates into an interesting connection
between geometry and representation theory, which was phrased mathematically in
a theorem of Schiffman and Vasserot [88] and Maulik and Okounkov [78]. The geo-
metric object of interest is the moduli space of rank r torsion-free coherent sheaves
on P? with a choice of framing at infinity. The connection to representation theory is
that the equivariant Borel-Moore homology carries an action of a VW-algebra of gl,

W Birkhauser



Whittaker vectors for W-algebras. .. Page3of91 33

via correspondences. In fact, the equivariant Borel-Moore homology is isomorphic to
a Verma module, which is specified by the equivariant torus parameters (€1, €3, Q) of
the torus action on the framing. The level of the J/-algebra is determined by the torus
action on the IP?. The WW-algebra action is quasi-unitary with respect to the intersection
pairing and most importantly the fundamental class, also called the Gaiotto state, is a
Whittaker vector for the YW-algebra, as first conjectured by Gaiotto [62]. Nekrasov’s
partition function, which is the norm of the Gaiotto state, is then the norm of the
Whittaker vector.

This correspondence has been generalized in various ways: to all simple and simply-
laced Lie groups [33], to spiked instantons [87], and to three complex dimensions [38].
Furthermore, a general program for real four-dimensional manifolds has been outlined
by Feigin and Gukov [61]. However, only in the first generalization to simply-laced
Lie groups is the role of Whittaker vectors presently understood.

It is fair to say that the AGT correspondence has led to a deep connection between
geometry and representation theory of W-algebras, and that this connection is still far
from being completely understood. It serves however as inspiration for progress. For
example, on the geometric side a major insight was the Nakajima—Yoshioka blow-
up equations, asserting that the instanton partition function for the blow-up of P?
decomposes into an infinite sum over a lattice of torus parameters of products of
partition functions [82]. Verma modules (and thus Whittaker vectors) satisfy a similar
blow-up equation due to the recent insight that integrable representations of affine
vertex algebras serve as a translation functor of WW-algebras and their modules [8, 16].

Our aim is to relate this picture to topological recursion and its reformulation by
Kontsevich and Soibelman in terms of Airy structures. More precisely, the key observa-
tion in this article is that Whittaker vectors can be constructed as partition functions of
higher Airy structures, and thus are computed by topological recursion. The topologi-
cal recursion is a universal recursive structure initially identified by Eynard, Chekhov
and Orantin in the study of large N expansion of matrix models [24, 35, 47, 55, 57]
building on earlier work of Ambjgrn et al. [3]. In the past fifteen years, it has found
many other applications in enumerative geometry and in the geometry of the moduli
space of curves e.g. [2, 45, 46,48, 54,73,79, 84, 85], in integrable systems [13, 14, 21,
34] and in particular Painlevé equations [67], in quantization problems [51, 76, 80],
in two-dimensional conformal field theory, and in knot theory [20, 22, 23, 44]. It can
be interpreted as a recursion on the topology of worldsheets [5, 56]. We refer to [49,
57] for reviews and [18, 50] for introductory material. In the approach of Chekhov—
Eynard—Orantin, the initial data for the recursion is packaged in a spectral curve. In
particular, the Bouchard—Klemm—-Marifio—Pasquetti conjecture [30] later proved in
[58, 59] states that taking as initial data the mirror curve of a toric Calabi—Yau 3-fold
X, topological recursion computes the all-genera open Gromov—Witten invariants of
X and can be considered as an appropriate definition of the B-model topological
string theory. From the physical perspective, this proposal is consistent with geomet-
ric engineering of gauge theories from topological strings, the identification of the
four-dimensional limit of the mirror curve with the Seiberg—Witten curve, and the
known fact that the genus 0 part (prepotential) of the Nekrasov partition function is
governed by special geometry on the Seiberg—Witten curve in a way compatible with
the properties of the genus 0 sector of the topological recursion.
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In this article, combining representation theory of W-algebras, its aforementioned
connections with four-dimensional gauge theory established in [33, 78, 88], and the
formalism of Airy structures, we prove that the topological recursion for the A — 0
limit of a spectral curve (or a non-commutative version thereof) governs the all-genera
expansion of certain Whittaker vectors and the corresponding instanton partition func-
tions. Here A is an energy scale and is treated as a formal parameter near 0. The
extension of this result to finite values of A will be treated in a subsequent work! We
see the present work as a first step towards using topological recursion techniques to
put all the aforementioned topics under the same roof.

1.2 Main results and outline

In Sect. 2, we review how Whittaker vectors for J/-algebras appear in four-dimensional
supersymmetric gauge theories, state Theorem 2.1 (taken from [33]) which is our
starting point, and recall the notion of Airy structures and topological recursion. The
equivariant parameters for the standard action of (C*)2 on P? are denoted (€1, €2),
and we set

€2
K=——, h=—¢€e.
€]

The variable « relates to the level of the WW-algebra, while the parameter / can be
interpreted as a cohomological grading [33]. Throughout the article we will study
formal expansions when i — 0, which correspond to genus expansions in string

theory interpretations, while k can either take finite values, or be of order hz (the
Nekrasov—Shatashvili regime, precisely defined in Sect.5.3.1).

In Sect. 3, we first provide some background on vertex algebras. We then prove two
new results. Firstly, we establish the existence of Whittaker vectors in Theorem 3.10,
and secondly relate the existence theorem to a particular condition on ideals in vertex
algebras in Theorem 3.12. The latter is directly relevant for the construction of Airy
structures. In fact our existence result holds for any simple Verma-type module of a
vertex algebra that has a commutative Zhu algebra. This is useful, since one eventually
would like to study Whittaker vectors and their connection to geometry for the W, ,, ;-
algebras, i.e. the algebras that act on moduli spaces of spiked instantons [87].

In Sect.4, we prove our first main result, i.e. the identification of the A-type
Whittaker vector (Gaiotto state) with the partition function of an Airy structure (The-
orem 4.1) and hence its computation from topological recursion. Using structural
properties of the partition function (Lemma 4.5), we also show how to extract the
corresponding instanton partition function (Proposition 4.12): as a certain sum over
graphs with vertex weights specified by the topological recursion amplitudes.

! Even for finite A, we stress that the spectral curve to which one applies topological recursion to get the
Whittaker vector is not the Seiberg—Witten curve, but rather the “UV curve”. The Seiberg—Witten curve
itself is a double cover of the UV curve and appears when one wants to access the Nekrasov partition
function via the topological recursion. We will return to this in a future work.
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In Sect. 5, we rewrite the topological recursion for these partition functions, first in
the case €1 + €2 = 0, as a period computation on the unramified spectral curve

H(y—%):O, (1.1)

a=1

thus highlighting the role played by the geometry of spectral curves as in Chekhov—
Eynard—Orantin’s original approach: this is our second main result, Theorem 5.10.
For comparison, the Seiberg—Witten curve in this case [77] is related to the curve with
the following equation, up to a change of variables,

r

I (y - %) = (=D)AL (1.2)

a=1

For the present paper, the relevant geometry is not (1.2) butits A — 0 limit (1.1). We
comment in Sect. 5.2 on the treatment of more general unramified spectral curves and
the differences with the Chekhov—Eynard—Orantin topological recursion that concerns
ramified spectral curves. Our result provides a geometric meaning to the unramified
topological recursion whose existence was anticipated for » = 2 in [4]. For general
€1, €2, we find a recursive period computation that is best expressed in terms of the
geometry of the regular D-module on C generated by

y= l_[ ((61 +€2)0 + W) . (1.3)

a=1

This is our third main result, Theorem 5.24. One can view this as a non-commutative
generalization of the topological recursion. In Sect.5.4 we comment on the relation
with non-commutative versions of the topological recursion that have already appeared
in the literature [11, 36, 37], mainly for the » = 2 cases; the r > 2 case that we propose
in this work is new and its structure is more intricate.

In Sects.6 and 7, we extend Theorem 4.1 to the B-type (Theorem 6.2), the C-
type (Theorem 7.3) and the D-type (Theorem 7.1) Whittaker vectors. In the B and
C cases, our result is conditional to a conjectural check of the “subalgebra property”
of Airy structures, which is equivalent to a conjecture on the existence of Whittaker
vectors: it is expected to be true in physics [70] but currently lacks a mathematical
proof. In the B case, we also describe in Theorem 6.7 the spectral curve description of
the corresponding topological recursion, which involves the geometry of a two-fold
ramified cover of the unramified spectral curve

n

[16-%)=o

a=1

We note that Giacchetto, Kramer and Lewanski have a(n apparently different) B-
type topological recursion for ramified spectral curves also appears in enumerative
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geometry and integrable systems, in the context of spin Hurwitz numbers and BKP
tau functions [66].

Although the techniques of this paper can in principle be adapted to the EFG cases,
there are currently some shortcomings. While a geometric construction of Whittaker
vectors of type E can be found in [33] and an explicit basis of strong generators for
W!(Eg) is described in [ 70], their expression is rather lengthy (E£7 and Eg would be even
more complicated). Hence it seems rather difficult to formulate topological recursion
on an explicit spectral curve in these cases. In physics it is believed that Whittaker
vectors of modules of orbifolds of WW-algebras of simply-laced types are the physical
relevant objects for non-simply-laced types and Whittaker vectors for such orbifolds
are conjectured to exist in [70].

1.3 Notational conventions

We use [n] to denote the set of integers {1, ...,n}. We use the notation Z-og =
{1,2,3, ...} for the set of positive integers and Z>o = {0, 1,2, ...} for the set of
non-negative integers. L - [n] means that L is an unordered sequence of pairwise
disjoint non-empty subsets of [n] whose union is [x], and |L| denotes the length of
this sequence. We use L! for a disjoint union. If z1, ..., z, is a n-tuple of variables and
I is a subset of [n], we denote z; = (z;)ic;-

When talking about modes of the fields in a vertex algebra, we will always use
regular math fonts to denote the standard modes, and sans-serif fonts to denote the
h-rescaled modes as defined in Sect. 3.1.2. To be consistent, we will also use sans-serif
fonts to denote the operators of an Airy structure in the algebra D",

Recent work

After the first version of this article was posted, Osuga [86] has extended some of our
results to the case of Gaiotto vectors of A" = 1 superconformal blocks, whose square-
norm is conjecturally related to instanton counting in A/ = 2 supersymmetric gauge
theories on C?/Z,. This extension is based on the formalism of super Airy structures
and super topological recursion developed in [26, 32].

2 Preliminaries
2.1 Instanton moduli spaces and VV-algebras

As a starting point, we review the connection between instanton moduli spaces and
Wh-algebra modules for arbitrary simply-laced Lie groups, following [33]. We mostly
use the notation of loc.cit. The main result is that the Gaiotto vector for the instanton
moduli space, whose norm computes the instanton partition function for pure A = 2
four-dimensional supersymmetric gauge theory, is a Whittaker vector for a VVk(g)-
module at an appropriate level. Such Whittaker vectors are the main objects of study
in this paper.
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2.1.1 Uhlenbeck spaces and intersection cohomology

We consider a simple and simply-laced Lie group G over C. The corresponding Lie
algebra is denoted by g and the Cartan subalgebra by fj. The dual Coxeter number is
denoted 1¥. When G is of type A, the instanton number of a G-bundle on P? is defined
as the second Chern class of the associated complex vector bundle; it is defined more
generally in [33, Section 2.1].

We define Buné to be the moduli space of G-bundles over P? with instanton number
d > 0 and a fixed trivialization on the line at infinity /o, C P? (called the framing
at infinity). This is a smooth quasi-affine variety of dimension 2dh". There exists a
partial compactification of Bun‘é to an affine variety Zfé, called the Uhlenbeck space
of G.

Set-theoretically, the Uhlenbeck space Z/{‘é can be described as

d
U = |_| Bun?; xSym?=? (A?).
d'=0

As an algebraic variety, Z/{‘é is always singular, and carries an action of G x GL,(C),
where G acts by changing the framing at infinity, while GL;(C) acts on the underlying
IP2. We will be interested in the action of the subgroup G := G x T2, where T? C
GL(C) is the diagonal torus. We consider the Cartan Lie subalgebra h x C? of G,
and denote an element of it by

(Q,€1,€), where Q =(01,..., Qo),

and ¢ is the rank of G.

We will be interested in the G-equivariant intersection cohomology THF, (Z/l‘é) of
the Uhlenbeck space with respect to a stratification that we do not describe here. We
note that it is a module over Ag := H{(pt) = C[h x C?1%, the ring of regular
functions on b x C? that are invariant under the Weyl group 2J. We use F to denote
the field of fractions of Ag. We note that there is a canonical unit cohomology class
|19) e THE (UZ) for every d > 0.

By localizing to Fg, we introduce the following [F-vector spaces

M (Q) = THE UE) ®Fs,  Mz(0):= P mi ().
d=0

The Gaiotto vector is defined to be:

|8) ==Y AP [19) € My, (Q)IAIL @1

d>0
where A is a (redundant) parameter introduced for convenience.
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2.1.2 Wh-algebra action

Let £ be the rank of g and dy, . . ., d; the primitive exponents. For each k € C, VVk(g)
is a vertex operator algebra (VOA) strongly and freely generated by fields (Wi)f: 1
with W of conformal degree d; + 1. We have d; = 1 and the field of lowest degree
can be chosen as the Virasoro field W! = L. There is a canonical choice up to scale
for the generator of maximal conformal degree (from representation theory), and the
choice can be pinned down up to a sign (from geometry). We denote the modes of
these generators by

i
i _ m
Wi =) omtdit1

meZ

and the shifted level by « := k + Y. As we will explain in Sect.3.1.2, we introduce a
formal parameter £ that keeps track of the filtration by conformal weight. We denote
by di+

1 .
Wi (2.2)

W, =h

the rescaled modes, which correspond to the rescaled modes W/n(f ) presented in
Appendix B of [33].

Braverman et al. [33] show that that the Gaiotto vector (2.1) is a Whittaker vector
for a )/Vk(g)-module at a well-chosen level. The result in the case of G = SL, (C) was
obtained previously by Schiffman and Vasserot [88] and Maulik and Okounkov [78].
More precisely, a [Fg-localized version of the main result of [33] is the following:
Theorem 2.1 ([33, Theorem 1.4.1]) The space My, (Q) can be equipped with the
structure of a V\/k(g)-module with shifted level k = —%, satisfying:

(1) The module My (Q) is isomorphic to the Verma module ofl/\/k(g) with highest
weight . = o where p is the half-sum of the positive roots of g.

(2) Under the above isomorphism, the bilinear pairing (|)* on the Verma module cor-
responds to a twisted Poincaré pairing on My (Q) and M]P‘ilc (Q) is an eigenspace
for Lo with eigenvalue d.

(3) Foranyd > 0,i € [£] and m > 0, we have

Wi 1) = £68; ¢8m 11971

for some sign that may depend on d and k, and by convention |17') = 0.

Remark 2.2 Ttis expected but not proved that the sign is always +1, and we will assume
that it is positive for the purposes of this paper.

For the Gaiotto vector (2.1) we get

Vielll, Vm >0, W |&)=A""8; 18,16), (2.3)

2 This bilinear pairing is described in more detail in Sect.2.1.3 and is referred to as the Kac—Shapovalov
form in [33].
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which corresponds to the state identified by the AGT correspondence. A vector |®)
satisfying this equation is called a Whittaker vector—see Definition 3.7. In comparison
to [33], our Q is their a, our A2 s their Q, and our W,’;1 correspond to their rescaled
generators VT/,S) presented in Appendix B. In fact, [33] establishes an integral version
of the correspondence by working with (four different) non-localized versions of the
intersection cohomology groups on the geometric side. On the algebraic side, the
authors define a W-algebra over the ring A denoted by Wa; (g) which localizes to
the )/Vk(g) introduced above. They also prove some general properties such as the
presentation of WX(g) as a kernel of screening operators. Working with the integral
version of the JV-algebra allows them to exploit a certain cohomological grading that
they call € deg and which will correspond to our f-grading.

Remark 2.3 The connection between Whittaker vectors and instanton moduli spaces
given in Theorem 2.1 is only proved for the case where G is a simply-laced Lie
group [33]. However, a similar connection between Whittaker vectors and instanton
moduli spaces is expected to hold for the general case of G an almost simple simply-
connected algebraic group. In particular, in the case of G being of type B (resp. C), the
proposal from physics [70] is that the Gaiotto vector should be a Whittaker vector for
an appropriate twisted )/Vk(g)—module, where g is a of type A (resp. D). We will study
such Whittaker vectors from the point of view of Airy structures in Sects.6 and 7.

2.1.3 Instanton partition function

Here we describe the pairing, denoted (|) in agreement with the bra-ket notation, on
the Verma modules of V\/k(g). There exists a canonical embedding of V\/k(g) into the
Heisenberg VOA algebra H(g). We will fix an orthonormal basis of §, such that the
latter is generated by the modes Ji, indexed by a € [¢] and m € Z that satisfy the
commutation relations>

Vm,n €Z, Ya,belll, [%, 01=—eiexmbmin0dap. (2.4)

Consider the linear involution ¢ that acts on the Heisenberg algebra modes as follows,
tJ) = =14, 4 2(e1 + €2)8m.0, (2.5)

and extend it to monomials in modes Xi,...,X, by setting ¢(X;---X,) =

t(X1) - - - t(Xp). The pairing on the Verma module M (1) corresponding to a highest-
weight vector |A) is defined uniquely by requiring (A|A) = 1 and for any mode X of

W (g).
Yu,ve MR, (AR =1,  @Xv) = X)ulv).

Using this form, the (Nekrasov) instanton partition function for pure A" = 2 four-
dimensional supersymmetric gauge theory gets identified with the norm of the Gaiotto

3 The J¢ defined here correspond to the PS5 of [33] (see section 6.3 of loc.cit.).

) Birkhauser



33 Page100f91 G.Borot et al.

vector

3(Q. 1,2, M) =Y AU e FGlIAlL (2.6)

d>0

where A can be interpreted as an energy scale.

2.2 Airy structures and topological recursion

The Whittaker vectors introduced in the previous section are the main object of study
in this paper. In particular, we will show that we can construct Whittaker vectors for
various types of W-algebras using Airy structures and topological recursion. Let us
now review the basic definition and properties of Airy structures, and briefly outline
the connection with topological recursion.

2.2.1 Airy structures

The concept of quantum Airy structures was first introduced by Kontsevich and Soibel-
man [71], as an abstract algebraic structure generalizing the Chekhov—Eynard—Orantin
topological recursion [35, 53]. The construction was further studied in [4]—see also
[18] for a pedagogical introduction.

The original construction of quantum Airy structures was generalized to higher Airy
structures in [19] building on earlier work of Milanov [79], as an algebraic counterpart
to the higher topological recursion of [27-29]. In this paper, when we talk about Airy
structures, we mean higher crosscapped quantum Airy structures, as defined in [19]:
we think of the original Kontsevich—Soibelman construction as being the special case
in which Airy structures are quadratic and have only integral powers of 7 (crosscapped
means that we allow half-integer powers of /). Here we only review the basic facts
about Airy structures, and refer the interested reader to Sections 2 of [19, 25] for more
details.

Let V be a C-vector space. If V is finite-dimensional, let D be its dimension,
and I = [D]. If V is countably infinite, let I = Z-¢. Let (y;);es be a basis for V,

and (x;)ics be the dual basis for V*. Let M" = (C[[(xi)iel]]llh%]] be the algebra

of formal functions on V, and D" = C[[(xi)ic. (hax[)iel]][[h%]] be the completed
algebra of differential operators on V. We introduce an algebra grading on M”" and
D" as follows:

deg(x;) = deg(hdy,) = deg(h?) = 1. 2.7
Definition 2.4 An Airy structure in normal form is a family of differential operators

S = {H;j|i € I} with H; € D" for any i € I, and satisfying the following two
requirements:

(1) Degree condition:
Vi el, H; = hoy, +P;, (2.8)

W Birkhauser
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where P; € D™ is a sum of terms of degree > 2.
(2) Subalgebra condition: The left Dl-ideal generated by S (denoted D' . S)isa
graded Lie subalgebra of Dl equipped with the Lie bracket #~![-, -]. That is,

[D".s,D". S| hD"- 5. (2.9)

In other words, there exists f{‘!j € D" such that [H;, Hil=2> ies hf,'k,j Hy for any
i,jel.

An Airy structure is a set of differential operators S = {H; | i € I} such that

H; = > ;< Ni jH; is an Airy structure in normal form, for some invertible matrix N.

We note that being an Airy structure does not depend on a choice of basis for V,
but being an Airy structure in normal form does.

Remark 2.5 When V is infinite-dimensional (as it will always be the case in this article),
D" should be a suitable completion of the algebra of differential operators such that
M is a well-defined D" -module. We will not dwell on this completion here and rather
refer the interested reader to [25, Section 2.1.2]. The key point that can be routinely
checked throughout the paper (see e.g. Remark 4.6) is that all computations we do
give finite answers.

The key result in the theory of Airy structures is the existence and uniqueness
theorem due to Kontsevich and Soibelman.

Theorem 2.6 ([71, Theorem 2.4.2]) Let S = {H; | i € I} be an Airy structure. Then
the system of differential constraints

VH; €S, HZ=0, (2.10)

has a unique solution of the form Z = e, where F € ' M has only terms of
positive degree with respect to the grading (2.7). We call Z the partition function of
the Airy structure S.

Since Z = ef with F € =M containing only terms of positive degree, we can
write an explicit decomposition as

he~1 ~
F = Z p Z Fenlay --- ocn]l_[xai. 2.11)
’ i=1

gE%ZZo,neZw AL,y apel
2g—2+4n>0

Concretely, Airy structures are interesting because of the existence and uniqueness
of this solution to the differential constraints. Once existence of a solution of the
form (2.11) is established, the differential constraints can be used to construct it quite
explicitly. Indeed, applying the differential constraints, one obtains a recursion on
2g—2+n for the coefficients Fg , [y - - - o, ] (Which s the degree of the corresponding
terms in F according to the grading (2.7)). We refer the reader to [19, Section 2.2.2]
for the explicit form of the recursion.
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2.2.2 Topological recursion

In fact, the original motivation of Kontsevich and Soibelman in defining quantum
Airy structures was to construct an algebraic structure underpinning the Chekhov—
Eynard—Orantin (CEO) topological recursion [35, 53]. The CEO topological recursion
is a formalism that constructs a collection of symmetric differential forms w, ,,, with
g € %Zzo, n € Zso,and 2g — 2 4+ n > 0, through residue analysis on a spectral
curve.* It turns out that the recursive formalism can be reformulated as a special case
of Airy structures.

More precisely, the differentials w, , constructed by topological recursion have a
very specific pole structure. As a result, there exists a particular basis of differentials
on the spectral curve such that the expansion of the w, , in this basis is finite. From
the coefficients of this expansion, which we can write as F, ,[a - - ], one can
construct a partition function Z, and show that, for any spectral curve satisfying some
admissibility condition, Z is the partition function of an Airy structure constructed
as a particular module for a direct sum of VVk(g[,)-algebras at self-dual level [19].
The recursive structure inherent in the CEO topological recursion is then recovered
by applying the differential constraints on Z.

All Airy structures coming from vertex algebras can in principle be converted to a
spectral curve topological recursion, adapting the strategy presented in [25], but the
details of how the geometry of the spectral curve appears in the recursion depends
on the vertex algebra module under consideration. We will work these details out in
Sects. 5 and 6.2 for the Airy structures of type A and B that are met in this paper.

3 Whittaker modules

We saw in Sect.2.1 that, for a simply-laced Lie group G, the Gaiotto vector, whose
norm gives the instanton partition function for pure ' = 2 four-dimensional super-
symmetric gauge theory, is a Whittaker vector for a V\/k(g)-module at an appropriate
level, where g is the Lie algebra of G. In this section we study in more details the
definition and properties of Whittaker vectors for WX(g)-modules, where g is an arbi-
trary simple Lie algebra. We also explain how Airy structures can be used to construct
Whittaker vectors.

3.1 Background on vertex algebras
3.1.1 Vertex algebras

The best reference for our purposes is [6]. Let V be a vertex algebra and

Y(v,2) = Zvnz_"_l € End(V)[z*']

nez

4 In the original formulation of topological recursion [35, 53] and its higher generalization [27-29], it was
assumed that g € Z>(, but the formalism is easily extended to g € %Zzo [19, 25].
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be the field associated to v € V. The v, are called modes. A vertex algebra is usu-
ally defined over C; however, vertex algebras are defined over general commutative

rings and we will eventually consider vertex algebras over the field (C(h%) for some

indeterminate h%. In the latter case we will always write V for V ®c (C(h%).
The vacuum is denoted by |0) and the translation operator by 7. It satisfies

[T7 Y(U, Z)] = Y(T'U, Z) = aZY(va Z)'
A Hamiltonian H is an element in End(V) that satisfies
YveV, [H,Y(v,z2)]=Y(Hv,z)+zY(Tv,2),

and acts semisimply on V. For example if V is conformal in the sense that it has a non-
trivial action of a Virasoro vertex algebra, then the zero-mode of the Virasoro field is a
Hamiltonian. If V is a vertex algebra with Hamiltonian H, a vector of H-eigenvalue A
is said to be of conformal weight A and the subspace of vectors of conformal weight
A is denoted by V_. We assume that

v=@D v., (3.0)

nEZzO

and that V = C.|0). A mode v, is called positive (respectively negative) if [H, v,] =
Av, for some A < O (respectively A > 0). We denote by A the suitably completed
algebra (the current algebra) of modes of V and by AL the subalgebra generated by
positive (resp. negative) modes and by Axg, A<o the subalgebras generated by non-
negative respectively non-positive modes. See [6, Section 3] for technical details on
current algebras and the Appendix of [6] for details on the completion.

Let I be an index set and U = {w' | i € I} C V. The set U strongly generates

V if V is spanned by w'!, --- w®, 10) with w'l, ..., w’s € U andny,...,ng > 0.
Let us fix an ordering < on the set U. Then, we say that the monomial w’jn] e wljnx
in A as well as the monomial w’_ln1 w’_’nx |0) in V is lexicographically ordered

if n; > nji1, and whenever n; = n;4, we have w'/ > w'i+!. We say that U is
a minimal strong generating set if no proper subset of U strongly generates V. The
vertex algebra V is freely generated by U if lexicographically ordered monomials
form a basis of V and such a basis is called a Poincaré—Birkhoff—Witt (PBW) basis.

Three families of strongly and freely generated vertex algebras with Hamiltonian
are:

(1) Wh-algebras [6],
(2) generalized free field algebras [43],
(3) the Wo-algebras of [69, 75].

All three appear in connection to geometry, and they are in fact tightly connected [42,
43]. The W, 1-algebras that act on moduli spaces of spiked instantons [87] coincide
conjecturally with the corner vertex algebras of Gaiotto and Rapcak [63], proven in
some cases [39]. The corner vertex algebras are quotients of Wy, [42, 43] and hence
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are usually not strongly freely generated. With this in mind we will also consider
non-strongly freely generated vertex algebras.

3.1.2 Filtrations

We say that 7 = {F,V | p € Z} is an increasing, separated and exhaustive filtration
of V if F satisfies

FpaVeFV, (FRV=, |Jrv=v.
peL pEZ

Such a filtration is a vertex algebra filtration if in addition |0) € FoV/F_1V,
T(F,V) € F,V and vy (FpV) € FpigV forallv € F;V and all p,q,n € Z.
If there is a Hamiltonian H, we also require compatibility of the filtration with respect
to H, thatis H(F,V) € F,V. The associated graded vertex algebra is then

g’V = F,V/FpV.
PEZ

We continue with the setup of the previous section and in addition require that
the strong generators are eigenvectors of the Hamiltonian. The conformal weight of
a vector w' is denoted A;. Let F,V be the subspace of V spanned by elements

wl_'nl u)l_snx|0) with A + -+ A;; < p. Then F = {F,V | p € Z} is an
increasing, separated and exhaustive vertex algebra filtration—the standard filtration
of Li [74]. In fact, because of (3.1), it follows that 7,V = 0 for all p < 0. Moreover,
the associated graded vertex algebra is commutative. This filtration induces a filtration
of the current algebra .4 denoted by F,.4 [6, Section 3.13]. The restriction of this
filtration to \A_ and A< is exhaustive.

A filtration of a V-module is defined in analogy. Let M be a V-module, and G =
{G,V | p € Z} be an increasing, separated and exhaustive filtration of M. That is, G
satisfies

GpaM<G,M,  (G,M=(0}, |JGM=M.

PEZL PEZ

Such a filtration is a vertex algebra module filtration compatible with F if in addition
T(GyM) € GyM and v,(G,M) € G, gM forallv € F;V and all p,g,n € Z. If
there is a Hamiltonian H, we also require compatibility of the filtration with respect
to H, thatis H(G,M) C G, M. The associated graded module is then

grgM = @gpM/gp—lM’

PEZ

which is a gr” V-module. In the following we will denote such a compatible filtration
by the same symbol F as the vertex algebra filtration.
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Let F be Li’s standard filtration, such that the associated graded vertex algebra is
commutative. The algebra of modes A is a Lie algebra with respect to the commutator
[+, -]1. We can turn it into a graded Lie algebra using the induced filtration. Let & be
a formal variable and consider A[[h%]]. We introduce a grading where deg B = 1,
and degx = O for all x € A. Define the mapn : A — Al[h%]] by n(x) := 7% x for
x € FpA butx ¢ F,_1.A. We note that the image of 7 is in .A[[h%]], since for Li’s
standard filtration, the induced filtration on the algebra of modes satisfies F p.A =0
forall p <O.

Lemma3.1 Let A" be the subalgebra of A[[h%]] generated by the set {n(x) | x €

A} C A[[h%]]. Then A is a graded Lie subalgebra, in the sense that the commutator
[-, -] respects the grading. Moreover,

(A" A" < h2 AP,

Proof Since F, A - Fy A C FpigA, AP is a subalgebra of A[[h2]. By definition of
the map n, it is clearly a graded Lie subalgebra. Moreover since the associated graded
algebra of V is commutative, it follows that [F, A, 7, A] € F),44-1.A and hence

(AR, AM C h2 AP o

As explained in Sect. 1.3, we use regular math fonts to denote modes in .4, and sans-
serif math fonts to denote the corresponding modes in A" For instance, if x € A, then
x =n(x) € A" According to the grading, it follows that deg(x) = p when x € F,A
but not in F,,_1 A.

As mentioned earlier, we will also sometimes consider the vertex algebra over the

field (C(h%), which we denote by V := V ®¢ (C(ﬁ%).

Definition 3.2 Let V be a vertex algebra with Hamiltonian H and strong generating
set U = {w' | i € I} consisting of eigenvectors w' of H of integral conformal weight
A;. Let p be an involution of V such that its action on strong generators is given by
p(w') = (=1)2w'. Then we say that p is compatible with Li’s standard filtration
with respect to U.

Lemma3.3 Let V, U as in Definition 3.2 and p an involution compatible with Li’s
standard filtration. Then

(A", AR < hA".

Proof The involution p induces a Z,-grading on V and hence on A. Let x be a
homogeneous element of A with respect to Li’s standard filtration F on V. This
implies that x € F,.4 but not in F,_1.4 so that by the definition of Li’s filtration
p(x) = (=1)Px. It follows immediately that [F,.A, F; Al S Fpy4—2.A, and hence
[A", A" c hAP. o

Remark 3.4 Some examples of vertex algebras that have an involution compatible with
Li’s filtration with respect to a strong generating set are
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(1) Vertex algebras that are strongly generated by elements of even conformal weight.
The main examples are firstly the even WWy-algebra of [69] and any of its quo-
tients, these are the orthosymplectic Y-algebras [42, 63] and secondly principal
Wh-algebras of Dynkin types B;,, C,,, E7, E3, G2, F1 and Dy,;

(2) Principal W-algebras of type D2,41, e.g. by [42];

(3) The Wqo-algebra of [75] (see section 5 of [75] for its properties including the
involution) and any of its quotients, these are the Y-algebras of unitary type [43,
63] and they include principal W-algebras of type A;

(4) The principal WW-algebra of Eg, see Appendix D of [70];

(5) Any integer graded generalized free field algebra.

3.1.3 Verma modules

Let Zhu(V) be Zhu’s associative algebra (a quotient of the algebra of modes of weight
zero) [90], see also [6, Section 3.12]. The Zhu functor Zhu(-) associates to a lower
bounded V-module M a Zhu-algebra module structure on the top level subspace of M.
Let E be a finite-dimensional module for Zhu(V). Then E induces an .A>p-module
by letting positive modes act trivially. The induced module

M(E) == A®u, E

is a lower bounded graded V-module, which we call the Verma module with top level
E [81]. The induction functor M (-) is left adjoint to Zhu(-). Li’s standard filtration F
induces a filtration on Zhu(V'), since the Zhu algebra is a quotient of the algebra of
zero-modes. If E is filtered compatible with F, then since JF also induces a filtration
on A, M(E) must be filtered as well, i.e.

FpM(E)= @@ F A FE
q+r=p

This is compatible with F, since F, A - Fy,M(E) € FpiqM(E).

Letn be the dimension and {1, ..., 1, } abasisof E. Let I be an index set. Assume
that V is strongly generated by U = {w' | i € I} C V and all elements of U are
eigenvectors for the Hamiltonian H. Let w’ € U be a strong generator of conformal
weight A;, then it is convenient to set

Y(w' |0, z) = Zw 7! =ZW£Z_"_A’

nez nez

i.e., we redefine the modes as W) = w! +a,—1- The W then have weight —n. Then
M (E) is spanned by monomials

Wilnl Wf'm Wi, (3.2)

with w'l, ..., w € U,ny,...,n; > 1,and i € [n]. Such a monomial is in 7, with
p = Aj +---+ Aj; +g; with g; minimal such that u; € F, E. Thus the filtration 7
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on M is separated and exhausting. Moreover the spanning set (3.2) can be taken to be
lexicographically ordered as any reordering only adds terms in lower degrees of the
filtration.

Assume that 7 is finite, say |I| = ¢, then the module M (E) is graded by the
Hamiltonian H with finite dimensional weight spaces,

M(E)= @ My, —n(E)

neZs

for some Ay € C. The top graded piece M, (E) is a Zhu(V)-module and isomorphic
to E.

The contragredient dual of M (E) is denoted by M'(E) and as a graded vector space
it is the graded dual, that is

M'(E) = P Homc(My,—n(E), C).

nEZZ()

Assume that Zhu(V) is commutative. In that case Zhu(V') is generated by the zero
modes of the strong generators, i.e., it is isomorphic to a quotient of (C[Wol, e, Wé].
Consider a one-dimensional module E. Then the action of Zhu(V) is given by a
character x : Zhu(V) — C.LetA = (Aq, ..., A¢) and A; = X(Wé). We write M* for
M (E) and say that M” is a highest-weight module of highest weight A. The conformal
weight of the top level is then denoted by #,,.

Fix a vector |A) € Mfl‘A and (M| € Hom(c(M)‘A, C) dual to |A). We write this as
(I) = 1. Denote the action of x, on (A| by (Ax,| and that of x, on |A) by |x,A).
This determines a unique bilinear pairing (|) : M’* x M* — C, that is specified by
(Iy = () for any n € Z and any x,, € A, with an anti-algebra involution ¢ : A — A
that is described (for example) in [6, Proposition 3.9.1], especially 2(x,) = x, for
any element x,, € .A. Moreover, ¢ maps the H-eigenspace of conformal weight A
to the eigenspace of conformal weight —A. The pairing (|) is non-degenerate if and
only if M* is simple. This pairing was described in Sect. 2.1.3 in the case of principal
W-algebras of simply-laced Lie algebras.

Remark 3.5 We can go through the exact same construction by allowing weight labels

to depend on A: for example, we can let them be rational functions in /2. In this case
we set A; = x (Wé) and denote the corresponding highest-weight Verma module by
M*. We then require that A = (A1, ..., A¢) is independent of / (which means that
the weight labels A; for the standard Verma module M” become monomials in h1
of degree equal to the conformal weight of W*). This means that M* is a module of

V Qc (C[h_%], and hence, also a module of V =V Q¢ C(h%).

) Birkhauser



33 Page180f91 G.Borot et al.

3.2 Whittaker vectors

We now construct Whittaker vectors in the setup described in Sect. 3.1. More precisely,
we show the existence and uniqueness of certain Whittaker vectors, under a given set
of assumptions on the vertex algebra. Our assumptions are:

Assumption 3.6 V is a vertex algebra satisfying:

(1) V= & V_,is graded by a Hamiltonian H with V = C.|0).
nEZ>()

(2) Theset U = {W', ..., W} is an ordered finite minimal strong generating set of
V. The W are H-eigenvectors and the ordering is such that the conformal weight
A; of Wi satisfies A; > A; > O0fori > j.

(3) There is an involution p that is compatible with Li’s standard filtration with respect
to U (see Definition 3.2).

(4) Zhu(V) is commutative.

(5) The modes of the corresponding fields are defined as

Wi (z) = Z Wiz

nez

with the rescaled fields W/ (z) and modes W;£ e AP, Assume that Wfl is not
nilpotent in .A, that is (Wfl)d # 0 for any d € Z~o.

Throughout this section, we assume that the vertex algebra V satisfies the above
assumptions.
We let x be a linear form on spanC(Wll, ey Wf) and set y; := x (W}).

Definition 3.7 A Whittaker module associated to x is a V-module M generated by a
vector |v) (the Whittaker vector) satisfying

Vielll, Vm >0, W |v) = x;i8n.1|v).

Let iy € [£] be the minimal index with y;, # 0. If we change the (WY) j>ig by
adding appropriate multiples of iterated derivatives of W' the Whittaker condition
reduces to

Vjielll, ¥m >0,  Whlv) = Xigom.187.i V).

Furthermore, by rescaling of W0 we can assume without loss of generality that Xip = 1.

We now show existence and uniqueness of Whittaker vectors with ip = ¢ under
Assumption 3.6.

Let M* be a simple Verma module of V of highest weight A. For any d € Z>q
consider the finite-dimensional subspace M%A _gof M”*. Let Sy be a set of lexicograph-
ically ordered monomials in the negative modes such that { x|1) | x € Sz} is a basis of
Mzk_d. Moreover, we require that (Wf])d is in S;. Note that (Wf] )dM) is in FpgM*
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and since the conformal weight of W¢ is maximal among the strong generators in U,
we have

FraatM O M _, = {0},

As M* is simple, the bilinear pairing (|) is non-degenerate. Since ¢ maps the H-
eigenspace of conformal weight A to the eigenspace of conformal weight —A, it
restricts non-degenerately to the conformal weight subspace M% g X Mﬁx_ 4- Thus
there exists a vector |w?) of conformal weight d + £, uniquely specified by (|) = 1
for x = (Wz_l)d and (|) = O for x in Sd\(Wfl)d. By convention, we set |lw?) = 0 for
d <0. . .

Consider a not necessarily lexicographically ordered vector Wl_’mr e W'_'ml [A) in
FpM* andleto be the permutation on these modes, such thats (W”,, ) -+ (W, )[2)
is lexicographically ordered. Then the difference

W, W) — o (W2, ) o o (W, 1A
is in F, p,le since gr’V inherits commutativity from gr/ V. We can deduce the
following result.

Lemma 3.8 Let x = Wijnr e Wijnl not necessarily lexicographically ordered, such
that X|\) # (Wfl)dlk). Then (|) = 0.

Proof Since the pairing preserves conformal weight, the conformal weight of x needs
to be d. But then the filtration degree of x is at most d¢ and so the difference

W, WL JA) = g (W, ) e g (W, )12

—n, —ny

isin Fyy—M*. Thus the expansion of Wi_’nr . Wi_ln1 |A) in terms of basis vectors does

not contain (W¢ l)d |1). Hence, (|) = 0, which proves the lemma. m|
Corollary 3.9 Foranym > 0,i € [£]and d > 0, we have W,"n|wd) =8; ¢m.1 lwd=1y.

Proof Assume that anlwd) # 0; then by the non-degeneracy of the bilinear form,
there exists y = Wijnr e Wi_‘nl, such that (|) # 0. Let us introduce the notation x/,
such that ((y)W!, = ¢(x"), which implies that X' = W', y. Applying Lemma 3.8 to
x’, we see thati = £ and m = 1. The identification of the vector Wf lw?) with w1
follows from the uniqueness of the |w?) for all d. O

Theorem 3.10 Assume that V satisfies Assumption 3.6 and that the Verma module M*
of V is simple. We define the vector \w) in M*[A]] as

w) =Y Adjw?).

d=0
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Then, this vector |w) is the unique vector in M*[A]] satisfying
Vi e[£], VYm >0, an|w) = ASi ¢Om.1|w). 3.3

Proof The property (3.3) follows directly from Corollary 3.9. As for uniqueness, the
projection of any vector satisfying equation (3.3) to the conformal weight subspace
My, —q for d > 0 must satisfy the properties that define A?|w?) uniquely. O

Theorem 3.10 establishes existence and uniqueness of a Whittaker vector |w) anni-
hilated by all positive modes except W‘f, which acts as a constant, for vertex algebras
V satisfying Assumption 3.6 and such that M* is simple as a V-module.

3.3 Leftideals

In this section we establish an important property that will be needed to realize Whit-
taker vectors as Airy structures. We introduce the following notation. Let 7, be a
multi-index set. We write:

o S, = {Wﬁ,1 | (i, m) € 1} C A" for the corresponding subset of rescaled modes of
the strong generators of the vertex algebra;
o A" .S, for the left A"-ideal generated by the modes in S,.

Consider the index set I = {(i,m) | i € [£],m > 1}. Then S, is the subset of
positive modes. Because of the existence of the involution p, we know that [.Ah , .Ah] -
h A" Furthermore, because the vertex algebra is strongly generated, we know that the
left ideal A" - S satisfies the following property (see e.g.” [19, Proposition 3.14]):

(A s AP s c Al s (3.4)

In other words, the commutator of any two positive modes in S is in hA" - .

What we prove below is a stronger statement: assuming that a Whittaker vector
exists, we show that the commutator of any two positive modes is in fact in (% times) the
leftideal generated only by the positive modes that annihilate the Whittaker vector. This
stronger requirement will be needed to construct Whittaker vectors as Airy structures.

To prove this property however we need to strengthen the assumptions of the last
section: we require that V is freely generated. In this case the last assumption in
Assumption 3.6 is automatically satisfied.

Assumption 3.11 V is a vertex algebra satisfying:
(1) V= & V_,is graded by a Hamiltonian H with Vy = C.|0).
nel=q
(2) The set U = (W, ..., W% is an ordered finite free strong generating set of V.
The W' are H-eigenvectors of conformal weight A; > 0.

(3) There is an involution p that is compatible with Li’s standard filtration with respect
to U (see Definition 3.2).

5 This reference shows that the left ideal generated by the set of non-negative modes satisfies this property,
but the same argument holds for the left ideal generated by positive modes.
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(4) Zhu(V) is commutative.

Recall that M* is the Verma module of V generated by a highest-weight vector
[1) of highest weight A = (A1, ..., A¢). Then W6|A) = A;|A) forany i € [£]. Fix a
t € [£],and let I; = {(i,m) |i € {t,..., €}, m = 1}. Then §; = {Wﬁ,...,W’f}.
Let I\, = I:\1I;, and define S\, and Al S1\s as usual. Then S\, is the set of all
positive modes except W/, .. ., Wf.

Theorem 3.12 Let V be such that Assumption 3.11 holds. Let |w,k) be a putative vector
in MMIA,, ..., A/l satisfying

Wi |wtx) _ Ai|wzk) if an €S,
" 0 lf W;n € S+\t,

and such that the constant term of | wf‘) is the highest-weight vector |1) of M*. If such
a th)‘) exists for generic A, then for all Wi,l, W e Sy,

\RARE VLS

Proof Let R be the set of all » € C¢ such that the Whittaker vector |wl)‘) exists. As
before we fix an ordering for monomials in A" by saying that

i, Wi
Wn1 Wn,

isorderedif n; > nj_y,and i; > i;_; when n; = n;_;. We say that a polynomial
is ordered if each of its monomials is ordered. Moreover we call a monomial good if
the rightmost term Wf{, satisfies n, > 1, and i, < ¢t when n,, = 1. In other words, a
monomial is good if it is in A" - S,

By Assumption 3.11 and Lemma 3.3, we know that [an, W/l e hAM. S. We want
to show that all the monomials on the right-hand-side are good for any Wi, W{ € S.,.
By the Whittaker property, we have [Wi, W§]|wt)‘) = 0 for any A € R. We prove
the lemma by showing that an ordered polynomial A € A" satisfying Alw}) = 0 for
A € R must be good.

Consider A € A", such that Alwtk) = 0 for any A € R, and assume that

A=B-pW,..., W5 -qgWi, ... ,W,
where B € A" is an ordered monomial having a negative mode as rightmost factor, so
that B can be identified with a PBW-basis vector of any Verma module. Here, p (resp.

q) are polynomials in £ (resp. £ + 1 — ¢t) variables. We have:

0=Alw})
=B-pWJ, ..., W5 -qgW!, ..., WHwH) (3.5)
=B-pW(, ..., W) -q(Ty, ..., To)|w}).
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As the action of the zero modes W6 preserves the grading (by H) on M*, we can
restrict A to the constant term of |w,)‘), that is |A), to get the following vanishing:

0=8B-pWy,...,W§) -q(Ty, ..., Tl

3.6)
=pAt, ..., 0)q Ty, ..., Ty) BIA).

Since A is generic, we deduce that pg = 0 and hence A = 0. Now, let

A:ZBa-pa(w(l),...,wg)-qa(W’,...,W{)
o

be a finite sum of elements of the previous type, such that the By|)\) are linearly
independent. By the same argument as above, we get that

0= pari.....20)qu(Ti, ... T)Byl2).
o

By linear independence, each summand must vanish and hence for each « the product
Paqe must vanish, and hence A = 0. It follows that any ordered polynomial A that
annihilates all Whittaker vectors is good. O

3.4 Existence of Whittaker vectors generically

In Theorem 3.10, we showed that Whittaker vectors—annihilated by all positive modes
except Wf which acts as a constant—exist if the vertex algebra satisfies Assumption 3.6
and the Verma module is simple. But when does this apply? We would like to justify
that for certain vertex algebras such Whittaker vectors exist generically. This can be
done for principal WW-algebras, as for those, Verma modules are generically simple,
and their top level subspace is one-dimensional.

3.4.1 Affine vertex algebras
Let g be a simple complex Lie superalgebra and (-, -) : g x g — C a non-degenerate

invariant bilinear form (-, -) on g. We normalize (-, -) in the usual way, such that long
roots have norm 2. Let

T=g®cClrt'1eCKea C.d
be the affinization of g. Here K is central and d is a derivation; its action on modules
can be identified with minus the Hamiltonian d = —H = —Lg. For x € g write x,

for x ® ¢". These elements are called positive (resp. negative modes) if n > 0 (resp.
n < 0). Then the commutation relations are

Vm,n e€Z, Vx,ye€g, [Xns Yul =[x, Y]m+n +8m+n,0m (x, y)K.
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Let k € C and g be the Lie superalgebra obtained from g by setting K = k. Let
’g\:kt the subalgebras generated by the positive (resp. negative) modes. The subalgebra
of zero-modes is identified with g (ignoring the derivation). The universal enveloping
algebras of gy, ﬁki and ﬁki @ g are denoted by A, A4, Ao, A<p, and we construct
the h-rescaled versions as usual.

Let B be a basis of g. For k € C, the universal affine vertex superalgebra V¥(g) of

g at level k (associated to «) is generated by fields {X*(z) = Y_ xpz "V x e g
nez

with OPE

k(x,y) — Xl(w)
z—w)? (z—w)

X ()XY (w) ~

The set {X* | x € B} strongly and freely generates Vk(g). As gx-modules we have
Vk(g) = A®4., C.10), i.e. it is the Verma module induced from the trivial represen-
tation C.|0) of -/leo- More generally let p be a representation of g. Then p induces an
Aso-module by letting A act trivially. The Verma module of VK (g) with top level p
is then

VE(p) = A®., p.

Letg = g_®hPg, be asusual a triangular decomposition of g into a Cartan subalgebra
b and positive and negative part. A highest-weight vector v is an eigenvector of h that
is annihilated by g . If p is an irreducible highest-weight representation of g of highest
weight A, we write VK1) for Vk(,o). In this case the conformal weight of the top level
is given by

h — (A, A +20)
T A

with p the Weyl vector and /" the dual Coxeter number of g.
A module is simple if it has no proper graded submodule. It is well-known that
VK(1) is generically simple:

Lemma 3.13 VK(1) is simple for generic i € b* and arbitrary k.

Proof Assume that V¥()) has a proper indecomposable graded submodule M. Since
g, acts nilpotently on every graded subspace of V¥(1), the same needs to be true for
M: M needs to be a quotient of VK(w) for some p € A 4+ Q with Q the root lattice.
Thus hj +n = h;, for some positive integer n. Let © = A + B for some B € Q. Then

o (BBH20.4 )
e YT SRy AT

It is easy to see that for generic A this cannot be an integer. O
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3.4.2 Principal WW-algebras

The general construction of W-algebras is due to [68] (a condensed review can be
found in [43, Section 3]). Let (f, &, e) be an sl>-triple in g. Here the Cartan subalgebra
element 4 is normalized such that [4, e] = e and [k, f] = —f. Then g is %Z-graded
by h-eigenvalues.

There exists a free field vertex superalgebra C(g, f) depending on g and f and
the zero-mode d/ of an odd field in C(g, f,k) = V*(g) ® C(g, f), such that
(C(g, f,k),d)isacomplex whose homology is a vertex superalgebra, the W-algebra
of g at level k associated to f:

WX, f) = Hi(C(g. f. k), d7).

If f is principal nilpotent, then one usually omits f in the above notation.

The complex is Z-graded and the degree is called the ghost number. The main
structural theorem is [68, Theorem 4.1]. It tells us that the all homologies vanish except
in degree zero. Moreover, it states that as a graded vector space, VVk(g, f)=vgh),
and a set of strong and free generators is associated to a homogeneous basis of g/ . (As
usual we denote the kernel of f on g by g/ . It is the space of lowest weight vectors for
the sl,-triple). The conformal weight of a generator corresponding to a homogeneous
element of h-eigenvalue —n is 1 — n. The homology

M, f) = Ho(C (s, /) @ V), d))

is a module for VVk(g, f).,and itis in fact a Verma module.
The following is believed to be true, but a proof does not seem to exist in the
literature:

Conjecture 3.14 MKX(x, f) is generically simple.

If f is principal nilpotent and g is a simple Lie algebra, then Conjecture 3.14 is well-
known to be true. Let us denote M¥(x, f) just by M k(1) in the principal nilpotent
case. By [6, Lemma 7.5.1] the minus reduction of a Verma module of Vk(g) is a
Verma module for WX (g) and by [6, Theorem 7.6.3] the minus reduction of the simple
quotient of a Verma module of antidominant (not dominant) highest weight is simple.
The following result is a direct consequence of Lemma 3.13.

Corollary 3.15 ([6]) For generic L a Verma module MX()) of a principal VVk(g)-
algebra is simple.

Let {W!, ..., W’} be a minimal strong generating set of a principal )/Vk(g)—algebra
and W* the generator of maximal conformal weight. Denote by W' the corresponding
rescaled generators, with modes Win e A" As usual, we denote by Mk(k) the Verma
module constructed from rescaled modes. It is generically simple as well; Remark 3.5
says that the weight labels ; for the standard Verma module M* (1) become poly-

nomials in h_%, and hence MX(1) is a module over both VVk(g) Rc C[h_%] and
V\/k(g) Rc (C(h_%). The evaluation h_% > z € C thus gives a M/k(g) Verma module
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that must be generically simple. Thus MX(%) cannot have a proper submodule. By
Theorems 3.10 and 3.12, it then follows that:

Proposition 3.16 For generic A a Verma module M (L) of a principal V\/k(g)-algebm
admits a unique Whittaker vector |w) € Mk(k) [AT satisfying

Vielll, Vm>0, W |w)=A8 ¢8p1lw). (3.7)

Moreover the condition on the positive modes stated in Theorem 3.12 holds, that is,
for any Wﬁn, W} e Sy,

W, W1 e hA™ - Si,. (3.8)

Proposition 3.16 holds for any simple Lie algebra g. We will use this result to
construct Whittaker vectors explicitly using Airy structures for the case where g is
of type A or D. By the discussion in Sect. 2.1, these Whittaker vectors correspond to
Gaiotto vectors for the corresponding instanton moduli spaces.

However, we are also interested in the Gaiotto vectors for instantons of type B and
C. From physics, those are not expected to be given by Whittaker vectors for l/\/k(g)-
modules with g of type B or C; rather, they are expected to correspond to Whittaker
vectors for certain twisted WX (g)-modules with g again of type A and D respectively
(see [70] for instance). We expect the arguments of Sects.3.2 and 3.3 to extend to
twisted modules, which would allow us to prove an analogue of Proposition 3.16
about existence of Whittaker vectors, and in particular of Theorem 3.12 about the
condition on the positive modes (3.8), for these cases as well. However, we do not
have a proof at this stage. As a result, the necessary condition on the positive modes
(3.8) for the construction of Whittaker vectors for instantons of type B and C using
Airy structures are stated as Conjectures 6.1 and 7.2 later in the text.

3.4.3 The self-dual level of principal YV-algebras

All of our results hold for principal )/Vk(g) at arbitrary level. However, there is one
choice of level which is particularly nice, where the construction of Whittaker vectors
using Airy structures simplifies considerably—the self-dual level.

A second way to realize }V-algebras is as subalgebras of a combination of free
field algebras and affine vertex algebras, characterized as the joint kernel of a set of
screening charges [65]. The principal WW-algebras are nice from this point of view as
they are realized as subalgebras of a Heisenberg vertex algebra of the same rank as
the corresponding Lie algebra.

A third realization of principal W-algebras of type ADE is as a coset [9], namely
V\/k(g) = Com(Ve(g), yt-l (9) ® L1(g)) where k and ¢ are related by the formula

| |
B
ktin” |+ h

with 2" the dual Coxeter number of g. This coset statement holds for generic level or
equivalently as one parameter vertex algebras. Large level limits, that is k — oo, of
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such structures exist and are isomorphic to orbifolds [40, 41]. In our specific case the
orbifold limit of the coset is

W (g) = Ly (),

with G the compact Lie group whose Lie algebra is g. But L1(g) is nothing else than
the lattice vertex algebra of the root lattice Q of g and the orbifold is in degree zero,
i.e. it is a subalgebra of the Heisenberg subalgebra of Li(g). Principal WW-algebras
enjoy Feigin—Frenkel duality [60], that is in the simply-laced case V\/k(g) = Wi (g)
for (k +hY)(£ + hY) = 1. We observe that if £ = —h" + 1 then £ is at the Feigin—
Frenkel self-dual level. This level is thus rather special both from the coset point of
view of W-algebras and from the perspective of Feigin—Frenkel duality.

In particular, the coset point of view tells us that the subgroup of G that restricts
to automorphisms of the Heisenberg subalgebra leaves the V-algebra invariant. Thus
twisted modules for the Heisenberg algebra restrict to untwisted VV-modules. This
point of view was exploited in [19, 25] to construct higher Airy structures as V-
modules, but in this paper such twists will not be needed.

3.5 Whittaker vectors and Airy structures

Proposition 3.16 establishes existence and uniqueness of Whittaker vectors—
annihilated by all positive modes except W’f which acts as a constant—for arbitrary
Verma modules of principal V\/k(g)-algebras. We now outline the main ideas behind
our construction of Whittaker vectors using Airy structures, that will be put in practice
in the next sections. We also explain how this approach may lead to the construction
of new Whittaker vectors and “Whittaker-like” vectors for vertex algebras.

3.5.1 Airy structures and W* (g)-modules

Recall the definition of Airy structures in Definition 2.4; from now on we will only
consider Airy structures where the dimension of the vector space V is countably
infinite. We are therefore looking for a set of differential operators {Hy | k € Z~} that
satisfy two properties: the degree and subalgebra conditions. It turns out that vertex
algebras, in particular V\/k(g)-algebras, provide a natural source of Airy structures, as
explained in [19].

Let V be a vertex algebra that satisfies Assumption 3.6. Let S C A" be a subset of
the modes of the strong generators. The idea is to find a representation for the modes
an € § as differential operators that satisfy the degree and subalgebra conditions
from Definition 2.4.

In the language of vertex algebras, the subalgebra condition of Definition 2.4 can
be reformulated as follows:

Definition 3.17 Let S C .A” be a subset of modes of the strong generators of a vertex
algebra. We say that S satisfies the subalgebra condition if A" satisfies the property:

[A". s, A" . s]c hA™ . S.
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In other words, given any two modes in S, their commutator is in A" . S.

We already mentioned in (3.4) that Sy satisfies the subalgebra condition whenever
the vertex algebra is strongly generated and has an involution p, but we could also
consider other general subsets of modes (as was done in [19] for instance) satisfying
the subalgebra condition.

Now we are looking for a representation of V' into an algebra of differential opera-
tors, hence having a module M of functions on which these act. If S is a set satisfying
the subalgebra condition, the restriction of this representation to W/, € S automati-
cally satisfies the subalgebra condition in Definition 2.4. It remains to examine whether
we can choose such a representation obeying the degree condition, and this must be
constructed on a case by case basis for the given vertex algebra and the chosen module
M.

When this is realized, we obtain an Airy structure, and it gives us (Theorem 2.6)
a unique partition function Z annihilated by the differential operators representing
Win € S. Equivalently it describes a state |v) € M satisfying

VWi €S, Wi |v)=0.

Besides, this state can be constructed recursively by the topological recursion as dis-
cussed in Sect.2.2.

3.5.2 Airy structures and Whittaker vectors

Can one obtain Whittaker states in this way? The answer is yes, when the subset of
modes has a special property closely connected to the condition on the positive modes
stated in Theorem 3.12. The key is the following elementary observation, which we
formulate in the countably infinite-dimensional setting to match our purposes, but is
of course valid in all generality.

Lemma3.18 Let S = {Hi | k € Z~o} be an Airy structure. Suppose that there exists
a subset S’ C S, with 8" = S\ S, such that

VHi,Hj es, [Hi,Hj]GhD~SH. 3.9
Then, the set of differential operators S = {Hy | k € Z~¢)} defined by

oo |He=m T if Hee s,
7 He if Hees”,

Sforany constants Ty € Cand oy € %Zzo, also form an Airy structure, whose partition

function® Z is annihilated by the Hys, which in terms of the original differential
operators becomes

g To keep light notations, we use Z to denote the partition function associated to the shifted Airy structure
Hp, but it should not be confused with the partition function associated to the unshifted Airy structure Hg,
which would be annihilated by all Hy.
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| TITZ if Hee S,

Hy Z =
¢ 0 if HeeS"
Proof Due to the property that
VH;,H; €S, [Hi,H;lehD". " (3.10)

the commutator of any two differential operators in S is a linear combination of the
Hes not in §’, with coefficients in D”. It is then possible to shift the Hi € S’ by constant
terms, as (3.10) still holds for the shifted operators. Thus the shifted operators still
satisfy the subalgebra condition in Definition 2.4. To make sure that they also satisfy
the degree condition, we must make sure that the shifts have degree two or more
according to the grading in D". This is achieved if they come with a factor of 7% !
for any o € %Zzo- O

Itnow becomes clear how Airy structures can be used to construct Whittaker vectors.
We are looking for Airy structure representations for the positive modes of the strong
generators of a vertex algebra, such that the special property (3.9) is satisfied with S’
consisting of one-modes. In fact, we can be more general. Let us define the following
property for subsets of modes:

Definition 3.19 Let S C A" be a subset of rescaled modes of the strong generators of
a vertex algebra. Let S' C §, and set §” = S\ S’. We say that §’ is extraneous if

VWi Wi es, WL WilehAl. s (3.11)

Remark 3.20 We note that if (3.11) is satisfied for some subset S’ C S, then S nec-
essarily satisfies the subalgebra condition Definition 3.17. Thus (3.11) is a stronger
condition, and any set of modes § that contains an extraneous subset necessarily sat-
isfies the subalgebra condition.

The following result is a direct consequence of Lemma 3.18.

Corollary 3.21 Suppose that we have constructed an Airy structure representation for
a subset of modes S of the strong generators of a vertex algebra, and that S’ C S is
extraneous. Let S” = S\S'. Then there exists a unique vector |w) in M such that

Wiy = | A Talw) i W, €8
m 0 if Wi e s,

for any constants T,fi € Cand aj;, € %Zzo- Moreover, this vector is explicitly
constructed recursively as the partition function of the shifted Airy structure. We call
such a vector a Whittaker-like vector for the vertex algebra.

Remark 3.22 If S = S is the subset of positive modes, and S’ C S consists only of
one-modes, then |w) is a Whittaker vector for the vertex algebra, in the usual sense (see
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Definition 3.7). However, the construction is more general here. First, the extraneous
subset S’ may contain more than just one-modes. Second, the starting set of modes S
may be larger or smaller than the subset St of positive modes, as long as it satisfies
the subalgebra property. This raises the possibility that Airy structures may be useful
in constructing much more general Whittaker-like vectors.

The strategy to construct Whittaker vectors using Airy structures then becomes
clear:

(1) Find subsets of modes § of the strong generators of a vertex algebra that contain
an extraneous subset S’ C S.

(2) Find a differential representation for the modes in S that satisfies the degree con-
dition in Definition 2.4, and hence is an Airy structure.

If these two steps are achieved, the resulting shifted Airy structure uniquely constructs
a Whittaker-like vector annihilated by the modes in S” = S\ S/, and such that the
modes in S’ act as constants.

As the first step is purely algebraic, it can be formulated as the following problem
in the theory of vertex algebras:

Problem 3.23 Consider a vertex algebra satisfying Assumption 3.6. Classify all sub-
sets of modes S of the strong generators that contain extraneous subsets S’ C S,
according to Definition 3.19.

Anexample of this was already achieved in the previous section. In Proposition 3.16,
it was shown that for any principal Wk(g)-algebra, the subset S of positive modes of
the strong generators has an extraneous subset Sy C S, consisting of the one-mode
with maximal conformal weight S, = {Wf}. This means that if we can find an Airy
structure representation for the positive modes of the strong generators of a principal
M/k(g)-algebra, the partition function of the shifted Airy structure will construct the
Whittaker vector |w) from Proposition 3.16. We will do exactly that for the simple
Lie algebras g = s, (or rather gl,.) in Sect.4 and g = so07, in Sect.7.

Going back to Problem 3.23, for V\/k(g [,) and VVk(g[3) it can be solved explicitly
by examining the known commutation relations between the modes of the strong
generators. In these two cases we obtain a full classification of the subsets of modes
of the strong generators that contain extraneous subsets. We expect that it is possible
to construct Airy structure based on each of these subsets, thus proving existence
and uniqueness of the corresponding Whittaker-like vectors. Whittaker-like vectors
have been investigated in physics in the context of Argyres—Douglas theories, see e.g.
[17, 62, 64, 83, 89], and we plan to study whether they can be produced from Airy
structures in future work.

4 Airy structures for Gaiotto vectors of type A
Recall from Sect. 2.1 that the Gaiotto vector for a simply-laced Lie group G with Lie

algebra g, whose norm calculates the instanton partition function for pure A/ = 2 four-
dimensional supersymmetric gauge theory, is a Whittaker vector for a Verma module
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of a principal V\/k(g)-algebra at shifted level k = —%. More precisely, the Gaiotto
vector |®) is the unique Whittaker vector satisfying

Vielll, Vm>0, W |6)=A"5 18,16), (4.1)

where £ is the rank of g, 42" is the dual Coxeter number, A is an arbitrary constant,
and the ans are a certain representation (to be constructed below) of the rescaled
modes (see (2.2)—those correspond to the modes in Al according to Lemma 3.1) of
the strong generators of the vertex algebra.

In this section we focus on Lie groups G of type A. We follow the strategy outlined
in Sect. 3.5 to construct this Whittaker vector using Airy structures:

(1) From Proposition 3.16, we know that the subset S of positive modes of the strong
generators of the principal W-algebra has an extraneous subset S’ C S consisting
of the one-mode of the generator of highest conformal weight: S’ = {Wf}.

(2) We construct a differential representation for the positive modes in S that satisfies
the degree condition in Definition 2.4, and hence is an Airy structure.

Then the partition function of the shifted Airy structure (where only the one-mode Wf
is shifted) is precisely the Whittaker vector in (4.1).

The parameter 7 which was introduced in Sect. 3.1 plays a crucial role in the recur-
sive construction of the partition function. In fact, it is related to the parameters €; and
€, introduced in Sect.2.1.1 as follows:

1

D=
D=

€1 =h2k 2 and € = —h K%, “4.2)
which implies
€
K= ——2, and h = —¢€6.
€1

For notational convenience, we also define

1 1
ap:=h"2(e1+€)=k"2 —kK2.

D=

We note that at the self-dual level (see Sect.3.4.3) we have x = 1, which implies that
ap = 0 and €] = —e,. The grading with deg(”) = 2 can be induced by setting

deg(er) = deg(ez) =1, so that deg(x) = deg(ap) = 0. “4.3)

Before we start, we remark that in type A, instead of working with the simple Lie
algebra sl,., it is easier to use the semi-simple Lie algebra gl,.. All statements regarding
Wh-algebra actions can easily be reformulated from sl to gl,, or deduced by reduction
from gl, to sl,. Thus we now focus on the principal )/Vk(g[r)-algebras.

W Birkhauser



Whittaker vectors for W-algebras. .. Page310f91 33

4.1 Heisenberg algebra and YV-generators

Our goal is to construct a differential representation for the positive modes of the
strong generators of Wk(g[,) that takes the form of an Airy structure. To achieve this,
we will use the natural realization of WX (g [.) as a subalgebra of the Heisenberg VOA
H(gl,). In this section, we describe briefly this relation and fix our notation.

For g = gl,, we have £ = h" = r. We equip the Cartan subalgebra h = C" with

the orthogonal canonical basis (x¢ 221, such that

Va,belrl,  (x% x") = 8ap.

The Heisenberg VOA H(gl,) is the VOA freely generated by x“,|0) where |0) is the
vacuum vector. We define the fields J(z), and the corresponding modes J;; as

JU@) =Y (x4100,2) = ) Ja " aeln].

mez

We introduce a parameter % as in Sect.3.1.2, and define the corresponding rescaled
fields J%(z) and modes Jj, € A" Those satisfy the commutation relations

Vm,ne€Z, Ya,belrl, [ 1°1=hmb.pmino-

m’-n

‘The VVk(g[r)—algebra is strongly freely generated, and a set of rescaled generators
Wi(z) (with modes in A™), where i € [r], is obtained from the quantum Miura
transform [7]:

S W @) (hao) 8L = (h2a0d; +I'(2)) (h2a0d; + ()
i=0

1
. (hiaoaz + J’(z)), 4.4)
with the convention that WO(z) = 1. In the s, case, W!(z) is identically 0, but for gl

it is non-zero. In the gl, case the Virasoro field is W2(2) = L(2).
More explicitly, the right-hand side of the Miura transform can be written as:

Z(hzao)r i Z 8(11 lJal( )8112 ay— lJaz(Z) al —aj-1— lJa/( )ar aj

I<ay<--<aj<r

=Y ()™ Y Nap l—[(a 13 g)) o IO
=0

I<ay<--<aj<r =1
by,....bj€Z>o
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where

! (@y — ay—1 —1)!

Na,b = Z

J J
CET}F u=1 (ay —ay—1—1— Zv:u Cu,v)! HU:M Cu,v!

Zi&:v cuv=by

’

is a weighted sum over the set T; of upper triangular matrices with nonnegative entries,
where ap = 0 by convention. This can be computed explicitly, via the generating series

J

J ay—ay—1—1
) Na,bnxsv=n(1+zxv) -
v=1

u=l1 v=u
which gives (see also [11, Proposition 2.1])

J u—1
— b, —
Na,b = | | (du ZZZI v I/t>
u

u=1

We deduce that for i € [r], we get the expression

1 J
; 1Niej
W)=Y (h2a0) ™ Y Nap [P ). (4.5)
j=1 I<ay<--<aj<r =1
bi,..., bjEZZ()
bytetbj=i—j

The field W/ (z) has conformal weight i, and its mode expansion is denoted

Wiz)=> Wiz ielrl. (4.6)

mez

At the self-dual level k = 1 (see Sect.3.4.3), the form of the strong generators
simplifies dramatically:

W@ =Yt ...xploa= Y [[/@, ieln,

I<aj<-<aj<r I=1

4.7)

where e; denotes the ith elementary symmetric polynomial. Of course, the same
expression holds for the rescaled fields W (z) and J*(z).
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4.2 The Airy structure

Using the description of the WX( gl,)-algebra as an (explicit) subalgebra of the Heisen-
berg algebra H(gl,) from the previous section, we shall obtain a representation for the
modes of the former as differential operators, using the following representation for
the modes of the latter.

As in Sect. 2.2, we introduce the graded algebra of formal functions on

M = C[[()aerrt, m=o ] IR,

with the grading (2.7) and (4.3). Let Q1, ..., Q, € C, which have degree O in the
algebra. The algebra MP" carries a representation of H(gl,.) by differential operators

hax;,g m > 0,
) =1 —mxt, 1 m <0, (4.8)
Qs—(e1+€)=0Q4s—h2ap m =0.

Note that J§;, form # 0is an operator of degree 1, but Jj is not homogeneous unless
k = 1 (equivalently op = 0)—in the language of [19], this is because one can think
of the degree O term Q, as a dilaton shift of the zero-modes. We define |A) to be the
element 1 € M, where we recall that X is the highest weight defined in Theorem 2.1.

We now show that this representation of the VVk(g [,)-algebra can be used to con-
struct an Airy structure.

Theorem 4.1 Assume that r > 2, Q1, ..., Q, € C are pairwise distinct, and that
T € C. Let Win be the differential operators associated to the rescaled modes of the
strong generators W' (z) of the principal V\/k(g[,)-algebra, obtained via Eq. (4.8).
Then the family of differential operators

Vielrl, meZag W, =W — KT8 8,

forms an Airy structure.

Before we prove the theorem, let us state an immediate corollary, which follows
directly from the theory of Airy structures discussed in Sect. 2.2. The partition function

Zassociated to the Airy structure’ Win (see Theorem 2.6) is a solution to the differential
constraints

W Z=hiT5; 81 2.
In other words, the partition function Z can be identified with a Whittaker vector |w)

in a Verma module M*(1)—whose highest weight A is uniquely determined by the
action of the zero-modes in (4.8)—satisfying

7 AsinLemma3.1 8, Zis the partition function associated to the shifted Airy structure Wﬁn , not the unshifted
i
one Wy,
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Wi |w) = h2T8; .1 |w).

As the theory of Airy structures guarantees the existence and uniqueness of Z = |w),
it is none other than the Gaiotto vector |&) of type A from Sect.2.1 (see (2.3)), with
the identification of parameters

RET = A,

Corollary 4.2 Under the above identification of parameters, the unique partition func-

tion Z associated to the Airy structure Wlm coincides with the Gaiotto vector |®) of

type A defined in (2.1). O

Proof of Theorem 4.1 To prove that {an | i €[r], m € Z~o} forms an Airy structure,

we can apply Lemma 3.18, which requires checking that

@) {an | i €[r], m e Z~o} forms an Airy structure;

(2) theset S ={W,, | i € [r], m € Z~o} of positive modes contains the extraneous
subset S" C S (see Definition 3.19) with §" = (W}).

Fortunately, Proposition 3.16 for the principal Wk(g)—algebra already gives (2).

For (1), according to Definition 2.4, we need to show that the degree and subalgebra
conditions are satisfied. The subalgebra condition is necessarily satisfied, since the
existence of the extraneous subset S’ C Sy implies it (see Remark 3.20).

All that remains is to verify that the degree condition is satisfied for the {W!, | i €

[r], m € Z-o}, or equivalently for the {Wlm | i €[r], m € Z~} since the shift has
degree > 2. Our starting point is (4.5), expanded in z to extract the modes W/, as in
(4.6), with the J¢ understood as the differential operators in (4.8).

First, we must check that the an have no degree zero term according to the grading
(2.7) on the algebra of differential operators. Looking at (4.8), the only degree zero
terms can come from products of zero-modes Jj. It is easy to see, by direct inspection
of (4.5) that terms that only involve products of zero-modes J§ never occur for W,
with m > 0.

Next, we need to check that the degree one condition is satisfied. Let 1 the operator
projecting differential operators to their degree 1 component according to the grading
(2.7). ‘

Let us first consider the self-dual level « = 1. The degree 1 projection of the Wlm
takes the form:

i
W)= > Y | [] Qaul| (4.9)
I<aj<--<a;<r j=1 |\ 1<i<i
I#j
This is better handled in generating series form

r

S m W, =S | [+ 0w | L. (4.10)
i=1

a=1 \b#a
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When Qj, ..., Q, are pairwise distinct, we can extract the Heisenberg modes J¢, for
each a € [r] from (4.10) as follows,

m _ r *
t=—0q 1_[}7:1 (t + Qb)

Evaluating the right-hand side gives

(= Q) (W)
nb;éa(Qb - Qa)

=)o A.11)

Therefore, the operators

o i (- Q)W
" nb;ga(Qb - Qa) '

aelr], meZ-, 4.12)

give an Airy structure in normal form, and hence {Wlm | i €[r], m € Z~o}is an Airy
structure.

For general «, the terms in Eq. (4.5) when i = j contribute to the degree 1 part
of the differential operators Win, and match with the ones computed in Eq. (4.9) for
« = 1. For degree reasons, the only possible additional contributions in degree 1 come
from the j =i — 1 terms of Eq. (4.5). These contributions are from 7¢(J?(z)) = %
which yields

i—1 i—1
W () = 1 W @)t —h2ag Y (1_[ Qa,> (Z Na,su) 7,
1 v=1

1<aj<--<aj_1<r \l=1

where §, is the sequence of length i — 1 with a single non-zero entry equal to 1 at
position v. Since W' (z) has conformal weight i, the term z =" appears in the zero-mode,
and therefore the degree 1 terms of positive modes agree with the x = 1 case. O

Remark 4.3 There are important differences between the Airy structures constructed
in Theorem 4.1 as VVk(g [,)-modules and those constructed in [19]:

(1) In contrast to [19], we do not restrict ourselves to the self-dual level, but construct
Airy structures for arbitrary levels.

(2) The module of the Heisenberg algebra that we start with in the construction above
is untwisted, in contrast to [19] where the construction started with a module of the
Heisenberg algebra twisted by an element of the Weyl group (the case considered
here would correspond to the untwisted case in [19]).

(3) We consider a smaller subset of modes than considered in [19], namely only
positive modes of the strong generators. Because of this, there is an extraneous
mode (the one-mode WI), and we can shift it by a constant —hiT.Asa result, the
partition functions of our Airy structures in Theorem 4.1 give rise to Whittaker
vectors (as they are annihilated by all positive modes except W), while in [19]
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the modes are not shifted and hence the partition functions correspond to highest-
weight vectors.

Remark 4.4 We note that instead of shifting W/ by —h3T, we could have shifted it

by Y =2 h% T; for arbitrary 15, T3, ... € C. Since these terms all have degree > 2
according to the grading (2.7), we would still obtain an Airy structure. However,
the recursive structure to compute the partition function Z is more efficient (more
information gained for the same number of recursion steps) if the shift is placed in
degree 2, i.e. choosing T; = 0 for j > 3. Nevertheless, in gauge theory, one would
like to place the shift in degree 0, corresponding to the parameter A in Theorem 2.1. At
first sight, this goes out of the framework of Airy structures, and consequently, the /-
expansion of the partition function (or the ~-expansion of the Whittaker vector, which
we will explore in (4.21)) is not computed right-away by a recursion on 2g — 2 + n,
but rather via Corollary 4.7. For this reason, for gauge-theoretic applications in this
paper we have to consider A as a formal variable near 0.

If we want finite values of A, non-zero contributions of (g, n) = (0, 1) and (0, 2)
make their apparition in the partition function (see Remark 4.8). We expect that these
can be absorbed by resummation, which gives rise to the usual topological recursion
on the spectral curve [,_; (y — £2) = (—1)"*! A instead of [,_; (y — £¢) =0
appearing in Sect.5.1. The situation is similar to the case of the 1-hermitian matrix
model: its Virasoro constraints do not form Airy structures, but they can be trans-
formed by non-trivial resummations and analytic continuation on the spectral curve
of the model, so as to arrive to an Airy structure and thus Chekhov—Eynard—Orantin
topological recursion for the correlators, see e.g. [24]. We shall return to this in a future
article.

4.3 Structural properties of the Gaiotto vector

We now use the theory of Airy structures to extract some structural properties of the
Gaiotto vector, which we will use in the next section in order to compute the instanton
partition function.

Let Z be the partition function of the Airy structure from Theorem 4.1, which is
identified with the Gaiotto vector of type A. By Sect.2.2, we know that Z = ¢/ with
F € =" M" containing only terms of positive degree. F has an explicit expansion:

hs—1 ‘
o ay - ay a;
F= > pr > Feald e Txe (4.13)
ge%Z>0,n€Z>o oar,...,an€lr] i=1
2g—_2+n>0 ki,....kn€Z~0

We now extract some properties of the coefficients F .

Lemma 4.5 Assumethatr > 2and?2 g—2+n > 0. Thenthe F, ,, satisfy the following

properties

(1) The coefficient Fy | Z: - Zz | depends polynomially on T and oo, and whenever it
is non-zero, it factors as T*1T+kn P () with P(cto) a polynomial in ag of degree
at most 2g. More precisely,
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Fonl ey

Tk1+"'+kn € (@(Ql LA Qr)[ao]

is a polynomial in o of degree at most 2g.
©2) If (ky + - - -+ ky)r > 2g, we have Fg,,,[z: o ZZ ] = 0. In particular, this condition
implies that Fy , = 0 forn > Zr—g.
. al _ T B
(3) The coefficient Fg,l[ i ] = —l_[b#a(Qb_Qa)(Sg’j.
Proof Recall the definition of H% in (4.12), and set

T

la= Hb#a(Qb - Qa).
According to Theorem 4.1 and more specifically (4.11), H? — h3 dm,1T, indexed by
m > 0 and a € [r] forms an Airy structure in normal form: H% = hax;rn + 0(2).
Extracting the coefficient of a monomial /% x> -- - x;" in z! Hy Z for ki > 0 and
ay € [r] then gives a formula for Fy [ " | in terms of Fy ,y with2g' —2+n' <
2g — 2 + n and the coefficients of the normally ordered monomials in J in HZI‘ .

e Proof of conditions (1) and (2) for k = 1:

For k = 1, collecting the coefficient of z=®*11) in Wi(z) = ¢;(J(2), ..., ) (z))
yields a linear combination over Q(Q1, ..., Q,) of terms of the form [[ ., Jli“mx

[Lieu, 5. with by, ¢s € [r], and my, ps > 0 such that

k=Y o= Y me UL HIU- <. 4.14)

seUy seU_

The same is true for HZ: , and apart from the degree 1 term Jill ,wehave |U_|+|U4| > 2.
Since k1 > 0, (4.14) imposes Uy # @. Then, Fgu[ ) ¢ ] = 84.280,18k,1 T4, is

linear combination over Q(Qy, ..., Q,) of terms of the form
¢y ay
1_[ FgL,ILIHNL\[pL kNi]’ (4.15)
LeL
where:

(i) L is a partition of U and for each L € L, we have gy € %Zzo, PL € Z’;O and
¢ e[rlt.
(i1) (NLr)LeL isasequence of pairwise disjoint, possibly empty subsets of {2, ..., n}.
We denote kNL = (kl)leNL and ay, = (al)leNL-
(iii) Foreach L € L, we have 2g; — 2+ |[L| + |NL| > O.
(iv) The complement of Li; 1, Ny, is in bijection with U_.
V) U4 +1U-] = 2.
(Vi) ky = ZSEU+ Ps — ZseU, k.
viD) Ul + X pep (g — 1) =g
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Taking into account these constraints, we see that

Ul +1U-| =14 (gL —2+|L|+NL|) =28 — 2 +n.
LelL

Since the sum above is non-empty, all the terms occurring in the sum are positive, and
|Uy|+|U-|—1 > 0,itis clear that Fy , is constructed recursively on 2g —2+n > 0.
Condition (vii) ensures that all g; < g and hence we get that F, , = 0 for g < 7.

When g = 5 and n = 1 we get
Fyali ] = Tay8i 1. (4.16)

We will prove the statement of the Lemma by inductionon2 g —2 +n > 0. When
2g—2+n < r—1, we have just proved that the only non-zero Fy , is F%J [”1’ ] =T,.
Condition (1) of the statement of the Lemma is then satisfied (as g = 0 at self-dual
level); condition (2) is also satisfied trivially.

Now, we move on to the induction step. Assume that g € %Zz() and n € Z~( such
that 2¢ — 2 +n > r — 1, and assume that conditions (1) and (2) hold for all Fy
such that2 g’ — 2 +n’ < 2 g — 2 + n. Then, the non-zero terms arising from (4.15)
have a power of T equal to

n
Sop+ Y ki=ki+ Y k+ Y k=) k.
=1

seUy I1¢U_ leU_ 1¢U_

which proves the condition (1). For every L in L, we have the inequality

Yopst Y ks < —. 4.17)

sel SENL

Summing this up over all L in L and using (vii) yields Y j_, k; < %(g —|U4|+]L]) <
2r—g, and this is exactly the condition (2).

e, Proof of conditions (1) and (2) for arbitrary k: ‘

Now we assume that « is arbitrary. Again, We see that W), is a linear combination
over Q(Q1, ..., Q) of terms of the form hs 0‘0 [Liev J_ms I J5. with only

seU.
notable difference that |Uy| 4+ |U-| < r — d for some d € {0, ...,+r — 1}. Notice

that the upper bound for |U4 | 4 |U—| was not used in the previous argument. Hence,

. . ap - apq - . . .
repeating the same argument yields that F g’n[ ko ko ] is a linear combinations over
QQ1, ..., Q,) of terms of the form

CL ay
O‘O 1_[ FgL |LH‘|NL| PL kNi] (418)
LeL

with the same constraints (i)—(vi), and (vii) modified to

Vi) U+ e(g — D =g—dand0<d <r—1.
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Summing up the constraints (4.17) over all L in L gives > |, k; < %(g —d—|S+|+
L)) < 27g, thus proving condition (2) of the lemma for arbitrary «.

The proof of the dependence in T by induction is the same as before. As for the
maximal degree in «g, we prove it by induction on 2g — 2 + n as well. The only
non-vanishing Fy , with2g —2+n <r —1is F%,l [‘f] = T,, which is certainly a
polynomial in «g of degree < 2g = 2(r/2) = r in this case. Now assume that the
condition holds for all F,» with2g" —2+4n" <2g —2+n. F, ,,[ o Zn] is a
linear combination over Q(Q 1, ..., Q) of terms of the form (4.18). By the induction
hypothesis, the maximal degree in a is thus

d+) 21 =2¢—d—2\Us|+2[L| <2,
Lel.

where we used (vii’) and the fact that |L| < |U4]|.

e Proof of condition (3):

We directly consider the case when « is arbitrary. Let us consider the terms (4.18)
that contribute to Fy ; [‘1’ ] — Sgﬁ 4 T,. Using the previous notation, we should consider
ki = 1 and U~ = &. Then, constraint (vi) states that 1 = > ;; ps, which forces
|U+| = 1. However, this violates constraint (v), and hence there are no terms that
contribute to Fg,1[{] — 8.+ T,. This proves condition (3).

O

Remark 4.6 The proof of Lemma (4.5) is an explicit way to see that the Fj ;s of
the Airy structure of Theorem 4.1 are constructed as finite sums, using F /s with
2¢' —2+n’ <2g—2+n. This justifies that it is well-defined even if the Airy structure
is infinite-dimensional (see Remark 2.5 and the discussion in Section 2.1.2 of [25]).

Now, we use the identification A" = h2 T, in order to rewrite F = log Z of the
Airy structure in terms of A. This is required for the comparison with the instanton
partition function.

Corollary 4.7 There is a unique sequence of @y, n[ ] e QQq,..., Q,)[ao] indexed
byh e zZzo, n>0,ael[r]"andk € Z ), such that

E E {\}(‘k| kn) q) | | | );a[
kl
' =

hel 3Z>0 ae[r’!"

I’LGZ >0 k€Z>0

he—! . n a
= 2 2y BT (4.19)
g€l lz:e[Zr}}” ’ I=1

I’LEZ >0
2g—24n>0

1
under the identification A" = RZT. This is an identity between formal series in h2

and A" (or formal series in h? and T ). More precisely, we have

Ppnl ] = Fus gtttk 721 (4.20)
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Remark 4.8 We call the left-hand side of (4.19) the modified genus expansion of the
partition function of the Airy structure. Note that although Fp; = 0 and Fpo = 0,
(4.20) gives non-zero ®¢ 1 and @ >, and the @ ,, are not a priori given by a recursion
on2g —2+n>0.

Remark 4.9 As a sanity check, we show that the d = 1 part of the Gaiotto vector |®)
of type A matches the result obtained in [33, Proposition 8.9.5]. Using Corollary 4.7,
we get

0Z
oA

h—1 SRS S
Z 2 Mt enalih = ) r[,,#a(Qb ~ 0’

Ar= helZzoaclr] aelr]
where we use the fact that only 4 = 0 contributes to the sum, thanks to condition
(3) of Lemma 4.5, and this contribution is precisely ®o1[{] = F%,l[‘l’]

1 7=
nh#a(Qh—Qu) '

4.4 The Nekrasov instanton partition function

Recall from Sect.2.1.3 that the instanton partition function 3 is identified with the
norm squared of the Gaiotto vector using the pairing (|). Using the identification of
the Gaiotto vector as the partition function Z of the Airy structure in Corollary 4.2
and the structural properties proved in Sect. 4.3, we will prove some properties of the
instanton partition function.

Let us first recall the bilinear pairing (|) that we discussed in Sect.2.1.3. The pairing
is uniquely defined by requiring that (*|A) = 1 and for any rescaled mode X of WX (g),

wXv) = ((X)ulv).

The adjoint of J¢, as in equation (2.5), is

LU9) = — )9 — (€1 + €)mo = — 1%, — 2h2 oS0,

and in particular, this gives us

h
(x¢ Ixz ) = k3k 18a.,p-

Now, we are ready to prove some properties of the instanton partition function 3.
By (4.13) and Corollary 4.7, identifying the partition function Z with the Whittaker
vector |w), we can write |w) = e¢®|1) with

n 4

o= ¥ LY AT, [ SRR @2

, i
he%Zzo ae[r’]" i=1
neZ-y keZ”
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Fig. 1 A two-level graph with in
b1 =5

out

and |A) the highest-weight state. We now show that we can reconstruct the instanton
partition function recursively using Airy structures and topological recursion.
The result will be expressed as a sum over decorated two-level graphs.

Definition 4.10 A two-level graph (see Fig. 1) is a finite connected graph with two
types of vertices (called in and out) and edges that can only connect an in-vertex to an
out-vertex. We require that there exists at least one vertex of each type. We denote V
(resp Vin, Vour) the set of vertices (resp. in, out) and E (v) the set of edges incident to
a vertex v.

A decoration on a two-level graph is the assignment of a half-integer h(v) € %Z
to each vertex v and of an ordered pair y, = (g, k.) € [r] X Z~¢ to each edge. We
denote y (v) = (Ye)eeE(v) the tuple of labels carried by edges incident to v.

The weight of a decorated two-level graph I is

1 _ h
w(l) = ﬁ 1_[ hh(u) lAr(ZeeE(u) k6)®h(v),|E(v)\[V(U)] 1_[ k_e, (4.22)
veV ecE

including a symmetry factor taking into account the fact that vertices and edges are
undistinguishable.

s = Vot valt [T 1E@nE@)I
vEVin
U/Gvr)ul

A possibly disconnected decorated two-level graph T is a finite disjoint union of
two-level graphs 'y U - - - U T, and we define its weight as

1 n
w(l) = — [[w@o. (4.23)
Ti=1

We denote G (resp. (}) the set of (possibly disconnected) decorated two-level graphs.

Remark 4.11 Notice that w(I") depends on /i only through the factor i~ 101+ vey h(®)
where b (I") is the first Betti number of I". In particular, the power of i is > —1.

Proposition 4.12 The instanton partition function 3 = {|) takes the form

3 =exp (Z w(G)) = exp Z W13, (4.24)

GeG hG%Zzo
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for some F, € Q(Q1, ..., O)[aollA" 1. The term Fg is called the prepotential, and
it is given by the weighted sum over the set Gy C G of trees in which all vertices have
h(v) =0.

Proof We represent @ of the form (4.21) as a weighted sum over graphs consisting of
a single vertex, carrying an index & € %Zzo, with n outgoing leaves carrying labels
(a;j, ki) € [r] X Z~¢. The weight of such a graph is

ﬁh_ nooydi
. N Tk, [0 k—" (4.25)
. 1

and the symmetry factor expresses the fact that the leaves are considered indistin-
guishable. Since, for k # 0, the adjoint of J; with respect to the pairing is J¢,, we
have

’
’_ n J i
! : i
of = Z Z N E= k) @y [ T (4.26)
n/! ! kl kn . !
h/E%Z>() a/e[r]n/ i=1
n'€Z+¢ kEZ';/O

Likewise, we represent it as a weighted sum over graphs consisting a single vertex,
carrying an index h’ € %Zzo, with n’ incoming leaves carrying labels (a;, k!) €
[r] X Z~¢, with a weight:

al

AN a i
r o Yn ]
N EE ey iy mk’;]]—[? (4.27)

i=1 1!

Then, e® (resp. e‘DT) can be expressed as a weighted sum over possibly disconnected
graphs whose connected components are of the aforementioned kind, and the weight
is the product of the weights of its connected components divided by the order of the
automorphism group permuting the connected components.

The product e®'¢® can then be rewritten canonically as a sum of normally ordered
monomials using the commutation relations in the Heisenberg algebra. Graphically,
this is realised by summing all ways of pairings a subset of outgoing leaves in &
with ingoing leaves in ®%. The pairing of an outgoing leaf with label (a, k) and
an ingoing leaf with label (a’, k') forms an edge and corresponds to a commutator
o ks 3% ] = hk4, a8k k- Therefore, we can assume that only leaves carrying the
same label can be paired, and assign this label (a, k) to the resulting edge. The weight
of such a graph is the product of

e the scalar part of the weights from (4.26) and (4.27);

e an updated symmetry factor taking into account the connected components, ver-
tices and edges of the resulting graph are indistinguishable;

o the normal ordered product of the negative Js from unpaired outgoing leaves and
of the positive Js from unpaired ingoing leaves.
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The instanton partition function is obtained as 3 = ()L|eq’T e®|1). As |1) is killed by
positive Js acting from its left, (1] is killed by negative Js to its right, and (A|1) = 1,
we deduce that the effect of (1| - - - |A) is to keep in this sum only the graphs in which all
leaves have been paired. Such graphs are exactly the possibly disconnected two-level
graphs, where the in vertices are those coming from & and the out vertices are those
coming from ®. The description of their weights in 3 also matches (4.22)—(4.23).
Therefore:

3= Z w(D).

reG

From the multiplicativity of the weight, we deduce that taking the logarithm amounts
to summing over connected graphs only, i.e

3=exp ( > w(r>).

eG

By definition, § is the coefficient of E~!in In 3. We see from Remark 4.11 that only
the graphs with 4 (v) = 0 for all vertices v and b1 (I') = O (i.e. trees) contribute. O

Remark 4.13 We note that trees in G are exactly the graphs in which there is at most
one edge between any given pair of vertices.

5 Spectral curve topological recursion for type A

The purpose of this section is to convert the differential constraints for the partition
function Z of the Airy structure of the previous section into a topological recursion a
la Chekhov—Eynard—Orantin, which is based on residue analysis on a spectral curve.
This conversion is done in three steps:

(1) We start with the partition function Z uniquely specified by an Airy structure. To
the partition function, we associate an infinite sequence of correlators wg ,, with
g€ %Zzo, n € Z-g,and2 g —2+n > 0, which are symmetric differentials living
on a spectral curve.

(2) We recast the differential constraints satisfied by Z as a system of constraints for
the correlators wyg ,,, known as abstract loop equations.

(3) We show that the abstract loop equations can be uniquely solved recursively using
residue analysis — the result is the spectral curve topological recursion.

5.1 Topological recursion at self-dual level x = 1

We start with type A at self-dual level « = 1, as the calculations are much simpler. In
fact, in this case a similar conversion was carried out in [25]. Nevertheless, we redo
the calculation here in a slightly different way, to lay the foundations for the arbitrary
level case in Sect.5.3.
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5.1.1 Spectral curve and correlators

Following the three-step approach outlined above, the starting point is the defini-
tion of correlators and the geometry of a spectral curve. The spectral curve for the
case at hand is a particular case of what was studied in Section 4 of [25] (it corre-
sponds to the unramified case in standard polarization). It is given by the quintuple
(C,x,w0.1, w%’l, y,2), where:

e C is the union of r copies of a formal disk, C = | [/, C%, with each C* a formal
disk: C* = Spec C[[¢]l. We will denote points on C by z = ( ) to specify in
which copy C* of the formal disk it lives. We also write ¢(z) = a to denote the
component that the point z € C lives in.

e x : C — Co = SpecC[¢] is the forgetful morphism (7 ) + ¢. It is unramified,
and we denote by a = x~!(0) the central fiber, which in the present case is
identified with [r]. If (§) € C, we write f(¢) = x~'(x(§)) = x~'(¢) C C for
the set of preimages of ¢ € Co, and §/(¢) = §(¢)\{ ¢ } for the set of preimages
of ¢ € Co with the original point (¢ ) € C excluded.

e Fork € Z and a € [r] we define differentials d&}, d§;" € HO(C, K¢ (xa)) by

dgf(2) = dapc*'de,  dgF (7 stk ¢lde. (5
Then the 1-form wy ; is given by:

o, 1 }Z Z Foa[ §]d&s( )= %dé“ (5.2)
[r]

with Q1,..., 0, € C. That is, Fy 1 [8] = (. For future use we define the
following function on C:

y(2)==L, sothat wp;=ydx. (5.3)

w1 () = —a0dég (7) = —O;—Odé =0, (5.4)

since g = kK~ 2 — K% = 0 at the self-dual level.
e The bidifferential wy 7 is given by:

by b2) _ 8by.b,dC1d 52

a)o,z(;l &2 1 —0)? ©-3)
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We note that as for || > |¢2]

w2(z1,22) = Y kdE“(z1)dE] (22). (5.6)

a€lr]
k€Z>0

Next we define the correlators wg , from the partition function Z of Theorem 4.1
at self-dual level. To the partition function

n!
1
gG*Z>0, neZ-g at,...,ap€[r]
Je—2n=0 kio.. kn€Z-0

he~! —an T
Z= exp E } Fg,n[l]z: (];Z] Hx]?ll , 5.7
=1

we associate the correlators

n
wg,n(Zla cesZp) = Z Fg,n[z: ZZ] Hdgi[k[(zl)~ (5.8)
ay,....ap€lr] =1
ki,....kn€Z=0

The correlators w, , are symmetric meromorphic n-differentials on C, in other words,
they are elements of H O(C " K¢ (*a)x”)G". We stress again that each z; denote a
point on a copy of C, hence corresponds to a bi-coordinate z; = (2 )

5.1.2 Abstract loop equations

The next step is to turn the differential constraints satisfied by the partition function
Z into the so-called abstract loop equations for the correlators.

For this purpose, we have to introduce a few objects. We first define an operator
that takes a series f € M" = C[[(x%)aerr), m=0]JIA?] and transforms it into a
symmetric differential form on the spectral curve C.

Definition 5.1 Let f € M". We define

a a
adgn(f) =[] Z ar " aad dg®l (wy) -+ dEY (wy).
3x ax a 1 n
ap,....ap€lr] ki kn xk_’:()
k|,m,k,,€Z>0

(5.9)

In other words, it picks the terms of order /8 that are homogeneous of degree 7 in the
variables x,ff , and replaces these variables by the corresponding 1-forms défik, (w;) on
C in variables wy, ..., wy.

Our goal is to study the differential constraints satisfied by the partition function Z
of Theorem 4.1 at self-dual level. Those constraints are obtained through the action
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of the Heisenberg modes Ji on Z. So we first study this action on its own. In fact,
it is convenient to work with the Heisenberg fields directly J*(¢)—we replace the
variable z from Sect.4 by ¢ here as it will become the variable on the formal disks in
the spectral curve C and reserve the letter z to refer to points on C. We go further and
turn these Heisenberg fields into differential forms on C.

Definition 5.2 We define the Heisenberg 1-form [J(z) on C by:

J@) =) JdE“ (). sothat  J(§)=J(0)de.

a€lr]
keZ

It will be convenient to separate the zero-modes from the positive and negative modes.
Thus we define

T@= Y JdEY@,  To@ =) Jd&R) = wo1(),

aelr] a€lr]
kEZ#)

with J(z) = J*(2) + wo.1(z). We call J*(z) the non-zero Heisenberg 1-form, and
Jo(z) the zero Heisenberg 1-form.

We are interested in the action of the Heisenberg modes J&, on Z, using the differ-
ential representation (4.8), or equivalently in the action of the Heisenberg 1-form. We
first look at the action of the positive and negative modes only:

Definition 5.3 For any i € [r], we define

Qgg,i,n(z[i]; w[ﬂ]) = adg,n (Z_l 1_[ T (z) Z) . (5.10)

k=1

In other words, we act on the partition function with i copies of the non-zero Heisenberg
1-form, and then use the operator in Definition 5.1 to turn the result into a symmetric
differential on C” in the variables w, ..., w;,.

This object will play a key role in the following, and we can express it directly in
terms of the correlators wg , introduced in (5.8).

Lemma5.4 Foranyi € [r],

no wo,1
/
Qi@ winy) = Z 1_[ @gy |LI+INL|(ZLs WNL),
LF[i] LeL
UreLNL=[n]
i+ (g—D=¢g

where we discard all summands containing w1, see Sect. 1.3 for an explanation of
the notation above.
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Proof We omit the proof as these combinatorics have been worked out in a number of
papers by now, for instance [19, Section 2] or [25, Section 4]. O

Remark 5.5 We note that

Q;,l,n(z; w[n]) = Wg n+1 (z, w[n])’

Q/g,z,n(m,zz; Wn)) = Wg—1,n4+2(21, 22, Win))
no wy, |
+ Z Op 1410121, Wop 14107(22, Wyr),
JuJ'=[n]
h+h'=g
and so on. More generally, fori > 2, Q;,,i’n(zm, wr,) only involves wg ,» with indices
satisfying 2¢’ —24+n' <2g—2+ (n+1).

We will also be interested in the action of the zero-modes, but in a particular way.
Recall that f(z) is the set of r preimages x! (x(2)) C C. We define the following
operator, which calculates the action of i non-zero Heisenberg 1-forms at i of these
preimages, and r —i zero Heisenberg 1-forms at the other preimages minus wy, 1. More
precisely:

Definition 5.6 Fori € [r], we define:

(999 ;.15 wip] @

=ade, | Y. Z'[[7G@) [] (RE)—wa@) 2
Zglf(z) JeZ "ef(\Z
=1
(z}cZ

We note that the first sum is over subsets of preimages of cardinality i that include the
point z € C. This is in fact implied by the summation, since for any subset that does
not include z, the expression vanishes, as it involves Jyp(z) — wo,1(z) = 0.

These operators are very easy to evaluate, since the zero-modes J§ simply act by
multiplication, and the action of the non-zero Heisenberg 1-forms was calculated in
Lemma 5.4. We get:

Lemma5.7 Foranyi € [r], we have:

(999 s wian | @
= Y Qi Ziw) [] (@1E") = w01@). (5.11)
ZSf(2) "Ef(\Z

|Z|=i
{z}1cz
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Remark 5.8 We can now explain why the fact that only subsets Z that include {z} con-
tribute to the summation is key. It implies that the operator [Q(I)Qfg’ 1 w[n])] (2)

is “diagonal”, i.e. it involves the evaluation of Q;,y 1., (Z; wpny) only at the point z and
not at other points in the fiber f(z). This facilitates the inversion of this operator,
which is necessary to obtain the spectral curve topological recursion (see the proof of
Theorem 5.10).

We are now ready to turn the differential constraints for Z into a system of con-
straints for the correlators:

Lemma 5.9 The differential constraints WinZ =2 T6;i 6m 12, fori € [rlandm €
Z~, satisfied by the partition function from Theorem 4.1 at self-dual level, imply that,
forany g € %Zzo, n € Zso, and2g — 2 +n > 0, the correlators satisfy the system
of equations

T T dz\"
ZI: [Q(’)Q’g,i’n(-; W[n])] (2) — 5g,'2;5n,0F(d§)r =0 (%)

as¢ =x(z) = 0, (5.12)

with the left-hand-side evaluated in(5.11). We call this system of constraints the abstract
loop equations.

Proof Our starting point is the quantum Miura transform for the strong generators of
the WX (gl,)-algebra, (4.4):

D WOV = (1N + Vo) (P@) + Vi) - (5@ + V),
i=0

where we defined V, = h%aoag for convenience. At self-dual level, this simplifies
since we set o to zero after commuting all derivatives to the right. In other words, at
self-dual level we can think of V; as a formal variable that commutes with everything;
the result s the expression for the W/ (¢) in terms of elementary symmetric polynomials
(4.7). In fact, at self-dual level we can replace V; by any commuting object in the
equation above. We choose to set V; —> —y(z), where y(z) was defined in (5.3).
We get:

D ETWI@OyR) T = (010 = y@) (P = y(@) - (V@) = y().
i=0
We multiply both sides by (d¢)” to turns this equation into a differential on C, using
the definition of the Heisenberg 1-forms:
Y EDTW @ w1 D) = [ (@) +RE) —w01(2),  (5.13)
i=0 7€f(2)

W Birkhauser



Whittaker vectors for W-algebras. .. Page490f91 33

where on the right-hand-side we separated the zero-modes.
The partition function Z satisfies the constraints W}, Z = h2T§; ,-6,,,1 Z fori € [r]
and m € Z-¢. Those can be recast as

Z\WI()Z - KT, =0 (;*") ast — 0. (5.14)
Since wp,1(z) = O (d%) as ¢ — 0, we obtain that

z! (Z(—l)’—iwf(;)wu](z)’—f(dg)') Z— h%T(dg)r =0 (di) as¢ — 0.

par §r+] Iy

By (5.13), this means that

2z ] (7 + %G = w01() Z2— KT

Z/€f(2)

@ _, <dc

g-rJrl ?) as¢ — 0.

Expanding the left-hand-side in terms with i contributions of the non-zero Heisenberg
modes, taking ad ,,, and using Definition 5.6, we obtain (5.12). O

5.1.3 Spectral curve topological recursion

We now solve the abstract loop equations in Lemma 5.9 recursively, leading to the
spectral curve topological recursion.

Theorem 5.10 For2g—2+n > 0, the correlators associated to the partition function
of Theorem 4.1 at self-dual level satisfy the topological recursion:

g.n+1(20. 21a1) = ) Res (Z K (20,2 [ Q0% 115 20| (z))

oca =2

L dg () G
+ T3g,%3n,0 ; m,
with the recursion kernel
K(z0.2) = —Jy @02(o.) (5.16)

[Toepe (@0.1(2) = @0.1(2))

where o is the point in a in the same component of C as z, and we recall that f (z) =

f(@)\{z}.

Note that K (z9, z) is defined for all z € C, but the formula defining it depends on the
connected component to which z belongs; namely, we must choose the base point o
to be the unique point of a belonging to the same component as z.
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Proof By Lemma 5.9, we know that the correlators satisfy the abstract loop equations

r

d r
Z [Q(z)gz; in(Gw [n])] (2) = 84,16 ng —@o)" =0 ( ;) as¢ — 0.
i=1

(5.17)

We extract from the left-hand-side the term with i = 1:
(902, 1w | @
Since Q' aln

to invert the operator Q. This can be done easily using residue analysis. From
Lemma 5.7, we know that

(z; Win)) = wg n+1(2, Wn), to solve the loop equations we simply need

(202, ¢ wim] @ = 1@ wp) [T @@ —eni@),
7ef'(2)

where f'(z) = f(z) \ {z}. All we have to do to invert this operator is divide by the
product term and use Cauchy formula to obtain:

Q10203 i) = = Y_Res K (202 [ QR Gupp | @, (5.18)

oca

with K (zo; z) defined in (5.16). The application of Cauchy formula relies on the fact
that wp 2(z, zo) has a pole on the diagonal z = z¢ only, so f o,2(+, 20) ~ d{" when
¢ — {o, i.e. it has a simple pole.

We then substitute back in the abstract loop equations (5.17). Noting that K (zg, z)
has a zero of degree r at 0 € a, the residue of K (z, z) times the right-hand-side of
(5.17) at 0 € a vanishes. We thus obtain:

24 1.0(205 W)

= ZRes K (20, 2) ( [Q(Z)Q/g in (s w[n])] (2) = 8g.18 §r+1 (dg)’ )

oca i=2

(5.19)

We evaluate the term proportional to 7':

L 1dE o) r gy
—Y Resk d¢)" = ) Res
Z es (20, z)chrl dg) = ZC =0 2060 — ©) [1pea(Q6 — Qo) §r+1(d§)r 1

oeu

: dg® 1(10)
Z Hh;éa (Qb Qa)
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to conclude the proof. O

Remark 5.11 We remark that, if u(z1, ..., z;) is a I-form with respect to each of its i
variables, we have

— [F w0.2(, 20) y
Zef(\Z (0)0,1 () — wO,l(Z))

K(z0, 2)[Q"u](z) = (2).

{z}chEf(z) 1—1

=1

This property can be used to rewrite the topological recursion in the form presented
in [25].

Remark 5.12 Remark 5.5 ensures that (5.15) is a recursion on 2g — 2 4+ n > 0, while
wo,1 and wp 2 can be thought as initial data. The fact that we started from an Airy
structure guarantees the symmetry of the wg , produced by this recursion, despite the
seemingly special role of the variable z( in the recursive formula.

Remark 5.13 Using the properties for the Fy , proved in Lemma 4.5, it is straightfor-
ward to bound the order of poles in the correlators w, ,. We leave this as an exercise
for the interested reader.

5.2 General dilaton shift and change of polarization

From a given Airy structure (H%,)q.m, We can obtain a class of new ones (H%)a,m,
based on an isomorphic algebra of modes, by changes of polarization and (when it is
well-defined) dilaton shifts [19] (see also [72] for earlier work). Such an Airy structure

- ~ A1 ~ ~
takes the form (H%)a.m = UHG,U  )a,m and the new partition function is Z = UZ,
where

) . Ja Jagb
U=exp| Y (Foa[ %] +h2 Fii[5%]) h_kk + 2 Foal 5] Z;ilil
aclr] a,be[r]
keZ=g kl€Z=o

When we act on the Airy structure of Theorem 4.1, this action on the partition function
is well-defined for arbitrary choices of scalars F()_Q[ % f’l ] = F()’z[ b 1 % ], Fo.1 [ 4 ]
and F%’l[_ak].

The effect of Fy 5 is called a change of polarization and expresses the new Fy ;s as
a sum over stable graphs with vertex weight given by the old F, ,s, while the effect
of Fp,j and F 1 is called a dilaton shift, as it indeed amounts to shifting

1
x,? — )C]? + z (F(),][fk] +h%F%,1[fk])
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5.2.1 Spectral curve description

We can also provide a spectral curve formulation of topological recursion correspond-
ing to this more general class of Airy structures.

e The underlying curve itself does not change: it is still C = | |,_; C* with
C? = Spec C[[¢] equipped with the forgetful (unramified) map x : C — Cp :=
Spec C[[¢ ]l simply given by x(¢) = ¢.

e The dilaton shift amounts to modifying the 1-form wq 1 as:

w01 (%) = 0pdss (2)+ D Foa[ S ]agd (). (5.20)
aglr]
k€Z>0

and the 1-form w; | as:
2 9

w11(2) = 0ad&g(2) + D Fu [ %]dgf (2). (5.21)
aclr]
k€Z>0
with éa = —qp = K% — K_% = 0 for all a € [r]. In fact, we still get an Airy

structure if we choose (éa)Z:1 to be arbitrary complex numbers; clearly, the proof

of Theorem 4.1 is unchanged if we choose the zero-modes to be J§ = Q, + h% éa
instead of (4.8).

e The change of polarization modifies the standard bidifferential wp > of (5.5) to the
most general symmetric bidifferential on the curve C x C whose only singularity
is a double pole on the diagonal with biresidue 1:

1) d¢id

a)o,z(lgl1 é’;) _ %bih 46145 52 + Z Foa[ 4, fﬁz]défll(?ll)dflfj(g).
(¢1—22) ar.melr]

kl,k2€Z>0

(5.22)

The change of polarization also affects the basis of differentials. For any a € [r],
for k > 0 the d&f'( ?) = 84.»¢¥71d¢ stay the same, but the remaining differentials
become:

8a,pd Foo 4 5 -
déik(é’)=g%+f+ > %gl 'z, k>0, (523
leZ~o

The basis of differentials is modified such that

®0,2(21, 22) > kdg®, (z1) dEf (22), (5.24)

\x(11)\>IX(zz)| ol
keZ-o
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In fact, the choice of wy 2 is equivalent to a choice of polarization for the symplectic
vector space

r

ﬂ Ker[Rgs: HY(C, K¢ (xa)) — (C] = @ {w e C(¢)yde | l;;egw = 0}.

o€a a=1

equipped with the symplectic form

(@1, @) = ) Res ( / an(-))wz(z).

oea
See [19, Section 5.1] for more details.

At the self-dual level k = 1, the constraints Z:{(an — Th%8n1,18i,r)l:{_12 = 0 for
a € [r]land m € Z-( can be converted into a spectral curve topological recursion just
as in Theorem 5.10, following along the same steps with slightly modified definitions.
The end result is that the correlators

n
wg,n(zl’u-azn): Z F’,n[Z: Z:]Hdeiki(Zi)» 26 —2+n>0,
i=1

from the partition function Z can be calculated using the formula (5.15), with the
spectral curve (C, x, wo, 1, @1 wp,2) described above in (5.20), (5.21), and (5.22).
Again, the Airy structure property guarantees that the w, , produced by this topological
recursion are symmetric in their n variables.

Remark 5.14 As the forgetful map x : C — Cj in the spectral curve considered here is
unramified, the topological recursion that we obtain is different from the original topo-
logical recursion of Chekhov—Eynard—Orantin and its higher generalizations, which
are based on ramified coverings. In fact, for r = 2 what we obtain is the topological
recursion without branched covers found in [4, Section 10]; the present work therefore
gives it a gauge-theoretic interpretation. From the point of view of Airy structures, the
fact that we consider unramified coverings is translated into the statement that our Airy
structures were constructed from untwisted modules of the Heisenberg algebra—see
Remark 4.3 and [26].

We note as well that we could consider more general spectral curves, where the map
x : C — Cy is ramified for some components and unramified for others. From the
point of view of Airy structures, this would correspond to constructing Airy structures
as modules of direct sums of VVk(g[,)-algebras, with some factors corresponding to
modules of the type of Theorem 4.1, and others based on the twisted modules studied
in [19, 25, 31]. Admissible dilaton shifts and changes of polarization could then be
applied to mix the summands. You can mix and match at your whim!

Remark 5.15 We noted in Remark 4.4 that we could have shifted the one-mode Wq
by > =2 h% T; for arbitrary T, T3, ... € C and still obtain Airy structures. In the
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spectral curve topological recursion it would merely change the second line of (5.15)
to

¢, (z0)
2%, ’8’”2 H,,#(Qb »

Jj=2

However, the structural properties and vanishing properties of the correlators (for
instance Lemma 4.5) would be different.

5.3 Topological recursion at arbitrary level k

In this section we obtain a spectral curve topological recursion, as in Theorem 5.10, but
corresponding to the Airy structure of Theorem 4.1 for arbitrary level « . It turns out that
the calculation is more subtle and in fact gives rise to a non-commutative formulation
of topological recursion, due to the non-commutative nature of the quantum Miura
transform.

We follow again the three-step approach outlined in the beginning of Sect. 5 to turn
an Airy structure into a spectral curve topological recursion, but steps (2) and (3) are
significantly more involved now that « is arbitrary.

5.3.1 Nekrasov-Shatashvili regime

Before we implement these steps, it is beneficial to rearrange the expansion of the
partition function. Recall that the partition function of the Airy structure in Theorem 4.1
reads Z = ef, where the free energy F has an expansion of the form of (4.13),
reproduced here for convenience:

hs! -
_ ap - an a
F= ) > Fald R (5.25)
gE%ZzOy neZ-o T oay,...,ap€lr] =1
2¢—24+n>0

As proven in Lemma 4.5, at arbitrary level the coefficients satisfy the property:

Foul 81 8
% € Q(Q1,.... 0)|ao].

Recall that g = k72 — k % Let us now define
a=e +e=hla, (5.26)

which has degree 1 according to the grading (2.7) and (4.3). We would like to rearrange
the expansion of the free energy using the variables (A, «) instead of (%, «g). The
expansion then becomes adapted to study the Nekrasov—Shatashvili regime, where
€3 — 0 and € is set to a finite value, or equivalently 2~ — 0 and « is set to a finite
value.
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Lemma 5.16 There exists a sequence of coefficients
Fe,[4 0], ..., 0)ITIIel,

with g € %Zzoy n € Z-o,and2g — 2+ n > 0, such that the free energy (5.25) for
the partition function of Theorem 4.1 takes the form

F _ Z hg_l Z FC( [al an 1—[ ay
= ) gLk - Xk
| !
g€57Z>0, N€ZL=g ar,....an€lr]
e in=0 ki....ckn€Z0

after the identification (5.26).

Proof We know from Lemma 4.5 that:

)
M eQ(Ql,...,Qr)[O[O]’

and that it is a polynomial in ¢ of degree at most 2g. We can then write

. an .
Fg o n Zao gnd o kn]

. .. _1 . .
and using the redefinition g = i~ 2, the solution to our problem is

Feula 20 = 20 @' Foa, L0000

dEZZO

From now on we will work with this expansion in (%, o).

5.3.2 The spectral curve and the correlators
The first step is to define the geometry. The spectral curve is almost the same as in

Sect. 5.1, and we keep notations from there. Our spectral curve is given by the quintuple
(C,x, 0, w‘;l, wg ), with:
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,
c=|]c
a=1

x 1 C — Cp the forgetful map,

i1 (¢) =y"(¢)ds = Q“g_ 2az, (5.27)
o 1(8) =0,
o (8 8) = et

C1—0)?*

The only difference is in the 1-form a)&l, which is due to the fact that we are now
working with (f, o) instead of (%, ag). We recall that we denote points on C by
z= (? ), and that we use ¢(z) = a to denote the component that the point z € C lives
in.

To the partition function Z = e uniquely defined by the Airy structure of Theo-
rem 4.1, whose free energy has an expansion (in (4, o)) of the form

hg—l n
— o ag -+ dan ay
F= Z ! Z Fg,n[kl ] l_[xkl’
i ' I=1
g€52L>0, n€l=g ap,...,an€[r]
22g—22+n>0> Kiseokn €20

we associate Nekrasov—Shatashvili (NS) correlators by

n
o . o ap - a a; .
of @)=y FE T e [ dg o).
atp,...,an€lr] i=1
ki, kn€Z-¢

where the d§¢, are the differentials defined in (5.1). Our goal is to formulate a topo-
logical recursion satisfied by the NS correlators.

5.3.3 Abstract loop equations

The next step is to recast the differential constraints satisfied by the partition function
Z as a set of abstract loop equations for the NS correlators. It turns out that the result
is structurally the same as for self-dual level — but the devil is in the details. Let us
first state the result, and then delve into its intricacies.

We proceed along the same path as in Sect.5.1. We define the map adg , as in
Definition 5.1 and the Heisenberg 1-form as in Definition 5.2. We define the action of
the non-zero Heisenberg 1-forms on Z as in Definition 5.3, which can be calculated
as in Lemma 5.4, but now for the NS correlators. To highlight the distinction with the
former correlators, we use the notation 9;03, 2 (2l Win)-

We obtain the following lemma.

Lemma 5.17 The differential constraints anZ = h2 T6;i r6m1 2, fori € [r] and
m € 7, satisfied by the partition function from Theorem 4.1 at arbitrary level, imply
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that, for any g € %Zz(), n € Z=o, and2 g —2 +n > 0, the NS correlators satisfy the
system of equations

A T . dc\"
Y[V, ¢wn | @ - B 58n0 77 (@) = O (f)
i=1
asx(z) =¢ — 0. (5.28)

We call this system of constraints the abstract loop equations.

o~

The complexity here is in the definition of the operator [Q(Z)Q’g‘)fi’ G w[,,])] (2)—
it is not the same as in Definition 5.6. In spirit, it achieves the same goal, that is, it
incorporates the action of the zero-modes. However, recall that the starting point of the
proof of Lemma 5.9 was the quantum Miura transform, and the fact that at self-dual
level we can think of V, as a formal symbol that commutes with everything. This is
certainly not the case anymore at arbitrary level. This non-commutativity gives rise to

a much more intricate definition for the operator [/Q\(Z)Q’g“i "

- wp) | 2, 0 which
we now turn to.

We first need to define a notion of ordering for points in the spectral curve C,
and for products of functions or differentials on C. Recall that the spectral curve
C = ||, C“ has a natural notion of ordering, given by indexing the components
with a € [r].

Definition 5.18 Pick any two points z;, z2 € C. We say that 71 < z3 if ¢(z1) < c(z2),
and call this ordering the spectral ordering. We define the spectrally ordered product
of functions (or differentials) on C,

/
SP(fiz) -+ fazn)),

for any set of distinct points z1, ..., Z, € f(z), as taking the product where the order
of the factors from left to right is in increasing spectral order of the points z; € C.
We denote the reverse ordering, where the order of the factors from left to right is in
decreasing spectral order, by

N\
SP(fl(Z]) e fu(zn))

For example, given functions f, g, h on C, we have:

SP(F(D)e(HR(2) = F(DR()e(),

4
¢

N

1\ (4Y7(2 4\ (2 1

SP(f(;)e(2)n(7)) = g(2)n(z)f(¢)-
Remark 5.19 The spectrally ordered product should not be confused with normal order-
ing. Normal ordering is about ordering of the modes of the fields while spectral ordering
is about ordering of the dependence in the points in C.
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Now we would like to define the operator @(l) as in Definition 5.6, but with —wp 1 (2)
replaced by V., where® V¢ = ad;. Indeed, this is precisely the combination that
will appear in the quantum Miura transform (4.4) at arbitrary level. However, since
V; certainly does not commute with Heisenberg 1-forms, one must be careful with
ordering of the variables, which is why we introduced the spectrally ordered product.

Naively, we would like to define the operators as

(272, ¢ wup | @

—ade | Y 2P [Te ] @eh+vol 2],

ZC§(2) ez 2"ef(\Z
| Z|=i

with the spectral ordering of the factors done with respect to the variables in f(z).
However, this is too naive. Recall that in Definition 5.6, the sum was naturally restricted
to subsets Z C f(z) that contain {z} C Z, because of the factors (Jy(z") — wo.1(2)).
As highlighted in Remark 5.8, this property was crucial to find the inverse of the
operator Q') —which is required to get topological recursion—as it became diagonal.
Unfortunately, in the present case there is no such natural restriction. Instead, we can
make sure that Z always includes at least one point of spectral order greater or equal
than z. While this is not as nice as having {z} C Z, it will be sufficient to find the
inverse of @(1), as it becomes triangular.

To achieve this, we multiply on the right by a particular function W (z) on C, whose

restrictions ¥, () = W (2’) to the various components of C give a basis of solutions
of

- /
W@) =8P T] (B@E)+ Vo) | vu(@)

7€f(2)
r

= @) [T (a1 + €29 + Le=aF2 )y 1) = 0.

a=1

8 More precisely, V; applied to a k-form u in the variable ¢ should be understood as
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Definition 5.20 Let W(z) be a function on C such that:

/

SP| [] (RGE)+ Vo) | v =o.
z’gf(z)

/ /

SP| T @)+ Vo) | W) #0.
Z'ef(@)

In other words, W ( ? ) is killed by the spectral ordered product of all factors ( 7y ( ";/ ) +
V) with @’ > a, but it is not killed by any product with a smaller number of factors.
For any zo € f(z), we also define the differential of degree r — ¢(zo):

/
V) =SP| [] (DG + Vo) | ¥().
7 €f(z)

Z>z0

In particular, W, (z) = 0if zg < z, and we set W, (z) = W (z) if c(z9) =r.

Lemma 5.21 Recall that jo(?) = Q";a d¢, and Vi = a d;. Then the choice

Oc2)
o

W(z) = ¢Tre@- (5.29)

matches Definition 5.20 (for generic constants Qs). For this choice of V (z), we get:

-
_ . o) L@
W) = o) | T (Q) = Qe +a(j — c(2))) | ¢! Heo—c@= ==,
Jj=c(z0)+1
Proof Direct calculation. |

Remark 5.22 We remark that Definition 5.20 does not specify uniquely W (z). Any two
such functions W; and Wy—thought of as column vectors with components \Ili(? )
a € [r],i = 1,2—must be related by W = U W, with U a constant, upper triangular,
invertible matrix. In any case, from now on we choose W (z) as in (5.29).

Definition 5.23 For i € [r], we define:

(2”9, uw)] @

7
=adg, | D 2T @QSP|[[7@) [ E)+Vo | v@Z|.

Z<(2) ez 7"ef(0\Z
|Z|=i
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where we let the differential operator in ¢ act on W(z). Due to the defining properties
of W(z), the only non-vanishing terms in the sum over Z C f(z) are for subsets Z that
include at least one 7 € Z such that 7’ > z according to spectral order.

With this definition of the operator, we can prove Lemma 5.17.

Proof of Lemma 5.17 The starting point is the quantum Miura transform (4.4). We
multiply right away by (d¢)” and separate the zero-modes to get:

. 7 , ,
Y WOV =SP| ] (TP +RE+Vo]. (530

i=0 7’ef(z)

The partition function Z satisfies the constraints w;‘nz = h2 T6; 6m1Zfori e [r]
and m € Z-. Those can be recast as the statement that

Z\WI()Z - BT, =0 (;"’) asz — 0. (5.31)

We would like to turn those into constraints for

,

zv @ (Z WiV (d;)") VE@Z-h TS, (5.32)
i=0

Since \IJ(?) = C’_“H_%, we have \I/_l(z)VZ_i\IJ(z) = N¢'= for some irrelevant

but non-zero constant N. By (5.31), this means that the expression in (5.32) behaves

r
like (d?{) as ¢ — 0. By (5.30), this means that

7 ITS; r
'SP [ T+ G + Vo) | w2 - mLfl =0 (di)
7'ef(2) 3 £

as ¢ — 0. Expanding the left-hand-side in terms with i contributions of the non-zero
Heisenberg modes, taking adg , and using Definition 5.23, we get the abstract loop
equations (5.28). O

Before we proceed, we remark that it would be nice to have an explicit formula
for the [@(I)Qg"i G w[n])] (z) as in Lemma 5.7. Unfortunately, this is not so easy
to write down, because of the non-commutativity of the V.. However, there is one

simple case, which is when i = r: in this case only non-zero Heisenberg modes
appear, therefore @(r) acts as the identity, that is

~(r)
(07, (5w | @) = 2, (2 wia),
just like at self-dual level.
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5.3.4 The topological recursion

Lemma 5.17 establishes the abstract loop equations for arbitrary k. We can solve just
as we did at self-dual level in Theorem 5.10. In fact, the result is again structurally the
same:

Theorem 5.24 For 2g — 2 4+ n > 0, the NS correlators associated to the partition
function of Theorem 4.1 at arbitrary level satisfy the topological recursion:

,
(@)
W n41(20. 21n1) = ) Res (Z K*(20,2) [Q Yl G Z[,,])] (z))
oca i=2

. . (5.33)
1o
+ T8, o, et D
&2 ’0; Hb#a(Qb — 0a)

As usual, the complexity lies in the details—in this case, in the definition of the
recursion kernel K% (z¢, z), whichis not given by (5.16). However, it achieves precisely

the same goal, namely the inversion of the operator [@(1)9/;‘1 LG w[n])] (z). But

given the complexity of the 0 operators at arbitrary level, it is significantly more
difficult to obtain the recursion kernel.

Let us first define what the kernel is supposed to do, assuming its existence. We
want the recursion kernel K% (zo, z) to extract '%, (z; wy,)) from the knowledge of

g, Ln
the quantity [Q(l)Q/O‘

g,l,n(‘ ; w[n])](z). To clarify, let us abstract the definition of the

It
g, 1,n°

@(1) operator from the particular context of 2
Definition 5.25 We define the operator @(1), which takes as input a meromorphic 1-
form u on C, and outputs a meromorphic differential of degree » on C by the formula:

~ /
QVul@ = Y v @SPuc) [ (BE+ Vo) | @
7€f(2) Z"ef(\{2'}

7>z

(5.34)

/
YD @SP| [T (@) + Vo) |u)v ),

7 €f(2) 7"€f(2)
>z <7

where W,/ (z) was introduced in Definition 5.20. Then, [/Q\(I)Q;ffl‘ MCE w[n])](z) from

Definition 5.23 is just an instance of application of the operator @(1) to the 1-form

Q/gotl (25 Wiy in the variable z.

We can now present our wish list for the kernel K.
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(i) For any meromorphic 1-form u on C that is a linear combination of (d£, )¢ 4, we
have

u(zo) = — Z Res K% (zo, z)[@(l)u](z)-

oca

This assumption on u is equivalent to

u(z0) = ) _Res ( f 0.2 zo>)u<z), (5.35)

oca

and for the spectral curve (5.27) it means concretely that u (2’ ) € _Z(C[§ —1]d§ is
assumed for any a € [r].
(i) K*(zo, z) has a zero of degree r at all z = o0 € a (as in the self-dual case).

It is not clear a priori that such a kernel exists, but we will construct a canonical one

explicitly in Sect. 5.3.5 for generic (Q,)!,_,, and thus justify its existence.

Proof of Theorem 5.24 Accepting the existence of such a K%(zg, z), the proof of
the spectral curve topological recursion (5.33) from the abstract loop equations in
Lemma 5.17 is then precisely the same as in the self-dual case, Theorem 5.10,
so we do not repeat it here. The only small difference is to use property (i) for
u(z) = Qg)fl,n(z, w(y)) instead of (5.18), and the step above (5.19) remains valid
now due to property (ii). O

5.3.5 The recursion kernel

We now turn to the existence of the recursion kernel K* (zg, z) satisfying the conditions
(i) and (ii) above. We need the following auxiliary operator.

Definition 5.26 We define an operator R which takes as input a meromorphic 1-form
u on C and a preimage 7' € f(z), and outputs a meromorphic 1-form on C. For 7’ > z,

/
SP| [ (RGE)+ Vo) |u@) ¥ (),

7"€f(z)
z=7"<7

[Rou](z) = V.0

while if 7/ < z, we set [ﬁz/u] (z) = 0.

Lemma 5.27 Assume that we have R(zo, z) which is a 1-form in zo and a differential
of degree 1 — r in z, which has zeroes of order r when z — a and satisfying

Z
[ @02(:, 20)

N / -1 _
SP| J] (&)= Vo) | Rzo. 2% (2) = .0

7€f(2)
7'<z

(5.36)
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Here, o is the point in a in the same component of C as z, wo 2(21, 22) was defined in
(5.27), and for ¢(z) = 1 we understand the operator in bracket on the left-hand side
as being the identity. Then, the following formula defines a kernel with property (i)
and (ii):

K%(z0,2)

d . N ~
=—[Rzo.0+Y =" Y |SP| ] Ry | RC2 | o).

i=1 ZO§f>(Z'0) Z6€Zo
|Zo|=i

(5.37)

where f.(z) = {7/ € f(z) | 2 > z}. Furthermore, K* (20, z) has a zero of degree r
when z approaches a point in a.

Proof Let us start by considering an arbitrary R(zo, z), and assume that u is a mero-
morphic 1-form. We can write:

Z lZ{:es R(zo, Z)[@(l)u](l)

oea

/
=D Res > RGzo. )W ' @SP| ] (RE")+ Vo) | u@) ¥ )

o€a 7€f(2) 7"€f(z)
>z "<

N
=) Res > u@W@SP| ] (@)~ Vo) [ RGo. ¥ ().

oca Z'ef(2) Z"€f(2)
Z,EZ ZN<Z’

where in the last line we used integration by parts. We adopted the convention that the
operator in bracket is the identity when ¢(z’) = 1. We define

o " —1
Us(20,2) :=SP| [] (@) = Vo) | Rzo, 0¥ (2), (5.38)

7" €f(2)
Z//<Z/

so that

> Res R(z0, 910" ul(@) = Y Res Y u()Wo(@Us(20,2).  (539)

oca oca ef(2)
>z
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Imagine we can choose R(zg, z) such that

[ @0.2(-, 20)

V.0 (5.40)

U,(20,2) =

in other words it satisfies (5.36). Then, for any u satisfying (5.35), the z = z’ term on
the right-hand-side of (5.39) is evaluated directly to u(zp), and we obtain:

> Res Rz, 910" ul(2)
= u(z0) + 2121263 Z u(@ YW (2)Uy (20, 2)

o€a 7' ef(2)
>z

N\
=u(0) + ) Res Y u@)Vx@SP| [] (hE") - Vo) | U:zo.2)

o€a 7 €f(z) 7"€f(2)
7>z 7=7"/<7

/
=u(0) + Y Res » U:0.)SP| [ (R@")+ Vo) [u@)¥y ().

o€a 7ef(z) "€f(2)
>z z=7"<7

where in the last line we integrated by parts. The residue can be evaluated because of
(5.40), and comparing with Definition 5.26 we get:

> Res Rz, 910" ul@) =uz) + Y. [Ryu] o). (5.41)

oea ZbEf(Zo)

We have obtained a triangular system, as the only non-zero terms in the sum are for
z(, > 20). This can be inverted to get a recursion kernel K“(zo, z) such that we have
property (i), namely

— Y Res K*(z0, 9[Q" u)() = u(0).

oca

The explicit inversion of the triangular system leads to (5.37).

Now assume that R(zp, z) has a zero of degree r when z approaches a point o € a.
Since the operator R does not change the order of vanishing at ¢ — 0, we conclude
that K*(zo, z) has a zero of degree r at z = o, as required in property (ii). O

Lemma 5.27 gives a general formula for the recursion kernel in terms of R(zg, z)
satisfying (5.36), but we still have to justify the existence of R(zg, z). We now construct
it explicitly, which will also result in an explicit formula for the recursion kernel.
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Lemma5.28 Ler 7 = (?) and assume Q. — Qp ¢ aZ for a # b. Then, there is a
unique R(zg, z) satisfying (5.36) and vanishing at order r when z approaches points
in a. It is given by:

d;O Z k+r—1 a—1 1
R(z0,2) = —_3a,c(z ) N
Aoy =t ST Qa— Qi+ a(at+k—i)
]_[ ! (5.42)
iy Q4= Qi+ ald =)
d+#a,i

For a = 1, the summation over i is understood to become 1, with the last product
becoming a product over d € [r] withd # 1.

Proof We need to solve the inhomogeneous differential equation of order ¢(z):

Z
J5 @0.2(-, z0)

N , » B
SP HUO(Z)—V&) R(z0, )V (1) = .0

Z€f(2)
7=z

(5.43)

Let z = (), thus ¢(z) = a. We recall that V; = a d;, and according to (5.27) and
Lemma 5.21 we have

Jo(z) = Qag_ e,
\I’_l(z) — g——r+a—1+%’
V@) = (d{)r_a l_[ (Q] — Qs+ a(j—a) ;1_%,
j=a+l1
Z é-k
/ @0,2(*, 20) = 8a,c(z9)d%0 Z .
’ keZ~o °0

We therefore have a differential equation with respect to ¢, while &g (or zg) is a spectator
variable. We start by looking at the homogeneous differential equation, dropping the
differentials d¢ in the intermediate steps as they play no role here:

N\
SP| [] (h@E) =) |u)
Z'ef(2)

Qa— - Q - a
(2 ) (22 Yut) o
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For any a € [r], a basis of solutions is given by

up (£) = ¢b~ 242 pela-1]

By the method of variation of constants, the general solutions to the inhomogeneous
differential equation

(2= ) (2 =) u() = (1)

are given by
o DT wW()
v(()_ aa—] P uj C) Wr(z) n,

for arbitrary choices of integration constants, where

wi(f) = det (o7uy(¢))

i,jela—1

is the Wronskian of the system, and Wr; is the Wronskian with the ith column replaced
by (0,0, ...,0,g(%)). The Wronskian can be calculated:

a—1 ) . .
a)zilj!{i—2+%lj[l§1—, 1—[ <j—i+Q’an>

I<i<j<a-—1

é.l a+zk}7k 1_[ <d—C+Qd_QC>,
o

1<c<d<a-1
As for Wr;, it can also be calculated:

Wri(7) = (=D g( 1_[;“+Q"1_[¢” I1 (d—c+—Q";Q">

1<c<d<a-—1

k;éz e, dZi
. a—1 Q Qi -
=(_1)l+d—1g(2‘)§—t+l+z Tk_T 1_[ (d_c+ Qda QC)

1<c<d<a-—1

c,d#i

Thus

Y
W) = le(@)e Y
Wr(?) Hlfdfa—l (d — l + %)
dZi
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Now let us substitute

ke Qo

ay  Jy@02(, 20) ck
g({)z— 8a,c(z0) Z §k+l

P2 (2) keZ-g

1
1_[;'=a+1 (QJ —Qu+a(j - a)) ’

where we dropped the differentials. We get:

g—l —24=L Q’

(Cl _‘Saf(o) Z Z

ST e (Q) = Qa +a(j —a) ngﬁ?_l (Qa — Qi +a(d — i)

¢ 0a-0;
X/ 77a-%—k i—1+ dn

1 §.a+k72+%
a,c(z0) l_[;':a+l(Qf — Qq+a(j—a)) et {(;chl

a—1

=9,

> 1
= (Qu— Qi talatk—1i) ngiiq—l (Qd— Qi +a(d—i)’

where we have made a specific choice of integration constants to get the last line.
Finally, we get R(z0, 2) = v(¢)W(z), where ¢(z) = a (here we reinserted the differ-
entials for the final result):

k4r—1 a=1 1

& & 0u— Oi+alatk—i)

R(z0,2) = (d;)l ~8a,c(z0) Z

keZ-o

l—[ 1
k0= 0itald=D
d+#a,i

We in fact see that the choice of integration constants made is the only one for which
R(zo, z) vanishes at order r when z approaches points of a. O

We are now ready to obtain an explicit formula for the recursion kernel K% (zo, z).

Proposition 5.29 The following kernel satisfies properties (i) and (ii):

afa b a dé-() m k+r 1
K&, ¢) == R(&- @ IZ >oooo=nm Yy Ak(a) ,

m=1b=ay>..>a;>a keZ-q
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when b > a, and 0 otherwise, with

m—1 pyde+1—1 )
= j — Qo + — —k
= [] e 2B L
£=0 nj=az+l(Qj — Qq +a(j —ayp)
5 (5.44)

1 1
: 2 (Qay, — Qi + alam +k—10)) dg] Q4 — Qi +ald—i)
d#i,am

Proof We need to write the action of the operator R from Definition 5.26 explicitly.
(We drop the differentials for clarity.) Let z = (?), and 7/ = (l{’ ) with b > a.
Substituting explicit expressions in the definition, we get:

[ﬁz’u] (2)

5%_ Qu—«
== : ( = +a8§)
[T/=a1(Qj = Qa +a(j —a)) ¢

<Qh—;—d +a8{) _M(?)§1+b—a—%.

We now apply this operator to R(zo, z), in the variable zo, with ¢(z0) = a and ¢(z)) = b

as above. In fact, the only dependence in ¢o in R(zg, ) is in the monomial ¢, (k+1),

which is summed over k. So let us calculate the action on this monomial first. We get:

= aan] ENQ = Quta(i—a—k) 4y
[RZE){O ] DR RT , 0 :
Hj:a+1(Qj — Q4 +a(j —a))

Thus, for any given sequence a = (ap < a; < -+ < ‘am), we define the coefficient
(5.44). It follows that, if zg < z(l) < -+ < gy, with ¢(zg) = a;, we have:

[Ry - Rk 0] =~ s Y aw
@ Yy » )= (df)r_l um’C(Z)keZw - gg_H |

The result of the Proposition follows by imposing that a,, = b and agp = a, and
summing over all possibilities. O

Remark 5.30 If « is set to a finite non-zero value as in the Nekrasov—Shatashvili
regime, one needs to assume the non-resonance condition Q, — Q) ¢ «Z for any
a # b for the above expressions to be well-defined. It is possible to treat a resonant
situation (but we will not do it) by introducing a function W(z) containing logarithms.
On the other hand, if « is set to a non-zero value, as ¢ = —h% (K% — K’%) for finite
K, all expressions above should be thought as power series expansion in ¢ — 0 and it
suffices to assume Q, # Qp (as already mentioned in Theorem 4.1).
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5.3.6 Ther = 2 case

For r = 2, the topological recursion in Theorem 5.24 simplifies drastically. First, the
only term in the summation is i = 2, and

2
279 ¢ wan | ) = 24 @5 wp).

Second, the equation ! @)+ Jz(g))Z = 0(;’1) is part of the Airy structure, and it
results in

d
(I)g,n—i-l(;l‘ + Z[n]) +wg,n+l(§,z[n]) = 0(?()

Since a)g does not contain positive powers of {—owing to the definition of the basis
of differentials d§¢, in (5.1)—this yields an equality

o 1 (25 2m1) = =08 1 (¢ 2m)- (5.45)

We therefore only need to know
(40 8) = 0p? @ )

Since the recursion kernel K¢ ( Q¢ ) is non-vanishing only if b > a, we see that we
only need

d{() §k+1 1
KY 2,2=—R 2,22__ s
(- ¢) (6-8)=—% o T 0, 0 Fatk T D)
>0

which we evaluated using Proposition 5.29 and Lemma 5.28. This leads to

g,H_l({o $[n))
no wo, 1
2 @ yel
=Res de K (3. 2) [y D@ cam+ 2 o€ et e
- hth'=g
JuJ'=[n]
T8 8;1 0 d{'()
01— 0 g2

5.4 Non-commutative topological recursion

A key role in obtaining the abstract loop equations in Lemma 5.17 and the topological
recursion in Theorem 5.24 is played by the D-module with regular singularities on
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the base curve Cy annihilated by

l_[ CUOI +V;)

This can be viewed as a non-commutative curve (sometimes called quantum curve).
As in Sect. 5.2, the topological recursion formula in the form of Theorem 5.24 will
apply verbatim for the NS correlators of the Airy structures obtained from the ones of
Theorem 4.1 via general dilaton shifts and changes of polarization. Those shifts and
changes of polarization correspond to modifying the spectral curve as follows:

6001( d{—i—ZF(n ¢k lde,
k>0
d¢idss
on2(88) = "LE SR L SRR 2]l e, (5 4
(&1 —=2%) s :
8a,pdg Foo % 5] -
b a,b 2l k=] -1
dffk(;)ZW—FZTf dg.
>0

By allowing Q, to be a dependent, we can set the zero-mode Jj = Q, — « to be any
value.
We can find a basis ¥ (? ) of the D-module of the form

() =% B.0),  aelrl,

where E,(¢) = 1 + O(¢) are formal power series in ¢. Likewise, the right-hand side
in (5.29) is now multiplied by a formal power series in { with constant term 1. We can
construct the Cauchy kernel

G(z0.2) =f'wo,2(-,zo) Z kd&?; (z0)d&{ (2),

aE[ ]

[x(2)< Ix(zo)l

where we recall that d&}’ ( lg ) = 0a.b % The auxiliary operator R is still given by Def-
inition 5.26. We can still find a unique solution R(zg, z) solving (5.36) and vamshmg

at order r when z — a. It is no longer defined as (5.42): for z = (¢ ), the factor {,ffl
0

is replaced by d&¢, (z0) and the £*+=1 is multiplied by a formal power series in ¢ of
the form 1 + O (¢). Then, the assumptions of Lemma 5.27 are satisfied and hence we
obtain a recursion kernel using the formula (5.37).

Thus, we can propose (5.33) as a general definition of the topological recursion
taking as input not a spectral curve, but a D-module of degree r with regular singu-
larities on a local curve. There are two types of assumptions we can impose for this
definition to make sense:
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e If we consider « as a formal parameter near 0, we should assume that Q, #
Op + O() for any a # b.
e If we set « to a finite non-zero value, we should rather assume the non-resonance
condition Q, — Q) ¢ aZ.
Then, the fact that it corresponds to an Airy structure guarantees symmetry of the a)g’n,
which would be non-trivial to prove from (5.33) itself.

Topological recursion for non-commutative curves first appeared in the context of
B-matrix models (with identification x = g and h~! = N the size of the matrix) [15,
35], and was first developed as an abstract construction [36, 37, 52] for degree 2 (non-
commutative) hyperelliptic curves. It was further studied in [11, 12] for more general
D-modules on global curves. One particularity in this work is that the global geometry
allowed the authors to move the residue to surround the Stokes line, or even squeeze
the contour further to the (infinitely many) zeroes of W(¢ ) (called Bethe roots)—in
this form, with their assumptions, the i > 2 terms in the recursion formula vanish. In
comparison, our work bypasses the (interesting) global difficulties and proposes an
appropriate local definition. While our formula is simpler as we only take residues
at the regular singularities as opposed to extended contours or a sum of residues at
infinitely many points, it is more intricate, for r > 2, due to the non-trivial differential

operators @(l) from Definition 5.23. For r = 2 our formula has the same structure®
as the commutative case. Only the recursion kernel changes, and it is now obtained as
a solution of a differential equation which, in fact, reproduces the recursion kernel of
[11, 36, 37]. For r > 2 our formula is new and can be viewed as the non-commutative
generalization of the higher topological recursion of [27, 29].

6 Gaiotto vectors of type B

The connection between Gaiotto vectors and Whittaker vectors given in Theorem 2.1
is only valid when G is a simply-laced Lie group. However, when G is of type B,,
i.e G = SO(2r + 1), the proposal from physics is that the Gaiotto vector should be
a Whittaker vector for an appropriate twisted module of l/Vk(glgr) (see [70] for the
physics proposal). The twist in question is a folding symmetry of the Dynkin diagram
of type A that gives the Dynkin diagram of type B.

We can repeat the steps of Sect. 4 to construct Gaiotto vectors of type B as partition
functions of Airy structures realized as )/Vk(g[zr)-modules, and the steps of Sect.5 to
obtain the corresponding spectral curve topological recursion. For simplicity, in this
section we will restrict to the self-dual level « = 1.

6.1 The Airy structure

In this subsection, we assume that » > 2. We consider the W-algebra WX (gl,,) C
H(gly,) at the self-dual level x = 1. We choose the canonical orthonormal basis
( X“)g’: | of the Cartan subalgebra h = C?, and define the automorphism o which

9 Yet, among the simplifications mentioned in Sect.5.3.6, the only one that does not apply for general
change of polarization is the equality (5.45).
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acts as follows,

Vaelrl, o(x%=—x¥"""

We choose a diagonal basis for the action, namely

+

a . .a 2r+1—a
v =XFX )

a € [r],
such that o (vH%) = v, The inverse base change is given as follows:
Va e [r], ¥ = %(v—,a + 09, y¥rHl-a — %(v—,a Ty,
The diagonal basis has the property that
Vy,y e}, o) =28, 8, . (6.1)

This automorphism o extends to an automorphism of the Heisenberg algebra H(gl,,),
using which we construct a o-twisted H(gl,,)-module M" = C[(x%)aerr1, m>o]]
[#'/2] as follows. We have the twisted state-field correspondence,

a

J
Yo (1100, ) = 30 S =0t (@),
meZ

a

J
Y00 10), ) = Y ML =0T4(), (6.2)

m+1

meZ+%

where the representation of the rescaled Heisenberg modes J¢, is!®, for a € [r] and
m e 7,
h% m >0,
Jn =1 -mx, m <0, (6.3)
(o m =0,

with Q1,..., Q, € C.
Since k = 1, the V\/k(g l,,)-algebra generators obtained from the quantum Miura
transform have the following transformation properties,

oeitlye o x2DI0) = (D e (xLy . x2DI0),
and hence we get the mode expansion
i

. W,
iel2r], W@ =Yo(ei(xl ... x2DI0N2) = Y 5 (64
keZ+e(i)

1
10 For general « one would add —h2 « to the zero-mode, as in (4.8).
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where e(i) = Oifiisevenande(i) = % if i is odd. The twisting by o changes the OPE
of the Heisenberg fields, which in turn modifies the expression for the fields W' (z)
in terms of the Heisenberg fields ((4.7) in the untwisted case at self-dual level) in
accordance with the product formula [10, Proposition 3.2]. However, for the rescaled
fields Wi (z), it is fairly easy to see from the product formula.'! that the (quantum)
“correction terms” come with powers of 4. (We recall the definition of the rescaled
modes in A" from Lemma 3.1.)

Our goal is to construct a Whittaker vector for the rescaled positive modes W,i
using Airy structures. More precisely, we would like to construct a state |w) that is
annihilated by all positive modes Wi, ie[2r],k € (Zg—€(i)), except for the mode
W%;z_ ! acting on |w) as a constant. According to [70], |w) should then correspond to
the Gaiotto vector of type B.

We follow the strategy outlined in Sect.3.5:

(1) We need to show that §' = {Wf;; 1} is an extraneous subset of the set of positive
modes S .

(2) We need to construct an Airy structure differential representation for the positive
modes W};.

It then follows that the partition function for the shifted Airy structure is the sought-for
Whittaker vector |w).

Unfortunately, at this stage we do not have a proof of the first step. It is clear by
Proposition 3.14 in [19] (see also footnote 5) that the set of positive modes S satisfies
the subalgebra condition in Definition 3.17). However, we do not have an analog of
Proposition 3.16 for the existence of the extraneous subset for the present twisted
module. We thus formulate the first condition as a conjecture:

Conjecture 6.1 Let S4 = {Wi | i €[2r], k € (Z~y — €(i))} be the subset of positive
modes of the strong generators in (6.4), and S’ = {W%;Z_l} C Si. Then S’ is an

extraneous subset, according to the terminology of Definition 3.19.

Theorem 6.2 Assume that Conjecture 6.1 holds. Let T € C and Q1, ..., Q, € C*
such that Q, # £Qy, for any distincta, b € [r]. Let an be the differential operators
associated to the rescaled modes Win of the strong generators in (6.4) obtained via
(6.3).Then, the family of differential operators:
i 2r—1
2

Vi€ (2] me (Zag—e(), W, =W, —h'T T8 15,

m

forms an Airy structure.

Proof of Theorem 6.2 By Proposition 3.14 of [19] (see also footnote 5), we know that
the subset of positive modes S satisfies the subalgebra condition in Definition 2.4.
Assuming that Conjecture 6.1 holds, the subset §" = {le;; I c Sy is extraneous.
Therefore the subalgebra condition of Definition 2.4 continues to hold for the shifted

i
modes W,,,.

11 Examples of explicit computations using the product formula can be found in [19, Section 4.1.2].
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All that remains is to verify that the degree condition in Definition 2.4 is satisfied,

for either the Wf,s or the W; s—as the shift has degree > 2 according to the grading
(2.7) and hence does not affect the degree condition.

First, as we have discussed below Eq. (6.4), the correction terms in W (z) due to
the twisting come with powers of i. Such terms do not affect the terms of degrees
zero and one, and we can safely ignore them in the following proof. As usual, degree
zero terms cannot appear in any of the positive modes. To analyze the degree one
terms, we notice that the zero-modes only occur in J7-%(z). We introduce the notation
Q2r41-p = —Qp for b € [r]. Form € Z>o + %, the contribution of ng must come
from a factor v~ in W2/ ~! for some i € [r], and we find that the projection to the
degree one terms of the modes W2 ~! is:

r
W) =) 05,27 (e 2(Q1s ., Qb s Qo)
b=1
+e2-2(01, ..., Q2r41-b, ... 02)).

This can be simplified by a generating series

Yo Tm WA Z 5
2 - 2
[T — %) b=11— %

Under the assumption that Q, # +Qy for a, b € [r] distinct, taking the residue at
t = ;02 yields

y , r 922 Qﬁ(’_i) ﬂl(W%i.,fl)
aelrl, 2m = Z 2 2
i=1 Hb;éa(Qa - Qb)

Likewise, for m € Z-, the contribution of J}Q’m must come from a factor v in W,Zni
for some i € [r], and we have

(W2

o~

.
= Z-jgmz_zi(EZi—l(Ql, s Opy o 02) — 22101, oo Q2 g1—bs - -5 Q21)),
b=1

and so

YT MW 0 B,

2 - 2
| PO %) P %
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Taking the residue at t = ;{Qi we get

roa2ie1 f2r—2i—1 2i
27700 T m(Wy,,)

B =
o ; [Tazs(0F — 02)

where we use the condition that Q, # 0 foralla € [r]. Hence, the family of operators

T a2i—1 n2r—2i—1 gy
22i-1g W
0 = a 2 me Ly, aclrl,

T (03— 0))

. (6.5)
I 2i-202r=2i W?_l
Czlm: 112 ’;l meZzO‘i‘%, ae[r]s
i=1 nb;éa(Qa - Qb)
yields an Airy structure in normal form. O

Remark 6.3 The proof of Lemma 4.5 on the T dependence and vanishings in the
partition function applies without much modification to this Airy structure. Therefore,
the result of Corollary 4.7 is valid and we can apply Proposition 4.12. It shows that

upon setting A" = Th™ 2, the instanton partition function takes the form

3 =exp <Zhhl &)

h>0

and §, € Q(Q1, ..., O,)[A"] is computed by a sum of Feynman graphs (which is
finite at every given order in A”").

Remark 6.4 We note that the proposal of [70] for instanton partition functions of type
B is valid at any level. In this case, the usual basis of generators for the W(gl,,)-
algebra given by the quantum Miura transformation is not diagonal. In order to get
an Airy structure in these cases, one needs to find an appropriate diagonal basis, and
then apply the construction of this section. We restricted to the self-dual level k = 1
in order to avoid this additional complication.

6.2 Spectral curve description

In this section, we will rewrite the recursion on the coefficients Fy ,, of the partition
function of the Airy structure of Theorem 6.2 as a spectral curve topological recursion
for the associated correlators w, ,. Although one could carry out this computation
in a very similar style to [25, Section 4], for the sake of uniformity, we adopt the
(slightly different) presentation and notations of Sect.5.1. In fact, the calculations are
very similar to Sect.5.1 and we will only stress the main differences.
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6.2.1 Spectral curve

Following the recipe outlined at the start of Sect. 5, we first define the spectral curve
(C, X, w01, w0,2). As we are at the self-dual level « = 1, we set w%’l = 0—see (5.4).

e We consider r copies of a formal disk C* = Spec C[¢]], and their union C =
LI—, C*. We also introduce C := | |/,_, Spec C[[¢ ]I, and denote points on C by
2= (%)

e Recall that we have the unramified covering from Sect.5.1 x : C — Co =
Spec C[[¢], which is defined as x(?) = ¢. We introduce a branched covering
m : C — C which acts as 7 (? ) = ( Zaz ) Finally, we define our branched covering
of interest as

i::xon:é—>Co,
The set of ramification points is a := ¥~ !(0) which is identified with [r]. In
contrast to the spectral curve of Sect.5.1, the map x in the present situation is a

ramified covering. ~
e For k € Z and a € [r] we define differentials d§/, d§ € HO(C, K (xa)) by

deg(

Easin

) =8t ML, dg(D): st“§ ¢z (6.6

Then the 1-form wy ; is given by:

w01(2) =D Foa[§]des(?) = %dc, ©6.7)

a€lr]

with 0y, ..., 0, € C*,
e As before, the bilinear differential wy > is given by:

bibay _ 86y.5,dC1d0
025 8) ==

b & —0)? 9

Let us introduce the following notation for convenience. For z € C , we define
f(z) = X~ 1(X(z)) as the set of preimages of %¥(z), and {'(z) := f(z)\{z} as the
preimages of X(z) with the original z excluded. More precisely, we have

1(5) = L{(E). (%)) (6.9)
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and if Z C j(z), we shall denote Z_ := Z N j_(z). We introduce the notation

1if 7' € f_(2),

0 otherwise. (6.10)

&z (Z/) = {

We define correlators wg , indexed by n € Z.g and g € %Zzo in terms of the
partition function Z for the Airy structure of Theorem 6.2 exactly as before:

n
wg,n(Zl, ey Zn) = Z Fg,n[zll Z:] ndéilk] (Zi)~
=1

6.2.2 Abstract loop equations

We will turn the differential constraints on the partition function Z associated to the
Airy structure of Theorem 6.2 into abstract loop equations for the correlators wg .
This section is analogous to Sect.5.1.2, and we introduce the following notation.
Following Definition 5.2, we define the Heisenberg 1-forms 7(z) on C as

J(@) =) JLdE® (2). (6.11)

a€lr]
keZ

Separating the Heisenberg zero mode from the rest, we also define

T@ =) RAEYR), Dok =) JdE Q). (6.12)
kaeeZ[;]O a€lr]

Using Definition 5.1 of the operators ad, ,, we also introduce the Q;,’ i GLT Win))-

For any i € [2r], we define

Qy ;. (21i1; winp) = adg <Z_1 I1 J*(Zk)z) . (6.13)

k=1

The resulting Q’g’i’n(zm; wpn]) is a symmetric differential on C” in the variables
Wi,y e.., Wy.

Note that it is important here that the expression in (6.13) is not normal ordered. In
the setting of Sect. 5, this did not play a role, as the Heisenberg one-forms commuted
with each other. However, in the present case, if for a moment we think of z[;} as a
subset of f(z), we see that, due to the presence of the points (g) and (_ag) in the
set f(z) (6.9), the J"(zx) do not commute in general. Thus, it is important to define
€2, ; ,(2[i1; Wn)) without normal ordering.

With this definition, Lemma 5.4 still holds. Indeed, the computations done in [25,
Section 4] prove that:
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Lemma 6.5 Foranyi € [2r],

nowo, |
QU inCirwm = Y [TewwmnGrwy,), (6.14)
L[] LeL
UreLNL=[n]
i+ZL(gL—1)=g

In the sum we exclude all summands that contain wy 1. (See Sect. 1.3 for notation.) O

The subtlety of the non-commuting 7 (zx) is captured precisely by the w2 present
in the above expression. This is apparent as soon as we notice, using Eq. (6.8), that

_(dg)?
422"

w2 (7 ) =

Such terms arise upon using the product formula for twisted modules as in [19, Section
4.1.2] to the product of the J*(zx) in 6.13.

Finally, by modifying the output of Lemma 5.7 to the present situation, we define the
following differentials for i € [2r], which incorporate the action of the zero modes:

(@99, ;.5 wi] @
= > DR L Ziw) [ (D5 w01 — 00.1(2).

Z<ci(2) Zef(@\Z
|Z|=i
{z}cZ

(6.15)

Using these differentials, we can formulate the B-type abstract loop equations.

Lemma 6.6 The set of differential constraints
Vie 2], me (—e) +Zog), W Z=h"T T8i2r-18, 1 Z

on the partition function Z imply that

2r

| d~ 21 d~ 2r
) [Q(l)Qfg,i,n(.; w[n])] () + 5g,£—15n,022r_1Tw°’1(Z)% - 0(%) '
6.16)

i=1

This set of constraints is referred to as the B-type abstract loop equations.

Proof The proof is analogous to the proof of Lemma 5.9. As mentioned before, the
main difference here is that we are constructing the spectral curve topological recursion
from a twisted module of the Heisenberg algebra. Moreover, in the case of such twisted
modules (as studied in [19, 25]), we should use x = 52 as the variable of the WW-algebra
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fields. Then, the quantum Miura transform (4.4) yields the following differential on
C

2r
W(u; %) = Z u¥ T WH(F) (dF)!
i=1

= H (u+ v (@)di + Jv P (§)d¥) 617

(u+ vl (@)di — v (§)dx)

=£Hwﬂ@»@—ﬂ}»

where the fields v=?(z) were defined in (6.2) (we are using the rescaled fields
here). Notice that the expressions are not normally ordered. The normal ordering
will introduce quantum corrections as we have discussed above, but we want to
keep the expressions without normally-ordering them precisely because of how the
€2, i (21i1; win) are defined.

Upon setting u = —wy,1 (g) in the last equation, and separating the zero modes,
we get

W(—a0,1(f): )

,
=TT (= o0i($) + () + F(D)(=o0a() = () - 7(%)).
b=1
We can rewrite this in a form that is more convenient for us:

W(-wn1: ) = [ (D5 R = 001G + (DO T@)),
7 €f(z)
= > EEIT7O T (D= %E) - w01(2),

Z<H(2) ez "ef(2)\Z
1Z|=i

(6.18)

where we used that the J commute with all the J* in order to obtain the second
equality.
The constraints defining the partition function are (W, — Thz! 8i2r—16,, 1)Z2=0
2

form € ( —€(i) + Z>0) and i € [2r]. This can be recast as

. : . dp)2r—1 dz\!
Z7'Wi(3)(d%) 2 — Th2™'8; 01 @ _ 0(;‘) , (6.19)
X

~op_ 1
x2r 5
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where we note that for odd i, the error would be %2 0(%) but as W/ (%) has only

d 2

half-integer powers of ¥, this amounts to (6.19). Since % ‘;{ and for any a € [r]

we have @y | (Zé) = O(d?g), we can combine the equations (6.19) for all i, using the
definition of W(u; X) in (6.17), into the condition

2r—1 2r
zZ (W( w0.1(2); X) + 2271 Tha 1(z)( 0 )Z:O(%) )

§2r

(6.20)

Now we need to write the left hand side of the above equation in terms of the
correlators wy ,. In order to do this, we act by the operator adg ;, defined in 5.1, on
the LHS. Noting that the Heisenberg 1-form [Jy(z) acts on Z as wo,1(z), and applying
adg , to the expression for W(—wy,1(z); X) obtained in Eq. 6.18, we recognize the
expression (6.15) for the QW (.; W) (2):

adg, | 27| D0 DI @) [ (D5 PE) —woa) | 2

Z<f(2) ez Z"ef(D\Z
|Z|=i
{z}cz

= [V | @.

We restricted to the subsets Z that contain z because the above expression vanishes if
7" = z. Finally, we note that

( §)2r 1

;-Zr ’

@)t

dgn<2’ "Two,1(2)h2 =

) 8g.5-180,02% ' Tw 1 (1) ——

and this proves the lemma. O

6.2.3 The B-type topological recursion
Finally, we solve the abstract loop equations obtained in Lemma 6.6 using residue

analysis on the spectral curve. We call the resulting formula the B-type topological
recursion.

W Birkhauser



Whittaker vectors for W-algebras. .. Page 810f91 33

Theorem 6.7 For2g —2+n > 0, the correlators associated to the partition function
of Theorem 6.2 satisfy the B-type topological recursion

®g 04120, 2[n)) = ZReS(ZK(zo 2) [Q(’)%,n(,Z[nl)] (z)>

oca

6.21)

i d&“, (z0)
22r 2T8 r_ 10, _
&51om0 Zl_[;,#a(QQ 02)

with the [Q(’)Q/

8., (5 Z[n])] (z) defined in (6.15), and the recursion kernel given by:

Z
5 @0.2(zo0, -)

K(z0;2) = — ' ’
e ey (D% wo1(2) — 0,1(2))

(6.22)

where o is the point in a in the same component of C as z.

Remark 6.8 Although the nature of the spectral curve is different, the only struc-
tural differences between the B,-type topological recursion formula (6.21) and the
gly, topological recursion formula (5.15) is the presence of the signs (—1)!%-! and
(—1)52(2/) (i.e., evaluating a correlator at a point in f_(z) comes with a minus sign)
and a summation over r (instead of 2r) ramification points.

Proof We apply the steps in the proof of Theorem 5.10 to the B-type abstract loop
equations of Lemma 6.6. We notice that

(002, 1, Ciwm | @ = @wa) [T (D001 = 001).

Zef(\Z

Thus, we can invert it with the recursion kernel (6.22), which gives

1@ wi) = — Y Res K zo: 2 [ Q02 1, wip) | @0

oca

We substitute back in the abstract loop equations (6.16). Noting that the kernel has a
zero of degree 2r at o € a, the residue of K (zq, z) times the right-hand-side of (6.16)
at o € a vanishes. We thus obtain:

Q1. (205 i)

= leizeg K (20, 2) (Z [Q(z)Q;, i w[n])] 2)

oca i=2

2r—1
+85.1 180,02 Tax, Y e i ?r )
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We evaluate the term proportional to 7'

2r—1 (d E)zr :
2 ZRes K (20, 2)Two,1 (2) —=—
_ iy Res £ d&{ (20) T Q. et
= e=0 2000 — 0) \ =20Qa [Ty, (02 — Q) ) ¢¥+1(dD)> !

— 9227 - dé?, (20).
a=1 nb;éa(Qt% - Q%)
where we used the fact that, for z = ( ? ):

, d"' 2r—1
[T (P —wo1()) = —m% [T -op.
7ef()\Z b#a

This concludes the proof. O

Remark 6.9 The discussion of Sect. 5.2 also applies here: we can consider more general
spectral curves of type B, that is spectral curves in which ramification points come
in pairs. Equation (6.21) defines a topological recursion of type B,, for general wy 1,
@1, and wp 2 asin (5.20), (5.21) and (5.22), except that well-definedness now requires

Q2 # Q7 forany a # b, with Q, € C*.

Remark 6.10 In this section we assumed r > 2 merely because By = s03 = slp = Ay,
but the theory applies as well for r = 1 provided that Q| # 0, T = 0. In this case the
Airy structure is not shifted, and hence its partition function should correspond to a
highest-weight vector. Furthermore, wo 1 is not odd, and (6.21) gives symmetric w, .
Since the spectral curve has only one component, we write the points on C directly as
Z. The recursion in that case reads

C0g,n+1(20 En])

o fo @0,2(, &)
0 2w01(0)
no (0,1)

+ Z On 14171 Dop 14151(—C, J/)>-
h+h'=g
JIJJ/={§1,...,§,,}

T’”

(a)g—l,n+2(za _E)

7 Gaiotto vectors of type Cand D

We now construct Gaiotto vectors for type C and D using Airy structures. In this
section we focus on the self-dual level x = 1.
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If G is of type D, then it is simply-laced, and the connection between Gaiotto
vectors and Whittaker vectors in Theorem 2.1 holds. Thus the Gaiotto vector of type
D is a Whittaker vector for l/\/k(sozn). For type C, Theorem 2.1 does not hold, but
from physics [70] it is expected that the Gaiotto vector should be a Whittaker vector
for an appropriate twisted module of WX(s02,), as in Sect. 6. In this section we show
that these Whittaker vectors can be constructed using Airy structures.

We do not study here the spectral curve topological recursion for type C and D, as
it will be more complicated given the form of the VV/-generators in type D. We also do
not discuss general level « as the VV-generators are not completely explicitly known
when « # 1.

7.1 Type D

Let r > 2. We consider Wk(502r) C H(sop,) at self-dual level. The roots of s0y,
can be described as +x? + x/ where (x! )i is an orthonormal basis for the Cartan
subalgebra h = C’. The following vectors in H(s02,)—viewed as a subalgebra of
the lattice VOA, see [19, Section 3.2.2]—strongly generate the l/Vk(502r)-algebra at
self-dual level:

r . . . .
vl = (Zei’de:f +e X e{1>|0) def{2,4,6,...,2r—2},
i=1

(7.1
V= Xllle s X11|O>-
The conformal weight of these vectors are 2,4, ..., 2r — 2 and r, which are indeed
the Dynkin exponents of 505,. The dual Coxeter number is 1Y = 2r — 2.
We define the modes of the generators associated to these elements as
Yl o)=Y Wiz v =y W (7.2)

mez mez

with the corresponding rescaled modes W,‘fl and VNV,’n, and construct a representation
of WX(s0,) by restricting the following representation of the Heisenberg algebra:

@)=Y Jaz" N aelrl.

keZ

We use our usual differential representation for the rescaled Heisenberg modes J,
(recall that g = 0 since k¥ = 1):

h% m > 0,
3 =1 0. m=0, (7.3)
—mx%, m <O.

By now our strategy should be familiar. We want to construct a Whittaker vector
|w) annihilated by all rescaled positive modes W, except for the one-mode W%rfz
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that acts as a constant on |w). (We recall the definition of the rescaled modes in Al
from Lemma 3.1.) We proceed as usual: we first show that S’ = (W%Fz) C St is
extraneous, and then we construct an Airy structure differential representation for the
modes in S;. The partition function of the shifted Airy structure corresponds to the
Whittaker vector |w).

As we are back in the realm of Proposition 3.16, we already know that §" C S is
extraneous. So what remains is to construct the Airy structure differential representa-
tion.

Theorem7.1 Let T € C, Qy,..., O, € C*, and suppose that Q, # £Q for any
distinct a,b € [r]. Let Wi, and W', be the differential operators associated to the
rescaled modes of the strong generators in (7.2) obtained via (7.3). Then the family of
differential operators

W = W — =1 T80 08wy m € g, de(2.4,...,2r — 2},
ern m € Zo,

forms an Airy structure.

As usual, the direct consequence of this Proposition is that the partition function
Z uniquely associated to this Airy structure can be identified with the searched-for
Whittaker vector |w), which in turn corresponds to the Gaiotto vector |&) of type D.

Proof By Proposition 3.16 we know that S’ = {W%r_z} C Sy is extraneous, which
also implies that the set of positive modes in S satisfy the subalgebra condition. We
need to show that the operators also satisfy the degree condition.

As we only allow positive modes, the above operators do not have terms of degree
zero. Let us now analyze the degree one terms. The field W” (z) coincides with the top
degree field in H(gl,), so we know from (4.9) that its degree one projection reads:

7 (W) = Z [To 5= (H Qb> > 2.
=i
We also know (see for example, [10, Lemma 3.7]) that

mWi@) =) (x* @)’

a=1

Hence the term of degree 1 for its rescaled positive modes is

N
mWa) = "d(Q)* s, m>0.

a=1
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This can be put in the form

1 1 o'l (Q1 -+ Q) ' (W)
o1 - 0} 0,12 %m(wz,»
Qz(r Vo) Norly, - 1)”1(W2r %)

The square matrix on the left-hand side is a Vandermonde matrix. It is invertible if
and only if Qg # Qi for any distinct a, b € [r], and then its inverse A is given as
follows,

(D" er—i ((QD)pa)
[Tp2a(Q% = O})

Agi = ., a,ielrl]

where e; is the j-th elementary symmetric function. In particular, we have
Agi = (=1 H
b;éa Qh

Thus, we conclude that the operators

a Qa W;n
- N
[Tpza(Q2 — 0\ Q1 -+ Or

Wd
+ Z (=D e g ((0)bsta) 7’")

de{2,4,....2r—2}

define an Airy structure in normal form, with 1 (H$,) = J4. O

7.2 Type C

The situation for type C is similar to that of type B. Theorem 2.1 does not apply, as G
is not simply connected. However, the Gaiotto vector corresponding to G = Sp(2r)
(type C) can be constructed as a state in a certain twisted module of WK (502,42) (type
D). The twist corresponds to the folding symmetry of the Dynking diagram used to
obtain type C from type D. Thus we can construct the Gaiotto vector of type C using
Airy structures.

Recall that the Cartan subalgebra of s0,,12 has an orthonormal basis ( Xi )lr:ll . The
folding symmetry group Z /27 is generated by the automorphism o which acts as

X < =X, x' < xiforie[r].
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As the above action is already diagonal, by following the usual algorithm, we construct
a o-twisted H(s02,42)-module as

Yox410).2) = D Juz™""! fora e [r], and Yo (710}, 2) = Y gt
meZ keZ+1

Note that the twist field associated to X’“ |0) does not have a zero-mode. Here we
choose a representation of the Heisenberg algebra as follows. For a in [r] and m € Z,
we define the rescaled Heisenberg modes:

Jp=1-mx%, m <0, (7.4)
Oa m =y,
and for r + 1, we define
)
gt = g K= 0 (7.5)
ko +1 ‘
—kx" " k<0,

where k € % + Z.
The action of o on the generators (7.1) of W (s02,42) is diagonal:

pd — vl prl 5 _pr+l,
where d = 2,4, ..., 2r. Hence we get the following mode expansion
vl o)=Y Wi vt = Y WL (.6
keZ key+Z

with the corresponding rescaled modes W,‘f and VT/an (those are the modes in A" as
in Lemma 3.1).

We are looking for a Whittaker vector |w) that is annihilated by all positive modes
W,‘f and erfl from (7.6), except for W} 721 which acts on |w) as constant. We proceed

as usual: we need to show that §" = {Wq /2 } € S is extraneous, and then construct
an Airy structure differential representation for the positive modes in S.

However, as in the type B case, Proposition 3.16 does not apply here, and hence
we do not have a proof that S’ C S is extraneous. We formulate this as a conjecture:

Conjecture 7.2 Let Sy be the subset of positive modes in (7.6). Then the subset S’ =
{Wq /2 } € S is extraneous, according to Definition 3.19.

Theorem 7.3 Assume that Conjecture 7.2 holds. Let T € C, Q1,...,0r € C*, and
suppose that Q, # £Qp for any distinct a,b € [r]. Let W’ and W""1 be the
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differential operators associated to the rescaled modes in (7.6) via (7.4) and (7.5).
Then the family of differential operators

we meZ-g, def2,4,...,2r),
1 rtl
W, =Wt = a7, 1 me (Zao - 5)

forms an Airy structure.

As usual, the immediate consequence is that the partition function Z uniquely
associated to this Airy structure can be identified with the Gaiotto vector |&) of type
C.

Proof By Proposition 3.14 of [19] (see also footnote 5), we know that the subset of
positive modes S satisfies the subalgebra condition in Definition 2.4. Assuming that
Conjecture 7.2 holds, the subset " = {W } € S, is extraneous, and so the shifted
differential operators also satisfy the subalgebra condition in Definition 2.4. What
remains is to show that they satisfy the degree condition.

As in the case of type B, the correction terms in the fields Y, (v¥, z) and Y, (771!, 2)
due to the twisting come with powers of &, and thus contribute terms of degree > 2 to
the differential operators. Therefore we can safely ignore them in the proof.

As usual, it is clear that there are no terms of degree zero. Let us analyze the degree
one terms. This proof is analogous to the proof of Theorem 7.1, i.e. the case of type
D, and hence we will be brief. As we have already noted, v¥ is invariant under the
automorphism, hence we have

mI(We) =Y d(Qa)* '),

a=1

Note that Jf,j‘l does not appear on the right hand side of the above equation. This can
be inverted as in the type B case:

p. Z( D' er—i((Q)vza) T (W3
= he(Qi-0p %

~r+1

From the definition of the generator V" ™", we see that

Wr+l) _ (1_[ Qa)-]r-H-
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Therefore, the family of operators

2
oy CUt ey @
m s
de(2,4,...2r) d Qa [Ty (QF — 0?)
H:‘n—l—l — W;1+l

[Tez1 Qa’

a € |[r],
(7.7)

define an Airy structure in normal form with my(Hg,) = J%. (The e; in the above
equations denotes the ith elementary symmetric function.) It then follows that the
shifted differential operators also form an Airy structure, assuming that Conjecture 7.2
holds. O
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